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Abstract

Consider a strictly hyperbolic n × n system of conservation laws, where each characteristic field is either 
genuinely nonlinear or linearly degenerate. In this standard setting, it is well known that there exists a 
Lipschitz semigroup of weak solutions, defined on a domain of functions with small total variation. If the 
system admits a strictly convex entropy, we give a short proof that every entropy weak solution taking 
values within the domain of the semigroup coincides with a semigroup trajectory. The result shows that 
the assumptions of “Tame Variation” or “Tame Oscillation”, previously used to achieve uniqueness, can be 
removed in the presence of a strictly convex entropy.
© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/).
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1. Introduction

We consider the Cauchy problem for a strictly hyperbolic n × n system of conservation laws 
in one space dimension:

ut + f (u)x = 0, (1.1)

u(0, x) = ū(x). (1.2)
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As usual, f : � → Rn is the flux, defined on some open set � ⊂ Rn. We assume that each 
characteristic family is either genuinely nonlinear or linearly degenerate. In this setting, it is well 
known [8,10,11,16,20,23] that there exists a Lipschitz continuous semigroup S : D×[0, +∞[ �→
D of entropy weak solutions [8, Section 7.7], defined on a domain

D = cl
{
u ∈ L1(R; Rn);u is piecewise constant and V(u) + C0Q(u) < δ0

}
(1.3)

containing all functions with sufficiently small total variation. Here V(u) and Q(u) are respec-
tively the total strength of waves and the interaction potential of u defined in [8, (7.99)] and 
C0, δ0 are two suitable positive constants. The trajectories of this semigroup are the unique limits 
of front tracking approximations, and also of Glimm approximations [7] and of vanishing viscos-
ity approximations [6]. We recall that the semigroup is globally Lipschitz continuous w.r.t. the 
L1 distance. Namely, there exists a constant L such that∥∥St ū − Ssv̄

∥∥
L1 ≤ L

(
|t − s| + ‖ū − v̄‖L1

)
for all s, t ≥ 0, ū, v̄ ∈D. (1.4)

Given any weak solution u = u(t, x) of (1.1)-(1.2), various conditions have been derived in 
[12,14,15] which guarantee the identity

u(t) = St ū for all t ≥ 0. (1.5)

Since the semigroup S is unique, the identity (1.5) yields the uniqueness of solutions to the 
Cauchy problem (1.1)-(1.2). In addition to the standard assumptions, earlier results required some 
additional regularity conditions, such as “Tame Variation” or “Tame Oscillation”, controlling the 
behavior of the solution near a point where the variation is locally small.

Aim of the present note is to show that, if the n × n system (1.1) is endowed with a strictly 
convex entropy η(·), then every entropy-weak solution t �→ u(t) taking values within the domain 
D of the semigroup satisfies (1.5). In other words, uniqueness is guaranteed without any further 
regularity assumption.

As in [12,14,15], the proof relies on the elementary error estimate

∥∥u(t) − St ū
∥∥

L1 ≤ L ·
tˆ

0

lim inf
h→0+

∥∥u(τ + h) − Shu(τ)
∥∥

L1

h
dτ . (1.6)

Assuming that the system is endowed with a strictly convex entropy, we will prove that the 
integrand is zero for a.e. time τ ≥ 0. Following an argument introduced in [7], this is achieved 
by two estimates:

(i) In a neighborhood of a point (τ, y) where u(τ, ·) has a large jump, the weak solution u is 
compared with the solution to a Riemann problem.

(ii) In a region where the total variation is small, the weak solution u is compared with the 
solution to a linear system with constant coefficients.

The main difference is that here we estimate the lim-inf in (1.6) only at times τ which are 
Lebesgue points for a countable family of total variation functions Wξ,ζ (·), defined at (3.5).

To precisely state the result, we begin by collecting the main assumptions.
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(A1) (Conservation equations) The function u = u(t, x) is a weak solution of the Cauchy prob-
lem (1.1)-(1.2) taking values within the domain of the semigroup.
More precisely, u : [0, T ] �→ D is continuous w.r.t. the L1 distance. The identity u(0, ·) = ū

holds in L1, and moreover

¨ (
uϕt + f (u)ϕx

)
dxdt = 0 (1.7)

for every C1 function ϕ with compact support contained inside the open strip ]0, T [ ×R.

Regarding the entropy conditions, we assume that the system (1.1) admits a C2 entropy function 
η : � �→ R with entropy flux q , so that the equality ∇q(ω) = ∇η(ω)Df (ω) holds for all ω ∈ �. 
We also assume that the entropy η satisfies the strict convexity condition

η(ω) ≥ η(ω) + ∇η(ω) · (ω − ω) + c0|ω − ω|2, (1.8)

for some c0 > 0 and every couple of states ω, ω ∈ �. As usual, we say that a weak solution u is 
entropy-admissible if it satisfies:

(A2) (Entropy admissibility condition) For every C1 function ϕ ≥ 0 with compact support 
contained inside the open strip ]0, T [ ×R, one has

¨ (
η(u)ϕt + q(u)ϕx

)
dxdt ≥ 0. (1.9)

Our result can be simply stated as:

Theorem 1.1. Let (1.1) be a strictly hyperbolic n × n system, where each characteristic field is 
either genuinely nonlinear or linearly degenerate, and which admits a strictly convex entropy η(·)
as in (1.8). Then every entropy-weak solution u : [0, T ] �→ D, taking values within the domain of 
the semigroup, coincides with a semigroup trajectory.

The theorem will be proved in Section 3. We remark that, restricted to a class of 2 ×2 systems, 
a more elaborate proof of this result was recently given in [19].

In our view, the main interest in the above uniqueness theorem is that, combined with a com-
pactness argument, it yields a uniform convergence rate for a very wide class of approximation 
algorithms. This will be better explained in the concluding remarks contained in Section 4.

2. Preliminary lemmas

Let M be an upper bound on the total variation of all functions in the domain D of the semi-
group:

Tot.Var. {u;R} ≤ M, for all u ∈ D. (2.1)

Since by assumption our solution u(t, ·) ∈ D, for sake of definiteness we shall assume that it 
is right continuous, namely u(t, x) = limy→x+ u(t, y). By [20, Theorem 4.3.1], we have the 
Lipschitz bound
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∥∥u(t2, ·) − u(t1, ·)
∥∥

L1(R)
≤ CM (t2 − t1) for all 0 ≤ t1 ≤ t2 , (2.2)

for some constant CM > 0 depending only on M and on the flux f .
We begin by reviewing the well known fact that the entropy has finite propagation speed. The 

proof relies on the notion of relative entropy, see [24] for an overview of the subject.

Lemma 2.1. Let u = u(t, x) be a function satisfying (A1) and (A2). Then there exists two con-
stants Ĉ, λ̂ > 0 such that the following holds. For any constant state u∗ ∈ �, any a < b, and any 
0 ≤ τ < τ ′ with 2λ̂(τ ′ − τ) < b − a, one has

b−λ̂
(
τ ′−τ

)ˆ

a+λ̂(τ ′−τ)

∣∣u(τ ′, x) − u∗∣∣2
dx ≤ Ĉ

bˆ

a

∣∣u(τ, x) − u∗∣∣2
dx. (2.3)

Proof. Given the constant state u∗ ∈ �, for all ω ∈ � define the relative entropy η (ω | u∗) and 
the corresponding entropy flux q (ω | u∗) as

η (ω | u∗) = η (ω) − η (u∗) − ∇η (u∗) (ω − u∗) ,

q (ω | u∗) = q (ω) − q (u∗) − ∇η (u∗)
(
f (ω) − f (u∗)

)
.

(2.4)

The equations (1.7) and (1.9) yield

η
(
u | u∗)

t
+ q

(
u | u∗)

x
≤ 0, (2.5)

while (1.8) implies

η
(
ω | u∗) ≥ c0

∣∣ω − u∗∣∣2
, for all ω,u∗ ∈ �. (2.6)

By the C2 regularity of the functions η, q , there exists a constant C′ such that

η
(
ω | u∗) ≤ C′ ∣∣ω − u∗∣∣2

,
∣∣q (

ω | u∗)∣∣ ≤ C′ ∣∣ω − u∗∣∣2
, for all ω,u∗ ∈ �. (2.7)

In view of (2.6), there exists a sufficiently large constant λ̂ > 0 such that

−λ̂η
(
ω | u∗) ± q

(
ω | u∗) ≤ 0, for all ω,u∗ ∈ �. (2.8)

Using (2.5), in connection with test functions that approximate the characteristic function of the 
trapezoid

� = {
(t, x) ; τ < t < τ ′, a + λ̂(t − τ) < x < b − λ̂(t − τ)

}
,

and recalling (2.8), we obtain
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b−λ̂(τ ′−τ)ˆ

a+λ̂(τ ′−τ)

η
(
u | u∗) (

τ ′, x
)

dx ≤
bˆ

a

η
(
u | u∗) (τ, x) dx

+
τ ′ˆ

τ

(
−λ̂η

(
u | u∗) + q

(
u | u∗))(

t, a + λ̂ (t − τ)
)

dt

+
τ ′ˆ

τ

(
−λ̂η

(
u | u∗) − q

(
u | u∗))(

t, b − λ̂ (t − τ)
)

dt

≤
bˆ

a

η
(
u | u∗) (τ, x) dx.

Together with (2.6)-(2.7), this proves the lemma. �
Throughout the following, without loss of generality we shall always assume λ̂ = 1. We ob-

serve that this can always be achieved by a suitable rescaling of the time variable:

t̃ = κt.

Similarly, to simplify notation, we also assume that all wave speeds lie in the interval [−1, 1].
Given any τ ≥ 0 and any bounded interval ]a, b[ with −∞ ≤ a < b ≤ +∞, we consider the 

open intervals

J (t) = ]
a + (t − τ) , b − (t − τ)

[
, τ ≤ t < τ + b − a

2
. (2.9)

Toward the proof of Theorem 1.1, in order to replace the “Tame Variation” condition, the main 
tool is provided by the following elementary lemma.

Lemma 2.2. In the setting of Theorem 1.1, for some constant C > 0 the following holds. Let 
u = u(t, x) be any entropy weak solution to (1.1). Then

ˆ

J (t)

∣∣u(t, x) − u(τ, x)
∣∣dx ≤ C(t − τ) · Tot.Var.

{
u(τ, ·) ; ]a, b[}. (2.10)

Proof. 1. We first consider the case where −∞ < a < b < +∞. For notational simplicity, 
w.l.o.g. we assume that τ = 0. Given a time 0 < t < b−a

2 , as shown in Fig. 1 we define the 
points xk , the values uk and the integer N ≥ 1 such that

xk = a + kt, uk = u(0, xk), xN ≤ b < xN+1 . (2.11)

For k = 1, 2, . . . , N − 2, we apply Lemma 2.1 with u∗ = uk on the trapezoids
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Fig. 1. The covering of the interval [a, b] used in the proof of Lemma 2.2.

�k
.= {

(s, x) ; s ∈ [0, t] , xk−1 + s < x < xk+2 − s
}
.

Then we apply the same lemma with u∗ = uN−1 on the domain

�̃N
.= {

(s, x) ; s ∈ [0, t] , xN−2 + t < x < b − t
}
.

This yields the estimates

xk+1ˆ

xk

∣∣u(t, x) − uk

∣∣2
dx ≤ Ĉ

xk+2ˆ

xk−1

∣∣u(0, x) − uk

∣∣2
dx

≤ Ĉ · 3t ·
(

Tot.Var.{u(0, ·) ; ]xk−1, xk+2[
})2

,

(2.12)

b−tˆ

xN−1

∣∣u(t, x) − uN−1
∣∣2

dx ≤ Ĉ · 3t ·
(

Tot.Var.{u(0, ·) ; ]xN−2, b[})2
. (2.13)

2. Define the piecewise constant approximation ū : [a + t, b − t[ �→ � by setting

ū(x) = uk if x ∈ [
xk, xk+1

[
, k = 1, . . . ,N − 1. (2.14)

Using Cauchy’s inequality and the bounds (2.12)-(2.13), we obtain

b−tˆ

a+t

∣∣u(t, x) − ū(x)
∣∣dx =

N−2∑
k=1

xk+1ˆ

xk

∣∣u(t, x) − uk

∣∣dx +
b−tˆ

xN−1

∣∣u(t, x) − uN−1
∣∣dx

≤
N−2∑
k=1

√
t

⎛⎝ xk+1ˆ

xk

∣∣u(t, x) − uk

∣∣2
dx

⎞⎠1/2

+ √
t

⎛⎝ b−tˆ

xN−1

∣∣u(t, x) − uN−1
∣∣2

dx

⎞⎠1/2

≤ √
t ·

√
Ĉ · 3t ·

(
N−2∑
k=1

Tot.Var.{u(0, ·) ; ]xk−1, xk+2[
} + Tot.Var.{u(0, ·) ; ]xN−2, b[}) .

(2.15)
Observing that every point x ∈ [a, b] is contained in at most three open intervals ]xk−1, xk+2[, 
from (2.15) we conclude
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b−tˆ

a+t

∣∣u(t, x) − ū(x)
∣∣dx ≤

√
3Ĉ · 3t · Tot.Var.

{
u(0, ·) ; ]a, b[}. (2.16)

3. Next, we compute

b−tˆ

a+t

∣∣u(0, x) − ū(x)
∣∣dx =

N−2∑
k=1

xk+1ˆ

xk

∣∣u(0, x) − uk

∣∣dx +
b−tˆ

xN−1

∣∣u(0, x) − uN−1
∣∣dx

≤
N−2∑
k=1

t · Tot.Var.
{
u(0, ·) ; ]xk, xk+1[

} + t · Tot.Var.
{
u(0, ·) ; ]xN−1, b − t[}

≤ t · Tot.Var.
{
u(0, ·) ; ]a, b[}.

(2.17)

Combining (2.16) with (2.17) we obtain a proof of the lemma for finite a and b.
Letting a → −∞ or b → +∞ we see that the same conclusion remains valid also for un-

bounded intervals, such as ] − ∞, b[ or ]a, +∞[. �
3. Proof of the theorem

We are now ready to give a proof of Theorem 1.1, in several steps.

1. By the structure theorem for BV functions [1,22], [8, Theorem 2.6], there is a null set of times 
N ⊂ [0, T ] such that the following holds.

Every point (τ, ξ) ∈ [0, T ] × R with τ /∈ N has the following property: there exist states 
u−, u+ ∈Rn and a speed λ ∈R such that, calling

U(t, x)
.=

{
u− if (x − ξ) < λ(t − τ) ,

u+ if (x − ξ) > λ(t − τ) ,
(3.1)

there holds

lim
r→0+

1

r2

rˆ

−r

rˆ

−r

∣∣∣u(τ + t, ξ + x) − U(τ + t, ξ + x)

∣∣∣ dxdt = 0. (3.2)

When (3.1), (3.2) hold with u− �= u+ we say that (τ, ξ) is a point of approximate jump of the 
function u. If instead u− = u+ we say that u is approximately continuous at the point (τ, ξ) [8, 
Definition 2.1]. The conservation equations (1.7) imply that the piecewise constant function U
must be a weak solution to the system of conservation laws (see [8, Theorem 4.1]), satisfying the 
Rankine-Hugoniot equations:

f (u+) − f (u−) = λ(u+ − u−). (3.3)

Moreover, the entropy condition (1.9) implies

q(u+) − q(u−) ≤ λ
(
η(u+) − η(u−)

)
. (3.4)
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Next, we observe that, for every couple of rational points ξ, ζ ∈ Q, the scalar function

Wξ,ζ (t)
.=

{
Tot.Var.

{
u(t) ; ]ξ + t , ζ − t[} if ξ + t < ζ − t ,

0 otherwise,
(3.5)

is bounded and measurable (indeed, it is lower semicontinuous). Therefore a.e. t ∈ [0, T ] is a 
Lebesgue point. We denote by N ′ ⊂ [0, T ] the set of all times t which are NOT Lebesgue for at 
least one of the countably many functions Wξ,ζ . Of course, N ′ has zero Lebesgue measure.

In view of (1.6), we will prove the theorem by establishing the following claim.

(C) For every τ ∈ [0, T ] \ (N ∪N ′) and ε > 0, one has

lim sup
h→0+

1

h

∥∥∥u(τ + h) − Shu(τ)

∥∥∥
L1

≤ ε. (3.6)

2. Assume τ /∈N ∪N ′. Since u(τ, ·) has bounded variation, we define points

−∞ = y−1 < y0 < y1 < · · · < yN < yN+1 = +∞,

yk+1 = sup
{
x > yk ; Tot.Var.

{
u(τ, ·) ; ]yk, x[} ≤ ε

}
.

Since u(τ, ·) is right continuous, we have⎧⎪⎨⎪⎩
Tot.Var.

{
u(τ, ·) ; ]yk−1, yk[

} ≤ ε, for k = 0, . . . ,N + 1,

Tot.Var.
{
u(τ, ·) ; ]yk−1, yk]

} ≥ ε, for k = 0, . . . ,N,

N ≤ M
ε

,

(3.7)

where M is an upper bound for the total variation of all functions ū ∈D, as in (2.1).
Then we choose points y′

k, y
′′
k such that

−∞ < y0 < y′′
0 ≤ y′

1 < y1 < y′′
1 ≤ y′

2 < y2 < y′′
2 < · · · ≤ y′

N < yN < +∞⎧⎪⎪⎪⎨⎪⎪⎪⎩
Tot.Var.

{
u(τ, ·) ; ]y′

k, yk[
} ≤ ε2, k = 1, . . .N,

Tot.Var.
{
u(τ, ·) ; ]yk, y

′′
k [} ≤ ε2, k = 0, . . .N − 1,

all values y′
k + τ , y′′

k − τ are rational.

(3.8)

3. For any given y ∈R, we denote by U� = U
�

(u,τ,y)(t, x) the solution, for t ≥ τ , to the Riemann 
problem for (1.1) with initial data at t = τ :

ū(x) =
{

u(τ, y−) if x < y,

u(τ, y+) if x > y.
(3.9)

Moreover, for every given k = 1, . . . , N we denote by U� = U
�

(u,τ,k)(t, x) the solution to the 
linear Cauchy problem with constant coefficients
439
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Fig. 2. The points y′
k

< yk < y′′
k

constructed in the proof of the theorem. Typically, yk is the location of a shock. Since 
yk ± τ need not be rational, the additional points y′

k
, y′′

k
must be considered.

vt + Avx = 0, v(τ, x) = u(τ, x). (3.10)

Here the n × n matrix A is the Jacobian matrix of f computed at the midpoint of the interval 
[y′′

k−1, y
′
k]. Namely,

A = Df (̃uk) , ũk = u

(
τ,

y′′
k−1 + y′

k

2

)
, k = 1, . . . ,N.

With reference to Fig. 2, to estimate the lim-sup in (3.6), we need to estimate three types of 
integrals.

(I) The integral of 
∣∣u(t, x) − U

�

(u;τ,y)
(t, x)

∣∣ over the interval

[
y − (t − τ) , y + (t − τ)

]
,

for all points y ∈ {
y0, y′′

0 , y′
1, y1, y′′

1 , . . . , y′
N, yN

}
.

(II) The integral of 
∣∣u(t, x) − U

�

(u;τ,k)
(t, x)

∣∣ over the interval

Jk(t) = ]
y′′
k−1 + (t − τ) , y′

k − (t − τ)
[
, k = 1, . . . ,N. (3.11)

(III) The integral of 
∣∣u(t, x) − u(τ, x)

∣∣ over the intervals

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

J ′
k(t) = ]

y′
k + (t − τ) , yk − (t − τ)

[
, k = 1, . . . ,N,

J ′′
k (t) = ]

yk + (t − τ) , y′′
k − (t − τ)

[
, k = 0, . . . ,N − 1,

J0(t) =̇ ]−∞, y0 − (t − τ)[ ,

JN+1 =̇ ]yN + (t − τ) ,+∞[ .

4. To estimate integrals of type (I), assuming that (τ, y) is either a point of approximate continuity 
or approximate jump of the function u, we obtain

lim
h→0+

1

h

y+hˆ ∣∣∣u(τ + h, x) − U
�

(u;τ,y)
(τ + h,x)

∣∣∣ dx = 0. (3.12)
y−h
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Fig. 3. The domain Di considered at (3.15).

Indeed, by [8, Theorem 2.6], setting u± = u (τ, y±), the function U defined in (3.1) satisfies (3.2)
and consequently u± satisfy (3.3) and (3.4). It implies that u (τ, y±), when different, are con-
nected by a single entropic shock whose speed is λ. Consequently U�

(u;τ,y)
coincides with the 

piecewise constant function U defined in (3.1) so that (3.12) follows from [8, Theorem 2.6].

5. We now estimate the integrals of type (II). By construction, both values y′′
k−1 −τ and y′

k +τ

are rational. Hence

y′′
k−1 = ξ + τ, y′

k = ζ − τ,

for some ξ, ζ ∈Q. This implies that τ is a Lebesgue point of the map

t �→ V (t) = Wξ,ζ (t). (3.13)

Let λ̃i = λi (ũk), l̃i = li (ũk), r̃i = ri (ũk), i = 1, . . . , n, be respectively the i-th eigenvalues 
and left and right eigenvectors of the matrix A .= Df

(̃
uk

)
. We thus have

l̃i · U�(t, x) = l̃i · U�
(
τ, x − (t − τ)λ̃i

) = l̃i · u(
τ, x − (t − τ)λ̃i

)
.

Following the proof of [8, Theorem 9.4], fix any two points ζ ′, ζ ′′ ∈ Jk(t), ζ ′ < ζ ′′ and consider 
the quantity

Ei(ζ
′, ζ ′′) .= l̃i ·

ζ ′′ˆ

ζ ′

(
u(t, x) − U�(t, x)

)
dx

= l̃i ·
ζ ′′ˆ

ζ ′

(
u(t, x) − u

(
τ, x − (t − τ)λ̃i

))
dx.

(3.14)

We apply the divergence theorem to the vector 
(
u, f (u)

)
on the domain

Di
.=

{
(s, x); s ∈ [τ, t], ζ ′ − (t − s)λ̃i ≤ x ≤ ζ ′′ − (t − s)λ̃i

}
, (3.15)

shown in Fig. 3. Since u satisfies the conservation equation (1.1), the difference between the 
integral of u at the top and at the bottom of the domain Di is thus measured by the inflow from 
the left side minus the outflow from the right side of Di . From (3.14) it thus follows
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∣∣
Ei(ζ
′, ζ ′′) =

tˆ

τ

l̃i ·
((

f (u) − λ̃iu
)
(s, ζ ′ − (t − s)λ̃i)

)
ds

−
tˆ

τ

l̃i ·
((

f (u) − λ̃iu
)
(s, ζ ′′ − (t − s)λ̃i)

)
ds

=
tˆ

τ

li(ũk) ·
((

f (u′(s)) − λ̃i (ũk) u′(s)
) − (

f (u′′(s)) − λi(ũk)u
′′(s)

))
ds

=
tˆ

τ

H
(̃
uk,u

′(s), u′′(s)
)

ds,

(3.16)

where we set

u′(s) .= u
(
s, ζ ′ − (t − s)λ̃i

)
, u′′(s) .= u

(
s, ζ ′′ − (t − s)λ̃i

)
,

H (u,u1, u2)
.= li (u) ·

((
f (u1) − λi(u)u1

) − (
f (u2) − λi(u)u2

))
.

Observing that

• H (u,u2, u2) = 0,
• Du1H (u,u1, u2) = li (u) · (Df (u1) − λi(u)I ),
• Du1H (u,u,u2) = li (u) · (Df (u) − λi(u)I ) = 0,

we estimate

H (u,u1, u2) = H (u,u1, u2) − H (u,u2, u2)

=
1ˆ

0

Du1H (u,u2 + σ (u1 − u2) , u2) dσ · (u1 − u2)

=
1ˆ

0

[
Du1H (u,u2 + σ (u1 − u2) , u2) − Du1H (u,u,u2)

]
dσ · (u1 − u2)

= O(1) · (|u1 − u| + |u2 − u|) · |u1 − u2| .
Here O(1) is any function bounded by a constant that depends only on the system, i.e. on the 
flux f . Therefore,

Ei(ζ
′, ζ ′′) = O(1) ·

tˆ

τ

∣∣u′(s) − u′′(s)
∣∣ ·

( ∣∣u′(s) − ũk

∣∣ + ∣∣u′′(s) − ũk

∣∣ )ds.

Recalling (3.11) and (3.13), for any x ∈ Jk(s) we now compute

u′(s) − ũk

∣∣ ≤ V (s) + ∣∣u(
s, x

) − u (τ, x)
∣∣ + |u (τ, x) − ũk| ≤ V (s) + ∣∣u(

s, x
) − u (τ, x)

∣∣ + V (τ).
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Integrating w.r.t. x over the interval Jk(s), dividing by its length and using (2.2) we obtain

∣∣u′(s) − ũk

∣∣ ≤ V (s) + V (τ) + 1

meas
(
Jk(s)

) ˆ

Jk(s)

∣∣u(s, x) − u(τ, x)
∣∣dx

= V (s) + ε + CM(s − τ)

meas
(
Jk(s)

) =̇ g(s).

(3.17)

An entirely similar estimate clearly holds for 
∣∣u′′(s) − ũk

∣∣. Hence

Ei(ζ
′, ζ ′′) = O(1) ·

tˆ

τ

∣∣u′(s) − u′′(s)
∣∣ · g(s) ds

= O(1) ·
tˆ

τ

Tot.Var.
{
u(s) ; ]

ζ ′ − (t − s)λ̃i , ζ ′′ − (t − s)λ̃i

]} · g(s) ds

= O(1) · μi

(]ζ ′, ζ ′′]).
Here μi is the Borel measure defined by

μi

(]a, b[) =
tˆ

τ

Tot.Var.
{
u(s) ; ]

a − (t − s)λ̃i , b − (t − s)λ̃i

[} · g(s) ds,

for any open interval ]a, b[ ⊂ Jk(t).
According to [8, Lemma 9.3], we now have

ˆ

Jk(t)

∣∣u(t, x) − U� (t, x)
∣∣ dx = O(1) ·

n∑
i=1

ˆ

Jk(t)

∣∣∣l̃i · (u(t, x) − U� (t, x)
)∣∣∣ dx

= O(1) ·
n∑

i=1

μi (Jk(t)) = O(1) ·
tˆ

τ

V (s) · g(s) ds.

We now observe that, for all τ ≤ s ≤ t < τ + 1
2

(
y′
k − y′′

k

)
, the function g introduced at (3.17)

satisfies

g(s) ≤ V (s) + ε + CM

y′
k − y′′

k−1 − 2 (t − τ)
· (t − τ) . (3.18)

This implies

1

t − τ

ˆ ∣∣u(t, x) − U� (t, x)
∣∣ dx = O(1)

t − τ
·

tˆ

τ

V (s) · (V (s) + ε) ds
Jk(t)
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+ O(1) · CM

y′
k − y′′

k−1 − 2 (t − τ)
·

tˆ

τ

V (s) ds. (3.19)

Since t = τ is a Lebesgue point for V , taking the limit of (3.19) as t → τ+ we thus obtain

lim sup
t→τ+

1

t − τ

ˆ

Jk(t)

∣∣u(t, x) − U� (t, x)
∣∣ dx = O(1) · V (τ) (V (τ) + ε) = O(1) · ε2. (3.20)

6. Finally, regarding integrals of type (III), using Lemma 2.2 we obtain the bounds

lim sup
h→0

1

h

yk−hˆ

y′
k+h

∣∣∣u(τ + h, x) − u(τ, x)

∣∣∣ dx = O(1) · ε2, (3.21)

lim sup
h→0

1

h

y′′
k −hˆ

yk+h

∣∣∣u(τ + h, x) − u(τ, x)

∣∣∣ dx = O(1) · ε2, (3.22)

lim sup
h→0

1

h

y0−hˆ

−∞

∣∣∣u(τ + h, x) − u(τ, x)

∣∣∣ dx = O(1) · ε, (3.23)

lim sup
h→0

1

h

+∞ˆ

yN+h

∣∣∣u(τ + h, x) − u(τ, x)

∣∣∣ dx = O(1) · ε. (3.24)

7. On the other hand, it is well known [7,8] that semigroup trajectories satisfy entirely similar 
estimates. Indeed, at every point y the difference between the semigroup solution and the solution 
to a Riemann problem satisfies

lim
h→0+

1

h

y+hˆ

y−h

∣∣∣(Shu(τ)
)
(x) − U

�

(u;τ,y)
(τ + h,x)

∣∣∣ dx = 0. (3.25)

Since the total variation of u(τ, ·) on the open interval ]y′′
k−1, y

′
k[ is ≤ ε, we have

lim sup
h→0

1

h

y′
k−hˆ

y′′
k−1+h

∣∣∣(Shu(τ)
)
(x) − U

�

(u,τ,k)(τ + h,x)

∣∣∣ dx = O(1) · ε2. (3.26)

Moreover, since the total variation of u(τ, ·) on the open intervals ]y′
k, yk[ and ]yk, y′′

k [ is ≤ ε2, 
we have
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lim sup
h→0

1

h

yk−hˆ

y′
k+h

∣∣∣(Shu(τ)
)
(x) − u(τ, x)

∣∣∣ dx = O(1) · ε2, (3.27)

lim sup
h→0

1

h

y′′
k −hˆ

yk+h

∣∣∣(Shu(τ)
)
(x) − u(τ, x)

∣∣∣ dx = O(1) · ε2, (3.28)

and similarly

lim sup
h→0

1

h

y0−hˆ

−∞

∣∣∣(Shu(τ)
)
(x) − u(τ, x)

∣∣∣ dx = O(1) · ε, (3.29)

lim sup
h→0

1

h

∞̂

yN+h

∣∣∣(Shu(τ)
)
(x) − u(τ, x)

∣∣∣ dx = O(1) · ε. (3.30)

8. Combining all the previous estimates, and recalling that the total number of intervals is 
N ≤ Mε−1, we establish the limit (3.6), proving the theorem. �
4. Concluding remarks

The present analysis opens the door to the study of convergence and a posteriori error esti-
mates for a wide variety of approximation schemes.

Following [9], we say that u = u(t, x) is an ε-approximate solution to (1.1) if, given the time 
step ε = �t , the following holds.

(AL) Approximate Lipschitz continuity. For every τ, τ ′ ≥ 0 one has

‖u(τ, ·) − u(τ ′, ·)‖L1 ≤ M
(|τ − τ ′| + ε

) · sup
t∈[τ,τ ′]

Tot.Var.
{
u(t, ·)}.

(Pε) Approximate conservation law, and approximate entropy inequality.
For every strip [τ, τ ′] ×R with τ, τ ′ ∈ εN , and every test function ϕ ∈ C1

c (R2), there holds

∣∣∣∣∣∣∣
ˆ

u(τ, x)ϕ(τ, x) dx −
ˆ

u(τ ′, x)ϕ(τ ′, x) dx +
τ ′ˆ

τ

ˆ {
uϕt + f (u)ϕx

}
dx dt

∣∣∣∣∣∣∣
≤ Cε‖ϕ‖W 1,∞ · (τ ′ − τ) · sup

t∈[τ,τ ′]
Tot.Var.

{
u(t, ·)}. (4.1)

Moreover, given a uniformly convex entropy η with flux q , assuming ϕ ≥ 0 one has the 
entropy inequality
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ˆ
η(u(τ, x))ϕ(τ, x) dx −

ˆ
η(u(τ ′, x))ϕ(τ ′, x) dx +

τ ′ˆ

τ

ˆ {
η(u)ϕt + q(u)ϕx

}
dxdt

≥ − Cε‖ϕ‖W 1,∞ · (τ ′ − τ) · sup
t∈[τ,τ ′]

Tot.Var.
{
u(t, ·)}.

(4.2)

In the above setting, the recent paper [9] has established a posteriori error estimates, assuming 
that the total variation of u(t, ·) remains small, so that u(t, ·) remains inside the domain of the 
semigroup. However, the estimates in [9] also required a “post processing algorithm”, tracing the 
location of the large shocks in the approximate solution. We would like to achieve error estimates 
based solely on an a posteriori bound of the total variation. The possibility of such estimates is 
the content of the following corollary.

Corollary 4.1. Let (1.1) be an n × n strictly hyperbolic system where each characteristic field 
is either genuinely nonlinear or linearly degenerate, and which admits a strictly convex entropy 
η(·) as in (1.8). Let S be the unique Lipschitz semigroup defined on a domain D of functions with 
small total variation. Then, given T , R > 0, there exists a function ε �→ �(ε) with the following 
properties.

(i) � is continuous, nondecreasing, with �(0) = 0.
(ii) Let t �→ u(t) ∈ D be an ε-approximate solution to (1.1), satisfying (AL)-(Pε) and supported 

inside the interval [−R, R]. Then, calling ū = u(0), one has∥∥u(t) − St ū
∥∥

L1 ≤ �(ε) for all t ∈ [0, T ]. (4.3)

Proof. If the conclusion fails, there exists a sequence of εn-approximate solutions (un)n≥1, all 
supported inside [−R, R], with εn → 0 but

sup
t∈[0,T ]

∥∥un(t) − Stun(0)
∥∥

L1 ≥ δ0 > 0 for all n ≥ 1. (4.4)

By compactness, taking a subsequence we achieve the L1-convergence un(t) → u(t), uniformly 
for t ∈ [0, T ]. Setting ū(x) .= u(0, x), the limit function u is thus an entropy weak solution of 
(1.1)-(1.2), distinct from the semigroup trajectory St ū. This contradicts the uniqueness stated in 
Theorem 1.1. �

We regard the function �(·) as a universal convergence rate for approximate BV solutions 
to the hyperbolic system (1.1). Having proved the existence of such a function, the major open 
problem is now to provide an asymptotic estimate on �(ε), as ε → 0. In some sense, starting from 
a uniqueness theorem and deriving a uniform convergence rate is a task analogous to the deriva-
tion of quantitative compactness estimates [2–4,21]. Based on the convergence estimates already 
available for the Glimm scheme [5,17] and for vanishing viscosity approximations [13,18], one 
might guess that �(ε) ≈ √

ε| ln ε|. We leave this as an open question for future investigation.

Data availability

No data was used for the research described in the article.
446



A. Bressan and G. Guerra Journal of Differential Equations 387 (2024) 432–447
Acknowledgment

The research by the first author was partially supported by NSF with grant DMS-2006884, 
“Singularities and error bounds for hyperbolic equations”. The second author acknowledges the 
hospitality of the Department of Mathematics, Penn State University, in March 2023.

References

[1] L. Ambrosio, N. Fusco, D. Pallara, Functions of Bounded Variation and Free Discontinuity Problems, Clarendon 
Press, Oxford, 2000.

[2] F. Ancona, O. Glass, K.T. Nguyen, Lower compactness estimates for scalar balance laws, Commun. Pure Appl. 
Math. 65 (2012) 1303–1329.

[3] F. Ancona, O. Glass, K.T. Nguyen, On compactness estimates for hyperbolic systems of conservation laws, Ann. 
Inst. Henri Poincaré, Anal. Non Linéaire 32 (2015) 1229–1257.

[4] F. Ancona, O. Glass, K.T. Nguyen, On Kolmogorov entropy compactness estimates for scalar conservation laws 
without uniform convexity, SIAM J. Math. Anal. 51 (2019) 3020–3051.

[5] F. Ancona, A. Marson, Sharp convergence rate of the Glimm scheme for general nonlinear hyperbolic systems, 
Commun. Math. Phys. 302 (2011) 581–630.

[6] S. Bianchini, A. Bressan, Vanishing viscosity solutions of nonlinear hyperbolic systems, Ann. Math. 161 (2005) 
223–342.

[7] A. Bressan, The unique limit of the Glimm scheme, Arch. Ration. Mech. Anal. 130 (1995) 205–230.
[8] A. Bressan, Hyperbolic Systems of Conservation Laws. The One Dimensional Cauchy Problem, Oxford University 

Press, 2000.
[9] A. Bressan, M.T. Chiri, W. Shen, A posteriori error estimates for numerical solutions to hyperbolic conservation 

laws, Arch. Ration. Mech. Anal. 241 (2021) 357–402.
[10] A. Bressan, R.M. Colombo, The semigroup generated by 2 × 2 conservation laws, Arch. Ration. Mech. Anal. 113 

(1995) 1–75.
[11] A. Bressan, G. Crasta, B. Piccoli, Well posedness of the Cauchy problem for n × n systems of conservation laws, 

Am. Math. Soc. Mem. 694 (2000).
[12] A. Bressan, P. Goatin, Oleinik type estimates and uniqueness for n ×n conservation laws, J. Differ. Equ. 156 (1999) 

26–49.
[13] A. Bressan, F. Huang, Y. Wang, T. Yang, On the convergence rate of vanishing viscosity approximations for nonlin-

ear hyperbolic systems, SIAM J. Math. Anal. 44 (2012) 3537–3563.
[14] A. Bressan, P. LeFloch, Uniqueness of weak solutions to systems of conservation laws, Arch. Ration. Mech. Anal. 

140 (1997) 301–317.
[15] A. Bressan, M. Lewicka, A uniqueness condition for hyperbolic systems of conservation laws, Discrete Contin. 

Dyn. Syst. 6 (2000) 673–682.
[16] A. Bressan, T.P. Liu, T. Yang, L1 stability estimates for n × n conservation laws, Arch. Ration. Mech. Anal. 149 

(1999) 1–22.
[17] A. Bressan, A. Marson, Error bounds for a deterministic version of the Glimm scheme, Arch. Ration. Mech. Anal. 

142 (1998) 155–176.
[18] A. Bressan, T. Yang, On the rate of convergence of vanishing viscosity approximations, Commun. Pure Appl. Math. 

57 (2004) 1075–1109.
[19] G. Chen, S. Krupa, A. Vasseur, Uniqueness and weak-BV stability for 2x2 conservation laws, Arch. Ration. Mech. 

Anal. 246 (2022) 299–332.
[20] C. Dafermos, Hyperbolic Conservation Laws in Continuum Physics, 4-th edition, Springer, 2016.
[21] C. De Lellis, F. Golse, A quantitative compactness estimate for scalar conservation laws, Commun. Pure Appl. 

Math. 58 (2005) 989–998.
[22] L.C. Evans, R.F. Gariepy, Measure Theory and Fine Properties of Functions, CRC Press, 1991.
[23] H. Holden, N.H. Risebro, Front Tracking for Hyperbolic Conservation Laws, Springer, 2015.
[24] D. Serre, A.F. Vasseur, About the relative entropy method for hyperbolic systems of conservation laws, in: A 

Panorama of Mathematics: Pure and Applied, in: Contemp. Math., vol. 658, Amer. Math. Soc., Providence, RI, 
2016, pp. 237–248.
447

http://refhub.elsevier.com/S0022-0396(24)00005-6/bibDB74C36C3130C856DDB65627F06BF63Cs1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibDB74C36C3130C856DDB65627F06BF63Cs1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibB9D2F916B585594574A0C6D5C77C8840s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibB9D2F916B585594574A0C6D5C77C8840s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib92B11605C205920A1D7364B6D51D8033s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib92B11605C205920A1D7364B6D51D8033s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib10C61A686E802595351B92C2D2AF397Fs1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib10C61A686E802595351B92C2D2AF397Fs1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib73457A99D888BA3212977C59A189DB06s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib73457A99D888BA3212977C59A189DB06s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibE067589B328E8D4F12549006CCECAF37s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibE067589B328E8D4F12549006CCECAF37s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibB85FFB40C0BAB2A587F935CDD35DD2AEs1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib1D884C2447DC74A3674C7FE584947F0Fs1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib1D884C2447DC74A3674C7FE584947F0Fs1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibAE9178757DD2A29CF80C1F5B9F34882Es1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibAE9178757DD2A29CF80C1F5B9F34882Es1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibC9C07AF1F6A0808AB968317079F75FD9s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibC9C07AF1F6A0808AB968317079F75FD9s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib870BDAA9DB65E784F40C7AF06D1EE31Cs1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib870BDAA9DB65E784F40C7AF06D1EE31Cs1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib461B1990FE86AF962CD15A16A26DCEB8s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib461B1990FE86AF962CD15A16A26DCEB8s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib140F91EBAB34EDB22675F73F5B8F1420s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib140F91EBAB34EDB22675F73F5B8F1420s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib10425B668AAFD4339F862732A741A690s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib10425B668AAFD4339F862732A741A690s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibA6F5350F5A2B25A96D66757F761CE65Cs1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibA6F5350F5A2B25A96D66757F761CE65Cs1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib4EF9A4CF3C18044EB1675D8F1B791A14s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib4EF9A4CF3C18044EB1675D8F1B791A14s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib229B4D70426B6AFF23DD2A01648A8061s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib229B4D70426B6AFF23DD2A01648A8061s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib2E5A94C8142708F6848226FAEF2654FCs1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib2E5A94C8142708F6848226FAEF2654FCs1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibFBCD60814E1DCD3C4771F1B3CD5CF22Cs1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibFBCD60814E1DCD3C4771F1B3CD5CF22Cs1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibC4D62B6DCCA08E5CAF06C01889282859s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib0B2191511C5FDBDCA28E015ACE4E5E12s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bib0B2191511C5FDBDCA28E015ACE4E5E12s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibFBE46383DB390907541A234BEC7F2424s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibFD4C638DA5F85D025963F99FE90B1B1As1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibD38212A0C0E98F678FEAAA5A8B9167F5s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibD38212A0C0E98F678FEAAA5A8B9167F5s1
http://refhub.elsevier.com/S0022-0396(24)00005-6/bibD38212A0C0E98F678FEAAA5A8B9167F5s1

	Unique solutions to hyperbolic conservation laws with a strictly convex entropy
	1 Introduction
	2 Preliminary lemmas
	3 Proof of the theorem
	4 Concluding remarks
	Data availability
	Acknowledgment
	References


