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Abstract
Real income distribution comparisons are of interest to policy makers across
European countries. Nowadays, a crucial component of income inequality
remains the discrepancy between men and women, often called the gender gap.
Since the gender gap is related to the whole distribution of incomes in a pop-
ulation, popular single metrics are not adequate, and previous studies applied
the relative distribution method, a non-parametric approach to the compari-
son of distributions. Here, we propose a parametric approach for estimating
the relative distribution. Then we extend it to assess the impact of selected
covariates—related to the personal characteristics of the samples—on the exist-
ing gender gap in both countries. In more detail, models for income were fitted to
empirical data from Poland and Italy, from the European Survey of Income and
Living Conditions (wave 2018). Afterwards, their parameters were employed to
obtain the estimates of relative distribution characteristics. The methods applied
in the study turned out to be relevant to describe the gender gap over the entire
income range. Finally, the results of the empirical analysis are discussed to reveal
similarities and substantial differences between the countries.
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1 INTRODUCTION

Income disparity is still growing in OECD countries, and
has reached its highest level in the past half-century. Sev-
eral studies have been conducted on this issue; among
them, it is worth recalling the Divided We Stand. Why

Inequality Keeps Rising [1] and In It Together: Why Less
Inequality Benefits All [2]. The trend of rising inequality
has become a priority for policymakers, and calls for the
analysis of various aspects of income inequality, including
its measurement and decomposition by regional areas, by
income sources and—recently—also across genders.
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Gender equality, often understood only in terms of
income, should be viewed as multidimensional. Gender
equality also means equal economic independence for
women and men; it refers to equality in decision-making
and, in the broader setting, it requires equal dignity,
integrity, and the ending of gender-based violence. Gender
equality is one of the fundamental values of the European
Union (EU). The European Commission’s work on gen-
der equality policy is based on the “Strategic Engagement
for gender equality 2016–2019”, which focuses on five
priority areas, including increasing female labour-market
participation, reducing the gender pay, earnings and pen-
sion gaps, combating gender-based violence, improving
gender balance in decision-making and promoting gen-
der equality within the Member States and across the
world. Although, in EU countries, it is generally illegal for
employers to pay different amounts of men and women
to do the same job, there are many other reasons why, on
average, substantial income differences between men and
women can be observed. The observed differences cap-
ture differences along many possible dimensions, includ-
ing education level, working hours, experience, occupa-
tion, and many others. Therefore, the gender gap is based
only on income discrepancies, and does not account for
underlying differences in the above-mentioned covari-
ates. It measures gender inequality but not necessarily
discrimination. The adjustment of the gender gap for
the covariates can be helpful in recognizing the reasons
for existing inequalities; however, further in-depth and
country-specific analysis is often necessary to detect all
cases and causes of possible discrimination. Many coun-
tries still have ineffective equal-pay legislation that reg-
ulates women’s overall paid working hours. The distri-
bution of the workforce across working hour bands is
generally more even for women than for men, due largely
to the higher incidence of part-time work among women
and, thus, a greater proportion of women working fewer
hours. Blau and Kahn developed in [3] an interesting
in-depth analysis, showing that differences in pay are
caused by many concurring factors. On one hand, occu-
pational segregation is perhaps the main reason: men
are prevalent in higher-paid industries, while women are
mostly in lower-paid industries. Differences in remuner-
ation across industry sectors all influence the gender pay
gap [3]. Finally, some barriers to entry into the labour mar-
ket are related to the education level and single parenting
rate [4]. There is vertical segregation, too: few women work
in senior, and hence better-paying positions.

For the sake of social and economic policies, it seems
interesting to compare income inequality across EU coun-
tries. In this paper, the focus will be on income dis-
tributions across Poland and Italy. Their different eco-
nomic backgrounds offer interesting perspectives. Poland

is still suffering the effects of the transition from a
centrally-planned to a market-based economy, while Italy
is a former well-established market economy. More-
over, according to the Tárki European Social Report [5],
there is a lower level of acceptance of inequality in
the post-socialist bloc than in other European countries.
Results of EU-SILC show that the popular Gini inequal-
ity indexes for net household incomes in the two coun-
tries were rather similar and equalled 0.34 and 0.35,
respectively. Nevertheless, the comparative studies con-
ducted by Jȩdrzejczak [6] and Zenga and Jȩdrzejczak [7]
revealed substantial differences in “inequality patterns”
much higher for the Italian macro-regions, as compared
with the Polish ones. In particular, a relatively strong nega-
tive correlation has been observed between GDP per capita
and income inequality measured by the Gini index in the
Italian regions, while in Poland this correlation turned
out to be slightly positive. As a result, in Italy, the high-
est inequality levels occur in the poorest regions, while in
Poland the opposite situation has been observed.

A debated research issue regards the methodology of
measuring the gender gap. In the Eurostat database, one
can find an indicator called “unadjusted gender pay gap”,
defined as a relative difference between average gross
hourly earnings, coming from the four-yearly Structure
of Earnings Survey.1 The gender pay gap in the EU in
2019 was 14.1% and had only changed minimally over
the last decade—it means that women earn 14.1% less
per hour than men on average. Another summary mea-
sure used by Eurostat, called “the gender overall earnings
gap”, stood at 36.7%. It measures the combined impact of
the average hourly earnings, the monthly average of the
number of hours paid (before any adjustment for part-time
work) and the employment rate. Similar indicators can
easily be obtained based on SILC (Survey of Income and
Living Conditions) data, by comparing mean or median
incomes, available for gender groups. Such an approach
seems unsatisfactory, as the phenomenon of the gender
gap is related to the entire distribution of incomes in a
population, so it is difficult to capture the full range of
experiences by means of the aforementioned single met-
rics. To uncover the factors contributing to the gender
discrepancy, one should adopt a variety of tools, consider
concomitant variables and move beyond the typical focus
on average or median earnings differences, towards a full
comparison of the entire distribution of women’s earnings
relative to men’s.

An analytic study of the gender gap for Poland and Italy
has been developed in [8], by comparing data provided
by Eurostat for Poland and Italy in 2015 through the

1https://ec.europa.eu/eurostat/web/microdata/structure-of-earnings-
survey
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relative distribution approach introduced by Handcock
and Morris [9]. Such method is a non-parametric complete
summary of the information required for scale-invariant
comparisons between distributions. The main objective of
the present paper is to take a step further in the anal-
ysis, starting from the measurement of the differences
observed in income distributions for men and women in
both countries with parametric income distribution mod-
els, and extending the method to assess the effects of some
important covariates. First, the parameters of the selected
theoretical distributions were estimated from the data and
the best-fit model was selected. Afterwards, empirical and
theoretical distributions were compared through a relative
approach. The next step of the analysis was the search for
socio-economic factors which could explain the observed
differences, by means of a newly introduced parametric
decomposition for covariate adjustment.

The rest of the paper is organized as follows. Section 1
introduces the most used models for income data, while
Section 2 presents the measures we adopted to evaluate the
quality of our first inferential results. After recalling briefly
the notion of relative distribution in Section 3, we intro-
duce a parametric version of the approach in Section 4. In
addition, the decomposition of covariates is summarized
in Section 5, and its parametric version is presented in
Section 6. A brief description of the EU-SILC data opens
Section 7, that is then devoted to compare and discuss all
the obtained results from the gender gap analysis, in the
non-parametric and parametric approaches. Conclusions
and final remarks end the paper in Section 8.

2 MODELS FOR INCOME DATA

We recall here three economic size distributions widely
employed in the literature for fitting income data, namely
the Dagum, the Singh-Maddala and the Lognormal model.
We provide their definitions, and basic information for
making inference on survey data. For the interested reader,
we suggest the books of Kleiber and Kotz [10] and Arnold
[11] as invaluable resources on income models and various
Pareto-type distributions, including statistical inference
procedures.

2.1 Dagum distribution

This model takes its name from Camilo Dagum, who intro-
duced it in the 1970s, when working on a quest for a
statistical distribution closely fitting empirical income and
wealth distributions.

To mimic characteristic properties observed in such
datasets, Dagum searched for a model permitting an

interior mode (as the Lognormal) and able to handle heavy
tails (like the Pareto), at the same time. Furthermore, he
moved from characteristic properties of empirical income
and wealth distributions: he stated a generating system
where the income elasticity 𝜂(F, y) of the cumulative dis-
tribution function (cdf) of income y is a decreasing and
bounded function of F, and therefore of y. Let us recall
here, briefly, that elasticity in economics is defined as the
ratio between the percentage changes of two variables. It is
a measure of the sensitivity of the first variable to changes
in the second one. After decades of applications to real
data (see Reference [10] and references wherein), we can
deem the Dagum model as an excellent candidate for our
purpose.

We say that F belongs to the Dagum family if its prob-
ability density function (pdf) is given by

fD(y; a, b, p) =
a p yap−1

bap
[
1 +

(
y
b

)a]p+1 , y > 0

for some a, b, p > 0, where a and p are shape parame-
ters, while b is a scale parameter. The shape parame-
ters are related to inequality, Lorenz and first stochas-
tic dominance. For example, let F1 = fD (a1, b1, p1) and
F2 = fD (a2, b2, p2) be two Dagum distributions, then the
necessary and sufficient conditions for Lorenz domi-
nance (i.e., non intersecting Lorenz curves) is a1p1 ≤ a2p2
and a1 ≤ a2.

This model allows for various degrees of positive skew-
ness and leptokurtosis; moreover, it owns a built-in flex-
ibility to be unimodal, to approximate income distribu-
tions; or zeromodal, to describe wealth distributions. For
more details on this distribution, in the framework of eco-
nomic size distributions, see Kleiber and Kotz (Reference
[10], chap. 6.3) and references wherein.

The cumulative distribution function (cdf) for the
Dagum is given by

FD(y; a, b, p) =
[
1 +

( y
b

)−a]−p
, y > 0. (1)

We can invert the cdf F to obtain the quantile function,
yielding

F−1
D (u; a, b, p) = b

[
u−1∕p − 1

]−1∕a
, u ∈ (0, 1). (2)

The Dagum model can be seen as a special case of the
generalized beta distribution of the second kind (GB2; it is
also a member of the the Burr family being equivalent the
Burr type III distribution [12]).

Given an i.i.d. sample {y1, y2, … , yn} drawn from the
parent distribution Y , the likelihood function takes the
form
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4 GRESELIN et al.

LD(a, b, p|y) =
(ap

b

)n n∏
i=1

(yi

b

)ap−1(
1 +

(yi

b

)a)−p−1
.

Finally, the solution of the following system of equations
provides the ML estimation

⎧
⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

n
a
+ p

n∑
i=1

ln
(

yi
b

)
− (p + 1)

n∑
i=1

ln
(

yi
b

)

1+
(

b
yi

)a = 0

np − (p + 1)
n∑

i=1

1

1+
(

b
yi

)a = 0

n
p
+ a

n∑
i=1

ln
(

yi
b

)
−

n∑
i=1

ln
[
1 +

(
yi
b

)a]
= 0.

Unfortunately, no explicit solution of this system is known
(see, among others, Reference [13]). This issue perhaps
explains its relative unpopularity, despite the solid ratio-
nale on which the Dagum model is based. We developed
our own code in Mathematica, to numerically solve the ML
optimization.

2.2 The Singh-Maddala distribution

Another probability distribution frequently applied to
modeling income and wage distributions was proposed by
Singh and Maddala [14]. The distribution has been derived
based on the concept of hazard rate or failure rate, widely
used for deriving probability distributions in reliability
theory or for the analysis of lifetime distributions. Like the
Dagum model, it is a special case of the four-parameter
GB2 model, introduced by McDonald [15], and a member
of the Burr family (Burr type XII model), both are there-
fore a special case of the Feller-Pareto family. Its pdf is
given by

fSM(y) = a b−a q ya−1[1 + (y∕b)a
]−q−1 y > 0,

where a, b, q > 0. The cumulative distribution function
takes the form

FSM(y) = 1 −
[
1 + (y∕b)a

]−q y > 0.

The likelihood function for the Singh-Maddala distribu-
tion reads as follows:

LSM(a, b, p|y) =
(

a b−a q
)n

n∏
i=1

ya−1
i
[
1 + (yi∕b)a

]−q−1
.

To obtain the normal equations for the unknown parame-
ters, we take partial derivatives of (1.2) with respect to a, b
and q and equate them to zero:

⎧
⎪⎪⎪⎨⎪⎪⎪⎩

n
a
+

n∑
i=1

ln(yi∕b) − (q + 1)
n∑

i=1
ln(yi∕b)

[
1 + (b∕yi)a

]−1 = 0

n − (q + 1)
n∑

i=1

[
1 + (b∕yi)a

]−1 = 0

n
q
−

n∑
i=1

ln
[
1 + (yi∕b)a

]
= 0.

The solutions of the above equations are the maximum
likelihood estimators of the Singh-Maddala model param-
eters a, b and q.

Very recently, Dutang et al. [16] provided functions in
R for obtaining the MLE estimators for the whole family
of Feller-Pareto distributions. Their asymptotic properties
have been derived in Reference [17].

2.3 The Lognormal distribution

A two-parameter model that has been frequently applied
for fitting income distributions in many countries, mainly
owing to its simplicity and the straightforward interpre-
tation of its parameters, is the lognormal distribution.
The Lognormal fits better than the Pareto distribution
the lower income levels, but its fit towards the upper
tail is far from satisfactory. Nevertheless, the Lognormal
distribution can be applied to approximate selected empir-
ical income distribution, especially in post-socialist coun-
tries [18].

A Lognormal random variable Y has the following
density function

fL(y) =
1

y 𝜎

√
2𝜋

exp
(
−
(ln y − 𝜇)2

2𝜎2

)

where 𝜇 ∈ R and 𝜎 > 0 are respectively the expected value
and the standard deviation of log(Y ).

It is worth noting that also the Lognormal model can be
obtained from the GB2 model as a limiting case, assuming
special parameter values [19]. The maximum likelihood
estimators of the Lognormal distribution parameters𝜇 and
𝜎, based on a random sample {y1, y2, … , yn}, are given by
the following explicit formulas:

𝜇 = 1
n

n∑
i=1

ln yi

𝜎2 = 1
n

n∑
i=1

(
ln yi − 𝜇

)2

The estimators are most efficient and unbiased (in the case
of 𝜎2 the latter property is true only asymptotically) and
their respective large sample variances are: V 2(𝜇) = 𝜎2∕n
and V 2

(
𝜎2
)
= 2𝜎4∕(n − 1) ∼ 2𝜎4∕n (see Reference [20]).
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3 GOODNESS OF FIT MEASURES

Let us employ the own words of George Box [21] for the
incipit of this section: “All models are approximations.
Assumptions, whether implied or clearly stated, are never
exactly true. All models are wrong, but some models are
useful. So the question you need to ask is not: Is the model
true? (it never is), but: Is the model good enough for this
particular application?”

So, the primary question is the goodness of fit.
Goodness-of-fit measures are widely employed to assess
how well the estimated models fit a set of observa-
tions, to provide an initial—partial—answer to George
Box’s question. In the following, we will not base our
judgment on statistical tests, like Pearson’s chi-square,
Anderson-Darling, or Kolmogorov–Smirnov tests, because
of the size (around tens of thousands of data) of the sur-
vey data on which our inferential results are based. In
general, with huge sample sizes, we expect that all con-
sistent tests would reject the H0 hypothesis stating the
equality between the empirical and the theoretical distri-
bution (even when applied to data randomly generated
from the model). Therefore, we rely on descriptive mea-
sures to summarize the discrepancy between the observed
frequencies and those expected under the model.

Let the empirical data be arranged into a grouped fre-
quency distribution with s-class intervals, and let n𝑗 and n̂𝑗
be, respectively, the observed and the estimated (under the
model) frequencies of the random variable Y over the 𝑗-th
interval. Any measure of deviation, based on a synthesis of
the absolute differences between n̂𝑗 and n𝑗 can be a can-
didate for assessing the goodness of fit. We will evaluate
the Mortara index A1, the Pearson index A2, the modified
quadratic index A′

2, and the coefficient of similarity Wp,
here recalled:

A1 =
1
n

s∑
𝑗=1
|n𝑗 − n̂𝑗|, (3)

A2 =

√√√√ 1
n

s∑
𝑗=1

(
n𝑗 − n̂𝑗

)2

n̂𝑗
, (4)

A′
2 =

√√√√ 1
n

s∑
𝑗=1

(
n𝑗 − n̂𝑗

)2

n𝑗
, (5)

Wp =
s∑
𝑗=1

min
(

n𝑗 − n̂𝑗
)
. (6)

4 THE RELATIVE
DISTRIBUTION METHOD

The aim of this methodology, introduced in 2006 by Han-
cock and Morris in Reference [9], is to provide a solid
methodology for the comparison of two distributions.

Let Y0 be a random variable (r.v) representing a mea-
surement for a population, with cdf F0(y), and pdf f0(y) (if
it exists). We will call the population that generated Y0 the
reference population.

Suppose there is a second population, called the com-
parison population, on which the same measurement orig-
inates the r.v. Y , with cdf F(y) and pdf f (y) (if it exists).

The relative distribution of Y to Y0 is defined as the
distribution of the r.v. R = F0(Y ):

• R is obtained from Y by transforming it by the cdf of Y0,
that is F0,

• R measures the relative rank of Y compared to Y0,
• R has cdf G such that G(r) = F

(
F−1

0 (r)
)

for 0 ≤ r ≤ 1.

We will call r, a realization of R, the relative data. The rel-
ative data can be interpreted as the percentile rank that the
original comparison value would have in the reference pop-
ulation. The pdf of R, that is, the relative density, can be
obtained as the derivative of G(r)

g(r) =
f
(

F−1
0 (r)

)

f0
(

F−1
0 (r)

) for 0 ≤ r ≤ 1. (7)

The relative density can be interpreted as a density ratio.
This can be seen more easily by expressing g(r) explicitly
in terms of the original measurement scale, y. Let the r-th
quantile of R be denoted by the value yr on the original
measurement scale, so the yr corresponding to r is F−1

0 (r).
The relative pdf is then:

g(r) =
f (yr)
f0 (yr)

with yr = F−1
0 (r) ≥ 0. (8)

we want to remark, here, that the relative density is a
proper pdf in the sense that it integrates to 1 over the
unit interval, due to the rescaling imposed by the quan-
tile function in the numerator and denominator of (7).
Because pdfs are one of the basic building blocks of sta-
tistical theory, the fact that the relative density is a proper
pdf provides the relative distribution with a firm basis for
estimation, inference, and interpretation, and a general
framework for methodological development [9].

The smoothness of F and F0 ensure that g(r) is continu-
ous on (0,1). If the two distributions are identical, then the
relative density is the uniform probability distribution on
(0,1) and the cdf of the relative distribution is the 45◦ line
from (0,0) to (1,1).

The relative distribution is an intuitively appealing
approach to the comparison problem because the relative
data, pdf and cdf have clear, simple interpretations.

The relative pdf g(r) can be interpreted as a density
ratio: the ratio of the fraction of respondents in the
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6 GRESELIN et al.

comparison group to the fraction in the reference group, up
to a given level of the outcome attribute Y , that is, up to
y = F−1(r).

The relative cdf, G(r), can be interpreted as the propor-
tion of the comparison group, whose attribute lies below the
r-th quantile of the reference group. Note that the implicit
unit of comparison is the value of the attribute on the orig-
inal measurement scale, where y0 = F−1

0 (G(r)) represents
the cut-point.

If the two r.v. Y and Y0 are identical, then the cfd of the
relative distribution is a 45◦ line and the pdf of the relative
distribution is that of the uniform on [0, 1].

5 A PARAMETRIC APPROACH TO
THE RELATIVE DISTRIBUTION

Since Pareto proposed his first income distribution model
in 1896, based on empirical evidence from tax statis-
tics, many economists and mathematicians have tried to
describe empirical distributions by mathematical formulas
with a few parameters.

What are the advantages of using a parametric model
instead of relying directly on survey data? First, applying
a theoretical model simplifies the analysis because a few
parameters can subsume different distribution character-
istics. In particular, the functional relationships between
various inequality measures and the model parameters can
be used to assess sensitivity of these measures to varia-
tions of location and shape of an underlying distribution.
Second, a theoretical model well-fitted to wage or income
data can be used to accurately predict wage and income
distributions in different divisions. Moreover, the approx-
imation of the empirical wage and income distributions
through theoretical curves can smooth the irregularities
coming from the data collecting method, what can be espe-
cially important for sparse data in high-income groups
(see chap. 1 in Reference [10]). In our study, the last rea-
son seems to be the most important, as the datasets based
on sample surveys are subject to various sampling and
nonsampling errors. Notice that standard imputation and
calibration techniques cannot fully eliminate such kinds
of errors.

A necessary condition that has to be assumed for a the-
oretical density to be applicable as an appropriate income
distribution model is its empirical (socio-economic)
or/and stochastic foundations [22, 23]. In the considera-
tions devoted to income distribution models, it is generally
accepted that the Pareto model provides the optimal fit for
high-income groups, hence the convergence to the weak
Pareto law [24] has become the standard requirement.
There have been many attempts to explain the behavior of

the Pareto model in stochastic terms, with the main one
due to [25], based on Markov chains.

The Lognormal model makes use of Gibrat’s law of pro-
portionate effect to explain how income is distributed and
how the distribution changes over time in a population.
Despite this stochastic foundation of the model, limited
flexibility due to having only two parameters and lack of
convergence to the Pareto law make the model inadequate
at the tails.

A stochastic mechanism leading to the Dagum distri-
bution can be described by the solution of Kolmogorov
forward equations which gives the equilibrium distribu-
tion of a diffusion process [26]. Moreover, the model has
socio-economic solid fundaments from the contributions
of Sylos Labini on social stratification [27]. The Dagum
distribution is also the solution of a differential equation
formulated on the basis of empirical evidence on income
elasticity of the cumulative distribution function, based on
income data from many countries and in different divi-
sions [22].

Finally, the Singh-Maddala distribution—in contrast
to the Lognormal and the Dagum models—is based on
formal analogy, rather than on stochastic or economic
foundations. This analogy is supported by the similar-
ity to the lifetime distributions used in reliability theory.
Despite the lack of direct foundations, which would have
been interpreted in terms of socio-economic processes, it
is a generalization of the Pareto distribution, and hence
behaves as Pareto among the highest incomes.

Given a distribution that fits well some empirical data,
a parametric version of the relative distribution method
can be introduced. We will explicitly derive here the rela-
tive density and relative distribution for the Dagum model.
Analogous results for the Singh-Maddala and the Lognor-
mal distributions are available in the Appendix A.

Recalling the definition of the relative distribution of Y
to Y0, that is G(r) = F

(
F−1

0 (r)
)

for 0 ≤ r ≤ 1, and using the
Dagum cdf and quantile function, given respectively in (1)
and (2), we set

GD(a,b,p;a0,b0,p0)(r) =
[

1 +
(

b
b0

)p(
r−1∕p0 − 1

)p∕a0

]−a

. (9)

Analogously, the relative pdf can be derived as follows

gD(a,b,p;a0,b0,p0)(r)

=
a p ba0p0

0

a0 p0 bap Ra p−a0p0
0

[
1 + (R0∕b0)a0

]p0+1

[
1 + (R0∕b)a

]p+1 , (10)

where R0 = b0
(

r−1∕p0 − 1
)−1∕a0 .

 19321872, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/sam

.11623 by C
ochraneItalia, W

iley O
nline L

ibrary on [15/05/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



GRESELIN et al. 7

6 ADJUSTING FOR COVARIATES

Often some covariates vary systematically by the compared
populations, and the impact of these covariates is of inter-
est. For instance, suppose the education composition is
different in the reference (men) and comparison (woman)
population. We want to quantify the impact of this dif-
ference on income distribution. Further, there could be a
different relationship between the covariate (say, educa-
tion) and the response variable (say, income). Our purpose
is to separate out the two effects.

We will follow the approach introduced by Handcock
and Morris in [9], where the overall relative distribution is
decomposed into:

• A first term: the composition effect, which measures the
shift in the covariates from one population to the other;

• A second term: the residual effect, obtained by adjust-
ing the reference (men) population to have the same
marginal covariate composition as the comparison
(women) population.

By holding the population composition constant across the
gender groups, differences in the covariate-response rela-
tionships can be correctly identified. Let (Y0,Z0) and (Y ,Z)
denote the random vectors describing the reference and
comparison populations, where Y0 and Y are the response
variables, while Z0 and Z are the categorical covariates,
with support 1, 2, … ,K.

Let 𝜋k and 𝜋0k be the probability mass functions of Z
and Z0, respectively, for k = 1, … ,K. They represent the
population composition with respect to the covariate.

The marginal density of Y can be written as

f (y) ≔
K∑

k=1
𝜋kfY |Z(y|k). (11)

An analogous definition holds for the reference distribu-
tion Y0

f0(y) ≔
K∑

k=1
𝜋0kfY0|Z0(y|k). (12)

The differences between f (y) and f0(y) are also a result of
the differences in the conditional densities fY0|Z0(y|k) and
fY |Z(y|k), for k = 1, … ,K. The latter conditional densities
represent differences in the covariate-response relationship
between the two populations.

Using these ideas, we can construct a counter-factual
distribution for the compositional difference. We define the
distribution of Y0 composition-adjusted to Y to be Y0C with
density:

f0C(y) ≔
K∑

k=1
𝜋kfY0|Z0(y|k). (13)

Y0C is the distribution of income from the compari-
son population, if they had the distribution of covariate of
the reference distribution. Using the composition-adjusted
response distribution, we can decompose the overall rel-
ative distribution into a component that represents the
effect of changes in the marginal distribution of the covari-
ate the composition effect, and a component that represents
the residual effect. In terms of density ratios, we have:

f (yr)
f0 (yr)

=
f0C (yr)
f0 (yr)

×
f (yr)

f0C (yr)
. (14)

We would like to conclude with a short discussion about
other econometric methods for assessing gender gap.
Within a classical regression approach on income Y , the
model can incorporate a qualitative predictor for gender
via a dummy variable. Juhn, et al. [28] develop a regression
method that separates changes in covariates from changes
in the regression coefficients, to obtain estimated returns
to the covariates, changes in the mean residual earnings
gap between the groups and changes in the standard devi-
ation of the men’s residual earning variation. They apply
their method to investigate the race-gap in wages, and Blau
and Kahn [29] apply it to the gender-gap. However, the
principal limitation of regression is related to the fact that
it works only with average differences. On the other side,
quantile regression [30] can track distributional changes.
We opted for the relative distribution framework because it
provides a fully distributional approach to location and/or
shape differences among two distributions, and covari-
ate decomposition. We briefly develop, in the sequel, a
parametric version of covariate adjustment. Afterward, in
Section 7 we apply such decompositions to real data, and
show how they offer a deeper insight to gender gap.

7 A PARAMETRIC APPROACH TO
COVARIATE ADJUSTMENT

We want now to introduce a parametric version of the
adjustment of covariates. Our aim here is to define the
estimated marginal densities f̂ (y), f̂0(y) for the compar-
ison and the reference population, and the estimated
composition-adjusted density f̂0C(y): they will be based,
again, on the Dagum model.

To this purpose, we will consider the subsample, drawn
from the reference population, having value Z = k for the
covariate, and estimate a Dagum model on it, yielding

f̂Y |Z(y|k) = fD

(
y; âk, b̂k, p̂k

)
, for k = 1, … ,K. (15)

Similarly, we take the subsample from the comparison
population, with covariate Z = k, and fit a Dagum model
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8 GRESELIN et al.

to it, giving raise to

f̂Y0|Z0(y|k) = fD

(
y; â0k, b̂0k, p̂0k

)
, for k = 1, … ,K.

(16)
We may substitute 𝜋k and 𝜋0k in (11) and (12) by their nat-
ural estimators 𝜋k and 𝜋0k, that are the empirical relative
frequencies of observing the value k for covariate Z and
Z0, in the samples drawn from the reference and from the
comparison populations, respectively. We obtain

f̂ (y) ≔
K∑

k=1
𝜋kfD

(
y; âk, b̂k, p̂k

)
, and

f̂0(y) ≔
K∑

k=1
𝜋0kfD

(
â0k, b̂0k, p̂0k

)
(17)

Finally, we can decompose the overall estimated density
ratio f̂ (yr) ∕f̂0 (yr) into a product of two density ratios

• the first given by f̂0C (yr) ∕f̂0 (yr), which represents the
effect on Y0 due to the different marginal density of the
covariate Z, and

• the second, f̂ (yr) ∕f̂0C (yr), that expresses the residual
effect.

8 APPLICATIONS TO EUSILC
DATA FOR POLAND AND ITALY

The European Union Statistics on Income and Living Con-
ditions (EU-SILC) is an instrument aiming at collecting
timely and comparable cross-sectional and longitudinal
multidimensional microdata on income, poverty, social
exclusion and living conditions [31]. This instrument is
anchored in the European Statistical System (ESS).

The employee gross income consists of.

• cash gross total income PY010G,
• cash benefits from self employment PY050G,
• gross pension individual plans PY080G,
• gross unemployment benefits PY090G,
• old age benefits PY100G,
• survival benefits PY110G,
• disability benefits PY130G,
• education related allowances PY140G.

Remarkable differences between Poland and Italy,
primarily related to the discrepancy between men and
women across regions, have been found in the literature
[8]. To uncover the factors contributing to the gender dis-
crepancy, it is useful to move beyond the typical focus on

average or median earnings differences, towards a view on
how the entire distribution of women’s earnings (which
generated the comparison Y0) relative to men’s (originat-
ing the reference Y ) compares. The next natural step is
hence to search for the socioeconomic factors that could
explain the differences observed in the income distribution
for men and women, employing the method based on the
covariate decomposition introduced in Section 5.

In our analysis, we will employ EU-SILC data of wave
2018. We proceed as follows:

• First step: we fit the three models introduced in Section 1
to males and female empirical data, in both countries,
and select the best fitting solution;

• Second step: we evaluate the relative distributions, based
on the empirical data and on the estimated models;

• Third step: we decompose the relative distribution with
respect to the following covariates:

– Covariate 1: Education level (PE040),
– Covariate 2: Managerial position (PL150),
– Covariate 3: Working time (PL060+PL100).

The estimated models, superimposed to the histograms
of EU-SILC data, for income distribution of women (left
panel) and men (right panel) for Italy and Poland, are given
in Figures 1 and 2, respectively.

Table 1 presents the goodness-of-fit measures, and
shows that in almost all cases, the Dagum distribution out-
performs its competitors and provides one more piece of
evidence that it can be considered as a good model for sur-
vey income data. The Singh-Maddala model yielded a good
fit in some cases, while the Lognormal distribution turned
out to be rather poor for our purposes. Notice that, while
A1, A2 and A′

2 indicate a measure of distance between the
model and the binned data (hence best values are the low-
est ones), Wp is a measure of similarity, therefore the better
the fit, the higher the value.

In Figure 3 we observe, for each country, the differ-
ences between the Dagum density curves estimated for
men and women.

We see that the estimated model for males income
first-order stochastically dominates the one for females
income, both in Poland and in Italy. This property can be
easily checked by comparing the parameters of the Dagum
models in Table 1, using results derived by Klonner [32].

Here, we prefer to fully exploit the relative distribu-
tion approach, as follows. First-order dominance G ≥1
F can also be written in terms of quantiles, requiring
G−1(p) ≤ F−1(p) for all p ∈ [0, 1], with strict inequality for
at least one p [33]. This means that ranking the individ-
uals of each population in terms of their income level,
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GRESELIN et al. 9

F I G U R E 1 Estimated models, superimposed to the histogram of EU-SILC data, for income of Italian women (left panel) and men
(right panel).

F I G U R E 2 Estimated models, superimposed to the histogram of EU-SILC data, for income of Polish women (left panel) and men
(right panel).

distribution G first-order stochastically dominates distri-
bution F if the level of income in each position p in G is
at least as high as the corresponding level of income in
the same position in F. The plots of the relative parametric
cdf in Figure 5 represent the estimated males distribution
first-order dominating the females distribution of income.
Moreover, first-order dominance implies all higher order
dominances, among which the Lorenz dominance.

However, a part from this consideration, the distribu-
tions of gender groups differ in all aspects—scale, location,

and shape. From a direct comparison of the density curves,
it seems hard to grasp and characterize the gender gap.

Therefore, we employed the relative distribution
approach to assessing the gender gap, first by evaluating
it on the empirical data and then from the fitted Dagum
Models. Figure 4 shows the pdf of the relative density for
Italy and Poland, based on EUSILC 2018 data. The den-
sities of relative distributions can be interpreted in terms
of density ratios of the compared populations, that is, the
ratios of the fraction of respondents in the comparison

 19321872, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/sam

.11623 by C
ochraneItalia, W

iley O
nline L

ibrary on [15/05/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



10 GRESELIN et al.

T A B L E 1 Estimated parameter values and goodness of fit measure A1,A2,A′
2 and Wp (defined in (2.3), (2.4), (2.5), and (2.6)) obtained

for EU-SILC data (2018) for Italy and Poland.

Estimated parameter values Indexes of goodness of fit

Dagum a b p A1 A2 A′2 Wp

Males Poland 3.2261 9928.55 0.5530 0.0803 0.1018 0.1257 0.9598

Females Poland 3.5579 8000.65 0.4941 0.0205 0.0538 0.0526 0.9897

Males Italy 3.1610 32478.90 0.5525 0.1145 0.1747 0.1555 0.9428

Females Italy 3.4373 26071.80 0.4091 0.0769 0.0987 0.0931 0.9615

Singh-Maddala a b q A1 A2 A′2 Wp

Males Poland 2.0606 11541.10 2.0472 0.0636 0.0748 0.0717 0.9682

Females Poland 2.3524 7081.63 1.5319 0.0281 0.0532 0.0506 0.9860

Males Italy 2.0949 33096.48 1.6736 0.1483 0.2601 0.1912 0.9259

Females Italy 1.7463 34694.68 2.8934 0.1010 0.1147 0.1404 0.9495

Lognormal 𝝁 𝝈
2 A1 A2 A′2 Wp

Males Poland 8.8489 0.5894 0.0802 0.2053 0.1245 0.9599

Females Poland 8.5855 0.5254 0.0865 0.5861 0.1539 0.9567

Males Italy 10.0297 0.6617 0.2289 0.7743 0.2713 0.8855

Females Italy 9.6114 0.7517 0.1843 0.2142 0.2014 0.9078

Note: Best values of each index are bolded, for each sample.

F I G U R E 3 Dagum
estimated models for Italian
(left panel) and Polish (right
panel) EU-SILC data.

F I G U R E 4 Relative
density obtained from the
(comparison) female income to
the (reference) male income,
for Italy (left panel) and Poland
(right panel), based on
empirical data.

group to the fraction in the reference group, at a given level
of income. For example, for Poland, the relative density at
the 2nd decile of men’s income is about equal to 2, mean-
ing that women are about twice as likely as men to fall at

this income level. The respective ratio for Italy is about 1.5.
In general, the relative density for Italy is more polarized
than for Poland, having a rather hyperbolic shape. There-
fore, the highest discrepancy can be observed in the bottom
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GRESELIN et al. 11

F I G U R E 5 Relative
distribution obtained from the
(comparison) female income to
the (reference) male income,
for Italy (left panel) and Poland
(right panel), based on
empirical data. The values of the
third, sixth and ninth decile of
income (in Euro) are indicated
on the right and upper axes.

F I G U R E 6 Relative
density for Italian data (left
panel) and Polish data (right
panel), based on the estimated
Dagum models (parametric
approach).

and top income deciles. In contrast, in Poland the highest
density ratio was observed closer to the middle of income
range, namely at the 3rd decile group.

The curves of the relative income distribution, shown
in Figure 5, provide a rich and detailed information.
Each point on the curve has a precise interpretation. For
instance, in the right panel, it can be seen that at the third
decile of the Polish men’s earnings distribution, that is p =
0.3, it holds G(0.3) = 0.50. This means that approximately
50 percent of women earn less than the third decile men’s
income. The situation is even worse in Italy (left panel),
where as much as 54 percent of women earn less than the
third decile men. Note that one of the peculiarities of the
relative graphs is that the distance between Euro values on
the right-hand scale is measured in units of persons rather
than in euros. It is worth pointing out that the gender gap
in Poland increased in 2018 comparing to 2015, despite the
fact that income inequality in this country decreased over
the same period [8].

In the next step, we smoothed out the irregularities
coming from random selection of empirical data, using
the parametric approach based on the Dagum model. The
parametric versions of the relative density and relative dis-
tribution function are presented in the Figures 6 and 7,

respectively. When comparing the empirical cdfs and pdfs
(Figures 4 and 5) with the corresponding parametric ones
(Figures 6 and 7), it can be noticed that the empirical
curves are not only irregular but also visibly underesti-
mated with respect to the right tails, especially for Poland.
For this reason the parametric gender gaps are higher
for upper deciles and relatively smaller for low-income
groups. The theoretical curves present the model-based
versions of the empirical ones so they can be viewed as
maximum likelihood estimates of the population counter-
parts. Such an approach can be particularly helpful in the
case of the relative densities having highly irregular esti-
mates, even more where the samples were substantially
smaller, that is, for Polish data.

Figure 8 shows the decomposition of the relative
income distribution of women in relation to men, assum-
ing the working position (managerial or not, variable
PL150: Managerial position) as the explanatory variable.
The first panel from the left shows the (uncorrected)
relative density of income differences between men and
women, the middle panel represents the effects of dif-
ferences in the distributions of the explanatory variable,
and the right panel represents the counterfactual distribu-
tion – that is, the expected relative density for men’s and
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12 GRESELIN et al.

F I G U R E 7 Relative distribution for income in Italy (left panel) and Poland (right panel), based on the estimated Dagum models
(parametric approach).

F I G U R E 8 The three plots for Polish data (upper panel) and Italian data (lower panel) to assess the effect of managerial position on
gender equality.
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GRESELIN et al. 13

F I G U R E 9 The three plots for Polish data (upper panel) and Italian data (lower panel) to assess the effect of managerial position on
gender equality, obtained through the parametric approach.

women’s income distributions when assuming the same
profiles of positions held in both groups (upper panels refer
to Poland, lower panels to Italy).

The comparison of the three relative densities pro-
vides a valuable tool for assessing the relative magnitude
and nature of the impact of covariate distributions, and of
the different covariate-to-response relationships in gender
groups. The distribution in the middle panel for Poland is
mildly U-shaped and, in the central part, it is close to the
uniform. Therefore, the difference in the structure of man-
agement positions observed between the two cohorts in
central deciles has little effect on the observed income gap.
More significant differences occur in the extreme deciles,
which suggests some income polarization of these parts of
populations, in relation to the position held. Women from
the last decile occupy higher positions; however, the lat-
ter does not translate into corresponding earnings. As a
result, the income gap in these groups, adjusted by the type
of position held in the counterfactual distribution, widens
(right panel). On the other hand, results on Italian data
are somehow different and indicate almost no impact of
the managerial position on the gender gap in that coun-
try. The patterns observed in Figure 8 are confirmed by the
parametric approach, whose results are shown in Figure 9.

The relative distribution, capturing all the information
that is necessary and sufficient for strong scale-invariant
comparison, provides a general framework for defining
a variety of summary measures. Among the measures

of distributional divergence based on the relative dis-
tribution, we consider the Kullback–Leibler divergence
between the reference and the comparison distributions,
due to its useful decomposition properties. It is given by
D (F;F0) = ∫

∞
−∞log

(
f (x)
f0(x)

)
dF(x) = ∫ 1

0 log(g(r)) g(r) dr. On
the right hand side we find the (negative) entropy of
the relative density, the quantity that we calculated and
reported in Figures 8, 9, and 10. We can interpret D (F;F0)
as the expected information for discriminating the rela-
tive density g(r) from a uniform distribution, based on a
single observation from R (see Handcock and Morris [9],
chap. 5.3).

The effect of adjusting the relative income distribu-
tion of women to men in terms of education levels (vari-
able PE140: Education level) is plotted in Figure 10. The
left-hand panel shows the (unadjusted) relative density of
income differences between women and men, the middle
panel represents the effects of differences in the distribu-
tion of education levels, and the right-hand panel shows
the expected relative density for male and female income
distributions assuming the same educational profiles in
both groups. In Poland (Figure 10, top panels), the relative
distribution of education levels (middle panel) is almost
uniform, so this covariate does not explain the income
gap between women and men, except for the top decile
group, where we can observe a much greater share of
better-educated women. However, this situation does not
translate into the amount of their income—therefore, the
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14 GRESELIN et al.

F I G U R E 10 The three plots for Polish data (upper panel) and Italian data (lower panel) to assess the effect of education on gender
equality.

last bar of the histogram in the counterfactual distribu-
tion is significantly lower (right panel). The situation is
different in Italy (Figure 10, bottom panels)—the covari-
ate Education level seems to have an impact on the gender
gap in this country. Apart from the lowest income groups,
the observed differences in education levels are in favor
of men and grow with increasing incomes, with the most
significant difference in the top decile (middle panel). Con-
sequently, the counter-factual relative distribution, show-
ing the hypothetical situation of having the same covariate
structures in both gender groups (right panel) is visibly less
dispersed than the actual distribution (left panel).

In the central top panel of Figure 11, we can observe
the density of the random variable R, which is created by
comparing the adjusted distribution of men’s income in
Poland (using the variable PL060+PL100: Working time)
in relation to the unadjusted distribution, which allows us
to assess the impact of differences in the structure of hours
worked on the observed income gap. The middle panel
shows the portion of the income gap that can be attributed
to the effects of changes in the distribution of weekly hours
worked.

In general, it can be stated that a significant part of
the observed income gap between men and women results

from differences in their work schedules. After correcting
the relative distribution with the use of this variable, we
obtain a distribution (right panel) that is closer to the uni-
form than the original one (left panel). We can see that
after considering working time, the relative situation of
women improves the most in the last deciles, as shown
in the right panel, and perhaps even more clearly, in the
central plot. If women in these groups worked the same
as men (i.e., more), with the current structure of their
earnings, the income gap would decrease. An interest-
ing situation is observed in the last decile group. After
considering the covariate adjustment, the income gap
increases so that the share of women’s income in the high-
est decile group becomes minimal compared to men’s pay.
This may be because women in this income group work
many more hours (or due to other concomitant variables
not considered in our analysis). Therefore, the differences
in working time do not explain the income differences
between the top 10 per cent of the wealthiest people. In
the first two deciles of the distribution, the income situ-
ation of women in terms of earnings to working time is
also unfavorable—in the counter factual distribution we
observe a decrease in the share of women in such decile
groups.
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GRESELIN et al. 15

F I G U R E 11 The three plots for Polish data (upper panel) and Italian data (lower panel) to assess the effect of working time on gender
equality.

In Italy (Figure 11, bottom panels), the impact of dif-
ferences in working time schedules on the gender gap is
visible but much smaller than in Poland. The observed dis-
crepancy in time schedules between gender groups may
only partially explain the actual gender gap, so the coun-
terfactual distribution is just a little less dispersed that the
original one.

9 CONCLUSIONS AND FURTHER
WORK

We studied the gender gaps in Poland and in Italy,
using the relative distribution method, a non-parametric
approach to the comparison of distributions. We also
assessed the impact of selected covariates, describing the
personal or household characteristics of the samples, on
the existing gender gaps in both countries.

We contributed to the literature by introducing a para-
metric version to estimating the relative distribution and
to its decomposition with respect to covariates. The meth-
ods applied in the study turned out to be relevant to
describe the gender gap for the entire income range and
smoothed out the irregularities due to sample data. They
also evaluated the impact of the main drivers on the

income discrepancies between men and women. The para-
metric approach based on the Dagum model made it pos-
sible to better describe the existing gender gaps in both
countries, especially at the tails. The natural covariates
considered in the study, including education level, work-
ing time and the position held (managerial or not) par-
tially account for the gender gaps in both countries. The
observed gender gaps should also be attributed to a dif-
ferent relationship between the income and the covariates
across the gender groups, or are due to the other factors
not included in the study. Differences and similarities in
the compared countries have been highlighted and dis-
cussed. Naturally, the construction of the counterfactual
distribution for a single covariate, here considered, can be
extended to the multivariate case, and may be the topic of
future research. Further work could be devoted to imple-
ment a combination of different theoretical distributions
for the comparison, which may be useful for some empiri-
cal data broken down by occupation or social group. There
is no reason, in principle, for requiring that the reference
and the comparison distribution come from the same para-
metric family. Another interesting issue, beyond the scope
of the present paper, is the construction of parametric
confidence intervals for the relative density and the rela-
tive distribution function.
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APPENDIX A

In this section we report the relative pdf/cdf for the Log-
normal and the Singh-Maddala distributions.

Lognormal

Recalling that F−1(r) = exp
(
𝜇 + 𝜎Φ−1(r)

)
, we have that the

relative cdf is given by

GL(𝜇,𝜎;𝜇0,𝜎0)(r) = F
(

F−1
0 (r)

)
= Φ

{
𝜇0 + 𝜎0Φ−1(r) − 𝜇

𝜎

}

and the relative pdf can be derived as follows

gL(𝜇,𝜎;𝜇0,𝜎0)(r) =
f
(

F−1
0 (r)

)

f0
(

F−1
0 (r)

)

= 𝜎0

𝜎
exp

{
− 1

2𝜎2

[
𝜇0 + 𝜎0Φ−1(r) − 𝜇

]2

+ 1
2𝜎2

0

[
𝜇0 + 𝜎0Φ−1(r) − 𝜇

]2
}
.

Singh-Maddala

We have that the relative cdf is given by

GSM(a,b,q;a0,b0,q0)(r)

= 1 −
⎧
⎪⎨⎪⎩

1 +

[
b0
[
(1 − r)−1∕q0 − 1

]1∕a0

b

]a⎫
⎪⎬⎪⎭

−q

and the relative pdf is given by

gSM(a,b,q;a0,b0,q0)(r)

=
a b−a q

a0 b−a0
0 q0

[
F−1

0 (r)
]a−a0

[
1 +

(
F−1

0 (r)∕b
)a
]−(q+1)

×
[
1 +

(
F−1

0 (r)∕b0
)a0
]q0+1

,

where F−1
0 (r) = b0

[
(1 − r)−1∕q0 − 1

]1∕a0 .
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