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Abstract

We consider a smooth, complete and non-compact Riemannian manifold (M, g)
of dimension d > 3, and we look for solutions to the semilinear elliptic equation

—Agw+V(o)w = a(o)f(w) + Aw in M.

The potential V: M — R is a continuous function which is coercive in a suitable
sense, while the nonlinearity f has a subcritical growth in the sense of Sobolev
embeddings. By means of V-Theorems introduced by Marino and Saccon, we prove
that at least three non-trivial solutions exist as soon as the parameter A is sufficiently
close to an eigenvalue of the operator —A,.

1 Introduction

The study of solutions to semilinear partial differential equations of Schrédinger type
is by far one of the richest field in Nonlinear Analysis, where Variational Methods and
Critical Point Theory provide a powerful setting for existence results. The occurrence
of more than one solution to such equations is guaranteed, at a basic level, by some
symmetry condition together with the use of topological indices like the genus or the
relative category. We refer to the classical monograph [?] for a survey.

Semilinear elliptic equations of Schrédinger type are typically set in the whole Euclidean
space R?, d > 3, which has a rather poor geometric structure. Multiplicity results
may then appear as a consequence of the presence of potential functions with suitable
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properties. The situation is much different if R? is replaced by a more general Riemannian
manifold M, since the geometry of M may influence the existence of one or more solutions
to the equation. Analysis on Manifolds and Geometric Analysis become the necessary
language to work with these problems: we refer to [?7, ?, 7, 7, 7] and the references
therein for an introduction. For the sake of brevity, we will assume that the reader is
familiar with the basic definitions of Riemannian Geometry.

We will consider d-dimensional smooth complete non-compact Riemannian manifold
(M, g) with d > 3. The aim of this paper is to study the existence of solutions for
problem

{Agw +V(o)w=a(o)f(w) + Aw in M
w(o) — 0 as dgy(09,0) — 00,

where a € L' (M)NL*®(M), a > 0 a.e. in M, f: R — R is a continuous function, A € R
is a real parameter. We assume that V: M — R is a continuous function such that

(V1) vo = infrer V(o) > 0;
(V) there exists op € M such that

lim V(o) = +o0,

dg(o0,0)—00

where dg: M x M — [0,400) is the distance associated to the Riemannian metric g.
Finally, A, denotes the Laplace-Beltrami operator. This operator is defined in local

coordinates by
1
Agh = E 1 0

i (gij\/det gml) .
o detg ox oxJ

We point out that we have defined A, with the “analyst’s sign convention”, so that —A,

coincides with —A in R? with its flat metric.

The nonlinearity f: R — R is a continuous function that satisfies

(f1)
1O _
AT
(f2) there results
o

+5 o0 [t]r=1

2d
h 2, —— |;
Werere(,d_2>,

(f3) 0<rF(t) < f(t)t for all t € R\ {0} where F(t) := /Otf(T) dar.



To introduce the main assumption on the manifold (M, d), we suppose that there exists
a function H: [0,00) — R of class C! such that

/ EH (1) dt < o
0

and

(Ric) for some Gy € M there results
RiC(Myg)(O') > (1 — d)H(d9(50,U)).
Moreover, we will assume throughout the paper that

inf Vol, (B,(1 0
inf Vol, (Bo(1)) >

where

By (1) :={§ € M| dy(§,0) <1}

and
Vol (By (1)) = / dv,.
Bs(1)

Since we want to prove a multiplicity result for (?7), a natural approach could be based
on Morse Theory, see [?, ?]. Unfortunately, Morse Theory requires in general more
regularity of the Euler functional associated to the variational problem, and this would
require a more regular nonlinearity f in (?7?).

We propose here a different approach via V-Theorems, a family of variational tools which
were introduced by Marino and Saccon in [?] to study the multiplicity of solutions of some
asymptotically non-symmetric semilinear elliptic problems with jumping nonlinearities.
More precisely, we will make use of the sphere-torus linking Theorem with mixed type
assumptions (see [?, Theorem 2.10]). The main condition of this theorem can be roughly
summarized in these terms: the Euler functional constrained on a closed subspace must
not have critical values in a certain prescribed range with “some uniformity”. A rigorous
definition is as follows.

Definition 1. Let H be a Hilbert space and Z: H — R a C' functional. Let also X
be a closed subspace of H, a, b € RU{—00,00}; we say that Z satisfies the condition
(V) (Z,X,a,b) if there exists v > 0 such that

inf {||PxVZ(w)| | a < Z(w) < b, dist(w,X) <~} >0

where Py: H — X denotes the standard orthogonal projection. In the following, we will
refer to it as (V)-condition for short.

In order to make the paper self-contained, we also write the statement of the V-theorem.



Theorem 1. Let H be a Hilbert space and X;, i = 1,2,3 three subspaces of H such that
H=2X &X & X3 and dim &; < oo for i =1,2. Denote with Px,: H — X; the standard
orthogonal projection. Let T: H — R a C' functional. Let p, p', p", p1 be such that py > 0,
0<p <p<p” and define

A={weXi®Xy | p <|[Px| <p", |Pxll <p1} and T =0xex,A,

Spz={we @ ||wl]|=p} and Bp={wedX;||w|<p}.

Assume that
a' =supZ(T) < infZ(Sa3) = a”.

Let a and b be such that ' < a < a’ and b > supZ(A). Assume (V) (Z,X) & X3,a,b)
holds and that (PS). is verified for all ¢ € [a,b]. Then I has at least two critical points
in 71 ([a,b]). Moreover, if a; < inf Z(Ba3) > —oco and (PS). holds for all ¢ € [a1,b],
then T has another critical level in [a1,a’].

Therefore, we need a suitable Hilbert space in which (?7) can be associated to the critical
points of a C! functional Z. In order to respond to this need, we introduce here the
variational framework in which problem (?7) is set.

The Sobolev space H, (M) is obtained as the closure of C§°(M) with respect to the norm

lwll, = (/M 1V w(0)|? dv, +/M (o) dvg)é,

where C§°(M) denotes the space of smooth compactly supported function in M. We
further set

H(M) := {w € Hy(M) | |w|* < oo}
where

el += </M [Vow(o)|® dvg + /M V(o) |w(o)? dvg)1/2

is the norm induced by the scalar product

(w1, wa) = /M<vgw1(a),vgw2(a)>gdvg+ /M V(0w (o)ws (o) dug.

We recall that under the assumptions we made on the potential and the manifold, the
embedding H{,(M) < L(M) is continuous for any ¢ € [2,2*]. Furthermore, as a result
of the Hypothesis V; and V5 we also have the following Lemma, whose proof can be found
in [?, Lemma 2.1].

Lemma 1. Let M be a complete, non-compact d-dimensional Riemannian manifold
satisfying the curvature condition (Ric) and infsepq Volg (By(1)) > 0. If V' satisfies Vi
and Va the embedding Hi,(M) — LI(M) is compact for all q € [2,2%).



V-Theorems turned out to be a powerful tool when one is interested in studying the
multiplicity of solutions for nonlinear equations. In particular, in [?] Pistoia proved the
existence of four solutions for a superlinear elliptic problem on a bounded domain of
RY. At a later time, in the same spirit of the paper of Pistoia, Mugnai proved in [?]
the existence of three solutions for a superlinear boundary problem with a more general
nonlinearity. V-Theorems are useful also when one deal with problems with higher order
operators as showed in [?] by Micheletti, Pistoia and Saccon. It is also worth mentioning
[?] where Molica Bisci, Mugnai and Servadei showed the existence of three solutions for
an equation driven by the fractional Laplacian on a bounded domain of R% with Dirichlet
condition and a general nonlinearity. When one draws his attentions to problems settled
in unbounded domains, the situation is completely different. Indeed, in order to apply
the sphere-torus linking Theorem it is necessary to split the space on which is defined the
functional in three linear subspaces, two of them finite dimensional, while the third infinite
dimensional. When {2 is a bounded domain of R? it is well known that the embedding
H(£2) — L?(02) is compact. As a consequence of that, the resolvent of the Schrédinger
operator or the Laplacian is compact and with standard arguments it is possible to prove
that the spectrum of these operators is discrete and that the eigenfunctions are dense in
the space under considerations. So, a common approach to select the three subspaces is
to consider the whole space as a direct sum of eigenspaces. Unfortunately, this strategy
fails in the case of unbounded domains, since the spectrum of the Schrédinger operator
or the Laplacian is not even discrete in general. A contribution in this direction was
given by Tehrani in [?] where the existence of two solution for the Nonlinear Schrédinger
equation in R?. Following the characterization of the essential spectrum of a Schrodinger
operator present in [?], they are able to decompose the space and apply the theorem. The
drawback of their approach is that they don’t give sufficient condition on the potential to
ensure the existence of eigenvalues subsequent to the first one. A recent result was also
obtained by Mugnai in [?] proving the existence of at least two solutions for an equation
in which the nonlinearity is allowed to have an exponential growth in R?. In the present
paper, we want to extend the results quoted previously in two directions. The first one is
to give sufficient condition that will enable us to completely characterize the spectrum of
the operator taken into account. Secondly, the problem we want to investigate is settled
in a non-compact Riemannian manifold and, as far as we know, results as the one we are
going to prove are not present in literature. One of the first contribute for the Nonlinear
Schrodinger equation on Riemannian manifolds was given in [?], where Faraci and Farkas
established a necessary and sufficient condition for the existence of non-trivial solutions
with hypothesis on the manifold equal to the ones we will assume. More recently, Molica
Bisci and Secchi in [?] showed the existence of at least two solutions for (??) requiring A
large enough under similar assumptions on f. We also quote [?] where the same authors
of this paper proved the existence of infinitely many solutions for a Schédinger equation
set on a Cartan-Hadamard manifold.

The main result of the paper is a multiplicity result for problem (??) whenever \ is
sufficiently close to an eigenvalue of —A,.



Theorem 2. Assume f: R — R and V: M — R are continuous functions that verify
respectively (f1) — (f3) and (V1) — (Vo). For every eigenvalue A, of —Ay, there exists
>0 such that if Ay — pp < X\ < Ag, then problem (?7?) admits at least three non-trivial
weak solutions wy, wy and ws. Furthermore, these solutions belong to L (M) and for
each i € {1,2,3} there results

lim w;(o) = 0.
dg(o,00)—+00 Z( )

The proof of the previous Theorem is based on a precise description of the spectral
properties of the operator —A, 4+ V' which governs (Py). In Section ?? we list in detail
these properties, since they seem to be new in the setting of a non-compact manifold M.

Remark 1. The boundedness of our solutions and their decay at infinity (??) follow from
[?, Theorem 3.1]. This remark applies to the eigenfunctions considered in Theorem ?? as
well.

To the best of our knowledge, our results are new even in the Euclidean case M = R,
d > 3. In this case, our assumptions on V can be relaxed, and we can rely on some
conditions introduced in [?] which ensure both the discreteness of the spectrum of the
operator —A+V and the necessary compact embedding of the Sobolev space H ‘1/ (RY). In
our setting, the compactness of the embedding of H{,(M) into LP(M) for all p € [2,2*)
follows from [?, Lemma 2.1]. As a concrete example, we propose the following result.

Theorem 3. Assume that V: R? — R is a function in LS (RY) which verifies V (z) >
Vo > 0 for almost every x € R¢ and

lim dy
2| —+00 J By (2) V(Y)

Then the same conclusions as in Theorem 7?7 hold for

-2
—Aw+V(z)w = (1 + \x|d) |w|" 2w + M in RY
w(zx) — 0 as x| — oo,

where r € (2, d27—dZ)

2 A setting for (P))
Let us consider

{—Agw +V(o)w=a(o)f(w)+ Aw in M
w(oc) =0 as dy (o9, 0) — o0,

where o € LY(M) N L%°(M) \ {0} is a non-negative function and f satisfies assumptions

(f1) = (f3)



In order to find solutions for problem (??) we introduce the energy functional associated
to the problem. Namely, let Jy: H{:(M) — R be such that

me=QWW—Qwﬁm@—Agwwww»m.

By virtue of the embedding results presented in the previous sections, this functional is
well-defined, and it is standard to prove that it is of class C''. Moreover, as is well known,
critical points of Jy correspond to weak solutions of problem (?7?), i.e.

(w.) = A, ) aan) + | alo) f((@))o(o) dv,

for any ¢ € H;(M). More in general, one can show that the derivative of the functional
Jy along a function v € H;(M) is

J3(w) [w] = (w,v) — Mw, v) r2 ) — /M a(o) f(w(o))v(o) dug.

Now, take s € [2,2*) and consider its conjugate exponent s’ such that 1/s+ 1/s' = 1.
We select a function h € L¥' (M) and we focus on the equation

—Agw = h(o), o€ M.

By applying the classical Riesz or Lax-Milgram Theorem, one can easily show that the
problem above has a unique weak solution. By virtue of that, we are able to define

AL LYM) —» HE(M)
h o w=A"h

where A_'h is the only weak solution of (??), which means

(A7 h, @) = (h, @) 12(pm)-

Remark 2. We emphasize that the operator A;l is compact. Indeed, it is possible to
write it by the composition of two maps

—1

L8 (M) — (HL(M))" = HL(M)

where the first is compact, recalling that H{,(M) < L¥(M) is compact and applying
[?, Theorem 6.4]. Since H{,(M) is a Hilbert space, there is a unique element called the
gradient of Jy and denoted V. such that

(VI (w),v) = J5(u) [v].-
It is also possible to verify that the gradient of Jy can be written as

VI(w) =w— A;l (Aw + af(w)).



We begin our analysis by proving a technical lemma that will provide some useful
estimates we will use throughout the paper.

Lemma 2. If f: R — R is a function that satisfies (f1) — (f3), then we have the following
estimates:

(7) for any e > 0 there exists a constant A > 0 such that
[F()] < 2e|t] +rAT 8]
and
F(t) <et® + A5 |t
for every t € R;
(ii) for any e > 0 there exist Ay, A5 > 0 such that
FO] < A+ A5 e
for every t € R;
(791) there exists As, Ay > 0 such that
F(t) > As|t|" — A4
for every t € R.
Proof. The verification of the three inequalities is standard, and we omit the details. [

We end this section by proving that the functional Jy satisfies a good compactness
condition in Critical Point Theory.

Definition 2. We say that a sequence (w;); C H{,(M) is a Palais-Smale sequence at
level ¢ € R, (PS),. sequence for short, if Jy(w;) — ¢ in R and J§(w;) — 0 in (H{(M))"
as j — oo. Furthermore, the functional Jy is said to satisfy the (PS). condition if every
(PS). sequence for Jy admits a strongly convergent subsequence in Hy,(M).

Proposition 1. Let f be a map that satisfies (f1)—(f3) and A > 0 a real parameter.
Then, (PS). condition holds for every c € R for functional J)y.

Proof. Let (w;); C Hiy(M) a (PS). sequence for functional Jj, i.e.
Ja(wj) = ¢ inR
and

Jy(w;) =0 in Hi (M)



as j — oo. We first prove that (w;); is bounded in H{ (M), adapting the ideas of [?,
Proof of Theorem 6.1]. We proceed by contradiction, assuming without loss of generality,

that p; = ||w;|| = +o00 as j — +oo. Let us set v; = w;/pj, so that we may assume that
v; = v in H(M) and v; — v strongly in L*(M).
Now,

e o1) = In(wy) = gllugl = Sl — | alo)Fws(o))doy,

hence L Flw;(o))
N=--2 .2_/ %d
o) = =gl = [ a@) =5 dvy
and
: F(w;(o)) LA o
Jim, [ 0= vy = 5 = el

We consider

Mo ={o € M|v(o) #0},

and we notice that w;(c) — 400 when o € My. From 77 (ii1) it is straightforward to
verify

F .
lim ao) (w; (02)) dvg = 0.
=00 J Mo [[wj]|
This obviously implies that
F .
lim a(a)w dvg = +o00.
J—+o0 J M pj

Comparing (??) and (??) we must conclude that Vol,(My) = 0, which means that v = 0
a.e. on M and in particular v; — 0 strongly in L?(M). From

Cllw;| = (VIx(w;), wi) = llwj[[* = AlJw; 15 — /M a(0) f(wj(o))w;(o) dvy

we see that

f(wj(o))w;(o)

li S R dug =1 — M||3 = 1.
A [ T v Iv]13
Therefore
, rF(wj(o)) — f(wj(o))w;(o) oA r
lim | (o) ey = 5 = Sl — 1+ Al = 5 - 1
J—+oo J M Pj 2 2 2

Coupling this with assumption (f3), we conclude that § < 1, against the assumption
that r > 2. This contradiction implies that (w;); is a bounded sequence in H{,(M).

We can now use (??) and Remark ?? (see also [?, Proposition 2.2] for a general approach)
to conclude the proof. O



3 Geometry of the V-Theorem

As mentioned at the beginning of the paper, our aim is to prove an existence result
through the so-called V-Theorem. In order to apply this tool, it is necessary to split the
space in three closed subspaces, two of finite dimension and one of infinite dimension.
Furthermore, the functional is required to have a precise geometrical structure. A standard
decomposition of H. ‘1/(/\/1) into three subspaces can be made through an adequate selection
of some eigenspaces associated to the operator A4. The following theorem characterizes
completely the spectrum of the resolvent of the Laplace-Beltrami operator under the
assumptions that guarantees the compact embedding H{,(M) < L¥(M) for s € (2,2%).

Theorem 4. The following statements hold true:

(a) the smallest eigenvalue of problem (?7) is positive, and it can be characterized as

A= min |lwl|?
weHL (M)
HWHL2(M):1
or analogously
2
Al = min 7”10” ;

weH, (MM} [0

(b) there is a non-negative eigenfunction ej € H‘l/(M) that is an associated eigenfunc-
tion to A1 where the minimum in (??) is attained. Moreover, [le1r2a) =1 and
A= Jlerl;

(c) the eigenvalue Ay is simple, i.e. if w € H{,(M) is such that
[ (9000). Ve (oDgduy + [ Vioh(o)elo)dny =X [ wlo)o(o)du,
M M M

for any p € H,(M) then there exists £ € R such that w = ey;

(d) the set of eigenvalues of problem (??) can be arranged into a sequence (Ag)i such
that
)\1<)‘2§>\3§-“§)\k§)\k+1§"'

where limy_,oo Ak = +00. Moreover, every eigenvalue can be characterized as

M= min ]
weLy
||U)HL2(M):1

or equivalently
Ak+1 = min H;Uiu
wEEkl Hw”LQ(M)

where
Ej :=span{eq,...,ex};

10



(e) for any k € N there is an eigenfunction ey, € E,i;l associated to the eigenvalue \j
such that the minimum in (?7?) is attained, i.e. |leg||p2(pq) = 1 and

A = llex]);
(f) the eigenfunctions (ey)r are an orthonormal basis for L*(M) and an orthogonal
basis for Hi;(M);
(g9) each eigenvalue has finite multiplicity. Namely, if Ay is such that
Ak—1 < A =00 = Mern < Mgthtl
for some h € Ny, then span{eg,...,extn} is the eigenspace associated to \j.

Proof. All these results are a by-product of the classical theorems of functional analysis
on the basic properties of compact self-adjoint operators defined on Hilbert spaces. As a
consequence of that, we will omit the proof, and we remind the interested reader to [?]
where an elementary proof is presented that can be easily adapted to our new setting. [J

We point out that the previous Theorem completely describes the set of solutions of the
eigenvalues problem

—Agw+V(o)w = w in M

w(o) =0 as dg(0g,0) = 00.
The condition w(o) — 0 as d4(o, 09) — 400 follows from Remark ?7?.
In this section, we are going to show that the functional J) associated to problem (?7)
possesses the geometrical structure required by the (V)-Theorem under the assumption

we made on the nonlinearity f and the potential V. Before doing that, for the sake of
simplicity, we fix some notation. Henceforth, k and h will be positive integers such that

Ae—1 < Ak =00 = Mg < Mgpht1-

We define
Xy 1= FEj_1, Xo:=span{ey,...ex1pn}, Xz:i= Ekﬂh'

We point out that the existence of such integers h and k is guaranteed by Theorem ?77.
Next Lemma generalize the Poincaré inequality to the case in which the functions belong
to eigenspaces or its orthogonal.

Lemma 3. Let kK € N. The following inequalities hold:
(a) if w € Ej- then
lwl* > Mg llwlZa
(b) if w € Ey), then

ol < Aellwl|Z2ppy-

11



Proof. We start with the case (a). Since w € Ei- we can write
o0
w = Z ;€4
j=k+1
for some coefficients «; € R. Thus, we compute

o

lwl? = (w,w) = Y7 afA; = AerallwllF2u
j=k+1

where we used Theorem ?? (f), (??) and the Bessel-Parseval’s identity (see for instance
[?, Theorem 5.9]). On the other hand, when w € Ej we have

k
w = Z Oéjej.
Jj=1

As a consequence, similarly as we did above we get

k
lwll* =3~ 052 < Aellwll -
j=1

O

Next proposition will show the functional Jy verifies the desired geometrical property we
need to apply the V-Theorem.

Proposition 2. If assumptions (f1) — (f3) hold and X € (Ag_1,\x) then there are
p, R e R, with R > p > 0 such that

sup Iy < inf
{weXi | |lwl|<R}{weX18X> | ||w||=R} {weXo®Xs | [lwl=p}

Proof. We start showing
inf Iy >0
{weX29 Xz | |lwll=p}
choosing p adequately and observing that X, & X3 = E,g-_l. Applying twice the Holder
inequality, we get
| @@ dv, < oz
M [2%=2

(M)HWH%W(M)

and

| @) v, <Jall o
M L2 -

T(M)Hpr*(M)-

12



From Lemma ?7? (i), (??) and (??) we obtain

W) 2 Gl = Sl — [ alou(e)Pdy, - 45 [ a@)u)l do,

1 2 A 2 2
2 Slwll® = Sllwlzaca —ellal M)IleLz*(M)—AiHaHL%

LT3 a1l vy

(

Now, recalling Hi;(M) = L¥(M) for every s € [2,2*] continuously, it is possible to find
C > 0 such that

1
Ja(w) > 3

A
lwll® = S Il — eCllafl e M)HwIIQ — AiClladl 2

" ol
—2( (M)

Finally, Lemma 77 yields

1 A 2 € r
) = |5 (1= ) =<Clal e, il = A5l e

At this point, choosing € > 0 such that

1 A
(12 = .
- < A}g) Cloll g, >0

and p sufficiently small, the desired assertion is proved. On the other hand, it is possible
to prove

sup Jy <0.
{weXy | lw|<RIUH{weX1®X2 | [w||=R}

Indeed, in the case w € X1, from Lemma ?7? and (f3), recalling o > 0 for a.e. 0 € M, it

follows that ) \
Ja(w) < k—%

Instead, when w € X; @ X it suffices to use Lemma 7?7 (ii7) to obtain

[w][Z2 ) < 0.

1 T
Ta(w) < gllwl® = A /M a(o)w(o)[" dvg + Aslle|| L1 a)-

Since X1 @ X5 has finite dimension all norms are equivalent, then choosing R > 0 big
enough it is straightforward to see that r > 2 implies Jy(w) < 0. O

4 Validity of the (V)-condition

This section is devoted to show the validity of the (V)-condition introduced in Definition
?7?. Before proving the main result of this section, we need two preliminary lemmas.

Proposition 3. Assume Hypotheses (fi1) — (f3) hold. Then for every o > 0 there
exists 0, > 0 such that for each X € [Ax_1 + 0, Npyn+1 — 0] the only critical point of J)
constrained on X1 @ X3 with Jy € [—0,,0,] is the trivial one.

13



Proof. By contradiction, we suppose the statement false. So, we assume the existence of
0 > 0, two sequences 1 C [Ap—1 + 0, Agtht1 — 0] and (w;); C X1 @ X3 of critical points,
i.e.

(VJyu,(wj), ) =0 for any ¢ € X1 & X3

such that

lim J, (w;) = 0.

Jj—+oo
Since (w;); C X1 @ X3, we can choose ¢ = w; in (?7). As a consequence we have
0=y = pslhwglEacany = [ (o) (wso)us(o) do.

Then, we notice that (??) can be rewritten as

0= 2J,, (w,) +2 /M o) F(w;(0)) dv, — /M (o) f (w;i(0))w;(o) dv,.
Exploiting (f3) in (??) we obtain

0< 20, () + 2= 1) | al0)F(uwy(e) duy.

Reordering the terms in (?7) we get

0= (r=2) [ alo)Flu;(e)) dvy < 27, ().
M
Putting together (?7?) and (??) we obtain

lim a(o)F(wj(o)) dvy = 0.

j—00 J M

Now, recalling w; € X1® X3 for all j € N, we are able to find wy ; € X7 and w3 ; € X3 such
that w; = wy ; + ws ;. At this point, on the one hand, we test (?7) with ¢ = w1 ; — w3 ;
and exploiting the properties of orthogonality of wy ; and w3 ; we have

0= (VJy, (wj),w1; —wsj)

= [Jwi|I* = [Jws 411 — psllw;

T2y T 1llws 172

— | @)ty wn(0) = s s0)) doy.

14



Rearranging (??) and applying Lemma ?? we get

/M (o) f(wj(0))(wi3(0) = ws,j(0)) dvg = [Jwi4|* = [[wslI* = wjllw ;|72

+ p5l|ws 122
14
Ak—1

Hj — Akthtl

3
’LU37 y

On the other hand, thanks to Hélder and the continuous embedding H{,(M) < L"(M),
we have

‘/M a(o) f(wj(0))(w(0) —ws,j(0)) dvg| < [Jef (wi)ll . agyllwr; — wsjllrmy

< Cllaf (wi)ll g (g llws]l

for some C' > 0, where we used

(w1j — wsj, w1 — wsj) = [[wy ;] — lws]|* = [Jw;|*.
Coupling (?7?) and (??), we have
=Cllaf (wi)ll pr apyllwsll < s ;|

h+1
from which it follows that
20
Ab+ht1

||w]|| < CHOLf(’LUj) HL”"'(M)‘
Then, we use Lemma ?? (i) and we obtain

/M (o) f(w; (o))" dug < /M {04(0) <A2 + AgleV’_lﬂ 1
Recalling that for any a,b > 0 we have
(a+b)" <2(a" +b"),

it follows from (?7) that

/

/M (@) f(wi (@)™ dvg < (24s]jall L (ng) + (245)" /M (@) [wy|" do,.

15



Finally, we exploit Lemma ?? in (??) and we obtain

r! v Ay r’ !
/Mla(a)f(wj(a))l vy < (2420l (ry)) + 1 (24)7 el (o

/ 144

+ 245 Al /M (o) F(w;(0)) du,.

From (?7), (??) and (??), we can deduce that (w;); is bounded in H{,(M). Hence, up
to a subsequence
W = Wee  in Hy(M).

Furthermore, recalling that Hi,(M) < L"(M) is compact, we have

Wj = Weo in L"(M),
wj(o) = wee (o) for ae. 0 € M

as j — oo. Now, from (?7), Lemma ?? (i) and the Minkowski inequality it follows

2 laf@lle
CAeth1 — [yl

0<

r—1
.

(/M {a(g) (25’wj| + rA§|wj|T—1>}m dvg> -

(|l

) r—1 » r—1

G (S o) =Ty |77 dvg) ™+ 27 A5 (frg (0) 7T wy|” dvy)

B [y '
Recalling that the embedding Hi-(M) — L*(M) is continuous for every s € [2,2*] we
deduce from (?7?) that

IN

20

0< =—
CAeghi1

< C (2 + rA5[Jwy)"2)

for some optimal C' > 0. With similar estimates, it is straightforward to check that
la(o) f(w;(0))|7T < Ctla(o)| =T + C3lw;(o)]"

and
(o) F(w;j(0))] < C5|w;(0)]? + Cf|wj(a)|"

choosing adequately C7,C5,C5,C7 > 0. Hence, the general Lebesgue dominated conver-
gence Theorem [?, Section 4.4, Theorem 19] implies

Jim [ al@)F(uy@)dy, = [ alo)F(us(o)dv,

and

tim [ (o) f 0y (0)) 7T dvy = [ o) flaso()) 77T doy,

j—oo J M

16



Coupling (??) and (??), keeping into account (f3), we see that ws = 0 is the only
admissible case. At this point, only two possible scenarios are possible. The first one is
that w; — 0 in H{;(M), but if that were true, letting j — oo, then we would have

which is impossible since € > 0 is arbitrary. The second one is that there exist n > 0
such that ||w;|| > n for each j € N. In this case, firstly we notice that from ws = 0 and
£(0) =0 it follows

lim [ Ja(o) f(w;(0))[7T dvg = 0.

J—00 J M

Then, thanks to (?7?), (??) becomes

20m

0<
Akthtl

<0,

which is clearly a contradiction. ]

In the sequel, given a closed subspace Y of Hi;(M) we will denote with Py : H{;(M) — Y
the usual orthogonal projection.

Proposition 4. Suppose f satisfies (f1) — (f3), A € R and let (w;); C H(M) be a
sequence such that

(Jx(wj)); s bounded
Px,wj — 0 in Hi,(M)

PXl@X3VJ)\(wj) —0 in H‘l/(./\/l)
Then (w;); is bounded in H{,(M).
Proof. We argue by contradiction, and we suppose that
[Jwjl — oo

as j — oo. Normalizing, we assume up to a subsequence

w; .
o e
J

and

Wi
[l

— Wy in L¥(M)

17



as j — oo for all s € [2,2%).
Clearly, we can write

w; = Px,w; + Px,¢x,w;
with Px,w; — 0. Recalling (??7), (??) and (??) we have
(Pxi@x3 VIN(w)), wj) = (VIr(w)), wj) = (Px, VA (w;), w))
= gl = Mz g = | o)y o))y () dy
— (P, (w5 = A, Oy + af(wy)) ) ,wy)
By orthogonality, we get
(Px,w,v) = (Px,w, Px,¢x;v + Px,v) = (Px,w, Px,v)

and
<w7 PXz”) = <PX1@X3w + Pszv PX2U> = <PX2w’ PXz”)

for every w,v € H;(M), which means that Py, is a symmetric operator. In virtue of
that, we have

(Px, (w5 = 45" Oy + af(wy)) s wy) = | Pxyw]]” = M4, g, Pxywy)
- <A;1 (af(wj)) 7PX2wj>'

Recalling (?77) we get
M Py,wj, Agtws) + (Pxywy, Ay (ef (wy)))
— APyl 220 + /M (o) f(w; (o)) Pxyw;i(o) dv,
Inserting (??) and (??) in (??) we obtain
(P, V(). w5) = 202(w;) +2 [ a(0)F(wy(0)) dv,
1l + APyl agan) = [ o) fus(o)uy(0) dy
+ /M a(0) f(w;(0)) Py,w; (o) dv,.
Reordering the terms in (?7?) and using (?7?), (??), (??) and (??) we get

b
[Jw; ||I”

(2 /M (o) F(w;(o)) dv, — /M o) (w; () )w; (o) dv,

+ /M o) (w; () Pxyw; dvg> 0

18



as j — oo.
Claim: ws, =0
We first need to show

/ a(o) f(wi(o))Px,w; dvg
M

;"

as j — co. As a first step, observe that all eigenfunctions are bounded by [?, Theorem
3.1]. Moreover, having X finite dimension, all norms are equivalent. Therefore, from

(??) it follows that
[ Px;w;l oo () — 0

as j — oo. Then, from Lemma 7?7 (7)

2 [ aloyuy(o) vy + v 45| Pyl g || o)l (o)) o

lw; "

<

Applying the Holder inequality twice and recalling Hi, (M) < L?(M) it follows

: . " w;
2eCllollzney | ARl lolir o [l 0

[[wy |72 [[w; |
for some C' > 0. Now, the validity of (??) follows from the boundedness of the sequence

w;/|lw;|| in L"(M). In virtue of (??), combining (??) with (f3), we obtain

2 [ alo)F(uy(o)) v, — [ a(o)f(w;()ws(0) dv,

[l "

o(l) =

from which we deduce

19



At this point, Lemma ?7? (4i7) implies that

/M a(o)w;|" dv, . Adlladl 2w 1
[Jw;l” = Aslflws|” As|lw; ||

| 2@ F(w;(e) du,
M

Combining this with (??) we get that a(o)|w;(o)|” — 0 a.e. in M as j — oo, but then
the claim follows because of the positivity a.e of a. Now, we observe that

1
— o [ (o) F(wy(0) duy,

[[; 2

wj

0« =

Ia(wj) 1_/\’
s> 2 2

[E2T)

Recalling w;/||w;| — 0 in L?(M) we obtain

b
;2

1

], o) F (@) dvy = 5

as j — oo. Furthermore, from Lemma ?7 (i4i) it follows

1
;2

Agllell 1
alo)|w; ()| dv, < + /ao’Fw-a dv,.
L @) oy < ZHEEES 4 [ (o) (s (o) dog

Because of (7?), the second member of (??) is bounded and so there exist a C' > 0 such
that

()" dvg < Cllwj?.
[ a@us@)l v, < Clhuy|

At this point, applying Lemma ?7 (i7), the Holder inequality and (?7), we notice

| Pxcyw; || oo (an)
[ [I?

1 r=1 .
(Aallallsng + 45 [ [a(0)[Fla(0)| " fus(o) ")

r—1
T

1 T
Aoy sl [ [, a@hes@l dv

[Jw; ][> ;|7 [

< [P, wj e

~1 1 1
Asllal| L1 A5 e[z g

;]2 Tk

< || Px,wj|| Lo

which implies

j=o0 ;|
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Dividing (??) by ||w;||* and using (??), (??), (??) and (?7) we get

]w1j||2 <//vt a(o)F(wj(o)) dvg — /M (o) f(wj(o))w;(o) dvg) -0

as j — o0o. To conclude the proof, we argue as did in (??) to obtain

1
]lggo 3 a(o)F(w;i(o)) dvg = 0.

Clearly (?7) and (??) are not compatible. O

Proposition 5. Assume that f satisfies (fi1) — (f3). For any o > 0 there exists 1, > 0
such that for any n',n" € (0,n,), with ' < n” we have that V (Jx, X1 & X3,7",1") is
verified for all X\ € (Ag—1 + 0, Nkrht1 — 0)-

Proof. By contradiction, we suppose that there is ¢ > 0 such that for any 7z > 0 we can
find X\ € [Ak_1 + 0, \krnhr1 — 0) and i’ < " such that

(V) (In, X1 @ X3,77',1")
does not hold. If so, it is possible to find a sequence (w;); C H{-(M) such that

Tx(wy) € [n',n"]
dist(wj, X1 ® X3) =0 asj— oo

PXleanvjj\(wj) — 0 asj— oo.

Because of that, Proposition ?? can be applied, thus (w;); is bounded in Hy;(M). Hence,
up to a subsequence,

w; — Wee  in HE(M)

Wj = Weo in L(M) for all s € [2,27)

wj(o) = we(0) a.ein M

as j — oo. Now, arguing as we did to obtain (??), we can find fli, Ag > 0 such that

| 1000 (o)) dvy < A+ A [ os(o)) doy,
M M
Since w; — wWeo in L7 (M) there is C > 0 such that

/. lao) f(wy(0)) 7T dv, < C.
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Then, recalling that A;l is a compact operator,
Pxax Ay (Aw : A (X
X19X3g wj + af(w]) — Px ex; g Woo + af(woo) :
Recalling (?7), we have
PXl@XSVJA(wj) =w; — Px,wj — PXl@X3A9_1 (ij + Ozf(wj)) .
Since that, (?7), (??) and (??) we deduce
wj — PX1®X3A;1 (xwoo + af(woo))

in Hi;(M) as j — oco. Now, on the one hand from (??) and (??) it follows

(VI5(w;), ) = (wj, @) = Mwj, @) 2(am) — /M a(o) f(wj(a))e(o) dvg — 0
for any ¢ € X1 @ X3 as j — oo. O

On the other hand, from (??) and (??) we also have
(VU303),) = {1000r ) = Mivoer ) 12030) = [ (@)1 (05(0)) () do

for any ¢ € X7 @ X3. Coupling (??) and (??) we get that we is a critical point for
J; constrained on X7 @ X3. Then, we can apply Proposition 77 to obtain ws = 0.
But, since J;(w;) > 7/, wj = weo in H{,(M), exploiting the continuity of J5 we obtain
J5(wso) > 0. This is a contradiction, as J5(0) = 0.

5 Proof of Theorem ?7?

We begin with a technical result.
Lemma 4. If f verifies (f1)—(f3) then

lim sup Jy(w)=0
A=Ak weEkJrh

Proof. We start noticing that from Lemma ?? (ii7) it follows

lim J =—
¢ im Jy(&w) 00
for all w € Eyp, thus

sup Ja(w) is achieved.
wGEk_,_h

Now, by contradiction we suppose there is a sequence 7; — A\, as j — oo and a sequence
(wj)j C Ej4p, such that

To(wy) = sup Jy(w) >

J
wEK, 4 p
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for some v > 0. We split the proof analysing separately the case (w;); bounded and
unbounded. In the first one, since the weak and the strong topology coincide, we can
SUppose w; — Weo in Ej4p. In order to reach a contradiction, keeping into account (?7)
and letting j — oo, it suffices to apply Lemma 77 to obtain

7 < In(0) = sn — M) — /M () F (wso (o)) dvy < 0.

Instead, if (w;); is unbounded, we can assume ||w;|| = oo as j — oco. From Lemma 77
(7i7) it follows

1 T -
0 <y < Jp(wy) < §||ij2 - gjllellizw) — As|w;l[7r gy + Aalledll L)

Exploiting again the fact that on the finite-dimensional subspace Ej1; all norms are
equivalent, the right hand side of the above inequality goes to —oo concluding the
proof. O

Proof of Theorem ??7. We want to apply [?, Theorem 2.10]. We start choosing ¢ > 0. In
correspondence of that, thanks to Proposition ?? there are n,, 7', 7" > 0, with ’ <" <7,
such that V (Jy, X1 & X3,7',n") is verified for all A € (A\x_1 + 0, \krnht1 — 0). Exploiting
Lemma 7?7 we also have the existence of g > 0, with g < p such that

sup Jy(w) <7/
wELEL4p

for A € (A\x — @, Ax). At this point, recalling Propositions 7?7 and 77, all hypothesis of
Theorem 2.10 in [?] are satisfied, and we have the existence of two non-trivial critical
points w1 and ws such that

I(ws) € [0, 1"]  (i=1,2).

The third critical point ws is a consequence of the classical Linking Theorem. Furthermore,
from Lemma ?7, choosing A sufficiently close to A, we can see that

J,\(wi) < sup J,\(w) < Jx(wg), (Z = 1,2)

UJEEk+h
proving that wi, we, ws are distinct. ]
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