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Abstract
Galaxy clusters are among the most powerful laboratories to probe fundamental
physics, from the formation of cosmic structures to the nature of dark matter, dark
energy, and gravity. Realizing their full potential requires accurate and unbiased deter-
minations of their mass profiles, a longstanding challenge in cluster cosmology. In
this context, the kinematics of member galaxies in clusters has become a key tool to
reconstruct the mass distribution and investigate the dynamical properties of clusters.
The advent of large spectroscopic datasets has enabled the application of increasingly
sophisticated models and robust techniques, which make kinematic analyses competi-
tive with other probes of cluster dynamics. In this review, we provide a comprehensive
overview of cluster kinematics, covering the main methods to infer dynamical masses
and mass profiles, their physical assumptions, and the impact of systematics, such as
deviation from dynamical equilibrium, triaxiality, and substructures. We discuss the
complementaritywith other techniques to investigate the structure of clusters and high-
light recent applications to tests cosmological models. We focus in particular on the
role of kinematical studies in constraining the dark sector (darkmatter and dark energy)
and in providing novel insights into the behavior of gravity at Mpc scales. Finally, we
outline current limitations and future prospects, emphasizing that the combination
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of improved modeling and forthcoming spectroscopic surveys will establish cluster
kinematics as a fundamental probe in the era of precision cosmology.

Keywords Galaxy clusters · Kinematics · Cosmology
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1 Structure and aim of the review

We are currently transitioning from an era of cluster detection to the realm of pre-
cision cluster physics. While recent photometric surveys have cataloged thousands
of systems, the true cosmological capability of galaxy clusters lies in understanding
their internal structure and mass distribution. Thanks to the dramatic increase in spec-
troscopic data for cluster galaxies, the kinematics of member galaxies in clusters is
nowadays a very valuable instrument to unlock these prospects, offering a direct probe
of the gravitational potential that is complementary to lensing and X-ray analyses.

This review is devoted to the analysis of galaxy cluster kinematics, with the goal of
providing a coherent overview of the methods used to infer cluster mass profiles, and
of the most relevant results obtained in recent years. We focus on the main techniques
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developed to perform kinematical studies, from velocity dispersion measurements,
Jeans modeling, caustics, as well as recent developments based on machine learning
(ML hereafter). For each class of methods, we discuss the key assumptions and the
main sources of systematic uncertainty. In particular, we discuss what can be robustly
inferred from the projected positions and line of sight (LOS, hereafter) velocity distri-
bution of cluster galaxies, and what systematic effects must be controlled before these
inferences can be used for constraining the properties of the dark sector and the nature
of gravity. In fact, if on the one hand, galaxy kinematics constrains the total cluster
mass profiles, the cluster assembly history, and the orbital distribution of galaxies, on
the other hand, when combined with lensing, X-ray, and Sunyaev–Zel’dovich (SZ)
observations, it offers independent tests of the dark sector and of the gravitational law
on Mpc scales.

The structure of the review is as follows: Section2 provides a brief histori-
cal overview of kinematical studies of galaxy clusters. Section3 presents the main
techniques for dynamical mass reconstruction and phase-space analysis. Section4
summarises the principal results from the literature concerning kinematical tests of
the dark sector and gravity. Finally, Sect. 5 discusses future prospects for the clus-
ter kinematical studies in light of the upcoming spectroscopic and multi-wavelength
surveys and improved dynamical modeling.

2 Introduction: a hundred years of cluster kinematics

Galaxy clusters are the most massive gravitationally bound structures in the Uni-
verse and represent a fundamental natural laboratory at the edge between modern
astrophysics and cosmology. Within the current standard model of the hierarchical
formation of cosmic structure, clusters trace the high peaks of the initial matter density
fluctuations and grow via mergers and accretion over cosmic time (e.g., Kravtsov and
Borgani 2012). As such, they can be used to constrain the parameters of the cosmolog-
ical model (e.g., Haggar et al. 2024; Fumagalli et al. 2024), providing an independent
probe, when combined with other observables, to lift possible degeneracies. In par-
ticular, the abundance of clusters as a function of redshift is exquisitely sensitive to
the growth of structures, while the cluster spatial distribution and correlations provide
complementary information (e.g., Allen et al. 2011; Balaguera-Antolínez 2014; Sar-
toris et al. 2016). Moreover, concentration–mass relation, substructure content, and
baryonic distribution in clusters are influenced by the underlying cosmology (e.g.,
Giocoli et al. 2012; Biviano et al. 2017; Despali et al. 2018).

The internal structure of these objects further carries pivotal information. In the
context of the �CDM (Lambda Cold Dark Matter) cosmological model, most of the
matter content in clusters (roughly 80%) appears in the form of collisionless, cold
dark matter (DM hereafter); the remaining budget is dominated by a diffuse ionized
gas at a high temperature, the intra-cluster medium (ICM) emitting in the X-ray band
mostly via thermal bremsstrahlung (10 − 15% of the total mass). Stellar mass in
galaxies represents only a tiny fraction of the mass, from 1 to 5% (e.g., Biviano and
Salucci 2006; Andreon 2010; Palmese et al. 2020). A significant fraction of the stellar
mass is concentrated in the brightest cluster galaxy (BCG) sitting at the center of the
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gravitational potential and the surrounding intra-cluster light (ICL), i.e., diffuse stars
not associated to any galaxy (e.g., DeMaio et al. 2020; Montenegro-Taborda et al.
2025). While processes involving ordinary (baryonic) matter play a central role in the
core of these structures, the overall dynamics is dominated by gravitational interaction,
making clusters ideal laboratories for investigating deviations fromGeneral Relativity
(GR, see e.g., Sakstein et al. 2016; Hammami and Mota 2017; Mitchell et al. 2018;
Liu et al. 2021; Boumechta et al. 2023; Vogt et al. 2024; Famaey et al. 2025; Pizzuti
et al. 2025b, and Cataneo and Rapetti 2018 for a review), probing the properties of
the dark sector (e.g., Takada and Bridle 2007; Sartoris et al. 2014; Morandi and Sun
2016; Dai et al. 2018; Biviano et al. 2023), and studying the evolution of galaxies in
dense environments (e.g., Boselli and Gavazzi 2006; Wetzel et al. 2013; Muriel and
Coenda 2014; López-Gutiérrez et al. 2022; Durret et al. 2022; Çakır et al. 2025).

A fundamental quantity that encapsulatesmuch of the physical information encoded
in galaxy clusters is their total mass (Pratt et al. 2019; Wu et al. 2021; Doubrawa et al.
2023; Sereno et al. 2025; Euclid Collaboration 2025a; Iqbal et al. 2025) and its radial
distribution among the various components (Crone et al. 1997; Ettori et al. 2013;
Sartoris et al. 2020; Pizzardo et al. 2024; Pizzuti et al. 2024a, 2025b; Sereno 2025).
The mass profile governs the depth and shape of the gravitational potential well,
regulates the thermodynamical state of the intracluster medium, controls the orbital
structure of galaxies, and provides a direct link between clusters and the underlying
cosmological model. Accurate determinations of cluster mass profiles are therefore
essential not only for cosmological applications, such as cluster abundance and scaling
relations (e.g., Giodini et al. 2013), but also for understanding the assembly history
of clusters, the nature of DM and its interplay with baryons (e.g., Laganá et al. 2013),
and the possible presence of new gravitational physics.

Among the various observational probes of cluster mass, the kinematics of member
galaxies occupies a special and long-standing role (e.g., Zwicky 1933; Smith 1936;
Rood et al. 1972; Carlberg et al. 1997a; Geller et al. 1999; Biviano and Girardi 2003;
Mamon et al. 2013; Ho et al. 2019; Li et al. 2023; Sereno et al. 2025). The motion
of galaxies within clusters is directly driven by the total gravitational potential �(r),
and thus encodes dynamical information on the total matter distribution and its radial
structure. By linking the observed positions and velocities of galaxies to the underlying
potential, cluster kinematics provides a powerful tool to infer cluster mass profiles,
the orbits of member galaxies, and to assess the dynamical state of clusters. Many
kinematical methods for cluster analyses are sensitive to departures from equilibrium,
projection effects, contamination of interlopers, and substructure content; while on
one side, these effects constitute a limitation, biasing the constraints on total mass
and mass distribution (e.g., Saro et al. 2013; Old et al. 2017; Pizzuti et al. 2020), on
the other side, they offer insights into the complex, non-linear processes that shape
clusters over cosmic time (e.g. De Luca et al. 2021; Kimmig et al. 2023).

The use of galaxy motions to infer the mass content of clusters pre-dates other
relevant techniques in the literature–such as gravitational lensing and hydrostatic
equilibrium of the X-ray-emitting ICM–and played a central role in the historical
discovery of DM (Zwicky 1933, 1937; Smith 1936). Over the past century, cluster
kinematics has evolved from simple velocity dispersion measurements to a sophisti-
cated approach supportedby large spectroscopic surveys, advanced statisticalmethods,
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and high-resolution numerical simulations. For decades, the efficiency of kinematical
techniques has been limited by the low availability of spectroscopic data to recon-
struct the velocity field of the member galaxies. However, with the advent of Stage
III [e.g., the Sloan Digital Sky Survey (SDSS, Alam et al. 2021); Galaxy And Mass
Assembly survey (GAMA, Hopkins et al. 2013)], and Stage IV [e.g., Dark Energy
Spectroscopic Instrument (DESI, Collaboration et al. 2022); 4-meter Multi-Object
Spectroscopic Telescope (4MOST, De Jong et al. 2019)] surveys, as well as of ded-
icated observational campaigns [e.g., The Cluster and Infall Region Nearby Survey
(CAIRNS, Rines et al. 2003), Cluster Infall Regions in the SDSS (CIRS, Rines and
Diaferio 2006), the Wide-Field Nearby Galaxy-Cluster Survey (WINGS, Cava et al.
2009); the Hectospec cluster survey (HeCS, Rines et al. 2013), the Cluster Lensing
and Supernova Survey with Hubble follow-up (CLASH-VLT, Rosati et al. 2014)],
an unprecedented amount of high-precision redshifts of galaxies has been collected
with massive coverage from the center to the outskirt—beyond the virial region—
of several systems. This improvement radically transformed kinematics of clusters
into a competitive set of techniques for the study of galaxy clusters and their tight
connection to cosmology. Figure1 shows an estimate of the number of spectroscopic
redshifts of galaxies available (or planned) from releases of past, ongoing or upcoming
surveys.

Nowadays, kinematics of member galaxies is not only a key tool for reconstructing
cluster mass profiles, but also a powerful probe of the dark sector and a promising
avenue for testing possible deviations from GR.

2.1 Dawn of cluster kinematics

The scientific investigation of galaxy clusters began long before they were recognized
as physical systems. In the late eighteenth century, Charles Messier and William Her-
schel cataloged “nebulae”, noting remarkable concentrations of such objects on the
sky, most notably in the Virgo region. However, it was only in the early twentieth cen-
tury, following the establishment of the extragalactic nature of galaxies through the
work of Vesto M. Slipher and Edwin P. Hubble—based on the pioneering discovery of
Henrietta S. Leavitt—that clusters were understood as genuine assemblies of galaxies
rather than features of the Milky Way.

A decisive turning point came in the 1930s, when Hubble and Humason (1931)
estimated for thefirst time the velocity dispersionof galaxy clusters, noting for example
that the velocity dispersion of theComa clusterwas larger than for other concentrations
of galaxies, quoting a value of ∼ 700 km/s. This result represented a preliminary
indication of a velocity dispersion-richness relation later formalized byBahcall (1981).

Fritz Zwicky used the estimate provided by Hubble and Humason (1931) for the
Coma cluster and applied the virial theorem to obtain an estimate of its mass. This was
the first kinematical approach to constrain the total matter distribution in systems of
galaxies (Zwicky 1933). Zwicky’s analysis revealed that the visible mass was insuffi-
cient by more than an order of magnitude to gravitationally bind the system, leading to
the conclusion that clusters must contain large amounts of unseen matter. In fact, his
estimates, adopting a modern value for the distance to Coma, implied mass-to-light

123



    9 Page 6 of 99 A. Biviano et al.

Fig. 1 Number of galaxies with measured spectroscopic redshift provided by past surveys, and estimated
numbers for operating and planned surveys. Blue points mark surveys for which data have been already–or
partially–released, while orange points represent the expectations from upcoming projects. We have also
included spectroscopic surveys dedicated to clusters of galaxies, namely, ENACS, CAIRNS, WINGS, and
CLASH-VLT (relevant references can be found in the main text). The size is proportional to the logarithm
of the number of galaxies per cluster

ratios ∼ 300 − 500M�/L�, suggesting that more than ∼ 90% of the cluster mass
was not accounted for by luminous matter alone. This discrepancy, which Zwicky
famously attributed to the presence of dunkle Materie, represents the first compelling
dynamical evidence for what is now known as DM on Mpc scales (Zwicky 1933,
1937).

In the following decades, similar virial analyses were applied to other nearby
clusters, confirming systematically large mass-to-light ratios and reinforcing the con-
clusion that galaxy clusters are dominated by unseen matter (e.g. Smith 1936; Page
1952; Abell 1958). However, progress in cluster kinematics remained slow for much
of the mid-twentieth century, primarily due to the limited availability of spectroscopic
data. Early studies typically relied on small galaxy samples.

The situation began to change in the 1970s, when improved spectroscopic capa-
bilities enabled the construction of larger redshift samples for several clusters. The
ubiquity of DM on large scales, complementing independent evidence from galaxy
rotation curves, and the need for a dominant non-baryonic mass component, were
confirmed by comparisons between the increasingly more accurate optically derived
virial masses, X-ray-derived masses, and cluster luminosities (Bahcall 1977; Forman
and Jones 1982). By the late 1970s, clusters had thus emerged as key laboratories for
testing gravitational physics and for studying the DM distribution in the Universe.
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Early determinations of cluster virial masses implicitly assumed dynamical equilib-
rium and spherical symmetry. The increased number of redshifts for cluster members
allowed to identify deviations of the cluster velocity distributions fromsimpleGaussian
shapes and showed that many systems exhibit multiple kinematic components (Yahil
and Vidal 1977; Geller and Beers 1982), as originally suggested by van den Bergh
(1961). Such features provided early evidence that clusters are dynamically complex
systems with several substructures, frequently affected by recent accretion and merg-
ers. These findings challenged the simplistic view of clusters as relaxed, virialized
objects and highlighted potential biases in virial mass estimates. The early evidence
for the complex structure of clusters was strengthened by the analyses conducted in
the following decade (Dressler and Shectman 1988; West and Bothun 1990), that con-
firmed the emerging picture of clusters as continuously evolving systems within the
hierarchical framework of structure formation.

Thediscovery of complex structure of clusters prompted investigations on the depar-
ture from dynamical equilibrium and its effects on kinematical mass estimates. Early
numerical and analytical studies already pointed out that virial and Jeans-based meth-
ods can be significantly biased by subclustering, streamingmotions, andmergers (e.g.,
White 1976; Merritt 1987). Observational analyses combining positional and velocity
information showed that dynamically young clusters—often identified through sub-
structure tests or non-Gaussian velocity distributions—tend to exhibit inflated velocity
dispersions and, consequently, overestimated virial masses (e.g., Dressler and Shect-
man 1988; Bird 1994; Girardi et al. 1997). Moreover, several studies started to address
the problem of interlopers—foreground and background galaxies that fall in the pro-
jected radial range of a cluster—as a possible source of systematic bias in cluster mass
estimates based on kinematics (see, e.g. Yahil and Vidal 1977; den Hartog and Katgert
1996).

In parallel, theoretical work clarified the limitations of kinematic mass determina-
tions based solely on line-of-sight velocities. In particular, the degeneracy between the
total mass profile and the orbital anisotropy of cluster galaxies was formally identi-
fied (Binney andMamon 1982; Merritt 1987). Different combinations of gravitational
potential and velocity anisotropy profiles can reproduce the same projected veloc-
ity dispersion profile, placing fundamental constraints on the information content of
kinematic data.

At the same time, increasingly detailed spectroscopic surveys revealed that cluster
galaxy populations were not dynamically homogeneous. Observational studies uncov-
ered clear evidence for morphological and kinematical segregation, with early-type
galaxies, in particular the brightest ones, preferentially concentrated toward cluster
centers and exhibiting lower velocity dispersions than late-type systems (e.g. Dressler
1980; Sodré et al. 1989; Biviano et al. 1992; Colless and Dunn 1996). These findings
were interpreted as signatures of environmental processes shaping the evolutionary
path of galaxies in clusters, reflected in their distribution in projected phase space (PPS
hereafter, see, e.g., Biviano et al. 2002; Collister and Lahav 2005).

By the end of the 20th century, galaxy kinematics had therefore evolved from
Zwicky’s original virial argument into a mature, yet intrinsically complex, diagnostic
of cluster mass, dynamical state, and assembly history. The advent of large spectro-
scopic programs such as theCanadianNetwork forObservational Cosmology (CNOC)
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survey (Yee et al. 1996), and the ESO Nearby Abell Cluster Survey (ENACS, Katgert
et al. 1996) played a pioneering role in this transformation. By stacking clusters and
analyzing their average properties, many studies began to combine spatial and velocity
information to constrain mass profiles and orbital structure (Carlberg et al. 1997a; van
der Marel et al. 2000; Biviano and Katgert 2004), bridging the gap between classical
virial estimates and the fully resolved dynamical analyses of the modern era.

A more comprehensive historical overview of the first two centuries of cluster
research, including the development of dynamical studies, is provided by Biviano
(2000), who documents how clusters gradually emerged as key laboratories for study-
ing DM, large-scale structure, and galaxy evolution.

2.2 The rise of modern dynamical studies

Beyond the steady growth of spectroscopic samples, the final years of the 20th century
and the early years of the 21th century were characterized by a conceptual broaden-
ing of cluster dynamical analyses. The focus shifted from establishing global mass
estimates and identifying general dynamical properties to constructing self-consistent
models of the internal structure of clusters. Rather than relying primarily on veloc-
ity dispersion profiles, increasing attention was devoted to the full PPS—that is, the
projected positions of galaxies and their line-of-sight, rest-frame velocities—and the
interplay between equilibrium and non-equilibrium processes.

In this context, dynamical models based on themoments of the distribution function
in phase space (collisionless Boltzmann and Jeans’ equations) became more system-
atically implemented with parametric descriptions of both the mass profile and the
velocity anisotropy, often informed by numerical simulations (e.g., Cole and Lacey
1996). The use of higher-order velocity moments and likelihood-based approaches
helped us to extract additional information from increasingly rich datasets (e.g., van
der Marel et al. 2000; Łokas and Mamon 2003; Katgert et al. 2004). At the same time,
alternative techniques that do not assume strict dynamical equilibrium gained promi-
nence. Diaferio and Geller (1997) and Diaferio (1999) developed the Caustic method
that allows the reconstruction of mass profiles from the escape-velocity envelope in
the PPS, extending dynamical studies well beyond the virial radius and into the infall
region.

These methodological advances proceeded alongside a rapid progress in cosmolog-
ical simulations. N-body CDM simulations developed in the 1990s, provided detailed
expectations for the orbital structure and anisotropy of DMparticles and subhalos (e.g.
Cole and Lacey 1996; Ghigna et al. 1998 see the right panel of Fig. 2). In particular,
they predicted a nearly-universal halo density profile, that became known as the NFW
profile (Navarro et al. 1996, 1997):

ρ(r) = ρ0

(r/rs)(1 + r/rs)2
, (1)

where ρ0 is the central density, and the scale radius rs ≡ r−2, is the radius at which
the logarithmic slope of the density is −2. The central density can also be rephrased
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Fig. 2 Left panel: projected radial distribution of∼ 6000 galaxies in a stacked cluster, and the best-fit NFW
profile (red solid line). Right panel: density (top) and circular velocity (bottom) of a simulated DM halo of
4.6 × 1014 M� at z = 0 (solid curve) and at z = 0.5 (dotted curve). Images reproduced with permission
from [left] Lin et al. (2004), copyright by AAS; and from [right] Ghigna et al. (1998), copyright by RAS

in terms of the radius r200 (or the corresponding mass M200),

ρ0 = M200

4πr3s [ln(1 + c200) − c200/(1 + c200)]
, (2)

where c200 = r200/rs is the concentration parameter, and M� = 4π ρc(z) r3�/3 is the
mass at the radius r� enclosing a spherical overdensity � times the critical density of
the Universe ρc(z) at redshift z. Observational studies began to test whether galaxies
in clusters trace the underlying DM distribution. Satellite galaxies in clusters were
found to follow approximately a NFW number density profile (Lin et al. 2004, left
panel of Fig. 2).

In parallel to these developments, simpler global estimators based on velocity dis-
persion measurements were extensively explored as practical mass proxies. Under the
assumption of virial equilibrium, the total mass of a cluster, M , is expected to scale
with the galaxy velocity dispersion, σv , following a relation that naturally emerges
from self-similar models of halo formation, M ∝ σ 3

v /H(z), where H(z) is the Hub-
ble constant at the cluster mean redshift, z, and M denotes the mass within a radius
enclosing a specific overdensity, as will be detailed in Sect. 3.2. This expectation has
been quantitatively confirmed and calibrated in numerical simulations, which revealed
a tight correlation betweenhaloM andDMσv , with a slope close to the virial prediction
and a small intrinsic scatter (Evrard et al. 2008). Numerical simulations incorporating
baryonic physics and subhalo populations further refined this picture, highlighting the
impact of tracer selection and galaxy formation processes on the normalization and
slope of the relation as a function of redshift (e.g. Munari et al. 2013; Saro et al. 2013;
Armitage et al. 2019b).
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The increased complexity of kinematical analyses also brought the impact of sys-
tematic effects into a sharper focus. The treatment of interlopers became a central
concern (see e.g. Mamon et al. 2010) leading to the development of refined phase-
space selection algorithms calibrated on simulations (e.g. Łokas et al. 2006; Wojtak
et al. 2007; Mamon et al. 2013; Serra and Diaferio 2013).

At the same time, the advancement in cosmological simulations allowed us to quan-
tify systematic effects induced by a disturbed cluster morphology or departures from
dynamical equilibrium with an increasing level of detail in controlled frameworks.
The analysis of samples of mock clusters demonstrated that projection effects and
deviations from equilibrium introduce non-negligible biases and scatter in the recov-
ered mass profiles and velocity anisotropy, even when large spectroscopic samples are
available (e.g., van Haarlem and van de Weygaert 1993; Biviano et al. 2006; Wojtak
et al. 2007). These studies clearly indicated that the dynamical state of clusters and
their assembly history are in tight connection to the reliability of kinematical mass
measurements. Recent works have also shown that, if not properly accounted for, the
(non-)equilibrium state of clusters is a substantial source of bias also when stacked
samples are considered (Cai et al. 2025). All such findings motivated the systematic
calibration of dynamicalmethods against realisticmock catalogs, and the development
of robust criteria to classify the dynamical state of a cluster (e.g., Knebe and Müller
2000; Old et al. 2017; Ferragamo et al. 2020; Pizzuti et al. 2020; Zhang et al. 2022;
Benavides et al. 2023; Cerini et al. 2023).

In the last decade, cluster kinematics has thus entered a genuinelymodern phase: no
longer limited to globalσv measurements, it has became amultidimensional diagnostic
which combines phase-space information, theoretical modeling and expectations from
cosmological simulations,withmodern, increasingly rigorous statistical andnumerical
approaches (e.g. Ho et al. 2019; Shi et al. 2024). This transformation set the stage for
the precision era of cluster kinematical studies; the information extracted from large
spectroscopic samples can now be translated into precise constraints on cluster mass
profiles with interesting cosmological implications.

2.3 Cluster kinematics and the dark sector

Reconstructing cluster mass distribution from galaxy kinematics has long been a pri-
mary motivation for dynamical studies. Mass profiles inferred from galaxy motions
can be directly compared with those obtained from X-ray observations and gravita-
tional lensing, providing critical cross-checks and helping to identify and disentangle
systematic uncertainties arising in different mass probes (Pratt et al. 2019).

The scientific scope of cluster kinematics has expanded significantly beyond its
original goal, over the past two decades. In particular, cluster kinematics is increasingly
recognized as a probe of fundamental physics. The motions of galaxies respond to
the gravitational potential in which they orbit, making them sensitive to both the
distribution of (visible and dark) matter and the laws of gravity (Schmidt 2010; Gronke
et al. 2016; Pizzuti et al. 2017). In modified gravity (MG hereafter) theories, galaxies
may experience additional forces or altered dynamical relations, potentially leading
to discrepancies between dynamical and lensing mass estimates (e.g. Pizzuti et al.
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2026a and references therein). As a result, cluster kinematics offers a complementary
approach to testing gravity on Mpc scales, where screening mechanisms may operate
differently than in the Solar System (Burrage and Sakstein 2018; Brax et al. 2021).

At the same time, the dynamics of galaxies in clusters provides insights into the
growth of structure and the influence of dark energy (DE hereafter), especially in
the cluster outskirts (Merafina et al. 2014). Detailed kinematical reconstructions of
cluster masses further allow investigating the properties and nature of DM (Serra and
Domínguez Romero 2011; Sartoris et al. 2014; Biviano et al. 2023). Moreover, the
assembly history of clusters shapes the orbital structure of their galaxy populations,
producing characteristic trends in the velocity anisotropy profile which depend on the
galaxy population (e.g. Lau et al. 2010; Mamon et al. 2019; Maraboli et al. 2026;
Pedratti et al. 2026). These features are tightly connected to the dynamical state of the
cluster and to its recent merger history, linking kinematics of clusters to the evolution
of the large-scale structure (Miyatake 2025).

2.4 Beyond equilibrium: kinematics in the outskirts of clusters

One of the most significant conceptual developments with respect to traditional meth-
ods, has been the growing emphasis on the outer regions of clusters. While the inner
regions are often close to a dynamically stable configuration, cluster outskirts are dom-
inated by infall, mergers, and ongoing accretion from the cosmic web (e.g., Haines
et al. 2018;Malavasi et al. 2020). In these regions, traditional equilibrium-basedmeth-
ods become unreliable, but galaxy kinematics remains informative when interpreted
in projected phase space and in combination with other approaches (Diaferio et al.
2005; Umetsu et al. 2025).

The identification of caustics–sharp features in the galaxy PPS distribution (Geller
et al. 1999; Diaferio 1999)–has provided a way to estimate cluster mass profiles well
beyond the virial radius without assuming equilibrium (e.g., Geller et al. 1999; Rines
et al. 2000;Biviano andGirardi 2003;Rines et al. 2003;Rines andDiaferio 2006;Rines
et al. 2013; Guennou et al. 2014; Sohn et al. 2019; Pizzardo et al. 2021). This technique
has also provided the possibility of a direct measurement of the mass accretion rate
of clusters (De Boni et al. 2016; Pizzardo et al. 2021, 2022, 2023b) and has opened
a new observational window onto cluster assembly and mass accretion (e.g.,Walker
et al., 2019; Pizzardo et al., 2023b), independently of the dynamical state.

The outskirts of clusters are also the perfect environment where the connections
between kinematics, cosmology, and gravity become particularly relevant. Features
such as the splashback radius (e.g., Adhikari and Dalal 2014) link galaxy dynamics
to the recent accretion history of clusters, while providing physically motivated def-
initions of cluster boundaries that go beyond traditional overdensity radii (Diemer
and Kravtsov 2014; Diemer et al. 2017; Bianconi et al. 2021). The orbits of galaxies
further show typical features at large scales (Abdullah et al. 2025), where the bal-
ance between outgoing and infalling material provides specific features which may
depend non-trivially on the cosmological model. At the same time, beyond the virial
radius the density rapidly decreases, marking a transition region between the screened
and unscreened regimes of many theoretically viable MG models; these regions thus
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appear to be ideal for detecting possible signatures of departures from GR (Adhikari
and Dalal 2016).

Overall, such amultifaceted picture demonstrates that kinematical studies of galaxy
clusters keep climbing a steep rising path: with a solid and broad methodologi-
cal framework, sustained by an increasingly robust control of systematics, and an
increasing amount of high-quality spectroscopic data, cluster kinematics is reaching
the maturity required to deliver a wide range of results, spanning from astrophysical
processes to cosmological constraints. The versatility of the approaches proposed in
the last decades–which will be discussed in the next section–is now becoming optimal
to fully exploit the forthcoming generation of large spectroscopic datasets.

3 Kinematics andmass profiles: from the virial theorem toMachine
Learning approaches

In this section, we review the basic aspects and theoretical motivations of the methods
used to reconstruct galaxy clustermass profiles based on kinematics. The basic observ-
ables in all these methods are the projected spatial distribution of cluster galaxies and
their LOS velocities. Methods that require direct distance measures for cluster galax-
ies, such as the Action model of Tully and Mohayaee (2004) or the orbital roulette
method of Beloborodov and Levin (2004) are not discussed in this review, as three-
dimensional (3D hereafter) distances for cluster galaxies are not currently measurable
with the needed accuracy, except for the very nearby clusters, Virgo and Fornax, so
these methods are not of general use.

We start presenting simple global estimators, such as the virial theorem, eventually
progressing toward the description of modern approaches based onmore sophisticated
phase-space analyses and ML techniques.

3.1 Virial theorem

The earliest dynamical estimates of cluster masses (Zwicky 1933, 1937) are based on
the virial theorem, which relates the total kinetic K and potential energies U of an
isolated gravitationally bound system in equilibrium:

2K +U = 0. (3)

The total kinetic energy of a self-gravitating system of N galaxies can be written as

K = 1

2

N∑

i=1

mi 〈v2〉 , (4)

where mi is the mass of a test galaxy, and 〈v2〉 is the mean quadratic velocity of
the galaxies. Note that observations typically access only the LOS component of the
velocities. If galaxy orbits are close to an isotropic distribution, or if most of the
radial extent of the cluster is covered observationally and the cluster is approximately
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spherical (The and White 1986; Girardi et al. 1998), we can write 〈v2〉 � 3 〈v2los〉 =
3 σ 2

los, where σ 2
los is the LOS velocity dispersion, and the last equality comes from the

condition that velocities are computed in the cluster rest frame, i.e. 〈v〉 = 0.
If each galaxy is at a (3D) distance ri from the cluster center, the total potential

energy can be written in terms of the potential as

U = −
∑

i

ri · mi∇�(ri ) ∼ −G
MtrM

R
, (5)

with Mtr = ∑
i mi being the total mass of the galaxies, tracers of the gravitational

potential, and R is the typical radius of a cluster within which the virial theorem holds,
also called the virial radius.

Combining Eqs. (4), (5) into Eq. (3), we obtain the classical virial mass estimator:

M ∼ 3 σ 2
los R

G
. (6)

if all the masses mi of the individual galaxies are comparable.
More refined formulations (e.g. Limber and Mathews 1960; Heisler et al. 1985)

are based on the projected virial theorem, which explicitly accounts for the fact that
only projected positions and LOS velocity are observable. In this framework, the mass
estimator can be written as

Mv = 3π

2G
σ 2
losRPV, (7)

where RPV is the projected virial radius, defined as the inverse harmonic mean of the
projected pairwise separations Ri j :

RPV = N (N − 1)
∑

i< j R
−1
i j

. (8)

In practical applications, the virial theorem has beenmodified to account for the fact
that galaxy clusters are observed within a finite aperture, rather than as fully enclosed
systems. In this case, an additional surface pressure term arises (The and White 1986;
An and Evans 2011), leading to

2K +U = S, (9)

where S depends on the density and velocity dispersion of the tracers at the system
boundary. Neglecting this term generally leads to an overestimation of the cluster
mass (Membrado and Pacheco 2016). Corrections for this effect have been discussed
in detail in the context of galaxy clusters (e.g., Girardi et al. 1998; Biviano et al. 2006),
and typically amount to ∼ 10–30% depending on the radial extent of the data and the
orbital structure of the tracer population. In An and Evans (2011), expressions of the
virial theorem inclusive of the surface pressure term are presented for a variety of mass
profiles.
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The main problem for the application of the virial theorem to clusters of galaxies
is that it assumes that galaxies, the tracers of the potential, have a similar spatial
distribution as the total mass. This is generally known as the "mass traces light"
assumption. As shown by Smith (1980) andMerritt (1987), if galaxies and total matter
do not share similar distributions, the virial theorem can lead to substantial under- or
over-estimates of the cluster mass. Other methods have established that red, passive
galaxies have a distribution similar to that of the cluster mass (e.g., Gray et al. 2002;
Biviano and Girardi 2003), so they are the most appropriate population of cluster
galaxies to be used as tracers for the virial mass estimator.

The virial mass estimator has been extensively applied to galaxy clusters in early
and intermediate stages of spectroscopic surveys (Wojtak andLokas 2007; Evrard et al.
2008;Old et al. 2015), thanks to its simplicity andminimal observational requirements.
Abdullah et al. (2019) have shown that this approach can still be effectively imple-
mented in modern large spectroscopic datasets, provided that accurate membership
selection and appropriate corrections for boundary terms are included. In particular,
they combined advanced method for interloper rejection with virial mass estimates
corrected for the surface pressure term, allowing for a consistent determination of
cluster dynamical properties across a wide range of systems. Some works have fur-
ther extended its application to non-standard frameworks (Harko and Cheng 2007;
López-Corredoira et al. 2022).

Despite its simplicity, tests based on numerical simulations and mock galaxy cata-
logs have shown that the overall performance of virial mass estimates is affected by a
substantial intrinsic scatter and bias, reflecting the combined impact of several effects
not captured by the simple virial framework, beyond the specific correction associ-
ated with the surface pressure term (e.g., Biviano et al. 2006; Old et al. 2015). As an
example, Fig. 3, adapted from Biviano et al. (2006), shows the comparison between
the masses estimated using the (surface-pressure-term corrected) virial theorem M̃v
and the true cluster masses Mv for a set of clusters extracted from the cosmological
hydrodynamical simulations of Borgani et al. (2004). The distribution exhibits a pos-
itive bias of ∼ 40% in the ratio M̃v/Mv, with a scatter of 0.85. This is mostly due to
the presence of interlopers, and Biviano et al. (2006) showed that if the virial mass
is estimated excluding tracers that entered the system only recently, the mass bias is
strongly reduced, as most interlopers are removed from the sample.

An alternative to the virial mass estimator that enjoyed some popularity in the past
is the Projected Mass estimator (Heisler et al. 1985),

MPM = 32

πGN
�i (vi − v)2Ri , (10)

where the sum is over the N cluster galaxies with cluster-centric distance Ri and LOS
velocities vi . This equation is valid for isotropic orbits; a more general formulation for
different orbital distributions of cluster galaxies can be found in Perea et al. (1990).
This method was shown to be more sensitive to the presence of interlopers than the
virial theorem (Perea et al. 1990), and for this reason it is not widely used anymore,
except for the detection of the interlopers themselves (Wojtak and Łokas 2007 see
Sect. 3.5.2).
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Fig. 3 Left panel: ratio between the virial and true mass, M̃v/Mv vs. the true mass, Mv , of simulated
cluster-size halos. Right panel: distribution of M̃v/Mv . The virial masses are estimated considering all the
galaxies within the projected radius 1.5 h−1 Mpc. Image reproduced with permission from Biviano et al.
(2006), copyright by ESO

3.2 Mass–velocity dispersion scaling relation

While the virial theorem provides a baseline for cluster mass estimation, its intrin-
sic limitations have motivated the development of alternative approaches and—more
generally—the use of statistical mass proxies. In particular, the connection between
the σv of cluster members, M , and global observational properties of galaxy clusters
naturally leads to the formulation of specific scaling relations (e.g., Biviano et al. 2006;
Evrard et al. 2008; Andreon and Hurn 2010; Munari et al. 2013; Sereno and Ettori
2015), which are now extensively used in the analysis of large cluster samples and
cosmological surveys (Aguado-Barahona et al. 2022; Pandya et al. 2024).

Under simple assumptions, one expects M ∝ σ 3
v , as predicted by the self-

similar model of gravitational collapse (Kaiser 1986), in which galaxy clusters form
through scale-free gravitational processes and are therefore expected to follow simple
power-law scaling relations—modulo additional dependencies on the cluster structure,
redshift and dynamical state. A tight M − σv relation is expected for a wide range of
mass profiles, given the condition of dynamical equilibrium, as defined by the Jeans
eq. (24) below (Diemer et al. 2013).

Cosmological simulations have been extensively used to calibrate such relation,
showing that the halo σv and its M are connected by a tight power-law with relatively
small intrinsic scatter under controlled conditions. In particular, Evrard et al. (2008)
performed a detailed study of simulations with different cold darkmatter cosmologies,
physics, and resolutions to find that the 3D velocity dispersion of DM particles within
the virial radius can be written as

σDM(M, z) = σDM,15

(
h(z)M200

1015 M�

)α

, (11)

where exponent and normalization show only a percent-level variation depending on
the simulation detail, α = 0.336 ± 0.003, σDM,15 = 1083 ± 4 km/s. In the above
equation, h(z) = H(z)/100 is the reduced Hubble parameter at redshift z.
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Saro et al. (2013) extended this framework by investigating the M − σv relation
for galaxies in realistic observational conditions using the semi-analytic models of De
Lucia and Blaizot (2007) applied to cosmological simulations. Starting from eq. (11)
they calibrated the relation between the σlos of halo galaxies and the halo M , finding
a slope consistent with the self-similar expectation (1/α � 2.9) and a normalization
in agreement with Evrard et al. (2008)’s result at the few percent level. However, they
also showed that the same systematics affecting virial theorem-based mass estimates
(e.g., triaxiality, interlopers, and the selection of galaxy tracers; see Sect. 3.5) introduce
significant scatter and potential biases, especially when only a few galaxies are used
for the estimate of σlos.

A step forward in understanding the impact of baryonic physics and tracer selec-
tion on the M − σv relation was made by Munari et al. (2013), who analyzed a suite
of cosmological simulations including different implementations of gas physics and
feedback processes. They showed that while DM particles follow a scaling relation
fully consistent with the self-similar expectation, σDM ∝ M1/3, subhalos, and simu-
lated galaxies exhibit systematically steeper relations and higher normalizations. This
effect reflects the presence of a velocity bias at the ∼ 10% level, arising from dynam-
ical processes, such as dynamical friction (i.e. a gravitational drag on a massive body
moving in a cloud of lighter objects) and tidal disruption, which selectively affect
galaxy tracers (see also Anbajagane et al. 2022). As a consequence, the calibration of
the M − σv relation sensitively depends on the adopted tracer population and on the
modeling of baryonic physics. Nonetheless, this simple analytical scaling has been
extensively used in the literature to estimate cluster masses (e.g., Muñoz Rodríguez
et al. 2022; Sifón et al. 2025; Rinaldi et al. 2026), providing a powerful and versatile
tool for cosmological applications.

For illustrative purposes, Fig. 4 presents an example of the scaling between the
mass, M500, and σlos, computed at the corresponding radius r500, estimated for halos
extracted from a �CDM simulation at z = 0.46 assuming a DM only (black) and
hydrodynamical (blue) setup. The snapshot comes from the DIANOGA-SIDM cos-
mological simulations suite of Ragagnin et al. (2024). In the hydrodynamical run,
σlos are computed by considering all the particles (baryons and DM). While the slope
of the scaling relation is consistent between the two cases (α = 0.34, 0.31 for the
DM-only and the hydrodynamical setups, respectively), the normalization and scatter
differ, with a larger spread found when baryons are included.

Following the work of Munari et al. (2013), subsequent studies have focused on
refining the M − σv relation by explicitly quantifying the impact of galaxy velocity
bias and by extending its calibration to realistic observational regimes.More generally,
the use of σlos as a mass proxy has been framed within the broader context of cluster
scaling relations and their cosmological applications (e.g., Sereno and Ettori 2015). In
particular, large spectroscopic surveys have enabled the use of σlos as a statistical mass
proxy across sizable cluster samples. For instance, Ferragamo et al. (2021) analyzed a
sample of Planck-selected clusters with spectroscopic follow-up, deriving dynamical
masses through scaling relations based on σlos. They then compared these dynamical
mass estimates to the masses obtained from the SZ effect on the Cosmic Microwave
Background spectrum (Fig. 5). They found that the SZ-basedmasses are systematically
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Fig. 4 Example of scaling relations for σlos computed at r500 (labeled σz in the figure), as a function of
the mass M500, from a cosmological �CDM simulation of the DIANOGA-SIDM suite (Ragagnin et al.
2024). Black stars and blue diamonds refer to the DM-only and hydrodynamical cases, respectively, with
the best-fit scaling relations indicated by the dotted black and dashed blue lines, respectively

Fig. 5 Comparison between dynamical and SZ-based masses of the cluster sample analyzed by Ferragamo
et al. (2021). Blue and red lines represent the scaling relation between the two mass estimates obtained
by fixing its slope to unity, and by letting the slope be a free parameter, respectively. The corresponding
bands are the 68% confidence regions and the black dotted line marks the identity relation. Reproduced
with permission, copyright by ESO
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lower than the dynamical estimates, corresponding to a mass bias of (1 − b) � 0.83,
consistent with the level of bias commonly inferred in SZ cluster cosmology analyses.

A major step forward in the interpretation of the M − σv relation was achieved by
Anbajagane et al. (2022),whocalibrated the galaxyvelocity bias at nearly percent-level
precision using a suite of cosmological simulations. Their results strengthened and
extendedMunari et al. (2013)’s results: the normalization, slope, and scatter of theM−
σv relationnot only dependonhalomass and redshift, but also on the selectionof galaxy
tracers, as quantified through the adopted stellar-mass threshold. In particular, different
tracer selections lead to systematic variations in the measured velocity dispersion,
reflecting the impact of dynamical processes such as dynamical friction (Adhikari and
Dalal 2016), which preferentially affect the most massive galaxies.

The increasing availability of large and homogeneous datasets of clusters has fur-
ther made it possible to investigate the role of the dynamical state in shaping kinematic
scaling relations. In particular, confirming earlier indications based on numerical sim-
ulations (Biviano et al. 2006), Damsted et al. (2023) showed that clusters exhibiting
significant velocity substructure tend to have enhanced σlos at fixed richness, as well
as a substantially larger intrinsic scatter, indicating that departures from dynamical
equilibrium contribute significantly to the observed variance of the M − σv relation.

The theoretical M −σv relations of Evrard et al. (2008) and/or Munari et al. (2013)
were supported by the comparison of observed σlos with mass estimates obtained from
SZ data (Rines et al. 2016) and gravitational lensing (Sereno and Ettori 2015; Sereno
et al. 2025), for clusters at z � 0.9. At higher z (0.9 � z � 1.4), Abdulshafy et al.
(2025) analyzed a sample of 14 clusters from the GOGREEN and GCLASS surveys
(Balogh et al. 2017), and derived dynamical masses through the virial mass estimator
combined with an advanced membership assignment technique (see Sect. 3.5). They
obtained a scaling relation in good agreement with simulation-based calibrations such
as those of Evrard et al. (2008) and Munari et al. (2013). These results highlight the
potential of σlos to infer masses even at high redshift. However, the normalization and
scatter of the relation remain sensitive to the adopted membership selection and to
the specific dynamical mass estimator, as well as to the limited size of current high-z
spectroscopic samples.

Compared to other commonly used mass-scaling relations, σv offers a complemen-
tary perspective. X-Ray and SZ-based relations, such as YX–M or YSZ–M , are known
to exhibit relatively low intrinsic scatter and are among the most robust mass proxies.
Here, YX is defined as the product of the gas mass and temperature, YX ≡ Mgas TX ,
tracing the total thermal energy of the intracluster medium (Kravtsov et al. 2006; Short
et al. 2010), while YSZ is the integrated Compton-y parameter, proportional to the LOS
integral of the electron pressure, and provides a direct measure of the thermal energy
content of the ICM (Arnaud et al. 2010). These observables are found to correlate
tightly with M , with relatively small intrinsic scatter (e.g., Angulo et al. 2012; Pratt
et al. 2019). However, the intrinsic scatter of the M − σv relation is also quite small,
∼ 15% according to Sereno and Ettori (2015) and Seppi et al. (2025).

X-Ray and SZ-based scaling relations rely on assumptions about the thermodynam-
ical state of the ICM, in particular hydrostatic equilibrium, and are therefore sensitive
to non-thermal pressure support and departures from equilibrium (e.g., Nelson et al.
2014; Eckert et al. 2019). Analyses based on large cluster samples have further refined
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these relations and quantified their scatter, selection effects, and dependence on cluster
properties, confirming their overall robustness while highlighting residual systemat-
ics related to gas physics and dynamical state (e.g., Bocquet et al. 2019; Salvati et al.
2019; Adam et al. 2024).

Weak-lensing measurements provide a relatively direct probe of the underlying
gravitational potential, without relying on assumptions about the dynamical or ther-
modynamical state of the cluster. For this reason, weak-lensing masses have played a
key role in establishing relations between halo mass and purely photometric observ-
ables, such as the optical richness, which can be efficiently measured in large imaging
surveys (e.g., Rozo et al. 2010; Simet et al. 2017; McClintock et al. 2019). Neverthe-
less, weak-lensing measurements are affected by projection effects from large-scale
structure along the LOS, as well as by shape noise and other sources of statistical
uncertainty, leading to significant scatter for individual systems (e.g., Hoekstra et al.
2013; Umetsu 2020; Grandis et al. 2021; Giocoli et al. 2025).

Interesting correlations with cluster masses have also emerged from radio observa-
tions, which probes the non-thermal component of the intracluster medium, traced by
synchrotron emission from relativistic electrons in the presence of μG-level magnetic
fields. In particular, diffuse radio halos have been shown to follow a scaling relation
of their total radio power Pν with the cluster mass. These relations are now well estab-
lished over a broad frequency range and reflect the connection between gravitational
energy released during mergers and the generation of turbulence that re-accelerates
relativistic particles (e.g., Cassano et al. 2007; Cuciti et al. 2023). Analyses based on
homogeneous samples combining LOFAR observations and X-ray-selected clusters
have further extended these studies, showing that the Pν–M relation can be recovered
with relatively small scatter once the dependence on mass and redshift is properly
accounted for (Balboni et al. 2025). At the same time, these works highlight a signif-
icant dependence on the dynamical state of the system, with merging clusters hosting
brighter and more extended radio halos, while more relaxed systems tend to be radio-
quiet or lie below the main correlation. This behavior reflects the transient nature of
the non-thermal emission and its strong link to cluster assembly processes. Unlike
X-ray and SZ observables, radio emission does not trace the bulk thermal energy
of the ICM, but rather the interplay between turbulence, cosmic rays, and magnetic
fields. As a consequence, radio-based scaling relations generally exhibit a more com-
plex dependence on cluster properties, including merger history and magnetic field
strength. Nevertheless, they provide a unique probe of the non-thermal energy budget
of clusters, offering complementary constraints on cluster masses and on the physical
processes driving structure formation.

The M − σv relation is largely insensitive to gas physics, unlike thermodynamical
observables such as X-ray or SZ quantities, or non-thermal tracers such as radio
emission, and can be efficiently applied to large spectroscopic datasets. Comparison
of cluster masses derived from kinematics and from thermodynamic observables can
be used to assess the departure from full thermalization of the intra-cluster gas, and
estimate the hydrostatic mass bias (e.g. Andreon et al. 2017; Foëx et al. 2017; Lovisari
et al. 2020). While the estimate of σv is sensitive to projection effects just as the
gravitational lensing mass estimates, rich groups projected along a cluster line-of-
sight can be detected by their location in the PPS, and removed from the analysis in
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the mass estimates based on galaxy kinematics (see, e.g., the lensing vs. kinematic
mass estimate comparison in Biviano et al. 2023 Fig. 8 in that paper).

Since the M − σv relation is not independent of the dynamical state of the system
and the properties of the tracer population, it is most effectively used in a statistical
framework, where its combination with other observables, that are subject to different
systematics, enables a more complete and robust characterization of cluster masses
and of the underlying physical processes driving their assembly.

3.3 Dynamical estimates based on the projected phase-space distribution

Velocity dispersions offer only a partial view of the whole kinematical information
that can be extracted from galaxy clusters. Indeed, more sophisticated techniques
to infer cluster mass profiles rely on the combination of positions and velocities of
cluster member galaxies. As mentioned in Sect. 3.1, only projected positions and LOS
velocities are accessible to the observer, i.e., only half of the full six-dimensional
phase space (x, v). As a consequence, the reconstruction of the underlying dynamical
structure requires the adoption of physically motivated assumptions to deal with the
missing information.

A widely adopted framework is to treat galaxy clusters as collisionless systems
in dynamical equilibrium, in which galaxies act as tracers of the underlying grav-
itational potential. Under these assumptions, the phase space distribution function
evolves according to the collisionless Boltzmann equation, which provides the theo-
retical basis for most dynamical modelling techniques we discuss in this review.

The validity of the collisionless approximation can be justified by estimating the
two-body relaxation time of a cluster. For a system of N particles with characteristic
crossing time tcross ∼ R/σv , the relaxation time can be written as (Binney 1987)

trelax ≈ 0.1 N

ln N
tcross. (12)

In the case of galaxy clusters, typical values are N ∼ 103 galaxies, R ∼ 2Mpc, and
σv ∼ 103 km s−1, yielding a crossing time tcross ∼ 2Gyr. This leads to a relaxation
time of ∼ 30 Gyr, larger than the age of the Universe. Since most of a cluster mass
is not in galaxies, but in the DM component, a more realistic estimate for trelax is
ten times larger (Sarazin 1986). This result implies that encounters between galaxies
are too rare to efficiently redistribute energy and drive the system toward collisional
equilibrium. In this regime, the internal kinematics of galaxy clusters is well described
by a smooth gravitational potential, with galaxies behaving as collisionless tracers.
Collective gravitational effects dominate over discrete encounters, providing a solid
ground for the use of the collisionless Boltzmann equation and its moment equations
(Jeans equations) to perform kinematical analysis, as detailed below. Note, however,
that clusters are complex systems, andoften in a disturbed dynamical state (e.g.Roberts
and Parker 2019; Bilton et al. 2020; Wen et al. 2024). As already mentioned, non-
relaxed clusters introduce significant bias in kinematical mass estimates, and this will
be particularly important when using kinematics to test theories beyond the standard
cosmological model (e.g., Pizzuti et al. 2020, see Sect. 3.5).
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3.3.1 Dynamics of collisionless systems

A self-gravitating system of N collisionless particles governed by a total potential
�(x, t) can be described in terms of the number of objects dN which, at a given time
t , are in a 3D position between x and x + d3x, and are characterized by velocities
between v and and v + d3v:

dN = f (x, v, t)d3x d3v, (13)

where f > 0 is called distribution function and it represents the density of objects
in phase space. The dynamical quantities of the system are identified by the six-
dimensional vector w = (x, v) and its time derivative ẇ = (v,−∇�), where the
total gravitational potential is related to the mass density profile through the Poisson
equation:

∇2� = 4πGρ(x) . (14)

If the collisions are negligible, the flowof points in the phase space is characterized by a
regular "drift"motion, and the distribution function satisfies theVlasov or collisionless
Boltzmann equation,

D

dt
f (x, v, t) = 0 , (15)

where the convective derivative D/dt = ∂t + v · ∇ describes the conservation of the
density of points in phase space as seen by an observer comoving with the flow.

Integrating the Vlasov equation over velocities yields the continuity equation

∂ν(x, t)
∂t

+ ∇ · (〈v〉ν) = 0 , (16)

where we have defined the number density and the mean velocity of the particles as

ν(x, t) =
∫

d3v f(x, v, t) , 〈vi(x, t)〉 = 1
ν

∫
d3v vif(x, v, t) . (17)

The first moment of eq. (15) is obtained by multiplying it by vi and integrating
again in velocity space,

∂(ν〈v j 〉)
∂t

+ ∂(ν〈viv j 〉)
∂xi

+ ν
∂�

∂x j
= 0, (18)

where

〈viv j 〉 = 1

ν

∫
viv j f (x, v, t)d3v . (19)

The Jeans equation (Jeans 1919) can be obtained by combining Eqs. (16) and (18) as

∂(ν 〈vi 〉)
∂t

+ ∂(ν 〈vi 〉〈v j 〉)
∂x j

+ ∂(ν σ 2
i j )

∂x j
+ ν

∂�

∂xi
= 0 , (20)
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wherewehave introduced thevelocity dispersion tensorσi j = 〈(vi − 〈vi 〉)(v j − 〈v j 〉)〉.
If the system has reached dynamical equilibrium, time derivatives can be neglected,
and the dynamics is fully specified by the gradients of the gravitational potential for
a given structure of the velocity field.

Note that in principle there are no relations connecting the six independent com-
ponents of σ 2

i j to the number density ν. One can imagine to compute higher moments
of the Vlasov equation, giving rise to a hierarchy of relations that need to be closed
somehow. This closure can be achieved either by truncating the series at a given order,
or by making specific assumptions on the velocity tensor.

A particularly relevant and commonly applied simplification is obtained by assum-
ing that the system is spherically symmetric, non-rotating, and stationary. In this case,
all quantities depend only on the radial coordinate r , and the mean streaming motions
vanish, that is 〈vr 〉 = 〈vθ 〉 = 〈vφ〉 = 0 (e.g., Falco et al. 2013b). Under these assump-
tions, the Jeans equation reduces to a single scalar equation (e.g., Binney 1987):

d(νσ 2
r )

dr
+ 2β(r)

r
νσ 2

r = −ν
d�

dr
, (21)

where σr is the radial velocity dispersion, and we have introduced the velocity
anisotropy profile

β(r) = 1 − σ 2
θ + σ 2

φ

2σ 2
r

, (22)

where σθ and σφ are the two tangential components of the velocity dispersion tensor,
usually assumed to be identical. The function β(r) encodes fundamental information
about the orbital structure of the system (e.g., Biviano and Katgert 2004; Wojtak et al.
2009): β = 0 corresponds to isotropic orbits, β > 0 to radially biased orbits, and
β < 0 to tangentially dominated motions. The anisotropy profile further traces the
dynamical state of a galaxy cluster, providing hints about the presence of merging
events (Hou et al. 2009; Biviano et al. 2026), and it has been shown to depend on
the properties and morphology of galaxies in dense environments (e.g., Biviano et al.
1997; Mamon et al. 2019; Maraboli et al. 2026; Pedratti et al. 2026).

By expressing the gravitational potential in terms of the enclosed mass M(r)
through d�/dr = GM(r)/r2, the Jeans equation can be rewritten as:

d(νσ 2
r )

dr
+ 2β(r)

r
νσ 2

r = −ν
GM(r)

r2
, (23)

or, equivalently,

GM(r) = −rσ 2
r (r)

[
d ln ν

d ln r
+ d ln σ 2

r

d ln r
+ 2β(r)

]
. (24)

Integration of this equation leads to the virial theorem presented in Sect. 3.1 (see,
e.g., An and Evans 2011). Equation (24) represents a key anchor for dynamical mass
modeling in astrophysics, but its use is limited by the fact that only projected quantities
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are available to the observer. Indeed, it is generally not possible to infer independently
M(r), σ 2

r (r) and β(r); direct measurements of the velocity anisotropy are very chal-
lenging, since tangential velocities are difficult to observe (e.g.,Molnar andBirkinshaw
2003; Abdullah et al. 2013).

3.3.2 Solving the Jeans equation

From a formal point of view, the Jeans equation can be solved for the radial velocity
dispersion profile σr (r) given a tracer number density ν(r), a total mass profile M(r),
and a velocity anisotropy profile β(r). The general solution can be written as a first-
order integral,

σ 2
r (r) = 1

ν(r)

∫ ∞

r
ν(s)

GM(s)

s2
exp

[
2

∫ s

r

β(t)

t
dt

]
ds, (25)

which highlights the non-local nature of the problem: the kinematics at a given radius
depends on the global mass and anisotropy structure of the system. The integral of
β(t)/t canbe solved analytically for a broadvariety of physically-motivatedparametric
anisotropy models (see e.g., Mamon et al. 2013). An interesting feature of eq. (25)
is its independence of the normalization of the number density ν(r)—i.e., the total
number of tracers used to infer the velocity dispersion.

The connection between the intrinsic and observed (projected) kinematics is estab-
lished through the projection of σr (r) along the line of sight, yielding the projected
velocity dispersion profile

�(R)σ 2
los(R) = 2

∫ ∞

R
ν(r) σ 2

r (r)

(
1 − β(r)

R2

r2

)
r dr√
r2 − R2

, (26)

which is a classical Abel-type integral. Above, �(R) is the projected surface number
density profile of the tracers. Inverting this relation is, in principle, possible: given
�(R) and σlos(R), one can recover ν(r) or σr (r) through Abel inversion techniques.
The tracer density can be obtained from the projected density as

ν(r) = − 1

π

∫ ∞

r

d�

dR

dR√
R2 − r2

. (27)

The inversion is considerably more complicated for the velocity dispersion tensor;
because of themass-anisotropy degeneracy, it cannot be performedwithout knowledge
of either M(r) (Binney andMamon 1982; Solanes and Salvador-Sole 1990; Dejonghe
and Merritt 1992; Diakogiannis et al. 2014, 2019) or β(r) (Mamon and Boué 2010;
Wolf 2010). In practice, these inversions are highly sensitive to noise, binning, and
extrapolation assumptions, which limits their applicability to high-quality datasets
(see, e.g., Biviano et al. 2013; Annunziatella et al. 2016). For this reason, modern
analyses generally adopt forward-modelling approaches, where parametric forms of
M(r) and β(r) are assumed and projected quantities are directly compared to the data.
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Awidely used implementation is the Jeans AnisotropicModeling (JAM), originally
developed for stellar systems (Cappellari 2008) and later extended to larger scales. In
its most general formulation, JAM solves the Jeans equations beyond the spherically
symmetric assumption, for an axisymmetric (∂/∂φ = 0) and steady state (∂/∂t = 0)
configuration. In cylindrical coordinates (R, z, φ), the Jeans equation can be re-casted
as a system of two equations:

∂(νσ 2
R)

∂R
+ ∂(νσ 2

Rz)

∂z
+ ν

(
σ 2
R − σ 2

φ

R

)
= −ν

∂�

∂R
, (28)

∂(νσ 2
Rz)

∂R
+ ∂(νσ 2

z )

∂z
+ ν

σ 2
Rz

R
= −ν

∂�

∂z
, (29)

where σ 2
Rz ≡ 〈vRvz〉 represents the mixed velocity moment, encoding correlations

between radial and vertical motions. In general, the Jeans equations (28), (29) form
a coupled system through σ 2

Rz . However, in the JAM framework, it is commonly
assumed that the velocity ellipsoid is aligned with the cylindrical coordinate system
(σRz = 0), and that the velocity anisotropy in the meridional plane,

βz = 1 − σ 2
z

σ 2
R

, (30)

is constant. Both the tracer density ν(r) and the gravitational potential �(r) are then
modelled through flexible parametric decompositions, often based on Multi-Gaussian
Expansions (MGE), which allow for an efficient deprojection of the Jeans equations.
This approach makes it possible to explore high-dimensional parameter spaces in a
fast and efficient forward-modeling framework.

Complementary to JAM, alternative forward-modelling techniques exploit the
full distribution of the tracers in the PPS If the number of tracers is large enough
N ∼ O(100), one possibility is to connect the observed PPS of galaxies to the intrin-
sic phase-space density f (E, L), expressed in terms of total energy E and angular
momentum L of the system. This connection can be achieved by integrating with
respect to the Cartesian components of the velocity along the polar coordinates (R, θ)

in the plane of the sky, (see, e.g., Dejonghe and Merritt 1992)

g(R, vz) = 2
∫ ∞

R

r dr

(r2 − R2)1/2

∫ +∞

−∞

∫ +∞

−∞
f (E, L) dvθ dvR . (31)

The gravitational potential of the system is then related to f (E, L) through the Poisson
equation. f (E, L) is not known a priori, and some assumptions need to be made.
Mahdavi and Geller (2004) used a scale-free, separable function of E and L ,

f (E, L) = f0ε
α−1/2L−2β, (32)

to estimate the mass density profile of 41 nearby galaxy systems. Note that, the energy
component in Eq. (32) can be determined (typically numerically) once the total mass
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profile is assumed. Alternatively, to select the functional form of f (E, L) one can rely
on halos extracted from cosmological simulations (e.g., Wojtak et al. 2007, 2009).
This method has been employed by e.g., Wojtak and Łokas (2010) to estimate the
total mass profiles of 41 nearby clusters.

Another example is theMAMPOSSt (Modeling ofAnisotropy andMass Profiles of
Observed Spherical Systems) method of Mamon et al. (2013), which solves the Jeans
equation in the PPS by jointly fitting parametric forms for the gravitational potential,
the tracer number density, and the orbital velocity anisotropy. Assuming spherical
symmetry and a Gaussian ansatz for the 3D distribution of velocities f (vr , vθ , vφ),
for a given set ofmodels the algorithmfirst computesσr , eq. (25). The radial component
is then projected along the line of sight to obtain the observable

σ 2
los(R, r) =

[
1 − β(r)

R2

r2

]
σ 2
r (r), (33)

where R and r are the projected and 3D radius, respectively.
Under the Gaussian assumption for the 3D velocity distribution, the probability

density of observing a galaxy at projected radius R with line-of-sight velocity vlos,
eq. (31), is given by

g(R, vlos) =
√

2

π

∫ ∞

R

ν(r)

σlos(R, r)
exp

[
− v2los

2σ 2
los(R, r)

]
r dr√
r2 − R2

, (34)

which represents the LOS integral of the phase-space distribution. The corresponding
probability density at fixed projected radius is obtained as:

q (R, vlos) = 2πR g (R, vlos)

Nproj(Rmax) − Nproj(Rmin)
, (35)

where Nproj(R) is the integral of the surface density �(R), providing the cumulative
number of galaxies at R. Rmin and Rmax are the minimum and maximum projected
radii in the PPS, respectively. The log-likelihood for a set of parameters� of themodel
is then constructed as the sum of ln q(Ri , vz,i |�) over all galaxies, allowing one to
constrain simultaneously M(r) and β(r) without binning the data.

The key advantage of methods likeMAMPOSSt is that they consider all the infor-
mation of the PPS, rather than cumulative moments of the velocity field, leading to
tight constraints on the cluster mass profile when the number of galaxies is N � 100.
Note, however, that the MAMPOSSt technique requires a specific form of the 3D
velocity distribution—on top of the assumptions of spherical symmetry and dynam-
ical equilibrium—and it further considers negligible streaming motions. While such
requirements can in principle introduce systematics in the kinematical analysis, sev-
eral tests using halos extracted fromcosmological simulations have consistently shown
that the method performs robustly with a reasonable small scatter in recovering the
mass and anisotropy parameters, even for non-Gaussian velocity fields (Mamon et al.
2013; Old et al. 2014, 2015; Aguirre Tagliaferro et al. 2021; Read et al. 2021).
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The Jeans swindle On a final note, it is worth recalling that the Jeans equation is
formally derived under the assumption of a steady-state system embedded in a well-
defined gravitational potential. In a cosmological context, however, this assumption
raises a subtle issue known as the Jeans swindle, namely the apparent inconsistency
arising fromneglecting the contribution of the homogeneous background densitywhen
solving Poisson’s equation.

If the total density is decomposed in the sumof a halo contribution and a background
contribution,

ρ(r) = ρh(r) + ρbg, (36)

the inclusion of the background density in the standard Jeans solution leads to a
divergent term to the velocity dispersion when integrating to large radii (Falco et al.
2013a). Indeed, the background mass grows as Mbg(r) ∝ r3, causing the integral
solution of the Jeans equation to explode.

The standard approach consists in neglecting ρbg when computing the gravitational
potential, effectively assuming that only density fluctuations contribute to the dynam-
ics. This prescription, traditionally referred to as the Jeans swindle, has long been
regarded as a mathematically inconsistent but empirically successful approximation.
However, Falco et al. (2013a) showed that this procedure can be rigorously justified
once the cosmological context is properly taken into account. In particular, when the
Jeans equation is generalized to include the effects of the expanding Universe, an
additional term arises,

S(r , t) = 〈vr 〉∂〈vr 〉
∂r

+ ∂〈vr 〉
∂t

, (37)

which accounts for the presence of a non-zero mean radial velocity field 〈vr 〉. At large
radii, where the velocity field is dominated by the Hubble expansion, vr � Hr , and
the additional term exactly cancels the contribution of the background density (and
of the cosmological constant) to the gravitational potential. As a consequence, the
divergent term disappears, and the Jeans equation reduces to the standard form where
only the halo mass contributes to the dynamics.

In this sense, the Jeans swindle is not an ad hoc assumption, but rather the result
of a consistent treatment of the system within an expanding Universe. This result also
clarifies the domain of validity of the standard Jeans formalism. While it provides an
accurate description within the virialized region, where streaming motions are negli-
gible, a more general treatment is required at larger radii. In particular, the inclusion
of infall motions leads to a generalized Jeans equation that remains valid beyond the
virial radius and can reproduce the velocity dispersion profile out to several virial radii
(Falco et al. 2013b).

3.3.3 Applications of the Jeans analysis to galaxy clusters

The spherical Jeans formalism has been extensively applied to a wide range of
astrophysical systems, including globular clusters (e.g., Hénault-Brunet et al. 2019),
elliptical galaxies (e.g., Łokas andMamon 2003; Agnello et al. 2014), and galaxy clus-
ters. In the context of clusters, it provides a powerful tool to infer total mass profiles
(e.g., Li et al. 2023) and further test cosmological models, especially when combined
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with independent probes such as gravitational lensing observations (e.g., Pizzuti et al.
2022).

Mass-profile reconstruction In the context of galaxy clusters, the applications of
JAM have demonstrated its potential for dynamical mass reconstruction. In particular,
Shi et al. (2024) employed JAM to analyze the dynamics of mock clusters from the
TNG300 simulation, using satellite galaxies as tracers (typically ∼ 150 per cluster),
and showed that the method can recover virial masses with small bias (� 0.03 dex)
and a scatter of ∼ 0.18 dex. Interestingly, the mass enclosed within the half-mass
radius of the tracers, is found to be more tightly constrained than M200 when the
inclination angle between the intrinsic and observed frame is considered a free param-
eter. These findings also highlight the robustness of JAM against several observational
systematics, including moderate contamination from interlopers and spectroscopic
incompleteness, which were shown to have a limited impact on the recovered veloc-
ity dispersion profiles. However, residual biases can still arise from departures from
dynamical equilibrium, projection effects, and deviations from the assumed axisym-
metric geometry, especially in dynamically active systems.

MAMPOSSt has been extensively applied to reconstruct masses and velocity
anisotropy profiles of single and stacked galaxy clusters (e.g. Biviano et al. 2013,
2017, 2021; Balestra et al. 2016; Verdugo et al. 2016; Capasso et al. 2019; Mamon
et al. 2019; Pizzuti et al. 2025a), as well as to infer the properties of DM when com-
bined with information from gravitational lensing (Sartoris et al. 2014), or with the
stellar kinematics of the BCG (Sartoris et al. 2020; Biviano et al. 2023). Figure6 shows
an example of PPS (left) and of the mass profile reconstructed by the MAMPOSSt
analysis of Biviano et al. (2013) (right) of MACS J1206.2-0847, a massive galaxy
cluster at z = 0.44, for which high precision spectroscopic data have been collected
within the CLASH-VLT program (Rosati et al. 2014). A total of 330 member galaxies
have been used in the MAMPOSSt fit, leading to an inferred mass distribution in
excellent agreement with independent strong and weak-lensing estimate by Umetsu
et al. (2012).

TheMAMPOSStmethod has been further employed jointly with lensing analyses
to test the nature of gravity (Pizzuti et al. 2016, 2017). In this regard, a specific exten-
sion of MAMPOSSt to MG has been developed in the form of theMG- MAMPOSSt
pipeline (Pizzuti et al. 2021), where the gravitational potential entering the Jeans
equation is generalized to account for a wide variety of models beyond �CDM. The
MG- MAMPOSSt approach represents a powerful flexible framework for probing the
gravity and dark sector at theMpc scale (Pizzuti et al. 2022, 2025b, 2026a) as detailed
in Sect. 4.

Velocity anisotropy profiles As already mentioned, the velocity anisotropy is a key
quantity in kinematical analyses of galaxy clusters. To infer its profile, several tech-
niques have been employed. One possibility is to assume a parametric profile for
β(r) and jointly fit it along with the mass distribution of the system with a Maximum
Likelihood approach (e.g., Wojtak et al. 2009; Mamon et al. 2013; Li et al. 2023).
However, the solutions for β(r) and M(r) are degenerate, since increasing β(r) and
decreasing M(r), or vice-versa, would lead to the same radial velocity dispersion—
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Fig. 6 Left panel: PPS distribution (vlos is labeled as vrf ) of the galaxy cluster MACS J1206.2-0847
obtained from the spectroscopic data collected within the CLASH-VLT collaboration (Rosati et al. 2014).
Filled circles represent the identified cluster members; the pink points indicate galaxies within R = r L200,

with r L200 being the value of the virial radius estimated by the strong- + weak-lensing analysis of Umetsu
et al. (2012). The trumpet-shaped curves show the caustics in the PPS Right panel: total projected mass
profile of the same cluster obtained from MAMPOSSt (gray band and yellow curve) compared to the
strong (pink) and weak (violet) lensing profile of Umetsu et al. (2012). While MAMPOSSt provides the
3D mass profile this has been projected for comparison with the lensing (projected) mass profile. All the
filled regions indicate the 1 σ uncertainties. The bottom plot shows the relative difference and the vertical
solid and dashed lines identify the position of r L200. Images reproduced with permission, copyright by ESO

the so-called mass–anisotropy degeneracy. On the other hand, non parametric (Binney
and Mamon 1982; Host et al. 2009) and analytical (Stark et al. 2019) methods can
be used, but those generally requires additional assumptions and information on the
mass distribution (see, e.g. Biviano et al. 2013; Maraboli et al. 2026).

Indications on how the anisotropy behaves as a function of the distance from the
cluster centre can be obtained from the analysis of mock systems: cosmological sim-
ulations showed that β(r) is typically an increasing function of the radius, with more
isotropic orbits in the core and more radial in the outskirts (see e.g. Hansen andMoore
2006; Mamon et al. 2010). β(r) reaches a peak at r ∼ 1.5–2 r200, then it declines
toward r ∼ 3–4 r200, where the coexistence of galaxies on first infall and backsplash
populations leads to significant orbital mixing and an enhancement of the tangen-
tial velocity components (Diaferio 1999; Abdullah et al. 2025 see the right panel of
Fig. 7). At even larger radii, β(r) increases again as the dynamics becomes dominated
by galaxies undergoing their first infall, and by the Hubble flow.

The radial orbits in the external region are therefore interpreted as reflecting the
memoryof the infall of galaxies under the influenceof the cluster gravitational potential
(e.g. Lotz et al. 2019), while several environmental processes are thought to produce
an isotropisation of the orbits near the centre (e.g. Abdullah et al. 2025). This scenario
is at least partially falsified when cluster triaxiality is taken into account. In fact, the
central isotropy of galaxy orbits in clusters is a result of averaging β in spherical shells.
In the inner regions, the local velocity ellipsoids are strongly aligned with the major
axis of the halo, resulting in β ≈ 0.35 along the major axis, and β � 0 perpendicular
to it (Wojtak et al. 2013).
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Fig. 7 Left panel: velocity anisotropy profiles β(r) as a function of the normalized radius r/r200 of six
cluster-size DM halos (M200 ∈ [2 × 1014, 1.7 × 1015]M�) from a �CDM cosmological simulation at
z = 0. Credits: Pizzuti (2019). Right panel: stacked anisotropy profiles of simulated clusters in four mass
bins (from M ≥ 1013.9 M�/h to M ≥ 1014.9 M�/h) at z = 0 out to several virial radii. The velocity
anisotropy decreases towards isotropic orbits at around ∼ 3 r200. Images reproduced with permission from
Abdullah et al. (2025), copyright by the author(s)

The left panel of Fig. 7 shows the anisotropy profile of six massive dark matter
halos (M200 ∈ [2 × 1014, 1.7 × 1015]M�) from a cosmological �CDM simulation
carried out with the GADGET-3 code (Springel 2005; Bonafede et al. 2011), where the
increasing radial trend can be visually appreciated. This trend has also been observed in
real clusters and confirmedby several studies basedonkinematical data (e.g.,Natarajan
and Kneib 1996; Biviano and Katgert 2004; Lemze et al. 2009; Mamon et al. 2019;
Barrena et al. 2024; Pizzuti et al. 2025a; Valk and Rembold 2025), and up to z ∼ 1
(Biviano and Poggianti 2009; Biviano et al. 2021). There are indications that the orbits
of galaxies in clusters tend to becomemore radially elongated at higher z (Biviano and
Poggianti 2009; Biviano et al. 2026). The strongest indication in this direction comes
from the detailed study of nine, verywell sampled clusters at 0.2 � z � 0.5 byBiviano
et al. (2026). They found significantlymore radial orbits than found for clusters at lower
z by Wojtak and Łokas (2010) and Li et al. (2023). Biviano et al. (2026) also found
consistency between the observed, more radial, β(r) of their medium-z clusters and
the average β(r) of simulated halos that were matched in z and mass to the observed
sample.

The velocity anisotropy of member galaxies does not only depend on z; it may also
be linked to themorphological and physical properties of the galaxies themselves, with
different populations following on average different orbits (Biviano and Katgert 2004;
Boselli and Gavazzi 2006; Biviano and Poggianti 2009; Adhikari et al. 2018; Mamon
et al. 2019; Pedratti et al. 2026). Early-type galaxies (ellipticals and lenticulars), which
preferentially reside in the dense inner regions of clusters, are typically found to
have nearly isotropic velocity distributions, consistent with a long residence time and
efficient dynamical processing within the cluster potential. In contrast, late-type (star-
forming) galaxies tend to exhibit more radially anisotropic orbits, especially at large
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radii, due to their more recent accretion from the field and infall along preferential
directions. However, opposite trends have also been observed in some clusters, with
early-type galaxies on more radial orbits than late-type galaxies (Aguerri et al. 2017;
Mercurio et al. 2021).

Refined analyses based on stacked samples with high-quality spectroscopic data
providemore insight into this topic. In particular, the study of the CLASH-VLT sample
by Maraboli et al. (2026), based on the same sample of clusters studied by Biviano
et al. (2026), indicates that, despite the clear segregation of galaxy populations in
phase space, their velocity anisotropy profiles are similar within uncertainties. All
populations—including red, blue, high- and low-mass galaxies—follow a common
radial trend, with progressively more radial orbits toward the outskirts. Only mild
differences are observed, mainly at large radii, where red and blue galaxies exhibit
small deviations, although their significance depends sensitively on the assumedmass,
number density, and anisotropymodels. An interesting feature emerges when adopting
non-parametric approaches based on the inversion of the Jeans equation, which reveal
a non-monotonic behavior of the anisotropy profile: a local maximum in β(r) at
intermediate radii (∼ 200–300 kpc), followed by a dip before the profile resumes its
increase toward the outskirts. This “bump” suggests that the orbital structure of cluster
galaxies may retain imprints of the complex interplay between relaxation processes
and ongoing accretion, pointing to deviations from simple, monotonic prescriptions
of β(r).

In conclusion, the orbital differences of different galaxy populations are related to
the history of their assembly process into the clusters, modulated by the transformation
and destruction processes operated by the hostile cluster environment (e.g. Iannuzzi
and Dolag 2012; Bialas et al. 2015; Annunziatella et al. 2016; Lotz et al. 2019; Łokas
2020; Boselli et al. 2022; Xie et al. 2025).

3.3.4 Estimating masses in the cluster outskirts

The caustic method The caustic method (Diaferio and Geller 1997; Diaferio 1999;
Serra et al. 2011) has been developed to estimate cluster mass profiles well beyond
the virial region, where the assumption of dynamical equilibrium breaks down and
traditional techniques such as the virial theorem or Jeans analysis are no longer valid.
This regime corresponds to the infall region of clusters, where matter is still accreting
and the dynamics are intrinsically non-linear and time-dependent (Diaferio 1999,
2009; Geller et al. 2011).

Similarly to other techniques, also this one makes use of the distribution of galaxies
in the PPS As shown in the left plot of Fig. 6, galaxy clusters exhibit a characteristic
trumpet-shaped pattern in PPS, whose sharp edges—known as caustics—trace the
escape velocity profile of the system. This structure arises from the combination of
gravitationally bound and infalling galaxies and is a direct imprint of the underlying
gravitational potential (Diaferio and Geller 1997). As shown in numerical simulations,
the amplitude of the caustics is closely related to the escape velocity, and thus to the
cluster mass profile (Diaferio and Geller 1997; Diaferio 1999; Serra et al. 2011).

Operationally, this method identifies the caustics as regions of steep gradients in
the galaxy density distribution in the PPS along the velocity axis (solid curves in the
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left plot of Fig. 6). The caustic amplitudeA(R) is then used as a proxy for the escape
velocity, allowing the cumulative mass profile to be estimated through

G [M(r) − M(r0)] =
∫ r

r0
A2(x)Fβ(x) dx , (38)

where Fβ(x) is a function that depends on both the gravitational potential and the
velocity anisotropy profile β(r). In practice, Fβ is often approximated as a constant,
motivated by numerical simulations that show a relatively weak radial dependence
outside the virial region. This approximation is known to break down in the inner
regions, leading to a systematic bias in the mass estimate if applied within � r200
(Serra et al. 2011; Logan et al. 2022). However, it provides a robust description in the
outskirts, where the method is specifically designed to operate.

The approximately constant value ofFβ has been estimated using numerical simu-
lations, but it mostly varies according to the specific algorithm adopted to estimate the
σlos of cluster galaxies (Serra et al. 2011).1 Diaferio (1999) adopted a value Fβ � 0.5
that was used in several studies (e.g., Rines et al. 2000, 2003, 2013). Later, Serra et al.
(2011) and, separately, Gifford et al. (2013) adopted a higher value, Fβ � 0.65− 0.7,
and other investigations, based on large hydrodynamical simulations, adopt a lower
normalization, Fβ � 0.4 with a mild scatter (Pizzardo et al. 2023a). This wide range
of values of Fβ present in the literature is not a consequence of an alleged difficulty
of its estimate, but it simply mirrors the different choices adopted in the N-body simu-
lations for the calibration procedure: the major role is played by the algorithm for the
estimate of the cluster galaxies σlos, the chosen radial range of the mass profile, and the
number of the velocity tracers (DM particles or simulated galaxies) in the PPS (Serra
et al. 2011). When estimating the mass profiles of real clusters in their outer regions
with the caustic technique, it is thus crucial to apply exactly the same procedure that
was used with the N-body simulations for the calibration of Fβ .

Gifford and Miller (2013) have proposed to adopt the NFW M(r) model and
observational determinations of β(r) to go beyond the constant Fβ assumption. We
emphasize however that this proposal of Gifford and collaborators originates from
their goal to use the caustic method to measure the cluster mass only within r200.
On the contrary, the relevant and specific original purpose of the caustic method is to
measure the cluster mass profile beyond r200.

Indeed, a key strength of the caustic technique is that it does not rely on dynamical
equilibrium assumptions, so it is suited for probing cluster mass profiles out to several
virial radii, where other dynamicalmethods fail butwhere important information about
cluster growth and mass accretion is encoded (Diaferio 1999; De Boni et al. 2016;
Pizzardo et al. 2022). Another practical advantage of the method is that it does not
require an explicit parametric modeling of the tracer density profile or of the velocity

1 The algorithm to locate the caustics in the PPS is based on the arrangement of the galaxies on a binary
tree (Diaferio 1999). The velocity dispersion of the galaxies on the main branch of the tree sets the caustic
location and determines the calibration ofFβ . The velocity dispersion thus depends on the criterion adopted
to identify the galaxies on the main branch of the tree and can differ from the σlos derived with other
traditional methods. These latter methods are usually limited to the galaxies within the cluster central
region, unlike the galaxies on the main branch of the tree (Serra et al. 2011).
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anisotropy—although the latter is hidden in the function Fβ(r)—as needed in Jeans-
based analyses. This simplification comes however at the cost of increased statistical
scatter, partly due to the variance in β(r) across different clusters (Biviano et al. 2026).

Tests on numerical simulations show that the caustic method can recover cluster
mass profiles with a typical accuracy of ∼ 20–30% over a wide radial range, although
larger scatter can occur depending on the data quality and sampling (e.g., Diaferio
1999; Serra et al. 2011; Pizzardo et al. 2023b). The main source of uncertainty is the
assumption of spherical symmetry and thus projection effects: the caustic technique
does estimate differentmass profiles for the same cluster observed along different LOS
(Serra et al. 2011; Svensmark et al. 2015). The above mentioned effect of the variance
in β(r) plays a substantially minor role. The performance of the caustic method also
depends on the number of spectroscopic tracers (Serra et al. 2011; Logan et al. 2022).
Reliable identification of the escape-velocity edge typically requires several tens to
∼ 200galaxies per cluster (Serra et al. 2011). In the regimeof sparse sampling, stacking
techniques can be employed to recover averagemass profileswith significantly reduced
scatter (e.g., Rines et al. 2003; Rines and Diaferio 2006; Rines et al. 2013), enabling
applications to large cluster samples in current and future surveys (e.g.,Gifford et al.,
2017; Pizzardo et al., 2024). Alternatively, a statistical correction can be applied to
recover the intrinsic escape-velocity edge (Halenka et al. 2022; Rodriguez et al. 2024).

Finally, since eq. (38) provides a differential estimate of the mass profile, the caus-
tic method can be combined with other, more precise, mass estimates in the inner
regions, obtained for example by gravitational lensing (Umetsu et al. 2025), or by
techniques that use galaxies kinematics in a dynamical equilibrium configuration (e.g.,
MAMPOSSt, see Biviano et al. 2013). This hybrid approach leverages the strengths
of different methods that have different strengths in different cluster regions, and pro-
vides a reliable reconstruction of the cluster mass profile from the core to the infall
region (Biviano and Girardi 2003; Biviano et al. 2013).

The caustic method has been widely applied to observational datasets, providing
mass profiles for individual clusters and large samples (e.g. Geller et al. 1999; Rines
et al. 2000; Biviano and Girardi 2003; Rines et al. 2003; Rines and Diaferio 2006;
Alpaslan et al. 2012; Rines et al. 2013;Guennou et al. 2014;Maughan et al. 2016; Sohn
et al. 2019; Pizzardo et al. 2021). The caustic technique has been shown to provide
cluster mass estimates in good agreement with the virial estimates (Rines et al. 2003;
Rines and Diaferio 2006 see Sect. 3.1) and with the masses derived from the Jeans
equation (Foëx et al. 2017). More importantly, the caustic and weak-lensing mass
profiles extending to the infall region agree within the uncertainties in clusters where
the two probes, both independent of the dynamical state of the cluster, can be applied
(Diaferio et al. 2005; Geller et al. 2013, 2014). On the other hand, comparisons
between caustic and X-ray cluster mass profiles might show some disagreement (e.g.
Sereno et al. 2015; Ettori et al. 2019; Logan et al. 2022). These discrepancies are
mostly due to the application of the caustic method to the very central region of
the cluster, for which the method is not designed. X-ray mass estimates are usually
limited within r500, sometimes within r200. The caustic method was conceived to
provide reliable estimates beyond r200 (Diaferio 1999; Serra et al. 2011), so possible
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discrepancies are not surprising.2 In addition, the X-ray estimate usually assumes
hydrostatic equilibrium, unlike the caustic method: if the ICM is out of equilibrium,
the X-ray mass is likely to be incorrect. Indeed, in some clusters where spectroscopic,
X-ray and gravitational lensing data are available, the X-ray mass disagrees with the
caustic and lensing masses because of the lack of hydrostatic equilibrium of the ICM
(Diaferio et al. 2005). With the advent of next-generation spectroscopic surveys, the
role of the caustic technique is expected to become increasingly important for studies
of the cluster outskirts and mass accretion (De Boni et al. 2016), and for testing GR
on Mpc scales (e.g, Pizzardo et al. 2024; Butt et al. 2024).

Othermethods A technique strictly related to the causticmethod is theFairGalaxies
mass estimation of Cupani et al. (2008, 2010). Similarly to the caustic technique, the
Fair Galaxiesmethod is not well suited to estimate themass in the inner cluster regions,
while it provides a cluster mass estimate in the outer, out-of-equilibrium, regions. This
method is based on the spherical collapse model and it exploits the non-equilibrium,
infall region of a cluster, for estimating its mass, given that the infall velocity is related
to the mass over-density. Since the full kinematics of cluster galaxies is not directly
observable, the method relies on numerical simulations to identify a region in PPS in
which galaxies are likely to have their LOS velocity equal to their radial infall velocity.

Cupani et al. (2010) compared the mass estimates of nine clusters obtained with
the Fair Galaxies technique, with those obtained by Rines and Diaferio (2006) via the
caustic technique. The two estimates are consistent within ∼ 1.5 σ for seven clusters,
but the uncertainties are on average significantly larger for the Fair Galaxies method
than for the caustic one.

Another method that aims to use galaxies in the cluster infall region to determine
cluster masses is that of Falco et al. (2014). The mean infall velocity of structures
outside the cluster depends on the cluster mass, according to a relation that is deter-
mined from simulations. Similarly to Cupani et al. (2010), Falco et al. (2014) seek
for suitable tracers of the infall pattern, to break projection effects. They argue that
these tracers may be found in bound systems with a small velocity dispersion, lying
on a preferential direction in 3D space, and forming filament-like structures in the
projected velocity space. Application of this method to the Coma cluster of galaxies
yielded a value in agreement with previous estimates with comparable error bars.

Like Falco et al. (2014), also the method of Hamabata et al. (2019) exploits the
dependence of the infall velocities of galaxies in the cluster outskirts on the cluster
mass. They model the LOS velocity distribution in the cluster outskirts and find that
the shape of this distribution shows a mild dependence on the cluster mass. They
estimate that they can reach a 15% accuracy on the mean mass of a cluster sample
which comprises a total of ∼ 105 cluster galaxies.

2 The misunderstanding of considering and using the caustic method as a simple mass estimator within
r200 rather than an estimator of the mass beyond r200 can also lead to the incorrect conclusion that the
method is not independent of the dynamical state of the cluster (e.g. Monteiro-Oliveira et al. 2022).
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3.4 Towards machine learning approaches

The increasing volume and complexity of spectroscopic and photometric data from
current and upcoming surveys naturally motivate the adoption of ML techniques as
complementary tools to traditional dynamical analyses. Unlike Jeans-based methods,
which start from physical assumptions and well-motivated equations (e.g., the Vlasov
equation), ML approaches are generally data-driven and aim at learning the mapping
between observables and underlying physical quantities directly from simulations or
labeled datasets.

Afirst concrete application ofmachine learning to cluster kinematicalmass estimate
was presented by Ntampaka et al. (2015, 2016), who explored how to go beyond the
standard M−σv scaling relation by exploiting the full information content of the LOS
velocity distribution. Using mock cluster catalogs extracted from N -body simulations
and projected along multiple LOS, these works introduced a framework in which
each cluster is represented by the empirical distribution of galaxy LOS velocities,
and supervised learning algorithms are trained to directly map this distribution to the
underlying halo mass.

In this approach, the full velocity probability distribution function (PDF here-
after) is used as input, rather than being reduced to a finite set of summary statistics.
This approach allows the model to capture non-Gaussian features of the phase-space
distribution–such as asymmetries, heavy tails, or multi-component structures–which
are difficult to model analytically and are often associated with mergers, projection
effects, and ongoing accretion.

Within this framework, it was shown that a significant fraction of the scatter in
dynamical mass estimates is driven by variations in the shape of the velocity distribu-
tion itself. Higher-order moments of the velocity PDF, such as the kurtosis, already
correlate with the residuals of the M − σv relation and can be used as simple correc-
tions to reduce the scatter. More generally, however, ML methods that operate on the
full velocity distribution lead to a substantial improvement in mass predictions com-
pared to traditional scaling relations, demonstrating that a large amount of dynamical
information is encoded in the detailed structure of the velocity PDF.

More recently, deep learning approaches have been developed to operate directly
on projected phase-space representations. Convolutional neural networks (CNNs), for
instance, can treat the distribution of galaxies in PPS as an image, where each pixel
encodes the number density of tracers. In practice, the input data are constructed by
transforming discrete galaxymeasurements into continuous phase-space distributions,
typically using kernel density estimators, and sampling them on a regular grid to pro-
ducefixed-size images suitable for neural network architectures. The network is trained
on simulated cluster catalogs, where the true halo mass is known, to learn a mapping
between these phase-space “images” and the underlying mass. Through successive
convolutional layers, CNNs extract hierarchical features from the data, identifying
patterns, such as the extent of the velocity envelope, asymmetries, substructures, and
distortions, induced by projection effects. In this sense, these methods can be viewed
as a data-driven generalization of classical phase-space techniques, exploiting the full
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Fig. 8 Left panel: Machine-learning workflow for dynamical cluster mass inference. a Dynamical observ-
ables derived from galaxy data, in terms of LOS velocities and projected radii. b Convolutional neural
network architecture used to extract features from phase-space distributions. c Example of the resulting
predictive posterior on the cluster mass. Right panel: resulting estimates of M200 (four bottom stars with
errorbars), along with their 16th to 84th percentile confidence intervals, compared to other results from the
literature. Figures adapted from Figs. 1 and 3 of Ho et al. (2022), copyright by the author(s)

morphology of the galaxy distribution rather than relying on summary statistics such
as σv .

Early applications demonstrated thatMLmodels can substantially improve dynami-
calmass reconstruction under controlled simulated conditions. Ho et al. (2019) applied
one- and two-dimensional CNNs to the distribution of galaxy LOS velocities and to
the joint (R, vlos) distribution, respectively. Their models achieved a log-normal scat-
ter as low as 0.132 dex, more than a factor of two smaller than that obtained with
the standard M–σv relation. In a complementary approach, Armitage et al. (2019a)
trained several supervised regression algorithms on combinations of spectroscopic and
other cluster observables extracted from the MACSIS hydrodynamical simulations.
For their simulated spectroscopic sample, the scatter in the predicted-to-truemass ratio
decreased from 0.130 dex for the σv–mass relation to 0.031 dexwhenmultiple observ-
ables were included. These results demonstrate that a significant information gain can
be achieved with ML, although the quoted precision was obtained when the training
and test samples were generated within closely matched simulation frameworks.

Further developments have focused on incorporating a rigorous probabilistic frame-
work within deep learning models. In particular, Ho et al. (2021, 2022) introduced
approximate Bayesian CNNs for cluster mass estimation, enabling the reconstruction
of full predictive posteriors rather than single-point estimates. In these models, the
network predicts a full posterior distribution for the cluster mass rather than a single-
point estimate. In practice, the output encodes both a mean estimate and an associated
uncertainty, capturing the intrinsic scatter of the dynamical observables as well as the
error related to the mapping learned by the neural network itself, arising from the finite
and imperfect nature of the training data. This error is typically estimated by evaluat-
ing the network multiple times under different realizations of its internal parameters
(e.g., via Monte Carlo dropout), effectively approximating the marginalization over
model uncertainties (left plot of Fig. 8). Ho et al. (2022) applied this framework to the
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Fig. 9 Left panel: Performance of the normalizing-flow mass estimator compared to standard cluster
mass estimators based on richness, σlos, galaxy distributions, and abundance matching. The uncertainties
are decomposed into a richness-dependent scatter σN (for clusters with 100 members) and a richness-
independent systematic term σ0, defined in Eq. (8) of Kodi Ramanah et al. (2020). Right panel: comparison
of the Neural Flow mass estimates and constraints from the literature. The golden star and the green tri-
angle indicates the Coma cluster and the cluster Abell 1689. In both figures, uncertainties are 1 σ . Images
reproduced with permission from Kodi Ramanah et al. (2020), copyright by the author(s)

Coma cluster, obtaining M200 = 1015.10±0.15 h−1 M�, consistent with previous mea-
surements, and tested the robustness of the result across multiple simulated training
catalogs (right panel of Fig. 8).

Further developments have explored alternative probabilistic frameworks that go
beyond approximate Bayesian neural networks. In particular, Kodi Ramanah et al.
(2020) introduced a normalizing-flow approach to model the full PPS, enabling a flex-
ible and explicit reconstruction of the underlying probability density without relying
on restrictive parametric assumptions. By learning an invertible mapping between a
simple latent distribution and the complex observed PPS structure, this method pro-
vides a powerful way to capture non-Gaussian features and correlations in the data,
which are difficult to model within traditional dynamical approaches. They applied
the Neural Flow (NF) model to a sample of eight real galaxy clusters, showing that it
can infer cluster dynamical masses in remarkable agreement with other estimates in
the literature. The performance of their approach and the comparison with the mass
estimates in the literature of their group sample are displayed in the left and right
plots of Fig. 9. Closely related to this method, Kodi Ramanah et al. (2021) proposed
another approach which relies on simulation-based inference (SBI, also referred to as
“likelihood-free inference”). In this framework, neural density estimators are trained
on simulations to directly learn the posterior distribution of model parameters, bypass-
ing the need for an explicit analytical likelihood (see, e.g., Alsing et al. 2019; Lemos
et al. 2023).

A direct comparison betweenML and conventional likelihood-based inference was
presented byMundow andNusser (2025). They inferred the cluster virial mass directly
from the redshift-space distribution of tracers within and around clusters, without first
identifying members or removing interlopers. The mock catalogs were extracted from
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MultiDark–Planck 2 (MDPL2), a DM-only cosmological N -body simulation of a
(1 h−1 Gpc)3 volume adopting a Planck cosmology, with subhalos and nearby distinct
halos used as proxies for galaxies. Using maps of the tracer number density in redshift
space, the autoencoder CNN achieved an rms scatter of 0.10 dex in the virial mass,
compared with 0.16 dex for the maximum-likelihood estimator.

This comparison requires some care because the two estimators have different
conditional properties. Themaximum-likelihood estimator is constructed to be asymp-
totically unbiased at fixed true mass, whereas a network trained by minimizing the
mean squared error approximates the posterior mean 〈logM | data〉 and is therefore
calibrated at fixed inferred mass. The smaller CNN scatter cannot thus be interpreted
solely as additional dynamical information extracted by ML, since it also depends on
the mass distribution encoded in the training sample. When mean peculiar velocities
were used as input, the scatter was 0.12 dex for tracers binned in redshift space and
0.16 dex when they were binned according to noisy observed distances, for which
inhomogeneous Malmquist bias becomes severe. The resulting 0.04 dex degradation
provides a direct measure of the sensitivity of the reconstruction to the observational
representation adopted in the mock catalogs.

ML approaches have also started to extend beyond basic clustermass reconstruction
to the inference of cosmological parameters from ensemble cluster properties. Qiu
et al. (2024) developed a framework that combines multiple cluster observables—
σlos, properties of the ICM, and stellar content—within a supervised learning scheme
trained on multi-cosmology hydrodynamical simulations. The analysis demonstrates
that the complex correlations among cluster properties can be efficiently mapped
into constraints on cosmological parameters (e.g., �m and σ8), achieving competitive
precision with respect to traditional approaches. Instead of relying on a simplified
one-to-one mass proxy, the method of Qiu et al. (2024) makes use of the full multi-
dimensional structure of cluster scaling relations.

Other applications of ML to the kinematics of clusters concern the analysis of the
dynamical state and the identification of substructures in phase space. Henriksen and
Panda (2024) employed a clustering algorithm (k-means) to the combined spatial and
kinematical distribution of galaxies in the cluster Abell 2146, using projected positions
and LOS velocities as input features. In their approach, galaxies are partitioned into a
set of distinct substructures by minimizing the distance from cluster centroids in the
3D space (x, y, vz). The optimal number of substructures is determined using standard
clustering diagnostics, such as the silhouette score and the elbow method, leading to
a decomposition of the cluster into multiple dynamically coherent components. Hen-
riksen and Panda (2024) showed how the procedure can be used to reconstruct radial
mass profiles under the assumption that the identified components are gravitationally
bound but not virialized.

Overall, the main limitation of these approaches is not the flexibility of the net-
work architecture, but the transfer of a relation learned from simulations to real
observations. Performance on a held-out test set drawn from the same simulation
and mock-generation pipeline does not, by itself, demonstrate that the estimator is
unbiased when applied to survey data. Approximate Bayesian neural networks and
simulation-based inference can quantify the uncertainty conditional on the adopted
simulations, but they do not automatically account for an incorrect galaxy–halo con-
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nection, baryonic prescription, cosmology, or observational selection function. This
simulation-to-data mismatch therefore represents a source of systematic uncertainty
distinct from the statistical and network uncertainties returned by the model.

Constructing suitable training sets is particularly demanding because the mock
catalogs must be sufficiently large to sample halo mass, redshift, dynamical state,
environment, and projection, while also reproducing the properties of the observations.
Hydrodynamical simulations model galaxy formation more directly, but their limited
volumes generally provide fewer massive clusters and independent survey light cones.
A practical alternative is to use large-volume dark-matter-only simulations populated
with galaxies through a semi-analytic model. Such catalogs can reproduce survey
geometry, flux limits, redshift selection, foreground and background galaxies, and
projection effects at comparatively low computational cost.

This strategy was implemented by Kodi Ramanah et al. (2021), who populated the
1 h−1 Gpc MDPL2 simulation with SAG (Semi-Analytic Galaxies), a semi-analytic
galaxy-formation model that assigns baryonic and observable properties to galaxies
evolving within the DM halo merger trees. From this, they constructed an SDSS-like
mock catalogue. Themock included an apparent-magnitude limit, redshifts accounting
for the Hubble flow, random observer distances, multiple LOS, and interloper con-
tamination. The SAG model was selected in part because of its treatment of orphan
satellites, which improves the description of galaxies in cluster cores. Nevertheless,
a semi-analytic catalogue does not eliminate simulation-to-data mismatch: its satel-
lite abundance, radial distribution, luminosity function, orphan treatment, and galaxy
velocity bias may still differ from those of real clusters.

Robust applications therefore require the complete survey selection to be forward-
modelled, with validation across different (semi-analytic and hydrodynamical) pre-
scriptions, and tests on observations with independent mass constraints. The mass and
redshift distributions of the training set must also be controlled, because a supervised
estimator learns a conditional relation that depends on the training prior. In particular,
it can exhibit regression towards the mean and biased predictions near the boundaries
of the mass range represented in the training catalogue.

3.5 Kinematics and systematics: a multi-layered challenge

The dynamical methods discussed in the previous sections extract cluster masses from
different summaries of the same distribution of observables, that is, projected posi-
tions and LOS velocities. As we have mentioned several times, each technique is
prone to different kinds of systematic uncertainties, which strongly depend on the
method employed and the assumption made. For instance, a σlos estimate contami-
nated by interlopers, directly biases virial and scaling-relation masses; an incorrect
tracer density or anisotropy model affects Jeans-based inference; an ill-defined phase-
space boundary propagates into caustic masses; and departures from equilibrium alter
all estimators that interpret galaxy motions as tracers of a stationary potential. The rel-
evant question is therefore not only whether interlopers, substructures, or non-relaxed
dynamics are present, but how they enter a given estimator and how they can be
mitigated.
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Table 1 Main sources of systematic uncertainty in cluster kinematics, their typical impact on the Virial,
Jeans, Caustic and Machine Learning (V, J, C, ML) mass estimates, and commonly adopted mitigation
strategies

Effect Mass bias Methods
→ Mitigation Concerned

Spatial and velocity bias up to ∼ 2× V

→ use early-type galaxies

Fβ uncertainty ∼ 30% C

→ rely on simulations

Interlopers ∼ 10–30% VJC

→ PPS cleaning

Incomplete sampling Model-dependent VJ

→ radial completeness correction

Substructures ∼ 10–50% (up to ∼ 2×) VJ

→ identification and removal

Non-equilibrium ∼ 20% (larger in outskirts) VJ

→ selection criteria

Triaxiality Up to ∼ 50% VJC

→ stacking in PPS

Rotation ∼ 25% (in 1/4 clusters) VJC

→ identification and σlos correction

Simulation-to-data mismatch Model- and survey-dependent ML

→ survey-matched mocks

and cross-simulation tests

In Table 1, we report a summary of the main source of systematic uncertainties
affecting the mass estimates in the kinematical analysis of galaxy clusters. Some
uncertainties are specific to some methods, and have been discussed in the relevant
sections (the light-traces-mass assumption in the virial theorem, Sect. 3.1, and the Fβ

term uncertainty in the Caustic method, Sect. 3.3.4), others affect all methods. ML-
based mass estimators are generally exposed to the same observational and dynamical
effects because these alter the PPS distribution used as input. However, themass biases
quoted in Table 1 for the V, J, and C methods cannot be transferred directly to ML
estimators: their magnitude and even their sign depend on whether the corresponding
effects, and their correlations, are adequately represented in the training catalogue. The
additional systematic specific toML is therefore themismatch between the simulations
used for training and the survey data to which the estimator is applied.

A quantitative example is provided again by Kodi Ramanah et al. (2021). For
their SDSS-like mock catalogue, the CNN mass estimates had a mean residual
log(Mtrue/Mpred) = 0.04 dex and a scatter σε = 0.16 dex. Interlopers caused pro-
nounced mass overestimates for some low-mass systems, whereas an extreme test
mimicking the loss of spectroscopic targets in cluster cores due to fibre collisions
shifted the mean predicted mass by only −0.017 dex. As discussed in Sect. 3.4,
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Mundow andNusser (2025) found that replacing redshift-space coordinates with noisy
distance estimates affected by inhomogeneous Malmquist bias increased the rms scat-
ter from0.12 to 0.16 dex.Note that the systematic error budget ofML-based dynamical
estimators is still being characterised and remains strongly dependent on the simula-
tions used for training and on the target survey. For the purposes of this review, we
therefore limit the discussion to the examples above, rather than attempting to assign
a general systematic uncertainty to ML-based mass estimates.

In general, systematic effects in dynamical analysis are not independent and often
act simultaneously, making their calibration and mitigation particularly challenging.
A robust dynamical analysis therefore requires a careful, self-consistent treatment of
all the systematics at the same time, ideally integrating cosmological simulations to
complementary multi-wavelength observations. In the following we discuss the dif-
ferent systematics in turn, reviewing the main findings and the strategies implemented
to reduce the impact of such systematics in kinematical mass modeling.

3.5.1 Observational uncertainties

The uncertainties in the galaxy redshift estimates inflate the observational estimate
of the cluster σv , but if they are known, their inflating effect can be corrected for, as
shown by Danese et al. (1980):

σc = (σ 2
o − δ2v)

1/2 (39)

with δv ≡ c δz/(1 + zc),

where σc and σo are the corrected and observed velocity dispersion, zc is the cluster
redshift, and δz is the average error on the cluster galaxy redshifts.

In general, modern spectroscopic surveys achieve uncertainties � 150 km s−1 for
the rest-frame velocities of clustermembers (e.g., Rines et al. 2003;Biviano et al. 2013,
2021) much below the typical velocity dispersion of clusters. Since the velocity errors
add in quadrature to the cluster intrinsic σlos, small uncertainties in galaxy redshifts
can be neglected. Notable exceptions occur when we are dealing with groups, rather
than clusters of galaxies, characterized by small σv , or when the redshifts are obtained
via very low resolution (typically slitless) spectroscopy, such as in the Euclid survey
(Euclid Collaboration et al. 2026).

Another observational uncertainty that needs to be considered is miscentering, that
is the spatial offset between an observationally chosen cluster center and the true
minimum of the gravitational potential well. Adami et al. (1998b) used a very limited
sample of nearby clusters to estimate that optical and X-ray determinations of cluster
centres are in agreement within ∼ 60± 30 kpc, on average. This preliminary estimate
was confirmed by later studies. Based on a sample of 129 X-ray emitting groups,
George et al. (2012) found that BCGs near X-ray centroids trace the cluster centre to
� 75 kpc accuracy, on average; the X-ray peak and the centroid of the cluster galaxy
distribution are less accurate centre estimators. Centering is however less accurate
for those 30% of groups that have multiple bright or massive galaxies. Zhang et al.
(2019) compared the optical and X-ray centres of 145 optically-identified clusters,
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and found that the two centre determinations are similar, within ∼ 50 kpc (at the 1 σ

confidence level) in 60–80% of the cases. Seppi et al. (2023) studied a sample of 87
massive X-ray emitting clusters and estimated an average offset between the X-ray
and optically identified centres of � 76 ± 30 kpc.

Miscentering by � 100 kpc is not expected to have strong impacts on cluster
dynamical M(r) estimates, since these are in general based on samples of galaxies
that reach to much larger distances, and not many of them occupy the inner ∼ 100
kpc, a region dominated by the BCG (e.g., Zhang et al. 2026). An example of the
robustness of the dynamical Jeans analysis vs. miscentering is provided by Mamon
et al. (2019), whose results show very little dependence on whether the BCG or the
X-ray peaks are chosen as centres for their sample of 54 clusters. However, these
authors only considered regular clusters, and miscentering is expected to be stronger
in irregular clusters (George et al. 2012). In this respect, a more critical test is provided
by the Jeans analysis of the Coma cluster by Pedratti et al. (2026). The Coma cluster
is a classical example of a cluster where there is not a single dominating BCG, but
two. Pedratti et al. (2026) showed that selecting either of the two BCGs as the cluster
centre, did not change significantly the MAMPOSSt-inferred cluster M(r).

Given the typical scale of the cluster centering uncertainty, it might be argued that
it is impossible to constrain the inner slope, γ , of M(r), by galaxy dynamics. In fact,
Sartoris et al. (2020) have shown that, to constrain γ , using only galaxies as tracers of
the potential is ineffective, and it is necessary to include the BCG stellar kinematics
in the Jeans analysis (see Sect. 4.1). Still, these constraints are valid only if the BCG
is indeed located at the cluster centre.

3.5.2 The selection of the tracers of the gravitational potential

Interlopers The identification of cluster members is the first and most critical step in
any kinematical analysis. Interlopers can significantly bias measurements of σlos and
phase-space reconstructions. Interlopers can be defined in two ways: (1) galaxies that
are at a projected radius R from the cluster centre, but have a 3D distance from the
centre r � R; (2) galaxies that are unbound to the cluster but are not well separated
from the cluster members in PPS. More specific definitions have been given in the
literature, for instance, Wojtak et al. (2007) defined as interlopers those galaxies that
are located beyond twice the cluster virial radius in 3D distance, with a velocity with
respect to the cluster that exceeds the escape velocity.

The impact of interlopers on kinematic mass estimates has been extensively quan-
tified using mock galaxy catalogs extracted from cosmological simulations. Mamon
et al. (2010) showed that projection effects alone lead to a substantial fraction of con-
taminants even after standard velocity cuts, with interlopers accounting for ∼ 20% of
galaxies within the virial radius and becoming dominant in the outer regions. Wojtak
et al. (2018) further demonstrated that residual contamination inmembership selection
systematically propagate into dynamical mass estimates, leading to an overestimate
of cluster masses. However, interloper removal techniques (described below) can mit-
igate the effect of contaminants; interlopers can even lead to an under-estimate of the
cluster σv (Cen 1997; Biviano et al. 2006), since most interlopers that remain after
an initial selection of cluster members in velocity space, have in fact low velocities
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compared to the velocity distribution of cluster members (Mamon et al. 2010). More
generally, tests based on realistic mock observations indicate that imperfect member-
ship selection is one of the dominant contributors to the intrinsic scatter of dynamical
mass estimators (e.g., Old et al. 2015; Ntampaka et al. 2015). In addition, interlopers
blur the edges of the PPS distribution, directly affecting methods based on escape
velocity profiles, such as the caustic technique. This effect is particularly important
in the cluster outskirts, where the transition between bound and infalling galaxies
is gradual and projection effects are more severe. Numerical simulations show that
uncertainties in the identification of the caustic amplitude contribute to the typical
∼ 20–30% scatter in mass estimation (Diaferio 1999; Gifford et al. 2013; Pizzardo
et al. 2023b).

A variety of techniques have been developed to mitigate interloper contamination.
Classical methods include velocity clipping (Yahil and Vidal 1977; Zabludoff et al.
1993), and the more sophisticated shifting gapper (SG, Fadda et al. 1996; Girardi et al.
1998). In the SGmethod, galaxies are first grouped in radial bins, of typical size∼ 0.4
Mpc/h, or of a size large enough to contain at least 15 galaxies. Within each bin,
the LOS velocities are sorted, and gaps between consecutive velocities are computed.
Large gaps (above a given threshold, typically ∼ 1000 km s−1) are interpreted as
separations between dynamically distinct populations. Galaxies separated from the
main body by such gaps are rejected as interlopers. This procedure is iterated outward
in radius, by shifting the radial bins along the distance to the cluster centre, allowing
the velocity selection to adapt to the radial dependence of σlos. A similar approach is
employed in the peak+gap (P+G) method (Girardi et al. 1993; Biviano et al. 2013),
which performs an initial identification of themain velocity peak via an adaptive kernel
density estimation, before running the SG method.

Another approachwhich directly analyzes the galaxy distribution in PPS is provided
by the CLUMPS algorithm (Biviano et al. 2021). This method estimates the density
of galaxies in the (R, vlos) plane by binning the data and smoothing the resulting
distribution with a Gaussian kernel. For each radial bin, the main peak in velocity
space is identified, and the surrounding minima define the velocity boundaries of the
cluster population. Galaxies lying outside these boundaries are rejected as interlopers.

Another PPS-based method for interloper removal is the GalWeight algorithm of
Abdullah et al. (2018), which assigns to each galaxy a weight according to its position
in (R, vlos). The total weight is written as the product of a dynamical weight and a
phase-space density weight,

Wtot(R, vlos) = Wdy(R, vlos)Wph(R, vlos). (40)

The dynamical term is constructed from the projected number density profile, the
velocity dispersion profile, and the radial distribution of galaxies, while Wph is esti-
mated with an adaptive kernel density method in the (R, vz) plane. An optimal weight
contour is then selected to separate members from interlopers, with a final radial cut
chosen as either the virial or turnaround radius. Tests on simulations show high com-
pleteness, � 0.99 within the virial radius, with contamination fractions of � 12%; at
larger radii the completeness remains high but the contamination increases, especially
in the infall region.
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Serra and Diaferio (2013) investigate two alternative methods to identify the cluster
members defined as the gravitational bound galaxies: the first method uses the location
of the caustics in the PPS; the second method adopts a binary hierarchical tree, based
on the projected galaxy pairwise energy. In the former method, the cluster members
are simply identified with the galaxies within the upper and lower caustics. In the latter
method, all the galaxies in the cluster’s field of view are arranged into a hierarchical
binary tree. This hierarchy is built by calculating the projected pairwise binding energy
(Ei j ) between galaxies, using the equation

Ei j = −G
mim j

Rp
+ 1

2

mim j

mi + m j
�2, (41)

where Rp is the pair projected separation, � is the line-of-sight velocity difference
andmi ,m j are the two galaxymasses. Next, the algorithm determines where to cut the
binary tree to separate candidate cluster members from the unlinked background. By
measuring σlos as one descends from the root down the main branch, a distinct, nearly
isothermal "plateau" is identified. Cutting the tree at the node starting this plateau
filters out obvious interlopers and yields a core group of members. Tests on simulated
clusters indicate that the caustic location method returns a completeness fraction fc =
0.95 ± 0.03 at 3r200 and an interloper fraction that increases from fi = 0.02+0.05

−0.02

at r200 to fi = 0.08+0.11
−0.05 at 3 r200; the binary tree method returns fc = 1.00+0.00

−0.05 at

3 r200, fi = 0.03+0.05
−0.02 at r200, and fi = 0.13+0.10

−0.06 at 3r200. The advantage of these
methods, and particularly the caustic location method, is that they do not need to
assume dynamical equilibrium and naturally extend the member identification into
the infall region (Sohn et al. 2019, 2020b, a)

All the methods described so far do not make any assumptions about the cluster
mass profile, but they depend on several, rather ad hoc parameters (such as the size
of the velocity gap), that need to be calibrated with numerical simulations (as done
in, e.g., Biviano et al. 2026). Alternative approaches try to establish the presence of
interlopers by relying on mass or mass profile estimates, often by iteration.

The simplest of these methods relies on the comparison of the virial and projected
mass estimates (see Sect. 3.1), relying on the different sensitivities of the two mass
estimates on the presence of interlopers (Perea et al. 1990; Wojtak and Łokas 2007).
Anothermethod that relies on the virialmass estimate, is that of denHartog andKatgert
(1996). In this method, galaxies are rejected as interlopers if their velocities exceed
the maximum velocity allowed for a bound particle at the galaxy radial distance from
the cluster centre.

Similar in spirit to the method of den Hartog and Katgert (1996), but more sophis-
ticated, is the Clean algorithm of Mamon et al. (2013). Clean assumes parametric
models for M(r) and β(r), using a scaling relation from an initial estimate of σlos to
obtain a first guess value for M200, and from this, c200 using a relation from cosmo-
logical numerical studies. Adopting the NFW profile, σlos(R) is then derived through
the Jeans equation. Galaxies are then rejected if their rest-frame velocity satisfies
|vz(R)| > 2.7 σlos(R). The procedure is iterative, since both σlos(R) and the mass
estimate are updated using the progressively cleaned sample. This method therefore
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Fig. 10 Mean interloper surface density (in virial units) versus halo mass (at an overdensity of 200 critical)
for 93 halos viewed along three orthogonal directions. Black (respectively blue) circles and histogram are
for interlopers before (respectively after) a 2.7 σv clipping. Note the large variance across different halos.
Image reproduced with permission from Mamon et al. (2010), copyright by ESO

links interloper rejection to an explicit dynamical model. The Clean method has
been applied with some modification, to ∼ 100 clusters detected by the Planck satel-
lite through the SZ effect (Sereno et al. 2025). The cluster masses obtained with the
Cleanmembership selection were found to be in agreement with weak-lensing mass
estimates to within 8%, and to have a systematic error of only ∼ 5% when estimated
with � 50 cluster members.

Overall, the above described methods typically achieve a compromise between
completeness (∼ 80–95%) and purity (∼ 80–95%), but no technique can simultane-
ouslymaximize both. In particular, aggressive rejection schemes reduce contamination
at the cost of removing galaxies in the infall regions, which are dynamically informa-
tive but difficult to classify. This issue becomes increasingly important at large radii,
where there is a gradual transition between virialized and infalling populations.

In this respect, a significant improvement might come fromML approaches. In par-
ticular, Farid et al. (2023) introduced theC2-GaMe classification algorithm, based on a
suite ofMLmodels that differentiates galaxies into orbiting, infalling, and background
(interloper) populations, using PPS information as input. Their method identifies 95%
of the orbiting galaxies, and 50% of the infalling galaxies, at the expense of a 10%
false positive rate. The novelty of the method is that it is able to distinguish these
two classes of cluster members, which are characterized by different PPS and orbital
distributions. Distinguishing the two populations might be important for mass deter-
minations based on the virial theorem or the M − σ scaling relation (see Sects. 3.1,
3.2).
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Rather than trying to separate cluster members from interlopers, an alternative
approach is to include both populations in the dynamical modeling. This is the only
approach that allows to remove the low velocity interlopers, and not only those that
occupy the external regions of the cluster PPS. While Prada et al. (2003) modeled the
velocity distribution of interlopers with a constant surface density in velocity space
(see also Wojtak et al. 2007), Tomooka et al. (2020) modeled the velocity distribution
of interlopers with a radial-dependent Gaussian. Using cosmological numerical sim-
ulations, Mamon et al. (2010) showed that the velocity distributions of interlopers is
in fact a combination of a Gaussian and a flat components, with a density that does
not depend on radial distance from the cluster center. They also showed that the sur-
face density of interlopers in cluster virial units has a large variance across different
clusters (see Fig. 10). This feature makes it very difficult to constrain the interloper
fraction in any individual cluster, so that the statistical modeling of the interlopers can
only be achieved by the stacking of many clusters. However, stacking requires at least
approximate estimates of individual cluster masses anyway, as we discuss below.

Stacking can be done by defining bins in mass from weak-lensing estimates, or in
mass proxies, such as optical richness or SZ signal. A composite PPS is obtained by
combining all galaxies from different clusters within each bin (Pizzuti et al. 2025a). A
different stacking strategy consists in avoiding binning by using normalized cluster-
centric distances and rest-frame velocities, using, respectively, approximate estimates
of the individual cluster r200 and v200 for the normalization (e.g. van der Marel et al.
2000; Biviano and Girardi 2003; Katgert et al. 2004; Mamon et al. 2019). If r200, v200
are derived from kinematics, interlopers must be rejected before stacking, thereby
invalidating the possibility of a joint cluster members and interlopers dynamical mod-
eling. Independent estimates of r200, v200 from, e.g., weak-lensing, or X-ray, can be
used instead, or in combination with estimates from kinematics (Mamon et al. 2019).
This stacking strategy also implicitly assumes a degree of universality in the clus-
ter dynamical structure, but numerical simulations have shown that the variance in
the cluster internal structure and the uncertainties in the individual cluster reference
frames (usually defined by the position of the BCG in PPS) can induce a moderate
amount of bias in the mass estimates from kinematics of stacked cluster samples (Cai
et al. 2025).

Incompleteness Still related to member selection, the incompleteness of spec-
troscopic samples is an additional and often less-emphasized source of systematic
uncertainty. In real observations, selection effects such as fiber collisions, slit position-
ing constraints, or magnitude limits introduce a spatially-dependent incompleteness in
the tracer population. If not properly accounted for, this affects the estimate of the pro-
jected surface number density profile �(R), and therefore propagates into dynamical
analyses that rely on the full PPS distribution.

Numerical and observational studies have shown that while spatial incompleteness
can bias the spatial distribution of tracers, it does not significantly affect the velocity
distributions, since the observational selection function is almost entirely independent
of the rest-frame cluster galaxy velocities (e.g., Biviano et al. 2006, 2013), except
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when only the brightest (hence most massive) galaxies are selected, since their veloc-
ities might have been affected by dynamical friction (Biviano et al. 1992; Stein 1997;
Ferragamo et al. 2020). For this reason, dynamical methods based primarily on veloc-
ity information (like, e.g., theM−σv relation) tend to bemore robust against moderate
levels of spatial incompleteness, than methods that rely also on the galaxy spatial dis-
tribution (like, e.g., the virial theorem). However, since σv is a function of radius,
the global estimate of a cluster σv can be mildly affected by a radial selection func-
tion. Moreover, sparse sampling in velocity space tend to cut the tails of the velocity
distribution, and therefore bias σlos estimates low (Wojtak et al. 2018).

Different cluster galaxy populations Selecting cluster members on the basis of their
properties can lead to potential bias in the cluster mass estimates, because cluster
galaxies with different properties can have different spatial and velocity distributions
(e.g, Tammann 1972; Capelato et al. 1980; Dressler 1980; Sodré et al. 1989; Biviano
et al. 2002). This selection is particularly relevant when cluster galaxies are extracted
from spectroscopic field surveys that are not tailored for the population of cluster
galaxies, and focus on the presence of emission-lines in the galaxy spectra for a
reliable estimate of the galaxy redshifts (e.g. Euclid Collaboration 2025b). Emission
lines are typically present in the spectra of blue/star-forming/late-type galaxies (LTGs
hereafter), but they are faint, or not present, in red/quiescent/early-type galaxies (ETGs
hereafter) that are the most abundant population in clusters.

LTGs are a believed to be a younger population of cluster members than ETGs,
and tend to occupy the more external regions of the cluster PPS (e.g. Moss and Dick-
ens 1977; Biviano et al. 2002). The different PPS distribution of LTGs and ETGs is
well established in low-redshift clusters (e.g., Cava et al. 2017), and it appears to be
present also in z � 1 clusters (Biviano et al. 2016). If in dynamical equilibrium in the
cluster potential, application of the Jeans equation to, separately, the two populations
of cluster galaxies, should lead to the same result for M(r), and (possibly) different
β(r) (Carlberg et al. 1997b). On the other hand, the different σlos and number density
profiles of LTGs and ETGs can lead to different mass estimates through the M − σv

scaling relation and application of the virial theorem ( Carlberg et al. 1997b; Biviano
et al. 1997, 2006; Bayliss et al. 2017 see also Sect. 3.1).

Another observational selection that can potentially induce a bias in the cluster
mass estimates is that on luminosity. Spatial luminosity segregation is known to be
present in clusters of galaxies, brighter (more massive) galaxies being more centrally
concentrated than fainter (lessmassive) ones (Capelato et al. 1980;Adami et al. 1998a),
although the importance of this effect is still matter of investigation and it may depend
on the cluster mass (Kim et al. 2020). Failure to account for this effect may bias
the virial mass estimate. Selection in galaxy luminosity can also affect the cluster σv

estimate, but only when the sample is restricted to the� 10 brightest members, which
typically display a ∼ 10% negative bias, consequence of dynamical friction and the
fact that they entered the cluster environment in the early stages (Biviano et al. 1992;
Adami et al. 1998a; Goto 2005; Old et al. 2013; Wu et al. 2013; Bayliss et al. 2017).
The work of Armitage et al. (2018) confirms that velocity bias is not a major issue
when estimating cluster masses from kinematic methods.
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3.5.3 Non-rotating spherical systems in dynamical equilibrium?

Most kinematical methods to infer cluster masses rely on the assumption that the sys-
tems are in a steady state. However, clusters are evolving systems, and deviations from
dynamical equilibrium are common, especially inmassive systems and at intermediate
to high redshift. In the standardmodel of structure formation, galaxy clusters assemble
hierarchically through the continuous accretion of smaller halos and galaxy groups,
as well as through major mergers (e.g., White et al. 2010). As a consequence, they
are generically neither relaxed nor structurally simple systems. Instead, they exhibit
a complex internal structure characterized by clumps (substructures) and intrinsically
triaxial mass distributions. Clusters hosting a significant level of substructures are far
from equilibrium, and their galaxy populations have not yet undergone complete phase
mixing (e.g., Cava et al. 2017). Moreover, the accretion of groups into clusters from
the surrounding cosmic web, does not occur on perfectly radial orbits, and this can
eventually ingenerate rotation in the merged system.

Substructures Substructures are a natural outcome of the hierarchical formation
scenario (e.g. Yu et al. 2018) and are commonly observed in both simulations and real
systems. They correspond to dynamically distinct components, physically associated
with the cluster, such as infalling groups or remnants of recent mergers (e.g., Geller
and Beers 1982; Dressler and Shectman 1988; Stein 1997; Girardi and Biviano 2002;
Girardi et al. 2015). The presence of substructures can have a direct impact on kine-
matical analysis, primarily by introducing coherent velocity patterns and deviations
fromGaussianity in the velocity distribution. Numerical simulations and observational
studies have shown that substructures can bias the σv and mass estimates (e.g., Bird
1995; Pinkney et al. 1996; Ribeiro et al. 2011; Old et al. 2017; Tucker et al. 2020).
Even more affected than σv are the higher moments of the velocity distribution, like
the kurtosis, which are used to break the mass–velocity anisotropy degeneracy in the
Jeans equation (Sanchis et al. 2004). The effect of substructures is particularly strong
when they correspond to infalling or merging groups observed along the LOS. If not
identified, these groups widen the observed velocity distribution, which is then inter-
preted as characteristic of a single, dynamically "hotter" system (e.g. Takizawa et al.
2010; Aguirre Tagliaferro et al. 2021).

Observationally, substructures are often identified in the PPS as localized overden-
sities or as distinct peaks in the velocity distribution (Dressler and Shectman 1988;
Zabludoff and Franx 1993; Boschin et al. 2006; Hou et al. 2009; Yu et al. 2015, 2016;
Benavides et al. 2023; Girardi et al. 2024) and they may be traced differently by galax-
ies of different types and luminosities (e.g. Biviano et al. 1996; Girardi et al. 2015;
Costa et al. 2025). Simple diagnostics of the dynamical state of a cluster are the posi-
tional offset between the X-ray centroid and the BCG, and the magnitude difference
between the BCG and the second most luminous galaxy (Ramella et al. 2007; Lopes
et al. 2018). Other diagnostics can be obtained from the global statistical properties
of galaxy velocities. In dynamically relaxed systems, the LOS velocity distribution is
expected to be close to a Gaussian, as a consequence of virial equilibrium. Deviations
from Gaussianity can therefore be used as indicators of departures from equilibrium.
Several common statistical tests have been adopted for this purpose; for instance the
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Fig. 11 Left panel: substructures in the Bullet cluster identified by the DS+ method. From Benavides
et al. (2023), image reproduced with permission, copyright by ESO. Right panel: Success rate (blue dots)
and completeness (red squares) for merging (solid lines) and normal (dashed lines) mock clusters, for
the identification of substructures with the Blooming Tree algorithm. From Yu et al. (2018), image
reproduced with permission, copyright by AAS

Anderson–Darling, Kolmogorov–Smirnov, and Shapiro–Wilk tests, as well as mea-
surements of skewness and kurtosis of the distribution (e.g., Einasto et al. 2012;Ribeiro
et al. 2013; Roberts and Parker 2019). In particular, the Anderson–Darling metric has
been shown to perform very well as a criterion to distinguish between relaxed and
un-relaxed clusters (Hou et al. 2009; Pizzuti et al. 2020); it assigns a larger weight to
the tails of the distribution, effectively enhancing its sensitivity to deviations at high
and low velocities. This diagnostic is particularly relevant in the context of galaxy
clusters, where infalling groups or merger remnants often populate the high-velocity
wings of the distribution, producing excess kurtosis or asymmetric tails (Beers et al.
1990; Zabludoff and Franx 1993).

More sophisticated methods to characterize a cluster dynamical state use the com-
bined information coming from the spatial and velocity distributions of galaxies. The
most classical method of this class is that of Dressler and Shectman (1988), which
quantifies the probability of a cluster to contain significant subclusters, by estimat-
ing local deviations of the mean velocity and σlos from the global cluster values. This
method is particularly sensitive to localized kinematic sub-clumps and has beenwidely
applied in spectroscopic surveys (e.g., Einasto et al. 2012; de Carvalho et al. 2017;
Barrena et al. 2024). The DS+ method of Benavides et al. (2023) extended Dressler
and Shectman (1988)’smethod by considering substructures of differentmultiplicities,
and by separately considering deviations in mean velocity and σlos, and it allows the
identification of individual subclusters and their members. DS+ reaches a complete-
ness of ∼ 80% and a purity of � 60% in the recovery of substructures in simulated
clusters.

The method was applied to the Bullet cluster (described in Sect. 4.2; Benavides
et al. 2023). Besides the well known substructure that represents the most recent
group collision with the cluster (Barrena et al. 2002), several other substructures were
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identified, that trace the past cluster accretion history and can account for the cluster
elongated shape (see the left panel of Fig. 11). Including these substructures in the lens
model of the Bullet cluster improved the fit to the multiple image positions (Rihtaršič
et al. 2026). Moreover, Benavides et al. (2023)’s mass estimate of the main colliding
group, based on the DS+ method, was confirmed by Cho et al. (2026)’s gravitational
lensing analysis.

Another method for substructure detection is the Blooming Tree algorithm
(Yu et al. 2018). This method reconstructs the hierarchical binding structure of galaxy
systems by exploiting pairwise binding energies, and it allows the identification of
substructures across awide rangeof scales. Tests onnumerical simulations indicate that
the method achieves performances comparable to DS+ (see the right panel of Fig. 11).
The advantage of the Blooming Tree algorithm is that it can also be applied for
the identification of the structure surrounding the cluster, including filaments (Yu and
Diaferio 2025), and it can even be extended to investigate the hierarchical structure of
open star clusters (Yu et al. 2020).

The Galaxy Cluster Mixture Model of Tucker et al. (2020) models the
observed distribution of galaxies in a cluster field as a combination of a main cluster
and up to four subclusters, each characterized by a NFWprojected surface density, and
aGaussian velocity distribution. Themethod then defines the probability of any galaxy
to belong to the main cluster or any subcluster. To determine the number of subclusters
effectively present in the system, the method considers the change in the Bayes factor
obtained with a different number of subclusters in the model. Application of this
method to the cluster Abell 267 showed that neglecting the presence of substructures
leads to an overestimate of the cluster mass by ∼ 20%.

Triaxiality The topic of substructures is related to the deviation of clusters from
sphericity since both reflects the anisotropic process of hierarchical assembly of clus-
ters from the cosmic web (e.g., Colberg et al. 1999; Malavasi et al. 2020; Musso and
Sheth 2021; Gouin et al. 2021). In addition to substructures, the intrinsic shape of
galaxy clusters represents a fundamental source of systematic uncertainty. DM halos
are not spherical but triaxial, with a general tendency toward prolate configurations,
as predicted by cosmological simulations (Saro et al. 2013; Limousin et al. 2013) and
confirmed by multi-wavelength observations (Sereno et al. 2006; Morandi et al. 2011;
Kim et al. 2024). The degree of triaxiality depends on the halo mass, assembly his-
tory, and accretion rate, and is particularly pronounced in the outskirts where ongoing
accretion along filaments is significant.

Triaxiality affects all projected observables (e.g., Wojtak 2013; Stapelberg et al.
2022; Zhang et al. 2023). In the context of kinematical analyses, the orientation of the
cluster with respect to the LOS can significantly bias σlos measurements and inferred
mass profiles. Prolate clusters aligned along the LOS appear more concentrated and
exhibit enhanced σlos, while the opposite occurs for systems elongated in the plane of
the sky (Skielboe et al. 2012;Wojtak 2013; Pizzuti et al. 2020). These projection effects
are further degenerate with the velocity anisotropy, and can thereforemimic or amplify
the mass–anisotropy degeneracy in Jeans-based analyses. Moreover, triaxiality also
affects caustic mass estimates, since they too are derived under the spherical symmetry
assumption (Serra et al. 2011; Svensmark et al. 2015).
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Direct measurements of cluster triaxiality are difficult, requiring lengthy obser-
vations in X-ray, and at submm and optical wavelengths (Sereno et al. 2006, 2018;
Morandi et al. 2011). The few determinations of cluster axis ratios provided a distri-
bution of values that is consistent with expectations for massive halos in a �CDM
cosmology (Sereno et al. 2018). ML techniques can potentially improve the current
observational situation and at least allow for a clear detection of the most problematic
cases, that is, clusters with their main axis oriented along the line-of-sight (Delgado
et al. 2026). An alternative strategy to the problem of triaxiality is to smooth out the
systematics by stacking clusters in PPS (e.g., Bilton and Pimbblet 2018; Mamon et al.
2019; Maraboli et al. 2026). As shown by van der Marel et al. (2000), stacking pro-
vides a simple and effective way to reduce the impact of triaxiality by averaging over
different cluster orientations.

Rotation One of the usual assumptions made in the solution of the Jeans equation is
that clusters do not rotate (see Sect. 3.3.1). Gradients in the mean velocity of clusters
as a function of radius have been found in several clusters (Biviano et al. 1996; Girardi
et al. 1996) and interpreted as evidence of the presence of substructures or unidentified
structures along the LOS to the cluster. Indeed, disentangling this scenario from one
of rotation is difficult. Groups are unlikely to merge with clusters along perfectly
radial orbits (see, e.g., the NGC 4839 group in the Coma cluster, Biviano et al. 1996;
Lyskova et al. 2019). If not identified and removed as substructures (see Sect. 3.5.3),
the presence of these groups on partially tangential orbits may be mis-interpreted as a
global rotational motion of the whole cluster. For this reason, searches for rotation in
clusters of galaxies tried to exclude substructured clusters from their analyses.

Hwang and Lee (2007) searched for rotation in 899 nearby clusters and found
only 12 tentative rotating clusters. On the other hand, Manolopoulou and Plionis
(2017) found a higher fraction of rotating clusters, ∼ 1/4. Not accounting for the
kinetic energy component in the rotational motion of rotating clusters, causes a mass
overestimate of 20–30% (Manolopoulou and Plionis 2017). Ferrami et al. (2023)
found evidence for rotation in the central region of two massive clusters, for which
they estimated a rotational velocity of ∼ 0.15 σlos. Their work was extended to other
17 clusters by Castellani et al. (2025), who detected rotation in eight of them, with
even larger rotational velocities, vrot � 0.15 σlos. Evidence of rotational motion, with
comparable velocity to that found in optical studies, has also been discovered by X-ray
analyses of the ICM of some clusters (Bartalesi et al. 2025, 2026).

4 Testing gravity and the dark sector with kinematics

From the picture outlined in the previous sections, it emerges that galaxy clusters
occupy a privileged role for investigating the nature of the dark components of the
universe and of the gravitational interaction. First, as the endpoint of the structure
formation process, cluster shapes and abundances are strongly dependent on the cos-
mological model—which, in turn, is connected to the density budget and properties
of DM and DE. Second, galaxy clusters probe gravitational potentials on Mpc scales,
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where both the internal dynamics of collapsed (virialized) halos and the transition to
the infall region can be observed.

Several extensions of the �CDM paradigm introduce new degrees of freedom
which may produce observable signatures exactly in the regimes probed with galaxy
clusters. As such, the kinematical techniques discussed in Sect. 3 provide interesting
insights on the physics of galaxy clusters in a complementary way to X-ray, SZ, and
lensing observations. While X-ray and SZ analyses probe the thermodynamic state of
the ICM, and gravitational lensing measures the projected mass distribution through
the propagation of null geodesics in curved spacetimes, galaxy velocities respond to
the force law governing the motion of non-relativistic tracers. The PPS distribution
of cluster members therefore encodes information not only on the mass profile and
velocity anisotropy, but also on possible departures from the standard CDM paradigm
and the GR description of gravity.

4.1 Kinematics as probe for DM

4.1.1 The inner slope of the mass density profile

Historically, testing the dark sector with the kinematics of galaxies in clusters con-
tributed to the foundation of modern cosmology, providing the first evidence of DM
thanks to the pioneering analyses of Zwicky (1933, 1937); Smith (1936). In the stan-
dard CDM paradigm, DM is assumed to be collisionless and pressureless, and the
structure of galaxy clusters is determined primarily by gravitational collapse and hier-
archical assembly of DM halos. Navarro et al. (1996) showed that in cosmological
N-body simulations the density of virialised haloes tends to follow a nearly universal
distribution over a broad range of masses and scales, the so-called NFW profile (see
Sect. 2.2). The NFWmodel has been widely adopted in literature as a good description
for the total mass of both simulated and real galaxy clusters (Geller et al. 1999; Rines
et al. 2000, 2003, 2013; Rines and Diaferio 2006; Biviano et al. 2013; Balmès et al.
2014; Mantz et al. 2016; Umetsu et al. 2016; Pizzuti et al. 2025a). The simplicity
of this parametrization, together with the fact that its main properties (such as the
expression of the enclosed mass and projected quantities) can be expressed in closed
analytical form, makes the NFW profile a powerful framework for studying gravita-
tionally bound astrophysical systems and for comparing observations with numerical
predictions.

However, the universality of the NFW profile has been questioned by increasingly
accurate simulations. In particular, the inner logarithmic slope of the density profile
does not appear to be strictly fixed, but may vary continuously with radius, becoming
progressively shallower towards the centre (e.g., Stadel et al. 2009). On the obser-
vational point of view, analyses at both galactic (Del Popolo and Kroupa 2009; de
Blok 2010; Dehghani et al. 2020) and cluster scales (Laporte et al. 2012; Newman
et al. 2013a; Biviano et al. 2023) have shown that the inner density profiles of DM
haloes can significantly deviate from the standard NFW expectation, often indicating
core-like structures, although the interpretation remains widely debated and sensitive
to several assumptions (see e.g., Del Popolo and Kroupa 2009; Peirani et al. 2017; He
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Fig. 12 Density profiles for different models with different inner slopes. The vertical dashed line indicates
the normalised radius r/r−2 = 1. While the exponent γ of the gNFW only affects the central region,
changing the Einasto shape parameter n modifies both the inner and the outer regions

et al. 2020). This discussion has motivated the introduction of more flexible models
with additional parameters. Popular choices are simple generalisations of the NFW
(gNFW, hereafter), where the central slope is controlled by an exponent γ ∈ [0, 2]
(e.g., Zhao 1996; Wyithe et al. 2001):

ρgNFW(x) = ρ0

(r/rs)γ (1 + r/rs)3−γ
, (42)

or models like the Einasto (Einasto 1965, see also Baes 2022) profile:

ρ(r) = ρ−2 exp

{
−2n

[(
r

r−2

)1/n

− 1

]}
, (43)

where ρ−2 is the central density at r = r−2, and the shape parameter n controls the
radial variation of the logarithmic slope, and typically lies in the range 1/n ∼ 0.1–0.3
for cluster-sized haloes in numerical simulations. In Fig. 12, we show an example of
how the NFW, Einasto and gNFW normalised density profiles ρ(r)/ρ(r−2) behave as
functions of r/r−2 Note that in the gNFW model, the scale radius is connected to r−2
by the relation rs = r−2/(2 − γ ).

Departures from the NFW profile of the pure CDM scenario are expected once
additional physical processes beyond collisionless gravitational collapse are taken into
account. In particular, the inner regions ofDMhaloes are shapedby a complex interplay
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between baryonic physics and the (possible) intrinsic properties of the DM particle.
Baryons can alter the central density profile in non-trivial and often competing ways.
The accumulation of cooled gas and the growth of theBCGdeepen the central potential
well, generally leading to a contraction of the DM distribution and a steepening of
the inner slope (e.g., Gnedin et al. 2004; Peirani et al. 2017). Conversely, mechanisms
that inject energy into the DM component can counteract this effect. For instance,
dynamical friction exerted by infalling satellites transfers orbital energy to the halo,
potentially flattening the central cusp (Del Popolo and Kroupa 2009; Boldrini et al.
2021). Additional energy input can arise from feedback processes: while supernova-
driven outflows might be particularly relevant in low-mass systems (Governato et al.
2010), active galactic nuclei are expected to dominate in massive clusters, where they
may reduce the central density and partially erase cusps (Martizzi et al. 2012). The
overall impact of these mechanisms depends strongly on the mass scale and assembly
history of the system, and remains a matter of active investigation in hydrodynamical
simulations (e.g., Schaller et al. 2015; He et al. 2020; Del Popolo et al. 2021).

Not only baryonic processes, also the nature of DM can lead to deviations from the
NFW profile. A variety of non-standard scenarios—including warm, fuzzy, decaying,
or self-interacting dark matter (SIDM)—predict a suppression of the central density
relative to the CDM expectation, often leading to the formation of cored profiles (e.g.,
Macciò et al. 2012; Ragagnin et al. 2024; Pozo et al. 2025). Among these alternatives,
SIDM provides a well-defined physical mechanism to modify the inner structure of
haloes. In such models, DM particles scatter elastically with a cross section per unit
mass σ/m, leading to heat conduction within the halo. In regions where the scatter-
ing rate is sufficiently high, this process redistributes energy from the outer, hotter
regions to the colder central parts, effectively isotropizing the velocity distribution
and reducing the central phase-space density. As a result, the steep cusps predicted by
collisionless CDM are transformed into approximately isothermal cores (e.g., Spergel
and Steinhardt 2000; Robertson et al. 2018; Tran et al. 2026).

The impact of self-interactions at a given radius is controlled by the local scattering
rate per particle, �(r) = ρ(r)〈(σ/m)vrel〉, where vrel is the relative velocity of the
interacting particles. A useful dimensionless measure is the accumulated number of
scatterings, Nscat(r) � �(r) tage. The radius r1 at which Nscat(r1) = 1 approximately
separates an inner region whose density and velocity structure can be modified by
self-interactions from an outer region that remains close to the collisionless-CDM
prediction (Kaplinghat et al. 2016).

For velocity-independent cross sections in the range σ/m = 0.1–1 cm2 g−1, DM-
only simulations find characteristic core radii increasing from rcore ∼ 0.1 r−2 to
∼ 0.7 r−2, where r−2 denotes the scale radius of the corresponding collisionless halo
(Rocha et al. 2013). The wider region affected by heat redistribution can extend up to
r1, which is at most of order r−2 for these models. Thus, the main structural modifi-
cations are expected approximately within r/r−2 � 0.1–1, with the precise transition
depending on the cross section, halo age and concentration. In cluster cores, baryons
can further alter the SIDM density profile, so these values should not be considered
as universal (Robertson et al. 2018).

Since the characteristic collision velocity ranges from tens of km s−1 in dwarf
galaxies to about 103 km s−1 in clusters, observations on different halo scales probe
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the cross section at different relative velocities. The smaller cross sections generally
allowed on cluster scales compared with those invoked to produce sizeable galaxy
cores have therefore motivated velocity-dependent models in which the effective cross
section decreases with increasing relative velocity (Kaplinghat et al. 2016; Tulin and
Yu 2018).

Because both baryonic effects and DM physics can leave comparable imprints on
ρ(r), accurately determining the shape of the density profile as a function of cluster
mass, redshift, and dynamical status, is essential to disentangle their respective roles.
To probe the cluster mass density profile over several decades in radius, from the
central regions dominated by the BCG to the outskirts, a combination of multiple
observational techniques is required. In this framework, kinematical analyses play
once again a crucial role by providing information on the dynamical mass distribution,
complementing lensing/X-ray measurements and direct observations of the baryonic
profiles.

4.1.2 DM equation of state

Beyond constraints on the shape of the DM density profile or on the SIDM cross
section, the combination of kinematical and lensing information can also be used to
test a more basic assumption of the CDM paradigm, namely that DM behaves as an
effectively pressureless component. In the standard picture, the DM equation-of-state
parameter,

wDM ≡ pDM
ρDMc2

, (44)

is assumed to be negligibly small.While this hypothesis is usually built into dynamical
modeling, it can be tested by comparing probes that respond differently to the gravita-
tional field. Following the relativistic formalism proposed by Faber and Visser (2006),
Serra and Domínguez Romero (2011) applied the comparison between kinematic and
lensing mass profiles to test whether DM behaves as an effectively pressure-less com-
ponent on cluster scales. The basic idea is that, in the weak-field limit, galaxy motions
and light deflection probe different combinations of themetric potentials. Themetric of
a galaxy cluster can be described as a linear perturbation of the Friedmann–Lemaître–
Robertson–Walker (FLRW) spacetime. In the conformal Newtonian gauge, assuming
a flat background, it takes the form

ds2 = −(1 + 2�/c2)dt2 + a2(t)(1 − 2�/c2)dx 2, (45)

where � and � are the two scalar gravitational potentials; non-relativistic tracers
respond primarily to the time-time potential �, whereas photons depend on the so-
called Weyl potential, �lens = (� + �)/2. The kinematic mass profile, inferred from
the Jeans equation or from the caustic technique, is sensitive to the potential governing
the motion of non-relativistic tracers, whereas gravitational lensing constrains the
curvature potential that determines photon trajectories. In GR, the relation between
these two potentials depends not only on the density of the gravitating component, but
also on its pressure terms. Therefore, comparing the two mass profiles provides a way
to reconstruct an effective density (ρDM) and pressure (pDM) for the dark component
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and to test the pressureless-CDM assumption. Since a bound system such as a galaxy
cluster need not be described by an isotropic perfect fluid, the radial and tangential
pressures (pr and pt , respectively) can differ. It is therefore useful to define an effective
equation-of-state parameter from the directional average of the pressure tensor, which
changes the definition of Eq. (44) as

wDM(r) = pr (r) + 2pt (r)

3 ρ(r)c2
. (46)

4.1.3 Observational constraints

Afirst example of kinematical approaches to reconstruct theDMdistribution in clusters
was provided by the analysis of the Coma cluster by Łokas andMamon (2003). In their
work, the total mass profile is modeled as the sum of the stellar, ICM, and DM compo-
nents, with the latter described by a gNFW profile. To overcome the mass-anisotropy
degeneracy of the Jeans equation (see Sect. 3.3.2), Łokas and Mamon (2003) consid-
ered higher-order velocity moments, in particular the projected kurtosis profile, which
provides additional sensitivity to the orbital structure of the system. They obtained a
DM distribution consistent with profiles predicted by cosmological simulations over
a wide radial range (� 0.03 rvir); however, the results showed a strong degeneracy
between the inner slope and the concentration of the halo. In particular, models with
different central behaviours (cuspy versus cored) can provide equally good fits to the
data when coupled with appropriate values of the concentration parameter, illustrating
the intrinsic limitations of kinematical constraints in the absence of additional infor-
mation from the innermost regions. At the same time, the analysis indicates that DM
dominates the mass budget at all radii, contributing ∼ 85% of the total mass within
the virial radius.

Analyses based on larger spectroscopic samples have confirmed this picture.
Pedratti et al. (2026) performed a detailed kinematic reconstruction of the Coma clus-
ter, using an unprecedented spectroscopic dataset fromDESI, and the MG-MAMPOSSt
technique, jointly modeling M(r) and β(r). By explicitly separating the baryonic
(stellar, gas), and DM components, they obtained tight constraints on the overall mass
distribution, while confirming the degeneracy between the scale radius rs and the inner
slope γ of the gNFW model. In Fig. 13, we compare the DM profiles of the Coma
cluster obtained byŁokas andMamon (2003, left panel) and Pedratti et al. (2026, right-
panel). Despite the substantial differences in the quality of the spectroscopic datasets
adopted, the reconstructed DM distributions are in remarkable agreement (within the
uncertainties) over the radial range probed by galaxy kinematics.

Taken together, these two studies provide a prototypical example of how PPS anal-
yses can be used to infer the DM budget and distribution in clusters. At the same time,
they also make clear that the combination with complementary probes is fundamental
to break the degeneracies when testing deviations from the standard CDM paradigm.
In this sense, a step forward was made by Sartoris et al. (2020) and Biviano et al.
(2023), who solved the Jeans equation by including in the MAMPOSSt analysis an
additional kinematical dataset describing the BCG stellar velocity dispersion. Note
that it is perfectly fine to use the Jeans equation, which applies to collisionless sys-
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Fig. 13 Multi-component mass profiles of the Coma cluster obtained by Łokas and Mamon (2003) (left
panel), and Pedratti et al. (2026) (right panel); in the latter, the grey inner and outer shaded regions indicate
the 68% and 95% confidence region of the DM profile, respectively, while the orange and blue bands
represent the 68% limits of the gas and galaxies mass profiles. The DM virial radius r200 = 1.94 Mpc
is marked by the vertical dashed line. Left panel: copyright by RAS. Right panel: copyright by ESO the
author(s)

tems, to constrain deviations from the CDM paradigm, and eventually constrain the
DM self-interacting cross-section, as long as the tracer of the gravitational potential
can be treated as a collisionless fluid. This is indeed the case for galaxies in clusters,
where mergers are suppressed by the cluster high velocity dispersion, and for stars in
the BCG, another powerful tracer of the inner cluster M(r).

By combining the distribution of cluster galaxies in PPS and the stellar kinematics
of the BCG Sartoris et al. (2020) and Biviano et al. (2023) were able to reach the
constraining power needed to perform a precise reconstruction of the diffuse DM
profile, ρDM(r), over three order of magnitudes in radius, from ∼ r200 down to ∼ 1
kpc (see also e.g. Geller et al. 2014). Since the BCGs of both clusters are located at
their cluster centres, as indicated by the comparison with the centres inferred from
the X-ray and strong lensing analyses (Umetsu et al. 2012; Caminha et al. 2016), the
inner slopes of the two cluster ρDM(r)’s can provide useful insights into the nature of
DM.

Sartoris et al. (2020) applied this approach to Abell S1063, a massive cluster at
z = 0.35 observed as part of the CLASH and Frontier Fields programmes, and
extensively followed-up spectroscopically within the CLASH-VLT campaign. The
CLASH-VLT dataset, obtained mainly with the VIMOS spectrograph at the VLT and
complemented in the core byMUSE integral-field spectroscopy, provided a large sam-
ple of spectroscopic members together with a direct measurement of the BCG stellar
velocity dispersion profile. The total mass profile was decomposed into four com-
ponents: the stellar mass of the BCG, the stellar mass in the other cluster galaxies,
the ICM mass, and the diffuse DM component modeled by a gNFW profile. The two
kinematical tracers probe complementary radial regimes: the BCG stellar velocity
dispersion constrains the inner potential, at � 50 kpc, while the PPS distribution of
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cluster members fixes the mass profile at the Mpc scale, and the two datasets togetther
allow to break the degeneracy between the gNFWscale radius and the inner slope, con-
strained with high precision, γDM = 0.99± 0.04, and in excellent agreement with the
NFW expectation. The resulting total mass profile was also found to be consistent with
independent strong+weak-lensing and X-ray hydrostatic reconstructions, although the
cluster is known to be not fully dynamically relaxed (Mercurio et al. 2021).

The samemethodologywas subsequently applied byBiviano et al. (2023) toMACS
J1206.2−0847 (MACS J1206 hereafter), another CLASH-VLT cluster for which pre-
vious analyses had suggested a much shallower, nearly cored DM distribution (see
e.g., Sand et al. 2004; Limousin et al. 2022). The discrepancy is most likely due to the
improved precision of the spectroscopic data describing the BCG kinematics available
to Biviano et al. (2023) compared to those used by Sand et al. (2004). The inferred
inner slope from the combined analysis of the BCG stellar velocity dispersion and
the galaxy PPS, is incompatible with a core, γDM = 0.7+0.2

−0.1, but shallower than the
slope in Abell S1063. This value is however not in tension with expectations from
hydrodynamical �CDM simulations, once the intrinsic scatter of cluster-scale halos
and the decreasing trend of γDM with halo mass are taken into account (He et al. 2020).

The comparison between the two clusters is particularly informative. Since Abell
S1063 and MACS J1206 were analyzed with the same dynamical methodology and
with data of comparable quality, the difference in their best-fitting values of γDM
suggests an intrinsic cluster-to-cluster variance in the inner structure of massive DM
halos, as also suggested by the gravitational lensing analysis of Newman et al. (2013b).
Such variance can arise from differences in the assembly history, the relative role of
baryonic processes in the central regions and the cluster dynamical state.

An approach similar to those of Sartoris et al. (2020) and Biviano et al. (2023) has
been employed in studies combining the stellar kinematics of the BCG with gravi-
tational lensing information (Newman et al. 2013a, b). In particular, Sagunski et al.
(2021) considered a sample of relaxed galaxy groups and clusterswith available strong-
lensing constraints and spatially resolved stellar kinematics of the BCGs to specifically
constrain SIDMmodels. Their modelling was based on a semi-analytic Jeans descrip-
tion of SIDM halos, in which the inner region affected by self-interactions is treated as
approximately isothermal, while the outer halo is matched to a collisionless NFW-like
profile. The transition radius is set by the condition that DM particles have scattered
on average once over the lifetime of the system. For massive clusters, they found an
upper limit for the cross section σ/m < 0.35 cm2 g−1, while for galaxy groups they
obtained a larger value, σ/m = 0.5 ± 0.2 cm2 g−1. The comparison between groups
and clusters is important because the typical scattering velocity increases with halo
mass. Their results therefore point towards velocity-dependent SIDMmodels in which
the effective cross section decreases at high relative velocities.

O’Donnell et al. (2026) applied a related, but more detailed, strategy to the strong-
lensing cluster MACS J0138.0−2155. They constructed a self-consistent model of a
single cluster by combining strong-lensing constraints from multiple images with a
two-dimensional stellar velocity dispersionmap of theBCGmeasuredwithMUSE.By
measuring the cluster density profile over twoorders ofmagnitude in radius, the authors
constrained the SIDM interaction cross-section, σ/m < 0.613 cm2 g−1 (95% C.L.)

at an interaction velocity 〈vpair〉 < 2090 km s−1. The lensing-only and kinematics-
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only reconstructions were found to be mutually consistent, while their combination
produced a tighter upper limit on the SIDM cross section. This analysis illustrates the
same physical principle mentioned above: lensing fixes the projectedmass distribution
on the scales where multiple images form, whereas the stellar kinematics of the central
galaxy probes the inner potential where the distinction between a cuspy and a cored
DM profile is most relevant.

The constraints on the nature of DM offered by the strong lensing analyses coupled
with the BCG stellar kinematics are stronger than those obtained by the joint analysis
of the BCG stellar and cluster galaxy kinematics. However, it has been argued by He
et al. (2020) that γDM can be biased by incorrect estimates of rs. The clusterM(r)must
therefore be estimated with good accuracy not only near the cluster centre but also
at large radii, where strong lensing is ineffective, while cluster galaxies are efficient
tracers of the gravitational potential.

The combination of gravitational lensing and cluster galaxy kinematics has been
also used to constrain the DM equation of state wDM (Serra and Domínguez Romero
2011; Sartoris et al. 2014). In particular, using simulated clusters and observational
data for two real clusters, Serra and Domínguez Romero (2011) found values of wDM
consistent with the pressureless CDM expectation within the uncertainties. This idea
was later applied by Sartoris et al. (2014) to the CLASH-VLT cluster MACS J1206,
using MAMPOSSt to reconstruct the dynamical mass profile from the PPS distribution
of member galaxies, as in Biviano et al. (2013), and comparing it with the high-
precision strong+weak gravitational-lensing analysis of Umetsu et al. (2012). Also
in this case, the inferred equation-of-state parameter was found to be consistent with
wDM = 0, supporting the pressureless nature of DM on cluster scales.

While very powerful, this approach inherits the systematics affecting both sides of
the comparison. On the dynamical side, the kinematic mass profile is biased by the
effects discussed in Sect. 3.5: deviation from spherical symmetry, dynamical equilib-
rium (except for the caustic method adopted by Serra and Domínguez Romero 2011),
substructure, and membership selection. Lensing, on the other hand, does not require
the cluster to be dynamically relaxed, but it is not free from modelling uncertain-
ties: triaxiality, orientation bias, correlated structures along the line of sight, and the
treatment of the baryonic mass in the cluster core can all bias the deprojection from
projected lensing observables to a 3D mass profile (see e.g., Grandis et al. 2021; Gio-
coli et al. 2025). Since theDMequation of state is inferred precisely from themismatch
between lensing and dynamical mass profiles, these systematics must be controlled
before interpreting any deviation from wDM = 0 as evidence for non-standard DM
physics.

4.2 Kinematics to probe the nature of gravity

4.2.1 Beyond GR

GR is by far one of themost successful theories in the history of science, able to provide
a self-consistent description of the gravitational interaction across several scales and
in a large variety of regimes. Its predictions have been tested with great precision
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by an unlimited amount of independent probes, from Solar System constraints (e.g.,
Bertotti et al. 2003; Touboul et al. 2017), to astrophysical analyses (e.g., Collett et al.
2018; Jyoti et al. 2019; Event Horizon Telescope Collaboration 2019; Liu et al. 2022),
and gravitational waves detection (e.g., Abbott et al. 2019; Krishnendu and Ohme
2021, see also Baker et al. 2015). However, while many cosmological-scale tests
of GR exist in the literature (e.g., Planck Collaboration 2016; Ishak 2018; Lu et al.
2025), they are still less precise than the astrophysical counterparts, living room for
possible extensions of the current gravitational framework. Interestingly, already in the
years following Einstein’s formulation, alternative geometric theories were explored,
mostly from a formal and theoretical perspective (e.g., Eddington 1923). Later, higher-
order curvature terms in the gravitational action were investigated in connection with
the ultraviolet behavior of gravity and quantum corrections in regimes of very large
curvature, such as the earlyUniverse or the vicinity of classical singularities (e.g., Stelle
1977). In this context, modifications of GR are motivated by the expectation that the
Einstein–Hilbert action should be regarded as an effective low-energy description to
be supplemented by additional operators at sufficiently high energies.

A different picture emerged after the discovery of the late-time accelerated expan-
sion of the Universe (Riess et al. 1998; Perlmutter et al. 1999). In the context of
the �CDM model, the acceleration is explained by the cosmological constant � in
Einstein’s GR equations, which can be further interpreted as a fluid component, DE,
with negative pressure and constant density: p = wρc2, w = −1. While DE should
account for∼70% of the cosmological energy budget (e.g., Aghanim et al. 2020), this
description is not free from conceptual difficulties; for instance, the observed value
of � is extremely small compared to the natural vacuum-energy scale expected from
quantum-field-theory arguments, leading to the well-known cosmological-constant
problem (e.g., Weinberg 1989), while string theory adds another challenge, due to the
difficulty in obtaining stable de Sitter vacuum, essential for�CDM (e.g, Cicoli 2026).
In addition, tensions between the predictions of the�CDMmodel and empirical data,
as well as discrepancies among independent datasets have been emerging in recent
years. Examples include the Hubble tension (e.g., H0DN Collaboration 2026) and the
S8 tension (e.g., Abbott et al. 2022; Sabogal et al. 2024) although the latter substan-
tially weakened with the final KiDS-Legacy cosmic-shear analysis, which obtained
S8 = 0.82± 0.02, a value consistent with Planck at 0.7 σ (Wright et al. 2025). More-
over, recent studies combining DESI and CMB data seem to favor a time-dependent
equation of state for DE (e.g., Adame et al. 2025).

The increasingly complex observational landscape has motivated the exploration
of alternatives to the standard cosmological framework. Over the last 20 years, numer-
ous theoretical models have been proposed to alleviate the aforementioned tensions;
those can be broadly classified in two main groups. The first retains GR as the theory
of gravity but replaces the cosmological constant with a dynamical DE component,
such as a scalar field with a peculiar equation of state (e.g., Yoo and Watanabe 2012;
Shajib and Frieman 2025). The second class include models that modify the grav-
itational sector itself. MG theories mimic the background evolution of the �CDM
scenario by adding new features in the gravitational interaction (see e.g., Ishak 2018;
Saridakis et al. 2021 for detailed reviews). In recent years, a broad landscape of MG
models has been developed, differing both in the degrees of freedom added to GR
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Fig. 14 Schematic overview of different classes of MG theories, classified according to the type of
modification introduced with respect to GR. Nodes outlined with a box identify some of the classes
whose viable parameter space was strongly reduced by the luminal propagation speed inferred from
GW170817/GRB 170817A (Baker et al. 2017). Image adapted with permission from Shankaranarayanan
and Johnson (2022), copyright by the author(s)

and in the scale at which deviations from the Einstein equations become relevant.
Popular examples include scalar–tensor theories, such as Brans–Dicke-like models,
f(R) gravity, Galileon and Horndeski theories, as well as their extensions to degener-
ate higher-order scalar–tensor (DHOST) theories. Other classes include vector–tensor
and tensor–vector–scalar models, massive and bimetric gravity, higher-dimensional
scenarios, and non-local modifications of gravity (e.g., Carroll et al. 2004; De Felice
and Tsujikawa 2010; Clifton et al. 2012; Joyce et al. 2016).

A schematic overview of some of the main classes of modified-gravity theories is
shown in Fig. 14 from Shankaranarayanan and Johnson (2022). The classification is
based on the type of modification introduced with respect to GR, such as additional
fields, higher-order curvature terms, extra dimensions, or non-minimal coupling. The
landscape represented in Fig. 14 was substantially reduced by the multimessenger
observation of GW170817 and GRB 170817A, which constrained the propagation
speed of gravitational waves to agree with that of light to approximately one part in
1015 (Abbott et al. 2019; Baker et al. 2017). Among the theories shown in the figure,
this result most strongly affects Horndeski gravity and the scalar- and vector-Galileon
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sectors. In the absence of finely tuned cancellations, luminal propagation significantly
restricts the Horndeski action, excluding models such as the quartic and quintic scalar
Galileons as late-time cosmological models, while others (e.g., the cubic Galileon and
f(R) gravity) remain compatible. Analogous restrictions apply to generalized-Proca
or vector-Galileon interactions, while the tensor-speed parameter of Hořava gravity
is constrained to lie extremely close to its GR value. Cosmologically active scalar–
Gauss–Bonnet couplings are also strongly restricted. These bounds reduce the viable
parameter space of many broad classes displayed in Fig. 14; for example, massive
gravity remains viable for a sufficiently small graviton mass, while standard Chern–
Simons gravity satisfies the propagation-speed constraint.

The boundary between extended DE or DM models and MG is not always sharp;
following the definition of Joyce et al. (2016), one may broadly refer to MG as any
model in which the Strong Equivalence Principle of GR is violated. However, whether
by changing the gravitational sector or by adding new fields to the energy budget of
the Universe, extensions of �CDM generally modify the formation, evolution, and
assembly of cosmic structures, leaving in principle observable imprints.

Galaxy clusters are particularly valuable in this respect. Modifications of gravity
can affect the spatial distribution and abundance of galaxy clusters (e.g., Ferraro et al.
2011; Cataneo et al. 2015; Vogt et al. 2024), while also altering mass-observable rela-
tions (Mitchell et al. 2021) or structural properties (Lombriser et al. 2012). Moreover,
imprints of new interactions in the gravitational sector can potentially emerge from
independent probes of the mass distribution, by comparing how non-relativistic trac-
ers (gas and galaxies) and photons respond to the gravitational field (Terukina et al.
2014; Sakstein et al. 2016; Pizzuti et al. 2016; see also Cataneo and Rapetti 2018 for
a review).

Note that, to account for the stringent constraints onGR in the local Universe, viable
extended theories of gravity in cosmological context should implement a screening
mechanism to effectively hide the modification at small scales and in dense regions
(Brax et al. 2021; Koyama 2016; Burrage and Sakstein 2018). The way in which
the screening takes place provides a distinct phenomenology, resulting in specific
signatures on the inferred mass distribution of galaxy clusters (e.g., Pizzuti et al.
2022). In this regard, the kinematics of member galaxies may exhibit peculiar features
in different regions of the PPS if gravity is modified. Indeed, while for many MG
models the internal region of clusters is expected to be fully screened, departures from
GR still affect the dynamics in the outskirts (e.g., Pizzuti et al. 2024b; Butt et al. 2024).

In the last decade, several studies have employed kinematical mass profile recon-
structions of clusters to test gravity and constrain specific MG models, either as a
single probe (e.g., Rosselli et al. 2023; Pizzuti et al. 2025b) or in combination with
other observables (Gronke et al. 2016). However, general PPS analyses are affected
by rather strong degeneracies among the degrees of freedom arising in MG and the
parameters of the mass profile (Pizzuti et al. 2017). To make this generic degeneracy
explicit, we useChameleon gravity below as a worked phenomenological example. Its
formulation provides a transparent illustration of how an additional degree of freedom
enters the dynamical mass and affects the matter distribution in non-trivial ways.

Chameleon gravity (Khoury and Weltman 2004) is a class of scalar-tensor theories
where a new dynamical fieldϕ(t, x)modifies the geodesics of non-relativistic particles
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(e.g., galaxies) by generating a fifth force which depends on the local matter density
ρ(x). In the quasi-static limit—when time derivatives can be neglected—the equation
of motion of the field reads

∇2ϕ = ∂V (ϕ)

∂ϕ
+ Q

MPlc2
∑

j

ρ j e
Qϕ/(MPlc2), (47)

where Q represents the coupling with matter, and the sum runs over all matter species
with density ρ j . In principle Q can also be different for each component (dark or bary-
onic), i.e., the field has a specific coupling with different species. MPl = (8πG)−1/2 is
the reduced Planckmass and c is the speed of light. Depending on the shape of the field
potential V (ϕ), eq. (47) can be customized such that gradients are negligible when ρ j

is large, and the field is screened. However, when the density drops the field starts to
change and its gradient provides a fifth force modifying the Newtonian potential. In
spherical symmetry and weak field limit, the usual Poisson equation becomes

d�

dr
= GM(r)

r2
+ Q

MPl

dφ

dr
= G

r2
[M(r) + Meff ] , (48)

where we have defined the effective mass associated with the scalar field,

Meff(r) = Q

G

r2

MPl

dφ

dr
. (49)

From the structure of eq. (48), it is clear that any probe of the gravitational potential
�—such as a PPS analysis of galaxy kinematics or hydrostatic equilibrium X-ray
measurements—will be affected by a degeneracy between the "true" mass M(r) and
the effective contribution of the field. In fact, the same depth of the potential can
be achieved by either having a more massive system in standard gravity or turning
on the chameleon field. This degeneracy would prevent any stringent constraints on
such models with single mass profile reconstructions at cluster scales if no additional
information is provided. Interestingly, a nice feature of Chameleon gravity is that the
null geodesics are not affected by the fifth force. In other words, inferring masses
using photon propagation as tracers (gravitational lensing) is sensitive to the true mass
only; thus, a combination of relativistic and non-relativistic analyses can break the
degeneracy and allow to place bounds on the magnitude and shape of the fifth force
(Wilcox et al. 2015; Boumechta et al. 2023; Pizzuti et al. 2026b).

The multi-probe approach is not a specific strategy to constrain Chameleon gravity
only, but rather a fundamental ingredient for any cluster mass-based test of gravity.
Galaxies, being non-relativistic tracers, respond primarily to the time-time potential
�, whereas photons depend on the Weyl potential, �lens = (�+�)/2 (see Eq. (45)).
In GR, in the absence of significant anisotropic stress, the two potentials are equal,
up to second order corrections. If gravity departs from GR, this equality is in general
not true; MG models can change the relation between matter fluctuations, � and �,
giving rise to modified Poisson equations. In comoving Fourier space, they can be
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written as (e.g. Planck Collaboration 2016),

k2� = −4πGa2 μ(k, a) ρ̄m �, (50)

k2(� + �) = −8πGa2 �(k, a) ρ̄m �. (51)

In this notation ρ̄m is the average matter density at time a and � the gauge-invariant
comoving density contrast; μ(k, a) controls the motion of non-relativistic objects,
while�(k, a) controls light deflection. In modified gravity, generallyμ �= � �= 1 and
a gravitational slip η(k, a) = �/� �= 1 appears. Determinations of cluster masses
with kinematics of galaxies (or via hydrostatic equilibrium of the ICM) is therefore
the natural probe for the time-time potential�, while lensing provides an independent
measurement of the relativistic potential (or better, the sum � + �). In this context,
as for the DM equation-of-state test discussed in Sect. 4.1, a discrepancy between the
mass profiles inferred from galaxy kinematics or ICM hydrostatics and those recon-
structed from lensing should be regarded as a phenomenological null-test, and not as
unambiguous evidence for modified gravity (Schmidt 2010). The functions μ, �, and
η quantify this inconsistency, but do not by themselves identify its physical origin.
Indeed, a gravitational slip may also be generated by anisotropic stress or non-zero
effective pressure in the DM distribution. Its interpretation is further complicated by
the possibility that the additional degrees of freedom couple differently to dark and
baryonic matter (e.g., Hammami and Mota 2017), whereas probe-dependent system-
atics can mimic the same departure from unity by biasing the reconstructed mass
profiles.

One route to break this degeneracy is to “over-constrain" the gravitational potentials
with independent tracers. Asmentioned above, inmetric theories with universal matter
coupling, cluster galaxies and the ICM respond to the same dynamical potential but
are affected by different astrophysical systematics. Agreement between their inferred
mass profiles, combined with a common offset from lensing, would therefore favour a
common physical origin over a tracer-specific bias. Conversely, a residual difference
between galaxy and gas dynamics, once their respective systematics are controlled,
could indicate a non-universal coupling of the additional degrees of freedom to bary-
onic and dark matter (Hammami and Mota 2017; Gronke et al. 2016).

Further discrimination comes from the radial shape of the signal and its dependence
on cluster properties. Since screening mechanisms rely on nonlinear field interactions,
the resultingMdyn(r)/Mlens(r) need not be constant andmay exhibitmodel-dependent
variations with radius, halo mass, environment, and redshift (Joyce et al. 2016; Falck
et al. 2015; Pizzuti 2022). Likewise, the alternative theories we will mention below
predict specific relations between the baryonic distribution, dynamics, and lensing,
which must be tested jointly and consistently across systems. Identifying the under-
lying theory therefore requires model-specific predictions for all available tracers;
neither constant η,μ,� nor a single global mass offset is sufficient.

Terukina et al. (2014) first applied the methodology by combining X-ray and weak-
lensing data of the Coma cluster to constrain the parameter space of Chameleon
gravity. Later, Pizzuti et al. (2016) analyzed the cluster MACS J1206 using the same
combination of high precision kinematics and lensing data as in Sartoris et al. (2014)
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Fig. 15 Constraints on μ0 = μ(z = 0) vs. η0 = η(z = 0), obtained from the joint analysis of Planck
Collaboration (2016), copyright by ESO, combining different probes and assuming no dependence on the
scale. The lighter and darker vertical bands show the 2σ -bounds found by Pizzuti et al. (2016) and Pizzuti
et al. (2026a) by using lensing and kinematics mass profile reconstructions of galaxy clusters. While the
former refers to η(z = 0.44, r = 1.96Mpc), the latter is obtained by the joint analysis of nine clusters in
the redshift range z ∈ [0.1, 0.5], assuming a negligible time evolution. Images reproduced with permission

to constrain the radial profile of the gravitational slip η(r). They found η(1.96Mpc) =
1.0 ± 0.9 (2 σ including systematics), and no radial dependence, tightening previous
constraints obtained combining CMB data, expansion probes and growth rate probes
(Planck Collaboration 2016). Pizzuti et al. (2026a) extended their analysis to a sample
of nine clusters from theCLASH-VLT collaboration, and found η(1.0Mpc) = 0.9+0.5

−0.4
(2 σ ). These results highlight the potential of this methodwhen high precision imaging
and spectroscopic data are available to reconstruct cluster mass profiles. In Fig. 15 we
compare the constraints in the η–μ diagram obtained by Planck Collaboration (2016),
and by Pizzuti et al. (2016) and Pizzuti et al. (2026a).

Forecast conducted on mock halos showed that, in the ideal case, with a few dozen
clusters, percent-level constraints on η can be achieved, sufficient to discriminate
among a wide variety of viable models (Pizzuti et al. 2019). However, such accuracy
requires a rigorous control of systematic uncertainties which may translate a bias in
the determination of the mass profiles into a spurious detection of MG. The study
of cluster-size halos from �CDM N-body cosmological simulations in Pizzuti et al.
(2020) demonstrated that usingkinematicmass reconstructions basedon Jeans analysis
to constrain gravitywould provide a fake indication ofMGfor roughly 70%of systems.
Nonetheless, this percentage can be significantly reduced by a factor of three or more
(down to � 20%) if only regular clusters are selected, based on indicators of their
dynamical state (e.g., the Anderson-Darling coefficient, see Sect. 3.5).

Beyond general tests of gravity, which do not assume a specific underlying the-
ory, several studies focused on constraining specific classes of MG models using PPS
analyses in combination with other mass probes. For instance, Gronke et al. (2016)
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used cosmological hydrodynamical simulations of screened modified-gravity mod-
els, namely f(R) and Symmetron scenarios, to quantify how cluster mass estimates
inferred from lensing, galaxy/DM kinematics, and X-ray thermal observables differ
from each other. In f(R), the Einstein–Hilbert action is modified by replacing the
Ricci scalar R with a generic function, built such that it can reproduce the acceler-
ated expansion of the Universe via modified Einstein equations (e.g. Hu and Sawicki
2007). They are equivalent to Chameleon models where the derivative fR = ∂ f /∂R
acts as the new field (the scalaron) mediating a fifth force. Symmetron models are
another class of scalar–tensor theories in which the coupling between the field and
matter depends on the local environment. At high density, the effective potential has
a symmetry-restoring minimum at vanishing field value, so that the coupling to mat-
ter is suppressed and GR is recovered. At low density, the symmetry is spontaneously
broken, the field acquires a non-zero expectation value, and a fifth force can operate on
cosmological and cluster-outskirt scales (e.g., Hinterbichler and Khoury 2010; Brax
et al. 2011).

Gronke et al. (2016) showed that the ratio between kinematic and lensing masses
provides a competitive probe of fifth forces on cluster scales, while mass estimates
based on the temperature of the ICM are more difficult to interpret because non-
thermal pressure support is degenerate with the imprint of MG. Similarly, Pizzuti
et al. (2017, 2022) focused on f(R) gravity and DHOST models, respectively, to
constrain their parameter space by joint lensing and Jeans-based kinematics analyses
of the two CLASH-VLT clusters, MACS J1206 and Abell S1063. DHOST models
extend Horndeski gravity through higher-order field equations subject to degeneracy
conditions that remove the additional Ostrogradsky degree of freedom. In the sub-
classes relevant to cluster tests, Vainshtein screening can be partially broken inside
matter, modifying the gravitational potentials through terms that depend on the radial
derivatives of the mass profile (e.g., Crisostomi and Koyama 2018). While confirm-
ing again the strength of the multi-probe approach, with bounds competitive with
the state-of-art cosmological tests of those models, the results pointed towards a slight
indication ofMG in the case of Abell S1063. This result seems to contradict the results
of Sartoris et al. (2020), who found a good agreement between lensing and kinematic
mass estimates. However, the application of theAnderson–Darling diagnostic revealed
that the cluster is not dynamically relaxed, as also shown by Mercurio et al. (2021).
This outcome highlighted a subtle but crucial point: when searching for small effects
such as those expected from viable modification of gravity, even tiny deviations from
equilibrium—which provide negligible effects in standard gravity—may become an
important source of bias.

Other approaches have focused on the stacked PPS and infall kinematics around
clusters, exploiting the fact that MG effects may become more visible outside the
fully screened inner regions. This regime is particularly relevant for theories relying
on specific kind of screening mechanism, the Vainshtein screening. The Dvali–
Gabadadze–Porrati (DGP)model is a braneworld construction inwhich gravity crosses
over from four-dimensional to five-dimensional behavior beyond a scale rc (Dvali et al.
2000). Around massive sources, the additional scalar brane-bending mode is sup-
pressed within the Vainshtein radius by its nonlinear derivative interactions. Galileon
theories generalise this effective scalar sector of DGP and employ the same screening
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mechanism (Nicolis et al. 2009; Koyama 2016). Consequently, deviations from GR
can be strongly suppressedwithin haloswhile remaining observable through velocities
in their infall regions.

Lam et al. (2012, 2013) used the LOS velocity distribution of galaxies around
simulated stacked clusters, in combination with weak-lensing mass information, to
probe f(R) and DGP-like (Dvali et al. 2000) models on scales of a few to tens of
Mpc. They found that in f(R) gravity σlos(R) can be enhanced by ∼ 10–30%, while
the DGP framework produces either enhanced or suppressed velocities depending
on the sub-class of models (branch) considered. In particular, they showed that a
spectroscopic survey covering around ∼ 2000 deg2 could provide enough informa-
tion to build stacked clusters to significantly improve constraints on f(R) and DGP
parameters, with sensitivity to the intermediate, weakly non-linear regime between
virial cluster scales and large-scale redshift-space distortions. In a similar spirit, Zu
et al. (2014) used the redshift-space cluster–galaxy cross-correlation function tomodel
galaxy infall kinematics around clusters, showing that the velocity field in the infall
region carries detectable signatures of f(R) and Galileon gravity.

Shirasaki et al. (2021) measured the stacked PPS of galaxies around 23 clusters
from the Local Cluster Substructure Survey (LoCuSS, Smith et al. 2010), using a
combination of spectroscopic information and weak-lensing mass estimates. In their
halo-model, the observable is the distribution of LOS velocities of cluster–galaxy
pairs as a function of projected separation, including contributions from satellite
galaxies, interlopers, and large-scale pairwise motions. This approach allowed them
to infer the average σv of galaxies in massive clusters and to compare it with
the virial scaling expected from DM-only simulations in GR. Interpreting possi-
ble signatures of modified gravity in terms of a modified Poisson equation with an
effective gravitational constant Geff , they obtained 0.88 < Geff/G < 1.29 at 68%.
They also translated this constraint into bounds on f (R) and DGP models, finding
log | fR(z = 0.2)| < −4.57 assuming a Hu–Sawicki parametrization of f (R) (Hu and
Sawicki 2007), and rc > 253 h−1Mpc for the typical normal branch of DGP gravity.

A related use of galaxy kinematics in the cluster outskirts is provided by the caustic
technique (e.g., Pizzardo et al. 2024). Butt et al. (2024) proposed a joint analysis of
hydrostatic and caustic mass estimates for the clusters A2029 and A2142 from the X-
COP sample (Eckert et al. 2017), with the aim of constraining Chameleon andDHOST
models. In this framework, the caustic method traces the escape-velocity profile from
the PPS distribution of galaxies and extends the dynamical information to radii where
screening effects may be weaker. By calibrating the radial dependence of the caustic
filling factor Fβ(r) with the hydrostatic reconstruction, instead of assuming it to be
constant, they where able to significantly improve the constraints on the MG models.
In the specific DHOST case, the joint analysis tightened the constraints on one of the
free parameters by about a factor of two for A2029, while for A2142 it reduced a mild
∼ 2σ deviation from GR to a result consistent with GR at � 1σ . This analysis also
provided an important cautionary example: even if the assumption of equlibrium is no
more required in the caustic analysis, incorrect assumptions on Fβ(r) can be a further
source of bias, and they can generate artificially tight constraints, or even produce
spurious indications of MG.
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4.2.2 Gravitational redshift

Another way of testing GR using kinematical data of cluster member galaxies is given
by the gravitational redshift effect (GRS). Photons emitted by galaxies located deep
inside the cluster potential well, lose energy while “climbing out" of the potential,
producing a small shift in the observed spectrum. In the weak-field limit this effect is
proportional to the difference in gravitational potential, zg � ��/c2. For a typical
galaxy cluster, the corresponding velocity shift is only ∼ 10 km s−1, i.e. about two
orders of magnitude smaller than the typical scale of the velocity distribution of mem-
ber galaxies. As such, it can safely be ignored in the error budget for a cluster M(r)
determination, but, for the same reason, it is very difficult to detect. In fact it can only
be detected statistically, by stacking large samples of clusters and measuring the mean
offset of the LOS velocity distribution as a function of projected radius (Cappi 1995;
Wojtak et al. 2011).

Rosselli et al. (2023) used the GRS of cluster member galaxies as a direct test of GR
on Mpc scales. Using SDSS DR16 spectroscopic galaxies, they constructed a sample
of 3058 clusters at z < 0.5, with masses in the range 1014–1015 M�, and � 4.9× 104

associated member galaxies. Differently from previous analyses, they did not assume
the cluster centre to coincide with the BCG alone, but estimated it from the average
angular position and redshift of the galaxies closest to the BCG, to provide a more
stable estimate of the center of the gravitational potential well. The mean value of the
LOS velocity offset between the cluster centre and all the cluster galaxies,

� = c [ln(1 + zobs) − ln(1 + zcen)] , (52)

measured after stacking the cluster-galaxy PPS and correcting for foreground/
background contamination, encodes the GRS which may differ depending on the
given theory of gravity. Rosselli et al. (2023) compared the measured signal with the
predictions of GR, a strong-field f(R) model, and a self-accelerating DGP model,
also including the main relativistic and selection effects that can shift the mean at
the level of a few km s−1, namely the transverse Doppler effect, light-cone effects,
and surface-brightness modulation (Kaiser 2013). They detected a clear negative sig-
nal, increasingly negative with projected radius, and measured an integrated value of
�̄int = −11 ± 3 km s−1, in agreement with the GR expectation for clusters in the
same mass range as the observed sample. Here �̄int denotes the mean velocity offset
measured from the full stacked PPS, including all member galaxies within a projected
radius of R < 4 r500. By fitting the radial profile with a phenomenological rescaling of
the gravitational acceleration, G → α G, they obtained α = 0.86 ± 0.25, consistent
with GR and with the self-accelerating DGP model within the uncertainties, while
marginally disfavouring the strong-field f(R) model considered in the analysis.

While this method appears to be very powerful, providing a complementary use of
cluster kinematics with respect to standard dynamical mass reconstructions, it remains
sensitive to many of the systematics we have already discussed, and which demand
future careful analyses. The definition of the cluster centre, the contamination of
interlopers, and the modelling of the small relativistic corrections could affect the
GRS signal and thus generating again biased tests of gravity.
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4.2.3 MOdified Newtonian Dynamics (and friends)

Cluster kinematics can be used to test more radical alternatives to the standard dark
sector. Several models have been proposed not only to explain cosmic acceleration
through a modification of gravity, but also to reduce, or even remove, the need for
DM. The best known example is MOdified Newtonian Dynamics (MOND), originally
introduced by Milgrom (1983), in which the Newtonian relation between acceleration
and gravitational field is modified below a characteristic acceleration scale a0. While
MOND is remarkably successful in describing galaxy rotation curves and the radial
acceleration relation, galaxy clusters have long represented one of its main challenges:
even after applying the MOND prescription, the observed baryonic mass in stars
and hot gas is generally insufficient to account for the full dynamical mass, leaving
a residual missing-mass problem (e.g., Sanders 2003; Famaey and Mcgaugh 2012;
Kelleher and Lelli 2024). A recent reassessment of this issue, presented by Zhang
et al. (2026b), suggests that part of the residual missing mass in MOND clusters
may be linked to an underestimation of the stellar and remnant mass components,
although the conclusion depends on the assumed stellar population model, the spatial
distribution of remnants, the ICL fraction, and the reliability of the hydrostatic mass
estimates.

The work of Li et al. (2023) reinforced the issue of the MOND missing mass
in clusters. These authors used the spherical Jeans equation and cluster σlos to
reconstruct dynamical mass profiles for HIFLUGCS clusters down to accelerations
� 10−11 m s−2. By comparing the resulting dynamical accelerations with the bary-
onic accelerations inferred from gas and stellar profiles, they found that rich X-ray
clusters deviate from the galaxy-calibrated radial acceleration relation, reinforcing the
known MOND residual missing-mass problem in clusters, especially at intermediate
radii. At larger radii the data may approach the galaxy relation, but the conclusion
is limited by extrapolations of the gas mass and by the uncertain dynamical state of
cluster outskirts.

Spectroscopic surveys of cluster galaxies extending to the cluster outer regions,
where the X-ray surface brightness is below current detection limits, are important
to map the baryonic matter surrounding the cluster. Mapping this matter distribu-
tion is crucial to estimate the external field effect, which is a specific feature of
some Lagrangian formulations ofMOND, like AQUAL andQUMOND (e.g.Milgrom
2025), and thus to properly describe the cluster galaxy velocity field with the observed
baryonic mass alone. With this information, we can compare the mass estimates
inferred from spectroscopic surveys of cluster galaxies, X-ray data and gravitational
lensing. These mass estimates depend differently on the two gravitational potentials
of the space-time metric of a relativistic theory (e.g. Milgrom 2022). Therefore the
discrepancies or consistency of these mass estimates are crucial to discriminate among
the rich family of the relativistic extensions of MOND (Skordis and Złośnik 2021).

A challenging test for MOND is given by the “Bullet cluster” phenomenology
(Clowe et al. 2004). Following a collision of this cluster with a group, the intra-
cluster gas has been displaced relative to both the galaxies (Barrena et al. 2002) and
the gravitational potential, as traced by gravitational lensing (Clowe et al. 2006).
Since most of the baryonic mass is in the intra-cluster gas, in the absence of DM the
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gravitational lensing signal would be expected to trace the location of the baryons,
while it traces the location of the galaxies. The coincidence of the galaxy distribution
with the gravitational lensing signal is considered direct proof for the existence of an
almost collisionless DM component. However, a recent analysis seems to reconcile
MOND with the Bullet phenomenology on the basis that the gravitational lensing
signal is actually generated by the mass surface density which is larger for galaxies
than for the diffuse intra-cluster medium (Hernandez 2026). In addition, the amount
of baryonic matter in the Bullet cluster, like other nearby clusters as mentioned above,
might be ∼ 50% larger than previously thought (Zhang et al. 2026a).

A striking feature of massive interacting clusters, like the Bullet cluster or El Gordo
(Menanteau et al. 2012), is the large relative velocity� 3000 kms−1 of themain cluster
substructures. These velocities are rather unlikely in the standard �CDM cosmology,
but expected in MONDian cosmologies (e.g. Kraljic 2015; Asencio et al. 2023; Katz
et al. 2013). These collision velocities are derived from the identification of shocks in
the X-ray maps (e.g. Markevitch et al. 2004) or from N-body modelling (e.g. Donnert
2014). However, extensive spectroscopic surveys of a large sample of interacting
clusters can provide crucial additional information on the velocity field of the galaxies
in the system (Yu and Diaferio 2025) and thus provide stringent constraints on the
models of the formation of cosmic structure and on the law of gravity that rules it.

Other theoretical frameworks follow a phenomenological motivation similar to
MOND but implement the modification differently. In Scalar–Tensor–Vector Gravity,
often referred to as MOdified Gravity (MOG), the gravitational interaction is supple-
mented by scalar fields and a massive vector field, leading to an effective gravitational
coupling and a finite-range fifth-force contribution that can mimic DM on galactic and
cluster scales (Moffat 2006; Brownstein and Moffat 2006). Refracted Gravity (RG),
instead, modifies the Poisson equation by introducing an effective gravitational per-
mittivity ε(ρ) that depends on the local matter density. In high-density regions the
theory recovers the Newtonian limit, whereas in low-density environments the grav-
itational field is effectively enhanced, producing DM-like phenomenology without
the need of a halo of DM particles (Matsakos and Diaferio 2016; Cesare et al. 2020,
2022). RG was first proposed as a phenomenological model; an attempt to formulate
it as a consistent covariant theory incorporating in a single scalar field the effects of
both DM and DE at large scales is also available (Sanna et al. 2023; Gervani et al.
2026).

Studying galaxy clusters properties in these alternative theories is therefore a
mandatory step to connect the regime where the models are often most successful,
namely galaxies, and the cosmological scales where the full dark sector is usually
required even if gravity is modified. In this context, kinematics analyses can be used
to trace the gravitational potential predicted by the baryonic components in frame-
works without DM under the modified force law. An example is provided by the
study of Pizzuti et al. (2025b), who tested RG in the clusters MACS J1206 and Abell
S1063 by combining the PPS distribution of cluster members with the stellar velocity-
dispersion profile of the BCG through the MG-MAMPOSSt code (Pizzuti et al. 2021).
They found that RG can reproduce the observed kinematics of the two clusters with
a quality comparable to Newtonian gravity, although the latter is mildly preferred;
however, the two clusters require mutually inconsistent values of the supposedly uni-
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versal RG parameters, and those values are also in tension with constraints obtained
on other astrophysical scales. While the results can be interpreted as an efficient way
to rule out RG, they rise again the delicate issue of systematics. In particular, RG is
extremely sensitive to deviation from a regular round shape of the objects, and the
inconsistencies among the model parameters may be a direct consequence of small
departures from spherical symmetry and dynamical relaxation.

In summary, gravity tests with galaxy clusters are becoming increasingly impor-
tant in the current theoretical and observational landscape, where cosmological and
astrophysical tensions are sharpened by the growing amount and quality of available
data, and the physical nature of the dark sector remains unknown. In this context,
cluster kinematics provides a rapidly evolving set of tools to probe the gravitational
interaction from the innermost regions, dominated by the BCG, to the outskirts and
infall regions, where several MG scenarios predict potentially detectable signatures.
The studies reviewed in this section show that combining kinematical informationwith
complementary probes (e.g., lensing, X-ray, or SZ measurements) allows the broad
zoo of alternatives to �CDM to be constrained more robustly than with any single
probe alone. However, the interpretation of possible non-standard signatures requires
caution. Detecting small deviations fromGR, or from the standard dark-sector picture,
demands not only high-quality data, but also a careful treatment of the systematics that
can bias the inferred gravitational potential. In the coming years, large spectroscopic
surveys will make these tests statistically much more powerful; the limiting factor
will increasingly shift from data volume to the accuracy with which astrophysical and
observational uncertainties can be controlled.

5 Conclusions: a bright future for cluster kinematics

The study of the dynamics of galaxies in clusters has followed a remarkable evolution
in the last two decades. What started as a simple application of the virial theorem to
a handful of redshifts has become a broad set of techniques capable of jointly recon-
structing mass and velocity anisotropy profiles, connecting the kinematical properties
to the assembly history of the cluster and its galaxies, as well as constraining the
dark sector and possible departures from the standard gravitational framework. This
rising trajectory mirrors the observational progress of the field: from the first velocity
dispersions of nearby clusters, to hundreds or thousands of spectroscopic members in
individual systems, and now to large samples of clusters where PPS analyses can be
performed statistically. The central message of this review is that cluster kinematics
is nowadays much more than a classical mass estimator. Galaxy velocities not only
quantify the depth of the potential well; they also encode the degree to which a cluster
departs from an idealized, relaxed system, turning PPS into a powerful diagnostic of
many physical processes from kpc to Mpc scales, and across the cosmic history at late
times.

A first lesson we draw from the methods discussed in this review is that there
are several different “dynamical mass” definitions for a cluster, depending on the
assumptions made. Virial estimators, σv scaling relations, Jeans analyses, caustics,
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and ML estimators all exploit the same basic observables—projected positions and
line-of-sight velocities—but use the available information in different ways and rely
on different physical assumptions. Simple global estimators remain useful for large
samples, especially when calibrated on simulations and corrected for selection effects,
but they cannot fully describe the radial structure of the potential or the orbital dis-
tribution of the tracers. On the other hand, forward modelling of PPS provides a
much richer description, allowing one to infer mass and anisotropy profiles jointly,
but at the price of stronger assumptions about equilibrium, symmetry, tracer density,
and the parametric form of the gravitational potential. The caustic method extends
the reach of kinematics into the infall region, where equilibrium cannot be assumed,
but requires a careful treatment of the escape-velocity edge, sampling, projection
effects, and the anisotropy-dependent filling factor. Finally, ML and simulation-based
approaches add a complementary path: they can learn complexmappings between PPS
structure and cluster properties, but their reliability depends on how well the training
simulations reproduce the relevant galaxy populations, selection functions, and—as
always–observational systematics.

The second lesson that emerges from our overview is that the main limitation of
cluster kinematics is not the lack of information in galaxy velocities, but the difficulty
of isolating the physical signal from the layers of assumptions and observational com-
plexity that shape the PPS. We have seen that effects introduced by contamination
from interlopers, departures from dynamical equilibrium, and irregular morphology
cannot anymore be considered secondary details; with the increase of the statistical
power, they become a fundamental part of the problem itself, producing biases that
may be of the same order of (or even larger than) the constraints on the interesting
physical quantities. They determine which galaxies are actually tracing the potential,
which regions can be analyzed with equilibrium models, and which observables are
most sensitive to recent accretion or projection effects. What makes the issue of sys-
tematics particularly relevant is the fact that the same features that complicate mass
reconstruction also contain physical information. Substructures trace the hierarchi-
cal assembly of clusters; velocity segregation encodes a connection between galaxy
orbits and environmental transformation; the outskirts preserve signatures of infall,
splashback, and anisotropic accretion from the cosmic web. A mature use of cluster
kinematics therefore requires a change of perspective: systematics should not only be
minimized, but also modeled and, whenever possible, turned into diagnostics of the
dynamical state of the system.

This point is even more important if we aim to use clusters as laboratories for pre-
cision cosmology. Cluster abundance studies require accurate mass calibration, and
galaxy velocities offer a tool that is physically independent of lensing, X-ray, and SZ
observables. However, the interpretation of kinematical masses must be tied to the
selection of tracers and to the dynamical state of the systems. A cluster σlos mea-
sured from passive, central, well-virialized galaxies is not equivalent to that measured
from a population rich in blue, recently accreted, star-forming galaxies. Similarly, a
stacked PPS built from clusters with different orientations, accretion rates, and selec-
tion functions does not automatically represent a single equilibrium object. Future
cosmological applications will therefore require dynamical likelihoods that include
all the aforementioned effects as part of the inference—not as external corrections.
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In this sense, the next step requires a synergy between the collection of more high-
precision redshifts, and the development of new frameworks of data analysis that are
sufficiently realistic to propagate observational and astrophysical uncertainties into
the final mass calibration. In this regard, recent progress in artificial intelligence and
deep learning, together with increasingly realistic cosmological simulations, offers a
promising route forward. However, while these tools can build inference schemes that
learn directly the full complex information in the PPS, there will always be the need
of physically-motivated dynamical models (such as distribution-function techniques)
that complementML approaches tomake a transparent connectionwith the underlying
physics.

A third, fundamental lesson is that cluster kinematics is uniquely powerful when
combined with independent probes of the mass distribution. Gravitational lensing
maps the projected mass without relying on dynamical equilibrium; X-ray and SZ
observations probe the thermodynamical state of the intracluster gas; galaxy kinemat-
ics measures the response of non-relativistic (collisionless) tracers to the gravitational
potential. The comparison among these probes is therefore not only a way to reduce
statistical uncertainties, it is a physical consistency test. Agreement between lensing
and kinematics supports the interpretation of galaxies as reliable markers of the poten-
tial and constrains the orbital distribution of galaxies breaking the mass-anisotropy
degeneracy. Disagreement may reveal non-equilibrium dynamics and the presence of
dominant systematics effects, or, in more ambitious applications, a departure from the
gravitational framework assumed in the modelling. The most informative analyses are
therefore those where the different probes are not simply compared a posteriori, but
combined in a common likelihood or hierarchical framework, with each observable
retaining its own physical assumptions and systematics.

This complementarity is central for tests of the dark sector and gravity. In the stan-
dard collisionless CDM picture, the global properties of a cluster (e.g. the total mass,
concentration, orbital anisotropy) are connected to the assembly history of the halo.
Kinematics can test these relations directly, especially when extended from the BCG-
dominated inner regions to the virial radius and beyond. Joint analyses of BCG stellar
kinematics, galaxy dynamics, lensing, and X-ray data can probe the inner logarith-
mic slope of the DM profile, the relative contribution of baryons and DM, and the
consistency of cluster mass profiles with CDM expectations. At larger radii, caustics
and infall modelling provide access to the transition between the virialized halo and
the surrounding cosmic web, where the mass accretion rate, splashback features, and
environmental dependence of cluster growth become relevant.

For MG and DE models, the role of kinematics is even more specific. Galaxy
motions respond to the potential governing non-relativistic dynamics, whereas lensing
depends on the relativistic combination of the metric potentials. This feature makes
the combination of lensing and kinematics a natural test of the gravitational slip η,
and general measurements of departures from GR, as well as of specific MG models
exhibiting fifth forces at cluster scales. In many alternative theories the inner regions
of massive clusters may be screened while the outskirts remain partially sensitive to
deviations from GR. A purely dynamical mass reconstruction can be degenerate with
changes in the true mass profile, but the degeneracy can be broken by comparing
it with lensing, which is affected differently by the additional degrees of freedom.
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The current constraints are still mostly limited by the sample size and the control of
systematics, but they demonstrate that cluster kinematics can offer tests of gravity
in environments less explored by other probes and complementary to Solar-System
experiments, cosmological large-scale structure, and gravitational waves.

Looking ahead, the field is entering a quantitatively new regime. Ongoing and
planned wide-area spectroscopic surveys such as DESI Collaboration et al. (2026),
4MOST 4HS (Taylor et al. 2023) and CHANCES (Haines 2023), WEAVE WCN,
WWFCS, and the Cosmological Clusters Survey (Jin et al. 2024), the Subaru PFS
Cosmology Survey (Takada et al. 2014),MOONSMOONRISE (Maiolino et al. 2020),
togetherwith imaging and lensing surveys such asRubin/LSST (Ivezić et al. 2019), and
RomanHLWAS (RomanObservations TimeAllocation Committee, Core Community
SurveyDefinitionCommittees 2025), and the spectroscopic and lensingEuclid surveys
(Euclid Collaboration 2025b) will provide unprecedented samples of clusters with
spectroscopic tracers over large radial ranges. The cluster gravitational potential will
be probed using several tracers, galaxies of different spectral and morphological type,
color, mass, and star-formation rate, but possibly also planetary nebulae (e.g. Spiniello
et al. 2018), globular clusters (e.g.Chaturvedi et al. 2022), or ICL (e.g.Atek et al. 2025).
Studying cluster kinematics will allow to connect mass calibration to galaxy evolution,
as the same PPS that constrains the gravitational potential, also contains information
on the accretion history and evolution of the different cluster galaxy populations.

At the same time of these large spectroscopic surveys, eROSITA (Predehl et al.
2021), Athena (Barret et al. 2020), CMB-S4 (Schiappucci et al. 2025), the Simons
Observatory (Abitbol et al. 2025), and other X-ray and SZ facilities will improve
the characterization of the ICM and the thermodynamical state of large cluster
samples. The combination of these datasets with those coming from the optical sur-
veys will enable a shift from detailed studies of individual benchmark clusters to
population-level dynamical studies, where mass, redshift, environment, morphology,
and dynamical state can be controlled simultaneously. In addition, the same phase-
space diagram that constrains the gravitational potential, also contains information on
the accretion history and evolution of the different cluster galaxy populations.

This observational progress will demand equally significant progress in model-
ing. First, dynamical analyses should move toward hierarchical frameworks in which
individual clusters are modeled jointly, while allowing concentration, anisotropy, sub-
structure, and velocity bias to vary from cluster to cluster according to population-level
distributions. Such frameworks would constrain population trends and intrinsic scat-
ter while retaining cluster-specific information, allowing sparsely sampled systems
to benefit from the joint analysis without diluting the information provided by well-
sampled clusters. Second, the boundary between equilibrium and non-equilibrium
dynamics should be treated more flexibly. Standard Jeans analyses remain appropriate
inside the virialized region of relaxed systems, but the infall region requiresmodels that
include mean radial streaming, Hubble expansion, and the transition between orbiting
and infalling populations. Generalized Jeans formalisms, caustic-based approaches,
and models of the full LOS velocity distribution in the outskirts provide promising
paths in this direction. Third, simulation-based inference and ML methods should be
integrated with physical modeling rather than treated as black boxes. Their strength
lies in handling complex selection functions, high-dimensional observables, and non-
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Gaussian phase-space features; their weakness lies in their dependence on the realism
of the simulations used for training. Robust applications will therefore require exten-
sive validation across independent hydrodynamical simulations, semi-analytic galaxy
models, and mock survey realizations.

The future of the fieldwill also depend on the construction of clean and reproducible
dynamical datasets. Membership selection, aperture definitions, centering choices,
redshift quality flags, completeness masks, and adopted radial scalings often differ
from study to study, making comparisons difficult. Large surveys will make it possible
to standardize these choices, but only if the dynamical catalogs are built with explicit
selection functions and publicly documented algorithms. This condition is particularly
important for ML applications and for comparisons with simulations, where the same
observable definitions must be applied to real and mock data. A robust dynamical
pipeline for the next decade should therefore include not only redshift measurements
and member catalogues, but also probabilistic membership assignments, complete-
ness weights, substructure diagnostics, dynamical-state indicators, and covariance
estimates for derived profiles.

The next generation of spectroscopic data coupledwith improved theoreticalmodel-
ing, will allow kinematical studies to provide increasingly accurate and precise cluster
mass and mass profile determinations, to trace the cluster assembly history, to test
for different DM candidates, probe theories beyond GR, but also, in combination with
other data, probe the physics of the cluster components. In doing so, the field can trans-
form one of the oldest arguments for DM into one of the most precise laboratories for
testing the nature of DM, DE, and gravity on cosmological scales.

“Clusters of galaxies are the largest clearly recognizable structurally organized
units of matter in the universe. They represent the fundamental cells of the cosmos.
It is within these grand aggregates that the laws of gravitation, thermodynamics, and
cosmic evolution must be tested on a grand scale, for they contain the total history of
cosmic matter written in their distribution and motions” (Zwicky 1957).
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