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Abstract

Computational pangenomics is an emerging research �eld in bioinformatics that
comes from the idea of shifting away from the traditional concept of a linear
reference genome, towards a representation that explicitly accounts for genetic
variations across a large collection of individual genomes. This concept is known
as the pangenome, that from a computational perspective, can be represented in
di�erent ways, for instance : a) as a (multi)set of binary sequences, i.e. a binary
matrix, representing haplotypes and encoding the di�erences between a set of
genomes and a reference genome, b) as the concatenation of all the genomes of
the population, or c) as a node-labeled graph, where common substrings between
genomes are merged into the same node label.

In this Ph.D. thesis, we �rst address the former type of representation, i.e. the
haplotype panel encoded as a set of binary sequences, which is typically indexed to
support queries using the Positional Burrows{Wheeler Transform (PBWT). Inspired
by recent advances in classical text indexing techniques, such as the well-known
r-index, we have developed several data structures to e�ciently build a run-length
encoded PBWT (RLPBWT), allowing us to store the PBWT compactly while still
supporting common string-to-matrix pattern-matching queries. This exploration
also led to the development of the �-PBWT, a variant of the RLPBWT that stores all
the information necessary to address string-to-matrix pattern-matching problems
e�ciently, solving computational problems that currently require excessive space
and time. Thanks to the �-PBWT, we can index a haplotype panel using up to two
orders of magnitude less memory than the original PBWT, enabling the analysis
of large haplotype datasets. In this thesis, we will also describe how to use the
�-PBWT to solve a common biological problem, the genotype phasing problem,
combinatorially in sublinear space. Moreover, we also highlight the advantages
and limitations of using a combinatorial approach instead of common probabilistic
approaches.

We then focus on the pangenome graph, presenting gindex, a tool based on
the Multidollar Burrows{Wheeler Transform that e�ciently computes string-to-
graph exact matches and scales better than state-of-the-art tools, up to human

iii



pangenomes. Despite being slower in queries, gindex supports arbitrary query
lengths and addresses the main limitations of the most used pangenome graph
indexes: high memory usage during indexing and limitation of query length, due
to the underlying data structures.

Finally, we address the biological problem of detecting and quantifying Alter-
native Splicing (AS) events using e�cient graph-based models. After presenting
ESGq, a non-pangenomic prototype, we introduce pantas, the �rst pangenome
graph-based model for the detection and quanti�cation of AS events. With pantas,
we demonstrated that accounting for the genetic variability within the studied
population improves the accuracy of AS event detection, showing that the use of
pangenomes can e�ectively contribute to solving biological problems.

Our results demonstrate that the use of a pangenome can enable new funda-
mental discoveries in biology and personalized medicine, showing great potential
for Genome-Wide Association Studies (GWAS). Hence, given these computational
results, we are con�dent that the development of pangenome-based tools will be
essential in the near future for analyzing large-scale genomic data, enabling novel
discoveries from both computational and biological perspectives.

La pangenomica computazionale �e un campo di ricerca emergente della bioin-
formatica che nasce dall’idea di abbandonare il concetto tradizionale di genoma di
riferimento lineare a favore di una rappresentazione che tenga conto delle variazioni
genetiche presenti in un insieme di genomi. Questo concetto �e noto come pangenoma
e, da un punto di vista computazionale, pu�o essere rappresentato in diversi modi,
come: a) come (multi)insieme di sequenze binarie, ovvero una matrice binaria, che
rappresenta aplotipi e codi�ca le di�erenze tra un insieme di genomi e un genoma
di riferimento, b) come concatenazione di tutti i genomi della popolazione, oppure
c) come grafo etichettato, in cui le sottostringhe comuni tra i genomi vengono unite
nelle stesse etichette dei nodi.

In questa tesi di dottorato, a�rontiamo innanzitutto il primo tipo di rappresen-
tazione, ovvero il pannello di aplotipi codi�cato come insieme di sequenze binarie,
che viene tipicamente indicizzato per supportare le query utilizzando la Trasformata
di Burrows-Wheeler Posizionale (PBWT). Ispirati dai recenti progressi nelle tec-
niche classiche di indicizzazione dei testi, come il noto r-index, abbiamo sviluppato
diverse strutture dati per costruire in modo e�ciente una run-length encoded
PBWT (RLPBWT), memorizzando la PBWT in modo compatto, pur continuando
a supportare le comuni query string-to-matrix. Questa ricerca ha portato anche
allo sviluppo della �-PBWT, una variante della RLPBWT che memorizza tutte
le informazioni necessarie per a�rontare in modo e�ciente i problemi di pattern-
matching string-to-matrix, risolvendo problemi computazionali che attualmente
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richiedono spazio e tempo eccessivi. Grazie alla �-PBWT, possiamo indicizzare un
pannello di aplotipi utilizzando �no a due ordini di grandezza in meno di memoria
rispetto all’originale PBWT, consentendo l’analisi di grandi dataset di aplotipi. In
questa tesi descriveremo anche come utilizzare la �-PBWT per risolvere un comune
problema biologico, quello del phasing di genotipi, in modo combinatorio in uno
spazio sublineare. Inoltre, evidenzieremo anche i vantaggi e i limiti dell’utilizzo di
un approccio combinatorio rispetto ai pi�u comuni approcci probabilistici.

Ci concentriamo poi sul grafo del pangenoma, presentando gindex, uno stru-
mento basato sulla Trasformata di Burrows-Wheeler multidollaro che calcola in
modo e�ciente i match esatti tra stringhe e gra� e che scala meglio rispetto agli
strumenti allo stato dell’arte, scalando su pangenomi umani. Nonostante sia pi�u
lento nelle query, gindex supporta query di lunghezza arbitraria e a�ronta le
principali limitazioni degli indici per gra� pi�u usati: l’elevato utilizzo di memoria
durante l’indicizzazione e la limitazione della lunghezza delle query, causata dalle
strutture dati sottostanti.

In�ne, a�rontiamo il problema biologico dell’individuazione e della quanti�-
cazione degli eventi di splicing alternativo (AS) utilizzando modelli e�cienti basati
su gra�. Dopo aver presentato ESGq, un prototipo non pangenomico, introduciamo
pantas, il primo modello basato su gra� del pangenoma per il rilevamento e la
quanti�cazione degli eventi di AS. Con pantas, abbiamo dimostrato che tenere
conto della variabilit�a genetica all’interno della popolazione studiata migliora
l’accuratezza del rilevamento degli eventi di AS, mostrando che l’uso dei pangenomi
pu�o contribuire e�cacemente alla risoluzione di problemi biologici.

I nostri risultati dimostrano che l’uso del pangenoma pu�o consentire nuove
scoperte fondamentali nella biologia e nella medicina personalizzata, mostrando un
grande potenziale per i Genome-Wide Association Studies. Pertanto, alla luce di
questi risultati computazionali, siamo �duciosi che lo sviluppo di strumenti basati
sul pangenoma sar�a essenziale nel prossimo futuro per l’analisi di dati genomici su
larga scala, consentendo nuove scoperte sia dal punto di vista computazionale che
biologico.
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Chapter 1

Introduction

The decreasing cost of sequencing and the advancement of increasingly accurate

technologies have led to the generation of vast amounts of genomic data in re-

cent years, thus enabling both the simultaneous study of multiple genomes and

moving beyond studies based on a single reference genome [1, 2, 3]. Indeed, in

recent years, several international initiatives have been launched with the speci�c

goal of collecting and analyzing sequencing data from large populations to build

comprehensive catalogs of genomic variations related to relevant diseases, such

as the 1000 Genomes Project (1KGP) [4, 5], the UK Biobank [6], and the All Of

Us initiative [7]. In particular, researchers are increasingly moving away from the

conventional linear reference genome paradigm toward a pangenome-based reference

framework. This paradigm shift allows biologists to obtain more comprehensive

and unbiased results, overcoming the limitations imposed by relying on a single

reference genome,i.e. avoiding the so-called reference-bias problem.

Historically, the concept of the pangenome was �rst introduced in 2005 [1] in the

�eld of microbiology to describe the core and accessory genes shared among di�erent

bacterial strains. Later, the term pangenome was used to denote a population-level

reference system comprising multiple genomes from the same species [8]. Today,

pangenomics has become increasingly essential in biology and personalized medicine,

driven mainly by Genome-Wide Association Studies (GWAS) [9], which require

the analysis of large collections of individual genomes.

From the beginning, researchers in computational biology recognized that a

reference pangenome would need a suitable data structure to represent genomic

sequences. Therefore, before discussing computational pangenomics, we need to
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Chapter 1. Introduction

look back in time and revisit the foundational text indexing techniques developed

years ago, which are still used today. In 1994, Burrows and Wheeler published

the �rst paper on a compression algorithm [10], called the Block-sorting Lossless

Data Compression Algorithm, which would later be known as the Burrows-Wheeler

Transform (BWT). Initially, this transformation was designed to compress text,

producing a highly compressible string with long runs of the same character. Then,

the other milestone we need to cite is the FM-index by Ferragina and Manzini in

2000 [11], a BWT-based self-index. Thanks to the FM-index and the introduction

of wavelet trees [12] by Grossi and Vitter in 2000, a plethora of new techniques

have been developed to compute pattern matching against long strings, including

genomic sequences. Extensions of theBWT are currently the algorithmic core of

most pangenome indexing methods, and they form the core of most of the methods

proposed in this thesis.

Since 2015, with the release of the 1000 Genomes Project (1KGP) [4, 5], which

started in 2008, the opportunity to study multiple genomes from a population

of individuals has become a reality. This project is the result of years of im-

provements in sequencing techniques, thanks to which the cost of each sequencing

has been signi�cantly reduced. Considering that the Homo Sapiens reference

genome (GRCh38.p14) comprises approximately 3.1 billion base pairs and contains

around 59 000 genes, as reported by NCBI1, the 1000 Genomes Project (1KGP) has

identi�ed more than 88 million variants across the analyzed human populations:

84.7 million single nucleotide polymorphisms (SNPs), 3.6 million short insertions

and deletions (indels), and approximately 60 000 structural variations (a�ecting

sequences longer than 50 nucleotides) [2]. Moreover, it is crucial to consider that

the initial goal of sequencing at least 100 000 individuals has already been achieved

and surpassed, thanks to recent advances in sequencing technologies, such as

Next-Generation Sequencing (NGS) and third-generation sequencing, as well as the

establishment of large-scale population databases, including the UK Biobank, which

now contains data of approximately 500 000 individuals. Consequently, managing

this massive volume of data poses a signi�cant challenge for current state-of-the-art

algorithms. As prices decrease and the volume of genomic data produced increases,

the need for dedicated data structures and computational tools has become a

1https://www.ncbi.nlm.nih.gov/datasets/genome/GCF_000001405.40/
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Chapter 1. Introduction

priority in both the theoretical computer science and bioinformatics communities.

A set of genomes can be computationally viewed in di�erent ways [2], for

instance: a) as a (multi)set of binary sequences,i.e. a binary matrix, encoding the

di�erences between a set of genomes and a reference genome, b) as the concatenation

of all the genomes of the population, or c) as a node-labeled graph, where common

substrings between genomes are merged into the same node label.

In 2014, Richard Durbin, one of the leading scientists behind the 1KGP, proposed

the Positional Burrows-Wheeler Transform(PBWT) [13], an e�cient data structure

for indexing and querying haplotype panels. We recall that each individual carries

two haplotypes, one maternal and one paternal, whose combination de�nes the

genotype. In this case, Durbin considered a na•�ve representation of a pangenome,

storing a set of binary strings which encodes only the di�erences between a set

of genomes and, again, a reference genome. Hence, although multiple genomes

are being studied simultaneously, reference bias cannot be avoided. In detail,

considering the bi-allelic case in which only one alternative allele is possible, a \0"

is encoded if a speci�c position of the considered haplotype matches the reference

genome, and a \1" otherwise, when the alternative allele is present. This encoding

produces a set of binary strings, where each sequence represents a haplotype and

each position a variation site.

Moreover, as in [14, 15, 16], a less na•�ve way is to concatenate multiple genomes,

indexing and querying the whole concatenation, leveraging high-repetitive FM-

index-like indexes such as the r-index [17]. In this representation, the common

regions shared by the input strings are compressed in the index, but not in the

input string itself. In fact, the high repetitiveness of this concatenation produces a

high run-length encodedBWT.

The most widely used representation of a pangenome is the pangenome graph.

This concept has been explored in several works, for instance in [18], where the

BWT is extended to acyclic directed labeled graphs, in [19], where it is presented

as a generalization of genome graphs, and in [20], which focuses on the indexing of

variation graphs. In this representation, common subsequences shared among mul-

tiple genomes are compactly encoded within the label of a single node. Moreover,

the compactness of this representation is fundamental for visualizing similarities

between various genomes. As a new approach to encoding bioinformatics data,
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Chapter 1. Introduction

many open problems still need to be addressed by the bioinformatics community [2],

and this thesis aims to tackle some of them. We will explore the pangenomics

framework from both theoretical and practical perspectives, discussing the foun-

dational concepts underlying our method and presenting implementations and

experiments on real pangenomic data. We will �rst address this problem in the

context of haplotype data from the large biobanks, focusing on the algorithmic

development of specialized queries over large haplotype panels. In addition, we

will explore space-e�cient methods for indexing and querying genomic sequences

within pangenome graphs, with particular attention to the practical complexity of

locating the starting nodes of the matches in these graphs. Finally, we will consider

pantranscriptome graphs, which are speci�cally designed to address the problem of

identifying gene structures induced by transcripts and are essential for tackling a

key biological challenge: the detection and quanti�cation of Alternative Splicing

events.

Most relevant pangenomics queries aim to identify speci�c or shared patterns

across collections of genomes, and this work seeks to improve the e�ciency and

scalability of related biological analyses. These include, for example: a) studying

viral evolution and spread, which is essential for developing e�ective antiviral drugs

and understanding the formation of viral pangenomes resulting from imperfect

viral replication, b) performing Genome-Wide Association Studies (GWAS) to

identify correlations between genetic variants and disease susceptibility, c) phasing

genotypes, that is, determining the two parental haplotypes underlying a given geno-

type, and d) performing genotype imputation, the process of predicting unobserved

genotypes for a given set of individuals.

In the following, we will summarize the main contributions of the thesis. Initially,

we will address the issue of e�ciently indexing and querying haplotype panels,

extending Durbin's results on thePBWT when an external haplotype is used as a

query. The �rst problem we tackle is reducing the space requirements of a fullPBWT

index. We propose a set of composite run-length encoded data structures [21],

strongly inspired by the r-index and other run-length encodedBWT results, that can

index a binary haplotype panel in sublinear space. We analyzed various composite

data structures for run-length encodedPBWT (RLPBWT), leveraging succinct data

structures [22] to encode the internal data structures of thePBWT. Finally, we
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propose the� -PBWT [23, 24], a ready-to-use space-e�cient implementation of the

RLPBWT, which optimizes what has already been developed for theRLPBWT. This

tool can be used to compute various types of matches between a haplotype panel

and an external haplotype. We address two main matching problems in the string-

to-matrix pattern matching context: computing the Set-Maximal Exact Matches

(SMEMs) [13], and the Minimal Positional Substring Cover (MPSC) problem [25].

Both problems can also be constrained to be shared with at leastk haplotype in

the input panel. We demonstrate, through a comprehensive experimental analysis

of the 1KGP data, that � -PBWT can reduce index memory requirements by two

orders of magnitude compared to state-of-the-artPBWT implementations, while

maintaining query-time e�ectiveness. We also demonstrate that the� -PBWT

can scale on large datasets, such as the UK Biobank data [26, 6], considering

approximately 150 000 individuals. Finally, to �ll the gaps between computer

science and biology, we tried to tackle a common biological problem,i.e. the

genotype phasing problem, by prototyping a fully combinatorial phasing model

based on� -PBWT [27]. We compare this prototype with Beagle [28, 29], one of

the most widely used HMM-based tools, demonstrating that our approach can be

practical when using an extensive and comprehensive haplotype reference panel,

and can report the exact solution, if it exists, in contrast to Beagle.

This thesis continues by considering the most common representation of a

pangenome, the pangenome graph. The �rst problem we address is the pangenome

graph indexing, a problem partially solved by theGCSA2index [18, 30, 31]. In this

context, we introducegindex [32], a multidollar-BWT-based index for pangenome

graphs designed to address the two main limitations ofGCSA2: the occurrence

of false positive matches when query length exceeds 256bp, and the exponential

space requirements during indexing, which make it unfeasible to process graphs

containing highly complex regions. Leveraging some multidollar-BWT properties,

gindex can index the concatenation of node-labels and suit it alongside the graph

topology to compute string-to-graph exact matches. In other words,gindex aims

to construct an FM-index-like data structure for node-labeled graphs, similar

to GCSA2. In gindex we also introduced a preprocessing step that precomputes

a \cache" of matchedk-mers using a dynamic programming algorithm to avoid

unnecessary computations in complex regions of the graph. Note thatgindex is
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capable of indexing human pangenome graphs, such as those constructed by the

Human Pangenome Reference Consortium (HPRC) [33], and, despite being slower

than GCSA2, it remains a viable option when building aGCSA2index is not feasible.

Finally, we investigated the use of indexing a pangenome graph in a concrete

biological setting, where the main goal is the haplotype-aware detection of splicing

variants from transcriptomic data. The main purpose of using a pantranscriptomics

graph instead of a linear reference is to avoid the bias introduced by a single reference

gene annotation. More precisely, we present the �rst pantranscriptomics model

built on the pangenome graph, designed to detect and quantify haplotype-aware

alternative splicing (AS) events, one of the most critical biological mechanisms

involved in protein synthesis. The model has been proposed in the toolpantas [34],

which is a generalization ofESGq[35], a non-pangenomics graph-based model we

developed for detecting and quantifying alternative splicing (AS) events. WithESGq

we introduce the concept of event splicing graphs, a compact graph representation

of annotated AS events against which we align RNA-seq reads. Graph-based models

are widely used in the literature to address this problem [36, 37]; hence, it is \natural"

to extend them to consider a pangenome graph. By encoding all haplotypes as

variants within the pangenome graphs, we can perform RNA-seq alignments without

reference bias, thereby improving the interpretability of our results by accounting

for the genetic variability of the population under investigation. These alignments

are used to augment the graph annotations, which are analyzed to detect and

quantify both annotated and novel AS events. These augmented pangenome graphs,

referred to as annotated spliced pangenome graphs, can be analyzed to detect both

annotated and novel AS events. My evaluation ofpantas on both simulated and

real datasets demonstrated that it can achieve even more accurate results than

state-of-the-art linear reference-based tools [38, 39, 37], thereby demonstrating the

potential bene�ts of using pangenomic tools for classical computational problems,

such as the detection of alternative splicing (AS) events from sequencing data.

Thesis outline In this thesis, Chapter 2 presents the fundamental preliminaries,

encompassing both theoretical computer science concepts and bioinformatics notions.

In the same chapter, we also brie
y outline some of the biological foundations

of this thesis. In Chapter 3, we present our results on theRLPBWT and the
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� -PBWT, ranging from theoretical results to experimental analysis. We continue

in Chapter 4 with gindex and in Chapter 5 with ESGqand pantas, describing our

models both theoretically and practically. For each of these three chapters, we

provide a brief introduction to the current state of the art to contextualize the

motivations behind our work, a comprehensive description of the adopted methods,

the experimental analyses and relevant implementation details, and �nally a short

conclusion outlining possible future research directions. Finally, in Chapter 6, we

conclude this thesis with a comprehensive overview of what we have done to improve

the current state-of-the-art in pangenomics, presenting also potential future work.
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Chapter 2

Preliminaries

This chapter introduces the theoretical foundations underlying the methods pre-

sented in this thesis. We begin by de�ning the basic concepts and notation for

strings and graphs, followed by a review of the fundamental succinct data structures

employed in this work. Next, we explore topics related to pattern matching and

indexing, using strings, matrices, sets of sequences, and node-labeled graphs as

reference frameworks.

Finally, we outline the key biological concepts and the bioinformatics/pange-

nomics principles necessary to understand the context of this thesis.

2.1 Strings and graphs

Strings A string T of length n is de�ned as a sequence of symbolsT[1]T[2]� � � T[n]

over a �nite and ordered alphabet � = f � 1; � 2; � � � ; � j � jg. In detail, we denote"

the empty string and, for 1 � i � j � n, T[i::j ] as the substring ofT starting

in position i included and ending in positionj included. Note that T[i::j ] = " if

j > i . T = T0 � T00is the concatenation of two stringsT0 and T00, having � as string

concatenation operator.

For 1 � k � n, the substring T[1::k] is called thek-th pre�x and the substring

T[k::n] is called thek-th su�x. Moreover, we denote Trev = T[n]T[n � 1]� � � T[1]

as the reverse string ofT. We adopt the symbol� for the standard lexicographic

order. In this thesis, we also leverage the colexicographical order, denoted with

� co, having that, given two stringsT0 and T00, T0 � co T00if and only if T0
rev � T00

rev .
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We indicate rotk(T) the k-th rotation of the string T, which is a string of the same

length of T obtained concatenating thek-th su�x and the ( k � 1)-th pre�x, i.e.

rotk(T) = T[k::n] � T[1::k � 1]. For example, givenT = AAAGGTAAAACCC we

have rot6(T) = TAAAACCC � AAAGG = TAAAACCCAAAGG

Given a string T, a run is de�ned as a maximal substringT[i::j ] such that: a)

T[k] = � , for all i � k � j , b) i = 0 _ T[i � 1] 6= � , and c) j = n _ T[j + 1] 6= � .

In other words, a run is a substring where each symbol is the same and can not

be extended to the left or right without introducing another symbol. Each run is

represented by a pair (�; ` ), where � is the symbol of the run and` the length of

the run. With � (T), we denote the total number of runs inT. For example, given

T = AAAGGTAAAACCC we have� (T) = 5 runs: (A; 3), (G; 2), (T;1), (A; 4),

and (C; 3).

Given two strings A and B, we denotelcp(A; B ) the longest common pre�x

shared by these two strings. Given an-length string T and two positionsi and j

such that 1 � i; j � n, we de�ne longest common extension (LCE) as the longest

common pre�x shared by thei -th su�x and the j -th su�x of T, denoting it as

LCE(T; i; j ). For example, givenT = AAAGGTAAAACCC , LCE(T;1; 7) = AAA ,

being the longest common pre�x between the su�xT[1::n] = AAAGGTAAAACCC

and the su�x T[7::n] = AAAACCC, i.e. lcp(T[1::n]; T[7::n]).

Directed graphs We de�ne a directed graphG as a pair (V; E) where V is

the set of nodes/vertices andE � V � V is the set of edges/links represented

by ordered pairs of vertices. If edges are unordered pairs of vertices, the graph

is referred to as an undirected graph. We refer to labelled graphs if nodes are

augmented with text labels.

Given a directed graphG = ( V; E) and a nodev 2 V, if there is no nodev0

such that (v0; v) 2 E, then v is called a source. Conversely, if there is no node

v0 such that (v; v0) 2 E, then v is called a sink. We can have multiple sources

and sinks in the same graph. We de�ne ak-length path as a sequence ofk + 1

nodesf v1; v2; � � � ; vk+1 g, where for each 1� i � k, (vi , vi +1 ) 2 E, i.e. we have an

edge for each consecutive pair of nodes. A pathf v1; v2; � � � ; vk+1 g is called cycle if

v1 = vk+1 . If G = ( V; E) presents cycles, it is de�ned as a cyclic graph; otherwise,

it is an acyclic graph.
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Given a nodev 2 V, we de�ne the indegree ofv as the total number of incoming

edges inv, i.e. indegree(v) = jf u 2 V j (u; v) 2 Egj. Similarly, we de�ne the

outdegree ofv the total number of outgoing edges fromv, i.e. outdegree(v) =

jf u 2 V j (v; u) 2 Egj. In a directed graph, if we can reach each node by following

a path starting from any other node, we say the graph is strongly connected. In

the case of an undirected graph, it is referred to as a connected graph. Without

further details, we recall that a tree is an undirected, connected, and acyclic graph

with jE j = jV j � 1.

See Cormen et al. \Introduction to Algorithms" book [40], for additional string

and graph de�nitions and algorithms.

2.2 Succinct data structures

In his Ph.D. thesis (1988), Jacobson formalized the concept of succinct data

structures [41], building upon some previous results in the literature. Formally,

given some data which optimally requiresZ bits, we de�ne a data structure used

to store and query that data to be: a) implicit, if it takes Z + O(1) bits (for

exampleZ + 32 bits), b) compact, if it takes O(Z ) bits (for example 2Z bits), and

c) succinct, if it takes Z + o(Z ) bits (for example Z + logZ bits or Z +
p

Z bits).

Focusing on succinct data structures, these approaches require space close to the

theoretical minimum, adding onlyo(Z ) bits, while maintaining operation times

nearly as fast as those achievable without any space constraints.

Succinct bitvectors Proposed by Jacobson in 1989 [22], succinct bitvectors are

the fundamental succinct data structure on top of which most other succinct data

structures are built.

A bitvector B is an-length binary array, havingB[i ] = f 0; 1g for each 1� i � n.

A bitvector can be randomly accessed in constant time,i.e., for each 1� i � n, the

B[i ] can be done inO(1). We will also refer to the random access operations as the

accessfunction. Jacobson proved that, usingo(n) additional bits, we can perform in

constant time two useful functions, namelyrank and select, which are fundamental

in building new algorithms based on querying these succinct bitvectors.
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De�nition 1 (rank function on succinct bitvectors). Given a bitvectorB of length

n and given a positioni such that1 � i � n, the rank operation for position i on

the bitvectorB is de�ned as: rank(B; i ) =
k<iP

k=1
B[k].

Informally, the rank function counts all the \1"s in B up to position i , excluding

i itself. The rank function can be generalized to count all the occurrences of

a binary symbol � = f 0; 1g in B up to i . In this case, following [42], we can

extend the rank de�nition as: rank� (B; i ) = jf kj 1 � k < i; B [k] = � gj. Note that

rank0(B; i ) = ( i � 1) � rank1(B; i ) and vice versa. If not di�erently speci�ed, we

userank(B; i ) referring to rank1(B; i ).

De�nition 2 (selectfunction on succinct bitvectors). Given a bitvectorB of length

n and given a positioni such that 1 < i � rank(B; n), the selectoperation for

position i on the bitvectorB is de�ned as: select(B; i ) = minf kj rank(B; k +1) = ig.

Informally, the selectfunction returns the position of thei -th \1" in B . Like

in the rank case, theselectfunction can be generalized to return the position of

the i -th binary symbol � = f 0; 1g in B. Formally, this generalization be written

as: select� (B; i ) = minf kj rank� (B; k + 1) = ig. If not di�erently speci�ed, we use

select(B; i ) referring to select1(B; i ). See example 1 to clarify the use ofrank and

selectoperations.

Example 1. Consider this bitvectorB = f 1; 0; 0; 1; 0; 1; 0; 1; 0; 1; 0; 0; 1; 0g of length

n = 14. We have, for example:rank(B; 6) = rank1(B; 6) = 3, select(B; 5) =

select1(B; 5) = 9, rank0(B; 2) = 1, and select0(B; 4) = 6.

Without storing any additional information, we can answer bothrank and

selectscanning the bitvector inO(n). Jacobson [22] proved that, by storing o(n)

additional bits, we can perform both of them inO(1) time. The structures that

allow these constant-time operations can be built inO(n) time.

Moreover, various studies have been conducted to further reduce the number of

additional bits, albeit at the cost of not always guaranteeingaccess, rank, and select

in constant time. Table 2.1, Table 2.2, and Table 2.3 summarize these results [43].

For further details and additional theoretical results, we refer to Navarro's

\Compact Data Structures" book [46], to M•akinen's et al. \Genome-Scale Algorithm

Design" book [42], and to [22].
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Table 2.1: Space requirements for some succinct bitvectors variants having a
bitvector of length n, with m 1s andK as block size for the interleaving variant.

Variant Total Space

Plain bitvector [43] 64
� n

64 + 1
�

Interleaved bitvector [43] � n
�
1 + 64

K

�

H0-compressed bitvector[44] �
�

log
� n

m

��

Sparse bitvector [45] � m
�
2 + log n

m

�

Table 2.2: Time complexity and amount of additional bits of therank function for
some succinct bitvectors variants having a bitvector of lengthn, with m 1s andk
rank samples.

Variant Additional Bits Time Complexity

Plain bitvectors [43] 0:0625� n O(1)

Interleaved bitvectors [43] 128 O(1)

H0-compressed bitvectors[44] 80 O(k)

Sparse bitvectors[45] 64 O
�
log n

m

�

Table 2.3: Time complexity and amount of additional bits of theselectfunction for
some succinct bitvectors variants having a bitvector of lengthn.

Variant Additional Bits Time Complexity

Plain bitvectors [43] � 0:2 � n O(1)

Interleaved bitvectors [43] 64 O(log n)

H0-compressed bitvectors[44] 64 O(log n)

Sparse bitvectors[45] 64 O(1)
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Figure 2.1: Wavelet tree of the Example 2. Note that the gray sequences and the
leaves are not stored in memory.

Wavelet trees Wavelet trees, introduced in 2003 by Grossi et al., generalize the

three succinct bitvector operations (access, rank, and select) to a string built over

an arbitrary ordered alphabet �. The main idea of indexing a stringT built over �

is considering a perfectly balanced tree where each node is associated with a subset

of �. In detail, given a node v and the correspondent �v � �, we associated half

of � v to each child, hence the depth of the tree is given by the number of times

we can split the alphabet in two,i.e. log(j� j). The root of the tree considers the

entire alphabet �. Moreover, each nodev of this tree should be augmented with

a sequenceRv, a subsequence ofT based on �v. The root of the tree takes into

account T, while leaves are labeled with all the symbols in �.

To build a succinct data structure, we can store these subsequences as succinct

bitvectors, with \0"s for every � in the �rst half of � v and \1"s otherwise. In

detail, we store these succinct bitvectors and not the subsequences. See Example 2

to clarify how a wavelet tree is stored.

Example 2. Consider the stringT = ACCGTAAGTTTAGCTT , having n =

jTj = 16, � = f A; C; G; Tg, and j� j = 4. Figure 2.1 shows the wavelet tree ofT.

In this context, access(T; i) returns the symbol T[i ], rank� (T; i) counts how

many symbols� occurs inT before positioni excluded, andselect� (T; i) returns

the position of the i -th occurrence of the symbol� in T.

Assuming access, rank, and selectin O(1) on the succinct bitvectors stored

in the wavelet tree and assuming to have constant time random access to the
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alphabet associated with each node, we can performaccess, rank, and selectto a

string T built � traversing the tree and querying the succinct bitvectors. Hence, all

these three functions can be answered inO(logj� j) time string storing o(n logj� j)

additional bits for the succinct bitvectors. Note that a wavelet tree can be built

in O(n logj� j) time. If the alphabet size is not a power of two, causinglogj� j

not to be an integer and the tree not to be balanced, we can add dummy symbols

to � until we get its size to be the next power of two. Note that wavelet tree

complexities can vary according to the underlying variant of the succinct bitvectors.

In addition to [47] and the already cited books [46, 42], we also suggest [48]

for further explanations on wavelet trees. Moreover, we highlight further improve-

ments on this topic, such as the levelwise wavelet trees [49, 50] and the wavelet

matrices [51].

2.3 Straight-line programs

In the context of grammar-based compression, a Straight Line Program (SLP) [52,

53, 54] is a context-free grammar that generates exactly one string.

De�nition 3 (Straight Line Program [52]). Given a n-length string T built over

a �nite alphabet � , the SLP of T is a context free grammarG = ( V; � ; S; P)

where: V is the set of non-terminal symbols,� is the set of terminal sym-

bols, S 2 V is the initial non-terminal symbol, and P � V � (V [ �) � is the

productions set. To beG an SLP, we require that: a) for eachA 2 V and

� 2 (V [ �) � we have one and only one productionA ! � 2 P , and b) the

relation f (A ; b)j A ! � 2 P ; b2 f T[1]; T[2]; � � � ; T[n]gg is acyclic.

Given an SLPG = ( V; � ; S; P), we denote its sizejGj, i.e. jGj =
P

A! � 2P
j� j and

we denoteevalG(T) the single word generated by theSLPG from the text T. The

core idea behind accessing anSLPG = ( V; � ; S; P) of a string T is to build a �nite

rooted ordered tree, namely a derivation tree, in which: a) the root is labeled with

T, b) each internal node is labeled with a symbol� 2 (V [ �) � , and c) each leaf is

labeled with a symbol� 2 �. Example 3 [ 53] shows a brief example of anSLPand

its derivation tree.
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Figure 2.2: Derivation tree of theSLPproposed in the Example 3. Note that in the
yellow circle node, we have the initial non-terminal symbol; in the blue circle nodes,
the non-terminal symbols; and in the green square nodes, the terminal symbols.

Example 3. Consider the stringT = GATTAGATACAT $GATTACATAGAT .

We build a correspondingSLP G = ( V; � ; S; P) whereV = f S,Z,Y,X,W,V g, � =

f A,C,G,T, $g, S = S, and P = f S ! ZWAY $ZYAW ; Z ! WX; Y ! CV; X !

TA ; W ! GV; V ! AT g. Figure 2.2 shows the derivation tree ofG.

The next Lemma [55] is needed for the complexity analysis of anSLP.

Lemma 1. Given a n-length string T and the correspondingSLP G = ( V; � ; S; P),

we can compute inO(jGj) time an equivalentSLPG0 = ( V0; � ; S0; P0) of sizeO(jGj)

with a derivation tree of heightO(log n).

Thanks to Lemma [55], given an-length text T represented by the corresponding

SLP G = ( V; � ; S; P), we can perform random access in thei -th position of T

through G, i.e. accessG(T; i), in O(logn) time, traversing the tree from the root to

the leaf which encode the symbolT[i ].

Moreover, we can leverage the use of anSLPto compute the longest common ex-

tension between two positions of a stringT represented by anSLPG = ( V; � ; S; P),

LCEG(T; i; j ), in O(logn) time. In detail, after having performedaccessG(T; i) and

accessG(T; j ) in O(logn) time, we can look for the common subpath starting from

these two leaves and the root. The height of the tree,logn, bounds the total number

` of back steps on the tree, hence, assuming each back step requires constant time,

we can computeLCEG(T; i; j ) in O(log n + `) = O(log n) time.

We refer to [52, 53, 54] for further details and additional theoretical results.
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2.4 String-to-string pattern-matching

String-to-string pattern matching is one of the most studied problems in computer

science [56], and it is fundamental in various research �elds, including bioinformatics

and pangenomics.

Given an n-length string T, namely the text, and anm-length string P, namely

the pattern, we are interested in locating all the positions where an occurrence ofP

in T starts, assumingm < n . In this thesis, we will focus on some generalizations

of the string-to-string pattern matching problem, in which we do not look just for

the entire occurrencesP in T. Hence, we are also interested in substrings ofP

that match a substring of T.

Maximal exact matches and matching statistics Maximal Exact Matches

(MEMs) �nding problem is one of these string-to-string pattern-matching generalized

problems. Given two stringsT and P, respectively of lengthn and m, with m < n ,

a maximal exact match is a common substring betweenT and P that can not

be extended to the left or to the right without introducing a mismatch, being,

respectively, both a left-maximal match and a right-maximal match.

De�nition 4 (Maximal exact match). Given a n-length string T and m-length

string P, with m < n , we de�ne a Maximal Exact Match ofP in T a substring ofP

of length` which starts in positioni , i.e. P[i; i + ` � 1], such that: a)P[i; i + ` � 1]

occurs in T, b) P[i � 1; i + ` � 1] does not occur inT, being P[i; i + ` � 1] a

left-maximal match, and c)P[i; i + `] does not occur inT, beingP[i; i + ` � 1] a

right-maximal match.

In literature, various methods exist to computeMEMs; however, in this thesis,

we will leverage the strong connection between maximal matches and the concept

of Matching Statistics (MS) [57].

De�nition 5 (Matching Statistics). Given a n-length string T and m-length string

P, with m < n , we de�ne Matching Statistics as an array of pairs(pos; len) of sizem

such that for each1 � i � n: a) we have a match of lengthMS[i ]:len shared between

the su�xes T[MS[i ]:pos; n] and P[i::m], i.e. T[MS[i ]:pos; MS[i ]:pos+ MS[i ]:len� 1] =
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P[i; i + MS[i ]:len� 1], and b) this match is right-maximal, i.e.P[i::i + MS[i ]:len]

does not occur inT.

The strong correlation betweenMEMs andMS is well summarized in the next

lemma [58].

Lemma 2. Given two stringsT and P, respectively of lengthn and m, with m < n ,

and the correspondentMS array, the `-length substringP[i; i + ` � 1] is a `-length

MEM if and only if MS[i ]:len= l ^ MS[i � 1]:len � MS[i ]:len. In addition, we have

the special case of a 1-lengthMEM starting in the �rst position of P, which occurs

if and only if MS[1]:len= 1 ^ MS[1]:len � MS[2]:len.

Finally, we want to recall that MEMs are used as a starting point for aligning

strings, in the \seed and extend" paradigm [59, 60, 61, 15]. This technique leverages

the computation of short MEMs, the \seeds", to reduce the need for dynamic

programming, which is used only to \extend" these matches. Note that a pure

dynamic programming approach is infeasible due to its high memory requirements.

For other details on the string-to-string pattern matching problem, please refer

to Gus�eld's \Algorithms on Strings, Trees, and Sequences: Computer Science and

Computational Biology" book [56].

2.5 String indexing

To understand how to computeMS and then MEMs, we must introduce another

fundamental research �eld: text indexing. Consider the classical scenario of the

string-to-string pattern matching problem: we have anm-length pattern P, and

we want to �nd its occurrences in a longern-length text T, where both T and

P are built over the alphabet �. The key idea is to preprocessT and build an

additional data structure that we store in memory to improve query time. This

data structure is referred to as the full-text index, or simply the index, ofT.

In this context, to resolve speci�c ambiguity issues, we append a unique character

to the text T. Typically, this special symbol is the dollar sign, which does not

belong to the text alphabet and is lexicographically smaller than any other symbol

in it, i.e. $ 62� and $ � �; 8� 2 �. We refer to this new string T � $ as a
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dollar-terminated string. We refer to a dollar-terminated stringT of length n if we

are referring to a text T of length n � 1 concatenated with the symbol $ with the

properties described above.

For further details on the text indices (including the ones not discussed in this

thesis, such as the su�x trees), please refer to [56, 46, 42].

2.5.1 Su�x array and related data structures

The �rst way to index a text we present is the su�x array ( SA) [62, 63], introduced

as a light in-memory alternative to su�x trees [64, 65] to store and query all the

su�xes of a string T.

De�nition 6 (Su�x array) . Given a dollar-terminated stringT of lengthn, the

su�x array of T, denotedSAT , is a n-length array such thatSAT [i ] = j if and only

if the j -th su�x T[j::n ] is the i -th element in the list of the lexicographically ordered

su�xes of T.

Informally, the su�x array contains the starting positions of the su�xes of a

string in lexicographical order, being a permutation of the values inf 1; 2; � � � ; ng;

hence, it takesO(n logn) bits to be stored. Note that, by de�nition, given two

ordered positionsi and j such that 1 � i < j � n, their correspondent su�xes are

ordered,i.e. T[SAT [i ]::n] � T[SAT [j ]::n].

Similarly to the su�x array, we can de�ne the Inverse Su�x Array ( ISA) of T

as ann-length array, ISA T , such that for each 1� i � n, ISA T [i ] = j if and only

if SAT [j ] = i . In other words, the ISA is the inverse permutation ofSA.

Using the su�x array, we can solve the string-to-string pattern matching

problem, as described before, using a binary search inO(m logn + k) time, where

k is the number of occurrences ofP in T.

Another SA variant that is interesting to introduce is the Compressed Su�x

Array ( CSA) [12]. The idea behind theCSAis to replace theSAT with a function

	 T , which is called the successor function. This function is de�ned as 	T (i ) =

ISAT [SAT [i ] + 1], having that SAT [	 T (i )] = SAT [i ] + 1. Equally, we have that

	 T (i ) = j if and only if SAT [j ] = SAT [i ] + 1. Informally, this function can

determine where the successor su�x is in the lexicographic order and can be used
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to reconstruct the su�x array in O(n) time. Moreover, 	 T can be compressed

using �-encoding [66] or Elias gamma encoding [67], thanks to the fact that we

obtain an array that we can split into monotonously increasing regions. Storing

the CSAin O(n logj� j) bits, the algorithm that solves the string-to-string pattern

matching problem requiresO(m log2 n) time. We refer to [12] for further theoretical

improvements in using theCSA.

Example 4 shows the su�x array, the inverse su�x array, and the 	 function

of the compressed su�x array of a dollar-terminated stringT.

' functions In this thesis, we will leverage the' functions to explore the su�x

array. Given a su�x array value, ' functions retrieve the adjacent values inSA.

De�nition 7 (' Function). Given a dollar-terminated stringT of lengthn and

the correspondent su�x array SAT , we de�ne the function' T , 8 i 2 [1::n], as: a)

' T (i ) = null if ISAT [i ] = 1, or b) ' T (i ) = SAT [ISAT [i ] � 1] otherwise.

Informally, given 1 � i � n, ' (i ) returns the value that precedesi in SA if

it exists, i.e. ' T (SAT [i ]) = SAT [i � 1]. Similarly, we can retrieve the value that

succeeds a givenSA value.

De�nition 8 (' � 1 Function). Given a dollar-terminated stringT of lengthn and

the correspondent su�x array SAT , we de�ne the function ' � 1
T , 8 i 2 [1::n], as: a)

' � 1
T (i ) = null if ISAT [i ] = n, or b) ' � 1

T (i ) = SAT [ISAT [i ] + 1] otherwise.

Informally, given 1 � i � n, ' (i ) returns the value that succeedsi in SA if it

exists, i.e. ' � 1
T (SAT [i ]) = SAT [i +1]. We refer to ' and ' � 1 together as' functions.

Example 4 shows the result of the' functions for a dollar-terminated stringT.

Longest common pre�x array The Longest Common Pre�x (LCP) array [56]

was introduced to lower the time bounds of solving the string-to-string pattern

matching problem using the su�x array.

De�nition 9 (Longest Common Pre�x). Given a dollar-terminated stringT of

length n and the correspondent su�x array SAT , the longest common pre�x ofT,

LCPT , is a n-length array such that: a)LCPT [1] = null, or b) for each1 < i � n,

LCPT [i ] =
�
� lcp(T[SAT [i � 1]; n]; T[SAT [i ]; n])

�
� .
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Informally, the longest common pre�x array stores the length of the longest

common pre�x shared between thei -th su�x in the colexicographical order and its

predecessor. Note that the su�x array directly gives this order.

Using the LCP array, we can improve the time complexity of theSA algorithm,

solving the string-to-string pattern-matching problem inO(m + log n) time.

In literature, various results have been obtained on the succinct representation

and compression of theLCP [68, 69, 70], and one of the most important is the

Permuted Longest Common Pre�x (PLCP) array. Similarly to the LCP, the PLCPof

a dollar-terminated string T is an-length array PLCPT such that for each 1� i � n:

a) PLCPT [i ] = null if ISAT [i ] = 1, or b) PLCPT [i ] = LCPT [ISAT [i ]] if ISAT [i ] 6= 1.

The PLCP is a permutation of theLCP values based on the original su�x order

and not on the su�x lexicographic order, having that PLCPT [SAT [i ]] = LCPT [i ].

In [70] was proved the high compressibility of thePLCP, proving that PLCPT [i ] �

PLCPT [i � 1] � 1, for each 1� i � n, allowing a sparse representation of thePLCP.

Example 4 shows the longest common pre�x and the permuted longest common

pre�x of a dollar-terminated string T.

Example 4. Consider the dollar-terminated stringT = MISSISSIPPI$. In Ta-

ble 2.4, we show the su�x array, the inverse su�x array, the phi functions, the

longest common pre�x, and the permuted longest common pre�x ofT.

2.5.2 Burrows{Wheeler Transform

Introduced in 1994 by Burrows and Wheeler, the Burrows{Wheeler Transform

(BWT) [10] is a reversible permutation of a string. At �rst, the BWT was used

as a lossless compression algorithm, but in the last two decades, its use has been

extended to the string-to-string pattern-matching context.

De�nition 10 (Burrows{Wheeler Transform). Given a dollar-terminated stringT

of lengthn and the correspondent su�x arraySAT , the Burrows{Wheeler Transform

of T, BWTT , is a n-length array such that: a)BWTT [i ] = $, if SAT [i ] = 1 or b)

BWTT [i ] = T[SAT [i ] � 1], if SAT [i ] 6= 1.

Note that the original de�nition of BWT in [10] was given for a general string

without a terminal symbol.
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Table 2.4: Su�x array, inverse su�x array, phi functions, longest common pre�x,
and permuted longest common pre�x of the stringT in Example 4. In the last
column, we underline the longest common pre�x between two consecutive su�xes
in the lexicographic order.

Index SAT ISAT 	 T ' ' � 1 LCPT PLCPT Su�x

1 12 6 null 2 10 null 0 $
2 11 5 1 5 1 0 4 I $
3 8 12 8 6 null 1 3 IPPI $
4 5 10 11 7 6 1 2 ISSIPPI$
5 2 4 12 8 2 4 1 ISSISSIPPI$
6 1 11 5 4 3 0 1 MISSISSIPPI$
7 10 9 2 9 4 0 0 PI$
8 9 3 7 11 5 1 1 PPI$
9 7 8 3 10 7 0 1 SIPPI$
10 4 7 4 1 9 2 0 SISSIPPI$
11 6 2 9 12 8 1 0 SSIPPI$
12 3 1 10 null 11 3 null SSISSIPPI$

Informally, the i -th value of BWTT is the symbol that precedes thei -th su�x

in the colexicographical order. Practically, a na•�ve method to computeBWTT is to

construct Burrows{Wheeler Matrix (BWM), which contains all the rotations ofT,

i.e. the set f rotk(T)j 1 � k � ng, in lexicographic order. The last column of the

BWM is BWTT . Example 5 shows all these arrays for a dollar-terminated string.

Moreover, the �rst column of the BWM is called theFT array and contains all

the symbols ofT in lexicographic order. Note that the lexicographic order of all

the rotations of a string T is the same order induced bySAT .

The BWT of a dollar-terminated string of lengthn can be computed inO(n)

time using the su�x array. Note that also the BWT of a general string can be

computed in linear time, as proved in [71].

Example 5. Consider the dollar-terminated stringT = MISSISSIPPI$. In Ta-

ble 2.5 we showBWTT , BWMT , and FT along with the su�x array of T.

Recalling that the BWT is a reversible permutation, we introduce aBWT

property called LF-Mapping. This property ensures that thei -th occurrence of a

symbol in BWTT corresponds inT to the i -th occurrence of the same symbol inFT .

For example, considering the text in Example 5 and Table 2.5, the third occurrence

of the symbol \I" in BWTT , i.e. BWTT [11], isT[5], which is the same symbol we
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Table 2.5: Su�x array, Burrows{Wheeler Transform, Burrows{Wheeler Matrix,
and F array of the string T in Example 5.

Index SAT FT BWMT BWTT

1 12 $ $MISSISSIPPI I
2 11 I I$MISSISSIPP P
3 8 I IPPI $MISSISS S
4 5 I ISSIPPI$MISS S
5 2 I ISSISSIPPI$M M
6 1 M MISSISSIPPI$ $
7 10 P PI$MISSISSIP P
8 9 P PPI$MISSISSI I
9 7 S SIPPI$MISSIS S
10 4 S SISSIPPI$MIS S
11 6 S SSIPPI$MISSI I
12 3 S SSISSIPPI$MI I

have as the third occurrence of the symbol \I" in FT (FT [4]). Summarizing,T[5],

BWTT [11], and FT [4] are exactly the same symbol \I". This property is called

LF-Mapping, i.e. Last-First mapping, because it maps the symbols in the last

column of theBWM to the �rst one.

Given the LF-mapping, we can reconstruct a dollar-terminated stringT starting

from BWTT , which we recall to be a reversible transform. The procedure starts

from the last symbol ofT, the $ in our context. By De�nition 10, this symbol is

preceded inT by the symbol BWTT [1], having FT [1] = $ by construction. We can

now locate the symbolBWTT [1] in the FT array using theLF-mapping property

and look at the symbol inBWTT at the same position to discover which symbol

precedesBWTT [1]. We iterate this procedure until we reach the symbol $ inBWTT

which indicates we have reconstructed the entire stringT, having that $ precedes

the �rst symbol of T if we considerrot1(T)

Pattern matching with the BWT and the FM-Index We can exploit the

LF-mapping property to solve the string-to-string pattern matching problem. This

technique, known as backward-search, combines accesses toBWTT and SAT . The

main idea is to scan the pattern from right to left and to update a su�x array

interval, called Q-interval, which represents all the text su�xes that match a

pattern su�x Q. Each update,i.e. computing the �Q -interval starting from the

Q-interval, is called a backward step and exploits theLF-mapping. At the end of
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the backward search, which begins withQ = " and iteratively considers increasingly

longer su�xes of the pattern, we obtain aQ-interval corresponding toQ = P. This

interval in the su�x array contains all positions in T where an occurrence ofP

begins. If any�Q -interval is empty during the search, it indicates that the pattern

does not occur in the text.

To explain how we leverage theLF-mapping to update theQ-interval, we �rst

need to introduce the FM-index [11], a text index that is built over the BWT and

allows the computation of theLF-mapping in constant time. The FM-index consists

of two functions, C and Occ, which can completely replace theBWT itself. Thanks

to this property, we can refer to the FM-index as a self-index.

De�nition 11 (C(� ) function). Given a n-length string T built over an ordered

alphabet� and a symbol� 2 � , we de�ne the functionC : � [ f $g ! f 0; ng which

returns how many symbols inT are lexicographically smaller than� .

De�nition 12 (Occ(�; i ) function). Given a n-length stringT built over an ordered

alphabet� , a symbol� 2 � , and an integer1 � i � n, we de�ne the function

Occ: (� [ f $g) � f 1; n+1g ! f 0; ng which returns how many symbols� are present

in the (i � 1)-th pre�x of T.

In Example 6, we show a tabular representation of the two FM-index functions.

In this example, we directly apply these two functions to theBWT of the given

text, indexing the BWT string.

Example 6. Consider the dollar-terminated stringT = MISSISSIPPI$. In Fig-

ure 2.3.a are represented all the results of the functionC(� ) and in Table 2.3.b all

the results of the functionOcc(�; i ) for BWTT = IPSSM$PISSII.

Na•�vely, we can store the two tables representing theC and the Occ function

respectively inO(j� j) and in O(nj� j) space. In this context, we can retrieve the

results of these two functions inO(1) time. Practically, the space requirement for

the Occ function is too high to index long strings (such as genomes), so typically,

succinct data structures such as the wavelet trees (described in Section 2.2) are

used to perform theOcc function over a text, i.e. the rank function, in O(logj� j)

time. Additionally, all the C(� ) values can be retrieved inO(�) time scanning the

Occ(�; n + 1) values for all the symbols� 2 �.
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� C(� )
$ 0
I 1
M 5
P 6
S 8

(a)

1 0 0 0 0 0
2 0 1 0 0 0
3 0 1 0 1 0
4 0 1 0 1 1
5 0 1 0 1 2
6 0 1 1 1 2
7 1 1 1 1 2
8 1 1 1 2 2
9 1 2 1 2 2
10 1 2 1 2 3
11 1 2 1 2 4
12 1 3 1 2 4
13 1 4 1 2 4
i/ � $ I M P S

(b)

Figure 2.3: Tabular representation of the results of (a)C(� ) and (b) Occ(�; i )
function for Example 6.

Moreover, note that the function C(� ) can be used to determine both the

number of su�xes that start with a symbol lexicographically smaller than � and

the maximum position in SAT of a su�x beginning with a symbol lexicographically

smaller than � .

Combining these two functions, we can rewrite theLF-mapping for BWTT and

1 � i � j BWTT j as LF(i ) = C(BWTT [i ]) + Occ(BWTT [i ]; i ). In addition, we can

e�ciently compute the backward-step in O(1) or O(logj� j) time, respectively using

a na•�ve representation or a wavelet tree for theOcc function. In detail, given a

n-length dollar-terminated string built over an ordered alphabet �, a symbol� 2 �

and a Q-interval [f; g ), the �Q -interval [f 0; g0) is equal to [C(� ) + Occ(�; f ); C(� ) +

Occ(�; g )). In this way, we can solve the string-to-string pattern matching problem

in O(jPj) or O(jPj logj� j), depending on the data structure we store to compute

the Occ function.

BWT for a collection of strings All the concepts described above related to

the su�x array and the Burrows-Wheeler Transform can be extended to consider

a collection of strings. In the literature, various strategies for indexing multiple
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strings are available, including building a concatenation of those strings, separated

by a single dollar symbol or multiple dollar symbols. The key idea is that if we

separate each string with a symbol not present in the pattern alphabet (i.e. the

dollar), we avoid false matches across multiple strings. We refer to this variant as

Multidollar- BWT.

Moreover, recent results explore ordering strategies that di�er from the classical

lexicographic order and demonstrate how they can be used to construct theBWT

of multiple strings with speci�c properties, such as minimizing the number of runs

in the resulting BWT [72].

We refer to [73] for further explanations on modern techniques to index a

collection of strings using theBWT.

Run-Length encoded BWT and r-index The Burrows-Wheeler Transform

was initially developed as a technique for compressing text. The compression

capabilities of the BWT are related to an implicit behavior of this transform:

in the BWT, equal symbols tend to be in consecutive positions. In detail, this

behavior is caused by repetitions in the text, which are often preceded by the

same symbol in the input text. Given these premises, the use of a run-length

encoding forBWT has been explored in the pattern-matching literature, with the

Run-Length EncodedBWT (RLBWT) and the Run-Length Encoded FM-Index

(RLFM-index) [ 74, 75, 76, 77, 78]. Those results proved that we can count all the

occurrences of anm-length pattern P in an n-length text T in O(m logr ) and O(r )

space, havingr runs in the RLBWT of the input text. Note that we can locate

these occurrences within those time and space boundaries.

In 2018, Gagie, Navarro, and Prezza [79] proposed a further improvement for

indexing the RLBWT, called r-index. Brie
y, the r-index consists of theRLBWT,

and a O(r ) space sampling of the su�x array. TheRLBWT is stored as a string

that contains the concatenation of the run symbols and ajBWTj-length bitvector

to store the position of the runs over theBWT. This augmentation builds on

previous results [80], where Policriti et al. �rst enhanced an LZ77-based [81] index

for the RLBWT by introducing an O(r )-space sampling of the su�x array. Using

the so-called Toehold Lemma, later re�ned and simpli�ed in [58], they proved that

the SA interval containing all occurrences ofP can be computed inO(m log logn)
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time. In [58], Bannai et al. proposed using the matching statistics in combination

with the RLBWT and the r-index.

Finally, in 2020, Gagie et al. [82] proved that we can locate all thek occurrences

of P in T in O(k log logn) time and O(r ) space. Moreover, raising the data

structures space toO(r log logn), we can perform the locate query inO(m + k).

In this case, theSA sampling consists of storing theSA values in the positions that

are at run boundaries in theBWT.

In addition to the already cited articles, we refer to [83, 84, 85, 86] for further

details, including related techniques such as the pre�x parsing approach for building

the RLBWT, and the r-index a collection of strings.

MONI and PHONI In this paragraph, we want to recall two implementations of

the RLBWT and the r-index: MONI [15] and PHONI [16], as they strongly inspired

some methods in this thesis. These two tools computeMEMs from the MS array,

but their approaches di�er. MONI requires storing, for each pair of consecutive

runs of the same symbol, the minimumLCP value between them, referred to as

a threshold, and performing random access to the text, following the algorithm

proposed in [58]. The procedure is shown in Algorithm 2.1. On the other hand,

PHONI requires a data structure that can performLCEqueries on the input text,

for instance by storing anSLPof the text. Thanks to the LCEqueries, PHONI can

compute posand len values of theMS array in a single scan, while MONI requires

two scans. The procedure is shown in Algorithm 2.2.

Assuming for an-length text T to have thresholds access inO(log logn) time [58],

random access toT in O(log logn) time [87], access to' and ' � 1 values in

O(log logn) time [16], and backward steps inO(log logn) time [88], MONI can

compute theMEMS shared with anm-length pattern in O(m log logn) time. On

the other hand, the algorithm for computingMEMs with PHONI is bounded by

the computation of LCE queries. Assuming to have anSLP which can answer

LCEqueries inO(logn) [53, 89], PHONI can compute theMEMS shared with an

m-length pattern in O(m logn) time.

Algorithm 2.3 is used to leverage the' and ' � 1 functions and thePLCP to

get all starting positions of the occurrences ofP in T in O(log logn) time per

occurrence [16]. We refer to [15, 16, 58, 14] for further details and the pseudocode.
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Algorithm 2.1 MS array computation leveraging the use of the thresholds [58, 15].
1: function COMPUTE MS(T; SAT ; BWTT ; P) . jT j = n and jP j = m
2: MS  [(pos: 0; len : 0) : : : (0; 0)] . jMSj = m
3: q  position of the last occurrence ofP[m] in BWTT

4: pos  SAT [q]
5: for i = 1 to m do . Computation of posvalues of the matching statistics
6: if BWTT [q] 6= P[i ] then . Select the new position using the thresholds
7: if BWTT [q] is before the threshold between the consecutive runs ofP[i ] then
8: q  position of the preceding occurrence ofP[i ] in BWTT

9: else
10: q  position of the following occurrence ofP[i ] in BWTT

11: pos  SAT [q]

12: MS[i ]:pos pos
13: q  LF(q); pos  pos� 1

14: for i = 1 to m do . Computation of len values of the matching statistics
15: MS[i ]:len  MS[i � 1]:len� 1
16: while P[i + MS[i ]:len] = T[MS[i ]:pos+ MS[i ]:len] do
17: MS[i ]:len  MS[i ]:len+ 1

18: return MS

Algorithm 2.2 MS array computation leveraging the use of theLCEqueries [16].
1: function Compute MS(T; SAT ; BWTT ; P) . jP j = m, jT j = n
2: MS  [(pos: 0; len : 0) : : : (0; 0)] . jMSj = m
3: q  position of the last occurrence ofP[m] in BWTT

4: MS[m � 1]  (SAT [q] � 1; 1), q  LF(q)
5: for i = m � 1 down to 1 do . Computation of the matching statistics
6: if BWTT [q] = P[i ] then
7: MS[i ]  (MS[i + 1] :pos� 1; MS[i + 1] :len+ 1), q  LF(q)
8: else . Select the new position using the longestLCE query
9: q0  position of the preceding occurrence ofP[i ] in BWTT

10: q00 position of the following occurrence ofP[i ] in BWTT

11: l0  min (MS[i + 1] :len; jLCE(SAT [q0]; MS[i + 1] :pos)j)
12: l00 min (MS[i + 1] :len; jLCE(SAT [q00]; MS[i + 1] :pos)j)

13: if l0 � l00then
14: MS[i ]  (SAT [q0] � 1; l0+ 1), q  LF(q0)
15: else
16: MS[i ]  (SAT [q00] � 1; l00+ 1), q  LF(q00)

17: return MS
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Algorithm 2.3 MEM occurrences starting positions computation fromMS [16].
1: function Get Occurences (MS, i , j , P , T) . All the occurrences ofP[i::j ] in T
2: if MS[i ]:len < j � i + 1 then
3: return
4: p  MS[i ]:pos
5: occ [ ]
6: append(occ; p)
7: while PLCP[p] � j � i + 1 do
8: p  ' (p)
9: append(occ; p)

10: p  ' � 1(MS[i ]:pos)
11: while p 6= null ^ PLCP[p] � j � i + 1 do
12: append(occ; p)
13: p  ' � 1(p)

14: return occ

2.6 String-to-matrix pattern-matching

In this section, we use (binary) matrices, sets of (binary) sequences, and (haplotypes)

panel interchangeably; hence, in this context \sequence" and \row" are synonymous.

For simplicity, in formal de�nitions we will primarily refer to sets of sequences,

using the term \column" to denote the bits occupying the same position across all

these sequences. We also recall that these sets can be multisets.

In the last decades, pattern-matching problems have been generalized to other

contexts, such as considering the string-to-matrix pattern matching problem [13,

90, 91, 92, 93].

In this scenario, we consider a setS of h strings of length ofw: S = f s1; : : : ; shg,

and a w-length query/pattern string. In detail, we are considering a multiset,

allowing repeated sequences. This set can also be considered as ah � w matrix X .

Given two positions 1� k1; k2 � w and a sequence index 1� i � h, we denote

si [k1::k2) as the substring ofsi starting from column k1 and ending in column

k2 � 1. Now we need to de�ne matches in this context.

De�nition 13 (Locally maximal match [13]). Given a set ofh of w-length sequences

S = f s1; : : : ; shg, and two subsequencessi [k1; k2) and sj [k1; k2), with 1 � i 6= j � h

and 1 � k1; k2 � w, we de�ne si [k1; k2) = sj [k1; k2) as a locally maximal match if
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(a) Input set of sequencesS.
S 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1 0 1 0 1 0 1 1 0 0 0 0 0 0 0
2 0 1 1 0 0 1 1 0 0 1 1 0 0 0 0
3 1 0 1 0 1 0 0 1 0 0 0 1 1 0 0
4 1 1 1 0 1 1 1 1 0 0 1 0 0 0 0
5 0 1 0 1 0 0 0 0 1 1 0 1 0 0 1
6 1 0 1 0 1 1 1 1 0 0 1 1 0 0 0

(b) Pattern P with a coverage.
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

P 1 1 1 0 1 0 1 1 0 0 1 1 1 0 0

Figure 2.4: Example ofSMEMs shared between a set of sequencesS and a query
P.

and only if (k1 = 1 _ si [k1 � 1] 6= s2[k1 � 1]) ^ (k2 = w _ si [k2] 6= sj [k2]).

Informally, a match is locally maximal if we can not extend the two subrows in

any direction without introducing a mismatch.

De�nition 14 (Set-Maximal Exact Match [13]). Given a set ofh of w-length

sequencesS = f s1; : : : ; shg, a w-length string P, and two column indices1 �

k1; k2 � w, we de�ne P[k1; k2) = si [k1; k2) as a Set-maximal Exact Match (SMEM)

if and only if: a) the match is locally maximal, and b) there is no a longer locally

maximal match shared betweenP and another sequence inS, i.e. sj with j 6= i ,

which includes the column interval[k1; k2).

The de�nition of SMEM can be easily extended tok-SMEM, requiring having

at least k sequences inS that share the exact sameSMEM [24]. See Figure 2.4 for

an example ofSMEMs.

Another problem that falls into the string-to-matrix pattern-matching context

is the Minimal Positional Substring Cover problem.

We de�ne a positional substring of aw-length string P as a triplet (k1; k2; P),

having 1 � k1; k2 � w. We say that two positional substrings (k1; k2; P) and

(k0
1; k0

2; t) are equal if and only if k1 = k0
1, k2 = k0

2, and P[k1::k2] = t[k0
1::k0

2] [90].

Moreover a positional substring (k1; k2; P) is contained in a stringt if and only if
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(a) Input set of sequencesS.
S 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1 0 1 0 1 0 1 1 0 0 0 0 0 0 0
2 0 1 1 0 0 1 1 0 0 1 1 0 0 0 0
3 1 0 1 0 1 0 0 1 0 0 0 1 1 0 0
4 1 1 1 0 1 1 1 1 0 0 1 0 0 0 0
5 0 1 0 1 0 0 0 0 1 1 0 1 0 0 1
6 1 0 1 0 1 1 1 1 0 0 1 1 0 0 0

(b) Pattern P with a coverage.
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

P 1 1 1 0 1 0 1 1 0 0 1 1 1 0 0

Figure 2.5: Example of 2 possible MPSCs (leftmost-MPSC with dashed circles and
rightmost-MPSC with dotted circles) shared between a set of sequencesS and a
query P. We show the coverage onP just for the dotted one.

P[k1::k2] = t[k1::k2] [90]. Given a set ofh of w-length sequencesS = f s1; : : : ; shg, a

positional substring (k1; k2; P) is a k-positional substring if (k1; k2; P) is contained

in at least k sequences ofS.

De�nition 15 (Minimal Positional Substring Cover [90]). Given a set ofh of

w-length sequencesS = f s1; : : : ; shg, and a w-length stringP, a Minimal Positional

Substring Cover (MPSC) ofP by S is a setC such that: a) each position1 � ` � w

of P is covered by a positional substring(k1; k2; t) 2 C, having k1 � ` � k2, b)

each substring cover(k1; k2; t) 2 C in contained in P, c) each substring cover

(k1; k2; t) 2 C in contained in at least one sequence ofS, and d) the MPSCsize jCj

is minimal.

Like for the SMEMs, De�nition 15 can be extended tok-MPSC, slightly mod-

ifying point c) to consider at leastk sequences ofS [24]. See Figure 2.5 for an

example of MPSC.

Note that every positional substring (i; j; P ), which is part of a (k-)MPSC of

P by S, underlies an interval that falls within a (k-)SMEM which spans across

the columns i 0 and j 0, where i 0 � i and j 0 � j , becausei and j either directly

constitutes a the boundary columns of a (k-)SMEM or this column range can be

extended either to the left, the right, or both.
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We recall that the (k-)MPSC problem does not admit a solution if at leastk

positional substrings can not cover some position. On the contrary, the (k-)SMEM-

�nding problem always admits a solution.

Some classes of MPSC have been identi�ed [25, 90] to constrain the returned

solution.

Problem 1 (MPSC variants �nding problems). Given a set ofh of w-length

sequencesS = f s1; : : : ; shg, an externalw-length queryP, a MPSC C, where the

i -th positional substring ofC for 1 � i � j Cj is the i -th positional substring in the

enumeration of the positional substrings ofC by increasing the starting positions,

and the length ofC is the sum of the lengths of its positional substrings, we de�ne

the following problems: a) �nd a leftmost MPSCC of P by S, i.e. a MPSC of P

by S such that anyi -th substring in C starts at least as early as thei -th substring

of every other MPSC ofP by S, b) �nd a rightmost MPSC C of P by S, i.e. a

MPSC of P by S such that anyi -th substring in C ends at least as late as thei -th

substring of every other MPSC ofP by S, and c) �nd a length-maximal MPSC of

P by S, i.e. the MPSC that has the largest length out of all MPSCs ofP by S.

Note that each of these problems can be generalized tok-MPSC. To solve the

length-maximal MPSC, an additional lemma and a theorem are required.

Lemma 3 (Lemma 1, required regions [25]). Given a set ofh of w-length sequences

S = f s1; : : : ; shg, and, an externalw-length queryP, there exists a contiguous

nonempty range of sites for everyi 2 [1::jCj], such thatC[i ] contains this range

of sites for all MPSCsC of P by S. Call the most extensive such range thei -th

required region.

Theorem 1. Given a set ofh of w-length sequencesS = f s1; : : : ; shg, and an

external P of lengthw, a length-maximal MPSC can be retrieved inO(w)-time and

O(n)-space, using a leftmost MPSC, a rightmost MPSC, and theSMEMs.

In this thesis, we will not focus on another type of matching, such as L-long

Matches [94] or maximal blocks [95, 96], and we refer to [13, 90, 24] for further

details.

31



Chapter 2. Preliminaries 2.7. Binary matrix indexing via thePBWT

2.7 Binary matrix indexing via the PBWT

As in the previous section, here we use (binary) matrices, sets of (binary) sequences,

and (haplotypes) panel interchangeably; hence, in this context \sequence" and \row"

are synonymous. For simplicity, in formal de�nitions we will primarily refer to

sets of sequences, using the term \column" to denote the bits occupying the same

position across all these sequences. We also recall that these sets can be multisets.

In 2014, Richard Durbin extended the key ideas of theBWT to the scenario

of indexing set of binary sequences, proposing the Positional Burrows{Wheeler

Transform (PBWT) [13]. Hence, we are considering set of sequences built over the

alphabet � = f 0; 1g, where 0� 1.

Given a set ofh of w-length sequencesS = f s1; : : : ; shg, the PBWT index for

an arbitrary position 1 � k � w is based on colexicographical ordering (i.e. from

right to left) of all the ( k � 1)-th pre�xes of all the sequences inS: f s1[1::k �

1]; : : : ; sh[1::k � 1g. Note that the term \positional" comes from the fact that we

can not have matches that do not involve the same positions,i.e. the bit in the i -th

position of the pattern can match only bits in thei -th positions of the sequences

in S.

The PBWT leverages the use of a pair ofh-length arrays for each position,

called the Pre�x Array ( PA) and the Divergence Array (DA).

De�nition 16 (Pre�x Array [ 13]). Given a set ofh of w-length sequencesS =

f s1; : : : ; shg, and a position 1 � k � w, the k-th pre�x array PAk is a h-length

array such that, for 1 � i � h, PAk [i ] = j if and only if sj [1::k � 1] is the i -th pre�x

in the ordering of all the(k � 1)-th pre�xes of the sequences inS.

De�nition 17 (Divergence Array [13]). Given a set ofh of w-length sequences

S = f s1; : : : ; shg, and a position 1 � k � w, the k-th divergence arrayDAk is a

h-length array which stores, for2 � i � h, the starting position of the longest

common su�x shared betweensPA[i ][1::k � 1] and sPA[i � 1][1::k � 1]. By de�nition

DAk [1] = k.

We can computePAk and DAk in O(h) time and O(h) space using a procedure

similar to a radix-sort step, starting from PAk� 1, DAk� 1 and the k-th position of S,
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as shown in Algorithm 2.4. Consequently, the entire set ofPA and DA arrays can

be computed inO(hw) time and O(hw) space.

Algorithm 2.4 Algorithm for updating PAk and DAk to PAk+1 and DAk+1 [13].
1: function BuildPrefixAndDivergenceArrays (S, k, PAk , DAk )
2: u  0, v  0
3: p  k + 1, q  k + 1
4: a  [], b  [], d  [], e  []
5: for i = 1 to h do
6: if DAk [i ] > p then
7: p  DAk [i ]

8: if DAk [i ] > q then
9: q  DAk [i ]

10: if sPAk [i ][k] = 0 then
11: a[u]  PAk [i ], d[u]  p
12: u  u + 1, p  0
13: else
14: b[v]  PAk [i ], e[v]  q
15: v  v + 1, q  0
16: PAk+1  concatenate(a; b)
17: DAk+1  concatenate(d; e)

Note that De�nition 17 can be changed to store the length of the longest

common su�x instead of the starting position, as in [21, 23, 24, 27]. We denote

these divergence array variants as the Reverse Longest Common Pre�x (RLCP)

array, having RLCPk [i ] = k � DAk [i ].

Moreover, like for the su�x array, we can de�ne the inverse of the pre�x array

for position k as the h-length array IPAk such that IPAk [i ] = j if and only if

PAk [j ] = i . Hence, we strongly connect the text indexing data structures and

the matrix/set of sequences indexing ones. The (inverse) su�x array is related

to the (inverse) pre�x array, the longest common pre�x array to the divergence

array/reverse longest common pre�x array, and the Burrows-Wheeler Transform

to the Positional Burrows-Wheeler Transform. We will demonstrate how this

connection can be leveraged in pattern-matching algorithms.

Finally, we can permute the input set of sequencesS using thePA to get the

PBWT of S, which is another set ofh of w-length sequences, or, for simplicity, a

h � w matrix.
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i DA5 PA5 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15
01 5 09 0 1 0 0 1 0 0 0 0 1 1 1 0 0 1
02 1 12 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
03 1 13 0 1 0 0 1 0 0 0 1 0 1 1 0 0 1
04 1 14 0 1 0 0 1 0 0 0 1 0 1 1 0 0 1
05 1 15 0 1 0 0 0 0 0 0 1 0 0 0 1 0 1
06 1 16 0 1 0 0 0 0 0 0 1 0 0 0 1 0 1
07 2 18 1 1 0 0 0 1 0 0 0 0 0 1 1 0 1
08 4 19 0 1 1 0 1 0 0 0 0 0 0 1 0 0 1
09 1 20 0 1 1 0 1 0 1 0 0 0 0 0 1 0 1
10 5 01 1 0 0 1 0 0 0 0 0 0 0 1 1 0 1
11 1 02 1 0 0 1 1 0 0 1 0 0 0 0 0 1 1
12 1 03 1 0 0 1 1 0 0 1 0 0 0 1 0 0 1
13 1 04 1 0 0 1 1 0 0 1 0 0 0 1 0 0 1
14 3 05 0 1 0 1 0 1 0 0 0 0 0 1 0 0 1
15 1 06 0 1 0 1 0 1 0 0 0 0 0 1 0 0 1
16 1 07 0 1 0 1 0 1 0 0 0 0 0 1 0 0 1
17 1 08 0 1 0 1 0 1 0 0 0 0 0 0 1 0 1
18 1 10 0 1 0 1 0 0 0 0 1 0 0 0 0 1 1
19 1 11 0 1 0 1 0 0 0 0 1 0 0 0 0 1 1
20 1 17 0 1 0 1 0 0 0 0 0 0 0 1 1 0 1

Figure 2.6: Example ofPA, DA, and RLCPwhile computing the 5-th column of
PBWT. Building the arrays for the column 5 we colexicographically sort all the
rows up to column 4. After this ordering, the column 5 will be stored as the 5-th
column of thePBWT.

De�nition 18 (PBWT matrix [13]). Given a set ofh of w-length sequences

S = f s1; : : : ; shg, we de�ne PBWT matrix, or simply PBWT, of S the h � w

matrix such that: a) PBWT[i ][1] = si [1], 8 i 2 [1::h], or b) PBWT[i ][j ] = sPA[i ][j ],

8 i 2 [1::h] and 8 j 2 [2::w].

In Figure 2.6, we show an example ofPA and DA while building a PBWT

column.

Computing SMEMs using the PBWT In [13], an algorithm was presented to

compute all theSMEMs shared between an inputs set ofh of w-length sequences

S = f s1; : : : ; shg, and a binary w-length query P. This algorithm, also known as

Durbin's Algorithm 5, is strongly inspired by the BWT framework. In fact, it relies

on three indices: f k , gk , and ek , which represent the set of sequences currently

sharing a left-maximal match with P[ek ::k]. This set of sequences is identi�ed by

the subarray PAk [f k ::gk � 1]. This interval is like a Q-interval in the BWT context,
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and at each iteration this interval [f k ::gk � 1] is updated to [f k+1 ::gk+1 � 1] using an

FM-index-like approach. Note that we move from left to right in thePBWT context.

Being j� j = 2, we need to store the number of zerosck in a PBWT column for the

C function, being h � ck the number of ones in thek-th column, and two h-length

arrays, namelyuk and vk , for the Occ function. Than we can compute a forward

step using a functionwk : f 1; : : : ; hg � � ! f 0; : : : ; hg such that, given � 2 � and

1 � i � h: wk(i; � ) = uk [i ] if � = 0 or b) wk(i; � ) = ck + k [i ] if � = 1. This function

works similarly to the LF-mapping; hence, we can use it to \follow" a speci�c

sequence within the permutations induced by the pre�x arrays. Moving from the

left to the right, we can refer to this operation asFL-mapping, i.e. First-Last

mapping to maintain a correspondence with theLF-mapping while \mapping" in

the opposite direction. Brie
y, Durbin's Algorithm 5, as shown in Algorithm 2.5,

scans the query from left to right, updating the interval [f k ::gk � 1], reporting the

SMEMs from columnek to column k each time the interval [f k+1 ::gk+1 � 1] is empty.

After reporting the current SMEMs, ek is updated using the common su�x between

the pattern and the matching sequences, while the interval is updated usingDAk

along with the new starting positionek .

Durbin's Algorithm 5 runs in O(w) time, according to the author [13]. Sanaullah

et al. [97] proved that Durbin's Algorithm 5 runs in Avg.O(w + 
 ), where 
 is the

total number of SMEMs. Note that a na•�ve algorithm takesO(hw2) time. These

bounds assume that we have already precomputed the complete set ofPAk , DAk ,

ck , uk , and vk , 8 1 � k � w. This preprocessing step takesO(hw) time. Moreover,

assuming the scenario of multiple queries, we need to store all these arrays in

O(hw) space, approximately 13hw bytes of RAM, according to the author1. One

possible solution proposed in the originalPBWT implementation is to include all

queries in the input set of sequences, compute all internalSMEMs of this new set

of sequences, and report those that contain at least one of the queries. Note that

internal SMEMs can be computed without any preprocessing step inO(hw) time

and O(h) space by scanning the set of sequences once and keeping in memory only

the current PAk and DAk . On the other hand, we need to build and scan these

matrices each time we query a new set of strings. Moreover, this approach is less

1https://github.com/richarddurbin/pbwt/blob/29901a7d66dd9b86bd8866aea47a1cfa928d806e/pbwtMatch.

c#L252
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Algorithm 2.5 Durbin's Algorithm 5 for computing SMEMs between a set of sequencesS
and a string P [13].

1: function Find Set Maximal Matches With Z(S,P)
2: e  1; f  0; g  0 . We assume to have computed thePBWT of S
3: for k  1 to w do
4: e; f; g  UPDATE MATCHES (k; P; e; f; g)

5:

6: function UPDATE MATCHES (k; P; e; f; g)
7: f 0  wk(f; P [k])
8: g0  wk(g; P[k])
9: if f 0 < g 0 then

10: if k = w then
11: reports SMEMs from ek a w with sequencesPAk [f 0::g0]

12: e0  e
13: else
14: reports SMEMs from ek a w with sequencesPAk [f 0::g0]
15: e0  DAk+1 [f 0] � 1 . Update f k ; gk ; ek

16: if P[e0] = 0 and f 0 > 0 then
17: f 0  g0 � 1
18: while P[e0 � 1] = PBWT[PAk+1 [f 0]][e0 � 1] do e0  e0 � 1
19: while DAk+1 [f 0] � e0 do f 0  f 0 � 1
20: else
21: g0  f 0+ 1
22: while P[e0 � 1] = PBWT[PAk+1 [f 0]][e0 � 1] do e0  e0 � 1
23: while g0 < h and DAk+1 [g0] � e0 do g0  g0+ 1

24: return e0; f 0; g0
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exible. This is evidenced by the fact that, in the literature, numerous extensions

exist for Algorithm 5 but not for this method [90, 98, 94, 9]. Additionally, the

SMEMs are reported according to the order induced by the pre�x arrays rather

than by the original query order.

In addition, given a string P of length w, a setS of h sequences of lengthw, and

the PBWT of S, Sanaullah et al. [90] proved that, using an approach similar to the

one used forSMEMs, all the discussed variants of theMPSCproblem can be solved

in O(w) time and O(n) space, assuming to have already computed thePBWT.

Algorithm optimality is ensured by the property of (k-)MPSC modularity [25,

Lemma 2]. This (k-)MPSC algorithm of Sanaullah et al. [25] requiresO(n)-space

to ensure constant-time random access to the input set of sequences and to the

PBWT.

PBWT Extensions in Literature

Over the last decade, various extensions of thePBWT have been proposed in the

literature to address di�erent problems and optimize the data structure and related

algorithms. We provide a brief description of some of them. Refer to [99, 100, 98,

9, 101] for otherPBWT variants.

Multiallelic PBWT Introduced by Naseri et al. in 2019 [91], the Multiallelic

PBWT is a natural extension of thePBWT to a generic alphabet. This extension is

relevant both in the biological context [102, 103] and in the combinatorial one [2, 96].

The algorithm proposed by Durbin can be generalized to the multiallelic context,

adding a usually negligible factorj� j to the PBWT construction time complexity.

Regarding queries with an external array, we need to store a data structure that

supports the permuted column and computes the FM-index, such as a wavelet tree

(see Section 2.2). Hence, both time and space bounds are increased by the ones of

this additional component.

Dynamic PBWT Proposed in 2021 by Sanaullah et al. [97], the Dynamic PBWT

leverages the use of linked lists instead of arrays to store the fundamental data

structure of the PBWT. The main goal is to provide an e�cient way to update

the PBWT, adding/deleting new sequences in the input set inO(w). The authors
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presented a new set of algorithms that can replace those proposed by Durbin.

These new algorithms have the same bounds as the classicalPBWT.

PBWT with the LEAP data structure Naseri et al. in 2019 proposed the use

of the PBWT to �nd any match longer than � shared between a set of sequences,

and query [94]. The proposed algorithm takesO(w + 
 (� + � )), where 
 is the

total number of matches and� the average length of the matches. Moreover, they

propose storing an additional data structure, called Linked Equal/Alternating

Position (LEAP), which stores some precomputed jumps (stored in 8h-length

additional arrays per column) in the aPBWT column, speeding up the� -long

matches �nding algorithm. Thanks to these additionalO(hw) space we can �nd

all the 
 � -long matches inO(w + 
 ) time.

PBWT with wildcards Proposed by Bonizzoni et al. in 2023 [93], the Wild-

PBWT aims to extend the algorithm of the multiallelicPBWT to consider missing

data, i.e. the symbol \?" in the input set of sequences. These missing data can be

interpreted as any other symbol in the alphabet �, exponentially increasing the

execution time to compute internal matches, such as maximal blocks, due to the

possible interpretations of each set of wildcards.

Syllable- PBWT Wang et al. presented in 2023 the Syllable-PBWT [98], a space-

e�cient PBWT implementation that divides the haplotypes set into syllables,i.e.

common regions of the input set of sequences are represented using a custom

alphabet. After this special encoding, aPBWT is built on this compressed syllabic

set of sequences, leveraging rolling hash functions for substring comparisons. The

Syllable-PBWT can be used to �nd long matches and not set-maximal exact matches.

From a complexity point of view, construct the Syllable-PBWT takes O(h�� logh)

time and O(h� + n=� ) space, where� = dw=be (with b as the number of sites per

each syllable), and� = h�= jr j (having r dictionaries for the syllables). Querying

the Syllable-PBWT takes O(w + �� logh) time.

38



Chapter 2. Preliminaries 2.8. String-to-graph pattern-matching

2.8 String-to-graph pattern-matching

Thanks to recent advances in pangenomics [1, 8, 2], pattern-matching algorithms

and data structures have been extended to handle node-labeled graphs. Formally,

node-labeled graph can be de�ned as a pair (G; L ), where G = ( V; E) is a graph

and L : V ! � + is the labelling function that assigns to each nodev 2 V a label

L (v) 2 � + , where � + is set of all non-empty strings made from �.

Given am-length stringsP and a node-labeled graphG = ( V; E), an occurrence

of P in G is a path � = ( v1; :::; vk) such that P occurs in the labels concatenation

of � , i.e. P occurs inT = L(v1) � � � � � L (vk). A node-labeled graph can have

multiple occurrences of a pattern.

2.9 Node-labeled graph indexing

In the literature, multiple node-labeled graph indices have been proposed to index

and query not only the node labels but also the graph topology. Those indices are

mainly based on theBWT and FM-index-like data structures.

In this thesis, we will focus on GCSA, but we refer to [18, 17, 30, 31, 104, 2, 105]

for additional details and approaches on graph indices.

Generalized Compressed Su�x Array GCSA(Generalized Compressed Su�x

Array) [ 106, 18] was the �rst attempt to generalize the key ideas of theBWT

and FM-index to an acyclic graph. Then, cyclic graphs were considered with

GCSA2[30, 31]. These indices are similar to those used to succinctly index de

Bruijn graphs [107] using aBWT-based approach. To build theGCSA/ GCSA2index,

we compute the underlying de Bruijn graph [108, 109] using the \pre�x-doubling"

algorithm. This algorithm iteratively joins k-length paths into 2k-length paths

until it reaches the k-size used by thek-mers in the de Bruijn graph. Currently,

the maximum k-mer size isk = 256. This approach presents two substantial

limitations: a) the \pre�x-doubling" algorithm requires a high memory usage,

and b) the pattern length for querying is limited by the k-mers maximum size,

i.e. k = 256. Finally, this de Bruijn graph can be indexed as in [107] to support

operations such as theLF-mapping. From a complexity point of view, assuming
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rank operations in O(� ) time over the index data structure, we can �nd all the


 occurrences of anm-length pattern in O(� (m + 
 )) time. Refer to [18] for a

complete complexity analysis.

2.10 Sequence alignment

Another fundamental topic in stringology and in bioinformatics is sequence align-

ment. Given two stringsA and B, their alignment highlights the number of edit

operations,i.e. insertions, deletions, and substitutions, needed to changeA into

B or vice versa [42]. Considering two strings, we refer to these alignments as

pairwise alignments. Note that insertions and deletions are commonly referred to

as indels. In other words, by counting the number of edit operations, namely by

computing the so-called edit distance, and examining the operations required, we

can determine both the similarities between two strings and where these similarities

occur. Each operation is assigned a weight, and most alignment algorithms use

dynamic programming. In this thesis, we will not extend or directly develop an

alignment algorithm; hence, we will not focus on the algorithmic details of alignment

approaches. For further explanations of such alignments, including complexities,

dynamic programming algorithms, and optimizations, we refer to [56, 46, 42].

Firstly, we can distinguish between two primary alignment modes: global

alignments [110] and local alignments [111]. The �rst mode performs end-to-end

alignment between the two strings, while the latter aligns a string to a substring

of the other string. Between these modes, there is also a hybrid semi-global align-

ment [112], which corresponds to a global alignment where gaps at the beginning

of one sequence can be speci�ed as penalty-free.

A plethora of tools have been developed to handle pairwise alignments, such

as [60, 113, 114]. Moreover, we can consider multiple sequence alignments, which

are achieved through multiple sequence alignment (MSA). These kinds of alignments

are often the starting point for building pangenome graphs, and various tools are

already available in the literature, such as [115, 116].

As already pointed out in Section 2.4, alignments are often based on the

\seed and extend" paradigm [59, 60, 61, 15] to mitigate the high requirements

of using a complete dynamic programming algorithm. This technique leverages
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the computation of short MEMs, called \seeds", to reduce the use of dynamic

programming, which is applied only to \extend" these matches.

Finally, in recent years, sequence alignment in bioinformatics has been extended

to align strings against node-labeled graphs. From a high-level perspective, a string-

to-graph alignment aims to align the input strings to sequences encoded in the node

labels, reporting the alignment positions as node IDs. In literature, various tools

have been proposed for string-to-graph alignments, such as [117, 104, 118, 119].

2.11 Biological background

The Deoxyribonucleic Acid (DNA) is a nucleic acid that contains all the genetic in-

formation of a living being. This information is essential for the proper development

and maintenance of life, mainly by producing and utilizing proteins.

Chemically, DNA is a polymer composed of two polynucleotide chains, also

called strands, arranged in a double helix, as discovered by Watson and Crick in

1953 [120]. Each nucleotide consists of a sugar called deoxyribose, a phosphate

group, and a nitrogen-containing nucleobase, which can be cytosine (C), guanine

(G), adenine (A), or thymine (T). The two polynucleotide strands have opposite

directions, de�ned by the phosphate group and the deoxyribose, at the beginning

and the end of each strand. Hence, we have a forward strand, usually denoted by

the symbol \+", and the backward strand, traditionally denoted by \-". More

technically, each DNA strand has a 5' end, named because the terminal nucleotide

has a free phosphate group attached to the �fth carbon of the deoxyribose, and a 3'

end, named because it terminates with a free hydroxyl group on the third carbon

of the deoxyribose. By convention, the orientation of DNA is referred to as the

5'-to-3' because the synthesis in vivo occurs just in this direction.

To form the double helix, the two strands, oriented oppositely, are connected by

bonds between two nucleobases, one per strand. Cytosine can only be bonded to

guanine (and vice versa), while adenine can only be bonded to thymine (and vice

versa). Cytosine and thymine are called pyrimidines, while guanine and adenine are

called purines. This pairing allows us to retrieve one strand from the other using

the reverse-and-complement technique. In fact, given the nucleobase sequence of a

strand, we can reverse the sequence itself and complement each nucleobase using
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the corresponding one,i.e. C  ! G and A  ! T, to obtain the other strand.

We refer to the complete DNA sequence of a living being, contained in the nucleus

of each cell, as the genome. The genome is arranged into multiple chromosomes,

and each region that can encode a protein is called a gene.

Ribonucleic Acid (RNA), unlike DNA, is a nucleic acid that consists of a single

polynucleotide strand, composed like DNA strands, except that uracil (U) is used

instead of thymine. The principal scope of the RNA is to regulate gene expression.

The unit of measurement for DNA/RNA sequences is the base pair (bp).

Protein encoding and alternative splicing In this thesis, we will discuss

computational methods for Alternative Splicing; therefore, we need to brie
y

describe this biological mechanism. To produce a protein from a gene, we have

three main steps: a) the transcription step, b) the splicing step, and c) the

translation step.

During the �rst step, the gene sequence is copied into pre-messenger RNA

(pre-mRNA), selecting a single DNA strand, which is then transcribed by RNA

polymerase (an enzyme). During the second step, the pre-mRNA's non-coding

regions, known as introns, are removed, leaving only the coding regions, called

exons. The concatenation of these exons is called messenger RNA (mRNA) or

transcript/isoform. We denote the nucleobases at the boundaries between introns

and exons as splicing sites. In detail, the �rst two bases of an intron are called the

5'/donor splice site, while the last two are the 3'/acceptor splice site. Finally, in the

third step, a portion of the mRNA, which is the coding sequence, is translated into

a protein. In detail, each codon/triplet, i.e. a non-overlapping 3-length substring,

is translated into an amino acid. Concatenating the resulting amino acids yields

a protein. Usually, we have a start codon and a stop codon to bound the coding

sequence.

In 1977 [121, 122], it was observed that one gene can encode more than just

one protein, breaking a famous biological dogma, which associated one gene with

exactly one protein. The mechanism involved in this behavior is called Alternative

Splicing (AS) [123]. Thanks to AS events, more than one transcript can be encoded

by a single gene. We refer to such transcripts as alternative transcripts/isoforms,

whereas in the absence of anyAS event, we have the canonical transcript/isoform.
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Figure 2.7: Canonical and alternative isoforms of theAS events considered in this
thesis.

We have multiple categories ofAS events, and, in this thesis, we are interested

in: a) exon skipping/cassette exon, where one exon or multiple consecutive exons

(excluding the �rst one and the last one) are skipped in the alternative isoform, b)

alternative acceptor site, where a di�erent 3' splice site is used in the alternative

isoform, c) alternative donor site, where a di�erent 5' splice site is used in the

alternative isoform, and d) intron retention, where we include an intron in the

alternative isoform.

Figure 2.7 graphically summarizes theseASevents. Note that this is a high-level

classi�cation of biological mechanisms, which are much more complex in the real

world, with less well-de�ned splice sites or multiple simultaneous events.

Haplotypes and genotypes Two additional biological concepts fundamental to

this thesis are haplotypes and genotypes; therefore, we include brief descriptions of

both. If we compare the genomes of two samples of the same species, we discover

they are very similar, except for a very low percentage of nucleotides. These
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di�erences are called genomic variants, and we can group them into: a) Single

Nucleotide Polymorphisms (SNPs) and indels, if they involve a small DNA/RNA

region, and b) structural variation, if they involve more than 50bp.

To de�ne haplotypes and genotypes, we consider one of the two sample genomes

as the reference genome. In detail, SNPs are the substitution of a single nucleotide,

while indels are the insertion/deletion of one or more nucleotides. The position in

which a SNP or an indel occurs is called a locus/variation site, the DNA sequence in

a locus is called an allele, and the set of all alleles an individual inherits from each

parent is called a haplotype. By combining the two inherited haplotypes, we obtain

the individual's genotype. If the two haplotypes are identical at a speci�c site/region,

the genotype is homozygous in that site; otherwise, it is heterozygous. In detail,

when comparing multiple genomes against a reference genome, we may encounter

canonical and alternative alleles, depending on whether the same site/region is

present in both the considered genome and the reference.

Given a genotype, a heterozygous site/region could be phased or unphased,

whether we know which haplotypes resolve that site/region. The process of detecting

those haplotypes is called genotype phasing. Finally, we may have a genotype

with some unknown sites/regions, and we refer to the procedure for �lling these

missing data as genotype imputation. In this thesis, we will formalize some of these

concepts combinatorially.

2.12 Bioinformatics and pangenomics

Bioinformatics is an interdisciplinary �eld that leverages computational models to

solve biological problems, such as those involving DNA/RNA and protein sequences.

Such sequences are produced via chemical processes that have evolved over the past

decades. Beginning with Sanger sequencing [124], the �rst sequencing technology

proposed in 1977 and later utilized in the Human Genome Project [125], sequencing

has progressed to Next-Generation Sequencing (NGS) technologies [126] since 2005.

NGS methods, such as Illumina sequencing2, are faster and more cost-e�ective,

capable of producing hundreds of millions of short reads (approximately 150bp)

2https://emea.illumina.com/systems/sequencing-platforms.html
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per day with an error rate of less than 1%. Since 2008, third-generation sequencing

technologies [127], such as Oxford Nanopore Technology3 and PacBio4, have enabled

the production of millions of long reads (ranging from 1000bp to 100 000bp) and

ultra-long reads (exceeding 100 000bp) in a single day. Although these methods

are currently more expensive than NGS and produce reads with higher error rates,

the accuracy has signi�cantly improved in recent years.

In Chapter 5, we will often refer to RNA-Seq reads. These reads, produced by

NGS sequencing of RNA, represent transcripts and are fundamental for analyzing

alternative splicing events. In other words, we use these reads to analyze the

transcriptome of an individual, i.e., the complete set of RNA transcripts, including

both coding and non-coding regions.

Another essential aspect of sequencing reads is the distinction between single-

reads and paired-end reads. In detail, single-read sequences capture only one end,

i.e. the start or the �nish, of a DNA or RNA fragment. In contrast, paired-end

reads involve both ends, providing more informative reads that, for instance, result

in more accurate alignments.

To illustrate another application of sequencing technologies, consider that in

Chapter 3 we analyze haplotype panels as sets of sequences, primarily generated from

NGS samples using well-established variant calling methods. This bioinformatics

process involves analyzing the complete set of reads from an individual and aligning

them to a reference genome to reconstruct the individual's genotype.

All these bioinformatics methods rely on a single reference; in pangenomics,

we aim to avoid the so-called reference-bias by considering multiple genomes

simultaneously. To understand why this is a crucial improvement, consider the

scenario of sequencing an individual from Asia. If our single reference genome

comes from a European sample, we would likely miss important information that

could be obtained by aligning reads against an Asian reference, or, even better,

against multiple references simultaneously. This is why, in recent years, various

pangenome-related projects have been launched, such as those led by the Human

Pangenome Reference Consortium (HPRC) [3] and the Pangaia Project5. These

3https://nanoporetech.com/products/sequence
4https://www.pacb.com/sequencing-systems/
5https://www.pangenome.eu/
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initiatives aim to both collect pangenome data and develop tools to manage these

complex datasets.

2.12.1 File formats

Biological data must be stored in speci�c �le formats that are easily accessible

and queried. We will now present some of the most commonly used standards in

modern bioinformatics and pangenomics.

FASTA and FASTQ formats FASTA �les [ 128] are the simplest way to store

DNA sequences. It is a plain text �le format in which, for each sequence, we store:

a) a header string, starting with the symbol \> ", which contains the name of the

sequence and some additional information, and b) the sequence itself, possibly in

multiple lines. A single FASTA �le can store multiple sequences.

FASTQ �les [ 129], developed at the Wellcome Trust Sanger Institute, extend

the FASTA format to include sequencing quality information. In this case, we store

four lines for each sequence: a) a header like in the FASTA format, despite starting

with the symbol \@", b) the sequence, stored in one line, c) a line separator, and

d) an alphanumeric string representing the sequencing quality. Each nucleobase

has a quality score represented as an ASCII character; for instance, \!" is used for

the lowest quality and \� " for the highest.

Both formats can be indexed for e�cient access [130].

Variant Call Format Developed in 2011 to store the results of the 1000 Genomes

Project (1KGP) [4], the Variant Call Format (VCF) [ 131] stores genotypes, as sets

of genomic variants. These variants are called between one or more samples and a

reference.

At the beginning of the �le, several header lines that start with "##\ contain

information on the genotypes described in the �le and on how the �le is produced.

The rest of the �le consists of the data section, in which each line is tab-separated

into at least eight mandatory columns: a) the name of the sequence (usually the

chromosome) in which we have called the genomic variant, b) the position of the

variant, c) an ID (".\ if unknown), d) the nucleobases string of the reference in
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the given position, e) the nucleobases string of the sample (i.e. alternative) in

the given position, f) a quality score, g) a 
ag to check if the variant has passed

or not a �lter step, and h) a list of key-value pairs with additional information.

Optionally, for each sample, we can store the variant's genotype, as speci�ed in an

optional format �eld. Although optional, the genotype is usually one of the most

essential data entries we store and query using a VCF �le.

VCF �les can be stored in binary and compact formats, namely Binary

VCF/BCF, and both can be indexed to enhance query performance.

Gene transfer Format General Feature Format (GFF), proposed in 1998 by

Durbin and Haussler at the Wellcome Trust Sanger Institute, is now deprecated,

and Gene Transfer Format (GTF) [128] (i.e. GFF2) is a standard �le format

used to annotate genomic features. In other words, a GTF �le stores the gene

annotation.

Each feature is represented in a tab-separated line with nine columns: a) the

sequence name (usually the chromosome), b) the name of the program which

generated the feature, c) the feature name (gene, exon, intron, etc...), d) the

starting position of the feature, e) the ending position of the feature, f) the score,

g) the strand (\+" if forward and \-" if reverse), h) a 
ag to optionally (if not

speci�ed, we have \.") determine if the �rst base of the feature is the �rst (\0"),

the second (\1"), or the third (\2") base of a codon, and i) a semicolon-separated

list of attributes.

Sequence Alignment Map Proposed in 2009, the Sequence Alignment Map

(SAM) format [132, 130] is used for storing sequence alignments against a reference

genome. The �le contains a header with information about the �le and an alignment

section, where each line represents an alignment. For each alignment, we have a

tab-separated line with 11 mandatory columns plus various optional �elds: a) the

read/segment name, b) a 
ag to identify the type of alignment, c) the reference

name, d) the alignment position on the reference genome, e) the quality of the

alignment from 0 to 255 (if absent, we have 255), f) the Concise Idiosyncratic

Gapped Alignment Report (CIGAR) string, which describes the alignment in

terms of matches, indels, and substitutions, g) three columns which contain some
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information about the paired read, h) the sequence, and i) the sequence quality as

in the FASTQ format. Finally, we can include optional �elds with a type 
ag, such

as \I" for integers and \Z" for strings.

SAM �les can be stored in a binary, light-weight format called Binary Alignment

Map (BAM), and both formats can be indexed for e�cient access after the entries

have been sorted by read name and alignment position.

Graphical Fragment Assembly Proposed in 2014 by Li [133, 134, 135], the

Graphical Fragment Assembly (GFA) is a plain-text format used to store labeled

graphs. In this thesis, we present the GFA 1.x format, which we refer to simply as

the GFA format, but note that a group of researchers (including Li, Chin, Durbin,

and Myers) proposed a new release, GFA 2 [136], in 2017.

We have tab-delimited lines, with the �rst �eld indicating the line type. We

describe the more useful ones, referring to the speci�cations for further details.

Initially, we have a one-column header, introduced by the �eld \H". To store

labeled nodes/segments, we have 3-column lines with: a) the symbol \S", b) the

node ID, and c) the sequence.

Edges/links are represented in 6-column lines with: a) the symbol \L", b) two

columns to store the edge starting node ID and the orientation of that segment

(\+" for forward and \-" for reverse), c) two columns to store the edge ending node

ID and the orientation of that segment (\+" for forward and \-" for reverse), d) a

CIGAR string to specify the overlaps between the two nodes (having \*" if not

speci�ed).

Paths are stored as 4-column lines with: a) the symbol \P", b) the path name,

c) a comma-separated list of the node IDs included in the path (each followed by

\+" or \-" for the node orientation), and d) a comma-separated list for the overlaps

(having a single \*" if not speci�ed).

Note that each line type can be followed by a set of tab-separated optional

and/or custom �elds, speci�ed as in the SAM format.

Graph Alignment Format The Graph Alignment Format (GAF) [ 137] is a tab-

delimited format, similar to the SAM format, for storing string-to-graph alignments.

Each line contains 12 mandatory �elds: a) the read name, b) the read length, c)
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the staring position of the alignment on the read, d) the ending position of the

alignment on the read, e) the strand (\+" or \-") relative to the path, f) a string

containing the subpath to which the read is aligned as the concatenation of each

node's ID, where each one is preceded by the symbol \< " or \ > " to specify the

node orientation, g) the string-path length (i.e. the length of the string obtained

by concatenating each node label), h) the staring position of the alignment on

the string-path, i) the ending position of the alignment on the string-path, j) the

number of residue matches in the path-string, k) the alignment block length, and l)

the quality of the alignment from 0 to 255 (if absent, we have 255).

Finally, we can have multiple optional �elds (in the format \identi�er:type:data",

where the type follows the exact SAM format speci�cations). For instance, one of

the most common optional �elds is the CIGAR string, speci�ed as \cg:Z:CIGAR",

with the same type nomenclature as in the SAM format, for instance, \I" for

integers and \Z" for strings.

The binary variant of the GAF format is known as the GAM format.
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Chapter 3

Store and Query Large

Haplotypes Data

This chapter contains all the contributions to the development of a run-length

encoded variant of the Positional Burrows{Wheeler Transform (RLPBWT) to solve

various string-to-matrix pattern-matching problems in sublinear space,i.e., using

space proportional to the total number of runs in thePBWT rather than to the size

of the input. We recall that the PBWT Algorithm 2.5 takes O(hw) space for a set

of h binary sequences of lengthw, resulting in 13hw bytes in memory, computing

all the 
 SMEMs O(w + 
 ) time, after a O(hw) time preprocessing.

We will present both the theoretical and the experimental results, describing: a)

how we modeled at �rst theRLPBWT[21], testing multiple possible combinations of

data structures to solve the Set-Maximal Exact matches (SMEMs) �nding problem,

b) the � -PBWT [23], the �nal composite data structure for the RLPBWT we

developed as the best trade-o� between memory requirements and querying time,

c) how we can augment the� -PBWT [24] to solve other problems such as the

k-SMEMs �nding problem and the Minimal Positional Substring Cover (MPSC)

problem, and d) a �rst attempt to solve the genotype phasing problem using the

� -PBWT [27].

Although the original PBWT implementation already leveraged run-length

encoding to store indices in memory, theRLPBWT and � -PBWT are the �rst

PBWT variants that directly rely on run-length encoding to compute matches. This

was similar to what Durbin just suggested in [13]. Hence, theRLPBWTand � -PBWT

represent, in a sense, a generalization of the r-index to thePBWT. Run-length
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encoding thePBWT enables the computation ofSMEMs andMPSCusing up to two

orders of magnitude less memory than solutions based on the fullPBWT [13, 25, 90],

thus opening the possibility of indexing large haplotype panels, such as those

available in the UK Biobank datasets [26, 6]. It is worth noting that this space

reduction leads to a moderate increase in query time; however, experimental results

demonstrate that the slowdown is limited and represents an acceptable trade-o�

for the achieved space savings. We note that determining the query-time bounds of

� -PBWT is currently an open problem. However, assuminĝ� as the total number

of runs in the PBWT, and 
 as the number ofSMEMs, we can conjecture that the

� -PBWT computes allSMEMs in Avg. O(w(�̂ + log �̂ ) + 
 log(w=�̂ )) time, but it

takes O(w(w�̂ + log �̂ ) + 
 log(w=�̂ )) time in the worst case, after aO(hw) time

preprocessing. This worst-case time can also be applied in computingMPSCs,

assuming
 as the total number of reference sequences that share all the positional

substrings in theMPSC.

Moreover, to apply the� -PBWT in real biological scenarios, we attempted to

leverage this space reduction in addressing the genotype phasing problem. To this

end, we designed a combinatorial approach that is lighter than the HMM-based

probabilistic methods typically used for this task. However, it is less e�ective at

handling genotype errors when the reference panel lacks a su�cient number of

haplotypes. Regarding time complexity, solving the genotype phasing problem

introduces additional computational overhead, which is discussed later in this

chapter.

We can summarize the theoretical and practical results of this chapter, brie
y

presented above, as:

Input: A reference panel of bi-allelic haplotypes, represented as a set ofh

binary sequences of lengthw, and an external bi-allelic haplotype,

represented as aw-length query binary string

Output: Matches, coverages, and compatible regions shared between the input

panel and the query string

Publications and conferences RLPBWT results [21] were presented in Pisa,

Italy, at the 30th edition of the annual Symposium on String Processing and Infor-
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mation Retrieval (SPIRE 2023) { conference proceedings published in theLecture

Notes in Computer Science (LNCS) series { Springer. � -PBWT [23] was published

in the Oxford Bioinformatics journal. The new algorithms to computek-SMEMs

and MPSCvia the � -PBWT were presented in Fukuoka, Japan, at the35th Annual

Symposium on Combinatorial Pattern Matching (CPM 2024){ conference proceed-

ing published in theLeibniz International Proceedings in Informatics (LIPIcs) {

Dagstuhl. Finally, the genotype phasing approach was published in\The Expanding

World of Compressed Data: A Festschrift for Giovanni Manzini's 60th Birthday",

Open Access Series in Informatics (OASIcs) { Dagstuhl.

Chapter outline In Section 3.1, we will present the state-of-the-art and the

motivations that led us to develop a run-length encoded and space-e�cient variant

of the Positional Burrows{Wheeler Transform. We will also discuss some funda-

mental aspects of the phasing problem. This section will include some additional

preliminaries to extend what we introduced in Section 2.8. In section 3.2, we will

discuss in detail our algorithmic contributions. In section 3.3 we will compare our

implementation against state-of-the-art tools,i.e. the original PBWT implementa-

tion and other compressed variants of the PBWT. Finally, in Section 3.4 we will

draw conclusions and possible future developments.

3.1 Motivations and state-of-the-art

Next-generation sequencing technologies and modern computational approaches

for haplotype phasing have, over the last decade, enabled more advanced studies of

chromosome-level genomic variation, with signi�cant implications for understand-

ing genome evolution and for developing clinical applications. For this purpose,

various haplotype-resolved whole-genome sequence data were collected from thou-

sands of individuals in large biobanks such as the UK Biobank [26] and TOPMed

projects [138]. From a computational point of view, the Positional Burrows-Wheeler

Transform (PBWT) [13], already discussed in Section 2.7, is the core data structure

used to store and query these large haplotype datasets. Furthermore, even though a

set of haplotypes is simpler than a pangenome graph and does not fully address the

reference bias problem, it still represents a form of the pangenome, and thePBWT
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has therefore gained relevance in the �eld of pangenomics [2]. In any case, these

datasets are becoming larger day by day, and indexing them remains challenging.

However, in recent years, thePBWT has been applied and extended in numerous

ways, such as for genotype imputation [139], for privacy-focused genotype database

search methods [140], for computing all-pairs Hamming distances [141], and for

�nding all maximal perfect haplotype blocks [95]. Its connection with computational

pangenomics is also proved by Novak et al. [142] and Sir�en et al. [31] who used

the PBWT to encode and index a pangenome graph for haplotype matching (g-

PBWT) [2].

These facts lead us to develop a highly compressedPBWT index that can store

and query a biobank-size cohort of haplotypes on a commodity machine, even a

laptop. Given that the original PBWT is already space-e�cient for �nding matches

within a reference panel, we focused on the string-to-matrix scenario, where an

external haplotype is used as a query and is not included in the reference panel.

In this chapter, we consider the reference panel as a set (in detail, a multiset

allowing repeated sequences) ofh sequences of lengthw. The reference panel can

be represented interchangeably as a matrix withh rows andw columns. Often, we

usen to represent the total size, havingn = hw. The external haplotype/query

is a w-length string. As in Durbin's paper, we assume haplotypes in which each

variation site is bi-allelic, meaning only two alleles are observed at each locus,

without insertions or deletions. This assumption is common in studies of diploid

species, where variants are typically �ltered to include only bi-allelic sites [143, 144].

Computationally, both the reference panel and the query are built over a binary

alphabet � = f 0; 1g due to this bi-allelic nature.

Another challenge in haplotype analysis is addressing the haplotype threading

problem. In this problem, we aim to represent a query haplotype by combining one

or more substrings of haplotypes from a reference panel through recombinations.

We can also bound the problem to at leastk haplotypes from the panel. As

in [25, 90], this problem can be addressed by solving theMPSCproblem, which was

already de�ned in Section 2.6, and it can be used as an alternative to the classical

Li and Stephens model [145] on very large reference panels.

Moving from the most theoretical results to the more practical and biological,

we have various applications of thePBWT including haplotype imputation [9, 139],
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ancestral inference [146, 147], and genotype phasing [148]. It is easy to prove

that the PBWT is nowadays an essential component of modern haplotype analysis

pipelines.

Why the run-length encoding Directly citing Durbin's original PBWT pa-

per [13]: \Furthermore we can also expect the y arrays (i.e. the PBWT columns) to

be strongly run-length compressible. This is because population genetic structure

means that there is local correlation in values due to linkage disequilibrium, which

means that haplotypes with similar pre�xes in the sort order will tend to have the

same allele values at the next position, giving rise to long runs of identical values

in the y array. So thePBWT can easily be stored in smaller space than the original

data."

In other words, recalling thePBWT construction described in Section 2.7, we

can observe that the permutation of each column tends to produce high run-

length compressible binary strings. In fact, two haplotype pre�xes, which are

consecutive in the pre�x array of a speci�c column, will likely share the same bit

in the next column, which is the one encoded in thePBWT matrix. Thanks to

this behavior, we will end up with a few and long runs in eachPBWT column.

Hence, by exploiting the inherent similarities between thePBWT and the classical

BWT, and by generalizing recentBWT run-length encoding techniques, such as the

r-index [79], constructing a run-length encodedPBWT has proven to be the most

\natural" approach.

In fact, in 2022, Brown et al., in a preprint paper [149] (paper �nal version [150]),

�rstly proposed a PBWT run-length encoding, which was just able to reconstruct

the input set of sequences, hence, which does not supportSMEMs computing.

On the other hand, our contribution mainly involves handling external queries to

compute set-maximal exact matches.

3.1.1 Preliminaries

As in Section 2.6 and Section 2.7, in this chapter we use (binary) matrices, sets of

(binary) sequences, and (haplotypes) panel interchangeably; hence, in this context

\sequence" and \row" are synonymous. For simplicity, in formal de�nitions we will
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primarily refer to sets of sequences, using the term \column" to denote the bits

occupying the same position across all these sequences. We also recall that these

sets can be multisets.

In this subsection, we recall theoretical results from Chapter 2, such as set-

maximal exact matches and minimal positional substring cover, to better understand

the novelties of this thesis. First, we recall the (k-)Set-Maximal Exact Matches

de�nition:

De�nition 19 ((k-)SMEM). Given a binary panel composed byh sequencesS =

f S1; : : : ; Shg of lengthw, a pattern P[1::w], and an integerk, such that1 � k � h,

we de�ne P[i::j ], where1 � i � j � w, to be a (k-)SMEM if it occurs in at least k

input sequences ofS and one of the following holds: a)i = 1 and j = w, b) i = 1

and P[1::j + 1] does not occur inS, c) j = w and P[i � 1::w] does not occur in

S, and d) P[i � 1::j ] and P[i::j + 1] do not occur in S. If k = 1, we refer to a

1-SMEMs asSMEM.

We de�ne the problem of identifying theSMEMs in the pattern P.

Problem 2 (SMEM-�nding) . Given a setS = f S1; : : : ; Shg of h sequences of length

w and a patternP[1::w], �nd the list L of pairs (p; `) such that for all (p; `) 2 L,

P[p::p+ ` � 1] are the SMEMs betweenS and P.

We then de�ne the problem of locating all occurrences of theSMEMs in the

panel.

Problem 3 (SMEM-locating). Given a setS = f S1; : : : ; Shg of h sequences of

length w and a patternP[1::w], �nd the list L of triples (p; `; O) such that for all

(p; `; O) 2 L, P[p::p+ ` � 1] is an SMEMs betweenS and P whereO is the list of

haplotypes where theSMEM occur.

Durbin's Algorithm 5 [13] can solve Problem 3 inO(w)-time and O(n)-space,

with n = hw, which corresponds to about 13n bytes.

Then we recall theMPSC-related problems.

Problem 4 (k-Minimal Positional Substring Cover problem,k-MPSC[25]). Given

a set S of h strings of lengthw and a string P of length w, �nd, if it exists, a

k-positional substring cover ofP by S with the smallest size over allk-positional

substring covers ofP by S.
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The MPSC problem is the k-MPSC problem, wherek equals 1, i.e., each

positional substring of the cover is contained in at least one string of the panel. It

is easy to see that a solution to the problem exists i� for everyi , with 1 � i � w,

the positional substrings (i; i; P ) are contained in at leastk distinct strings of S.

Moreover, we focus on the problem variants of �nding the leftmost and rightmost

MPSC.

Problem 5 (Leftmost MPSCproblem). Given a setS of h strings of lengthw and

a string P of lengthw, �nd a leftmost MPSCC of P by S which is aMPSCof P

by S such that anyi -th substring in C starts at least as early as thei -th substring

of every otherMPSCof P by S.

Problem 6 (Rightmost MPSCproblem). Given a setS of h strings of lengthw

and a string P of lengthw, �nd a rightmost MPSCC of P by S which is aMPSC

of P by S such that anyi -th substring in C ends at least as late as thei -th substring

of every otherMPSCof P by S.

The Phasing Problem Humans are diploid beings, with chromosomes present

in two copies, called haplotypes, each inherited from one of the two parents [151].

During sequencing, these two haplotypes cannot be distinguished, as reads are

fragments uniformly distributed across both chromosomal copies, and distinguishing

them is biologically expensive. To solve this problem, various computational

methods have been developed over the past few years.

A genotype is the combined and indistinguishable information of a pair of

haplotypes. In detail, a genotype is a vector of allele pairs at each locus, where

the pairs consist of homozygous alleles if the two haplotype alleles are equal, or

heterozygous alleles if the two haplotype alleles are not equal.

Thanks to the complex biological nature of the evolutionary phenomenon, we

observe that each haplotype inherited from a parent is itself a mosaic of the two

parental haplotypes, resulting from recombination events. Recombination events

regulate Mendelian inheritance laws within a family trio and have been extensively

studied as a combinatorial problem [151].

From a stringology perspective, as we already discussed, a bi-allelic haplotype

is formalized as a binary string. In this representation, thei -th position of the
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string is assigned a \0" if the individual carries the reference allele,i.e. the allele

matches the reference in that position, and a \1" if the individual carries the

alternative allele. On the other hand, the genotype is represented as a string on

the alphabet � = f 0; 1; 2g, where thei -th position is 0 if both haplotypes present 0

in that position, it is 1 if both haplotypes present 1 in that position, or it is 2 if the

individual, at the i -th locus, has inherited the reference allele from a parent and the

alternative allele from the other parent,i.e. having a 0 and a 1. We call positions

with 0 and 1 homozygous, while the positions with 2 are called heterozygous.

Formally, we say that a pairhh1; h2i of w-length haplotypes explains aw-length

genotypeQ if and only if, for all i 2 [1; w] we have that h1[i ] = h2[i ] = Q[i ] if

Q[i ] 6= 2, or h1[i ] 6= h2[i ] if Q[i ] = 2.

Moreover, the genotype phasing problem is determining the exact pair of

haplotypes that explains the observed genotype. The problem is straightforward for

homozygous positions, where each position has an unambiguous allele; however, at

heterozygous positions, the phase is ambiguous because multiple pairs of haplotypes

can equally explain the genotype,i.e. 0j1 and 1j0 di�er. Multiple heterozygous

positions lead to an exponential number of possible haplotypes. This is a well-

known problem in the literature. For example, Gus�eld proposed solving genotype

phasing using the perfect phylogeny model [152, 153], having as input a collection

of genotypes.

Another approach to addressing the genotype phasing problem is haplotype

threading, which models haplotype reconstruction as a mosaic of reference haplo-

types. This model aims to cover a haplotype query using segments from haplotypes

in an input panel, also via recombination events, combining subregions from various

haplotypes in the reference panel. Note that the input panel is not guaranteed to

include the two exact haplotypes that explain the target genotype; therefore, the

mosaic of segments may involve multiple haplotypes from the panel.

A key result in this context is the Li and Stephens (Li-Stephens, or simply LS)

hidden Markov model (HMM) [145], which produces this mosaicism probabilistically

and requires time linear in the size of the input panel. However, this approach is

infeasible when the haplotype panel is large. Thus, time-e�cient solutions have

recently been investigated, mainly using thePBWT [25].
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3.2 Methods

In this section, we will start by describing our attempt to build a space-e�cient

RLPBWT [21]. Those results helped us to develop the� -PBWT [23], our ready-

to-use tool for indexing and querying large haplotype datasets.� -PBWT includes

all the best solutions previously tested for theRLPBWT, but avoiding the need

to keep in memory a compressed representation of the input panel. Then we will

discuss how to extend the� -PBWT to compute k-SMEMs and (k-)MPSC[24], and

how to use the latter to solve the genotype phasing problem [27]. In this section,

we will often refer to the i -th PBWT column ascol(PBWT) i .

3.2.1 Matching Statistics in the PBWT

Our approaches in this chapter are primarily based on generalizing Matching

Statistics (MS) within the PBWT context. The main idea to solve theSMEMs

�nding problem in the RLPBWTby leveraging theMS comes from the recent results

in computing MEMs with the RLBWT [58, 15, 16], as discussed in Section 2.5.

De�nition 20 (Matching statistics in the PBWT). Given a patternP[1::w], the

matching statistics ofP with respect toS is an array MS[1::w] of (seq; len) pairs

such that, for each position1 � j � w, MS[j ]:seqidenti�es a sequence inS where

a longest common su�x of lengthMS[j ]:len, ending at position j in both P and

SMS[j ]:seq, occurs.

The problem of �nding SMEMs can be cast into the problem of computing

matching statistics for P, as in the following lemma.

Lemma 4. Given a pattern P[1::w] and the matching statisticsMS of P with

respect toS, P[i � ` +1::i ] is a `-lengthSMEMshared withMS:seq[i ], for 1 � i � w,

i� MS[i ]:len= ` ^ (i = w _ MS[i ]:len � MS[i + 1] :len).

In other words, each pair in the matching statistics array represents a left-

maximal exact match, shared between the pattern and the sequence ofS speci�ed

in the MS array. If two consecutive pairs in theMS present non-increasing length

values, it means that those matches are overlapping and that the �rst one is also
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a right-maximal exact match. Thus, we can report the set-maximal exact match.

In other words, MS[j ]:len � MS[j + 1] :len occurs when we cannot extend to the

right the current longest common su�x of length MS[j ]:len shared byP and any

sequence inS. For the sake of simplicity, we illustrate an example of matching

statistics in Figure 3.1.

3.2.2 Data Structures for SMEM-Finding in the RLPBWT

In this thesis, I will review each data structure proposed in [21] to provide a complete

description of theRLPBWT. However, I want to clarify that I was directly involved

in the design and application of themapping structure , the sampled column

permutations, the use of anSLP for random access andLCE queries, and the

development of the� data structure. Hence, I was primarily involved in developing

the MAP+LCE+PERMcomposite data structure. All the other solutions were proposed

and implemented by other co-authors of mine. In Section 3.3, I will make clear

which experiments I personally conducted. On the other hand, for [23, 24, 27], I

take responsibility for the algorithmic design, carried out jointly with the co-authors,

for the implementation, and for the experimental evaluation.

To compute the matching statistics array in thePBWT, we de�ne two queries

for our RLPBWTdata structures: thestart and extend queries. We de�ne smaller

data structures, namely components, that support either thestart or the extend

query, and, in one case,i.e. using the �-encoded divergence array, support both.

These components are used to build data structures forSMEM �nding in the

RLPBWT.

In addition, for all our solutions, we have amapping structure by which we

navigate thePBWT, a data structure for random accessing the input panel (not

always needed), and, if required, a� data structure , used to reconstruct the

complete set ofPAs/DAs arrays and report all the input sequences that share a

certain SMEM. We show an outline of these components in Figure 3.2, while an

outline of their complexities is presented in Table 3.1.

Computing the matching statistics using start and extend Before dis-

cussing the single data structures, we need to brie
y present how these two queries
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(a) Input set of sequencesS.
S 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1 0 0 1 0 0 0 0 0 0 0 1 1 0 1
2 1 0 0 1 1 0 0 1 0 0 0 0 0 1 1
3 1 0 0 1 1 0 0 1 0 0 0 1 0 0 1
4 1 0 0 1 1 0 0 1 0 0 0 1 0 0 1
5 0 1 0 1 0 1 0 0 0 0 0 1 0 0 1
6 0 1 0 1 0 1 0 0 0 0 0 1 0 0 1
7 0 1 0 1 0 1 0 0 0 0 0 1 0 0 1
8 0 1 0 1 0 1 0 0 0 0 0 0 1 0 1
9 0 1 0 0 1 0 0 0 0 1 1 1 0 0 1
10 0 1 0 1 0 0 0 0 1 0 0 0 0 1 1
11 0 1 0 1 0 0 0 0 1 0 0 0 0 1 1
12 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
13 0 1 0 0 1 0 0 0 1 0 1 1 0 0 1
14 0 1 0 0 1 0 0 0 1 0 1 1 0 0 1
15 0 1 0 0 0 0 0 0 1 0 0 0 1 0 1
16 0 1 0 0 0 0 0 0 1 0 0 0 1 0 1
17 0 1 0 1 0 0 0 0 0 0 0 1 1 0 1
18 1 1 0 0 0 1 0 0 0 0 0 1 1 0 1
19 0 1 1 0 1 0 0 0 0 0 0 1 0 0 1
20 0 1 1 0 1 0 1 0 0 0 0 0 1 0 1

(b) Pattern P with matching statistics.
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

P 0 1 0 0 1 0 1 0 0 0 1 1 1 0 1
seq 20 20 17 16 14 14 20 20 20 20 12 12 18 18 18
len 1 2 3 4 5 6 4 5 6 7 4 5 2 3 4

Figure 3.1: PBWT matching statistics example with: (a) the input set of sequences
S of 20 individuals of 15 bi-allelic sites, and (b) a query patternP and its matching
statistics with respect to S. SMEMs are circled in both the pattern and the input
set of sequencesS. Consider, for example,i = 6. Here we have a left-maximal
match of length six shared with sequence 14. BeingMS[6]:len= 6 � MS[7]:len= 4,
we know that in i = 6 also a right-maximal match is ending. ThusP[1::6] share
a SMEM with sequenceMS[i ]:seq= 14. At this point, we can not report all the
other sequences that share the sameSMEM (i.e. 9, 12, and 13).
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Figure 3.2: An illustration of our components and data structures to compute
SMEMs in the PBWT, reporting a single input sequence perSMEM. The compo-
nents are shown in colored boxes, and the data structures are shown in white boxes
at the bottom. We note that the data structure for the longest common extensions
depends on sampled column permutations from the level below.

help us to compute theMS array.

We start considering a random sequence in the panel as a possible match with

P[1]. Consider a pattern substringP[i::j ], with 1 � i; j � w as a su�x of one

of S1[1::j ]; : : : ; Sh[1::j ]. The extend query returns that we can extend the match

of P[i::j ] to P[i::j + 1] if and only if j < w and P[i::j + 1] is a su�x of one

of S1[1::j + 1] ; : : : ; Sh[1::j + 1]. On the other hand, the start query �nds the

smallest integeri 0 2 [i::j ] such that P[i 0::j ] is a su�x of one of S1[1::j ]; : : : ; Sh[1::j ].

Hence, to fully compute the matching statistics array, we assume that we already

computed the matching statistics up to positioni 2 [1::w], and use thestart

query to �nd the smallest i 0 2 [i::w] such that P[i 0::i0 + MS[i ]:len] is a su�x of

one of S1[1::i0 + MS[i ]:len]; : : : ; Sh[1::i0 + MS[i ]:len]. By the minimality of i 0, we

can setMS[j ]:len = MS[j � 1]:len� 1 for all j 2 [i + 1::i0 � 1]. Then, using the

extend query, we can �nd the longest pre�x P[i 0::k] that is also a su�x of one

of S1[1::k]; : : : ; Sh[1::k], and we setMS[i 0]:len = k � i 0 + 1. Since i 0 > i , we can

proceed by induction to compute the whole array of matching statistics. Note that
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Table 3.1: RLPBWT data structures complexities outline, given� as the average
number of runs perPBWT column, and�̂ as the total number of runs in thePBWT.

Component Space Query time

Mapping Structure ( MAP), bitvectors O(�̂ logn=�̂ ) O (log logn)
Mapping Structure ( MAP), intvectors O(�̂ ) O (log � )

Sampled Column Permutation (PERM) O(2�̂ logh) O (1)
Cartesian Trees (CT), with k intervals 2k logn=k + o(k logn=k) O (1)

�-encoded divergence array (DEDA) O
�
�̂ log2 n

�
O (log n)

Longest Common Extension (LCE) SLP size � O (log n)
Random Access (RA), SLP SLP size � O (log n)
Random Access (RA), plain O(n) O (1)

Divergence Array (DA) O(n logn) O (1)
� data structure O(�̂ (log h + log n=�̂ )) O(log w=�̂ )

if a column j is a complete mismatch,i.e. it has no bits that match the pattern

bit, we set MS[j ]:seq= � , using � as a sentinel value, andMS[j ]:seq= 0, resetting

the MS computation in the next column, hence restarting the computation as we

were in the �rst column.

Figure 3.3 represents the use ofstart and extend queries used to compute the

MS array of Figure 3.1.

Mapping structure in the RLPBWT Given the position in PBWT of a bit, i.e.

PBWT[i ][j ], the mapping structure can return: a) the position in col(PBWT) j +1

of the bit immediately to the right of PBWT[i ][j ] in SPAj [i ], b) the position in

col(PBWT) j of the last occurrence of: PBWT[i ][j ] abovePBWT[i ][j ], if it exists,

or c) the position in col(PBWT) j of the �rst occurrence of : PBWT[i ][j ] below

PBWT[i ][j ], if it exists.

On the contrary, the �rst query corresponds toLF-mapping in the BWT and

allows us to move from the left to the right in thePBWT, \following" in the

same sequence ofS in the permutations induced by thePAs. This is precisely the

function described in Section 2.7 for Durbin's algorithm 5. Given: a)uj [i ] as the

number of zeros untili in col(PBWT) j , b) vj [i ] as the amount of ones untili in

col(PBWT) j , c) c[j ] as the total amount of zeros incol(PBWT) j , and d) � 2 f 0; 1g

as the current pattern bit, we have that the mapping functionFL[i ][j ] is equal to:

a) uj [i ] + 1, if � = 0, or b) vj [i ] + c[j ] + 1, if � = 1.

The second and third queries correspond to Rossi et al. [15] jumping up or down,
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PBWT 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1 1 0 1 1 0 0 0 1 0 0 1 1 1 1
2 1 1 0 1 1 0 0 0 1 0 0 1 1 1 1
3 1 1 0 1 1 1 0 0 0 1 1 1 0 1 1
4 1 1 0 1 1 0 0 0 1 0 0 1 1 0 1
5 0 1 0 1 0 1 0 0 1 0 0 1 1 0 1
6 0 1 0 1 0 1 0 0 0 0 0 1 0 0 1
7 0 1 0 1 0 1 0 0 0 0 0 1 0 0 0
8 0 1 0 1 1 1 0 0 0 0 0 0 1 0 1
9 0 1 0 0 1 0 0 0 1 0 0 0 1 0 1
10 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1
11 0 1 0 1 1 0 0 0 0 0 0 1 1 0 1
12 0 1 0 0 1 0 1 1 0 0 0 1 0 0 1
13 0 1 0 0 1 0 0 1 0 0 0 0 0 0 1
14 0 1 0 0 0 0 0 1 0 0 0 0 0 0 1
15 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1
16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
17 0 0 0 1 0 0 0 0 0 0 0 1 0 0 1
18 1 0 1 0 0 0 0 0 0 0 1 1 0 0 1
19 0 0 1 0 0 0 0 0 0 0 1 1 0 0 1
20 0 1 0 0 0 0 0 0 0 0 1 1 0 0 1

Figure 3.3: Iteration used to compute the matching statistics array of Figure 3.1
over the PBWT for the set of sequencesS depicted in Figure 3.1. At a high
level, the start operation corresponds to vertical arrows, remaining within the
samePBWT column in case of a mismatch. In contrast,extend corresponds to
arrows between consecutive columns. We begin from an arbitrary sequence, in
this case the 20th, wherecol(PBWT)1[20] = 0; sinceP[1] = 0, we advance to the
next column, recordingMS[1]:seq= 20 and MS[1]:len= 1. Applying the mapping
function to sequence 20 moves us from the �rst to the second column, identifying
the corresponding indexj = 15 in col(PBWT)2, where PA2[j ] = 20. Here we
observe thatP[2] = col(PBWT)2[15], so we continue to the next column and store
MS[2]:seq= 20 and MS[2]:len = 2. Mapping sequence 20 forward again leads to
col(PBWT)3[19], where a mismatch occurs sinceP[3] 6= col(PBWT)3[19]. We then
consider whether to jump to the last character of the previous run,col(PBWT)3[17],
or to the �rst character of the next run, col(PBWT)3[20], with PA3[17] = 17 and
PA3[20] = 18. By inspecting the input panel in Figure 3.1, we see that up to column
3 (excluded), sequence 17 shares a longer su�x with sequence 20 than sequence 18
does; therefore, we select sequence 17, settingMS[3]:seq= 17 and MS[3]:len= 3.
From this new position, we compute the mapping from column 3 to column 4 and
continue in the same manner until all entries of the matching statistics array are
determined.
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respectively, using the so-calledthresholds in the RLBWT when a mismatch is

found. Recalling that the PBWT is built using the co-lexicographical ordering, it

follows that we call this function FL-mapping and forward stepping as counterparts

of the LF-mapping and the backward stepping in theBWT.

Summarizing, for each columnj in the RLPBWT, which presentsr runs, we

store: a) the run head indices, or the run tail indices, in anr -length array pj , b) a

r -length data structure for uj and vj , c) the integer c[j ], and d) a boolean valueb

to retrieve the symbol corresponding to the �rst run. This last value is used to

retrieve the current run symbol in constant time, given the current run index.

In the RLPBWT, we implement the data structures forpj , representing the

run tail indices, uj , and vj using run-length compressed bitvectors, occupying

roughly O(�̂ log(n=�̂ )) bits and answering queries theoretically inO(log logn) time,

where �̂ is the total number of runs in the columns of thePBWT. In our im-

plementation [21], we used thesdsl-lite [43] sparse bitvectors to implement

them, whose theoretical bounds were already discussed in Section 2.2. Foruj ,

we store a bitvector as length as the number of \0"s in thePBWT columns, set-

ting uj [i ] = 1 if and only if we have i symbols in theranku j (i )-th run of \0"s in

col(PBWT) j . For vj , we proceed symmetrically. For example, in theRLPBWT,

given col(PBWT) j = 00101111000000000000, hence havingr = 5, we store: a)

pj = 01110001000000000001, b)uj = 011000000000001, c)vj = 10001, d) c[j ] = 15,

and e) bj = > .

In the � -PBWT, we store just pj , representing the run head indices, and a

single interleaved representation for the valuevj and uj . In detail, this interleaved

representationuvj , for each integeri , with 1 � i � r , represents the valuevj

(or uj respectively), up to the start of run i , if the i -th run consists of zeros (or

ones, respectively). Bothpj and uvj are implemented as bit-compressed intvectors

of sizeO(r ), with access in constant time. Hence, a single mapping operation

takes O(logr ) time, using a binary search. For example, in the� -PBWT, given

col(PBWT) j = 00101111000000000000, hence havingr = 5, we store: a) pj =

[1; 3; 4; 5; 9], b) uvj = [0; 2; 1; 3; 5], c) c[j ] = 15, and d) bj = > .

Regarding thresholds, in the context of theRLPBWT, they correspond to the

positions of the �rst minimum value of the divergence array (DA) within the range

of each run in aRLPBWT column. Speci�cally, we must also consider the current
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run interval together with the following position, due to the de�nition of the DA,

which compares consecutive sequences in the permutation induced by thePAs. In

the RLPBWT [21], thresholds are implemented by sparse bitvectors, while in the

� -PBWT [23] by bit-compressed intvectors.

start queries: sampled column permutations ( PERM) Sampled column

permutations (PERM) are used to �nd at least one occurrence of eachSMEM. We can

use the sampled column permutations as an analogue of Policriti and Prezza's [80]

Toehold Lemma: for each run boundary in a column in thePBWT, we store which

sequences in the input set they came from, using a total of roughlyO(2�̂ logh) bits

for the entire RLPBWT, looking at the PA value in the corresponding positions.

Having these values, we know each time which input sequence we are following: a)

if we have a match, we follow the same sequence, and b) if we have a mismatch,

we use thresholds to select the new run bit to follow, which is either the tail of the

previous valid run or the head of the next valid run, having in both cases thePA

value stored inPERM.

start queries: Cartesian tree ( CT) To present this approach for thestart

queries, we need to de�ne a Cartesian tree [154].

De�nition 21 (Cartesian tree). Given a n-length array of integersA, a Cartesian

tree T , built upon A, is a binary tree such that: a) each element ofA is stored in

a node ofT , b) in T the value of each parent node is less than the values of its

children, respecting the min-heap property, and c)A can be retrieved by performing

an inorder traversal visit of T .

Suppose we store a representation of the shape of a Cartesian tree built upon

the whole set of divergence arrays. In that case, we can support range minimum

queries (RMQ) [155, 156], previous-smaller-value (PSV) [157], and next-previous-

smaller-value (NSV) [157] queries on the set ofDAs.

We recall that given an arrayA[1::n] of integers, aRMQ for two positions i � j

asks for the positionk of the minimum in A[i::j ], i.e., k = argmink02 [i::j ]A[k0]. We

denote this query byRMQA(i; j ). Given a position i in A, we de�ne the PSV as

PSVA(i ) = max(f j : j < i; A[j ] < A[i ]g [ f 0g), and NSV as NSVA(i ) = min(f j :
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j > i; A[j ] < A[i ]g [ f n + 1g). These queries return only a position and cannot

easily support random access.

We consider three representations of the tree shape: a) an augmented balanced-

parentheses (BP) representation occupying roughly 2n + o(n) bits [158] and answer-

ing queries in constant time, b) a simple DAG-compressed representation (with each

non-terminal storing the size of its expansion) answering queries in time bounded

by its height, and c) an interval-tree storing selected intervals corresponding to

nodes in the cartesian tree and answering queries in constant time. We do not

include Gawrychowski et al.'s compressedRMQ data structure [159] because we

are not aware of an implementation, and we see no easy way to estimate its space

usage for storing the set ofDAs.

The constructions of the BP representation and DAG-compressed representa-

tions are standard, while the interval-tree structure needs some explanation. We

query the Cartesian tree while forward stepping through thePBWT, when the

considered interval contains only \0"s and we want a \1", or vice versa. To proceed,

we must ascend the underlying tree and widen our interval until it includes a copy

of the bit we want to retrieve. Note that the query interval corresponds to a node

v in the Cartesian tree, and that thePBWT interval we seek corresponds to the

lowest ancestoru of v whose interval is not unary. Hence, we need to store in our

interval-tree only the PBWT intervals for nodesu in the Cartesian tree such that

the interval for at least one ofu's children is unary but u's interval is not unary.

Since our intervals can nest but not otherwise overlap, we can store our interval

tree in a more space-e�cient manner than usual, writing out a string with open-

parens, close-parens, and \0"s, with each open-close pair indicating an interval

and the number of \0"s before, between, and after them indicating its starting

point, length, and ending point. Then we encode that string as one bitvector with

\0"s indicating \0"s and \0"s indicating parens, and another bitvector with \0"s

indicating open-parens and \1"s indicating close-parens, having the combination of

the bitvectors as a wavelet tree for the string. Finally, we store a BP representation

of the tree structure of the stored intervals.

If we store k intervals, our �rst bitvector has n + 2k bits and 2k copies of

\1", our second bitvector has 2k bits with k copies of \0" and k copies of 1,

and the tree structure hask nodes and so its BP representation takes 2k + o(k)
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bits. Overall for the CTstructure we use roughly 2k log n+2 k
2k + 2k + 2k + o(k) =

2k log(n=k) + o(k log(n=k)) bits, and can answer queries in constant time.

We note that, since even our query intervals can nest but not contain or

otherwise overlap any of our stored intervals, we can query with a single endpoint

instead of a whole interval.

extend queries: divergence array ( DA) and � -encoded DA (DEDA) A naive,

uncompressed divergence array is the simplest possible data structure to support

the extend query, which �nds the length of eachSMEM. It is also the heaviest in

memory, requiring roughlyO(n logn) bits for the set of DAs. In reality, eachDA

requiresO(h logh) bits; therefore, havingw DAs, the O(n logn) bound is clearly

an overestimation, but it is helpful for comparison with other solutions.

Instead of theDA we can use a �-encoded divergence array, storing each entry

of DA[i ][j ] with: a) DA[i ][j ] = 0 if i = 1, and b)the di�erence DA[i ][j ] � DA[i � 1][j ]

if i > 1. If the PBWT is highly run-length compressible, then the �-encodedDA is

small. In fact, if PBWT[i::i + ` � 1][j ] is a run of equal bits in thej -th column of

the PBWT and col(PBWT) j +1 [i 0::i0+ ` � 1] are the bits immediately to their right in

the input set of sequences, thenDA[i 0+ k][j +1] = DA[i + k][j ] +1 for 1 � k � ` � 1.

Therefore,DA[i 0+ k][j + 1] � DA[i 0+ k � 1][j + 1] = DA[i + k][j ] � DA[i + k � 1][j ]

for 2 � k � ` � 1, so the �-encoded of DA[i 0+ 1::i0+ ` � 1][j + 1] is the same as

that of DA[i + 1::i + ` � 1][j ]. It follows that, having �̂ runs in the PBWT, the

(linearized) �-encoded DA has a string attractor of sizeO(�̂ ) and, thus, it can be

represented using aSLP, which requiresO(�̂ log2 n) bits [160, Lemma 3.14].

Moreover, increasing the size of thisSLPby a small constant factor, we can store

at each non-terminal the length, sum, and minimum pre�x sum of its expansion,

supporting random access,RMQ, PSV, and NSV queries on the divergence array

in O(logn)-time. This is similar to how Gagie et al. [82] used anSLP for their

�-encoded LCP array, and this allows us to useDEDAto support both start and

extend queries.

extend queries: longest common extension ( LCE) We already de�nedLCE

queries in Section 2.1 and how to use anSLPto implement them, answering queries

in approximately O(log n).

67



Chapter 3. Store and Query Large Haplotypes Data 3.2. Methods

Suppose we have arrived at columnj + 1 in the PBWT and we know that

the longest su�x of pattern P[1::j ] that occurs in some sequences ofS ending at

column j has an occurrence immediately followed byPBWT[i ][j + 1]. Suppose we

also know from which sequence of the setS that bit PBWT[i ][j + 1] comes from.

If P[j + 1] = PBWT[i ][j + 1] then the longest su�x of P[1::j + 1] that occurs in

in some sequences ofS ending at columnj + 1 has an occurrence ending with

PBWT[i ][j + 1]. Therefore, we assumeP[j + 1] 6= PBWT[i ][j + 1]. By the de�nition

of the PBWT, there is an occurrence of the longest su�x ofP[1::j + 1] that occurs

in some sequences ofS ending at columnj + 1, ending either at the last occurrence

of P[j + 1] = : PBWT[i ][j + 1] above PBWT[i ][j + 1] (if it exists), or at the �rst

occurrence of that bit belowPBWT[i ][j + 1] (if it exists). We recall that we use

the mapping structure to quickly �nd these occurrences of that bit.

extend queries: forward-backward ( FWBW) With this method, we rely on a

Cartesian tree to ensure the following invariant: the search interval in thePBWT

contains all the bits immediately following occurrences of the longest su�x of the

pattern pre�x processed so far, restricted to the desired columns of thePBWT. If

a copy of the next bit of the pattern appears within this search interval, we can

continue with a forward step without accessing the Cartesian trees. The Cartesian

trees are queried just when the interval does not contain a copy of the bit in

the pattern, marking that we have reached the right end of anSMEM. Using

the mapping structure and the Cartesian trees, we can therefore locate all right

endpoints ofSMEMs. By maintaining analogous structures for the reversed input

set of sequences, we can also locate all the left endpoints. Thanks to the maximality

property of SMEMs, we can easily pair these endpoints and obtain theSMEMs.

This approach, however, doubles both time and space usage.

Data structure for Random access ( RA) This last component provides e�cient

random access to the input panel and can be used to determine the length of a

given SMEM. Although the total length of the SMEMs can be quadratic in the

length of the pattern, we can leverage their non-nesting property to prove that we

need only a linear number of random accesses to the input to compute them. If we

combine a random access data structure with Cartesian trees, then the number
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of random accesses is equal to the number ofSMEMs, and the total length of the

sequence needed to extract fromS is linear in the total length of the SMEMs. As

a random access data structure, we can use: a) anSLP of all the sequences in

S answering queries inO(logn) time, and b) a plain and constant time access

representation of the input panel (with 8 bits packed into each byte) occupying

roughly n bits.

� data structure Using PERM, we havePA values only at each run boundary.

However, to retrieve all the rows/sequences that share a certainSMEM, we at

least need access to the entire set ofPAs. For this purpose, we store a small data

structure that answers queries corresponding to' and ' � 1 in the string/su�x array

context: given a column index and a pre�x array valuej , it returns the previous

and next values. These two values correspond to the sequences that we need to

consider for �nding common su�xes with sequencej , i.e. other possible sequences

in S that share the sameSMEM. We refer to these as� queries in thePBWT.

Formally, given an index columnk, we let IPAk be the inverse permutation of

PAk , i.e. IPAk [PAk [i ]] = i . Hence, we de�ne the� function, similarly to classical

the string context [68], for all 1 < ` � h, as � k(`) = PAk [IPAk [`] � 1]. Therefore

if IPAk [`] = i , or equivalently PAk [i ] = `, we have that � k(PAk [i ]) = PAk [i � 1].

In less formal words, given a value ofPAk in position i , the � function returns

the preceding value ofPAk in position i � 1. Analogously, we can de�ne the

inverse of� for all 1 � i < h as � � 1
k (i ) = PAk [IPAk [i ] + 1]. For example, assuming

PA6 = [15; 16; 1; 10; 11; 17; 9; 12; 13; 14; 19; 20; 2; 3; 4; 18; 5; 6; 7; 8] and i = 3, we have

that � 6(4) = 3 and � � 1
6 (3) = 18.

To understand how the� function works, note that in a PBWT column, when

two consecutive symbols are equal (either \0" or \1"), their corresponding input

sequence indices values in thePA remain consecutive in the permutation of the

next PBWT column. This holds even though they may occupy two consecutive,

but di�erent, positions with respect to the previousPBWT column after applying

the FL function, due to the stability of the sorting algorithm underlying the

PBWT. Formally, for all 1 � j < w and for all 1 � i < h , if col(PBWT) j [i ] =

col(PBWT) j [i � 1] thenFL[i ][j ] = FL[i � 1][j ]+1 = k and therefore,PAj [i ] = PAj +1 [k]

and PAj [i � 1] = PAj +1 [k � 1]. We can leverage this property by storing thePA
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samples at the beginning and at the end of eachPBWT run, and the wholePAw

column. Then, we can compute the value of� (PAj [i ]), i.e. PAj [i � 1], by applying

FL mappings as long as the correspondingPBWT values are the same. Assumingk

is the column andi 0 is the sequence corresponding to thePBWT values mismatch,

we have that PAk [i 0] = PAj [i ] and PAk [i 0 � 1] is sampled, being at the end of a run,

and we can retrieve the value ofPAj [i � 1] = PAk [i 0 � 1]. An example of iterative

FL mapping to perform� queries is depicted in Figure 3.4. For the� � 1 function,

we do symmetrically.

We observe that to check if a sequence shares the sameSMEM directly, we

can useDA samples together with the information of the current sequence, which

shares aSMEMwith the pattern and the next/previous sequence retrieved by the�

function. Hence, we extend the data structure to also encode the whole set ofDAs.

If we store theDA sample at the beginning of eachPBWT run, while computing

the � function for PAj [i ], we can recover the value ofDAj [i ] asDAk [i 0] � (k � j ), i.e.

removing from the sampled valueDAk [i 0] the number of times we applied theFL

mapping. This approach can be ine�cient if two pre�x array values \diverge" after

many PBWT columns, requiring the mapping structure to be queried many times.

The other adjacentDA value can be retrieved symmetrically, while computing the

� � 1 function.

To solve this ine�ciency and avoid performingO(k � j � 1) FL steps, we can

store a successor data structure which marks in which column each sequence appear

as PA sample at the beginning of a run and storing the corresponding sample at

the end of the previous run and theDA sample as satellite information. We also

need to store the data structures for when aPA value is at the end of a run, store

the correspondingDA value, and store thePA values sampled at the head of the

next run. In detail, we can store, for each sequence, twow-length sparse bitvectors,

with a bit set in each position where the considered sequence is the head/tail of a

run, respectively. We also store two support bit-compressed intvectors: one storing

the previousPA value and the other storing the nextPA value. Given a sequencea,

we have the corresponding data structures: a)rank�
a , which performsrank queries

on the sparse bitvector, and b) the support bit-compressed intvector� a
supp. Hence,

in column k we have: a)� k(a) = null if � a
supp[rank�

a (k)] = h + 1, i.e. a is the

�rst PA value not having a predecessor, or b)� k(a) = � a
supp[rank�

a (k)] otherwise.
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On contrary, assuming the corresponding data structure for� � 1 a
supp we have: a)

� � 1
k (a) = null if � � 1 a

supp[rank� � 1

a (k)] = h + 1, i.e. a is the last PA value not having a

successor, or b)� � 1
k (a) = � � 1 a

supp[rank� � 1

a (k)] otherwise. In both construction cases,

we store a sentinel valueh + 1 as a predecessor/successor, depending on whether

we are considering the �rst/last PA value.

Gagie et al. in [82] showed that the � function, and consequently the� � 1

function, for the su�x array can be stored in O(r ) words, and evaluated in

O(log log� (n=r))-time, where n is the size of the indexed text,r the number of runs

in the BWT, and � = 
( logn). In the RLPBWTand � -PBWT, the � data structure

implemented with sparse bitvectors takesO(logw=�̂ ) time to perform a single�

/ � � 1 operation, with �̂ as the total number of runs in thePBWT. The whole

data structure takes approximatelyO(�̂ (logh + logn=�̂ )) space. Theoretically, we

can store a total of�̂ -length intvectors instead of sparse bitvectors, inO(�̂ ) space,

computing the two functions in O(log �̂ ) time using binary searches.

Note that we are aware that Nishimoto and Tabei [161] and Bertram et al. [162]

recently improved the time of the� function in the BWT to O(1)-time, but an

inspired approach is not implemented in either ourRLPBWT nor in the � -PBWT.

3.2.3 Composite data structures for the RLPBWT

In the previous subsections, we have already discussed how to useMAP+CT+FWBW

and MAP+CT+PERM+RAto compute SMEMs, in the previous section, while describing

the Cartesian tree and the forward-backwards data structures. Now we discuss

the other approaches introduced in Figure 3.2: a)MAP+CT+DA, b) MAP+DEDA, and c)

MAP+LCE+PERM.

Composite data structures: MAP+CT+DAand MAP+DEDAFor these two ap-

proaches, we recall what we discussed about Cartesian trees.

Consider the scenario in which we have a search intervalI that contains only

\0" bits, but we want to �nd a \1" bit. The other way follows by symmetry. We

query for the minimum value v in the DA, and compute the positionsa and b

of the previous and next smaller value ofv, respectively, having as the invariant

that I � (a::b) and (a::b) matches a node in the Cartesian tree. Finally, accessing
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Figure 3.4: Assume that with green blocks we denote bits of value 0 and with
blue blocks bits of value 1, and suppose we want to compute� k(j ). Following the
FL mapping, these two equal bits in columnk + 1 correspond to two consecutive
positions that have two bits of the same value. The same happens when going from
the (k + 1)-th column to the ( k + 2)-th column. Another FL mapping iteration
reaches two di�erent bits in column k + 3. In this column, � k(j ) is at a run
boundary (by de�nition of run, having two consecutive di�erent bits). Hence, we
can extract its value i from PA samples, understanding that� k(j ) = i also at
columnsk, k + 1, and k + 2. In the symmetric case,� � 1

k (m) = n is computed as
illustrated in the �gure.
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the DA, we can determine the length of a match. To obtainRMQ, NSV, and PSV

support, and computeSMEMs, we can use the �-encodedDA (MAP+DEDA) or, as

already discussed, a Cartesian tree combined with theDA (MAP+CT+DA).

We now brie
y present the MAP+DEDAcomposite data structure. Suppose we

store a linearized version of theDA in memory. To accessDA[i ][j ], we need to

access thet-th entry in the linearized DA, wheret = ih + j . Moreover, by de�nition

of the �-encoding, DA[i ][j ] is equal to the sum of the �rst t values in the linearized

�-encoded DA. Hence, we can computeDA[i ][j ] like we would calculate a partial

sum of keys in a binary search tree. In detail, as a binary search tree, we can use

the SLPparse tree built over the linearized �-encodedDA. We start at the root

of the SLP's parse tree, and we traverse the tree up to itst-th leaf. Note that we

can descend the tree in time proportional to its depth, because we have stored the

sizes of the non-terminals' expansions. As we descend the path, we sum all the

�rst t � 1 numbers in the �-encoded DA. We can perform this operation because

these numbers are in the expansions of symbols that are not on the path, which

are the left children of symbols on the path, and we have previously stored the

sums of those left children. Finally, we add thet-th number in the �-encoded DA,

which is stored at thet-th leaf.

To compute SMEMs, we also need to computeRMQs, PSV, and NSV, as we

discussed for the Cartesian tree. ForRMQs, we use the fact that the sum of the

�-encoded entries to the left of a non-terminal's expansion, plus the minimum

pre�x sum of its expansion, i.e. of �-encoded entries, is the minimum entry in

the corresponding interval of the plainDA. Given a query range [i::j ], we can �nd

O(logn) subtrees of the parse tree whose leaves are thei -th through j -th, and

return the minimum plain DA entry in that interval. For PSV queries, we descend

to the speci�ed t-th leaf of the parse tree, and we trace back until we �nd a left

child v hanging o� the path we just traversed, whose expansion includes a smaller

DA value than the t-th. Finally, we descend into and �nd the rightmost entry in

v's expansion smaller than thet-th entry. NSV queries are symmetric. By being

able to computeRMQs, PSV, and NSV, we can apply the same approach discussed

for the Cartesian tree to compute theSMEMs, utilising the DEDAdata structure for

both start and extend queries.
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Composite data structures: MAP+LCE+PERMThis algorithm is strongly inspired

by Boucher et al. [16] and computes the matching statistics in a single-pass over

the input pattern P, scanned from left to right. We need to build anSLPof the

concatenation of all the sequences inS, where each sequence is encoded reversed

to have LCE queries from the right to the left. At each step, we use theLCE to

compute the length of the longest common su�x between the longest match of the

pattern at the current position, and the sequences inS, to detect the sequence

with the longest match with the pattern.

We assume that we have computed the matching statistics up to positionk � 1

and are now processing thek-th column. Let i be the sequence of thePBWT that

matches the longest su�x of P[1::k � 1] that is su�x of S1[1::k � 1]; : : : ; Sh[1::k � 1],

and let p be the corresponding sequence inS. Hence, for all j 2 [1::h], we

have lcs(P[1::k � 1]; SPAk [i ][1::k � 1]) � lcs(P[1::k � 1]; SPAk [j ][1::k � 1]) with

p = PAk [i ]. If we have a match with the pattern, i.e. col(PBWT)k [i ] = P[k],

then seqi can be used to extend the match, hence we can assignMS[k]:seq= p,

MS[k]:len= MS[k� 1]:len+1, i = LF(i; k ), and p does not change. Otherwise, if if we

have a mismatch with the pattern,i.e. col(PBWT)k [i ] 6= P[k], let col(PBWT)k [s::e]

be a maximal run containing positioni , then the longest su�x of P[1::k] that

is su�x of S1[1::k]; : : : ; Sh[1::k] is either the one corresponding to the preceding

end or following start of a run ofP[k] in col(PBWT)k with respect to position

i , i.e. either SPAk [s� 1][1::k] if s > 1 or SPAk [e+1] [1::k] if e < n. Having PA

sampled at run boundaries and knowingp, we can use theLCEqueries to compute

the two longest common su�xes above, and then continue matching using the

sequence corresponding to the longest common su�x. Finally, by accessing the�

data structure, we retrieve all occurrences of the sameSMEM. Note that, in the

RLPBWT, the � data structure stores only thePAs.

3.2.4 From the RLPBWT to the � -PBWT

The main limitation of the RLPBWT implemented asMAP+LCE+PERMis computing

the SLP to support LCE queries for large panels. In cases like the UK Biobank

data, computing the SLP is unfeasible. To address this problem, we developed

the � -PBWT, which no longer relies onLCEbut instead uses a reverse-mapping
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function for extend queries.

Figure 3.5 shows all the� -PBWT components. In terms ofRLPBWT nomen-

clature, the � -PBWT can be named asMAP+PERM. The mapping structure and

thresholds are implemented using bit-compressed intvectors rather than sparse

bitvectors, as they have proven more e�cient in practice for real haplotype datasets.

Moreover,PA and DA Samplesin Figure 3.5 correspond to thePERMcomponent

of the RLPBWT, augmented withDA samples at run boundaries. Finally, the�

data structure is used to store both thePAs and theDAs. As anticipated, to avoid

using LCE queries, we use the reverseFL mapping, which can be performed in

the worst case for a previousPBWT column with r runs in O(r ) time. Formally,

given the position of the bit PBWT[i ][j ] in the PBWT, this function, namely LF

function to be consistent with the FL function, return the position in column

col(PBWT) j � 1 of the bit immediately to the left of PBWT[i ][j ] in SPAj [i ]. Iterating

the LF function, we can virtually reconstruct the su�xes up to a certain column

of a pair of sequences inS, computing the LCEbetween them. Note that we do

not need to store any additional information regarding the mapping structure.

Moreover, to be able to apply theLF function, we must keep track of the exact

position in the original PBWT column where we fall after applying theFL function.

Hence, in the� -PBWT algorithm, the MS array is now a triplet of arrays, rather

than a pair.

Overall, the complete set of data structures that compose the� -PBWT takes

O(�̂ ) space, with �̂ as the total number of runs in thePBWT, to compute the

MS array and all the SMEMs. As already mentioned, we have not performed a

comprehensive time analysis of the� -PBWT query algorithm. However, having

�̂ as the total number runs in thePBWT, and 
 as the number ofSMEMs, we

can conjecture that the� -PBWT computes allSMEMs in Avg. O(w(�̂ + log �̂ ) +


 log(w=�̂ )) time, but it takes O(w(w�̂ + log �̂ ) + 
 log(w=�̂ )) time in the worst

case, after aO(n) time preprocessing. In fact, computing theseqarray of the

matching statistics requiresO(w log �̂ ) time on average, involvingw iterations of

the FL mapping and w iterations of the LF mapping, assuming limited overlap

amongSMEMs. In the worst case, when allSMEMs overlap, meaning that we have

a SMEM ending at every positioni 2 [1::w], we requireO(w2) iterations of the LF

mapping. Finally, evaluating the � function 
 times takesO(
 log(w=�̂ )) time.
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Figure 3.5: An illustration of the � -PBWT data structures. PA and DA Samples
are the PERMcomponent of theRLPBWT, augmented with DAs samples at run
boundaries. Dashed lines indicate the type of succinct data structure used to
implement each component. The dotted line betweenPA and DA Samplesand �
Structure is used to recall that the latter, to be able to reconstruct the full sets
of PAs andDAs, is built using PA and DA samples
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Computing k-MS and k-SMEMs using � -PBWT

In 2023, Tatarnikov et al. [163] extended MONI [15] to compute k-MEMs, i.e.

maximal exact matches of a pattern against a text that occur at leastk times

in text. Being the � -PBWT algorithm strongly inspired by [15], we developed an

approach to computek-SMEMs, i.e. SMEMs occurring in at leastk sequences of

the input set of sequencesS. Our algorithm starts with the computation of the

k-MS array, which extends the de�nition of MS for the PBWT with the constraints

to consider matches with at leastk sequences from the haplotype setS.

De�nition 22 (k-Matching Statistics in the PBWT) . Given a binary panel com-

posed byh sequencesS = f S1; : : : ; Shg of length w, a pattern P[1::w] and a

value k, we de�ne the k-Matching Statistics of P with respect to S as an ar-

ray k-MS[1::w] of (seq; len) pairs such that, for each position1 � j � w: a)

Sk-MS[j ]:seq[j � k-MS[j ]:len+ 1::j ] = P[j � k-MS[j ]:len+ 1::j ], i.e. there exists

a match of lengthk-MS[j ]:len shared betweenP, k-MS[j ]:seqand at least other

k � 1 sequences inS that ends in j , b) P[j � k-MS[j ]:len::j ] does not occur as

a su�x ending in the j -th column in any subsetS0 of sequences ofS with jS0j

greater or equal ofk, i.e. we guarantee the left maximality of the match, and c)

k-MS[j ]:seq= � and k-MS[j ]:len = 0 i� P[j ] does not occur at leastk time in

column j .

To compute thek-MS, we need to de�ne and store an additionalO(r )-length

array for a PBWT column with r runs.

De�nition 23 (k-support values). Given aPBWT column j , a run endpoint indexb

in the (j � 1)-th column and the corresponding intervalDAj [FL(b)� k+2::FL(b)+ k� 1],

namely k-interval, we de�ne (o� b; Lb) as thek-support values of the end pointb,

where: a)o� b stores the o�set fromFL(b) to get the beginning of the sub-interval of

sizek � 1 of the k-interval that maximizes the minimum divergence array valued

across all the possible sub-intervals of sizek � 1. If this interval starts in FL(b) + 1 ,

we haveo� b = � 1, and b) Lb = d.

Less formally,k-support values determine, for a run endpointb, the (k � 1)-

length sub-interval of DAj [FL(b) � k + 2::FL(b) + k � 1] which has the longest

possible common su�x (of lengthd) shared by all thek � 1 sequences stored in the
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DA6 1 2 3 4 5 col(PBWT)6

1 0 0 0 0 1 0 0
2 3 0 1 0 1 0 1
3 5 0 1 0 1 0 1
4 5 0 1 0 1 0 0
5 1 0 1 0 0 0 0
6 4 1 1 0 0 0 1
7 1 1 0 0 1 0 0
8 3 0 1 0 1 0 1

Figure 3.6: k-support values example withk = 4. The �gure shows the co-
lexicographical ordering up to column 5 used to computecol(PBWT)6 and DA6.
Suppose that some run boundaryb in col(PBWT)5 is mapped tocol(PBWT)6[4]
(the green 0 in thecol(PBWT)6 column). We consider the 4-intervalDA6[FL(b) �
k + 2::FL(b) + k � 1] = DA6[2::7], circled in green in theDA6 column. We now
consider all the possible subintervals of sizek � 1, here 3, considering their minimum
divergence array value. By de�nition,DAj [i ] compares sequencei to sequencei � 1
in the co-lexicographical ordering, so, withk = 3, we are considering four sequences.
For example, with DA6[2], we are taking into account also sequence 1 to compute
that divergence array value. These subintervals, including the additional sequences,
are identi�ed by circles in the panel. We are interested in the optimal subinterval,
which is the one with the maximum common extension to the left. In this example,
the orchid one,i.e. DA6[2::4], is the optimal one, with the maximum extension to
the left d = 3. In conclusion, we store the o�seto� b = 2 and Lb = 3.

same sub-interval inPAj . Note that, by the DA de�nition, we also need to include

the previous sequence; hence, we need to include the sequence that precedes the

interval in this set of sequences. In Figure 3.6 we illustrate an example ofk-interval

and k-support values.

We can compute thek-support values or at indexing time, accessing the plain

PA/ DA in constant time, or at querying time using the� data structure. In the �rst

case, we can compute thek-support values inO(k) time, while in the second case,

we can compute these values inO(k logn=�̂ ) time, where �̂ is the total number

of runs in the PBWT. It follows that precomputing these values increases the

indexing time and the index size in both RAM and on disk, since it requires storing

O(�̂ ) additional values. However, this enables constant-time queries. Conversely,

computing them only when needed avoids this overhead but increases query time.

The theoretical increase in query time is greater than that in indexing time, as will
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be con�rmed by our experimental results.

Despite increasing the space requirements in RAM and on disk, precomputing

these values does not change the� -PBWT space complexity, as they require, for a

PBWT column with r runs, O(r ) space, storing two additional integers at each run

boundary. hence, we addO(�̂ ) space to the� -PBWT, with �̂ as the total number

of runs of thePBWT.

We will now discuss how to augment the� -PBWT algorithm used to �ll the

MS array to compute thek-MS array. To compute thek-MS:len array, we need to

store and update two additional arrays, namelylenk and lent . Moreover, for the

PBWT column j , we add a support indexsj . This index is a position in the column

j and veri�es whether at leastk sequences inS have the same left-maximal match

up to the j -th column. In other words, sj marks the beginning of an interval in

the PBWT column, ensuring that there are at leastk sequences for the current

match represented by thek-MS. Given sj , lenk stores in positionj the length of the

left-maximal matches shared by at leastk sequences in the setS, which are marked

by the sub-interval that we get fromsj . On the other hand,lent acts as the classical

MS:len array, as we are consideringk = 1. In column j , lent [j ] stores the length of

the semi-left maximal match shared between the input sequencek-MS[j ]:seqand

the pattern. We say semi-left maximal because, unlike classical theMS array, we

cannot extend to the left a match if we break thek sequences constraints,i.e. if

a column i , such that 1 � i < j , does not contain at leastk symbolsP[i ]. See

Figure 3.7 for an example oflenk and lent . Note that lenk and lent are not entirely

stored in memory, needing just two variables which store their values in columnj .

To compute thek-MSarray we start from the �rst column and if the it contains at

leastk occurrences of the symbolP[1], then we assign the valuesk-MS[1]:seq= s and

k-MS[1]:len= 1, where s belongs to the setS with the condition that Ss[1] = P[1].

On contrary, if there are fewer thank instances ofP[1] in the �rst column, we set

k-MS[1]:seqto a sentinel value \� " and k-MS[1]:len= 0.

To updatek-MS[j ] from k-MS[j � 1], with j > 1, we need to followk-MS[j � 1]:seq

using theFL function, trying to extend to column j the pseudo left-maximal match

obtained in columnj � 1. Mapping to position i in the j -th column in the PBWT,

we need to consider two possible cases: a) we have a mismatch withP[j ] with the

bit i in col(PBWT) j , and b) we have a match with patternP[j ] with the bit i in
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S 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1 0 0 1 0 0 0 0 0 0 0 1 1 0 1
2 1 0 0 1 1 0 0 1 0 0 0 0 0 1 1
3 1 0 0 1 1 0 0 1 0 0 0 1 0 0 1
4 1 0 0 1 1 0 0 1 0 0 0 1 0 0 1
5 0 1 0 1 0 1 0 0 0 0 0 1 0 0 1
6 0 1 0 1 0 1 0 0 0 0 0 1 0 0 1
7 0 1 0 1 0 1 0 0 0 0 0 1 0 0 1
8 0 1 0 1 0 1 0 0 0 0 0 0 1 0 1
9 0 1 0 0 1 0 0 0 0 1 1 1 0 0 1
10 0 1 0 1 0 0 0 0 1 0 0 0 0 1 1
11 0 1 0 1 0 0 0 0 1 0 0 0 0 1 1
12 0 1 0 0 1 0 0 0 0 0 1 1 0 0 0
13 0 1 0 0 1 0 0 0 1 0 1 1 0 0 1
14 0 1 0 0 1 0 0 0 1 0 1 1 0 0 1
15 0 1 0 0 0 0 0 0 1 0 0 0 1 0 1
16 0 1 0 0 0 0 0 0 1 0 0 0 1 0 1
17 0 1 0 1 0 0 0 0 0 0 0 1 1 0 1
18 1 1 0 0 0 1 0 0 0 0 0 1 1 0 1
19 0 1 1 0 1 0 0 0 0 0 0 1 0 0 1
20 0 1 1 0 1 0 1 0 0 0 0 0 1 0 1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
P 0 1 0 0 1 0 1 0 0 0 1 1 1 0 1
seq 17 17 17 16 14 14� 19 12 12 12 12 18 18 18
lent 1 2 3 4 5 6 0 1 2 3 4 5 2 3 4
len3 1 2 3 4 5 6 0 5 6 5 2 3 7 8 9
len 1 2 3 4 5 6 0 1 2 3 2 3 2 3 4

Figure 3.7: Example of 3-SMEMs results. We consider an input set of sequencesS
consisting of 20 sequences of length 15, and a patternP of the same length. We
show the 3-SMEMs using the same color inS and P. In addition, we show the
k-MS array, with all the values that represent aSMEM underlined, the len3 array,
and the lent array.
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col(PBWT) j .

Assume we have a mismatch,i.e. col(PBWT) j [i ] 6= P[j ]. We need to consider

some di�erent sub-cases. Ifcol(PBWT) j does not contain at leastk occurrences of

P[j ], having a complete mismatch, we setk-MS[j ]:seq= � and lent [j ] = lenk [j ] = 0,

resetting the k-MS computation in the next column, restarting the computation

as we were in the �rst column. Otherwise, we proceed as in the classicalMS

algorithm, having k-MS[j ]:seqequal to MS[j ]:seqand lent [j ] equal to MS[j ]:len.

Then we need to select the new run boundaryb as in the classicalMS and update

the new variableslenk [j ] and sj +1 by leveraging thek-support values as follows:

a) lenk [j ] = Lb, and b) sj +1 = FL(b) � o� b. We recall that lenk [j ] and sj +1 mark

the beginning of the sub-interval of sizek, consisting of sequences that share the

longest common su�x of length lenk [j ] up to column j .

Assume now to have a match,i.e. col(PBWT) j [i ] = P[j ]. Again, we have some

sub-cases. Ifcol(PBWT) j does not contain at leastk occurrences of the symbol

P[j ], having an unfeasible match, we proceed like we have a complete mismatch:

we setk-MS[j ]:seq= � and lent [j ] = lenk [j ] = 0, resetting the k-MS computation

in the next column. On the other hand, if we havecol(PBWT) j [sj ] = � � � =

col(PBWT) j [sj + k � 1] = P[j ] then we have a left-maximal match shared by at least

k sequences. Hence, we can use the classicalMS algorithm, setting: k-MS[j ]:seq=

k-MS[j � 1]:seq, sj +1 = FL(sj ), lent [j ] = lent [j � 1]+1, and lenk [j ] = lenk [j � 1]+1. In

less formal words, we follow the same sub-interval ofPBWT j in column j + 1 using

the FL function, adding 1 to all the length values to consider the match. Note that

we can check the conditioncol(PBWT) j [sj ] = � � � = col(PBWT) j [sj + k � 1] = P[j ]

without scanning entirely col(PBWT) j [sj ::sj + k � 1], leveraging the property that

this condition is satis�ed i� col(PBWT) j [sj ] and col(PBWT) j [sj + k � 1] lay in the

same run. Givenr as the number of runs incol(PBWT) j , we can make this check

in O(log r ) time.

Finally, we need to consider the sub-cases we have if there are symbols within

col(PBWT) j [sj ::sj + k � 1] that do not match P[j ]. Also this check can be performed

in O(logr ) time, for a PBWT column with r runs, by looking in which run the �rst

and the last symbols of the interval lay: ifcol(PBWT) j [sj ] andcol(PBWT) j [sj + k� 1]

lay on di�erent runs it means that we have at least a run of a di�erent symbol,

i.e., by run de�nition, at least the run we have in between those. To handle this
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scenario, we need to identify the new support indexsj +1 , necessary to mark a new

k-length sub-interval. Being all the information stored just at run boundaries, we

need to select a new run boundaryb, such that colj (PBWT)[b] = P[j ], as in the

mismatch case, assuming to consideri (being consistent with the explanation of

the mismatch case) as the index of the �rst mismatch incol(PBWT) j [sj ::sj + k � 1].

Then we can updatelent [j ] computing the length of the common su�x up to the

j -th column betweenk-MS[j � 1]:seq, which is the sequence that we are currently

following by the FL mapping, andPAj [b] In detail, we compare this common su�x

length to lent [j � 1] + 1, selecting the minimum to retain only the su�x that

encompasses at leastk sequences inS. Formally, denoting lcsj (A; B ) as the longest

common su�x up to the j -th column between two sequencesA and B, we set

lent [j ] = min(lcsj (k-MS[j � 1]:seq; PAj [b]); lent [j � 1] + 1). Note that a `-length

lcsj (A; B ) can be computed using theLF mapping, i.e. the reverse mapping function,

in O(`�̂ ) time, for a PBWT with a total of �̂ runs. Finally, we updatek-MS[j ]:seq

using the pre�x array samples as in theMS algorithm, and we updatesj +1 and

lenk [j ] leveraging thek-support values as:lenk [j ] = Lb and sj +1 = FL(b) � o� b.

We recall that in each case that requires jumping to a new sequence, if no run is

available for the jump, for example when we have aPBWT column with only two

runs, we fall back to a complete mismatch case.

Having computedlent [j ] and lenk [j ] for a position j , we can �nally compute

the pseudo left-maximal matches length, assigning the value tok-MS[j ]:len as:

k-MS[j ]:len= min( lent [j ]; lenk [j ]), for all j = 1::w.

After having entirely scannedP and computed thek-MS array, we can report

the set k-SMEMs, similarly to the classicalSMEM algorithm case described in

Lemma 4. In fact, a k-SMEM of length k-MS[j ]:len occurs betweenP and the

sequence of the setS k-MS[j ]:seq, starting from position j � k-MS[j ]:len+ 1 in P,

if k-MS[j ]:len6= 0 and either j = w or k-MS[j ]:len � k-MS[j + 1] :len.

In terms of time complexity, we obtain the same asymptotical bounds as the

� -PBWT; however, increasingk leads to a corresponding increase in the number of

reported k-SMEMs 
 .
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3.2.5 Solve the ( k-) MPSCproblem via � -PBWT

In this subsection, we will show how to address the (k-)MPSCproblem by using

the (k-)MS array.

We start by leveraging the connection between (k-)MS and (k-)SMEMs, and

the property that each positional substring belonging to a (k-)MPSCis contained

within a ( k-)SMEM. Moreover, for the non-inclusion property of (k-)SMEM, each

starting position of a (k-)SMEM can fall in one and only one (k-)SMEM. Hence,

we can use all these properties to prove that there exists a (k-)MPSCin which

each substring is a pre�x of a (k-)SMEM. In addition, given a pattern P, we can

leverage another (k-)SMEM property: there exists only one (k-)SMEM that covers

P[w], i.e. the last symbol of the pattern. Therefore, we can include this ending

(k-)SMEM as a positional substring in the (k-)MPSC. Then, we iterate the process

of including each time the single (pseudo) left-maximal match, represented in the

(k-)MS array in position j , that ends in the columnj just before the starting column

j + 1 of the last positional substring added to the (k-)MPSCset. This (pseudo)

left-maximal match is unique by de�nition of (k-)MS. The minimality condition of

the (k-)MPSCset is guaranteed by the fact that no better solution exists, which

should be, by absurdity, a single (pseudo) left-maximal match� that covers two of

the (pseudo) left-maximal matches,� and � , already present in the (k-)MPSCset.

If such a � exists, it must begin before� by the left-maximal property and extend

at least up to the ending position of� at the j -th column, having that � should be

represented by thej -th value of the (k-)MS array. This is a contradiction for the

(k-)MS uniqueness property, because in positionj of the (k-)MS array, we already

selected the (pseudo) left-maximal match� . We will soon see that this procedure

computes not an arbitrary set of (k-)MPSCs but solves the leftmost (k-)MPSC.

Solving the leftmost, rightmost, and length-maximal MPSCproblems We

now demonstrate how to leverageMS and SMEMs to solve the leftmost, rightmost,

and length-maximalMPSCproblems in sublinear space. For simplicity, we present

our approaches usingk = 1, but they can be extended, without loss of generality,

to k > 1 by adopting k-MS and k-SMEMs. To be consistent with the original

de�nitions of theseMPSCvariants in [25, 90], we assume that a positional substring
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Algorithm 3.1 Leftmost MPSC by MS.

1: function LeftMost (MS)
2: j  w . jMSj = w
3: j 0  0
4: while j 6= 0 do
5: j 0  j � MS[j ]:len
6: report (j 0+ 1 ; j; MS[j ]:seq)
7: j  j 0

Algorithm 3.2 Rightmost MPSC by MS.

1: function RightMost (MS)
2: i  1 . jMSj = w
3: for j = 1 ! w � 1 do
4: if MS[j ]:len � MS[j + 1] :len then
5: report (i; j; MS[j ]:seq)
6: i  j + 1
7: report (i; w; MS[w]:seq)

covers each pattern position. Algorithms 3.1 and 3.2 implement our solutions,

respectively, the leftmost, related to Lemma 5, and rightmost, related to Lemma 6,

MPSCproblems.

We discuss �rst the scenario of computing the leftmostMPSC.

Lemma 5 (Leftmost MPSC). Given a panelS and theMS array computed for a

pattern P with respect toS, Algorithm 3.1 computes the leftmostMPSCC of P by

S in time O(jCj) and O(�̂ )-space, with�̂ as the total number of runs in thePBWT.

To prove the correctness of Algorithm 3.1 and Lemma 5, note that we are

computing an MPSCset C such that eachi -th positional substring in C starts

not after any other i -th positional substring in C. In other words, a leftmost

MPSCset is composed of left-maximal positional substrings, being these positional

substrings pre�xes ofSMEMs. This last property can be proved by the fact that,

otherwise, we could extend the positional substring to the left, contradicting the

assumption that it is in the leftmost MPSCset. Hence, we can start considering

the SMEMthat covers the last position of the pattern, including it in the set of the

leftmost MPSC, as it is the only one that coversP[w]. The starting position j of

this positional substring isw � MS[w]:len+ 1; therefore, we add (j; w; MS[w]:seq)

to the set C, which is now a leftmostMPSCof the positions fromj to w. Then

we proceed to scan theMS array from right to left. Note that a leftmost MPSC

of columns 1 toj � 1 must include the left-maximal match that ends atj � 1; so,

given j 0 = ( j � 1) � MS[j � 1]:len+ 1, by the de�nition of SMEMs, it follows that

we cannot have aSMEM that includes MS[j � 1]:seqin position j � 1 and starts

beforej 0. Thus, j 0 is the starting position of the nextMS[j � 1]:len-length positional

substring C for the positions from j 0 to w. We iterate this procedure until we
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consumeP, resulting in C as the leftmostMPSCwhich covers all pattern positions.

As shown by Algorithm 3.1, at each iteration, we add a positional substring toC,

accessing theMS array in constant time. Hence Algorithm 3.1 runs inO(jCj) time.

We discuss now the scenario of computing the rightmostMPSC.

Lemma 6 (Rightmost MPSC). Given a panelS of w-length strings and theMS

array of a pattern P with respect toS, Algorithm 3.2 computes the rightmostMPSC

of P by S in time O(w) and O(�̂ )-space, with�̂ as the total number of runs in the

PBWT.

To prove the correctness of Algorithm 3.2 and Lemma 6, note that we are

computing an MPSCset C such that eachi -th positional substring in C ends no

earlier than any otheri -th positional substring in C. Symmetrically to what we have

for the leftmost MPSC, a rightmost MPSCset contains right-maximal positional

substrings, being these positional substrings su�xes ofSMEMs. We recall that,

given the MS array, a position j marks the end of aSMEM i� MS[j ]:len � MS[j +

1]:len or j = w. Without the loss of generality, we assume thatMS[w + 1]:len = 0.

The construction of the rightmostMPSCC is symmetric to that of the leftmost

MPSC, and, also in this case, we are not interested in overlaps between positional

substrings. Hence, we can start considering theSMEMthat covers the �rst position

of the pattern, including it in the set of the rightmost MPSC, as it is the only one

that covers P[1]. Scanning theMS array from left to right, we �nd the position

j in which this SMEM ends, and we add the positional substring (1; j; MS[j ]:seq)

to the set C. Then we continue to scan the pattern and to �nd all the positions

j s where aSMEM ends,i.e. whereMS[j ]:len � MS[j + 1] :len. In these positions,

there are no other right-maximal matches, meaning there cannot exist aSMEM

containing MS[j ]:seqat position j that extends beyond positionj . Hence, we add

the positional substring (i + 1; j; MS[j ]:seq) to the rightmost MPSCset C, wherei

is the ending column of the last positional substring added toC.

As shown by Algorithm 3.2, we scan eachMS array position, accessing the

corresponding values in constant time, resulting in an algorithm that runs inO(w)

time. Figure 3.8 shows how our algorithms compute the leftmost and the rightmost

MPSC.

Finally, we consider the problem of �nding a length-maximalMPSC. Sanaullah
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S 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1 0 1 0 1 0 1 1 0 0 0 0 0 0 0
2 0 1 1 0 0 1 1 0 0 1 1 0 0 0 0
3 1 0 1 0 1 0 0 1 0 0 0 1 1 0 0
4 1 1 1 0 1 1 1 1 0 0 1 0 0 0 0
5 0 1 0 1 0 0 0 0 1 1 0 1 0 0 1
6 1 0 1 0 1 1 1 1 0 0 1 1 0 0 0

MS 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
P 1 1 1 0 1 0 1 1 0 0 1 1 1 0 0

seq 6 4 4 4 4 3 1 1 1 1 6 6 3 3 3
len 1 2 3 4 5 4 5 6 7 8 5 6 2 3 4

(a) Splitting a SMEM into positional substrings using the leftmost and rightmost MPSC.
We illustrate a panel M and a pattern P together with the corresponding MS array. In
the panel, dashed circles mark the leftmostMPSC and dotted circles mark the rightmost
MPSC. SMEMs are highlighted with matching colors.

MS 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
P 1 1 1 0 1 0 1 1 0 0 1 1 1 0 0

seq 6 4 4 4 4 3 1 1 1 1 6 6 3 3 3
len 1 2 3 4 5 4 5 6 7 8 5 6 2 3 4
j / j 0  2    6     11    15

(b) Computing leftmost MPSC (identi�ed by circles in the P row) by the MS array. In
the last line we show the jumps used to skip the overlaps as in Algorithm 3.1.

MS 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
P 1 1 1 0 1 0 1 1 0 0 1 1 1 0 0

seq 6 4 4 4 4 3 1 1 1 1 6 6 3 3 3
len 1 2 3 4 5 4 5 6 7 8 5 6 2 3 4
i 1 � � � � 6 � � � � 11 � 13 � �

(c) Computing rightmost MPSC (identi�ed by circles in the P row) by the MS array.
For the sake of simplicity, in the last line, we show the updating of the variable i in
Algorithm 3.2.

Figure 3.8: Example in (a) of the relationship between leftmost/rightmostMPSC
and SMEMs on the same set of sequences of [90]. In (b) and (c), we show how
Algorithm 3.1 and Algorithm 3.2, respectively, work on the same example.
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et al. [90] showed how to address inO(n + j
 j) space the length-maximalMPSC

problem leveraging the leftmostMPSC, the rightmost MPSC, and the set 
 of

SMEMs, which have been computed inO(n) space, all combined in a solution

which requires additionalO(j
 j) space. Using the� -PBWT we can compute the

SMEMs, the leftmostMPSCs and the rightmostMPSCs in O(�̂ )-space, with �̂ as

the total number of runs in the PBWT. Therefore, the following lemma holds.

Lemma 7. Given � -PBWT for a set S of h strings of lengthw, a string P of

length w, and the set
 of SMEMs shared byS and P, a length-maximalMPSCof

P by S can be computedO(�̂ + j
 j) space.

3.2.6 Phasing using � -PBWT

We present a method for addressing the genotype phasing problem. The� -PBWT

framework consider a binary alphabet � = f 0; 1g while, as introduced in Section 3.1,

genotype query is built over the alphabet � = f 0; 1; 2g. Hence, we adapted the

� -PBWT to compute a variation of anMPSCthat handles these kinds of queries.

Note that, from a theoretical point of view, large reference panels are likely to

include a haplotype pair that explains a genotype query. This last assumption

could not be true, considering more compact real reference panels. We recall that

a haplotype is a binary sequence/row in our input set/panel.

We designed a novel approach to reconstruct haplotype pairs that explain

a given genotype by computing positional substrings (PSs) and complementary

positional substrings (CPSs), which will be formally de�ned later, from a reference

set S of bi-allelic haplotypes. This approach handles cases where recombinations

are required to fully explain the genotype, aiming to scale to real-world data. At

the same time, other old combinatorial state-of-the-art tools assume a perfect

haplotype match [152, 151, 153]. On the other hand, currently used probabilistic

state-of-the-art tools, such as Beagle [28, 29], are based on the Li and Stephens

Hidden Markov Model [145], whereas� -PBWT is deterministic in the absence of

mutation and recombination.

We consider two primary scenarios: a) an ideal case where we do not need any

recombination of the reference panel haplotypes to fully explain the input genotype,

and b) a more realistic setting where we need to recombine haplotypes to explain

the genotype query.
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Positional substrings and complementary positional substrings In this

context, we relax the problem of computingMPSC to compute an even non-

minimal Positional Substring Cover ofP by S, namely PSC. Moreover, to cover

also heterozygous regions of the query,i.e. substrings of \2"s in the genotype query,

we de�ne the Complementary Positional Substring (CPS) as a pair of positional

substrings (i; j; P ) and (i; j; P 0), which are bitwise complementary. For simplicity,

a CPSwill be identi�ed by only the triple ( i; j; P ), being unambiguous to retrieve

the bitwise complementary positional substring (i; j; P 0).

Formally, we de�ne a genotype queryQ as aw-long string over the alphabet

� = f 0; 1; 2g. We consider a binary set of sequencesS composed ofh sequences

S = f S1; : : : ; Shg of length w as a reference haplotype panel. Given a genotype

Q, we denotePSCg as a setC of positional substrings (i; j; Q ) that occur in at

least two sequences ofS, i.e. a 2 positional substring (2PS), and a 2 positional

complementary substring (2CPS) (k; l; S) of S such that: a) (k; l; Q) is a substring of

Q of only \2"s, and b) C covers all positions ofQ. We require at least two sequences

due to the nature of the phasing problem. Less formally, aPSCg consists of a

coverage for the homozygous regions ofQ, substrings of strings on � = f 0; 1g, and

of a coverage for all the heterozygous regions ofQ, substrings ofQ on � = f 0; 1; 2g.

Note that each 2PS and a 2CPSis associated with a subset of sequences ofS.

The phasing problem is then reduced to coverQ with positional substrings (PSs)

or complementary positional substrings (CPSs) derived from a panel of haplotypes

S, i.e. covering it with a PSCg. A natural optimization goal for this problem

is to minimize the size of thePSCg. However, to further reduce the number of

recombinations and achieve greater consistency with the biological problem, we

focus on minimizing the number of distinct pairs of haplotype sequences fromS

used to coverQ. From a computational point of view, we aim to minimize the

number of 2PSs andCPSs composed of di�erent haplotype pairs inS, addressing a

computational problem known as the minimum recombination genotype-positional

phasing problem. In detail, we say that there are no recombinations if all 2PSs

and CPSs contain the same pair of haplotypes. We want to highlight that we could

potentially have multiple pairs that fully explain a genotype without recombination.
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Computing 2 PSs via the � -PBWT

We assume for simplicity that eachPBWT column contains at least two \0"s and two

\1"s, ensuring that a 2PS cover each homozygous position inQ with the reference

haplotype sequences setS. In addition, to be able to handle recombinations in

more possible recombinant columns, we add a constraint: each 2PS is of length

at most two. We will explain the rationale behind this design choice later in this

section.

To compute the 2PSs setC of non-overlapping 2PSs, we need to \reset" the

computation of two matching statistics each timeMS[j ]:len � 2, like the case where

we have a complete mismatch in columnj . In this way, each entry of theMS

array contains pseudo left-maximal matches with a length of at most two, covered

by at least two sequences inS. In this MS array, we can have positions that

represent unmatched substrings ofQ. In other words, wheneverQ[j ] = 2, we have

a complete mismatch. Then, to guarantee the non-overlapping property, we apply

the Algorithm 3.1 on this constrainedMS array with another slight modi�cation:

we allow the presence of uncovered positions in this relaxation of the leftmost

MPSCsolution, i.e. all the heterozygous regions ofQ remain uncovered.

Genotype phasing problem without recombinations via � -PBWT We

begin by discussing the simple case, speci�cally phase a genotype querying in the

absence of recombinations. Assuming we have already computed the setC of

2PSs, we proceed to analyze, at each iteration, two consecutive 2PSs of C. We

aim to identify possible haplotype pairs inS that can be used as two homozygous

consecutive region anchors for phasing the heterozygous region of the queryQ that

lies between them. We aim to identify aCPSthat spans a heterozygous region and

shares at least a pair of sequences with the previous 2PS and the next 2PS, which

serve as anchors. ThisCPSwill be covered by at least a haplotype sequence pair,

which also covers both anchors, having those sequences complement each other

bitwise in the heterozygous region. Practically, given two consecutive 2PSs, we

intersect the corresponding haplotype sets and we extract the submatrix between

the two 2PSs, �ltering out the sequences not in the intersection. Hence, with a

na•�ve approach, we �nd all the complementary haplotype pairs that can explain
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Figure 3.9: Example of addressing the phasing problem using 2PSs: (a) when two
haplotypes fully explain the query genotype,i.e., without mutations or recombina-
tions; and (b) when no such pair exists, requiring di�erent haplotype pairs across
genotype regions,i.e. recombinations.

the heterozygous region of the genotype and the two anchors,i.e. the Q substring

spanning from the starting position of the �rst 2PS to the last position of the

second 2PS.

To avoid unnecessary computation, we consider only previously computed pairs,

storing all possible pairs that explainQ up to the current position. This set is

denotedSpair . Hence, at each iteration, instead of considering two consecutive 2PSs

in C, we �lter the left anchor using Spair before intersecting it with the right anchor.

We recall that, under the assumption of no recombination, we always have at least

one pair that explains eachQ substring, i.e. both Spair and the intersection are

never empty. The �ltering with Spair is also applied in the case of two consecutive

and adjacent 2PSs, when there is no heterozygous region inQ between them. At

the end of each iteration,Spair is updated with the current set of feasible pairs,

which explain the current pre�x of Q.

To show an example, we refer to Figure 3.9.a. In Figure 3.9.a.A, we show the

2PSs set C shared between a reference panelS and a genotype queryQ. The

�ltering iterative approach is depicted in Figure 3.9.a.B. Initially, we have several

pairs after intersecting the �rst two 2PS consistent with the heterozygous position
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2: Spair = f (1; 4); (3; 4); (4; 6)g. Note that, for example, sequences 2 and 5 are

excluded because they have a mismatch at position 1. Next, we have the situation

of two consecutive 2PSs, without any heterozygous gaps between them.Spair is used

to �lter the left anchor, and the result is intersected with the sequences represented

by right 2PS, resulting in this case in the sameSpair , having the intersection with

the right anchor equal toSpair itself. Now we consider the fourth 2PS as the right

anchor in positions 8 and 9. Note that sequence 1, in positions 6 to 7, which is a

heterozygous region in the genotype query, does not complement any of the other

sequences inf 3; 4; 6g, which are the unique sequences in the currentSpair . After

intersecting and complementing, the only feasible pair to explain the genotype

up to position 9 isSpair = f (3; 4)g. This pair also explains the remaining part of

the genotype, as shown in Figure 3.9.a.B. Finally, Figure 3.9.a.C shows the �nal

selected haplotype pair.

Genotype phasing problem with recombinations via � -PBWT In practical

cases where sequencing errors occur or there are few reference haplotypes, the

introduction of recombinations becomes necessary. Note that we can also have

query mutations, i.e. errors in the substring (for example, having a \0" instead of

a \1"), which create a small recombination event around the mutation site. We

recall that a recombination is a change in the pair that explains di�erent substrings

of the genotype query. For example, haplotypesa and b explain the queryQ from

the beginning up to positioni , while haplotypesc and d explain the query from

position i + 1 to the end. In this case,i is a recombination position/spot. We can

have multiple recombination positions.

As in the zero-recombination case, we proceed to scan the setC of 2PSs from

left to right, processing consecutive 2PSs and updating the current set of feasible

pairs Spair . In this scenario, without assuming the absence of recombination, we

have di�erent cases for handling two consecutive 2PSs. Recall that each adjacent

2PS is associated with a list of sequences.

The �rst case is that we get an empty intersection when considering the two

anchors. In this context, we have two other possible scenarios: a) there exist two

sequence pairs, one from the left anchor, �ltered bySpair , and one from the right

anchor, that share at least one common haplotype but not both, or b) no such two

91



Chapter 3. Store and Query Large Haplotypes Data 3.2. Methods

pairs exist. In the �rst scenario, we have one haplotype that recombines somewhere

between the two 2PSs, whereas in the second scenario, both haplotypes recombine.

In both cases, we need to store the temporary results up to the end of the �rst

2PS, and restart the iteration using all possible sequence pairs associated with the

right anchor, using this list of pairs as the newSpair .

In the second case, we have two consecutive 2PSs, always considered after the

�ltering step by Spair , separated by a heterozygous region that any pair cannot

explain. Again, we have two possible scenarios: a) aCPScovers the heterozygous

region, but it is not consistent with any pair currently available from the previous

iterations, and b) the two anchor 2PSs do not share sequence inS.

Both cases need to be thoroughly analyzed to determine compatible haplotype

pairs before proceeding. Initially, we can attempt to resetSpair by updating it with

all the left anchor pairs, assuming a recombination. If we can explain the underlying

heterozygous region with pairs shared by this new anchor and the one related to

the right 2PS, we updateSpair with these pairs, also storing the previousSpair in

memory for \tracebacking". On the contrary, if such pairs do not exist or theCPS

is not associated with a possible reference sequence pair, we skip that heterozygous

region, restarting the iteration from the right 2PS and updating Spair with all the

possible pairs encoded in this right anchor. In this case, the heterozygous region

remains unphased. Note that each time we need to reset and store the current

Spair , we also record the last position at which the storedSpair was consistent with

the target genotype. Hence, at each recombination spot, we storeSpair and the

recombination position.

At the end of the genotype scanning, we have the �nalSpair , which may partially

cover the genotype. For each genotype region, we select the optimal haplotype

pair from all possible pairs that can explain a speci�c area. The selection aims

to minimize the number of recombinant haplotypes,i.e., from a combinatorial

perspective. For each region, we greedily select the haplotype pair that minimizes

the total number of unique pairs that explain the input genotype. In detail, we

sort all pairs by frequency, then we select the most frequent pair for each region.

Hence, the chosen haplotype pair for each region is the one that also covers the

most other Q substrings. If some pairs have the same frequency, the selection is

weighted by how many times that pair was previously selected in di�erent regions
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to ensure consistency. This greedy approach is not optimal.

Figure 3.9.b illustrates a simple case of recombination. In Figure 3.9.b.A,

considering the �rst two 2PSs, we obtainSpair = f (3; 4)g. This pair cannot explain

the genotype at positions 6 and 7, even after resetting the left anchor, because

there are noCPSin that region; therefore, positions 6 and 7 remain unphased.

Then, as shown in Figure 3.9.b.B, we restart from the next 2PS pair, updating

Spair = f (1; 6)g. This pair explains the last genotype region. We recall that we have

stored the previousSpair , i.e. Spair = f (3; 4)g and the corresponding recombination

position 5. At the end of the iteration, having excluded all other possible pairs, we

store Spair = f (1; 6)g and position 15. Analyzing all the storedSpair s, we report

a recombination event between (3; 4) and (1; 6), but we leave positions 6 and 7

unphased.

Advantages of 2 PSs against 2- MPSCs As shown in Figure 3.10.a, 2-MPSCare

less 
exible in detecting anchors. In detail, we are unable to detect recombinations

within the region covered by a 2-MPSC. As shown in the example of Figure 3.10,

the two heterozygous regions cannot be explained by any sequence pair induced by

the corresponding 2-MPSCanchors, despite theCPScovering those regions. The

�rst and second 2-MPSC-associated pairs can not explain the heterozygous region

from position 2 to position 3. The same happens restarting the iteration from

the second 2-MPSC, thus updating the Spair with all the possible pairs associated

with this anchor, and considering the last 2-MPSC: positions 8 and 9 cannot be

explained by any pairs coming from these anchors.

However, using 2PS, as in Figure 3.10.b,i.e. splitting the 2-MPSCwhich cover

the region from 4 to 7 into two 2PS, we can select the pairSpair = f 1; 2g which

explains the genotype up to position 5, including the genotype query region from

position 2 to position 3, and the pairSpair = f 2; 4g that explains the genotype

from position 6 to the end including the genotype query region from position 8 to

position 9.

Time and space complexity of phasing via � -PBWT

Computing 2PSs and MPSC share the same time complexity, but we need to

consider that the number of sequences that share the same match di�ers. Since
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Figure 3.10: Example of the advantages of using 2PSand CPScompared to 2-MPSC.
In (a), using the MPSC, it is not possible to phase the two heterozygous regions
between sites 2{3 and 8{9, due to a recombination event within theMPSCat sites
5{6. In (b), using 2PS and CPS, these regions are phased correctly.

2PSs generally involve smaller matches, resulting in matches shared by more

reference sequences inS. This leads to an increase in computational overhead.

Additionally, our approach is quadratic in time with respect to the number

of possible pairs shared between the two anchors. Regarding space overhead, we

need to store the input sequence setS as a set of sparse bitvectors to reconstruct

submatrices used for the heterozygous regions. Note that these submatrices can

be reconstructed using the� data structure, which would signi�cantly increase

execution time. Finally, we must consider that storing all 2PSs and theSpair s is

memory-intensive, with a worst-case total number of pairs quadratic in the number

of haplotypes.

3.3 Results

The tested composite data structures for theRLPBWT and the � -PBWT are im-

plemented in C++ and compiled with the -O3 
ag. The phasing algorithm based

on the � -PBWT is also implemented in C++. Both the source code and the

experimental pipeline are available at: a)https://github.com/dlcgold/rlpbwt.

git for [21], b) https://github.com/dlcgold/muPBWT.git for [23], c) https://

github.com/dlcgold/muPBWT/tree/k-smem andhttps://github.com/dlcgold/

muPBWT/tree/k-smem-livefor [24], and d) https://github.com/dlcgold/muPBWT/

tree/phase for [27]. All the experimental Snakemake [164] pipelines on publicly

available data are included in the corresponding repository, except for the re-

sults presented in [23], which are available athttps://github.com/dlcgold/
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muPBWT-1KGP-workflow.git.

All our tools rely on the Succinct Data Structure Library (sdsl-lite ) [43],

publicly available at https://github.com/simongog/sdsl-lite.git , for succinct

data structures implementations such asint vectors and sd vectors with rank

and select support, and onhtslib [165], publicly available at https://github.

com/samtools/htslib.git , for VCF/BCF �le reading.

We conducted our experiments on computing theSMEMs with RLPBWT and

� -PBWT on a machine equipped with an Intel Xeon CPU E5-2640 v4 (2.40GHz),

756GB of RAM, and 756GB of swap space, running Ubuntu 20.04.4 LTS 64-bit. On

the other hand,k-SMEMs, MPSCand phasing results are obtained on a machine

equipped with an Intel Xeon CPU E5-4610 v2 (2.30GHz), 256GB of RAM, 8GB of

swap, and Ubuntu 20.04.6 LTS 64-bit. The principal reason for this double-server

setup is the comparison with the originalPBWT for SMEMs computation, which

requires more than 256GB of RAM on some tested haplotype panels.

For RLPBWT, other co-authors tested some simulated data on an Intel Core

i3-9100 CPU (3.60GHz) with 128 GB RAM, running Debian 11; C source code

available at https://github.com/koeppl/pbwt .

In all our experiments, we used the Unix/usr/bin/time --verbose utility to

get execution time and memory peaks.

3.3.1 Experimental datasets

We evaluated both simulated and real data in our experiments. Consider that not

all datasets are used in all experiments, according to which data are considered

valid or not for testing in di�erent scenarios.

Simulated datasets To simulate data, we employed the same approach as

in [13], running the Markovian coalescent simulatorMaCS[166] with command-line

parameters100000 2e7 -t 0.001 -r 0.001 , to generate a haplotype matrix with

100 000 individuals and 360 000 sites. To scale our experiments, we subsample this

dataset with a parameter� such that, given a column of lengthh having o ones,

we skip this column ifo=h < � , setting � to be equal to 0.01, 0.03, 0.05, 0.08, and

0.10, varying the panel degree of repetitiveness.
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Table 3.2: Statistics for the simulatedMaCSdataset.

Sample Parameter�
Statistic 0.01 0.03 0.05 0.08 0.10

Sequences/haplotypes 100 000 100 000 100 000 100 000 100 000
Columns/sites 93 000 71 000 60 000 51 000 47 000

PBWT runs 2 400 000 2 300 000 2 300 000 2 300 000 2 300 000

Table 3.3: Statistics for themsprimesimulated dataset.

Panel ID Rows/haplotypes Columns/sites PBWT runs
1 20 000 209 531 9
2 200 000 743 171 13
3 200 000 2 271 035 4
4 500 000 2 271 035 8
5 2 000 000 2 271 035 18

We also simulated a 10 megabase region of European samples usingmsprime[167].

These bi-allelic panels have an increasing number of haplotypes up to 2 million

(10 000, 100 000, and 1 000 000 samples, namely panels 1,2, and 3). We also sub-

sampled the panel with 1 000 000 individuals to obtain two additional panels with

100 000 and 250 000 samples, namely panels 4 and 5. In Table 3.3, we present

statistics for these panels.

1000 Genomes Project data The �rst real data dataset considered is phase 3

of the 1000 Genomes Project (1KGP) [4, 5], one of the �rst multi-sample whole-

genome sequencing projects, which now counts over 2000 samples. All the VCF

�les are publicly available at https://ftp.1000genomes.ebi.ac.uk/vol1/ftp/

release/20130502/ .

To consider just bi-allelic sites, those panels are �ltered using bcftools [130],

via the commandbcftools view -m2 -M2 -v snps . In some experiments, we

considered all the autosome panels, while in others, we used a subset of autosomes.

An autosome is a chromosome that is not a sex chromosome,i.e. we exclude the

chromosome X and the chromosome Y. All these panels are constructed using whole-

genome sequencing data from 2504 samples, resulting in 5008 haplotypes/rows.

Table 3.4 summarizes the statistics of these panels.
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Table 3.4: 1000 Genome Project panels statistics. All panels have 5008 se-
quences/haplotypes.

Chr Columns/sites Avg. PBWT runs
1 6 196 151 11
2 6 786 300 10
3 5 584 397 10
4 5 480 936 10
5 5 037 955 9
6 4 800 101 10
7 4 517 734 10
8 4 417 368 10
9 3 414 848 11
10 3 823 786 10
11 3 877 543 10

Chr Columns/sites Avg. PBWT runs
12 3 698 099 10
13 2 727 881 10
14 2 539 149 11
15 2 320 474 12
16 2 596 072 12
17 2 227 080 12
18 2 171 378 11
19 1 751 878 13
20 1 739 315 11
21 1 054 447 14
22 1 055 454 14

Note that these panels are very sparse, having fewer \1"s compared to \0"s,

approximately the \1"s are the 0.03% of the total. This sparsity is con�rmed by

the average number of runs per column in thePBWT.

UK Biobank data Although not publicly available, we request access to the UK

Biobank data to evaluate our data structures using UK Biobank SNP array panels

of all autosomes and high-coverage whole-genome sequencing data on chromosome

20 [6]. For SNP array data, we applied the standard QC as suggested by the

authors, phasing the whole dataset using SHAPEIT4 [168], and obtaining a total

of 976 754 haplotypes/rows and 670 741 SNPs/columns across all the autosomes.

Table 3.5 summarizes the sizes of these panels.

Regarding the whole-genome sequencing panel for chromosome 20, available on

the UK Biobank research analysis platform [26], we used the most recent version,

phased with SHAPEIT5 [148], resulting in a 300 238 haplotypes/rows and 13 780 193

bi-allelic sites/columns panel. Using the UK Biobank research analysis platform,

we applied our method to 13 regions of this panel, which have at least 4 megabases

and 4 centimorgans. Table 3.6 summarizes the sizes of these panels.

Genotype phasing dataset For the genotype phasing experiments, we used

a combination of real and simulated data. As a reference panel, we considered

the HGSVC2 human bi-allelic panel [169, 170] for chromosome 2, with 68 hap-
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Table 3.5: UK Biobank SNP array data statistics. All panels have 976 754 se-
quences/haplotypes.

Chr Columns/sites
1 54 432
2 53 433
3 44 935
4 41 678
5 40 020
6 46 515
7 36 682
8 34 141

Chr Columns/sites
9 29 581
10 33 086
11 33 827
12 32 011
13 22 344
14 21 708
15 21 286

Chr Columns/sites
16 24 314
17 22 856
18 19 432
19 19 845
20 17 515
21 9940
22 11 160

Table 3.6: UK Biobank whole-genome sequencing regions for chromosome 20
statistics. All regions have 150 119 sequences/haplotypes.

Region Columns/sites
chr20:60061-4060065 865 267

chr20:4060066-8060066 880 899
chr20:8060067-12515479 961 591
chr20:12515480-16768988 917 468
chr20:16768989-21050967 931 010
chr20:21050968-31549151 1 919 134
chr20:31549152-38282825 1 436 549
chr20:38282826-43181963 1 056 144
chr20:43181964-47619489 955 970
chr20:47619490-51789198 923 178
chr20:51789199-55789212 911 452
chr20:55789213-59874964 925 442
chr20:59874965-64334101 1 096 089

Total 13 780 193
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Table 3.7: Total number of heterozygous variation sites as the mutation rate varies
in the simulated dataset for the genotype phasing experiments.

Mutation rate Heterozygous sites
0 % 60 604
1 % 60 862
3 % 61 362
5 % 61 995
10 % 63 153
20 % 65 265

lotypes/rows and 229 300 columns/sites. As a simulated target, we randomly

selected a sample from this reference panel, and combined its haplotypes into an

unphased genotype target. This genotype has 60 604 heterozygous sites, which is

approximately 26% of the total number of variants on chromosome 2.

Moreover, we mutate the target genotype by replacing the allele at each position

with probability " 2 f 1%; 3%; 5%; 10%; 20%g. We refer to " as the mutation rate.

Table 3.7 summarizes the total of heterozygous sites after this random mutation

step. Note that these mutations cause small spurious recombinations at nearby

sites, which are consistent with a more realistic scenario.

In our input VCF/BCF �les, \0 j0" and \1 j1" represent phased homozygous sites,

\0 j1" and \1 j0" represent phased heterozygous sites, \0=0" and \1=1" represent

unphased homozygous sites, and \0=1" represent unphased heterozygous sites.

3.3.2 Comparison tools

To evaluate our approaches, we compared them against state-of-the-art tools

according to the experimental scenario.

Durbin's PBWT We compare our approaches to the originalPBWT implementa-

tion for building the index and computing SMEMs. The C source code is available

at https://github.com/richarddurbin/pbwt . In detail, we have three methods

to compute SMEMs with an external query: a) thematchNaive algorithm, not

based on thePBWT and used just for benchmarking, thematchIndexed algorithm,

also referred to asPBWT-index, which is the implementation of Durbin's algorithm

5 (i.e. Algorithm 2.5 in Section 2.7), and c) thematchDynamicalgorithm, also
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referred asPBWT-dynamic. The latter requires a further explanation. This algo-

rithm, whose results are brie
y discussed in [13] as thebatch algorithm , involves

directly merging all external haplotypes into the reference panel and computing

internal SMEMs. This approach is very space-e�cient because we can compute

the SMEMs by loading the information of just two consecutive columns into RAM,

resulting in a O(h) space algorithm. We have two main cons: a) we need to rebuild

the PBWT index each time we have a new set of queries, having to re-index the

input panel, and b) the SMEMs are reported in the order induced by thePAs and

not by the order of the queries. Finally, this algorithm is considered di�cult to

extend for solving otherPBWT problems, which is why most approaches in the

literature are merely extensions of the original Algorithm 5 to address di�erent

matching tasks. As input, this implementation accepts bothMaCSand VCF/BCF

�les, using the htslib library for the latter.

Syllable- PBWT Implemented in C++ and publicly available at https://github.

com/ZhiGroup/Syllable-PBWT.git , the Syllable-PBWT is used in our experiments

as a compressedPBWT comparison. Being developed to computèlong matches

instead ofSMEMs, we excluded the querying comparisons. Note that` long matches

are a superset ofSMEMs. As input, this implementation accepts only VCF �les,

and not BCF �les, implementing a manual input reading instead ofhtslib . This

design choice prevents experiments with larger panels, which require on disk a few

gigabytes as BCF but hundreds of gigabytes as VCF.

BGT Developed in C to compress, store, and query VCF/BCF �les, BGT [171],

available at https://github.com/lh3/bgt.git , has been considered for the index

disk footprint size comparison. Due to its inability to handle external queries, BGT

is excluded from all experiments involvingSMEMs computation. In other words,

BGT is not designed for pattern matching but instead emphasizes fast random

access. As input, this implementation accepts VCF/BCF �les, using thehtslib

library.

k-MPSCtool Developed in C++ and available athttp://genome.cshlp.org/

lookup/suppl/doi:10.1101/gr.277673.123/-/DC1 , the k-MPSCimplementation
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by Sanaullah et al. [25, 90] is used as a comparison tool forMPSCand k-MPSCcom-

putation. Note that the code required a few modi�cations, as it was unable to index

1KGP-size panels due to design choices in the dynamics allocations. Moreover, the

execution halts if an unfeasible column is encountered,i.e. we do not have enough

occurrences of the current pattern symbol in thatPBWT column. We edited the

source code, resolving the allocation issue and enabling the computation to restart

after encountering an unfeasible column. As Syllable-PBWT, this implementation

can read only VCF �les.

Beagle Beagle [28, 29] is a state-of-the-art tool for genotype phasing based on

the use of a haplotype reference panel with a Li-Stephens HMM model. It is

developed in Java and it is publicly available athttps://faculty.washington.

edu/browning/beagle/beagle.html . Despite not relying on thehtslib library,

Beagle can read gzipped [172, 173] VCF �les but not BCF �les.

3.3.3 Computing SMEMs with the RLPBWTand the � -PBWT

In this subsection, we will discuss experimental results on computingSMEMs using

composite data structures for theRLPBWT, and compare the best-performing ones

with the � -PBWT.

RLPBWT memory benchmark on MaCSsimulated dataset From an imple-

mentation point of view, for the variousRLPBWT data structures on theMaCS

simulated dataset, we considered: a) the mapping structure implemented using

sparse bitvectors, b) the �-encoded divergence array and the Cartesian tree imple-

mented with grammar compression, c) the forward and backward data structure

implemented by building thePBWT in both the forward and backward directions,

d) the sampled pre�x arrays at run boundaries, and e) theLCEdata structure and

the panel random access implemented by anSLP. Table 3.8 shows the sizes of the

single data structures used to implement theRLPBWT.

I recall that I was not directly involved in theRLPBWT implementation based on

the RLPBWT variants based on the (� -encoded) divergence array, on the Forward-

Backwards, and on the Cartesian tree.
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Table 3.8: Estimated bits size of the single data structures and of the combinations
of them for the RLPBWT. In boldface, the best performance. Forward-Backwards
(FWBW) are not listed as just an additional Mapping Structure or Cartesian Tree in
memory.

Sample Parameter�
Component 0.01 0.03 0.05 0.08 0.10

Mapping structure ( MAP) 57MB 53MB 52MB 51MB 51MB
�-encoded divergence array (DEDA) 479MB 452MB 435MB 426MB 418MB

Cartesian tree (CT) 472MB 472MB 458MB 420MB 402MB
Longest common extension (LCE) 96MB 88MB 88MB 80MB 80MB

Sampled column permutations (PERM) 80MB 76MB 76MB 76MB 76MB
Divergence array (DA) 125GB 92BG 77GB 64GB 58GB

SLP Random access (RA) 96MB 88MB 88MB 80MB 80MB

Data Structure
MAP + LCE + PERM233MB 217MB 216MB 207MB 207MB

MAP + DEDA 536MB 505MB 487MB 477MB 469MB
MAP + CT + FWBW1.1GB 1.1GB 1.0GB 942MB 906MB

MAP + CT + DA 126GB 93GB 78GB 64GB 58GB
MAP + CT + PERM + RA705MB 689MB 674MB 627MB 609MB

Across all the combinations, in this experimental scenario,MAP+LCE+PERMis the

most space e�cient, followed byMAP+DEDA. We highlight that the space performance

of MAP+DEDAis surprising, being inspired by Gagie et al. [82], which was not

implemented as a theoretically space ine�cient data structure. Increasing the�

value results in a decrease in the size of all the data structures. This behavior can

be explained by the column selection based on the� value.

� -PBWT benchmark on msprime simulated dataset We compared� -PBWT

against Syllable-PBWT on the msprime simulated dataset. Syllable-PBWT can

read and index only the two smaller panels,i.e. panel 1 and panel 2, and cannot

read BCF �les. For these two panels, as shown in Table 3.9 and in Figure 3.11.b,

Syllable-PBWT index on disk takes up to approximately 25 times more space than

the index produced by the� -PBWT.

For building the index, � -PBWT requires about 16 times less memory but about

twice as much time as Syllable-PBWT.

Note that, considering the estimated 13n bytes required for the originalPBWT

algorithm 5, � -PBWT reduces the memory consumption by up to 10 000 times on
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Figure 3.11: BCF, Syllable-PBWT, and � -PBWT disk usage comparison on a) 1000
genome Project data and b)msprimesimulated panels.

Table 3.9: Simulated panels statistics and size on disk of the input BCF �le, the
� -PBWT index �le and the Syllable-PBWT index �le.

Panel Rows Columns BCF (GB) � -PBWT (GB) Syllable-PBWT (GB)
1 20 000 209 531 0.04 0.06 0.25
2 200 000 743 171 0.55 0.34 8.70
3 200 000 2 271 035 1.2 0.49 -
4 500 000 2 271 035 2.6 0.78 -
5 2 000 000 2 271 035 9.8 2.02 -
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Figure 3.12: Index building results comparison of� -PBWT, and Syllable-PBWT on
msprimesimulated panels: (a) memory usage, and (b) running time. In (a), results
regarding the original implementation of thePBWT are estimated and plotted as
baseline.

these simulated panels. This behavior is strongly correlated with the number of

runs, as reported in Table 3.3, since� -PBWT scales approximately linearly in both

space and time with respect to the number of runs.

Regarding the� -PBWT internal data structures, as shown in Figure 3.16.b, the

� data structure takes most of the memory of the� -PBWT, as expected, storing

two sparse bitvectors and two bit-compressed intvectors for each haplotype.

Finally, we want to highlight that the each � -PBWT produced in these simulated

experiments is loaded in less than 30 seconds on a commodity laptop (equipped

with an AMD Ryzen7 3700U and 16GB RAM). These results prove that we can

drastically reduce the hardware requirements needed for sharing and analyzing

whole-genome sequencing data.

� -PBWT benchmark on 1000 Genomes Project data We demonstrate the

performance of� -PBWT by comparing it on all the autosomes from the 1KGP

data against Durbin's PBWT Algorithm 5 ( i.e. the matchIndexed algorithm in the

implementation) and the Syllable-PBWT. In detail, we evaluate the� -PBWT and
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the original PBWT considering: a) the memory usage peak, and b) the execution

time required for indexing andSMEMs �nding. In addition, as for the experiments

with the msprimesimulated dataset, we compared the� -PBWT against the Syllable-

PBWT just for the indexing step, benchmarking both indexing space and time.

To evaluate SMEMs computing, we extracted 100, 500, and 1000 haplotypes

from each input panel (reducing the input panel to 4908, 4508, and 4008 haplotypes),

which we used as queries/external haplotypes. Consider that, for 100 queries, the

number of SMEMs ranges from about 1000 to about 2500.

Figure 3.13.a shows indexing memory peak of� -PBWT and Syllable-PBWT

while Figure 3.13.b shows the indexing execution time. These results show that

Syllable-PBWT performs slightly better in indexing than � -PBWT, using approxi-

mately half the memory and computation time across all tested panels. On the

contrary, the original PBWT index is mostly built at query time in the implementa-

tion, so it has been excluded in this plot. In Figure 3.13.b, we also included BGT,

which does not appear in Figure 3.13.a due to the logarithmic scale of the plot. In

fact, BGT uses a negligible amount of memory. Note that BGT is up to two times

faster than the Syllable-PBWT and four times faster than the� -PBWT, but we

need to take into account that it is a lighter index, which does not support external

queries.

Figure 3.14.a shows the peak memory usage duringSMEM �nding for both

� -PBWT and Durbin's PBWT, while Figure 3.14.b reports the corresponding query

execution times. For� -PBWT, since the entire set of queries is loaded into memory

to guarantee the output order in the multithreads scenario, RAM usage increases

with the number of queries. To make a fair comparison against Durbin'sPBWT,

since it builds most of its indices at query time, we need to sum� -PBWT building

and querying time and compare the result toPBWT running time. According

to our experiments,� -PBWT is up to six times slower than the originalPBWT

Algorithm 5, using 1000 queries; however, as the number of queries decreases, the

execution time gap narrows, with� -PBWT requiring only about twice as much time.

Despite being slower, the� -PBWT is signi�cantly lighter in memory, requiring up

to 80 times less memory than Durbin'sPBWT.

By comparing each query independently, we can run� -PBWT using multiple

threads. In Figure 3.15, we show that using 12 threads,� -PBWT requires a non-
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Figure 3.13: Indexing results comparison on 1000 Genomes Project data for� -
PBWT, Syllable-PBWT, and BGT: (a) maximum memory usage, and (b) execution
time.

Figure 3.14: Querying results comparison on 1000 Genomes Project data with 100,
500, and 1000 queries for� -PBWT and Durbin's PBWT: (a) maximum memory
usage, and (b) execution time.
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Figure 3.15: Querying results comparison on 1000 Genomes Project data with
100, 500, and 1000 queries for� -PBWT with 12 threads and Durbin'sPBWT: (a)
maximum memory usage, and (b) execution time

negligible amount of additional memory, having multiple matching statistics arrays

to compute and keep in memory at the same time, but computesSMEMs 4 times

faster than the monothread execution.

Next, we analyzed the memory usage breakdown of� -PBWT data structures.

As for the msprimesimulated dataset, the� data structure is the component that

requires the most memory, accounting for approximately 40% of the total. Then we

have PA/ DA samples, which require approximately 30% of the memory, mapping

structures, which require approximately 20%, and �nally thresholds, which require

approximately 10%. Figure 3.16.a shows these results.

Finally, as shown in Table 3.10 for the panel with 4908 haplotypes, the� -PBWT

requires only twice the disk usage compared to the input BCF �le and use 25%

less disk space than the Syllable-PBWT. In Figure 3.17, which considers all the

panels we get after extracting 100, 500, and 1000 queries, we plot the indices disk

usage, including BGT, and using the input BCF disk size as baseline.
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Table 3.10: 1000 Genome Project panels statistics and size on disk of the input
BCF �le, the � -PBWT index �le and the Syllable-PBWT index �le. Each panel
has 4908 haplotypes. We also reported the average number of runs per column.

Chr Sites Avg. Runs BCF (GB) � -PBWT (GB) Syllable-PBWT (GB)
1 6 196 151 11 0.78 1.44 1.91
2 6 786 300 10 0.84 1.47 2.09
3 5 584 397 10 0.71 1.20 1.72
4 5 480 936 10 0.71 1.19 1.69
5 5 037 955 9 0.63 1.08 1.55
6 4 800 101 10 0.64 1.06 1.48
7 4 517 734 10 0.58 1.03 1.39
8 4 417 368 10 0.56 0.97 1.36
9 3 414 848 11 0.43 0.81 1.05
10 3 823 786 10 0.50 0.87 1.18
11 3 877 543 10 0.49 0.84 1.19
12 3 698 099 10 0.47 0.82 1.14
13 2 727 881 10 0.35 0.60 0.84
14 2 539 149 11 0.32 0.58 0.78
15 2 320 474 12 0.29 0.57 0.72
16 2 596 072 12 0.32 0.63 0.80
17 2 227 080 12 0.28 0.55 0.69
18 2 171 378 11 0.28 0.51 0.67
19 1 751 878 13 0.23 0.45 0.54
20 1 739 315 11 0.22 0.41 0.54
21 1 054 447 14 0.14 0.30 0.33
22 1 055 454 14 0.14 0.29 0.33
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Figure 3.16: � -PBWT components sizes breakdown on: (a) the 1000 Genomes
Project data, and (b) the msprimesimulated panels.

RLPBWT and � -PBWT benchmark on 1KGP data For this experiment, we

evaluated the best theoreticalRLPBWT composite data structure,MAP+LCE+PERM,

against the � -PBWT, the Durbin's PBWT Algorithm 5, i.e. the matchIndexed

algorithm (PBWT-indexin the plots), and the Durbin's PBWT batch algorithm, i.e.

the matchDynamicalgorithm (PBWT-dynamicin the plots). We considered a subset

of the 1KGP data, selecting the bi-allelic panels for Chromosomes 22, 20, 18, 16,

and 1. From these panels, we extracted 100 queries, resulting in reference panels

with 4908 haplotypes.

Figure 3.18 summarizes the indexing performances. Note that we reported

just one PBWT result, being the construction forPBWT-indexand PBWT-dynamic

identical (and partial, not building the entire index for Algorithm 2.5 as already

pointed out). The �gure shows that � -PBWT requires more memory than the

original PBWT but less memory thanMAP+LCE+PERM. Regarding execution time,

there is a negligible di�erence between the performance ofMAP+LCE+PERMand

� -PBWT. Overall, both our methods are outperformed by Durbin'sPBWT in

indexing the input panel.
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Figure 3.17: 1000 Genome Project panel sizes on disk of the input BCF �le, the
� -PBWT index �le, the Syllable-PBWT index �le, and the BGT index �le. For this
plot, we considered the three panels after the queries extraction,i.e. having 908,
4508, and 4008 haplotypes.
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Figure 3.18: Indexing results comparison on 1000 Genomes Project data for
MAP+LCE+PERM, � -PBWT, and Durbin's PBWT: (a) maximum memory usage, and
(b) execution time. On the x-axis, we show the number of sites in the panels
corresponding to chromosomes 22, 20, 18, 16, and 1.

Figure 3.19 summarizes the querying performances. Note that Figure 3.19.c

shows the mean execution time required when each query is given as an individual

query. PBWT-dynamicis the fastest when the queries are given at once, but slowest

when the queries are given one at a time. This is an expected behavior, having

this algorithm to rebuild the entire PBWT for each query. On the other hand,

PBWT-indexedrequired more memory than all the other competing methods, more

than 20 times more than ourMAP+LCE+PERM, as expected since it is the direct

implementation of Durbin's Algorithm 5. The PBWT-indexedapproach is the

second slowest in the classical scenario of multiple queries, but it is the fastest

when queries are given individually. Note that this method does not rebuild the

PBWT each time. Moreover, we see thatMAP+LCE+PERMis at most ten times

slower thanPBWT-MatchIndexedwhen queries are given individually. On contrary,

in the classical scenario,MAP+LCE+PERMis approximately two times slower than

PBWT-MatchIndexed, but it is almost ten times faster than PBWT-MatchDynamic

when the queries are all at once. Compared to the� -PBWT, MAP+LCE+PERM

used slightly more memory and takes a few more time than� -PBWT. We want to

highlight that MAP+LCE+PERMcomputes the matching statistics in just one pass while

� -PBWT requires two passes. Theoretically, this di�erence makesMAP+LCE+PERM

more suitable for an online setting when theSMEMs can be found as the input is
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Figure 3.19: Querying results comparison on 1000 Genomes Project data for
MAP+LCE+PERM, � -PBWT, Durbin's PBWT-index, and Durbin's PBWT-dynamic: (a)
maximum memory usage, (b) execution time, and (c) average execution time per
query. In (c), we omit the standard deviation bars because they are too small. On
the x-axis, we show the number of sites in the panels corresponding to chromosomes
22, 20, 18, 16, and 1.

read in.

� -PBWT benchmark on UK Biobank data Table 3.12 summarizes UK

Biobank SNP array data results across all autosomes. In both simulated and 1KGP

experiments, the� -PBWT index requires approximately three times as much disk

space as the input BCF �le; hence, the high number of haplotypes and the low

sparsity of these SNP array data cause this behavior. For example, we have on

average 13 462 runs per column in the chromosome 20 panel. Regarding execution

time, indexing all the autosomal panels in parallel takes less than 2 hours.

Taking into account the UK Biobank high-coverage whole genome sequencing

data on chromosome 20, the� -PBWT can index the entire panel in 13GB of disk

space,i.e. almost three times less than the input BCF �le. Full results for this

panel, obtained by indexing in parallel 13 regions of this panel, are available in

Table 3.11.

3.3.4 Computing k-SMEMs and ( k-) MPSCusing the � -PBWT

We extended the� -PBWT for computing k-MS, k-SMEMs and (k-)MPSCwith pre-

computedk-support values (https://github.com/dlcgold/muPBWT/tree/k-smem )
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Table 3.11: Indexing results for the UK Biobank high-coverage whole genome
sequencing data on chromosome 20 information. In the last row, we report the
total results, except for execution time, because each region is indexed in parallel.
Each panel has 150 119 haplotypes.

Region Sites BCF (GB) � -PBWT (GB) Time (s) RAM (GB)
chr20:60061-4060065 865 267 1.9 0.88 385 2.27
chr20:4060066-8060066 880 899 2 0.85 388 2.22
chr20:8060067-12515479 961 591 2.1 0.77 424 2.05
chr20:12515480-16768988 917 468 2 0.73 407 1.97
chr20:16768989-21050967 931 010 2 0.71 413 1.92
chr20:21050968-31549151 1 919 134 4.2 1.20 834 3.06
chr20:31549152-38282825 1 436 549 2.8 0.99 662 2.63
chr20:38282826-43181963 1 056 144 2.2 0.76 462 2.06
chr20:43181964-47619489 955 970 2 0.79 416 2.09
chr20:47619490-51789198 923 178 2 0.80 404 2.12
chr20:51789199-55789212 911 452 2 0.81 405 2.13
chr20:55789213-59874964 925 442 2 0.84 409 2.20
chr20:59874965-64334101 1 096 089 2.4 0.93 480 2.42
Total 13 780 193 29.6 11.06 - 29.15

Table 3.12: BCF input �les and � -PBWT index disk usage results on UK Biobank
SNP array data. All panels have 976 754 sequences/haplotypes.

Chr Sites BCF (GB) � -PBWT (GB)
1 54 432 4.2 13
2 53 433 4.2 13
3 44 935 3.6 11
4 41 678 3.3 10
5 40 020 3.2 9.6
6 46 515 3.9 9.4
7 36 682 3.0 8.9
8 34 141 2.7 8.2
9 29 581 2.4 7.7
10 33 086 2.7 8.2
11 33 827 2.7 7.8

Chr Sites BCF (GB) � -PBWT (GB)
12 32 011 2.6 8
13 22 344 1.9 6.3
14 21 708 1.8 5.8
15 21 286 1.8 6.1
16 24 314 2.0 6.4
17 22 856 1.9 6.2
18 19 432 1.6 5.8
19 19 845 1.6 5.3
20 17 515 1.5 5.2
21 9940 0.8 3.4
22 11 160 0.9 3.6
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and without precomputedk-support values,i.e. recomouting them at query time,

(https://github.com/dlcgold/muPBWT/tree/k-smem-live ). We compared our

tool against the k-MPSCimplementation by Sanaullah et al. [90], referred here as

k- MPSC, on a subset of the autosome panels from the 1000 Genomes Project data.

In detail, we selected the panels for chromosomes 22, 20, 18, and 2, extracting 30

haplotypes to use as queries. After this step, the input panels have 4978 haplotypes.

We note that k-MPSCrequires the input in VCF while � -PBWT can also read

BCF �les. Despite this, we note that only 30% of thek-MPSCindexing time is

spent reading the VCF input; however, this is a substantial limitation if we want

to analyze larger panels due to the VCF's disk footprint. Moreover, in [90], the

k-MPSCauthors pre-processed the panel with P-smoother [100] to correct the panel

before computingk-MPSC. This is outside the scope of the comparison proposed

in this thesis; hence, we do not use P-smoother on the tested panels.

Regarding � -PBWT, having k = 1, the computation of leftmost MPSC, a

rightmost MPSC, and a length-maximalMPSC(from the set ofSMEMs), is directly

proportional to the classical� -PBWT computation of the MS. Moreover, we can

compare ourk-SMEM results with Sanaullah'sk-MPSC, since computingk-MPSC

from k-MS requires at most a single scan over thek-MS array, just as for computing

k-SMEMs. To conduct complete experiments, we testedk = 1, as a baseline, and

two non-trivial values for k: k = 50 and k = 200.

� -PBWT benchmark on the 1KGP data In Table 3.13 we report both indexing

and querying results. As expected, with pre-computedk-support values, the� -

PBWT takes up to half the computation time of the variant without precomputed

values, ask increases. Note that, having few runs in eachPBWT column, we only

need to store short bit-compressed integer vectors for thek-support values, resulting

in only approximately 5% increase in memory usage to store the pre-computed

values. We highlight that for k = 1, we do not requirek-support values; thus, the

memory usage remains the same in both variants.

Focusing onk- MPSC, its indexing phase consists of thePBWT computation

of both panel and queries. Requiring a full uncompressedPBWT, k- MPSCtakes

almost two orders of magnitude more memory than both� -PBWT approaches.

These results are also consistent with what we already discussed regarding the
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memory usage of Durbin'sPBWT.

Regarding query results, computingk-support values at query time increases

execution time. This increase scales with the value ofk, and it is mainly caused

by the use of the� data structure to navigate DA values. With k = 200, the

k-SMEMs computation with the precomputed values is three times faster than

computing them at query time. We observe thatk- MPSC, having random access

in constant time to all the PBWT arrays, is 20 times faster in querying than� -

PBWT with precomputed values and up to 60 times faster than the variant without

pre-computedk-support values. Looking atk-MPSCresults,

These experimental results con�rmed the theoretical discussion in Section 2.6:

the k-MPSCalgorithm does not scale linearly withk, as it requires keeping the full

PBWT in memory. Regarding� -PBWT query memory usage, we can apply the

same reasoning as for indexing, with only a small overhead due to the pre-computed

k values. Finally, we conjecture that the increase in memory usage for largerk

values is mainly due to the additional support variables used during computation.

In Table 3.13,k-MPSCresults for the chromosome 2 panel are absent due to

the memory usage ofk- MPSC, which exceeds our hardware constraints (256GB

of RAM). Instead, � -PBWT results are reported, proving again that it scales

sublinearly in space and can index and query large haplotype panels.

3.3.5 Genotype phasing with the � -PBWT

Before discussing our results, we want to highlight that using the� -PBWT to solve

the genotype phasing problem combinatorially is a proof-of-concept, which is ine�-

cient for most of its subtasks; however, we present some preliminary experimental

results. In detail, the selection of the complementary sequences and the greedy

algorithm used to select the best haplotype pairs can be further optimized, both

theoretically and practically.

We compared� -PBWT with Beagle [28, 29], executed with default parameters,

on the HapMap [174] chromosome 2 genetic map for the GRCh38 reference genome,

using the same phasing dataset described earlier. We recall that we have a SNP-only

reference panel with 68 haplotypes/rows and 229 300 columns/sites. As a target,

we have a simulated genotype with mutation rate" 2 f 1%; 3%; 5%; 10%; 20%g.
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Table 3.13: Indexing and querying wall clock time and max memory usage com-
parison on chromosomes 2/18/20/22 panels from 1KGP data. In this setup, we
consider 30 queries, and reference panels with 4978 sequences.

Wall Clock Time (seconds) Max Memory usage (GB)

� -PBWT � -PBWT

Chr. Task k (pre) (no-pre) k- MPSC (pre) (no-pre) k- MPSC

2

Index
1 1381 1384 - 6.45 6.45 -
50 1643 1387 - 6.62 6.45 -
200 2798 1418 - 6.62 6.45 -

Querying
1 254 247 - 5.87 5.87 -
50 1687 2471 - 6.57 6.42 -
200 3563 11834 - 8.45 8.31 -

18

Index
1 425 424 5750 3.26 3.26 168.58
50 697 450 5750 3.36 3.26 168.58
200 807 429 5750 3.36 3.26 168.58

Querying
1 70 70 128 1.92 1.92 171.19
50 739 817 229 2.13 2.08 171.30
200 1740 4263 119 2.74 2.71 171.22

20

Index
1 347 346 4485 1.74 1.74 129.83
50 535 354 4485 1.78 1.74 129.83
200 671 347 4485 1.78 1.74 129.83

Querying
1 55 55 173 1.54 1.54 136.04
50 485 629 740 1.73 1.68 136.28
200 1177 3487 464 2.24 2.19 136.98

22

Index
1 191 189 2616 1.77 1.77 79.01
50 304 193 2616 1.84 1.77 79.01
200 400 194 2616 1.84 1.77 79.01

Querying
1 31 32 130 0.98 0.98 82.31
50 336 392 171 1.11 1.07 82.85
200 726 2054 133 1.47 1.44 82.48
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To evaluate the phasing accuracy, we computed: a) the switch error rate, which

is the rate of phase changes between the predicted haplotypes with respect to the

ground-truth haplotypes,, b) the mismatch rate, which is the rate at which two

switch errors occur at consecutive positions, and c) the percentage of heterozygous

sites that have been phased over the total number of heterozygous sites.

To compute these metrics, we used several utility scripts from HapCUT2 [175]1,

considering the two original haplotypes used to generate the target non-mutated

genotype as the ground truth.

In Figure 3.20, we present the accuracy obtained by Beagle and� -PBWT at

di�erent mutation rates; more detailed results are in Table 3.14. With" = 0%,

we have results consistent with how the two tools address the haplotype phasing

problem. In fact, Beagle, being a statistical approach, is not expected to recover the

exact solution, even when two haplotypes in the reference panel fully explain the

target genotype. In contrast, the� -PBWT phasing algorithm adopts a combinatorial

strategy that guarantees �nding the haplotype pair describing the target, whenever

such a pair exists in the reference panel. With" = 0%, � -PBWT correctly detects

these two haplotypes, resolving the target genotype, with both the switch error

rate and the mismatch rate equal to 0.0%. At the same time, Beagle's output

contains some errors, as evidenced by both metrics being greater than zero. In any

case, note that Beagle tries to phase all the heterozygous sites every time, while

the � -PBWT algorithm is designed to leave unphased sites if a phasing solution is

not supported by surrounding homozygous regions.

The accuracy of� -PBWT decreases dramatically when we increase". As in

Figure 3.20.c, even with" = 5%, � -PBWT phases only 62.6% of heterozygous sites.

Increasing the mutation rate, the target will have larger heterozygous regions that

lack valid anchors, remaining unphased. This issue can be addressed by increasing

the number of haplotypes in the reference panel, highlighting the strong dependency

of � -PBWT on the quality of the reference panel. Moreover,� -PBWT can estimate

haplotype pairs only if the positional cover supports them; thus, around each

mutation site, � -PBWT will likely not report the original target haplotypes without

mutations, as it is unable to match them. However, examining the� -PBWT results,

we found that one of the two selected haplotypes often coincides with the target

1https://github.com/vibansal/HapCUT2/tree/master/utilities
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Figure 3.20: Phasing accuracy metrics results of� -PBWT and Beagle at di�erent
genotype mutation rates: (a) switch error rate, (b) mismatch rate, and (c) the
percentage of heterozygous sites phased over the total number of heterozygous
sites.

sample's haplotype. Beagle can better handle high mutation rates, thanks to its

probabilistic approach. The underlying Li-Stephens HMM model appears to be

more robust to genotype mutations, allowing Beagle to phase more accurately, even

for highly mutated targets.

Figure 3.21 presents the computational resources used by� -PBWT and Beagle.

Despite the running time being similar,� -PBWT becomes slower as the mutation

rate increases. This occurs because the� -PBWT algorithm must switch between

more haplotype pairs, frequently recomputing new sets of consistent pairs rather

than continuing with the current matching pair. Each time the algorithm cannot

continue phasing the next genotype region with any current pair, it must restart,

recomputing larger sets of possible pairs. This increases both the overall execution

time and memory usage.

Increasing the reference panel size, in terms of haplotypes, would worsen indexing

performance, both for computing and storing the index on disk. However, it would

likely reduce the number of times we need to compute a new set of consistent

haplotype pairs. On the other hand, the running time of Beagle remains constant

as the mutation rate increases, being independent of the number of haplotype

recombinations required to explain the target.

Regarding memory,� -PBWT is very memory-e�cient, requiring approximately

7 times less RAM than Beagle. These results demonstrate again that� -PBWT can

be run on low-end hardware, including a commodity laptop, or on the public cloud
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Table 3.14: Additional phasing accuracy metrics results of� -PBWT and Beagle at
di�erent genotype mutation rates. The N50 is the length of the shortest haplotype
block such that half of all phased variants are contained within blocks of that
length or longer. The 
at rate is the minimum hamming distance between the two
assembled haplotypes for a given block and the ground truth.

(a) Results with 0% and 1% mutation rate.

Mutation rate 0 % 1 %

Beagle � -PBWT Beagle � -PBWT

Switch error rate 0.0138 0.0 0.003 0.0021
Mismatch rate 0.0038 0.0 0.0 0.0004
Flat rate 0.491 0.0 0.454 0.0121
Phased count 60 604 60 604 60 862 54 547
N50 242 130 407 242 130 407 242 130 407 242 130 407
No. of SNPs max block 60 604 60 604 60 862 54 547

(b) Results with 3% and 5% mutation rate.

Mutation rate 3 % 5 %

Beagle � -PBWT Beagle � -PBWT

Switch error rate 0.0077 0.0076 0.0128 0.0121
Mismatch rate 0.0007 0.0024 0.0014 0.0042
Flat rate 0.4721 0.0272 0.4754 0.0397
Phased count 61 362 44 365 61 995 38 803
N50 242 130 407 242 130 407 242 065 471 242 065 471
No. of SNPs max block 61 362 44 365 61 995 38 803

(c) Results with 10% and 20% mutation rate.

Mutation rate 10 % 20 %

Beagle � -PBWT Beagle � -PBWT

Switch error rate 0.0233 0.0286 0.0432 0.0652
Mismatch rate 0.0037 0.0122 0.0092 0.0325
Flat rate 0.4878 0.0745 0.4920 0.1638
Phased count 63 153 27 760 65 265 15 903
N50 242 130 407 242 046 972 242 133 632 242 088 948
No. of SNPs max block 63 153 27 760 65 265 15 903
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Figure 3.21: Genotype phasing performances comparison between� -PBWT and
Beagle at di�erent mutation rates: (a) running time, and (b) memory usage.

at a fraction of the cost of running Beagle. We conjecture that we can further

optimize the � -PBWT execution time but not its space usage, since in genotype

phasing approaches it is often dominated by the reference panel index space, which

is strongly compressed by� -PBWT. On the other hand, additional data stored

during phasing by the� -PBWT, such as the haplotype pairs set, can be stored

more e�ciently; however, we do not expect substantial improvements in memory

requirements.

3.4 Conclusions

In this chapter, we presented and benchmarked various data structures and

algorithms for the run-length encoded Positional Burrows{Wheeler transform

(RLPBWT). We evaluated both theoretically and experimentally several possible

composite data structures for theRLPBWT and proposed the� -PBWT as the one

o�ering the best trade-o� between index size and query e�ciency, demonstrating

that it outperforms the MAP+LCE+PERMimplementation of RLPBWT, theoretically

identi�ed as the most space e�cient RLPBWT composite data structure. We

demonstrated that � -PBWT is not only capable of �nding set-maximal exact

matches (SMEMs) shared between a set of haplotype sequences and a query hap-
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lotype, but can also be extended to address a range of other problems. These

include stringology-related tasks, such ask-SMEMs and (k-)MPSC, as well as more

biologically oriented problems, such as genotype phasing.

We proved that � -PBWT index is lighter than other compressedPBWT indices,

like the Syllable-PBWT [98], and even two orders of magnitude lighter than a

full PBWT [13, 25, 90], indexed for computing matches with an external query

not included in the reference panel itself. We also showed that� -PBWT is not

signi�cantly less time-e�cient than the original Durbin PBWT for computing

SMEMs, and that, in speci�c scenarios, such as high-quality genotype targets and

large reference panels, it can be e�ectively used for haplotype phasing.

Overall, focusing on the� -PBWT, we proposed a tool capable of scaling over

large haplotype datasets, such as the UK Biobank's whole-genome sequencing

data, potentially allowing for indexing and querying such panels on a commodity

laptop. Hence, we proved that it should be used for large-scale phasing, genotyping,

and imputation work
ows [139, 9, 148, 176]. The high versatility of the � -PBWT

matching algorithm, based on the use of the matching statistics array, makes the

� -PBWT suitable for inclusion in various state-of-the-art phasing and imputation

tools, such as GLIMPSE2 [139, 9, 148], opening up unprecedented opportunities

for comprehensive genetic studies on population-scale datasets.

Additional future work should focus on further optimizing the� -PBWT data

structure. One possible direction is the integration of the so-called move data

structure [161, 162]. This would make theMSalgorithm optimal in time. Since both

the SMEMs andMPSCalgorithms are derived fromMS, they would also become

optimal, achieving a query running time ofO(w) for an input set of w-length

sequences, without losing the sublinearity in space.
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Chapter 4

Indexing Pangenome Graph

In this chapter, we present a method for indexing and querying pangenome graphs

to solve the String-to-Graph pattern-matching problem. In detail, we developed

gindex , a multidollar-BWT{based pangenome graph index designed to overcome

two signi�cant limitations of the most widely used state-of-the-art index: its high

memory requirements during index construction and its possibility to report false

positives for queries longer than 256bp. We want to highlight thatgindex is more

of a prototype than a ready-to-use tool, developed to explore a di�erent index

technique.

Theoretically, our algorithm runs in O(jPjjBWTj� ) time, where P is the query,

BWT is the multi-dollar BWT, and � denotes the time required for a single backward

step, while using at leastO(jBWTj) space (not considering optimizedBWT indexes

like the r-index). In any case, both time and space complexity depend on the chosen

BWT index approach. It is worth noting that the current implementation introduces

some additional overhead. Nevertheless, it can index human pangenomes such as

those produced by the Human Pangenome Reference Consortium (HPRC) [33].

However, it is considerably slower in querying compared to the state-of-the-art

tool, GCSA2, which, however, is not always able to build the index due to its high

memory requirements.

Recall that the String-to-Graph pattern-matching problem can be formalized

in high-level as:

Input: Pangenome graphG = ( V; E) and query string P

Output: All exact occurrences ofP in G
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Publications and conferences gindex [32], was presented in Venice, Italy,

at the 23rd Symposium on Experimental Algorithms (SEA 2025){ conference

proceedings published in theLeibniz International Proceedings in Informatics

(LIPIcs) { Dagstuhl .

Chapter outline In section 4.1 we will present the state-of-the-art and the

motivations that led us to developgindex . This section will include some additional

preliminaries to extend what we introduced in Section 2.8. In section 4.2, we will

discuss in detail our algorithmic contribution. In section 4.3 we will compare

our implementation against the state-of-the-art tool,i.e. GCSA2, and, �nally, in

section 4.4 we will draw conclusions and possible future developments.

4.1 Motivations and State-Of-The-Art

A pangenome graph is a directed graph with nodes labeled by genomic sequences.

As described in Section 2.8, string-to-graph exact pattern matching is one of the

most common problems in this scenario. In computational biology, a pangenome

graph can represent multiple genomic sequences in a single data structure without

redundancy. Moreover, this new paradigm replaces the traditional use of a single

genome as a reference with a representation that can encode variations in a

population of sequences or genomes [2].

From a theoretical perspective, indexing a pangenome graph to facilitate pattern

matching is a well-studied problem [177, 178]. From a more practical point of

view, the Burrows-Wheeler Transform [10] is the core mechanism used to build

pangenome graph indices, such asGCSA[18], which enables indexing and querying

paths in an acyclic sequence-labeled graph. WhileGCSAwas based on indexing

the paths of an automata representing the pangenome graph, the new version,

GCSA2[30, 31], relies on a succinct de-Bruijn graph to index k-mers, using a core

data structure strongly inspired by the well-known BOSS data structure [107].

Unfortunately, GCSA2presents two major issues: a) using queries of length greater
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than 256 base pairs would result in false positive results, and b) indexing has high

memory requirements.

Note that nowadays we deal with particularly long queries/reads using modern

sequencing technologies, such as PacBio and Nanopore. In addition, in recent years,

we were able to build large pangenome graphs, such as the ones constructed by

the Human Pangenome Reference Consortium [3] built from a large collection of

human genomes [33]. Moreover, in recent years, new graph indexes have appeared

in the literature, such as the GraphBWT [142], in short GBWT, used to index and

query the haplotypes in a pangenome graph. Finally, similar indexing techniques

are used for Elastic Degenerate Texts [179]. In this context, a generalization of

the extended-BWT [180, 73], i.e. the BWT for a collection of sequences, is used as

an index for Elastic Degenerate Texts, which are a restriction of directed acyclic

labeled graphs.

4.1.1 Preliminaries

Most of the theoretical preliminaries needed to fully understand this chapter

are already described in Chapter 2, so we refer the reader to that chapter for

string/graph de�nition, string indexing, and the fundamental notions on string-

to-graph pattern matching. In this subsection, we will recall some fundamental

de�nitions and some additional concepts. If not di�erently speci�ed, in this chapter,

when we refer to a graph, we refer to a node-labeled graph.

First, we recall the de�nition of the multidollar- BWT and some properties we

will leverage in the methods section.

De�nition 24 (Multidollar-BWT) . The Multidollar-BWT of a multiset of strings

X = f x1; : : : ; xhg is the Burrows-Wheeler Transform ofTX = x1$1x2$2 : : : xh$h,

still denoted byBWT.

As a consequence of De�nition 24, we have two properties which will be used in

the gindex approach.

Property 1. Let T = x1$1 � � � xh$h, and let 1 � i; j � j T j be such thatBWT[i ] = $j .

If j = h, then T[SA[i ]] = x1[1]; otherwise,T[SA[i ]] = x j +1 [1].
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Property 2. Let T = x1$1 � � � xh$h. Then, for every 1 � i � h it holds that

BWT[i ] = x i [jx i j]. That is, the �rst h symbols ofBWT correspond to the last

symbols ofx1; : : : ; xh.

We will describe the use of these properties in the next section and in Example 7.

Moreover, we now recall the node-labeled graph de�nition. Then, we formally

de�ne the type of occurrences we are interested in when solving the string-to-graph

exact pattern matching problem.

De�nition 25 (Node-labeled Graph). A node-labeled graph is a tripletG = ( V; E; `)

such thatV is a set of nodes,E � V � V is a set of directed edges, and̀: V ! � +

is a labeling function that assigns to each nodev 2 V a label`(v) 2 � + .

We extend the labeling function`(�) to any path � = ( v1; : : : ; vk) by simply

representing`(� ) = `(v1) � � � `(vk). To locate where a string patternP occurs in the

node-labeled graphG, we de�ne two notions: a) the coarse occurrence, in which

we are interested only in the starting node (sayv) of a path whereP occurs, and

b) the �ne occurrence, where we are also interested in the full path whereP occurs.

Formally:

De�nition 26 (Coarse and Fine Occurrences). Let G = ( V; E; `) be a graph, and

P be a pattern. A �ne occurrence ofP in G is a path � = ( v1; v2; : : : ; vk) such that

P occurs in `(� ), starting in v1 and ending invk . In such a case, we also say that

the sole nodev1 is a coarse occurrence ofP in G.

Notice that, in contrast to the string-to-string exact pattern matching problem,

both a �ne and a coarse occurrence can fall in more than one path. Given these

two occurrences' de�nitions, the goal of this work is to solve the following:

Problem 7 (Coarse (Fine) Graph Pattern Matching Problem). Given as input a

graph G = ( V; E; `), and a pattern P, the goal is to return as output the set of all

coarse (�ne) occurrences ofP in G.

A node-labeled graph index: GCSA2

To conclude this section, we want to focus on the main state-of-the-art tool in this

context: GCSA2. GCSA(Generalized Compressed Su�x Array) [18] and GCSA2[30,
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31] are BWT-based and FM-index-based tools developed initially for index and

query directed acyclic graphs.GCSAwas later extended also to support cyclic

graphs in GCSA2, which is currently integrated as a part of theVG toolkit [20].

The author, in the original paper ofGCSA2, proved the e�ciency of this index,

as GCSA2performs pattern matching on the pangenome graph almost as well as

FM-index approaches on texts with a similar amount of base pairs [30].

The two main limitations of GCSA2, namely the high memory requirements

during indexing and the occurrence of false positives for long queries, are largely due

to its underlying algorithm, which uses multiple iterations of the pre�x-doubling

method to construct the underlying de-Bruijn graph. This algorithm repeatedly

merges paths of lengthk into paths of length 2k, resulting in hundreds of gigabytes

of RAM usage for large graphs, even though temporary data can be stored on

disk [30]. Moreover, the length of the queries is limited by thek-mer sizek used in

this de-Bruijn graph. As noted in theGCSA2documentation1, the current maximum

allowed k-mer size isk = 256.

4.2 Methods

In this work, we focus on solving Problem 7 on pangenome graphs, where nodes are

labeled with strings over the DNA alphabet � = f A; C; G; Tg or � = f A; C; G; T; N g,

with the symbol N denoting missing information. It is worth noting that our method

can be generalized to any node-labeled graph. For simplicity, given a node-labeled

graph G = ( V; E), we assumeV = v1; v2; : : : ; vjV j , and we denote the labeling

function as L i = `(vi ) for each i = 1; 2; : : : ; jV j.

Coarse occurrences Consider the classical scenario in which we are interested

in �nding all the coarse occurrences of a string patternP in G. The main idea is

to simultaneously search for increasing su�xes ofP across all labels ofG. We start

from the jPj-th su�x of P, i.e. the last symbol of the pattern, and we proceed in

a backward-search way until we consider all the occurrences of the 1-th su�x of

P, i.e. the entire pattern. Note that we are scanning the pattern from the right

1https://github.com/jltsiren/gcsa2
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to the left. Whenever we reach the beginning of a labelL i , we jump to all the

incoming neighbors of the corresponding nodevi and continue the search inside

their labels. The predecessors can be retrieved by looking at the graph topology.

To do it e�ciently, we construct BWTL : the multidollar-BWT of the collection of

all the node labelsL = f L i j 8 i = 1; 2; : : : ; jV jg. We will refer to BWTL as BWT

and our index, namelygindex , can be identi�ed as the pair (BWT; G).

To link the graph G and BWT, we leverage Properties 1 and 2, which we now

restate in a way that better suits our graph-oriented application.

Property 3. Let G = ( V; E; `) be a graph, letBWT denote the multidollar-BWT

constructed over the collection of all the node labels ofG, and let [b; e] be a c-

backward-interval obtained after a backward-step, wherec 2 � . Consider an indexi

such thatb � i � e and BWT[i ] = $j for some1 � j � j V j. If j = jV j, then label

L1 has been exhausted; otherwise, labelL j +1 is exhausted.

Property 4. Let G = ( V; E; `) be a graph, and letBWT denote the multidollar-

BWT constructed over the collection of labels ofG. Then, all the BWT symbols

BWT[1]; : : : ;BWT[jV j] correspond to the last characters of the labelsL1; : : : ; L jV j .

We can now present our algorithm, which works similarly to the classical

string-to-string BWT-based pattern matching algorithm. As already mentioned,

we proceed by scanning the patternP from the right to the left.

In the classical string-to-string algorithm, a backward-interval is transformed

into a new backward-interval via theLF-mapping. This step is commonly known as

backward-extension or backward-step. Dealing with a node-labeled graph, we need

to generalize this property: in case a labelL i is exhausted, all the predecessor nodes

of vi must be explored afterwards, adding one new backward-interval per node. We

maintain a list L of all such backward-intervals, which can be distinguished into two

types: a) those obtained by jumping to a predecessor node, using Property 4 after

having exhausted a node label, and b) at most one additional backward-interval

that represents all the occurrences that fall entirely inside single labels. The latter

is the same backwards interval we would have in each iteration of the classical

string-to-string algorithm, where the pattern su�x can not fall in between two

consecutive strings due to the absence of the dollar symbol in the pattern. In the
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graph context, this backward interval represents all possible matches of the current

pattern su�x within single labels, without spanning across multiple labels.

Algorithm 4.1 presents our approach to solving Problem 7, �nding all coarse

occurrences. It is divided into two functions: the main functionMatch and the

auxiliary procedureMultiExtend , which is the generalization of the backward-

extension to consider multiple intervals.

We start computing the generalized backward-search algorithm (lines 3{4). In

this way, after scanning the entire pattern, we will have inL all the backward-

intervals which represent the starting nodes of all the occurrences ofP in G.

In detail, MultiExtend (L ; c) is used to update the backward-interval setL ,

extending each interval in the set using the current pattern symbol, and querying

the graph topology to retrieve new intervals when labels are exhausted. After each

backward-extension, whose result is added toL if and only if the new backward-

interval is not empty (lines 21{23), we check the presence of dollar symbols in

this new interval. Thanks to property 3, each dollar found marks that a label is

exhausted and that we need to continue the pattern matching in all the predecessors

of the corresponding node. According to Property 4, we know how to retrieve the

last symbols of the labels of these nodes in theBWT; therefore, we add toL a new

backward-interval of size one that covers exactly each one of theseBWT symbols

(lines 24{27), i.e. potentially one backward-interval per predecessor. To avoid

adding unnecessary labels, we could add the new interval only if the predecessor

node ends with the following pattern symbol. In any case, these intervals would

be discarded if there is a mismatch in the next iteration. At the end of each

iteration, we can merge all the consecutive backward-intervals, reducing the number

of backward-extensions that will be performed in the next iteration (line 28).

After visiting the whole pattern, we obtain the �nal set of backward-intervalsL

which represents all the occurrences ofP in G. Now we need to retrieve the starting

nodes of these occurrences. At �rst, ifL is empty we do not have any occurrence

of P in G (lines 5{6). Conversely, ifL 6= ; , we have to apply the same algorithm

used to apply the inverse permutation on theBWT, i.e. reconstructing the original

text from its BWT. From now on, each backward-interval inL is split into one-size

intervals. In detail, for each interval in L , we perform the classicalBWT text

reconstruction algorithm, iteratively extending the current one-size interval with
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the current BWT symbol, until we reach a dollar. In other words,L contains the

starting points of each match, which fall within node labels that are unknown at

this stage. These node IDs are unknown either because the interval is the result

of a merging step or because the match falls on a single label. Hence, to get each

starting node, we need to traverse these labels up to their �rst symbol to exploit

Property 3 (lines 7{16).

Fine occurences If we want to return all �ne occurrences and not just the course

occurrences, we need to augment this procedure by storing, for each backward-

interval, the ordered list of the already traversed nodes. These lists are updated

each time we consider a new predecessor node. Another di�erence with respect to

the coarse occurrences algorithm is that we cannot merge consecutive backward-

intervals. In fact, merging two consecutive backward-intervals would require

additional information to disambiguate the visited node lists of the two starting

intervals, signi�cantly increasing both time and memory requirements.

Without this merging step, we have many more backward-intervals to extend

at each iteration, resulting in slower performances in practice. Furthermore, if

di�erent paths visit the same interval, we have to add toL the same interval for

each visited path, resulting in high redundancy. Notice that in this scenarioL

needs to be considered as a multiset. We will present some experimental results on

considering �ne occurrences in Section 4.3.

Example 7. To better understand our approach, we present a simple example here.

Consider the following node-labeled graph:

We extract the �ve labels from the nodes:L1 = CTCACT , L2 = TAG, L3 = AC,

L4 = CGG, L5 = CTCTCG.

We concatenate all of them in a textT, separating them with �ve unique
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Algorithm 4.1 High-level view of all coarse occurrences �nding algorithm.
1: function Match (P; BWT; G)
2: L  f (1; jBWTj)g
3: for i = jP j downto 1 do . Scan the pattern and update the backward-intervals setL
4: L  MultiExtend (L ; P[i ])

5: if L = ; then
6: P not found in G
7: for all (b; e) 2 L do . Find all starting nodes of the matches
8: for all i 2 BWT[b::e� 1] do
9: c  BWT[i ]

10: while c 6= $j for somej do
11: (i; i + 1)  Extend (i; i + 1 ; c) . Classic BWT backward-extension
12: c  BWT[i ]

13: if c = $jV j then
14: Report occurrence at nodev1

15: else
16: Report occurrence at nodej + 1 , where c = $j

17:
18: function MultiExtend (L ; c)
19: L new  ?
20: for all (b; e) 2 L do
21: (b0; e0)  Extend (b; e;c) . Classic BWT backward-extension
22: if e0 > b0 then
23: PushInterval (b0; e0; L new ) . Add interval ( b0; e0) to set L

24: Nodes  GetEndNodes (b; e) . Get ending nodes by dollars in [b::e� 1]
25: for all v 2 Nodes do
26: for all va 2 Predecessors (v) do . Jump to all the predecessors ofv
27: PushInterval (a; a + 1 ; L new )

28: L new  Merge (L new ) . Merge consecutive intervals
29: return L new
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terminating symbols:

T = CTCACT $1TAG$2AC$3CGG$4CTCTCG$5;

and we build its multidollar-BWT. Next, we show the whole multidollar-BWT,

including the rotation matrix and theF array. We recall that this array is the �rst

column of the rotation matrix and contains all the symbols ofT in lexicographical

order.

i F BWT

1 $1 TAG$ 2AC$3CGG$4CTCTCG$ 5CTCAC T

2 $2 AC$3CGG$4CTCTCG$ 5CTCACT$ 1TA G

3 $3 CGG$4CTCTCG$ 5CTCACT$ 1TAG$ 2A C

4 $4 CTCTCG$ 5CTCACT$ 1TAG$ 2AC$3CG G

5 $5 CTCACT$ 1TAG$ 2AC$3CGG$4CTCTC G

6 A C$3CGG$4CTCTCG$ 5CTCACT$ 1TAG $ 2

7 A CT$ 1TAG$ 2AC$3CGG$4CTCTCG$ 5CT C

8 A G$2AC$3CGG$4CTCTCG$ 5CTCACT$ 1 T

9 C $3CGG$4CTCTCG$ 5CTCACT$ 1TAG$ 2 A

10 C ACT$ 1TAG$ 2AC$3CGG$4CTCTCG$ 5C T

11 C G$5CTCACT$ 1TAG$ 2AC$3CGG$4CTC T

12 C GG$4CTCTCG$ 5CTCACT$ 1TAG$ 2AC $3

13 C T$1TAG$ 2AC$3CGG$4CTCTCG$ 5CTC A

14 C TCACT$ 1TAG$ 2AC$3CGG$4CTCTCG $ 5

15 C TCG$5CTCACT$ 1TAG$ 2AC$3CGG$4C T

16 C TCTCG$ 5CTCACT$ 1TAG$ 2AC$3CGG $4

17 G $2AC$3CGG$4CTCTCG$ 5CTCACT$ 1T A

18 G $4CTCTCG$ 5CTCACT$ 1TAG$ 2AC$3C G

19 G $5CTCACT$ 1TAG$ 2AC$3CGG$4CTCT C

20 G G$4CTCTCG$ 5CTCACT$ 1TAG$ 2AC$3 C

21 T $1TAG$ 2AC$3CGG$4CTCTCG$ 5CTCA C

22 T AG$ 2AC$3CGG$4CTCTCG$ 5CTCACT $ 1

23 T CACT$ 1TAG$ 2AC$3CGG$4CTCTCG$ 5 C

24 T CG$5CTCACT$ 1TAG$ 2AC$3CGG$4CT C

25 T CTCG$ 5CTCACT$ 1TAG$ 2AC$3CGG$4 C

We consider, for example, the backward-interval[13; 17) to illustrate how the

extension step works. Suppose we want to extend this interval with a speci�c pattern
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symbolc 2 � . In the positions given by the interval, we have$4 and $5 in the BWT,

meaning that we are, respectively, at the beginning of node 5 and node 1. Node 1 has

no predecessors, while node 5 has only node 4, therefore, we add the interval[4::4]

to our backward-intervals setL , before continuing with the next iteration. Finally,

we need to extend[13::16] by c and add the resulting interval toL to continue the

pattern search.

4.2.1 Complexity analysis

The complexity of one iteration in Algorithm 4.1 scales in the size of the backward-

intervals set, having to perform one backward-extension for each interval. Assuming

we can merge all consecutive intervals, solving coarse Problem 7, we need to consider

jBWTj=2 intervals for the next step in the worst case. On the other hand, if we

consider �nding �ne occurrences, we can not bindL cardinality due to possible

intervals redundancy, making it di�cult to establish a time and space complexity

bound.

We focus on the �rst case,i.e. coarse occurrences. Having to iterate the pattern

P and having to perform at mostjBWTj=2 extension for each symbol ofP, we have

in total jPj(jBWTj=2) backward-steps. In addition, we need to retrieve the ending

nodes in each backward-interval and the corresponding predecessors. This time is

bounded by the number of possible backward-intervals multiplied by the number

of nodes: (jBWTj=2) � jV j. AssumingjBWTj � j V j (having at least two symbols,

including the separator, per node inBWT), we can conclude that our algorithm

runs in O(jPjjBWTj� ) time, where � is the time of a single backward-step, which

can vary according to the data structure used to implement the FM-index for the

classicalBWT backward-extension.

About space, we are bounded by the size of theBWT and the graph. We need

to store the multidollar-BWT index, which requires theoretically at leastO(jBWTj)

space (without considering run-length implementations), the graph topology as an

adjacent list, which requiresO(jV j + jE j) space, and the set of backward-intervals,

which requiresO(jBWTj) space. In any case, the actual space requirements depend

on the choice of theBWT index, which also a�ects the time complexity.
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4.2.2 Preprocessing

Recalling Algorithm 4.1, after the �rst iteration, we will add to L one interval for

each predecessor of every node that starts with the last symbol of the pattern. In

fact, without considering any optimization for simplicity, like the merging step,

we have to check all the dollars in the backward-interval we get after the �rst

backward-extension. This interval will cover all the positions which haveP[jPj] in

the F array. In Example 7, suppose thatP[jPj] = C. Extending with C, we fall

into the backward-interval [9; 17), which contains three dollars: $3, $5 and $4. By

Property 3, C is the �rst symbol of labels L4, L5, and L1, and we need to add the

corresponding backward-interval of each predecessor of these three nodes toL .

We can expect, on average, thatjLj � j V j=j� j, assuming a uniform distribution

of the �rst symbols on the labelsL. Iteration by iteration, we expect the set size

to decrease exponentially, having discarded all mismatching paths. This behavior

is shown in Figure 4.1.

Now it is easy to see that one of the main bottlenecks of this algorithm is

the extension of the backward-intervals set in the �rst iterations, due to the

cardinality of L . To scale on large pangenome graphs, such as whole-genome

human pangenome graphs, we implemented a dynamic programming preprocessing

algorithm that computes, for a �xed x, the backward-interval sets for any possible

x-length string over the alphabet � during the indexing phase. In detail, we

precompute all the matches for allj� jx strings, i.e. for any k-mer of sizex. We

refer to these precomputed sets as a cache of lengthx. Using these sets, we can skip

the �rst x iterations during the querying phase and access the backward-interval

sets forP[jPj � x::jPj] directly. Therefore, despite the initial computation time

and additional disk usage, we achieve a considerable speedup in query time. Note

that this cache must be stored on disk and loaded entirely into memory at querying

time. Increasing the value ofx allows us to skip a longer pattern su�x, at the

cost of additional disk and RAM usage. Therefore, we analyzed the results from

Figure 4.1 to select a threshold that provides an acceptable trade-o�.

To optimize this preprocessing computation, we developed a parallel algorithm

that starts from the backward-intervals already computed for each� 2 �, which is

then extended with each� 0 2 �, using a dynamic programming approach; such
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extensions can be computed in parallel. The process is repeatedx times until all

x-length strings have been matched. Note that using a na•�ve approach, we would

have many redundant extensions to compute,i.e. each time two substrings of thex-

length strings share the same su�x. For example, two patternsCAAA and TAAA

both have the commonAAA su�x, whose backward interval can be computed

just once, since the backward-interval set is the same for all common su�xes. In

practice, we implemented a tree-based approach in which each iteration extends a

su�x with all the � values, without extending already computed su�xes. With

this approach, we have only
P x

i =1 j� j i extensions, instead ofx � j � jx . Being each

extension independent, they can be executed in parallel. This parallel approach

heavily reduces the impact of the cache computation time.

Figure 4.1 shows how the cardinality of the backward-interval setsL changes

as we proceed with the backward-steps. This cardinality exponentially decreases at

each iteration, reaching a su�ciently small value by around step 5 in the tested

graphs. The vertical lines in the plot indicate the average positions at which the

cardinalities reach 1. We experimented with various cache lengths to evaluate the

impact of cache size, suggesting a length of around 7 to achieve a good trade-o�

between computational resources and query speed. Using high-length values would

also lead to considering patterns that rarely occur during pattern matching (due

to their higher granularity), resulting in wasted resources.

Although the cardinality of L is not strictly monotonically decreasing, because

multiple predecessors may share the same ending symbol and temporarily increase

its size, it is likely to decrease shortly afterward, eventually converging to the actual

occurrences of the pattern.

4.3 Results

We implementedgindex in C++ using MFMI 2, a RopeBwt2 [181] and RLCSA [182,

78] fork, as multidollar-BWT index implementation, compiling with the -O3 
ag.

Both the source code and the experimental pipeline are available at:https:

//github.com/dlcgold/graph_index.git . We conducted our experiments on a

2https://github.com/ldenti/mfmi.git
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Figure 4.1: Average cardinality of backward-intervals setL the three input graphs
discussed in Section 4.3, computed from a simulation of 100 random queries. The
vertical lines represent the average positions over the 100 queries at which the
cardinality drops to 1 for the �rst time.

machine equipped with an Intel Xeon CPU E5-4610 v2 (2.30GHz), 256GB of RAM,

8GB of swap, and Ubuntu 20.04.6 LTS 64-bit with kernel 5.15.0. We used the Unix

time command to obtain the execution time and peak memory usage.

We evaluated the performance ofgindex in solving Problem 7 by comparing it

against GCSA2[30, 31], built using the VG toolkit [20], on real pangenome graphs

using simulated queries. In detail, we evaluated both graph indexing and index

querying. To simulate �xed-length queries from the input graph, we randomly

select a starting node and an o�set within its label, then traverse a random path

originating from that node, concatenating the corresponding node labels until the

desired length is reached.

4.3.1 Experimental datasets

In our experiments, we evaluated three pangenome graphs that di�er in both

graph size and the total length of the encoded sequences. At �rst, we considered a

Drosophila pangenome graph with 10 million nodes, 12 million edges, a maximum

degree of 15, an average degree of 1.18, and 144 million base pairs. It was built
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by VGusing 205 haplotypes [183]. This graph has been pruned to remove complex

regions with numerous variants that prevent indexing withGCSA23, and for the

same reason, each node contains at most 32 base pairs. Then we considered the

Human Pangenome Reference Consortium (HPRC) pangenome graph [33] built

using MiniGraph [184]. This graph has 12 million nodes, 13 million edges, a

maximum degree of 74, an average degree of 1.02, and 3.2 billion base pairs. We

slightly modi�ed this graph to have all nodes with at most 256 base pairs, trying

to avoid issues withGCSA2indexing4 and �xing the maximal length of the labels

to the maximum k-mers size supported by the tool: 256 base pairs. Finally, we

considered the HPRC pangenome graph built using MiniGraph-Cactus [185]. This

graph has 80 million nodes, 110 million edges, a maximum degree of 39, an average

degree of 1.39, and 3.1 billion base pairs. No modi�cation has been necessary to

use this graph. Note that HPRC released another graph, built using PGGB [186].

This graph has 110 million nodes, 154 million edges, a maximum degree of 4255,

an average degree of 1.4, and 8.4 billion base pairs. We cannot index it because it

takes more RAM than is available; hence, we decided to exclude this graph from

our experiments.

4.3.2 Experimental results

Table 4.1 shows the size on disk of all the auxiliary �les ofgindex for the three

input graphs. We need to store the RopeBwt2 index, the adjacency list of the

graph (storing the predecessors of each node), the label names (to map from an

incremental integer nomenclature used in the implementation to the original node

IDs), and the BWT dollars order. The latter is needed because RopeBwt2 does not

distinguish between di�erent dollars, using 0 to encode each dollar,f 1; 2; 3; 4g to

encodef A; C; G; Tg (ignoring lowercase/uppercase), and 5 for every other symbol,

including the N . Table 4.1 also reports theGCSA2index size.

We testedgindex on all the pangenome graphs with three di�erent execution

modes. Initially, we consider a no-cache mode, in which the graph is indexed

without any precomputed cache, and only the starting nodes of each match (coarse

3https://github.com/vgteam/vg/issues/4404
4https://github.com/jltsiren/gcsa2/issues/44
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Table 4.1: Auxiliary �les produced by the methods,GCSA2failed to compute on
the two HPRC graphs on our machine.

Method
gindex (MB) GCSA2(MB)

Graph RopeBwt2 Graph Labels Dollars Total Full Index

Drosophila 79 174 80 160 493 566
MiniGraph 1496 200 99 198 1993 -

MiniGraph-Cactus 1491 1456 611 1222 4780 -

occurrences) are returned. Next, we introduce a cache lengthx mode, where the

graph is indexed to return the starting nodes of each occurrence (coarse occurrences)

while precomputing the cache for strings of lengthx. Finally, we de�ne a full-path

mode, where the graph is indexed without any precomputed cache, but the complete

paths matching the query (�ne occurrences) are returned.

Note that we do not use a cache in the full-path mode, as this would require

storing all possible paths in the precomputed intervals, signi�cantly impacting

performance without a clear bene�t, sinceGCSA2only reports the starting node of

each match.

Drosophila graph Table 4.2 shows the indexing results for the Drosophila

pangenome graph. We tested cache lengths 1, 4, 7, 10, and the no-cache mode. We

also tested the full-path mode, which requires the same index step as the no-cache

mode. Cache length 10 is presented for illustrative purposes only, and we do not

expect it to be used in a real scenario. We consider the no-cache mode as the

baseline. Using a cache length of 10 results in a 120x increase in computational

time, whereas a cache length of 7 yields only a 3x increase. On the other hand,

although an increase in disk space is inevitable, it is minimal, with a maximum of

2.41GB for cache 10, which is negligible on modern systems. For this graph, all the

other gindex auxiliary �les take less than 500MB on disk. Moreover, increasing

the cache length requires more memory resources. The RAM usage scales smoothly

than the time requirements, with a maximum value of 24.9GB (approximately 3x

for cache length 10 compared to the baseline). These results indicate that cache

length 7 is most likely the best preprocessing string length for this experiment.

Despite its limitations, GCSA2can fully index small pangenome graphs, such as
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Table 4.2: Index time and maximum memory result on drosophila pangenome
graph.

Tool Mode Wall Clock (s) Max Mem (GB) Cache (GB)

gindex

Cache length 1 282 7.6 0.37
Cache length 4 344 16.5 1.06
Cache length 7 877 19.1 1.73
Cache length 10 30 185 24.9 2.41

No-Cache 251 7.5 -
GCSA2 - 3174 20.1 -

this one. However, as shown in Table 4.2, it is slightly less e�cient thangindex in

terms of both RAM usage and indexing time (with the sole exception of cache 10).

Regarding index size on disk,GCSA2requires about 1.5GB,i.e. an approximately

3x increase with respect togindex without cache and about 70% of the space

necessary forgindex with cache length 7.

In Table 4.3, we show the results of querying 10000 randomly generated queries

of di�erent �xed lengths. GCSA2outperforms gindex for any metric in each tested

scenario. We did not explore the amount of false positive matches reported by

GCSA2.

Regarding gindex , increasing the query length does not lead to signi�cant

increases in RAM usage or execution time, except for some 
uctuations related to

the high frequency of some sub-patterns in the reads that occur across nodes in

the graph. Note that short patterns can occur more frequently in the graph, which

explains why, in some cases, we observe an increase in execution time for queries

of length 100, due to the overhead of reporting more matches. We highlight that

memory requirements increase with larger cache lengths, as more precomputed

backward-intervals must be loaded into RAM.

The full-path mode output requires more time than just outputting coarse

occurrences, as explained in the algorithm's complexity analysis. However, we

avoid the memory overhead of the merging step, thereby reducing the memory

usage. In any case, given its limitations, the full-path mode is only suitable for

small graphs, such as the one considered in this experiment.

HPRC graphs Considering the experimental results on the Drosophila graph,

we ran gindex on the HPRC graphs only in no-cache and cache length 7 modes.
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Table 4.3: Query time and max memory results on drosophila pangenome graph.

Tool Mode Length Wall Clock (s) Max Mem (GB)

gindex

Cache length 1

100 128 207 4.80
2575 117 383 4.68
5050 117 212 4.68
7525 126 400 4.68

10 000 129 999 4.68

Cache length 4

100 6871 6.58
2575 6281 6.58
5050 6219 6.58
7525 5200 6.58

10 000 7196 6.58

Cache length 7

100 1036 9.70
2575 1547 9.70
5050 1576 9.70
7525 1193 9.70

10 000 1202 9.70

Cache length 10

100 887 13.25
2575 891 13.25
5050 940 13.25
7525 991 13.25

10 000 1130 13.25

No-Cache

100 56 008 1.54
2575 65 742 1.50
5050 64 691 1.50
7525 61 583 1.50

10 000 66 479 1.49

Full-Path

100 69 195 1.24
2575 65 525 1.24
5050 66 636 1.24
7525 65 831 1.24

10 000 67 955 1.24

GCSA2
-

100 1.72 0.61
2575 25.54 0.61
5050 52.80 0.61
7525 74.20 0.61

10 000 96.58 0.61
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Table 4.4: HPRC pangenome graphs indexing results.

Graph Mode Wall Clock (s) Max Mem (GB) Cache (GB)

MiniGraph
No-Cache 5580 42 -

Cache length 7 7380 45 2.4

MiniGraph-Cactus
No-Cache 8880 104 -

Cache length 7 15 540 183 16

This cache length is selected as a good trade-o� between indexing performance and

query speed-up.

Table 4.4 shows the indexing results on the two tested pangenome graphs. We

were unable to index either of them usingGCSA2, as we exceeded the available

RAM (256GB) after more than 20 hours of computation time, using 64 threads.

As for the Drosophila experiments, here we consider the no-cache mode as the

baseline. Usinggindex , precomputing the cache of length 7 for the MiniGraph

pangenome graph requires only a 1.3x time increase with respect to the baseline.

Note that we did not record any substantial increase in memory (3GB) and disk

usage (2.4GB).

We get di�erent results for the MiniGraph-Cactus pangenome graph, where

computing and storing the cache requires almost double the time and memory. In

addition, the cache size on disk (16GB) is not negligible. We would highlight that

both the size of the graph,i.e. the number of nodes and edges, and the topology of

the graph, i.e. frequency of bubbles and repetitions in the labels, make an essential

impact on the index computation.

In Table 4.5, we show querying results using 100 randomly generated queries

with increasing �xed lengths. gindex combined with a cache length 7 yields

approximately 10x querying speed-up compared to the no-cache mode, but costing

approximately 4x more RAM for the MiniGraph graph and approximately 8x

RAM for the MiniGraph-Cactus graph. We also tested the full-path mode, which

generally behaved similarly to the no-cache mode, except for some cases involving

MiniGraph-Cactus, likely due to the nature of the generated queries. Notably, in

these two large graphs, the merging step appears to consume more memory than

storing all the matched paths. Despite the high memory requirements of using the

cache, its cost is heavily o�set by the bene�t in query time. We advise the user to

wisely select the cache length according to the actual scenario of the experiments.
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Table 4.5: HPRC graphs query results with 100 queries of various lengths.

Graph Mode Length Wall Clock (s) Max Mem (GB)

MiniGraph

Cache length 7

100 67 13.7
2575 69 13.7
5050 65 13.7
7525 65 13.7

10 000 68 13.7

No-Cache

100 747 3.1
2575 716 3.1
5050 849 3.1
7525 816 3.1

10 000 786 3.1

Full-Path

100 741 2.8
2575 798 2.8
5050 900 2.8
7525 821 2.8

1,0000 753 2.8

MiniGraph-Cactus

Cache length 7

100 550 84.6
2575 466 83.2
5050 469 83.3
7525 524 83.3

10 000 482 83.3

No-Cache

100 5406 11.7
2575 4534 11.7
5050 4535 11.7
7525 4558 11.7

10 000 4506 11.7

Full-Path

100 4563 10.7
2575 4392 10.9
5050 4372 10.7
7525 5062 38.1

10 000 4486 17.5
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GIN-TONIC Thanks to the reviews ofgindex paper, we became aware of

GIN-TONIC [ 105], a pangenome graph approach similar to ourgindex , which was

published a month before the SEA 2025 deadline; hence, we do not have a published

comparison in [32]. GIN-TONIC implements a similar approach, extending the

FM-index and precomputing a cache in a more sophisticated manner thangindex .

In any case, we tried GIN-TONIC on the Drosophila pangenome graph. Despite not

taking a GFA �le as input, we were able to index the graph in 840s, using 31.5GB

of RAM and producing a 1.3GB disk footprint, with default parameters. We recall

that, under the same settings,gindex indexed the graph in 282s in no-cache mode

and 877s with a cache length of 7, using 7.5GB and 19.1GB of RAM, respectively,

and producing disk footprints of 493MB and 2.2GB, respectively. Unfortunately,

we were unable to match the queries due to segmentation faults, likely caused by

the use of a non-standard input �le format.

4.4 Conclusions

In this chapter, we presentgindex , a multidollar-BWT-based graph indexing

approach designed to solve the string-to-graph exact pattern-matching problem.

Our index is capable of scaling to human pangenome graphs, such as those produced

by the Human Pangenome Reference Consortium. To e�ciently manage large

graphs, we leverage a preprocessing cache constructed via dynamic programming,

enabling us to \skip" the initial and most computationally demanding phases of

the indexing process.

We demonstrated that on small pangenome graphs, such as the Drosophila

graph, GCSA2outperformsgindex in query e�ciency, albeit at the cost of greater

indexing time and memory. In contrast,gindex can be used to index much larger

pangenome graphs, such as the HPRC ones, whichGCSA2cannot index on our

current hardware setup, as it exceeds 256GB of RAM.

As future developments, we should propose a more succinct representation of the

backward-interval set. In addition, we should work on improving the merging step,

allowing the use of the full-path mode,i.e. reporting the full matching path and

not just the starting node, even without considering redundant backward-intervals.

Moreover, we should include the indexing of colored pangenome graphs, in which
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the matches have to fall on a speci�c graph paths, which represent particular

haplotypes or genomes. Using the classical nomenclature in graph pangenomics,

we should be able to index both variation graphs (colored) and sequence graphs

(uncolored). gindex can be extended to store the colors of the visited nodes,

augmenting the stored paths in the full-path mode, and check whether the color

consistency of two consecutive nodes before performing the backward-extension.

Another potential future direction is the exploration of otherBWT variants

for string collections, such as the multidollar-EBWT [187], to evaluate whether

changing theBWT representation used ingindex can improve our approach in

terms of query time or index space requirements.

Finally, we are interested in testinggindex in downstream analysis on human

pangenome graphs, leveraging the lower requirements of our approach to analyze

larger graphs without the limitations of GCSA2.

143



Chapter 5

Graph-Based Models for

Alternative Splicing

In this chapter, we presentpantas [34], a pangenomic approach for quantifying

alternative splicing (AS) events using a pangenome graph. We recall thatAS events

are a fundamental biological mechanism, allowing a single gene to encode multiple

proteins, and are therefore studied in many biological analyses, such as in [188]. To

introduce this result, we also presentESGq[35], another graph-based model which

leverages the notion of non-pangenome event splicing graphs for quantifyingAS

events in a classical non-pangenomics scenario. Note thatESGqstill incorporates

pangenomics tools such as theVGtoolkit [20], to index and query graphs.

Although these results are not directly related to the research line presented

in the previous chapter and are not explicitly focused on indexing and pattern-

matching techniques, they represent practical applications of modern bioinformatics

and pangenomics techniques to address common biological problems. The biological

applications represent the ultimate goal of developing e�cient algorithms and data

structures, so it is essential to explore these scenarios. In fact, to the best of our

knowledge, as of the date of its publication,pantas is the �rst attempt to leverage

the pangenome graph in this �eld.

Comparisons against state-of-the-art tools on both simulated and real data

demonstrate that pantas obtains results comparable to those of state-of-the-art

methods based on a linear reference, while also accounting for the genetic variability

of the population under study. Considering 77AS events from a human real RT-
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PCR validated dataset [189], pantas reported the highest number ofAS events,

64 out of 77, being the best tool across the compared ones. On the other real

dataset, for which we do not have a ground truth,pantas produces results highly

comparable torMATS, probably the most widely used tool inAS analysis. Hence,

pantas could serve as a milestone for future pantranscriptomic studies on the

detection and quanti�cation of AS events.

The Alternative Splicing quanti�cation problem can be formalized at a high

level as:

Input: One or more genomes, with the corresponding annotations, and

RNAseq reads

Output: The quanti�cation of alternative splicing events with respect to

canonical events

Publications and conferences ESGq[35] was presented in Tatransk�e Matliare,

Slovakia, at the Workshop on Bioinformatics and Computational Biology (WBCB

2023), part of Information Technologies - Applications and Theory (ITAT 2023)

conference{ conference proceedings published in theCEUR Workshop Proceedings.

pantas [34] was published in thePLOS Computational Biologyjournal.

Chapter outline In section 5.1 we will present the state-of-the-art and the

motivations that led us to developESGqand pantas. In section 5.2, we will

discuss in detail our algorithmic contribution. In section 5.3, we will compare our

implementation against single reference-based state-of-the-art tools, such asrMATS

and SUPPA2. Finally, in section 5.4, we will conclude and discuss possible future

developments.

5.1 Motivations and State-Of-The-Art

Alternative Splicing (AS) is a post-transcriptional regulation mechanism that con-

tributes to isoform and protein diversity in eukaryotes. We recall that the classical

AS events categories [190], already presented in Section 2.11, are: exon skipping, al-

ternative 3' (acceptor) splice sites, alternative 5' (donor) splice sites, intron retention,
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and mutually exclusive exons. Thanks to this mechanism, a single gene can code for

multiple isoforms, resulting in the production of multiple proteins. This gene expres-

sion process is complex to understand, both from a biological and a combinatorial

perspective. For instance, more than 95% of multi-exon human genes [191, 192],

and more than 60% of multi-exon Drosophila Melanogaster genes [193] present

more than one isoform. Moreover,AS is associated with various diseases, including

cancer [194, 195], neurodegenerative diseases [196], and aging [197]. For these

reasons, the analysis ofASevents has become increasingly fundamental, and thanks

to the RNA-sequencing technology (RNA-Seq), the analysis of the transcriptome

and AS events is currently much faster and precise. In detail, an RNA-Seq analysis

compares two conditions (for example, a canonical splicing event vs anAS event),

checking the changes in terms of isoform abundances [198, 199]. Therefore, in

this context, alterations in the relative abundances of an isoform of a gene are

generally considered strong evidence of di�erential splicing. In addition, despite the

challenges of establishing their impact on alternative splicing [200], we also have

evidence of genetic variations altering splicing patterns in many diseases [201, 202].

Therefore, the development of pangenomic tools for studying these mechanisms is

expected to become essential in the near future.

In this context, some tools are based on analyzing the transcript, while other

approaches directly detect and quantifyAS events. Hence, instead of quantifying

entire isoforms, several methods focus on the most �ne-grained level, speci�cally

at exon-exon boundaries, also known as splice junctions. These boundaries are

directly used to detect and quantifyAS events from RNA-Seq datasets by tools

such as [38, 203, 36, 39, 204, 205, 37] and our ESGq[35], providing more accurate

results than transcript-based approaches like [198, 199, 206]. Another issue is that

most of these tools introduced their own format for theAS events, complicating

any downstream analysis.

In 2023, Sibbesen et al. [119] proposed a method for transcriptomic data

analysis in the pangenomic context, enhancing the pangenome with additional gene

annotation information to create a so-called spliced pangenome or pantranscriptome,

thereby enabling more accurate and comprehensive analysis. This new approach

allows haplotype-aware transcript quanti�cation, improving accuracy compared to

reference-based methods [207]. Accounting for the genetic variability within the
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population, this new approach mitigates the reference bias problem and increases

the number of reads correctly mapped in the presence of heterozygous variants.

Note that, to the best of our knowledge,pantas is the only work that integrates

transcriptomics with graph-based pangenomics, even though the use of graphs (e.g.,

splicing graphs) is already common in computational transcriptomics for modeling

isoform variability [208, 209, 210, 203, 36, 35]. This emerging �eld, known as

pantranscriptomics, calls for further research and the development of dedicated

tools to fully unlock its applications in biology. Hence, encouraged by the results

in [119], we attempted to develop pangenomic tools for haplotype-aware detection

and di�erentially quanti�cation of AS events across conditions, closing the gap in

the analysis of the relationship between genetic variations and alternative splicing.

5.2 Methods

In this section, we will start by presentingESGq[35], a non-pangenomics graph-based

tool that uses event splicing graphs for quantifyingAS events across conditions.

Despite not relying on a pangenome graph,ESGqis based on standard pangenome

graph tools, such as the VG toolkit [20]. Then, we will discuss how we generalized

and re�ned this method in the pangenomics context withpantas, enriching the

notion of splicing pangenome graph to that of an annotated spliced pangenome

graph.

5.2.1 AS quanti�cation via event splicing graphs: ESGq

ESGqis a novel graph-based method for the di�erential quanti�cation ofAS events

across conditions. The required inputs are the classical ones in this context: a

reference genome, a gene annotation, and a two-condition RNA-Seq dataset, with

optional replicates. The RNA-Seq dataset can be paired-end and single-end. As

output, ESGqreports the di�erential expression of annotatedAS events. As output,

ESGqreports the di�erential expression of annotatedAS events. This di�erential

expression is typically quanti�ed using two standard metrics: the Percent-Spliced

In (PSI,  ) for each input replicate, and �  , which summarizes the di�erential

expression of each event between the two conditions.
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Figure 5.1: ESGqmethod overview: a)ESGqbuilds the event splicing graphs from
the reference genome and the gene annotation, b) we align RNA-Seq reads from
the two conditions (C1 and C2) to the event splicing graphs, and c) we leverage the
alignments to weight junction edges to compute the values (one per condition)
and the �  value (one per dataset).

ESGqis focused on four categories of alternative splicing events: exon skipping

(SE), intron retention (RI), alternative acceptor site (A3), and alternative donor site

(A5). Moreover, unlike event-based approaches that rely on spliced read alignment

or k-mer{based quasi-mapping to a reference genome,ESGqleverages string-to-

graph alignments to directly represent theAS events to be quanti�ed. Note that

ESGqconsiders less complex graphs than a full splicing graph as in [203, 36]. In

detail, ESGquses Event Splicing Graphs (ESGs), which encode only the exons and

splice junctions involved in an alternative splicing event. Hence,ESGqdoes not

represent all known transcripts of a gene, nor the entire gene loci and intergenic

regions; instead, it encodes only the portions of the two transcripts involved in an

AS event, achieving high accuracy results e�ciently.

As shown in Figure 5.1,ESGqconsists of three steps: a) build the event splicing

graphs, b) align the reads against the event splicing graphs, and c) compute the

AS quanti�cation metrics  and �  . ESGqquanti�es only annotated AS events
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and does not consider novelAS events.

Build the event splicing graphs For the �rst step of Figure 5.1, we start by

extracting the annotated alternative splicing events from the input annotation,

using the same method described and implemented forSUPPA2[39]. This results in

a list of annotated alternative splicing events, each represented as a pair consisting

of its type (SE, RI, A3, A5) and the genomic coordinates of the corresponding

splice junctions, with both isoforms already annotated. Analyzing this list,ESGq

builds the event splicing graphs, one per event. We note that multiple graphs can

be built from the same gene. In these graphs, the exons involved in each event are

encoded as nodes, based on the genomic coordinates of the event.

For eachAS event, we have two isoforms: the canonical isoform, encoded in the

graph by the path PC , and the alternative isoform, encoded in the graph by the

path PA . Di�erent AS event categories require di�erent approaches to represent

the two isoforms, as in Figure 5.2.

An exon skipping event (SE) is modeled using three exons, encoded as three

nodesn1; n2; n3 in the event splicing graphs. Noden2 represents the exon that

is skipped during the event; thus, the canonical isoform is de�ned by the path

PC = n1 ! n2 ! n3, including all three nodes, while the alternative isoform skips

noden2 in the path PA = n1 ! n3.

An alternative acceptor site event (A3) is modeled using three exons, encoded

as three nodesn1; n2; n3 in the event splicing graphs. Noden1 represents the

canonical upstream exon,n2 the canonical downstream exon, andn3 the alternative

downstream exon with the alternative acceptor splice site; thus, the canonical

isoform is de�ned by the pathPC = n1 ! n2, which involves the shared upstream

exon and the canonical downstream exon, while the alternative isoform changes

the downstream exon with the alternative one in the pathPA = n1 ! n3.

An alternative donor site event (A5) is modeled using three exons, encoded as

three nodesn1; n2; n3 in the event splicing graphs. Noden1 represents the canonical

upstream exon,n2 the canonical downstream exon, andn3 the alternative upstream

exon with the alternative donor splicing site; thus, the canonical isoform is de�ned

by the path PC = n1 ! n2, which involves the shared canonical upstream exon and

the shared downstream exon, while the alternative isoform changes the upstream
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Figure 5.2: Event splicing graphs computed byESGq. For eachAS event type,
we report the event splicing graphG, and the two annotated isoforms involved
in the event: the canonical transcriptTC (represented inG by blue edges) and
the alternative transcript TA (represented inG by dotted green edges). In both
transcripts, E blocks represent exons andI blocks represent introns. The edge
labelsW are the weights computed by the alignment step.

exon with the alternative one in the pathPA = n3 ! n2.

Finally, an intron retention event (RI) is modeled using three exons, encoded as

three nodesn1; n2; n3 in the event splicing graphs. This case is more complicated

to describe, as the three nodesn1; n2; n3 do not directly correspond to three exons,

except for noden3, which corresponds to a portion of the central exon, as in

Figure 5.2. More speci�cally, nodesn1 and n2 represent the two upstream and

downstream exons. In contrast, noden3 represents the retained intron, which is the

internal portion of the exon linking the upstream and downstream canonical exons.

Hence, the canonical isoform is de�ned by the pathPC = n1 ! n2, involving the

upstream exon and the downstream exon. On the other hand, the alternative

isoform includes the retained intron in the pathPA = n1 ! n3 ! n2.

Note that, although each event theoretically contributes to a single event splicing

graph, ESGqbuilds a single graph with one connected component per event. In

other words, we consider a graph with multiple connected components, where each

of them is an event splicing graph as described above.
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Computing the event splicing graphs weights via string-to-graph align-

ments In the second step of Figure 5.1,ESGqindexes each event splicing graph

to align RNA-Seq reads using theGBWT [31]-based graph aligner Gira�e [104],

which is part of the VGtoolkit [ 20]. Although this type of pipeline is mainly used in

a pangenomic context, we recall thatESGqtakes as input a single reference rather

than a pangenome. Note that each RNA-Seq read is aligned to a path of the graph.

Next, each replicate in the RNA-Seq dataset is independently aligned to the

graph using the Gira�e aligner. By default, the VGtoolkit splits nodes longer

than 32bp into smaller segments of at most 32bp before indexing. To maintain

correspondence between the nodes in theESGqgraph and those used in the index,

ESGqperforms this node splitting during the graph construction step and links the

resulting nodes accordingly, preserving the two paths that represent the isoforms.

As a result, in each event splicing graph, we have two types of edges: a) edges

connecting nodes that together represent a single exon, created during the node-

splitting step, and b) edges representing the splice junctions between exons ofAS

events. ESGqconsiders just the latter for theAS events quanti�cation, hence the

other type of edges is omitted in Figure 5.2.

Computing  and �  measures via the event splicing graphs In the third

and last step of Figure 5.1,ESGqcomputes the value of each event for every

replicate. It then summarizes these values by comparing the two conditions to

compute the �  for eachAS event, which quanti�es the di�erential expression

between the two input conditions.ESGqcomputes these two measures by assigning

a weight to each splicing junction based on the RNA-Seq alignments and counting

only the alignments that span edges representing splicing junctions. If a read is

aligned to a single node of the graphs,i.e. without falling over any edge, the

alignment is discarded. In other words, the weight of the splicing junction edges

represents the number of RNA-Seq reads that have been spliced aligned over it.

Finally, ESGqleverages these weights to compute the value of eachAS event,

using the classical formulation [211], hence considering the proportion of reads

supporting the standard isoform over the reads supporting both isoforms. Note

that ESGqconsiders only the spliced read counts for the measure, while other

approaches also consider non-spliced reads. Thus, the support of each isoform is
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approximated by these \spliced" counts, without analyzing the full coverage of

each isoform. As we will see in Section 5.3, our experimental evaluation seems to

con�rm the goodness of this approximation.

Referring to the variable assignments in Figure 5.2, eachAS event category has

the corresponding approach for computing the measure. For an exon skipping

event (SE), the  value is calculated as SE =
w 1+ w 2

2
w 1+ w 2

2 + w3
, where w1; w2 are the

weight of the canonical isoform andw3 is the weight of the alternative isoform. The

 SE value formulation is similar to [212]. For both alternative acceptor site event

(A3) and alternative donor site event (A5), we have the same formulation for the 

measure: A3 = w1
w1+ w2

and  A5 = w1
w1+ w2

, wherew1 is the weight of the canonical

isoform and w2 is the weight of the alternative isoform. Finally, for an intron

retention event (RI), the  measure is calculated as RI = w1

w1+ w 2+ w 3
2

, wherew1 is

the weight of the canonical isoform andw2; w3 are the weights of the alternative

isoform. Note that for the  RI we use the mean of the weights of the alternative

isoform.

After having calculated one value perAS event per replicate,ESGqcomputes

the di�erential quanti�cation �  across the two input conditions. This measure is

the di�erence between the absolute value of the means in the two conditions. Note

that ESGqdoes not report the p value of the � , as a consequence of considering

only spliced RNA-Seq read counts.

5.2.2 AS quanti�cation via pangenomes: pantas

As in the ESGqscenario, we considered the problem of detecting and quantifying

AS events supported by an input RNA-Seq dataset comparing two conditions. The

novelty in the pantas approach is detecting and quantifyingAS events with respect

to a spliced pangenome graph,i.e. analyzeAS events in a haplotype-aware context.

The pantas pipeline is built around the concept of an annotated spliced

pangenome, which will be described shortly. In some respects, it resembles theESGq

pipeline, althoughESGqdoes not incorporate a pangenome graph. The work
ow

consists of three main steps: a) constructing the annotated spliced pangenome

and enriching it with RNA-Seq read alignment results, b) analyzing the anno-

tated spliced pangenome graph to detectAS events, and c) computing theAS
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quanti�cation metrics  and �  .

Build and annotate the annotated spliced pangenome We begin with

the pangenomic de�nition of a variation graph from [2], which is a node-labeled

directed graph in which each node is labeled with a genomic sequence, edges

indicate consecutiveness between node labels, and colored walks represent individual

haplotypes,i.e. the genomic sequences of each input individual.

We want to highlight that, usually, the input haplotypes/genomes are split per

chromosome. However, without loss of generality, we will consider haplotype walks

as single walks in the graph.

A spliced pangenome graph, �rstly described in [119], is a variation graph with

two types of walks: a) the haplotype walksf H1; H2; : : : ; Hhg which represent the

haplotypes as in a classical variation graph, and the transcript walksf T1; T2; : : : ; Ttg

which encode the haplotype-aware transcripts. In detail, each haplotype-aware

transcript is a sequence of exons,i.e. the coding regions of a gene, that belongs to

a speci�c haplotype in f H1; : : : ; Hhg. Note that, as a consequence of the haplotype

similarities, two haplotype-aware transcripts can fall on the same transcript walk

in the graph. These graphs can present cycles, but inpantas we consider only

acyclic graphs.

In a spliced pangenome, if a node belongs to at least one haplotype-aware

transcript walk, it represents an exonic/coding region. On the contrary, all other

nodes represent intronic/non-coding regions, or intergenic regions that belong to

some haplotypes. If an edge belongs to some transcript walksf T1; T2; : : : ; Ttg but

not to any haplotype walksf H1; H2; : : : ; Hhg, it is denoted as an annotated spliced

junction. These edges, in fact, connect two nodes that are not consecutive in

the haplotype walk, spanning an intronic or non-coding region between the exons

corresponding to the two nodes.

Given these preliminary de�nitions, we de�ne an annotated spliced pangenome

as a spliced pangenome where nodes and links are annotated with additional

information necessary to detectAS events. Refer to Figure 5.3 for an example of

an annotated spliced pangenome. In detail, each nodev of an annotated spliced

pangenome is annotated with: a) the setE(v) of its exon labels, and b) the setT (v)

of its haplotype-aware transcripts. We will refer to the setE(v) simply as exons.
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Note that an exon is uniquely identi�ed by: a) the haplotype-aware transcript to

which it belongs, and b) its position order within that transcript. In an annotated

spliced pangenome, a single exonic region can be represented by one or more nodes,

potentially originating from di�erent haplotype-aware transcripts, either due to

haplotype similarity or the presence of an alternative exon form caused by an

alternative splicing event. As a result,E(v) represents a set of exons rather than a

single exon.

For simplicity, if E(v) or T (v) are empty, we say that nodev has no annotation.

This occurs, for example, when considering a node in an intronic or intergenic region.

Moreover, in an annotated spliced pangenome, each edgee = hu; vi that represents

a splice junction is annotated with the setT (e), which stores the haplotype-aware

transcripts the edge belongs to. As for nodes, many haplotype-aware transcripts

can share the same splice junction.

All these data are required to fully represent the known haplotype-aware

transcripts encoded in a spliced pangenome, but we can also annotate additional

information. For example, each edgee = hu; vi can be annotated with a numeric

value w(e) that re
ects the level of support or coverage by RNA-Seq reads. This

can be estimated by counting the number of reads aligned across that edge.

Alternative splicing event detection We will now formally describe how

we detectAS events inpantas. To detect AS events using the annotated spliced

pangenome, we need to compare the splice junctions of two transcripts locally.

Thus pantas analyzes two sets of junctions: a) the set of junctions coming from

the canonical transcript, and b) the set of junctions coming from the alternative

transcript. The AS event detection starts from the alternative junctions and

compares them to the canonical ones. We say that anAS event is annotated if the

junctions of the two transcripts involved in theAS event are already annotated. In

other words, anAS event is annotated if the graph already contains the annotated

edges representing those junctions. On the contrary, a novelAS event occurs if two

conditions are met: a) the splice junctions of only one of the two transcripts are

already annotated in the annotated spliced pangenome, and b) the junctions of the

other transcript are supported by read alignments only.

Based on this annotated spliced pangenome graph,pantas modelsAS events
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Figure 5.3: Annotated spliced pangenome example. In sub�gure (a), the reference
genome is shown with a purple box marking a gene locus and diamonds denoting
variant alleles. Two haplotypes are considered: H1 for the reference alleles and H2
for the alternate alleles. In sub�gure (b), we show the gene with two transcripts,
T1 and T2, expressing an exon-skipping event, resulting in four haplotype-aware
transcripts in total. Alternate alleles are colored according to the exon in which
they fall. In sub�gure (c), we show the spliced pangenome constructed from
the reference genome, gene annotation, and variants. Colored nodes and edges
encode transcript walks, representing portions of exons and splice junctions, while
white nodes correspond to intronic or intergenic regions not included in transcript
walks. H1 and H2 are represented as colored bars above and below the nodes. In
sub�gure (d), we show the annotated spliced pangenome, where each colored node,
corresponding to an exon segment, is annotated with the transcripts and exons
to which it belongs. In this annotated spliced pangenome, each colored edge,i.e.
each junction, is annotated with splice junction information. In sub�gure (e), two
RNA-Seq reads are aligned to the annotated spliced pangenome: read A aligns to
the reference allele of the �rst variant, supporting the annotated splice junction
between the �rst and second exons, represented by the blue edge, while read B
aligns to the alternate allele, supporting a novel splice junction between the two
exons, inducing an alternative donor event.
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directly on the graph structure, leveraging the graph topology and its annotations

to de�ne each event formally. This approach does not rely on the coordinates of a

single linear reference genome, unlike other methods, includingESGq.

We will describe separately howpantas detects annotatedAS events and

how it detects novelAS events. As annotatedAS events, we consider the same

categories already discussed forESGq: exon skipping, intron retention, alternative

3' splicing/acceptor site, and alternative 5' splicing/donor site. As novelAS events,

we consider the same four categories when they are not already annotated, as well

as cases in which those categories ofAS events occur in intronic regions.

At the end of the detection step,pantas represents eachAS event as a pair

of sets of edges. These sets represent the two junction sets, one coming from the

canonical isoform and one from the alternative isoform involved in the event.

Annotated AS events detection To detect annotatedASevents, as summarized

in Figure 5.4, we need to analyze each annotated splice junction independently.

Each annotated junction can potentially identify anAS event if certain event-type-

dependent conditions are met.

Formally, we consider a splice junctione = ha; bi between two exonic regions

having a transcript T1 2 T (a) \ T (b). Assuming to have annotated the junction

coveragew(e), we discard junctions withw(e) smaller than a certain threshold. The

user chooses this threshold to discardASevents without enough evidence. Moreover,

given a nodev, we denote with next(v) and prev(v) the set of successors and

predecessors of the nodev in the annotated spliced pangenome graph, respectively.

An exon skipping event for the annotated splice junctionj = ha; bi is called if

there is a transcript T2 of the same gene with an exon between nodesa and b. Note

that T1 6= T2 sinceT1 usesha; bi , not having any exon betweena and b. Formally,

there exists a transcriptT2 2 T (a) \ T (b) n T(j ) with two exons ea 2 E(a) and

eb 2 E(b) that are not consecutive int. In Figure 5.4.a, we show an example of

annotated exon skipping event detection withpantas in which a = n1, b = n4, and

whereT1.e2 is the skipped exon for the transcriptT2.

An annotated alternative 5' splicing/donor site event for the annotated junction

j = ha; bi is called if there is another transcript of the same gene for which

the �rst exon extends further towards the 3' without incorporating the second
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Figure 5.4: All the annotated events expressed within the annotated spliced
pangenome, together with the di�erent tags used. Haplotype information and
weights are omitted for readability. Blue squares represent exons with their tags,
while green and purple edges correspond to annotated splice junctions with their
tags. Nodes with a gray border represent exonic regions, while nodes with a black
border represent intronic regions. Exons are labeled according to the transcript
walks represented in the �gure.

exon of the junction j . Formally, there exists a nodev 2 next(a) and an exon

e 2 E(a) \ E (v) n E(b), i.e. the exon e covers both the nodea and one of its

successorsv without covering nodeb, such that T (e) \ T (b) 6= ; . It follows by

construction that there is a transcript T2 2 T (e), T1 6= T2 which does not cover

the junction j but covers both exons connected byj . In Figure 5.4.b, we show

an example of annotated alternative 5' splicing/donor site event detection with

pantas in which a = n1, b= n3, and there are nodes (n1; :::; n2] which extend \to

the right" exonic nodes ofT1.e1 but not of T2.e1.

An annotated alternative 3' splicing/acceptor site event for the annotated

junction j = ha; bi is called symmetrically in respect to how we detect an annotated

alternative 5' splicing/donor site event. In detail, we identify a predecessorv 2

prev(b) and an exon e 2 E(b) \ E (v) n E(a) such that T (e) \ T (b) 6= ; . In

Figure 5.4.c, we show an example of annotated alternative 3' splicing/acceptor

site event detection with pantas in which a = n1, b = n3, and there are nodes

[n2; :::; n3) which extend \to the left" exonic nodes ofT1.e2 but not of T2.e2.

Finally, an annotated intron retention event for the annotated junctionj = ha; bi

is called if there is another transcript of the same gene for whicha; b are in the

same exon, having that there is a third exon that spans both exona and b and
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including the intron in between them. Formally, there exist two edgesha; ui and

hv; bi , with u and v not necessarily distinct, such thatE(a) \ E (b) \ E (u) \ E (v) 6= ; .

In Figure 5.4.d, we show an example of annotated intron retention event detection

with pantas in which a = n1, b = n4, which are part of exonse1 and e2 for

transcript T1 and part of just e1 for T2, and n2 and n3 are intronic for T2.

Novel AS events detection We now describe howpantas detects novelAS

events, as summarized in Figure 5.5. In this description, we consider an edge

e = ha; bi between two nodes such thatT (a) \ T (b) is not empty, except for the

alternative 3'/acceptor site and 5'/donor site intronic cases. This edgee can be

de�ned as a novel junction if it is not already annotated in the annotated spliced

pangenome graph. We leverage these novel junctions to classify novelAS events.

As in the case of annotatedAS events, we discard novel junctions withw(e) smaller

than a certain user-speci�ed threshold, recalling thatw(e) is a weight assigned to

the edgee by the RNA-Seq alignment coverage/support.

For any de�nition that requires covering a range of nodes [x; : : : ; y], we do not

always perform a complete graph traversal. Instead, we iteratively check whether

there exists a covered nodex i +1 2 next(x i ) and a covered nodeyi +1 2 prev(yi )

for i < w (using a user-speci�ed window of lengthw), or until the sets of nodes

converge. In addition, note that the following formulations are based on both

novel and annotated junctions. This heuristic is less robust than an actual graph

traversal, but it is computationally e�cient. Our experimental results, which will

be described in Section 5.3, seem to prove the goodness of our approach.

A novel exon skipping event for the novel splicing junctionj = ha; bi is called if

there is a transcript of the same gene for which none of the exons in the setE(a)

and in the setE(b) are consecutive. Formally, there is at least one transcript in

T (a) \T (b) in which exons fromE(a) and E(b) are not consecutive. In Figure 5.5.a,

we show an example of a novel exon skipping event inpantas in which a = n1,

b = n4, which are part of exonse1 and e3 for transcript T1, resulting in one exon

skipped.

A novel cassette exon event (witch is an exon skipping where the novel and

non-annotated exons falls in an intronic region) for the annotated junctionj = ha; bi

is called if there are an exon fromE(a) and one fromE(b) that are consecutive
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Figure 5.5: All the novel events expressed within the annotated spliced pangenome,
together with the di�erent tags used. Haplotype information and weights are
omitted for readability. Blue squares represent exons with their tags, and blue
edges correspond to annotated junctions with their tags; green edges indicate novel
links. Nodes with a gray border represent exonic regions, while nodes with a black
border represent intronic regions.
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for a transcript, and there are two novel covered edgesha; xi , hy; bi . Formally, it

is required that: a) there exist two exonsea 2 E(a); eb 2 E(b) such that ea; eb are

consecutive for at least one transcript inT (a) \ T (b) , and b) there are two novel

covered junctionsha; xi , hy; bi . In Figure 5.5.b, we show an example of a novel

cassette exon event inpantas in which a = n1, b = n4 are in two consecutive exons

and x = n2, y = n3 are the intronic covered nodes in between.

A novel alternative 5' exonic splicing/donor site event for the novel junction

j = ha; bi is called if, given an exon from the setE(a) and an exon from the set

E(b) that are consecutive for a transcript, there is a transcript of the same gene for

which the �rst exon extends further towards the 3'. Formally, it is required that:

a) there exist two exonsea 2 E(a); eb 2 E(b) such that ea; eb are consecutive for at

least one transcript inT (a) \ T (b), and b) E(a) � [ v2 next(a)E(v). In Figure 5.5.c,

we show an example of a novel alternative 5' exonic splicing/donor site event in

pantas in which a = n1, b = n3, and there are nodes in (n1; :::; n2] which extend

\to the right" exonic nodes of T1.e1.

A novel alternative 5' intronic splicing/donor site event for the novel junction

j = ha; bi is called if, beinga intronic and E(b) exonic, there is an annotated junction

hx; bi such that one exon from the setE(x) and one exon from the setE(b) are

consecutive for a transcript, and such that the nodes [x; :::; a] are covered. Formally,

it is required that: a) T (a) \ T (b) is empty, b) there exists an annotated junction

hx; bi , c) I = T (x) \T (b) is not empty, d) there exist two exonsea 2 E(a); eb 2 E(b)

such that ea; eb are consecutive for at least one transcript inI , and e) each node in

[x; :::; a] is covered. In Figure 5.5.d, we show an example of a novel alternative 5'

intronic splicing/donor site event in pantas in which a = n3, b= n4, x = n1, and

the nodes [n2; :::; n3] need to be covered.

A novel alternative 3' exonic splicing/acceptor site event for the novel junction

j = ha; bi is called if, given an exon from the setE(a) and an exon from the set

E(b) that are consecutive for a transcript, there is a transcript of the same gene for

which the second exon extends further towards the 5'. Formally, it is required that:

a) there exist two exonsea 2 E(a); eb 2 E(b) such that ea; eb are consecutive for at

least one transcript inT (a) \ T (b), and b) E(b) � [ v2 prev(b)E(v). In Figure 5.5.e,

we show an example of a novel alternative 3' exonic splicing/acceptor site event in

pantas in which a = n1, b = n3 and there are nodes in [n2; :::; n3) which extend

160



Chapter 5. Graph-Based Models forAS 5.2. Methods

\to the left" exonic nodes of T1.e2.

A novel alternative 3' intronic splicing/acceptor site event for the novel junction

j = ha; bi is called if, beingbintronic and E(a) exonic, there is an annotated junction

ha; xi such that one exon from the setE(x) and one exon from the setE(a) are

consecutive for a transcript, and such that the nodes [b; :::; x] are covered. Formally,

it is required that: a) T (a) \ T (b) is empty, b) there exists an annotated junction

ha; xi , c) I = T (a) \T (x) is not empty, d) there exist two exonsea 2 E(a); eb 2 E(b)

such that ea; eb are consecutive for at least one transcript inI , and e) each node

in [b; :::; x] is covered. In Figure 5.5.f, we show an example of a novel alternative

3' intronic splicing/acceptor site event inpantas in which a = n1, b= n3, x = n4,

and the nodes [n3; :::; n4] need to be covered.

A novel exonic intron retention event for the novel junctionj = ha; bi is called

if, belonging a and b to the same exon, there is at least one node inprev(a) and at

least one node innext(b) that are in the same exon on whicha and b fall. Formally,

it is required that: a) E(a) \ E (b) is not empty, b) E(a) \ E (b) \ [ v2 next(a)E(v) \

[ e2 prev(b)E(v) is not empty. In Figure 5.5.g, we show an example of a novel exonic

intron retention event in pantas in which a = n1, b = n4, which are part of the

exon e1 for transcript T1, and n2; n3 are nodes belonging to the same exon.

Finally, a novel intronic intron retention event for the covered annotated junction

j = ha; bi is called for each transcript inT (a) \ T (b), calling one intronic intron

retention event per transcript, if the nodes [a; :::; b] are su�ciently covered. In

Figure 5.5.h, we show an example of an intronic intron retention event inpantas

in which a = n1 and b= n4 are linked by the annotated junction, and [n2; :::; n3]

are the intronic nodes.

We must make additional considerations when detecting novelAS events. In

cases such as novel alternative 5' exonic splicing/donor site events, a new splice

junction may start or end within a node. To correctly represent these cases, we

split the a�ected node into two separate nodes, ensuring that junction endpoints

align with node boundaries and allowing precise localization of the corresponding

novel AS events.

Computing  and �  measures via the annotated spliced pangenome

After detecting AS events in each replicate,pantas quanti�es them by combining
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the results across replicates. The quanti�cation is based on the analysis of the

support of the junctions in each replicate, computing the measure leveraging the

ratio between the support of the canonical isoform and the alternative isoform [213],

averaging across the replicates. Formally, for theASevent type", given � replicates,

� i as the canonical isoform coverage for thei -th replicate and � i as the alternative

isoform coverage for thei -th replicate, the  is computed as " = 1
�

P �
i =1

� i
� i + � i

.

Then, pantas reports the di�erential quanti�cation of the AS events supported by

both conditions by the �  measure of eachAS event, which is computed as the

di�erence between the absolute value of the means in the two conditions.

Final considerations on the pantas method As already mentioned, one of

the novelties ofpantas is being haplotype-aware. When we align a read to the

annotated spliced pangenome, we can align it to any node of the graph, including

the alternative alleles, even those not initially annotated. Moreover, a read can be

aligned over the alternate allele of a variant, allowing it to support novel splice sites

by introducing edges not present in the graph (as illustrated by the alignment of

read B in Figure 5.3). This approach improves the accuracy ofAS event detection,

even when the variant is near a splice junction.

Additionally, to simplify the downstream analysis,pantas can also surject the

positions of the splice junctions involved in annotatedAS events back to a reference

haplotype. This is done by reporting the positions of the splice junctions with

respect to the selected walk. This approach works well when the junctions are

already annotated.

For novel events,pantas can surject only the junctions derived from annotated

isoforms, while novel junctions are not surjected. Therefore, novelAS events, which

typically involve new splice sites and an alignment-induced splice junction that

can split a graph node into two parts, must be analyzed and handled di�erently.

However, by leveraging the information stored during the augmentation of the

annotated spliced pangenome, the correct breakpoints can be precisely identi�ed.

The lack of surjection for novel junctions does not appear to impact the overall

results of pantas, since having at least one junction surjected to the reference

haplotype is su�cient for inspecting the genomic locus with state-of-the-art tools

such as the Integrative Genomics Viewer [214].

162



Chapter 5. Graph-Based Models forAS 5.3. Results

5.3 Results

In this section, we will discuss the experimental results of bothESGq[35] and

pantas [34].

The ESGqpipeline is implemented in Python, and the source code is publicly

available at https://github.com/AlgoLab/ESGq . For graph indexing and string-

to-graph alignments, we rely on the VG toolkit [20], which is implemented in

C++. The pantas toolkit is implemented in Python and C, and the source

code is publicly available athttp://github.com/algolab/pantas . Annotated

spliced pangenome graphs generated withpantas using a real dataset are available

at https://zenodo.org/records/13740102 . For both experiments, we used a

Snakemake pipeline [164] to ensure the reproducibility and replicability of our

results.

All the experiments were performed on a 64bit Linux (Kernel 5.15.0) sys-

tem (Ubuntu 20.04.4 LTS) equipped with two 16-core AMD EPYC 7301 2.2GHz

processors and 128GB of RAM.

5.3.1 Implementation detail of pantas

The implementation of ESGqfollows straightforwardly the approach described in

Section 5.2 and Figure 5.1, taking as input a reference in FASTA format, the

gene annotations in GTF format, and the RNA-Seq reads in FASTA/FASTQ

format. Meanwhile, sincepantas is a complex pipeline, its implementation should

be discussed in detail.

As input, pantas takes a spliced pangenome in GFA format and the RNA-Seq

spliced alignments to this graph in GAF format. As these inputs are not always

readily available, their preparation is included in the Snakemake pipeline [164]. The

pipeline is based on theVGtoolkit [ 20], which is the only toolkit that provides a

spliced aligner for pangenome graphs. In any case, the annotation and quanti�cation

of pantas is independent of the aligner tool (despite the use of the standard GAF

�le format for the alignments) and can be adapted to other approaches in the future.

Regarding alignments, we discard alignments with score� 20, resulting in more

robust coverages for splice junctions. Moreover, we discard any splice junction not
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supported by at least 3 alignments. This threshold can be changed at execution

time, but a value of 3 resulted in a good trade-o� between e�ciency and accuracy.

To fully control each pantas construction step and correctly annotate the graph,

building the annotated spliced pangenome as described in Section 5.2, we choose to

construct and index the graph manually using theVG indexutility instead of the

VG autoindex utility. In fact, this autoindex utility does not preserve transcript

and splice junction information, which are needed for correctly detectingAS events.

Following the recommendation ofvg authors, our procedure begins by chunking

the input �les (reference genome, gene annotation, and variations) by chromosome.

Hence, we build one graph per chromosome usingvg construct to generate a

pangenome from the reference chromosome and its associated variations. Finally,

this graph is augmented by thevg rna utility, which provides transcript and splice

junction information.

The resulting spliced pangenome contains new edges representing the annotated

splice junctions, but does not yet include the haplotype-speci�c transcripts. As

suggested byvg authors, to not make the construction too ine�cient, it is more con-

venient to �rst build the spliced pangenome, then extract the complete haplotypes

set from the graph usingvg gbwt, and �nally rerun vg rna to project the reference

transcripts onto the haplotypes, thereby obtaining the set of haplotype-aware

transcripts. All these steps are fully included inpantas.

The next step is to simplify this spliced pangenome with haplotype-aware

transcripts, removing the more complex regions to make graph indexing feasible.

In pantas, three levels of simpli�cation steps are included, and the user has to

select them depending on the speci�c use case. The default one is pruning only

the intergenic and intronic regions of the graph, including all haplotype-aware

transcripts, and then using thevg prune utility with the --restore-paths option

to restore all paths,i.e. the transcripts, in the graph. This level, which retains all

haplotype-aware transcripts, provides the most accurate results; however, it is also

the most computationally expensive due to the cost of graph indexing. The second

level is a more aggressive one. In this case, we discard all the transcripts that are

not the reference transcripts. To perform this, we include the reference transcripts

in the graph and then use thevg prune utility to simplify the exonic portions of

the genes if they are too complex. This level, which provides the more aggressive
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simpli�cation, produces a graph that is easier to index, but results in lower precision

in calling haplotype-aware events, as it has removed most of the haplotype-aware

transcripts. The third and �nal simpli�cation level involves removing all intergenic

regions, retaining only the genic loci, and constructing a graph consisting of

connected components, each representing a single gene locus. Note that a gene

locus can potentially include multiple genes in the case of overlapping genes. This

last level builds the smallest graph while maintaining complete information on

haplotype-aware transcripts. It is useful when the user is interested in analyzing a

small panel of genes coming from real datasets.

After the simplifying step, we have the annotating step. In this step,pantas

iterates over the retained haplotype-aware transcripts and tags each node belonging

to an exon with both the name of the transcript it belongs to and its exon number

along that transcript. In contrast, each edge representing a splice junction is

tagged with the numbers of the two linked exons and the corresponding haplotype-

aware transcript. If during this transcript scanning an edge is not present in the

corresponding haplotype, it is tagged by de�nition as a spliced junction. Multiple

transcripts can share nodes and junctions, and therefore, nodes and junctions

are annotated with various tags; hence, we store sets for these tags, which are

fundamental for inferring AS events.

After all these steps, the chromosome-level annotated spliced pangenome graphs

are merged, maintaining the same node IDs space. This graph is indexed using the

vg index utility, which builds the GCSA2index [30, 31].

All these steps,i.e. the spliced pangenome construction and indexing, are

performed once, and the index can be loaded each time we want to quantifyAS

events using an RNA-Seq dataset. In fact, the RNA-Seq dataset can be aligned

to the indexed graph using thempmapaligner [119], which is already included in

the VGtoolkit. This aligner was explicitly developed to align RNA-Seq to spliced

pangenomes, being able to align over novel splice junctions, allowingpantas to

quantify novel AS events.
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Table 5.1: Drosophila Melonogaster real dataset (SRA BioProject ID:PRJNA718442)
data, including for each paired-end replicate the IDs, the number of reads, and the
disk usage.

Condition Replicate n.Pairs Size (GB)

Day 1
SRR14101759 26 658 610 19.2
SRR14101760 25 474 257 18.4
SRR14101761 28 339 185 22

Day 60
SRR14101762 24 985 317 18
SRR14101763 25 569 084 18.6
SRR14101764 24 605 265 17.8

5.3.2 Experimental datasets

We selected both simulated and real datasets to evaluateESGqand pantas. Note

that not all datasets are used to assess both methods.

Drosophila Melonogaster real dataset We tested a recent [215] real dataset

of RNA-Seq reads (SRA BioProject ID:PRJNA718442) on the correlation between

aging and di�erential gene expression in Drosophila Melonogaster.

For this dataset, in ESGq, we considered the reference, gene annotation, and

transcripts provided by FlyBase [216], release 6.51. Forpantas, we also considered

indels from the Drosophila Genetic Reference Panel (v2) [183].

The genome-wide di�erential expression analysis is conducted at two di�erent

time points: day 1 and day 60. In this dataset, we have three replicates for each of

the two conditions, for a total of 6 Illumina HiSeq samples, with paired-end reads

of 151bp for each sample. These conditions are studied from the perspective of

di�erential quanti�cation of alternative splicing events. Table 5.1 summarizes some

statistics for this dataset.

Drosophila Melonogaster simulated dataset We simulated an RNA-Seq

dataset usingasimulator [217], which simulates RNA-Seq datasets while introduc-

ing AS events. We simulated this dataset from the Drosophila Genetic Reference

Panel (v2) [183] and gene annotation (FlyBase 6.51 [216]), the same real dataset

described above. To simplify the simulation and facilitate the use ofasimulator ,
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we removed all overlapping genes from the gene annotation and the corresponding

SNPs. Moreover, we consider a minimum count and frequency for the non-reference

allele of 1 and 0.01, respectively. At the end of this �ltering process, we are left

with a reference panel consisting of 2 311 679 SNPs and 205 samples.

Then, we extracted a random sample from the reference panel, creating the

genomic sequences of both its haplotypes withbcftools consensus [130]. From

these two haplotypes, we simulated an RNA-Seq dataset with two conditions and

one replicate usingasimulator [217]. In detail, this RNA-Seq dataset contains

25 000 000 reads, where we simulated exon skipping, alternative 3' splicing/acceptor

site, alternative 5' splicing/donor site, and intron retention events, with at most

one event per gene. In detail,asimulator selects a \template" transcript from

the set of all transcripts, introducesAS events by modifying this transcript, and

generates additional alternate transcripts, reporting the corresponding new gene

annotations. Note that asimulator may merge di�erent transcripts in a single

template transcript, thus creating chimeric transcripts not present in the original

input gene annotation. These new annotations contain all transcripts used to

simulate reads, including both the template transcript and alternate transcripts.

Additionally, we produce annotations using only the template transcript, which

are then used to simulate an edge case annotation and test the accuracy of calling

novel AS events. Given the noise present in the truth created byasimulator ,

we retained onlyAS events with j�  j � 0:05, discarding events with very low

di�erential expression.

Human real RT-PCR validated dataset The last dataset considered is

a real human RNA-Seq dataset with RT-PCR validatedAS events as ground

truth. We considered the RNA-Seq dataset provided by [189] (SRA BioProject ID:

PRJNA255099), as other recent results in literature [39, 36, 37]. In this RNA-Seq

dataset of 101bp-long reads, we have three replicates for two conditions: the con-

trol condition, namely TRA2A, and the double knockdown of the TRA2 splicing

regulatory proteins, namely TRA2B. In addition, we considered the human genome

and gene annotation from Ensembl [218] (release 109) and the 1000 Human Project

phase 3 VCF �les [5]. We analyzed 128 random samples from theEURsuperpopula-

tion, and the corresponding 256 haplotypes are encoded in the pangenome graph,
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resulting in a graph that is almost three times the number of haplotypes provided

by the Human Pangenome Reference Consortium [33]. We also encode all SNPs

and indels with at least one alternate allele expressed in the considered population.

To quantify the RT-PCR validated AS events, we only require a small panel

of genes, consisting of 77 RT-PCR-validated genes. In fact, the original RT-PCR

truthset provided by [39] consists of 83 events on 82 genes, reported on thehg19

reference genome. In our experiments, we analyzed the newerhg38 reference

genome; hence, we used theliftover utility 1, which is based on [219], to convert

genomic coordinates from thehg19 to the hg38. The remapped coordinates of

three of the 83 events disagreed with the gene annotation due to a change in the

start/end position of the skipped exons; therefore, they were �ltered out. Moreover,

from the remaining 80 RT-PCR validatedAS events, we removed three events with

a low di�erential change between the two conditions,i.e. j�  j < 0:05. At the end

of these two �ltering steps, we obtained an RT-PCR validatedAS events ground

truth with 77 AS events.

5.3.3 Comparison tools

In this subsection, we brie
y describe the state-of-the-art tools used as a comparison

in our experimental setup.

rMATSand STAR rMATS(replicate Multivariate Analysis of Transcript Splic-

ing) [38] is a statistical model for the di�erential quanti�cation of alternative

splicing events. rMATSis a reference-based tool that leverages read alignment

to the reference genome. These alignments are provided by theSTAR(Spliced

Transcripts Alignment to a Reference) aligner [114], which is a seed-and-extend

string-to-string pairwise aligner based on the su�x array. rMATSis capable of

detecting and quantifying novelAS events.

SUPPA2and Salmon SUPPA2[39] is a method for the di�erential quanti�cation of

alternative splicing events based on the quasi-mapping of transcripts and not on

alignments against a reference genome. In detail, this method is based on leveraging

1https://liftover.broadinstitute.org/
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the abundances of each transcript, using the transcript quanti�cation provided by

Salmon[220], to compute theAS events . SUPPA2is not capable of detecting and

quantifying novel AS events.

whippet whippet [37] is a tool for quantifying alternative splicing. This method

analyzes alignments to a custom graph, called Contiguous Splice Graph, which

represents the transcripts, encoding all non-overlapping exons coming from the

gene annotation. Note thatwhippet is used only for the evaluation ofpantas.

whippet allows for augmenting the Contiguous Splice Graph with novel splice

sites supported by read alignments; however, we were unable to run this augmenta-

tion successfully aswhippet crashed when we attempted to include novel splice

sites from a BAM �le. Without novel splice sites,whippet can only report novel

exon skipping events, hence we excluded it from any comparison involving novel

AS events.

5.3.4 ESGqexperimental results

In this experimental setup, we considered the Drosophila Melonogaster real dataset,

comparingESGqagainstrMATS+ STAR(shortly rMATS) and SUPPA2+ Salmon(shortly

SUPPA2). We ran all tools using their default parameters and 16 threads, when

possible, and we compared the reported � .

Both ESGqand SUPPA2quantify AS events starting from a list of events, and,

each time anAS event is not quanti�ed, they assign �  = null to that event, not

considering thisAS event as correctly quanti�ed and discarding it. This occurs, for

example, if the event is not su�ciently supported by the RNA-Seq reads.

ESGqreported 3276AS events, rMATSreported 3699AS events, andSUPPA2

reported 1619AS events. TheseAS events are correctly quanti�ed. These results

demonstrate the complexity of this task, highlighting the inconsistency between

di�erent methodologies based on varying �ltering criteria, as previously noted

in [206].

For rMATSand SUPPA2, which compute the p-value of the quanti�cation, we

selected a threshold of� 0:05 to discard not statistically signi�cant AS events from

the results of all three tools. After this �ltering step, we are left with 933AS events
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