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Abstract

In this paper we study the limit of the value function for a two-scale, infinite-dimensional, stochastic
controlled system with cylindrical noise and possibly degenerate diffusion. The limit is represented as
the value function of a new reduced control problem (on a reduced state space). The presence of a
cylindrical noise prevents representation of the limit by viscosity solutions of HJB equations as in [L6]
while degeneracy of diffusion coefficients prevents representation as a classical BSDE as in [10]. We use a
“vanishing noise” regularization technique.
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1 Introduction

This paper studies the limit of the value functions for a sequence of optimal control problems with state
equation represented by the following system of stochastic differential equations

{dXt = AX, dt + b(Xy, Qu, up)dt + R(X,)dW], X, = 0, 1)

edQy = (BQy + F(Xy, Q1) + Gp(wy)) dt +£/2GdWE, Qo = qo.
and cost represented by the following functional:
1
Je(x())q(])u) =E |:/ l(Xt7Qt7ut)dt+h(X1)
0

We notice that the small constant ¢ in the second equation modelizes the fact that @ evolves quicker than
X, with a ratio % between the two velocities. Our goal is to represent the limit of the value functions of
these problems as the speed factor diverges.
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In ([T both X and @ take values in an Hilbert space. Moreover A and B are unbounded linear operators, u
represents the control, (W})i>0, (W72)i>0 are infinite dimensional independent cylindrical Wiener processes,
b, F, p are R are functions and G is a bounded linear operator satisfying suitable assumptions including
dissipativity of B4 F(z,-). The main feature of this paper is that we allow both W' and W? to be cylindrical
while we do not require any regularizing or nondegeneracy assumptions to hold on G or R(-). We mention
here that throughout the paper the control problems are formulated in a weak form particularly suitable to
be studied by Backward Stochastic Differential Equations (BSDEs for short).

Several papers have been devoted to the characterization of limits of singular stochastic control problems in
finite dimensional spaces. Beside the pioneering results based on direct computations in specific situations
(see, for instance, [I1] and [12]) the general approach in finite dimensional cases (see [1I, [2], [3], [4], [5])
relies on the representation of the value function as wiscosity solution of a suitable HJB equation and on
a convergence result, as e — 0, for the solution of such HJB equations to a reduced nonlinear parabolic
equation. The value of the (viscosity) solution of the limit PDE is then the desired limit. The well known
technical difficulties nested in the proof of comparison principle for solution of infinite dimensional HJB
equations prevents a direct extension of the previous results to the case of Hilbert-valued, two scale, controlled
stochastic systems.

At our best knowledge the first paper to address the problem in an infinite dimensional framework is [10]
where the value function is represented through a BSDE and the result is obtained by convergence of a class
of singularly perturbed BSDEs. The main limitation of the results in [10] is that we need to assume non
degeneracy of the noise in the slowly evolving equation (in [I0] R is indeed independent of z and, more
important, is invertible). Then in [I6] the viscosity solution approach is adapted to the Hilbert space case
by a deep analysis of the necessary technical assumptions. A rather general class of two scales systems can
be considered in this last paper with the only remaining obstruction on the covariance of the noises that
must be of finite trace.

As we have already mentioned here both (W) and (W?) are cilindrical and we do not assume non degeneracy
nor on R nor on G (nevertheless in the equation for @ the structure condition, allowing to apply Girsanov
transform, has to hold). Since the two previously mentioned possible representations of our singular limit
(the one through a BSDE and the one through a viscosity solution of a HJB equation) seem not to be
available in the present case we try to represent it as the value function of a reduced control problem. By the
way we notice that such a representation somehow lies underneath both the above mentioned ones. It is also
worth mentioning that any notion of solution of HJB equation stronger than viscosity, and consequently any
direct representation of the limit value function by a standard BSDE, appears here to be excluded by the
lack of regularity that one has to expect for the value functions of degenerate stochastic control problem.
To compare the class of state equations that fall into the framework of this paper with the ones treatable
in [I0] and [I6] let us consider the following two scale system of controlled reaction diffusion SPDEs in one
space dimension driven by space time noises. We refer, for instance to [14] Section 11.2 for the abstract
formulation and precise assumptions on the coefficients. We just have to mention that m is a positive
constant and the Lipschitz constant of f with respect to Q is smaller then m.



QXE(t x) = 8—2)(5(75 x) + b(X(t, ), Q°(t, z), u(t,x)) + o(x, X°(t :E))gwl(t x)

g T T gzt LT YT,

D Qe (t,0)= (2 — m)QF (1, 2)+ F(XE (1), © (1,2)) + ple)r(ult,2)) + 2 p(a) SW2 (1, 2)

€5 @)= —m , , ), , T plx)r(u(t,z e p(x) 5 , ), (1.2)
Xa(t,()) = Xa(tv 1) = Qa(t,O) - Qa(t71) = 0)

Xe(0,x) = Xo(x), Q°(0,z) = Qo(x), t€[0,1], x € [0,1],

To fit the assumptions in [10] one should assume o to be independent of X and bounded away from 0 while
to fit the assumptions in [I6] one should assume (W?), i = 1,2 to be colored in space. Here we can take a
general o (possibly vanishing ) and space-time white noises (W?'), i = 1, 2.

The approach we present here is to regularize equation (I adding an extra noise with small parameter
in the equation for X. We obtain a non degenerate singular control problem (see equation (41])) that can
be treated using the results in [I0]. The point is that, in this way, we have two handle a system depending
on two parameters (the original speed ratio € and the new small noise parameter). We show that we can
interchange the limits and let first ¢ — 0 for a fixed small noise parameter. Proceeding like that (adapting
the arguments in [10]) we end up with a forward backward system depending on the small parameter 7.

dX; = AX, dt+R(Xt) thl +T]dBt, te [S, 1],
—dY; = )\(Xt,n_th) dt — Z; thl + Z ng, (13)
XSZJZ, Yl :h(Xl).

We notice that in the above equation the nonlinearity A is itself the value function of a suitable ergodic
optimal control problem, roughly speaking, for the second equation in ([LI) with frozen X.

The idea is then to see, by Fenchel duality, the Y in equation (3] as the value function of an auxiliary
control problem. The key issue, at this level, is to construct this new control problem in such a way that its
running cost has enough regularity to allow the final passage to the limit as the small noise regularization
vanishes and, eventually, to get the main result of this paper (see Theorem [6.3]). In addition the value
function of our reduced control problem can be shown to coincide with the minimal solution of a Backward
Stochastic Differential Equation with constraints on the martingale term (see Remark [6.5] here and [13], [6]).
The paper is organized as follows: in Section 2 we introduce general notation, in Section 3 we formulate
the control problems introducing the weak formulation that will be used throughout the paper, in Section
4 we introduce the small noise regularization of the system, in Section 5 we prove that we can change order
between the limit with respect to the speed ratio parameter ¢ and the small noise parameter 7, finally in
Section 6 we prove our mail result.

2 Notation

Given a Banach space E, the norm of its elements z will be denoted by |x|z, or even by |z| when no confusion
is possible. If F' is another Banach space, L(E, F') denotes the space of bounded linear operators from E to
F, endowed with the usual operator norm. When F' = R the dual space L(F,R) will be denoted by E*. The
letters =, H and K will always be used to denote Hilbert spaces. The scalar product is denoted (-, -), equipped
with a subscript to specify the space, if necessary. All Hilbert spaces are assumed to be real and separable
and the dual of a Hilbert space will never be identified with the space itself. By Lo(E, H) and Ly(E, K)



we denote the spaces of Hilbert-Schmidt operators from = to H and to K, respectively. Finally G(K, H)
is the space of all Gateaux differentiable mappings ¢ from K to H such that the map (k,v) — Vé(k)v is
continuous from K x K to H; see [§] for details.

Next we define the following classes of stochastic processes with values in a Hilbert space V. Given an
arbitrary time horizon 7', constant p > 1 and a generic filtered space (Q°, &%, (F? )te[o,T},PO)i

o L7,(Q%%[0,T]; V) denotes the space of equivalence classes of processes Y € LP(Q2x [0, T]; V) admitting
a predictable version. It is endowed with the norm

= ([ wpas)”
0

o L7, (Q%C([0,T];V)) denotes the space of adapted processes Y with continuous paths in V', such that
the norm

IY]l, = (B sup |Y,[")"/"
s€[0,T

is finite. The elements of L, (Q%,C([0,T];V)) are identified up to indistinguishability.

3 Setting of the problem and statement of the main result

Let H, K and = separable Hilbert spaces and U a separable metric space. We denote by S'? (S stands for
Setting) the class of all 6-uples U = (Q, (F),P, (W), (W2), (us)), where (Q, F,(F;)) is a filtered complete
probability space, (W}'), (W2) are two independent, Z-valued, (F;)-Wiener processes and u is an (F;) pre-
dictable process taking values in U. When needed, we will add the mark U to each term to avoid confusion.
Given x¢ € H,qy € K,e >0, and U € S2, we consider the following two scale state equation in H x K:

dX; = AX; dt + b(Xt, Q:, ut)dt + R(Xt)thl, Xy = x,
(3.1)

edQy = (BQt + F(X¢t, Qo) + Gp(w)) dt + e 2G AW, Qo = qo.
that has, under Hypothesis 3.1-3.6 listed below, a unique mild solution belonging to L’}M(QU; C([0,T]; H)),
p > 1 that we denote by XU see [10, Lemma 3.9 and Lemma 3.10]. We omit reference to initial state

(20, qo) trying to ease the notation (when we will need to show such dependence we will explicitly mention
it). We introduce the following cost functional to minimize

1
J(20,q0,U) = EV [ / 1x2Y, QY ul)dt + n(xSY)| (3.2)
0

where EV denotes the expectation with respect to the probability P in U.

We make the following general assumptions fixing, in the mean time, three constants M > 0, L > 0 and
v € [0,1/2) that will not be changed throughout the paper.

Hypothesis 3.1 A : D(A) C H — H is a linear, unbounded operator that generates a Cy- semigroup
{etA}tZO, such that |etA|L(H,H) < Mgevat 't > 0 for some positive constants M and wa. B : D(B) C
K — K s a linear, unbounded operator that generates a Co- semigroup {e'P}i>o such that |e"P|p k) <
Mpe*Bt t >0 for some Mp,wp > 0.

Moreover there exist C' > 0 s.t.:

|63A|L2(H,H) + |eSB|L2(K7K) <Cs™ 7, Vsel0,1].

4



Hypothesis 3.2 The functionsb: H x K x U — H and F : H x K — K are measurable and:
b(z,q,u)| < M, |b(z,q,u) —b(a’, ¢, u)| < L(lz — 2’| + g — ¢']), Vq.q € K,x,2' € Hiu€eU,

‘F(x7Q) - F(xlaq/)’K < L(’I’ - ‘T/’H + ’q - q,‘K) vQ7q, € K,.’L’,.’L’l € H.

Moreover we assume that, F(x,-) is Gateauz differentiable, more precisely, F(x,-) € G'(K,K), Vz € H.
Hypothesis 3.3 B + I is dissipative i.e. there exists some p > 0 such that:
(Bq+ F(x,q) = (Bq' + F(z,q4'), ¢ — ') < —plg — ',
for allz € H,q,q' € D(B).
Hypothesis 3.4 R: H — L(Z, H) is a bounded Lipschitz map. Moreover for all x,x' € H:
‘GSAR(:E) _ GSAR(@J)‘LQ(E,H) < S%]a: — | g, for all s € (0,1).
Hypothesis 3.5 G € L(Z; K).

Hypothesis 3.6 The functions | : H x K x U — R and h : H — R are measurable and satisfy the
assumptions below, moreover

ll(z,q,u) — (2, ¢ ,u)| < L(|lx — 2| + |q — ¢|), V¢, €e K,x,2’ ¢ HyueU,
|h($)—h(3§‘,)| §L|JE—3§‘,|, V:E7$IGH7
1 40 1), )| < M, VgeKzeHuel.

We are interested in studying the limit of the value function V¢(zo, qo),
‘/'E R = 1 f JE 5 ,[U 33
(z0,q0) Ulen81»2 (20,90, U) (3.3)

as the ratio € between the speed of the slow component and the speed of the fast one tends to 0. Namely
we shall provide a representation of this limit by a reduced stochastic control problem.

4 Small noise approximations of the two scale problem

In order to regularize our initial problem we introduce a vanishing noisy term in (B1). To do that we have
to modify our class of settings.

Namely we denote by S5 the class of 7-uples UZ = (Q, (F), P, (W), (W?), (By), (ut)), where, beside the
forementioned elements, there is a third (F;)-Wiener process (B;), independent of (W', W2).

Then given zg, gy and a setting UP € SH%B, for every n > 0, let us consider the following regularized two
scale state equation:

dXt = AXt dt + b(Xt, Qt, Ut)dt + R(Xt)thl + T]dBt, XQ = X,
(4.1)
edQ; = (BQ; + F(Xy,Qy) + Gp(wy)) dt + G dW2, Qo = qo.

Such system has a unique mild solution, indeed following [10, Lemma 3.9 and Lemma 3.10] we have that

for every € > 0,1 > 0 there exists a unique couple of processes (X 5”7’UB, Qs’"’UB), with x&mU” belonging to
B B . B

L¥ 5 (QV75C([0, 1) H)) and Q=Y in LF , (QV7 C([0, 1]; K)) -
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Moreover, see again [10, Lemma 3.9 and Lemma 3.10], also see the proof of Theorem I3l below, the following
estimates hold:

EY (sup [X5"V7P) < ep(1 4 |wol?), w0 € H,  VYp>1 (4.2)
te(0,1]
st]E‘UBng%UB\p <k,(1+|qf), qek, vp>1. (4.3)
t€0,1

with constant ¢, and k, independent from e and 7.

We also consider the analogue of our control problem in this enriched and regularized situation and the
corresponding value function V. Namely:

1
J=(z0, go, UP) = EV” U 1 Qe uPydt + h(x|
’ (4.4)
Veyn(x07 qO) = UBé‘ngB JE,TI(I.O’ qO7 '[[JB)

It is straightforward to verify that, fixed (z¢, po), the set {V="(zg,qo) : € > 0,7 > 0} is bounded.

Remark 4.1 Given a setting UP in SV%8 we define the setting PUP in SY? as the setting obtained by
omitting the process B. Namely

P(Qv (]:t)v P, (th)’ (Wt2)7 (Bt)’ (ut)) = (Qv (]:t)v P, (th)’ (Wt2)7 (ut))

In particular the control u is the same in UP and PUP, moreover (XE’OvUB,QavO’UB) = (XavPUB,QE’PUB).
On the other hand given U € SY2 we define by RU C SY28 the set, always non empty, of all settings
UB obtained from U, by choosing any (20, FO, PV (F?), B), where (Q0, FO PV (F?)), is a filtered complete
probability space and (B) is an (F_)- Wiener process, and setting

U% = (@x Q" (FoF), (FeFR).PoB’, (W), (W?),(B), (u)).

In the above formula W' (w,w?) = Wiw), i = 1,2; v/(w,w°?) = u(w), B'(w,w’) := B(W"), for every
(w,w?) € Q x Q0. We notice that if UP € RU then the law of (XU, Q%Y uY) under PV coincides with the
law of (XE’OJUB, QavO’UB, uUB) under PU”.

Thus J=9(z0, qo, UP) = J%(x0, g0, U), for every U € SH2 and UP € RU c SH25,

The above remark entitles us to replace our original control problem with the enriched one in the trivial
case 11 = 0. Namely we have the not very surprising equality:

Lemma 4.2
VE’O(xo,qo) = Va(xo,qo), Vx() S H, qo € K.

Proof. Thanks to the previous remark, for every UB € S128 we have that J¢(z¢, o, PUP) = J0(x¢, o, UP).
Conversely if U € S? and UP € RU we again have that J¢(xq, g0, U) = J*(x0, o, PUP) = J*0(x¢, qo, UP).
Thus the sets {J¢(zg, qo, U) : U € S} and {J&0 (0, qo, UP) : UP € S128} coincide and obviously the same
is true for their infimum. O

Now we fix a reference setting (Q, F,P, (F;), W', W2, B), we denote with ftl’z’B, ]:}l’B, F? the natural filtra-

tion generated, respectively, by the processes (W', W2, B), (W', B), and W? (always completed with the P
-negligible sets in F), eventually by E we will denote the expectation with respect to P.



We then consider the following system:

dXt = AXt dt + R(Xt) thI +n dBt, X() = Xo,
(4.5)
edQy = (BQ: + F(X¢, Qu)dt + '2G AW, Qf = qo.
That has a unique mild solution (X", Q%") with X" e L~

_7:1 B
p>1
We introduce here the BSDE:

(;C([0,1]; H)), Q*"e L, 5 5(2;C([0,1]; K)),

{—dY} =X, Q" Z}, 72 2 dt — ZEdWE — Z2dBy — ZidWE,
Y1 = h(Xy).
with

e, . ZQb(‘Taqu ) “2 L
TIZ) n(:Ev(Lzva) e {églf}}{l(x’q’u)—i_ n \/— ( )} ¢( x,q, nv\/g

where ¢(x,q, zo,v) = inlfj{l(x,q,u) + 2z9b(x,q,u) +vp(u)} for every x, 29 € H,q € K,v € =.
ue

);

We notice that v is Lipschitz in zo and v uniformly with respect to « and ¢, moreover it is Lipschitz with
respect to x and ¢ with Lipschitz constant linearly growing in |zo|.

By standard BSDE theory (see for instance [§]) equation (L) has a unique solution (Y7, ZL&n z2.en =m)
with Yo e L%, , 5 (2 C([0,1;;R)), ZVoe L%, 5 5(Q x [0,1;E*), Z>M€ L%, 5 5(Q x [0,1]; H*) and E=" ¢
L% 5 5(Q2 x [0,1];E%).

12,B

2B heing progressively measurable w.r.t. Fp

We introduce the space of U-valued processes U
The following identification is a standard result in BSDE theory we report the proof in order to take into

account the two different (weak) formulations of the control problem that will be needed below.

Lemma 4.3 It holds that:

1
Vel(z,q0) =  inf E“(/ l(Xt",Qi’"))dtJrh(X?)) =Y. (4.7)
0

uel 2B

where E* denotes expectation with respect to the probability P* on (Q, F) under which

1 1
(th,—/ 5_1/29(Xfan’")dt+Wt2,—/ 0 (X[, QP u) dt + By)
0 0

1s a Wiener process on = x = x H.

Proof. We begin noticing that, given v € U5, we can, starting from the reference setting, build the
following setting UB € S1:28 by:

1 1
0B .= (Q,ﬁ,P“,(ﬁt“’B),th,—/ 5_1/2p(ut)dt+Wt2,—/ 0 O(XT, Q5 wy) dt + By, uy).
0 0

n,UB

U® has been constucted in such a way that the corresponding solution to ([@I]) X¢ coincides with the

solution X" of (4.IH]). We then have that

I (@0, q0, U E“ /IX’7 &) ds+h(X’7))



So, by definition, we have that:

uey2,B

1
VerGeo,a) < nt B[ IOGLQ57) dt + h(xXY)). (48)
0

1
To prove the converse we add and subtract the terms / U(X], Q7" up) dt to system (H]) and compute the

0
mean value with respect to P to get the usual fundamental relation:

1 _ 1 _
YO&T7 - Eu[/o (we,n(th, ?777 Ztlﬁ’nv Zt27a’n7 :?77) - Z(ng Q?nv ut) - EZtZE’nb(X?v Q?n7 ut) - ‘:?np(ut)) dt]

Sl

1
+E“[/ XY, Q5 ) i+ h(XD)]
0
Choosing, in a measurable way, a minimizing sequence u" such that

1 1
) 17 ) 27 ) =< ) 27 ) ) =<
|¢€’W(XZ77Q§ 777Zt 6777Zt 8777‘:; 17) - l(ngQinvu?) - EZt enb(X?7Q§ 777%?) - \/E:; np(u?)” <

(notice that (X", Q") do not depend on u) we end up, see for instance [§], with:

S|

1
Yo" = inf E“( / l(X?,Qi’"))dtJrh(X?)) (4.9)
0

ueyl:2,B

To complete the proof it is enough to show that:
Jo (20, g0, UB) > Y5, for all UP € S125,

The key point is the well known observation that the law of the solution to the forward backward system

([£3]) does not depend on the specific setting (the solution is obtained by a Picard iteration argument that
B B

conserves the law). Given UB = (QU” (FP”), pU”, (I/th’lU ) (VVE’IU ), (BY?), (uP”)) € SL2B | we set

_ t N t
By =nt / (X7, Q%" ’U,EB) ds + BPB and W?2 = ¢=1/2 / p(uEB) ds + WE’UB.
0 0

Hence (X=1U% Q=nU”) solves:

dX; = AX; dt + R(X)dW,} """ +ndB,,  Xo = o,

(4.10)
edQu = (BQu + F(Xy, Q)dt + ' 2G AW, Qf = ao.
Now we associate to such forward system the backward equation
{_d}/t = wem(va??vUB’ Q?mUB’ Ztl7 Zt27 Et)dt - ZtlthLUB - nggt - Etdﬁ;tzv (4 11)
Vi = h(X)). '

Since the law of the solution does not depend on the particular setting, we get that Yy = YOE’", then rewriting
(#I1) with respect to BY" and Wz’UB, computing the expectation with respect to PU” and recalling the
definition of ¥®", we get:

1
Yvo _ Yoe,n < ]E[UB |:/ Z(X:,%UB,Q?ﬁyUB’uPB)dt + h(X?,UB) _ JE’"(xo,qo,UB)- (412)
0

Thus the proof is completed. O

By simple considerations on the control problems we can prove the following uniform convergence.



Theorem 4.4 Under[31-13.8 we have that:

lim sup |V="(zg, q0) — V" (20, q0)] = 0 (4.13)
=0 >0

Proof. First of all we recall, see Lemma 2] that V¢(z0,q0) = V=%(20, q0)-
Moreover, by definition, V®(z¢,q0) = infysegi2.s J1(x0, g0, UP), for every n > 0. Therefore, our claim
follows if we prove that:

limsup sup |J%"(zq,qo, UP) — J50(20, o, UP)| = 0. (4.14)
=0 ¢>0 yBesl.2.B

We fix then ¢ > 0 and UP = (Q, (F), P, (W}'), (W?), (By), (us)) € S48 and consider:

d(XtavanB _ XtavovUB) — A(XtavanB _ XtavovUB) dt + l:b(Xfﬂ?’UB, inanB , Ut) _ b(XtE707UB, ivovUB , ut)]dt
B B
HRXG™YT) = ROXTMTT)AW, + ndBy,

B B

ngan _ ngovU — 0’
B B B B B B B B

d(QiJ]’U _ in(]’U ) — 6—1B(Q§7n7U . §707U )dt _|_ 6—1[F(Xt€7777[[-] ’QiyrhU ,Ut) _ F(va(]’U , §707U ,ut):ldt,

B 0 UB
ngan _ ng ’ — O'

Taking into account the second equation we have by Hypothesis[B.3]and standard estimates (see for instance

[15]) p
t
n,UB ouvs, _C —=(t—s) B B
Q" —Qy | < ;/0 e € | xemU7 — x 20U gs, (4.15)
and consequently
C
sup |Q=U” — Q2O0V7| < Zsup | x5V - x2 007 (4.16)
s<t Hos<t

where C' is a constant independent of € and n with value that can change from line to line.
As far as the first equation is concerned we have:

t t
X - X0 = [ @ ) - b(X2 0V Q50w ds + [ ey,

t
+ / eTIAR(XEMYY) — R(XEOU) awl.
0

Thanks to standard estimates and the factorization method, see [9], we get for p > ﬁ, a € (%,% - ),

(v € (0,1/2) is the constant appearing in Assumption Bl and Assumption B4) and any p € [0, 1]:
B B P
EY” sup |xmT — xeOUT P < C/ [EUB sup ]X?WUB - X?OJUB P+ EUB‘Q;{W,UB _ Q?O,UB‘p] dr
t€[0,p] 0 s€[0,7]

P T /2
+ [ [ e - X0 ) dr
0 0

1 p/2 p p
gc<1+</ ‘”ﬂaﬂ)df’) >/ EYsup [XEmU7 — X20UP|p gy / EV|QenU” — Q0P P gr 4 [P,
0 0 0

s€(0,7]

Recalling ({I6) we also get:

p

B B B B B B

EY” sup [x5UT - x50 |Pg()[/ EY" sup |X5mU7 — XSO0UT P g 4P|,
te[0,p] 0 s€[0,7]



B B
and applying the Gromwall Lemma to v(r) =: EV” SUPe[o,r] x5 — x2UT P we conclude
B B
EV” sup |Xt€’77’[U - Xf’O’U [P < Clnl?, Ve >0
t€[0,p]

and applying once again ([Z10])

B B
EY sup |Q7" — QPO < Oyl Ve >0
t€[0,p]

Finally if we consider the difference between the value functions:

1
Ve o) = Vo) < sup [V [ pOGEY Q0 ) 100 Q50 )
0

UBeSL:2,B
+EVIh(xp") — h(x ;)| (4.17)
1
UBest:2,B tel0,1] 0
<Clnl, Ve>0.

Thus our claim holds. O

Theorem 4.5 For cvery fited x € H and z € H*, let us consider the following ergodic control problem
with state equation in K, driven by an arbitrary =-valued cylindrical Wiener process (W), with control
B :]0,00[xQ — U varying in the set U, of progressively measurable U-valued processes with respect to the
natural filtration of (W).

dQ°% = BQPds + F(x,Q%) ds + Gp(Bs)ds + GdW2,  QF =0 (4.18)

and ergodic cost functional:

1
J(z, 2, B) = li%nigfﬁé/d[zb(:v,é?f,ﬁs) +(, O, 8,))ds. (4.19)
- 0
Let XNz, z) be is the value function of the above ergodic control problem, that is:
A = inf J : 4.20
(@.2) = in, J(x.2.5) (4.20)

Under 3238 we have that X(z, -) is concave moreover:

IA(z, 2) x,2)| < M|z — 2|
Az, 2) ' 2)| < L(1 + |z])|x — 2/ (4.21)
Az, 2)| < M(1+|[z])

I

_ )\(
_ )\(
Moreover for every n > 0:

lim Y7 = lim Vo (zg, qo) = Yy (4.22)
e—0 e—0

where Yy is defined as part of the solution to the reduced BSDE (for the definition of X" see (d.H])).

{-dYt = \NX{,n~ ' Z3)dt — 7z} dW} — Z}dB,, (4.23)

Yy = h(XD).

where Y € LQf—LB(Q; C([0,1];R)), Z' ¢ L%;LB(Q x [0,1]; =) and Z>" € L%;LB(Q x [0,1]; H*).
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Proof: The proof follows the one in [I0, Theorem 5.4]. The only point to check is the discretization procedure
of the forward component X" since now in the limit equation ([£23]) a multiplicative noise appears. As in
[10, Theorem 5.4] we introduce, for all N € N a partition 7 of [0,1], 7 = {2% ck:0,...,2Y — 1} and we
define a sequence XV

2N _1
N _ n n
XY= 30 X g O+ X0, tefo] (4.24)

27]\]7
We need to arrive to the following

lim E sup | X/ — X]|* =0, (4.25)
N=oo  tef0,1)

in order to exploit the procedure of [10, Theorem 5.4].
First of all, using the factorization method, see [§] and [9], we can find, for any p > ﬁ (and consequently
for any p > 1), a constant C), independent of 7 such that:

E sup |X}'[P < Cy(lmol” + [nl?). (4.26)
te[0,1]

For t € [2%, EL1[ we evaluate the difference:
t

2
t
xp¥ o xp = [ eenmocnawi + [ et=04yan, (127)

k k

2 2

again using the factorization method [9] for any p > ﬁ any o € ( %, % — ) we can find a constant M, that

depends on o« but not on N such that, for ¢ = p%l, we get:

E sup |X7— X[ <
tel o5 AR

N 1 2 1 _
M(/zN Sq(a—l) dT)P/Q</ (S . T)—2(a+’y) dr>p/ / (1 +E sup ‘th‘p + ‘n’p) dt, Yk € {07 . 72N N 1}
0 0 0 te[0,1]

(4.28)

For the reader convenience we write some details regarding the first term at the R.H.S. in ([4.27).

t B 1 t T _
(t—s)A n 1_ (t—r)Ary _ N\1—a (r—=s)A¢,.  \—« n 1
/LN AR AW = s /LN e=DA (> ) /LN T=A(p _ )= R(XT) WL dr
2 2 2

1 ! —r -«
= Blad—a) /k elt )A(t—r)l Y(r)dr

oN

where by B(«, 1 —«a) we denote the normalization constant of the beta distribution and by Y (r) the random
variable Y (r) := fTLN =9 A(r — 5) " R(XY) dWL.
2

11



Thusforanyp>%and%—’y>a>%

k+1 41
m M ewA p N p/q, 2
(t=s)A U Y < A — (=) P
B sy [ [, dootmen ] < (Gras) ([ e-ntena) s [Fivepas
t€[2N72N} 2 2 3
o pla [N r p
< C</2 Sq(a—l) dT‘) /2 D / e(r S)A(T S)_QR(XQ) dWsl dr
0 . k_
2N 2
k+1 -

1
= ja hR ] />
<cf / 7 gato=) gr)"™! / 7 / (= ) TR gy ds) dr
0 2_N _k_

2

< C(/OJV ga(a=1) d?")p/q</01 52027 dff)p/2</01 Erzl[lol?l](l XTI dr)

Where C' may change from line to line but is always independent of N. Thus thanks to ([@26]) and (28]
we get the thesis. O.

5 Interchanging limits

We now prove general result allowing us to interchange the limit with respect to € and the one with respect
to n as well.

Theorem 5.1 Let v"(xg) = Yy (see @23)) for the definition of Y") then, for all xg € H and qo € K, it
holds:

lim VE(x,qo) = lim v"(x) := V(xg).
e—0 n—0

Moreover V€ is Lipschitz uniformly with respect to €, v" is Lipschitz uniformly with respect to n and V is
Lipschitz.

Proof.  Since, fixed o € H the sequence v"(zg) is bounded (see [{.22)) and (44])) then there exists a
sequence 7, \, 0 (depending on zy but we omit this information in the notation since it is not relevant
here) such that the sequence v (x) converges to a limit that we denote by V' (z¢). By standard adding and
subtracting

V=0 (0, q0) — V(xo)| < [V=°(20,0) — V™ (20, q0)| + [V (0, o) — 0™ (z0)| + [0 (20) — V(20)| (5.1)
Fix § > 0. By (4I3)) there exists ns such that
(VEM™ (20, q0) — VO (z0,q0)| + 0™ (20) — V(o) <5 Ve >0, Vn > ng
We fix an arbitrary n > ng and notice that by Theorem there exists €5 > 0 such that
[VET (20.90) — 0T (20)] < 9, Ve € (0,¢e5).
It is then straightforward to conclude:
lim V*(0-q0) = V'(20)

Moreover, by the same argument, from any sequence 7, ~\, 0 we can extract a subsequence 7),, “, 0 such
that

lim v (zg) = lim VE (0, qo) = V (20)
k—00 e—0

12



and this implies that

R _
%1_%11(%) lim V=(z0,q0) = V (20)-

It lasts to show that V' is Lipschitz continuous. Clearly it is enough to show that V" is Lipschitz (with
respect to xp) uniformly in € > 0 and n > 0.

First we notice that, by the definition of V="(x,q) (we here indicate dependence of the solution of equation
BT on initial data (z,q) and (2/,¢’)) and hypothesis ([B3.6)) :

|[Ve(x,q) — V(2 ¢')| < sup
UBeSL2,B

B n,UB z, 0, UB 2/ ¢
+ BV [R(XT) — h(XTT Ol

1
B B B B B
EU / l(X?"’U 7x7q7Q?n,U T 4y —l(X?"’U 7x’,q’7Q?n,U 7x’,q’7u5)ds
0

1

B B B B B B

< L[ sup EU sup |X§m,U ,r,q_Xse,n,U ,w’,q’| —|—EU / |Q§,nJU ,r,q_Qi,n,U ,w’,q’|d8].
UBeSl:2.B s€[0,1] 0

Then, arguing as in Theorem T3] we can use the factorization method and the dissipativity condition to

get that Vr € [0, 1]

EY” sup |QnV7ma — enlPald| < o(EY” sup |x2MUT e — xenUPad | g — ),
s€[0,7] s€[0,7]
and consequently that
B B B .1
B sup X710 o) < O o) la = ),
s€(0,1

for some positive constants C independent from u € and 7. O

6 Main characterizations

For n fixed we consider the limit system (starting now at an arbitrary time s € [0, 1] from state x € H and
written with respect to the reference setting).

dXy = AXy dt+R(Xt) thl —|—77dBt, t e [S, 1],
—dY; = N Xy, n~1Z2)dt — Z} dW,} + Z2 dB;, (6.1)
Xs:$, Y1 :h(Xl)

Again by standard BSDE theory equation (G6.I)) has a unique solution (Y% ZLmsT 7208 Z0:52) with
Ys® e L%_.LB(Q;C([S, 1];R)), Zlmse ¢ L%.LB(Q x [s,1];2%), 22157 ¢ L2f—1,B(Q X [s,1]; H*) and ="%% €
L%.l’ 52 x [s,1];2*), where A(z, z) is defined in (@20 (notice that in this section we need to indicate the
dependence on the initial time s and state x).

The above system follows within the framework of [7, Theorem 4.1] (indeed assumptions 2.1, 3.1-3.7 and
4.1 are verified and hypothesis 3.4 can be relaxed as pointed out in [7, pag. 443]). Thus if we denote with

v'(s,xz) = Y we have that
(Zt1777787x7 Zt27777571’) — (van (t7 Xz]v‘g?x)R(XZ]vs?x)’ nvl‘vn (t7 XZ],S,Z‘))

In particular Z2"*% = nV,0"(t, X"*"), P x ds -almost surely.

Taking into account the representation in Lemma (3] (with initial time s instead of 0) and proceeding as in
the proof of Theorem [5.1] we get that v"(s,-) is Lipschitz uniformly with respect to s € [0,1] and n > 0.
Thus (see also [7, Theorem 4.1] ) we have that:

‘ZE”’/]’SJE

" < an, dP x dt — a.e.. (6.2)
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where a € RT is independent on 7, s and x.
We now introduce the following function, A defined, for a constant k& > M large enough, by:

Mz, 2) == Nax, 2) A[—(M 4+ 1)|2] + K] (6.3)
By ([@2]]) we get Y
Az, 2) = Al 2), if]z] < 2M +1°

k—(M+1)z|, if|z]|>k+ M.

Choosing k large enough we can assume that (k — M)/(2M + 1) > a so that A(x, z) = A(z, z) when |2| < a.
Moreover \ remains concave being the minimum of concave functions and, by ([@21]), is Lipschitz with respect
to z, uniformly with respect to x with Lipschitz constant M + 1.
Finally we have:
= |/\($7z) - /\(‘/E/’Z)L |z| <a,
Az, 2) = Ma',2)| { < [A(m,2) — A, 2)], a<l|z|<k+M
=0, |z| > Kk + M.

therefore, thanks again to (£.21]), A is Lipschitz continuous with respect to z, uniformly w.r.t. z, with
Lipschitz constant equal to L = L(1 + k + M).
Taking into account (6.2)), system (G.I]) can be written, replacing A by A and choosing s = 0, as follows:

dX; = AX; dt + R(Xt) thl +n dBt, t e [0, 1],
—dY; = N Xy, n~ ' Z2)dt — Z} dW} — Z2dB,, (6.4)
XO =x, Yl = h(Xl)

We denote by A, the Legendre transform of A, that is, for z and a in H (recall that )\ is concave, this justifies
the negative signs):

A, @) = Zierg*{—zoz — Mz, 2)} (6.5)

It turns out that A, is Lipschitz continuous with respect to x, uniformly w.r.t. «, as well. Indeed:

A(z, ) — M(2', )| < sup [Nz, z) — Ao/, 2)| < L |z — 2|, Vz,2',a € H. (6.6)
z€H*

Moreover taking into account Lipschitzianity with respect to z of A we get:

Az, ) = —00 if |a] > M +1

That yields the following simplification in the Fenchel duality:

Nz, 2) = inf {—za — M\ (z,0)} = inf —za — Mz, 6.7
@)= nf{—za-M@a)}= il {-z0=A(e.0) (6.7)
The solution (Y) can then be represented by a reduced control problem that has the needed regularity to
eventually allow the passage to the limit as n — 0 giving the final representation of lim._,o V= .

We denote by Z/{}{’B the set of all processes (at);c(o,1) taking values in the ball {a € H : |af < M + 1} and
being progressively measurable with respect to the filtration (F%5).

14



Lemma 6.1 We have: .
Yt77 = inf E“¢ <h(Xf) —/ X*(X?, ayg)dl
t

aGZA}I'B

}"tl’B>, (6.8)

where E® denotes the mean value with respect the probability P under which
=1 t az — =1 5
(Wt ,/ ?dﬁ—i- Bt> = (W, By)
0

1s a Wiener process.
Notice that, with respect to (W1, B®) process (X") solves the controlled stochastic differential equation:

dX; = AXydt — oudt + R(Xy)dW}! +nB®, Xo = z. (6.9)

Proof: To start with we point out that in the (€7 the infimum can be restricted to a bounded subset of
H, as a consequence the choice of controls « in ([€9]) can be restricted to bounded (by M + 1) controls and
we are allowed to apply Girsanov transform to see perturbation by « as a change of probability.
Taking into account (6.7)), equation (6.4 evaluated at its solution (X", Y™, Z1 Z21) yields:
1 1 ~ 1 ~
Y = h(X])+ / NXJ 027y ds — / Z, AWy} — / Z;"dB,
b . i 17t 1 ~ (6.10)
< h(XD) - / (n—lz}"ag (XD, ag)> de — / ZMMdw} — / Z2dB,.
t t t

and by the definition of (B®):
1_ 1 - 1 -
Y < h(X]) - / A (X7, g)dl — / Z;" AW} — / Z;"dBy,
t t t
which shows that for all o € U IljB,

1 ~
Y < E® <h(Xf) —/ M (X, ag)dl
t

).

Conversely, by measurable selection, we may choose a minimizing sequence of controls, (a"),eny C UVE,
such that, for all ¢ € [0, 1], P-a.s.:

Z2777 - - Z2777
- Ay - (x)a) -1 <A X)) (6.11)
n n
Proceeding as in (6.10) and taking into account (G.I1]) to obtain the reverse inequality we get:
1 [ 72n . 1 1o 1o
Y, > h(X]) — / LAy + (X)L Ay + = | de— / Z,"dw,} —/ Z}"dBy,
t n n t t
and rewriting the above in terms of B*":
n, 1-t n ' n A ' Ln gpi71 ' 2, 1pan
Vb= = n(X]) - [ A XD apde— [ zinaw) — | zndBy
t t t

Therefore we can conclude that:
1 ~ —
Vo> 8 (hD) - [ Ao apar £l )
t
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and the claim is proved. O
To complete the circle and give sense to the limit as n — 0 we just have to come back to a control
representation of Y| that does not relay on Girsanov transform (meaningless if n = 0). This was already
done for a different control problem but by general techniques in Lemma

Namely if we denote by S}{’B the class of 7-uples U2 = (Q, F, (F;), P, (W), (By), (o)), similar to the settings
St28B defined in Section @ with the only differences are that here the noise (W?) is omitted and () is now
any (Fy)-progressive process with values in the closed ball {z € H : |x| < M + 1} (the subscript H in the
notation Sy indicates that we are now considering H-valued controls). It holds:

Lemma 6.2 .
_ B ~ B
Y7 = inf EUfr(h(X?’UH)— / A*(XQ’UH,OZ@W) (6.12)
t

B 1,B
UBeSy

. B
where given Ug € S}}B as above X"V solves:

dXs = AX.ds — agds + R(X)dW.! +ndB;, Xy = xo. (6.13)
Proof.
The proof follows exactly as in the cited Lemma O

We are now able to prove the main result of the paper namely the characterization of the limit, as € — 0, of
the value function V(xg, qo) of the original control problem in terms the value function of a reduced control
problem on a reduced state space.
Let S}, the class of 6-uples Uy = (Q, F,(F), P, (W}), (at)) identical to the ones in S}L}B with the only
difference that (B) is not present.

Theorem 6.3 It holds:

1 ~
lim VE(zo,q0) = V(x0) = inf EU# (h(X}UH)— / A*(XEH,aEH)ds>.
e—0 UHESg 0

where, given Uy € S}I as above, X"V solves the state equation:
dX, = AX ds — agds + R(X,) AW},  Xo = xo.

Proof: First we notice that as in Lemma it holds:

1 1
inf EUx (h(X}UH)— / A*(XEH,QEH)ds> = inf EYA <h(Xf"U5)— / A*(Xg’Ug,aEE)ds>.
0 0

Une S}{ U.}FBIE S;}B
where, we recall XOU# solves equation 613]) with n = 0.
Thus, by (612]) and Th. BTl it is enough to prove that, if n — 0:

1 B 1
int EVF <h(Xf"U5)— / A*(XZ"UEMW) ~ inf EVA (h(Xf’Uff)— / /\*(X?’Ug,ag)d£>
t t

B ~gl,B B ~gl,B
Ug€eSy Ug€eSy

Fix any UB = (Q, (F), P, (W}), (By), ()) € S}{’B. Thanks to the Lipschitzianity of h (see hypotheses B.6])
and of A, we easily have that for a suitable constant C' independent on 7:

B L. B h "5 f
[ o) R[S
0 0

B JuB 0,UB
<COEYH sup | X7 — X, 7.

te(0,1]
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We have :

B B B B B
axm - xMVry = Ax U - xPUnat - [RXPUT) — R(XOV) AW + ndB,, t € [0,1]
X"’U]}BI XOJUE _
0 - 0 -

By standard estimates based on the factorization method (see the proof of Theorem [L13)), we end up with:

B JUB 0,UB
EVE sup |X;" 7 — X, P < Cpn.
te(0,1]

for all p > 1 and a suitable constant C), independent of o. Thus we can conclude that:

1 m 1
( inf EVA <h(va‘”3)— /0 A*(Xf’Ug,at)dt>— inf EVA <h(va‘UB’ - /0 )\*(X,?’Ug,at)dtﬂ

UBestB UBestB
UB UB . 0,UZ UB 0,UB Lo 0,UZ
< sup (E i RxmUR) — [ XXV ag)dt ) — BYE APV - [ A (XX ag)dt (
UBestB 0 0
< Cn,
and the claim follows. O

Remark 6.4 In the special case in which the slow evolution is not perturbed by the noise (W) (equivalently
R =0 4n BI)), in Theorem[G3 the following characterization holds:

1
V(zg) = inf E% (h(XP(}f)— / A*(XE%,QE%)CJS>
0

UHGS(}_I

where Sy is the set of all UY, = (Q, F,(F:),P, (ay)) where « is any (Fi) progressively measurable process
with values into the ball B(0, M + 1) C H of center 0 and radius M + 1 and XYk solves:

dXs = AXds +asds, Xy = xo. (6.14)

It is natural to think that the stochastic framework is here pleonastic and that the infimum above can be
restricted to deterministic controls and trivial settings, namely:

V(a) = inf <h(Xg) - /0 R (xe, as)ds> (6.15)

where the above infimum is computed over all functions a : [0,1] — B(0,M + 1) (B(0,M + 1) being the
ball of H centered in the origin of radius M + 1) and X is the mild solution of the deterministic evolution
equation:

d
EXt = AX; + ay, Xo =g

It is straight forward to see that

1 1
inf EU# (h(XF%)_ / x*(XE%,aE%)ds> < inf <h(Xf)— / x*(Xg,as)ds>
0 a 0

U(}IGSH

To prove the converse let, for any e > 0, Uy € S such that:

1 1
EV% (h(Xi”?f)— / A*(XE%,aE%)ds> < inf EY% <h(Xi”9f)— / A*<XE%,QE%>CZS> e (6.16)
0 0

B U%EgH
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Then we have, recalling that equation ([GI4]) can be solved pathwise:

0
UH

0 1~ 0
Pk <w SEORLE h(XiUH (w)) — /0 )\*(X;UH (W), a5 (w))ds < V(zg) + e> >0

To conclude is now enough to select & in the above set and choose @ = oV (@).

Remark 6.5 Tuking advantage of our main result (see Theorem[G.3) we can further represent the singular
limit V (z¢) as the value at time O of the minimal solution of a BSDE with constrints on the martingale term
(see [13)] for the definition for and [6] for the infinite dimensional case). The bridge is given by the results in
[6] allowing to represent the value function of a control problem by such a constrained BSDE without using
viscosity solutions of the related HJB equation.

First of all, to fit the framework in [6] we notice that the control problem introduced in Theorem can
be rewritten considering an unbounded set of controls. This is readily (and rather obviously) done by intro-
duciong the class g}f of 6-uples Uy = (Q, F, (F),P, (W), (ur)) identical to the ones in S}, with the only
difference that here u are not required to be bounded by M + 1 and noticing that:

V(zg) = inf EVH (h(X}JH)—/Ol X*(XEH,as)ds> — inf EVn <h(X}7H)_/01 X*(X§H,F(us))ds>

Upesy, Unesy

(6.17)

where T'(h) := ﬁ min(||h|[, M + 1) for h € H and x0u solves:

dXs = AXyds — T(us)ds + R(X)dW}, Xo = z0.

Then we just have to remind the construction and the results in [6].
Given xog € H we consider the following system of forward-backward stochastic differential equations:

t t
Xt = ety + / et =)AD(SW,)ds + / eI R( X2 AW,,
o - 0 | (6.18)
0 :h()(f"))—/ A*(Xgo,r(sws))ds—z(fo+K§‘0—/ Z¥0 W, |
t t

where S : H — H is an arbitrary trace class and injective linear operator with dense image and VW and w
are two independent cylindrical Wiener processes with values in H defined on a probability space satisfying
the usual conditions. We denote by (F?) the natural filtration of (Wt,m) augmented. Notice that, besides
the two typical terms in the backward component, the unknown K appears. Such process belongs to the set
of real-valued (F?)- adapted nondecreasing continuous processes K on [0,T] such that E|Kr|> < oo and
Ky=0.

Then, see [G] §4.2 the following holds:
o the forward equation in [©I8) has a unique solution (X*°) in L%,(€; C([0,T]; H)).

e the backward equation in system ([GI8)) has a mazimal solution (Y*°, Z%0, K*0) belonging to the space
L2, (92;C([0, T]; R)) x L% (2 x [0, T|; E*) x K*(0,T), mazimal in the sense that if there exists another
solution (', 2", K') belonging to the same functional spaces then Y° > Y| for all t € [0,1], P-a.s.

e the following characterization of the singular limit V (zg) holds
Y5 = V(o). (6.19)
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