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Abstract

We establish fully-discrete a priori and semi-discrete in time a posteriori error esti-
mates for a discontinuous-continuous Galerkin discretization of the wave equation in
second order formulation; the resulting method is a Petrov—Galerkin scheme based on
piecewise polynomial test functions and continuous piecewise polynomial trial func-
tions in time, respectively. Crucial tools in the a priori analysis for the fully-discrete
formulation are the design of suitable projection and interpolation operators extend-
ing those used in the parabolic setting, and stability estimates based on a nonstandard
choice of the test function; a priori estimates are shown, which are measured in L*°-
type norms in time. For the semi-discrete in time formulation, we exhibit reliable
a posteriori error estimates for the error measured in the L°°(L?) norm with fully
explicit constants; to this aim, we design a reconstruction operator into C' piecewise
polynomials over the time grid with optimal approximation properties in terms of the
polynomial degree distribution and the time steps. Numerical examples illustrate the
theoretical findings.
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1 Introduction

We establish fully-discrete a priori and semi-discrete in time a posteriori error estimates
for a C-in-time method, see, e.g., [37], approximating solutions to the wave equation
in second order formulation, which are explicit in the spatial mesh size, the time steps,
and the polynomial degrees.

Formulation, a priori estimates, and minimal literature. The C°-in-time method
we are interested in is based on a second order formulation of the wave equation.
Compared to several references where first order systems are considered [13, 14, 23,
25], the dimension of the corresponding discrete spaces is smaller for fixed time steps.

The method lies in between a fully DG and a C! schemes in time: it employs piece-
wise polynomial test functions and continuous piecewise polynomial trial functions in
time, respectively; upwind terms involving first derivatives in time of the trial functions
are included in the formulation. The polynomial degree in time of the trial functions
is larger by 1 than that for the test functions, leading to square systems for each time
interval, which are solved sequentially as a time marching scheme.

A key tool in deriving stability and a priori error estimates is the choice of an
appropriate test function. For instance, in [37], a higher order fully-discrete version of
the test function in [3] is used, leading to stability estimates in the L°°-type norms in
time. Nonlinear problems are also discretized with this approach [18].

A posteriori estimates and minimal literature. A posteriori error estimates are well
established for elliptic problems and a considerable amount of work is available for
parabolic problems as well; on the other hand, hyperbolic (and in particular wave)
problems are less explored. A posteriori error estimates for wave problems in second
order formulation are studied in [1] and later rigorously analysed in [4]; first order
systems are instead the topic of [25, 27, 33]; a posteriori error estimates measured in
the L°°(L?) norm are investigated for different time stepping schemes in [15, 16, 19].
A posteriori error estimates that are reliable and efficient in the same norm are instead
investigated in [6, 7].

Features of the C’-in-time method. Compared to fully DG schemes in time, the C%-
in-time method involves fewer unknowns; in view of the a posteriori error analysis
for the semi-discrete in time version, one can employ tools from the parabolic setting
and deduce a posteriori bounds that are fully explicit with respect to the polynomial
degree. On the other hand, a modification of the scheme seems to be suited for dynamic
mesh changes in space [9, 26].

First main contribution of the manuscript. We modify the analysis in [37] so as to
have explicit dependence on the polynomial degree for the a priori analysis of the fully-
discrete scheme. We consider uniform polynomial degree in the spatial discretization
and possibly nonuniform polynomial degree in the time discretization. Static, locally
quasi-uniform meshes in space are considered, allowing for small elements that in
explicit schemes would impact on the CFL condition [21].

Our analysis hinges upon deriving stability estimates for the scheme, which are
explicit in the polynomial degrees; see Sect.2.1. Based on such stability estimates and
the properties of an integrated Thomée operator discussed in Sect.2.2, a priori error
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estimates are proven in Sect.2.3. Error estimates are obtained in Sect. 2.4, which are
explicit in the spatial mesh size, the time steps, and the polynomial degrees. Optimal
rates for the error measured with respect to L°°-type norms in time are shown for
sufficiently regular solutions and data for fixed polynomial degrees in time and space.

Second main contribution of the manuscript. For the semi-discrete in time method,
we design an error estimator satisfying a posteriori error estimates, with explicit depen-
dence on the polynomial degree distribution in time. The crucial tool in a posteriori
error estimates for time-dependent problems is the derivation of a reconstruction oper-
ator into smoother spaces. The original idea in the context of parabolic problems traces
back to Makridakis and Nochetto [27]; the corresponding p-version analysis is detailed
in [31] and later in [22]. We design a related operator in the wave equation setting
and derive p-optimal approximation estimates in several norms in Sect.3.2; such an
operator is instrumental for designing an error estimator that is reliable for the error
measured in the L™ (Lz) norm; see Sect. 3.3; in the recent work [9], a posteriori error
estimates in that norm are derived, which are valid also for dynamic mesh changes. The
upper bound is explicit in the polynomial degree distribution and the time steps, with-
out unknown constants. Since the test and trial functions have different polynomial
degrees in time, the a posteriori error bounds involve extra oscillation terms compared
to the parabolic setting.

While most references focus on explicit time-stepping, we focus on implicit
approaches; they are more appropriate for the analysis of coupled wave and parabolic
problems, such as fluid—structure interactions, which we plan to study in future work,
and allow for elements of different sizes for different regimes without influencing the
local time-steps. To the best of our knowledge, we provide for the first time in the
literature fully explicit, reliable a posteriori error estimates for a semi-discrete in time
method for the approximation of solutions to the wave equation in second order formu-
lation, which are explicit in the polynomial degree distribution in time and optimal in
the time steps. The proposed analysis does not hinge upon any CFL condition, which
is greatly advantageous for adaptivity whilst compared to methods based on explicit
time stepping; there, for each mesh refinement, one has to check whether the resulting
spatial mesh size is sufficiently small compared to the corresponding time step and the
polynomial degree [21]. This improvement is even more effective for wave problems
involving higher order spatial elliptic operators [28], where the CFL condition poses
even stricter constraints on the spatial mesh size.

List of the main results and advances. For the reader’s convenience, we list here
the main results of the manuscript ([APRI] = a priori analysis; [APOS] = a posteriori
analysis):

e [APRI] Theorem 2.1 is concerned with fully explicit stability estimates for the
C%-in-time formulation, which are explicit with respect to the polynomial degrees
in time and space employed throughout;

e [APRI] Proposition 2.5 analyzes the approximation properties of anovel integrated
Thomée operator;

e [APRI] Theorem 2.8 discusses a priori estimates that are explicit with respect to
the spatial mesh size, the time step distribution, the spatial polynomial degree, and
the polynomial degree distribution in time;
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e [APOS] we define an error estimator n in (70) for the semi-discrete in time for-
mulation;

e [APOS] corresponding reliability estimates with respect to the L>°(L?) norm of
the error are displayed in Proposition 3.6.

Functional setting. Standard notation is used throughout for Sobolev and Bochner
spaces. Let D be a Lipschitz domain in R4, d = 1,2, and 3, with boundary d D. The
space of Lebesgue measurable and square integrable functions over D is L>(D). The
Sobolev space of positive integer order s is H*(D). We endow H* (D) with the inner
product, seminorm, and norm

('s')A‘,Dv |'|s,D7 ”'”s,D'

Interpolation theory is used to construct Sobolev spaces of positive noninteger order;
duality is used to define negative order Sobolev spaces. We shall be particularly using
the space H~!(D), which is the dual of HO1 (D); the duality pairing between the two
spaces is (-, -). The space of polynomials of nonnegative degree p over D is P, (D).

Given X a real Banach space with norm ||-|| y, an interval 7, and ¢ larger than or
equal to 1, we define L'(I; X) as the Bochner space of measurable functions v from
I to X such that the following quantity is finite:

(/; ”U”Zy)%dl‘ forl <t < oo

lvllze ;) =
ess sup;/llvlly fort = oo.

Fors in N, the space H(I; X) is the space of measurable functions v whose derivatives
in time up to order s belong to L?(I; X). For any real number s larger than or equal
to 0, the space H®(/; &) is constructed using interpolation of integer order Bochner
spaces. Bochner inner products are denoted by (-, ')LZ(I;X) and (-, ) gs (1. x)-

To avoid confusion, the seminorm symbol |-| is only used to denote spatial semi-
norms. Seminorms in time are rather displayed as L?> norms of a suitable time
derivative. The first and second derivative symbols are - and -”; time derivatives
of order s larger than 2 are displayed as -,

The continuous problem. Let €2 be a polytopic, Lipschitz domain in R d=1,2,3;
T apositive final time; Q7 := (0, T] x Q2 the space—time cylinder; ug in HOl (2); uy
in L2(Q); f in L>(0, T; L*(Q)).

Given Ay- and V- the spatial Laplace and gradient operator, we consider the
following problem: find # : Q7 — R such that

u’ — Agyu = f in Qr
u(,) =0 on (0, T] x 02
u(0, ) =upg(-) onQ
u'(0,) =u;(-) onQ.

ey
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Introduce the spaces

X := H*0,T; H-1(Q)) N L2(0, T: HL(Q)) N H'(0, T; L*(Q)).
Y := L2(0, T; H}(Q)),

and the bilinear form on HO1 (R2) x H(} ()
a(u, v) := (Vxu, Vxv)o,q.
We consider the following weak formulation of problem (1):

find u € X such that
ST, v) + a(u, v))de = [ (f, v)o.edt Vvey )
u(0,) = ug(-)in Hy(Q),  u'(0,) = u; () in L*(RQ).

Problem (1) is well posed; see, e.g., [29, Chapter 8].

In [37], inhomogeneous Dirichlet and inhomogeneous Neumann boundary condi-
tions are considered; This results in further complication in the analysis below, cf. [37,
Example 3.2]. For this reason, we prefer to stick to the setting in (2).

Spatial meshes, time grids, and polynomial degree distributions. We consider
either a simplicial or tensor-product conforming mesh 7;, of € and a corresponding
H'-conforming Lagrangian finite element space Vj, of uniform order pyx. We assume
the existence of a constant y in (0, 1) such that each element of 7}, is star-shaped
with respect to a ball of radius larger than or equal to the diameter of that element;
moreover, we assume local quasi-uniformity of the mesh, i.e., given k1 and h; the
diameters of two arbitrary neighbouring elements with &1 < h, one has hy < yh;.
Throughout, & denotes the maximum of all diameters of the elements in 7.

We further consider a decomposition 0 =7y < #; < --- < fy = T of [0, T] and
introduce 7, :=t,—t,_; foralln = 1, ..., N. Witheachtimeinterval I, := (t,,_1, t,,],
we associate a local polynomial degree p’,; we collect such polynomial orders (in time)
in the vector p’ in N¥, and set p, := p!. For k in Z, p' + k is the vector of entries
Py + k.

Forallm =1,...,N, weset (V)" (t,—1,-) := v"ln(t,,_l, Jand (V)" (t,—1, ) 1=
vl/[”_l (th—1,-); for all v piecewise continuous in time, we set vE(t—1,) =
vy, (ta—1, ) and v~ (1, *) == v, (ta—1, ).

We define the tensor product space

Py (In: Vi) 1= {Wi € L*(Ly; Vi) | Wi = a(x)b(), a € Vi, b € Py (I)}.
Throughout we assume that
Pp=2 Vi=1,...,N.

The fully-discrete CY-in-time method. Let uo,, and ug , be approximations of ug
and u in Vj. Throughout, we pick ug  as the elliptic projection of ug defined in
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display (21) below; u1 1, as the L?-orthogonal projection of u onto Vj,. Other variants
are possible, but are omitted here; if these projections are not considered, we may get
estimates with nonsharp constants on occasions, e.g., in Theorem 2.1 below.

We define

Xpr = {Up €C°0,T; Vi) | Up(0, ) = to.n. Unyt, € Pyt (In: Vi) Vn = 1,..., N}
and the upwind jump operator for the time derivative as

Upin (0,) —up p(2) P
(U] sy = 1 000 s '
U, n-1,) = Uy, (tp—1,-) ifn=2,..., N.

The C-in-time method, see, e.g., [37], reads as follows: find Uj, in X, ; such that

/1 (U, Wio.e + aUp, W)ldt + ([U; ]| (ta=1. ). W, (ta=1, Do, 3

= (f, Wh)LZ(I,,;LZ(Q)) VWh (S} pr’_l(ln; Vh), Vn = 1, ..., N.

The initial condition ug ; is imposed strongly in X} ;; the initial condition uy j; is
imposed weakly through the upwind term at the initial time.

Method (3) is solved time-slab by time-slab as a time marching scheme. Initial
conditions on each time slab are assigned taking the values of the solution at the final
time of the previous slab and upwinding the first time derivative.

The existence and uniqueness of a solution and the data of method (3) follow,
e.g., assuming sufficient smoothness of the solution to problem (2), showing stability
estimates as those in Theorem 2.1 below (which imply uniqueness), and using the fact
that on each time slab the linear system to solve is square (which entails that existence
is equivalent to uniqueness).

The semi-discrete in time C’-in-time method. Define the space
X :={U €C%0,T; Hy() | U(O, ") =ug, Uy, € Py (In: Hy (R)}.
In Sect. 3 below, we prove fully explicit, reliable a posteriori error estimates for the

semi-discrete in time version of (3). More precisely, we look for U in X; such that

/; [(U//, V)O,Q +a(U, V)ldt + ([[U/]] (Tn—1-"), V+(tn—l» '))O,Q =(f, V)L2(1n;L2(Q)) (4)

YV eP, (Un Hy(), Yn=1,....N,
with ug imposed strongly in X; and u| imposed weakly through upwinding.
Let Hg,_l denote the piecewise L? projector onto P ph—1 (I,; L*(Q)) forall n =
1, ..., N. We can replace the right-hand side of (4) with the following expression:
0
(f, V)LZ(I,,;LZ(Q)) = (Hpt—lf’ V)LZ(I,,;Lz(Q)) Vn = 1, ey N. (5)
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The well-posedness of (4) follows from standard arguments of DG time-stepping
schemes; cf. [34, Ch. 12].

Structure of the remainder of the paper. We discuss stability and error estimates
of the fully-discrete method (3) in Sect. 2, which are explicit in the spatial mesh size,
the time steps, and the polynomial degrees. A posteriori error estimates for the semi-
discrete in time method (4) are derived in Sect.3. We assess the numerical findings
with numerical experiments in Sect.4, and draw some conclusions in Sect. 5.

2 A priori error analysis

This section is concerned with proving stability and a priori estimates for method (3):
in Sect.2.1, we show stability estimates following the analysis in [37] by tracking the
explicit dependence on the polynomial degree distributions; in Sect. 2.2, we introduce
and show the approximation properties of an integrated Thomée-type operator in
terms of the spatial mesh size, the time steps, and the polynomial degrees, which
are instrumental in deriving abstract error estimates in Sect.2.3; standard polynomial
approximation results yield error estimates in Sect.2.4.

2.1 Stability estimates

The stability of method (3) in certain norms is investigated in [37, Theorem 4.5]. The
main idea behind the derivation of stability estimates is to take a suitable test function,
namely the L? projection onto the correct test space of the time derivative of the
discrete solution times a weight mimicking an exponential function; this idea traces
back to [13]; cf. [6, 7] for more recent similar results. The reason for this is that testing
only with the time derivative of the discrete solution would yield to stability estimates
at the time grid point only, i.e., no global stability estimates would be available; see
[37,eq. (4.D)].

The constants in the stability estimates in [37], depend implicitly on the distribu-
tion p’ of polynomial degrees in time; for this reason, we revisit that proof so as to
carry out an explicit analysis in terms of the polynomial distribution in time.

To this aim, given a generic element g in the space X}, ¢, let m = m(g) so that I,,

is the interval where
N

2 2
4 ||L°°(1m3L2(Q)) + |g|i°°(1m:H1<sz>> = max (”g/ ||L°°(In;L2(Q)) + |g|i°@<ln;H‘<9>>>‘ ©)

n=1

The index m depends on the choice of g and can be expected on most occasions to be
attained at the final interval. We also define

1
L Vn=1,...,N. (7

T 1024(p)22ph + 1)

Theorem 2.1 Let Uy, be the solution to (3) and f be the source term in (1). Let ug , be
the elliptic projection of ug and uy j, be the L*-orthogonal projection of uy onto V,
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The following stability estimate holds true:

2 1 & )
Hm (” Up ” Lo L2(Q) T |Uh|i°°(lm;H](Q))> + 4 Z H[[Uli]] (tn—1, ')”0,9
n=1 (8)

1 2 2 Im 2
< 5 (luolf g + llu ) + = 12)°
2 (l Oll,Q ” 1”0,9 m ||f||L2(0,tm,L2(Q))

Proof Define q

= Vn=1,...,N.
4C2py + D

n

Restrict the (piecewise in time) L? projector ngl to Ppr 1 (In; Vi) and consider the
following test function already used in [37, Theorem 4.5]:

Wi, = ng_l([l—,\n(t—tn_l)]U,;) Vn=1,...,N.

Picking W), as above in (3) and proceeding as in the proof of [37, Theorem 4.5], more
precisely see [37, eq. (4.2)], yield, foralln =1,..., N,

1 _ 2 A 2
(1 - )»nfn)i (IUh(tn, -)I%,g + H(Uh ) (i ')Ho,sz) + 7" (HUA HL2(In;L2(SZ)) + |Uh|i2(1n;H1(Q))>
1 2 1 2 - 2
+ 5 MU t-19l50 < 5 ({Uh(tn—lﬁ MNia+ H(Uh )/(’n—l“)Ho,Q>

+ ([ULT Gt ) U5 et ) = W (a1 o2 +/1 (1= (- = 1D, f, Upo, .

We estimate the last two terms on the right-hand side separately: one involving the
jump of the first derivative at #,_1; the other involving the source term f.

As for the “jump” term, we invoke [37, Corollary 4.4] and the definition of A, use
standard manipulations, and get

(U] =1, ). U (ta=1, ) — Wy ta=1. Do,
< [TUD @1, ) g QIO s ) = Wyl (a1, ) [

< |[UR1l @t ')”o,sz)‘"\/ Cpy+ Dl Upll 2,120
1 A
=y (2p}, + Dtakn (5”[[(]/;]] (ta—1, ')”3,9 + 7;1 ” Uy “iz(ln;U(Q)))
1,1 2 A 2
= 5(5 ”HUI;]] (ta—1, ')”0,9 + 7’1 ” Ul/z ”LZ(IH;L?(Q))) Vn=1,....N.
As for the “source” term, we write

0 / 0 /
B O (G YA an_lfHLlun;Lz(m) AP~

3
! The norms of U/, increase cubically in p with respect to the norm of f, and with rate p2 with respect to
the norm of the initial conditions.
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We combine the three displays above: foralln =1, ..., N,

A=t 3 (W 0B g + |0 @0
A 2 1 2
+ Tn (” Ul/1 ”Lz(ln;Lz(Q)) + |Uh‘%2(1n;1-11(9))) + 4 ”[[UI/L]] (tn—1, )”052

= % (‘Uh(tn—ls ‘)ﬁ,ﬂ + “(U/;)/(t'lf" )”(2)9> * HHg’—IfHL1<1,,;L2(Q>) Vil iz

Using that A, 7, < 1/4,and 1 — X, 7, > 0, we simplify this inequality:

A 1 2
- (”Uh ”L 2@y T |Uh‘L2(1n Hl(n))) ZH [UA]] Gt ')”o,sz

—\7 2
= 5 (0001 e 0519 T30) 5151 s N i

)
In [37, eq. (4.1)], a stability estimate is proven taking U, as a test function, which
gives, foralln =2,..., N,

n—1
SR g+ o) )+ 3 X Ivilaol2g
' =1

< %(th«), Mo+ |wpo. ~)H2 o)

1
+Hng_lfHLl(()’,nil;LZ(Q))( ” h”Loo(Orn 1L2(Q))+ |Uh|L°o(0t I;HI(Q))>2'
Inserting the bound
%
| HLOO(I,,,LZ(Q)) = (” Uj HLoou,, L2(Q))+|Uh|L°°(1,,,H](Q))> vn=1...,N

in (9), selecting n to be m = m(Uy) as in (6), and combining the three displays above
give

1
(||Uh||L2(1m 2@y Ul . H1<Q))) ZHIIUh]](’n 19l0.g
ﬂ

<3 (wook e+ [y )

Bol—

m
0 712 2
+2( Z: antﬂf”ﬁ<1n;L2<Q>>>(HUh o0 iz + 'UhlLOOUm;H'(Q») '
-

We recall the one dimensional L to LZ-norm polynomial inverse inequality in [32,
eq. (3.6.4)]:

32(p )2
2 m
U0 i ) = 'Uh|L2<I SHL(Q)
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Using that 20, = 1/(512(p!)?>(2p!, + 1)), we deduce

1 7112 2 / 2
SRGL2 e 1 1) (”Uh 1700 1y 22000) + |Uh|L00(1m;H1(Q))) t3 rg MU T @n-1. 95,0

= (luh(o, Ma+|wo. >Hfm)

D=

m
0 2 2
+2(r§ Hnpt_lfHLl(In;LZ(SZ)))(HU’/‘ o200 'U"le(Im:H'(sz») '

Using Young’s inequality 2ab < ea® + %, with e = 1024(p!)>2p,, + 1) =: u;,!
for the last term in the above relation, we infer

2 1
Hom <||Uf,l||L°°(Im;L2(Q))+‘UhlzLoo“m;Hl(Q))) Z |[[Uh]](tn I )”09

5%<|uh<o, I o+ Wiy, )HiQ) Mm( H T . Lz(Q»)Z

We use the Holder inequality, the stability of the L? projector in the L2(I,,) norm, and
the £ Cauchy-Schwarz inequality in the last term on the right-hand side above:

m
> [
n=1

The assertion follows by using the stability of the discrete initial conditions ug j
and u; , with respect to the HO1 () and L2(2) norms. O

m
1
L) = Yt 12, @) < . 1200052220 (10)
" n=1

Remark 1 The norms appearing on the left-hand side of (8) are of the same sort of
those in [37, Theorem 4.5]. Instead, that on the right-hand side involving the source
1

1
term f differs a bit: here, we employ an L?(L?)-type norm weighted with 1,5 /2,
which scales exactly as the L'(L?) norm used by Walkington. The reason for this
change resides in inequality (10); by proceeding as in [37], we would end up with
further suboptimality by two orders in the polynomial degree due to the L' stability
of the L? projector.

2.2 An integrated Thomée-type operator

Given a Hilbert space X with inner product (-, -) x and induced norm ||-|| y, we intro-
duce an operator P, mapping C'(0, T; X) into the space of piecewise polynomials
with polynomial distribution p’ over the time grid. This operator is the integrated ver-
sion of an operator in [34] in the framework of parabolic problems, see also [2], and
whose p-approximation properties are derived in [30].

The operator Py is piecewise defined fixing the following conditions: for all n =
1,...,N,

(W — Py (w)', dp-D2ax) =0 VYn=1,....N, Vg, 5 ePyu >(I;X);
Ppr (U))/(t,;, ) = w/(tnv )s 7)p[ (w)(tn—lv ) = w(tn—ls ) in X.
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As shown in [37, Section 5.1], this operator is well defined and the above definition
is equivalent to

(w =Py (W), gpt 32 =0 Vn=1,...,N, Vgu _3€Pp 3(I;X),

11
/Pp’(w)/(ln_’ ) = w/(ln’ ')s Pp’ (w)(tn’ ) = w(tny ')a Pp’ (w)(tnfl s ) = w(tnfl s ) in X’ ( )

where the orthogonality condition in the first line of (11) is not taken into account if

13
p, =2.
The function Py (w) is globally continuous but not necessarily C "in time and
satisfies the following property.

Lemma 2.2 For all u in H*(I,; X) and all qpt—1 in Py _1(In; X), the following
identity holds true:

(= Py) dpr D121, 20) = <[[(7>ptu>’}] <rn71,-),qp;l_l(tnf],») Vn=1,....N. (12)
X

Proof We have

((u — Pp’”),/v qPZ*I)LZ(In,X)
= (= Py g2, 2+ (= Py (), 0y s D
= (= Py) (tn=1. )t 1 (tn—1. )
11 11
D (= Py (.0 4y Gt D ( [Py ] tut 0 ay, o, ~>> :
X

which is the assertion. |

The scope of this section is showing the approximation properties of Pp. We
recall the properties of the original Thomée operator [34]. Introduce P, mapping
C°(0, T; X) into the space of piecewise polynomials with degree distribution p’~ over

the time grid (in particular, discontinuous functions in time). The operator Py is
defined fixing the following conditions:

(w — 7Blp’(w)s q;:ﬁ,—l)LZ([”;X) =0 Vn=1,...,N, qu;,—1 € IFDp,’l—l(ln; X);

~ - ) (13)
P (W), , ) = w(ty,-) ink.

The following approximation results can be found in [30, Lemmas 3.6-3.8, Theorem
3.10] and [5, Lemma 3.3].

Lemma 2.3 LetP  be the operator in (13). Then, forall win HH (1,; X) withs > 0,

the following lnequalmes hold true foralln =1,..., N:
/
Hw B 731"wHL2(1n;«"() S Hw B np’wHLZ(I,,;X) + g |w HL2(1n;X)’ (14a)
~ , T )
— < — - —
Hw p"thLZUn;X) T, eﬂ’g:funm (Hw Dl 2y * Ph =) HLZU,,;X))
o (14b)

in(s, p!, 1
< (Ln)"‘”‘(‘ ot e+

Ph LIy X)
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~ Tn ’
P H < ) il s 14c
H V20 > P20 * 0 lw'll 2z, ) (14c)
3
~ Tn . ’
wfpwt_,-H 5(—) inf wa ‘
| =Py w a1, o AL (Rl B
Pn Pn (14d)
. ' 1
< E,mmww+ﬂWuﬂw
~A\ph LIy X))

On the reference interval 1 = [—1, l],2 the bounds in Lemma 2.3 are a consequence
of the properties of the Legendre polynomials, the identity

(w = Ppw)(t, ) = (w—TQw)(t, ) + (w = Tpw)(1, )L, () in X, (15)
and sharp estimates [30, Lemmas 3.5 and 3.6] for the second term on the right-hand
side of (15).

The operators Py and 731,: in (11) and (13) are related by the following identity:
forall ¢ in I,

Py (w)(t, -) :/ (ﬁpf,](w/))(s,-) ds +w(t,—1,") inX Va=1,...,N. (16)
th—1

Combining (16) with Lemma 2.3, and using [30, Theorem 3.10], we get the following
result.

Lemma 2.4 Let Py be the operatorin (11). Then, forall win HY (1,; X) withs > 1,
the following mequalmes hold true foralln = 1,..., N:

T
H (w — Py “’)/HLZ(I,,:?O S H w' = ng’*lw/ L2(I,: X) * pf”wu HLZ(L;:X)’ (17a)

Lol Tn
” (w — Py w)/HLz(sz;X) S 4 e]Pllzt(I,,:X) (” (w— qpfl)’”Lz(,":X) + E “(w - qux)””U([,,;X))

o (17b)
min(s, py,)
< (= Hw(s+1)
”(%) L2, )
T
H (prw)/HLZ(I,,;X) S ” w’ ”LZ(IH:X) + é“wﬁ HLZ(I,,;X)' (17¢)

Proof Inequality (17a) follows from (14a) and (16). Inequality (17c) follows
from (14c) and (16). Inequality (17b) follows from (17c), the triangle inequality,
and the fact that P preserves polynomials of degree p}, in time foralln =1,..., N.

O

We derive bounds for the operator Py in L2-type norms. To this aim, we introduce
the piecewise H'! projector IT 11),71 onto polynomials in time as follows:

(=T w) gy Pos, =0 Ywe H (I X), qpy—1 € Ppy1(n: X);

1 . (18)
(w—l'[p,ilw)(t,,,]g) =0 inX Van=1,...,N

2 With an abuse of notation, we use the same notation for the operators on the reference interval.
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On the other hand, the operator Hg,_ | denotes the piecewise L? projector onto poly-
nomials in time.
Some properties of the operator Py are detailed in the next result.

Proposition 2.5 Let Py, and H[l,,_l be the operators in (11) and (18). Then, the fol-
lowing inequality holds true: for all w in H**1(I,,;; X) with s > 1

2
_ < lw — 1t Ty,
Hw Pp’wHL2(1n;X) ~ Hw Hl”wHLZ(In;X) (ph)? [lw ”LZ(In:X)

Since Pyt preserves polynomials in time of order ph, we also have

lw = Ppwl 2.0 S 4y <P, ,f(1n x)(iH( qpf‘)/”“(’"?” (p ’)2 H( 1")//HL2(1";X))
. min(s, pf,)+1
< (7,;) Hw(m) Vn=1,.... N. (20)
o L2(1: X)

Proof We prove the assertion on the reference interval I= (—1, 1); the general bound
follows from a scaling argument.
Identity (15) implies
(16) S /
(w—Ppw)(t,)) = (w — Py_1(w))(t,")
= (w — Hg,_lw ), .)+(w’—ng,_lw/)(1, YLy _1(t) inX.

Since (w — Pprw)(—1, ) = 0, an integration by parts gives
t
(w = Ppw)(t, ) = / (w — Pprw)’(s, )ds

-1

t t

= / w' — l'[g,flw’)(s, s + (w' — ng_lw’)a, .)/ Ly _1(s)ds = T1 + T».
—1 —1
We estimate the two terms on the right-hand side separately. The properties of the

L? and H' projectors imply Hg,_lw’ = (Hll),w)’ . Therefore, recalling from (18)
that w(—1, ) = l'[ll),w(—l, -), we write

t
1= [ = @) ds = - Mywe.)  in.
-1

This identity leads to the estimate on the first term on the right-hand side of (19).
As for the term T», we expand w’ with respect to Legendre polynomials:

400
w'(t,) =Y wi()L;(t) inX, w) € X.
j=0
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Standard properties of the L? projector imply

+00 t
T = /.;p, w;-(~) /;1 Ly _1(s)ds in X.

From [30, eq. (3.5)], we have

+o00 .
2 w0 S 2w O 7 in X.
j=p}

1

Using that [*| Ly _1(s)ds = 2pl, — )7 (L — Ly ) and | Ly ||, 7~ (p) 2

yields
H/ Ly —1(s)ds
-1

Collecting the two displays above implies

3
ort 1Ly ||0j) S (p) 2.

5w 1Ly
0,1

<)W' Ol 7 in X.
This concludes the proof of (19). As for (20), we add and subtract g, , employ (19),

note that P piecewise preserves piecewise polynomials of degree p/, in time, and
use the properties of the projector IT 113 , as in [32, Corollary 3.15]. O

2.3 Abstract error analysis

Let Hf : H(} (2) — V}, denote the elliptic projector defined as
a(u—TISu, vy) =0 Y € Vi 1)

We have the following stability estimate for the elliptic projector Hf in (21), which is
a consequence of the Aubin-Nitsche technique: for any nonnegative s larger than or
equal to 1, and possibly equal to 0o, there exists a in (1/2, 1], see, e.g., [8, Corollary 8],
depending on 2 such that

o

h
1T vl L2 S Wllsaec2@) + ﬁ'”‘LS(ln;H'(n)) Vn=1,....N. (22)
X
Recall that Py is given in (11) and let
~o 5
Uh = pr H/’l u.
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We analyze a priori estimates of the following error quantity, which we split into two
contributions:

en=u—Uy=@—Up)+ Uy —Uy) = p+&. (23)

We show an upper bound on a suitable norm of the two terms on the right-hand side
of (23). We begin discussing the term &j,.

Lemma 2.6 Consider m = m (&), m, and &, as in (6), (7), and (23). Let u and Uy, be
the solutions to (2) and (3). Let uq j, be the elliptic projection of ug and uy j, be the L2-
orthogonal projection of uy onto Vy,. Assume that Axu and u” belong to L*(1,,; L*(2))

and L2(In; HO1 () foralln = 1, ..., m. Recall that their initial conditions are u
and uy, and uo p, and uy j,, respectively. Then, the following estimate holds true:

2 1 — )
Hm (”52 ||L°c(1m;L2(sz)) + |'§h|i°°(1m;H1(Q))> + 4 Z ” [IE;;]] (tn—1, ')”0,52
n=1

1
< 510 = w0 O] g + a1 =W O g g +2[ur () = Py ©. 9]

+ 2” (Py (I — TIE)u) (0, )”iQ

Im “ 2 - £ 2
+ 2M—(Z |2 = Po) A2 120y + ; [ = LZ(IH;LZ(Q)))'

mo =1

The first term on the right-hand side above vanishes if we discretize the initial condi-
tion ug with the elliptic projector in (21).

Proof Let ej, be as in (23). Subtracting (2) and (3), foralln = 1, ..., N, we arrive at

/1 L€} Wio.q + aen Wi)ldt + ([€ ] (1. ). Walta—1. Vo2 =0 YWy € By (Ini Vi,
Splitting (23) yields

[ 16 Wi+ atr wtds + (151 @0, Watn1.0), (24)

= _/1 0", Wh)o,szdl—[l a(p, Wpydt =({[p'] ta=1. ). Wh(tn—1. Do, @ YWy € Pt _ (s V)
n n

We rewrite the right-hand side of (24) as (fg,, V) 12(0.7:12()) 1-€-» as the right-hand
side of method (3), for a suitable f,, which we fix in (27), so as to exploit the stability

estimates (8) and deduce the assertion.
We focus on the second term on the right-hand side of (24). Using the fact that Py

and Hf commute, definition (21) of T1¢, the fact that Py preserves polynomials in
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time, and an integration by parts, we arrive at

/a(,o,Wh)dz:/ a((I — Py II§ Yu, Wy)dt
In In (25)
= / a((l — Ppr)u, Wp)dt = —(Ax(I — sz)u, Wh)LZ(I,,;LZ(Q))'
Iy

As for the first and third terms on the right-hand side of (24), we use the continuity in
time of u” and (12), and get

", Wh)Lz(In;LZ(Q)) + ([LO/]] (tn—1, ), Wp(tn—1, .))O,Q
= (MN, Wh)Lz(In;L2(Q)) + ([[u/]] (tn—1.)s Wp(tn—1, .))O,Q
— (P W Wi 201,120y — ([ Por 0 ] a1 0 Whttar )
= 0 Wi 2,120
— (P ) Wi 2,200y — ([P0 [ tamr ) Wit ),
W 21200 — TR0 W 2,00
Foralln =1,... N, we deduce
(" W) 2,12y + ([T Gaets ) Wa(tao1, Do
= (I — Hf)u”, Wh)LZ([n;LZ(Q))- (26)

We insert (25) and (26) in (24) and arrive at

/1 (& Wi)o,.e + aEn, Wildr + ([&]] (=1, ), Wh(tu=1, Do,

= ((1 —_ Ppt)AXM, Wh)Lz(ln;Lz(Q)) — ((1 — Hf)u”, Wh)LZ(I,,;Lz(Q))
= ((I = Pp) Axut — (I = I, Wi) 121,122
VWh (S} Ppﬁl—l(ln; Vh), Vn = 1, ...N.

In words, &, is the solution to method (3) with right-hand side given by
(fer» VIr20.7:12(e)) With

fen = (I — Pp) Axut — (I — T5)u". (27)

We are now in a position to apply the discrete stability estimates (8). Let m = m (&)
be defined in (6) and get

1 m
i (18015 2200 + 160w 1) + 5 2 088D G 1B
n=1
< (40 9B o+ €O ) + | £ I =T+ T
=5 )le n )W o,e Lom Enll L20.8,:L2(0)) — A1 T A2
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We estimate the two terms on the right-hand side. The triangle inequality implies
1 2 —\/ 2 1
7= 5 (160,91 o + ). [g.0) = 51T + il

Using (11) and the stability of the elliptic projection l'[;? , we deduce

2 2
Tt = 160,91 o = |Ua 0, ) = Ifu0, )| < [@wo —uon) O] o

The term 7 ; vanishes if the initial condition u is discretized with the elliptic projector
in (21). We further have

_ 2 _ 2 2
T2 =& =W - epmuen| = juio - Eynfues|
< 2w~ O g + 2] - Epmgwe|)
2 ’ 2
=20 — O G g+ 30 = Py’ +4|Ppa —nHwo] .
Next, we deal with the term 75:

2

m
Im 2 . tm EN 1
= M_” fe, HLZ(O,zm;U(Q)) = M_ Z H(I — Pp) Axu — (I = TTj)u
m m n:]

t m
= Z T 5.

/Lm n=1

L2(In; L2(2))

We have

2
2 EN, I
Ton <21 = Py) At |12, 20 + 2”(1 SRUATH IR

Collecting the bounds on 77 and T3 yields the assertion. O

Introduce kin 1, ..., N such that
2 2 . N 2 2
(e Vo s 20 * e e s ) 2= 108 (e Voo, 20 + lenlFoe gy ) - 29)

The index k is defined similarly to the index m in (6). However, on the one hand,
with k we maximize positive functionals in Bochner spaces and not in space—time
finite element spaces; on the other hand, using a different nomenclature of the indices
allows us to improve the readability of the estimates in Theorems 2.7 and 2.8 below.

Theorem 2.7 Consider m = m(&p,), m, k, and &, and p as in (6), (7), (28), and (23).
Let u and Uy, be the solutions to (2) and (3). Assume that Axu and u” belong to
H?(I,; L*(Q)) and L*(I,; H(} () foralln = 1,...,m, respectively. Recall that
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their initial conditions are ug and uy, and uo , and uy j, respectively. Then, the fol-
lowing estimate holds true:

1 2
max (”eh [ |eh|i°°(ln;H1(£2))) = ,Tm<|(”° —uonOlig
+2 @ =) O g o + 4w () = Ppw) 0.9

+ 4| Py (1 = I @, >H29)

Aty & 4
" %Z [ =P Asie]2, 120 + o Z H(I —u’

m p=1

L2(1,;L%())
N3 2 _. 2
+2]e ||L°°([k;L2(Q)) +21p1 001 11 (@) = ij. (29)

Proof Using the triangle inequality and the definition of m = m (&) in (6), we deduce

N

2 2
max (‘eh Iz iz + |eh‘L°¢<ln;H'<sz>>)

2 2
=2 (”,0/ ” L®(I;; L2(R)) + |p|12L°°(1k;Hl(sz))> +2 (H'fi/r HLOC(I,(;LZ(Q)) + ‘Shliw(lk;H‘(Q))>

IA

712 2 712 2
2 (”/’ H Lo°(I; L2(2)) + |'0|L°°(Ik;H1(Q))> +2 <H§h HLOC(I,,,;LZ(Q)) + |§'}"L°°(I,W:H‘(Q))) '
The assertion follows using Lemma 2.6. O

2.4 Error estimates

For m = m(&,) and u,, as in (6) and (7), we derive error estimates for method (3),
which are explicit in the spatial mesh size, the time steps, and the polynomial degrees
in space and time, with respect to the norm

(30)

max (” ”LOO(In 2@yt I |L°0(1,1 H‘@)))

To this aim, we give explicit bounds on the terms 1, j = 1, ..., 8, appearing on the
right-hand side of (29), and collect the resulting estimates in the following result.

Theorem 2.8 Let u and Uy, be the solutions to (2) and (3), and e, be as in (23); u,
u1, and u be sufficiently smooth; m = m (&), m, and k be as in (6), (7), and (28);

o be the elliptic regularity parameter as in (22). Then, the following a priori estimate
holds true:

712 2
max (||eh etz + |eh|L°°(1n;H1(sz>>) ST+ T+,
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where we have set

J;2 min (px.s—1)

1 2
R G CUCTOE

2 min (px+1 s—1)

’ 2 T1 2min(p€,s)—]
+Tllu1(.)llf_lg+(—,) H (+1)‘
Px 2> Pi

L2(1,L2())
(_) h2min([7x+1,s71)72(17a) Hu//”2
2 Cgs—1
Pﬁ p)2(37272(17a) L=(1; HS=1(2)

h2min(px+l‘s7%)72(]fot) )
+ up(- )7
pisiliz(lia) ” 1()”5,_%’9

m .
t T, \ 2min(p}+1,s—1)
G () e
1

Win “= \Pn

L2(In; L2(R)

2min(px+1,s—1)—2(1—a)
1 oy
Hin n=1 Px ’

and

. thin(pltc,s)-!—ZTk J—2+2a 1y 2
= ( (P22 (1 + px—2+2a)(fk lu HLOO(Ile‘H'](Q)))

2min(pf,s)—1
T

| h2a
+ o ™ L *
(p]tc)me(pk,x)72 L=(I}; L=(R2)) p

h2H (S+1)HL2(1k Hl(Q))>>

p2min(px,s) ¢~ T >2m1n(17k+1 ,5)—1 H )

" <T(Tk”"”Lw(lk:,HfH(sz))?) + <P7c

Lz(]k H1<sz>>)

In particular, focusing on the h— and t—versions of the scheme, quasi-uniform time-
steps comparable to t, and sufficiently smooth u, there holds

2 2(p+1
max ([l 1320 + 1B oermican) S (71002 1 0 + K2 lur Ol 41 g

4 720 IH (p+1>‘ TR0 ||

H L2(Iy; HP+! (Q)))

L2(I1,L*())

+ (Z 12(P+1) H A u(p+1)‘ tth(p+1) Huu 2

H L2(0,t,,; HPH! (SZ)))

L2(0,4m; L% ()

O o ror gy + 70 [0

B2c2P— 1” (p+l)‘

L2 (15 L2(R)

)-

L2 (s H ()

4 2l H (p+l)‘

2p 2
h ”u”Loo(Ik;H’H'l(Q)) L2(1 HY ()
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Proof Estimates on J;. We recall that ug j is the elliptic projection of ug as in (21)
onto V},. Standard polynomial approximation estimates imply

2 min (px,s—%)

2
Tt = [0 — w0 O} o § =507,y - 31)
’ Px ’

Estimates on J,. We recall that u; j, is the L? projection of u; onto Vj,. Standard
polynomial approximation estimates imply

m 5 h2m1n (px+1,5—
732 = ||(u; — Ml,h)(')”oﬂ N THM( )|| 1 (32)

N

X

Estimates on J3. Using identity (16) and the approximation estimate (14d), we infer

’%”:@:H(u— o 10) (0,2 g = [ @ = Py 1u)©0.)¢

( T >2m1n(p1,s)—l
Pl

Estimates on J4. Using the triangle inequality, we have

A

(33)

(s+1)’

L2(1,L2()

gt =Py~ w0, )Hfm <2 = Pyt - w0, )HiQ

2
¥ 2”(1 — ), -)HO L= T

Following the proof of the bound on J% we get the following bound on ]37 1

(14d)
RIS ( >H(1_Hh)”

T] . 2 E 2
S <T) inf (””” ~4px HLZ(h;LZ(Q)) + ”1‘[,, " = qp,)

L2115 L2()

Py ) ap €L (Vi) LZ(I]:LZ(Q»)

@ /¢
< (—i) inf (Hu”—q[,x 2
P11/ ap L2 Vi)

2a
"
raseen ¥ " — ap,
X
< 1 h2mm(px+l,sfl) ” ””2 N hZot thm(pX+l.x71)72 ” ””2
~ 2(s—1) Woll2ay -1 2 2(s—1)-2 Wl a1 )
Px Px

2
L2(1:H' ()

ptl pxa
< <‘L’] ) thin(prLl,xfl)fZ(lfa)
~\ 7 p’%x—Z—Z(l—a) JHSH(RQ))"
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As for the term J4 2, we proceed similarly:
Bo=|o-muof 5 (”(“1 a0l g + | ME @ - a0 )
' 0.2 77 gpyel(I13Vi) ’ 0.2

(2<2) p2min(px+ls—3) p2e p2min(px+1.s—3)—2

2 2
S| —— Ol | + 55— 1Ol
P)zgs 1 s—5.8 p%a 17,2{? 3 s—7.82
h2min(Px+l,s7%)72(lfc¢) PR
~ R YZ up 1 o
pis 1-2(1—) sfj,Q

Collecting the two displays above gives

2min(pg+1,5—1)—2(1—
w5 (1) W
m ~ _I_ _ CHS—
pi pis 2-2(1—a) L=(1:H*—(2))
h2min(px+l,s—%)—2(l—a) )
s Oy o (34)
X

Estimates on Js. Using Proposition 2.5, we get

:[2

m m
1, 1, T
5 m 2 m n
2= EN U =PedAst] g 12 S 5 <7
4 N«%n ~ “ P ”L (I3 L*(£2)) ”'1271 ~ /’;tz

2

2min(s—1,pl+1)
) | (35)

e

L2(1i;:L2(Q)

Estimates on Jg. Using (22) and the fact that Hf preserves spatial polynomials of
degree pyx, we get

jg Im - En, N
2= szZH(/—Hh)u

mop=1

2
L2(Iy; L2()

m
t}’ﬂ . "
Sz b (u" =
Hin o dp €L2 (i Vi)

m

1 . 2 n 2
< % Zqﬂ eL"z‘(f, W) (H“U —an e + p2a Ju" — qPX}LZ(I,L:H‘(Q))> (36)
n=14x "

Y |, I
L2(1,; L2 () h W 2120

< I m h2min(px+1,sfl) 2 h20¢ h2min(px+l.sfl)72 2
~ ;TZ 7}720,1) ||“ ”LZ(IH:H"](Q)) + p2o p2(.v—l)—2 ”” HLZ(IH:H»‘”(Q))
m p=1 X X X
ty O R2Min(pxtls—D—2(1-e) “ ”2
< tm f
~ 2 25 —2—2(1— L2(1; HS=1(Q))"
Hin n=1 pxs (= !

Estimates on J7. Using (22) and the definition of p in (23) gives

2
B 2

2
) T P

2
<(
~ Lo(I;; L2(S2))

h 2a 5
/
+ (;) | = Ppru) |L0°(Ik;H1(S2)))‘

(u — Py Tl5u)

L (15 L2(R))

(u — Hfu)/

2
= Pow) | Lo 120 37)
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First, we focus on the first term on the right-hand side: for any g, in W1*°°(Ik; Vi),

-

2
LI L2(Q) ™ S [C _qp")/HLw(lk:Lz(Q))

+ an(u - qu '

Lo (I L2(9))

(22) ) B2 .

5 || (u — qpx)/”Loc([k;L2(Q)) + F|(u — qpx)/|Loo(1k;H](Q))
p2min(s.p)+20 )

S W(tk 1 Hu/||Loo(Ik;Hx+l(Q)))

h2 min(s, pf)+2a T

K, 2
+ W(Tk 1||u/||L°°(Ik;H5+1(Q)))

B h2min(s,p,’()+2.[k N h 242 (.L,—IH /” )
(ph)2i+2 PR kMY N Lo Hs 1 (@)))

Next, we deal with the second term in the parenthesis on the right-hand side: using a
polynomial inverse inequality as in [32, eq. (3.6.4)], for any ¢ oL in IP’p;( (It; L*(2)),

2
H(u B L°°(Ik L2@@) ~ H( B qpn) HLOC(Ik LZ(Q)) HP = dqp HLOO(Ik;Lz(Q))
(Pk)
H O ql’k) H L®(I;;; L%(R)) ql’k)‘ L2(I;; L%(Q))
17¢) (p )2
< fw-a | @ —q,)
P Lo 12(2) Pt L2 (1 L2(2))

"
+ % H(" I 22y

Standard polynomial approximation properties in 1D give

2min(s, pj)—1
< Tk—H (s+1)‘
LI L2(Q) ™ (plt()Zmin(s,p;)—l

/
U —
H ( ap; L2(I; L2())

2min(s, pj)—1

e R R
T Pl 22y (P )2m1n(s P2 L2(I; L2(Q))
and 2min(s, p;)—1
ol =g, < Tk—H (s+1)‘
Pi L2(I; L2(Q) ™ (p]t{)me(s,p]’{)—Z L2(I; LZ(Q))
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We collect the four displays above and get

2min(s, p})—1
e
(p]t()Z min(s, pf)—2

2

2
” (u — 7Dp’”)/||L°<>(1,(;LZ(Q)) < L2 L2(Q)

We proceed similarly for the third term on the right-hand side of (37):

()

2min(s, pj)—1

2 h\2® 1
o e < () Gl
L®(Ii; H(RQ)) Px (p]tc)me(s,pk)—2

2
L2 (I HY ()

2 min(s, pt)—1
T ( Pk) )

L2 HY ()

h20(72

2a t+2min(s, pt)—2
Px (pk) Pk

Recalling (7), we arrive at

2 min(s, p})+2 —242
PPt PN st ST
7T~ (plt()2s+2 p—2+2a k Wheo (Ii; HsHH(Q))
X
2min(s, py)—1 ) 202 ) (38)
% HM(H»I) h hZHM(H»l) .
()2 minGs.pi) =2 L2UsL2@)  p® L2(I: H' (@)

Estimates on Jg. Using the stability of the elliptic projector Hf in H'(Q) and the 1D
Sobolev embedding in [24, eq. (1.3)], we write

J% 2 £ 12
2 = Pl @) = = P T 1112
e 2 £ 2
< (= 0 1y + 115 00 = Py 1)
(39)
£, 12 2
= (|” - nhu|L°°(lk;H1(Q)) +u— PP’”|L°°(lk;Hl(Q)))
£ 12 ’
= (|” - nhu|L°C(lk;H1(Q)) + |” - PP'”'Lz(lk;Hl(Q))|(u — Ppru) |L2(lk;Hl(Q)))'
As for the first term on the right-hand side, polynomial approximation properties (in

space) give

2
2
L (Iy; H' () = |u - q”"|L°°(1k;H1(Q)>

u—l'[;‘glu‘

h2 min(px,s)rfl
——— (e llul? L)
~ p)%s Lo (Ii; HS+1(Q))

As for the second term on the right-hand side of (39), we use (20) and (17b), and
obtain

|“ - 7DP’M|L2(1k;f11(s2)) ’(” - Pptu)/|L2(lk;H1(Q))

2 min(s, pt +1)—1
()T e
P

2

L2(L H' (@)
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Combining the above displays and recalling (7) entail

p2min(px,s) —1 - 2min(s, pj+1)—1 5
B < ——F(ulul? ; +| — Hum . (40
~ P%s ( k” ||L°C(lk;H'+'(Q))) p],( 1201 HY(Q) ( )

Error estimates. The assertion follows combining (31), (32), (33), (34), (35), (36),
(38), and (40). O

The a priori estimates in Theorem 2.8 can be simplified under the assumption of
elliptic regularity, i.e., assuming the parameter « in (22) to be 1 (this happens for
instance if Q2 is convex); under more regularity on the solution; requiring the isotropy
of the spatial and time meshes; fixing the polynomial degrees in space and time (in
what follows, p denotes the polynomial degree of the scheme).

Notably, the next result contains two estimates: the first one holds true for smooth
exact solutions and the rate in the time step has optimal order p; the second one holds
true for exact solutions with finite total Sobolev regularity indices s smaller than or
equal to p and is optimal in terms of the Sobolev scaling.

Corollary 2.9 Let u and Uy, be the solutions to (2) and (3), and ey, be as in (23). We
assume that the initial conditions ug and uy in (2) and u are smooth in the sense
s is larger than or equal to p!, + 2 on each I, for alln = 1, ..., N. Assume that
the parameter o in (22) is equal to 1, i.e., elliptic regularity holds for the domain Q.
Lett, =t foralln =1, ..., N, and choose h = O(t). For given p in N, we further
demand that px = p and p!, = p foralln = 1,..., N. Recall that m = m(&) is
defined in (6). Then, the following a priori error estimate is valid:

1
N 712 2 2 p
max (”eh ||L°°(In;L2(Q)) + |eh|L°°(1n;H1(sz))) St

On the other hand, if s is smaller than or equal to p, then the following a priori error
estimate is valid:

1
N 2

7112 2 2 _ )
Tfi‘(”eh [tz + |eh|L°°(ln;H‘<sz>>) S (4D

Proof The proof boils down to using Theorem 2.8 and noting that, for the estimates
of the terms J3 and J7 in (29), we can use

1
<t
L2(Ii: L2(Q)

u(l’“)‘

4 (P+D H .
L= ([ L2(Q))

All other Jj terms, j = 1,2, 4,5, 6, 8, already gave O(t?) rates. O

Remark 2 The error measure in (30) does not involve the jumps at the time nodes of
the first time derivative. Some comments about this feature are in order.

e Lemma 2.6 involves an error measure containing the sum of jump terms up to m,
m = m(&p) as in (6); a modification of the proofs of Theorems 2.7 and 2.8 would
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lead to estimates for norms of the error containing jumps, but only up to the time
node t,, and leading to an optimal convergence rate O(t? _%), which is however
suboptimal for the first term in the error measure (30).

e Walkington’s strategy [37] involves the use of a special test function, leading to
errors measured in L>°-type norms in time. Such norms are different from L2-
type norms in time, which are typically obtained by testing with “more standard”
functions and typically come together with jumps at the time nodes.

e Optimal convergence rates for anorm involving jumps in our setting may be derived
by using stability estimates obtained by using the test function W), = U, . This is
shown, for instance, in [37, eq. (4.1)] and would give an optimal convergence rate
for the jump terms.

e Even though we did not prove convergence rates for the jumps on the theoretical
level, in Sect. 4 below, we shall investigate their practical behaviour.

3 A posteriori error estimates for the semi-discrete in time method

This section is concerned with introducing an error estimator for the semi-discrete
in time method (4), and proving fully explicit, reliable a posteriori estimates for the
error measured in the L% (L?) norm under extra assumptions discussed in Sect. 3.1. In

Sect.3.2, we introduce a novel reconstruction operator and exhibit its approximation
properties, which are instrumental in the a posteriori error estimates given in Sect. 3.3.

3.1 Data assumptions

Throughout, we make the following assumption, which is instrumental in deriving the
a posteriori error estimates: for u and U solutions to (2) to (4),

Axu € L0, T; L>(Q))  (which implies AxU belongs to L' (0, T; L>(Q))).  (42)

Assumption (42) can be proven for instance under certain conditions on the data, as
detailed in the next result.

Proposition 3.1 Assume that

the spatial domain 2 is convex;
uo and uy belong to H*(Q2) N Ha () and HY (R); (43)
the right-hand side f belongs to HY0, T; L*(Q)).

Then, the solution u to (2) is such that
ue L®0, T; HX () N W20, T; H} () N W0, T; LX) N W0, T; H~(Q)).
In particular, property (42) holds true.
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Proof A proof for domains with sufficiently smooth boundary can be found in [10,
Theorem 5, Chapter 7.2] and is based on the Faedo-Galerkin technique, based on taking
the limits of expansions into eigenfunctions. In turns, the regularity in space only
depends on the regularity of the eigenfunctions of Ay, which on convex domains (43)
is HZ(Q); see, e.g., [20]. O

3.2 Areconstruction operator

In view of deriving a posteriori error estimates in Sect.3.3 below, we discuss here
the properties of a generalization of the reconstruction operator introduced in [27] for
parabolic problems; see also [22, 31] for a proof of p-approximation properties of the
operator in [27].

Given a Hilbert space X with inner product (-, -) ¥ and induced norm ||-|| ', and V
in C%(0, T; X) with Vip, in Py (Ip; &) and (V7)/(0, -) is an element in X, let V be
piecewise defined foralln = 1,..., N as

V"t D220 = V' dp D220 + (V] G0 gy oor D (44)
Vitn=1.) = Vltg—1.)e Vtym1.) = (V) (tgmp. ) in X Vg € By (Ui X).

The corresponding operator for parabolic problems also allows for spatial mesh
changes, see, e.g., [17], a topic that is still open for the wave equation in second
order formulation and that we shall investigate in the future.

We begin by proving the following property of V.

Proposition 3.2 The function V is a C' piecewise polynomial in time reconstruction
of a C° piecewise polynomial in time.

Proof The assertion follows using the last condition in (44) and proving that
V/(tn,) = (V) (tas ), V(i) = Vi, -) inX. (45)

Proving the first identity in (45). Taking ¢,; 1 = cx to be fixed in X below and
independent of time in the first line of (44) foralln = 1,..., N, and integrating by
parts on both sides lead to

(V' (ta, ) = V' (tat1, ), cx) x
= (V) (ts ) = (VI (a1, ) + (VY (tets ) =(V ) (ta1, ), €X) &
=0

Using that V'(t,—1,-) = (V™) (ty—1,-) in X and taking cx equal to V'(ty, ) —
(V™) (tn, -), we deduce the first identity in (45).

Proving the second identity in (45). We take g, | = (t —t,—1 )Cx with Cy to be fixed
in X below and independent of time in the first condition of (44) foralln = 1,..., N,
integrate by parts, and get

V' (tns s lx) a0 = (V0 24200 = (V) s ) ) e = (V0 21 vy
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Using V/(ty, -) = (V™) (ty, -) entails
V.20 20,20 = V. T 120,00
Integrating by parts again gives
(Vitn. ) = Vltn-1.).Cx)x = (Vta. ) = Vlta-1. ). x)x-

Using that V(t,,,l, ) = V(ty—1,-) in X, which is the first initial condition in (44),
and choosing ¢y equal to V (t,,, -) — V (t, ) yield the second identity in (45). O

We have additional properties on the operator V.

Lemma 3.3 Consider V in C°(0, T; X) with Vig, in Py (Ip; X) and V asin (44). For
alln =1,..., N, the following identities hold true:

[V =PV [ 2as o = et OV ] a9 o (462)
[V =D ey = NTV'T et ) [ (46b)
IV =V = 5@ VI Goo e @60
where
2. Ph A (nfy—3
c1(p,)”: ci(py) =~ (p,)"2, (47a)

C@p,—-DERpL+ 1)’

1 P oot

S T b if pp =3, _3

C2(pf1)2 = :4§pz 2)(pi—D2p,—D2py+1D . ': c2(ph) ~ (pl)~2. (47b)
1572 lfp" =2,

Proof Identity (46a) is proven in [31, Theorem 2]. Identity (46b) is essentially proven
in [22, Lemma 1]. As for inequality (46c), we first observe that de@llition (44), an
integration by parts, the first identity in (45), and the smoothness of V imply, for all
n=1,...,n,

(44) -
- ([IV/]] (th—1,), qpﬁlfl(tn—lv Ny = V-V, qpflfl)Lz(In;X)

(IBP) T
= —(V=W\a, D2,

(V= V) tns ) gy (s D = (V= VY gm0, d gy (nmts D

(45) o / .
= —=((V-=V), qpf,—l)Lz(ln:X) - ([IV ]] (th—1, ‘)squfl(tnfla Nx VqPZ*l € szfl(lnv X).

Proving (46c¢) for pl larger than 2. A further integration by parts and the smoothness
of V and V at the endpoints of each I, entail

(V= v, q;z/fl—l)Lz(In;X) =0 Vg1 €Pp1(n; ). (48)
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For all ¢ in I,,, we pick
t N e
qp—1(t, ) = / /t ng,_3(v —V)(r,)drds inX
n—1
and deduce R R
(V =V, 1 _5(V=V)p2.x =0. (49)

Using [32, Theorem 3.11] entails

“(1 —1% (v V)

1 Tn =
cuso =2 Jor=par=nl¥ ~V lean GO

Approximation properties as in [32, Theorem 3.11] imply

v -7V =V =V.V =V,

49

(In; X)

V=V, (=15 _)V = V)2,
(50) 1

N e e L S (L e ey

The first line in inequality (46¢) follows recalling identity (46a).

Proving (46¢) for p!, equal to 2. The last display above modifies as follows: the 1D
Poincaré inequality in time implies

HV - v”LZ(In X) 2 H(V V) ”L2(l (X))

The second line in inequality (46¢) follows recalling identity (46a) with p!, = 2.

3.3 An error estimator for the semi-discrete in time method

We construct a computable error estimator and prove fully explicit, reliable a posteriori
error estimates. We define & and m such that

|| (u — ﬁ)(g, ')”o,sz = ”” - (7||L00(0,T;L2(s2)) with & € Iy D

We introduce

vp(t, ") = /E(u — U)(s, -)ds in X. (52)
13
The function vp belongs to C 10, T; L?(2)). In definition (44), we set
U, =ui(-) in L2(Q). (53)
We state an auxiliary technical result.
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Lemma 3.4 Given vp and & as in (52) and (51), the following estimates hold true:

. Tn N,
inf VB = dpt || foo(s - = —a3(P)||V | poor, - , (B4a)
lvBliLoq, .602@) < Tn H v ”LOC(z,,,_],g;L2(Q))’ (54b)
where we have set, also for future convenience,
JTooifpl =0,1,2
' n ’ t 1y—1
c = c ~ . 55
3(py) p,gl_z ifp =3, 3(pn) = (py) (55

Proof Inequality (54a) in the case p!, larger than 2 is the Bochner version of [35, The-
orem 7.2] up to a scaling argument. Inequality (54a) in the case p!, equal to 0, 1, and 2
follows from [24, eq. (1.3)] and the 1D Poincaré inequality in time. Inequality (54b)
follows from the following computations:

1

2

||UB||Lw(;m,l,g;L2(Q)): sup |lvp(t, ')||L2(Q) = Sup (/ |UB(I7X)|2dX>
t€(tm—1,6) ZE(tmfl,S) Q

& N 2 1
—  sup (/ ‘f u — 0)(s, X)ds dx)
lE(lmfl,f) Q t

& . 1
< sup (/Q|s—z|/  — D)(s. %) Pds dx)’
t

t€(tm—1,§)
1 § . 1
<7t; sup (/ / [u — U)(s,x)|*ds dx)
te(ty-1,6) ~JQJr
1 & %
=71, Sup (/ / [V (s, x)|%ds dx)
te(ty—1,6) ~JQJt

= Tm H vp ||L00(zm,1,s;L2(sz))'

m}

Proposition 3.5 Let assumption (42) hold true. Consider u and U the solutions to (2)
and (4), and the operator U in (44). Given vg, & and m, c2(pl,), and c3(pl) as in (52),
(51), (47b), and (55), we have

H“ - ﬁHLDC(O,T;LZ(Q))

m—1
= 2((’2:] %63@2 - I)Hf - ng’—lfHL'(ln;L2(sz)) +tm Hf B ng’—lfHLl(Im;LZ(sz))) (56)

m—1
T,
+ ( Z ?%3(17’[’ - ])‘ Ax(U = n(lit*IU)”Ll(ln'Lz(Q)) +m | Ax (U~ Hg’flu)HLl(lm-LZ(Q))
n=1 ’ !
m—1 _3
+ (X Zeherh =[axU T @-1.9)]g,q + mme2pi) | [AxU'] Gt -)HO,Q))
n=1
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with c4(pl, — 3) defined as

[tm —tn—1] ; 12
= g pl =2
-3 =" n

c3(p, —3) ifp, =3. G

Proof Let U be the reconstruction operator in (44). Using (4), we have the identity

", V) 2ae@) — AU Vi)
= (f. Vg, 2@ YV €Py_1(Ini Hy(Q) Yn=1,...,N.

Recall the time semi-discrete right-hand side in (5). Due to (42), foralln = 1,..., N,
we have the following identity in L?(2) inside each time interval:

U’ — M AU =TI, f. (58)

Using AXHg,_lU = Hg,_leU, and subtracting (58) to (1), we get the following
identity in L(I,,; L*>(2)):

w=0)" = Au—0)=(f =% _ )+ AU —T%_U). (59

Next, we derive an error equation testing (59) with a particular function mimicking
that proposed in [3, eq. (3.7)], i.e., the function in (52). It is immediate to check

— V() = —0)(,-) (60)

and
vp(§,) =0. (61)

Multiplying (59) with the function in (52), integrating in space, and integrating by
parts, we arrive at the following identity in L>(0, T'):

(=0, vp)oq+aw—U,vp)
= (f =%, f,vp)oa+ (AU =%, _,U), vg)o,0-

Using (60), we readily deduce the following identity in L2(0, T):
(=0, vp)o.a—a(vy, vg) = (f =T, f,vp)o,a+(Ax(U T, U), vp)o.q.

The following trivial but crucial identity holds true: given sufficiently smooth in time
functions ¥ and 3, we have

®”, Do.o = ®, Dy g — ®, o in L2(0, 7).
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This identity and (60) imply

(=0 vp)pq+ (=0, u—0)gq—alvy. vp)
= - ng,lf, vglo.e + (Ax(U — ng]U), vB)0, in L' (0, 7).

Equivalently, we write

Y ’ 1 G2 v 1 ’
((M U) s UB)O,Q + z(”u U“O,Q) Ea(va UB)
=(f =%, f,v)oa+ (AU = 1% _,U), vp)oo inL'(0, 7).

We integrate in time over (0, £), & as in the choice of the test function in (52). We
arrive at

1

1 ~ 2 1 ~ 2
5|| =06 o0 7aWp (. ), B, ) = 5||<u — U095 ¢

§ ~ ~
[ (=1 £ vmoe + (@ =G 0, vm0g = (= DY, v o) dr.

Using (44) and (53), we have (u — ﬁ)’(O, -) = 0, whence we write

§ _
—/O ((w— U, vp)y odt
= —((u—0)E ). vpE Noa—+ (u—0)0,), v50, )o.q

E (@ = 0Y0,),v50, )og =0.

Combining the two above displays again with (61), adding and subtracting U in the
last term on the right-hand side, and using that (z — U)(0, -) = 0 yield

1 ~ 2 1
3 [ —U)e, ')||0yg + EG(UB(O, 2,vp(0, )
§ ~
= [ ((F =1 Fovmdo.e+ AU =TI U) vp)o.q + (Ax(T = U), vploq ) dr.
0 p'—1 p'—1
Let g, 1 and g, _3 realize (54a) of degree p), — 1 and p; — 3 (with gy _3 = 0 for

pl = 2), respectively. Using the properties of Hg,_l , the orthogonal property (48),
and the choice of £ in (51) (including the fact that £ lies in the time interval I,,), we
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end up with

1 ~ 1
5 ”M - U”QILOO(O,T;LZ(Q)) + EQ(UB(Os ')s VB (0’ ))

m—1

&

=3 [ mS fvn gy ead+
n=1

Im—1

(f =1 | f.vp)o,qdt
I L

(62)

" 0 g 0
+ Z/I (AX(U—HP,,IUMB—qp;_oo,szdw/t (A5 =Ty V). vpo.qdt
n=1""" m-—

m—1 £ 6
+ 21 /In (Ax(@ ~ V), vp — 4,1 _po.adt + /[m (AT =), vplogdt = 2} ;.
n= - 1=

As for the term 77, we use Holder’s inequality, inequality (54a) (with constant ¢3(p], —

1)), and the fact that H v H Lo, L2(S) is smaller than H vy ” LT L2())" and end up
with
m—1
I = nX_; Hf B Hg’—lf‘ L1 (13 L2 () [os = @il 20
mol t . /
< Z ;63(17” - 1)Hf - Hpulf‘ L1y L2) |V ||L°°(1,1;L2(S2)) (63)
mol t . /
< (Z 3 — UHf - Hp’—lf‘ Ll(I,l;LZ(SZ))> 108 0. 7522
Similarly, using (54b) and the fact that H v% H Lo 1.6:L2() is smaller than

v Loo(0.7: 12(52))» We also infer the following bound on the term 7>:

T |r-ng 7|

Ll(tm—l ELZ(Q)) ”UB ”Loo(tm—l f;Lz(Q))

<1, ”f - ng,lf L2 v HLoc(tmfl,E;Lz(Q)) (64)
< 1T Hf - Hgt_lf‘ L) v HLOO(O,T;LZ(Q))'
Next, we bound the term 73 using again (54a) with constant ¢3( pfl —1):
m—1
T3 < ,,2—; ”Ax(U - ng_1U)HL1(1”;L2(9)) lvs *qP;—luLw([,,;LZ(Q))
m—1
< Z %03(17,’1 - 1)” Ax(U — ng‘*‘U)HL'u,,;LZ(Q)) v ”LOC(I,,;LZ(Q)) (65)

n=1

m—1
Tn t 0 ’
= (Z 7 3P~ 1)” Axll = HP’—IU)’LW,,;LZ(Q») 1V ] 07220

n=
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We bound the term 74 based on (54b) and proceeding as in the bound of 73:

T, < H Ax(U — ng_lU)) vl oo ,_.&:2))

LY (ty—1,6;L2())

IA

o AxW -1y 0) (66)

Ll(tm—lf;Lz(Q)) H U% ” L (ty—1,6:L2(R))

IA

Tm HAX(U - ng_lu)‘

Ll(Im;LZ(SZ)) ” U% “ LOO(O,T;Lz(Q))‘

Using estimates (54a) with constant c3( pﬁl — 3) and (46¢) with constant ¢ ( pﬁl), we
show an upper bound on the term 75 for p!, > 3:

m—1

1 ~
Is < Z W ” Ax(U — U)”LZ(I”;L?(Q)) ” VB — qp -3 ”LOO(],,;LZ(Q))
n=1
m—1 T%
) —~
< Z ;%(1’2 —3)|ax@ - U)”L2(1,,;L2(Q)) v HLOO(IH;LZ(Q)) (67)

n=1

IA

m—1 _3
T
<Z ;’162(17;)63(17; —3) ” [[AXU/]] (tn—1, ')||o,9> ” v;i ”LOO(O,T;LZ(Q))‘

n=1
For pﬁl = 2, using the definition of vp and & in (52) and (51), and the fact that |§ —17,,_1|
is larger than |£ — 1,,|, we have

lallzea,; 2@y < 18 = a1l [VB | 1200 = lm = -1l [VB | 1o, 12 000

Using the definition of ¢4 ( pf, —3) in (57), we have the following bound on the term 75
for all p!, larger than or equal to 2:

m—1

1 ~
Ts < 3 [ AU = U] 2y, 2 108 21200

n=1

m—1 1 .
= Z ltm — ta—1177 | Ax(U — U)HLZ(I,,;LZ(Q)) v HLOC(I,,;Lz(SZ))
n=1

m—1
< (Z |tm — In—1 |"5352(P;)H H:AXU/]] (tn—l’ ) ||0’Q) ” le ||L°°(0,T;L2(Q))'

n=1

We bound the term 7§ using estimates (46¢) and (54b):

1 ~
Ts = tn [ AxU = D 2¢,, _, 2 VB LG 65220

3 ~
< T ” Ax(U = U) ||L2(1m;L2(Q)) ” Vg ||L°O(0,T;L2(sz)) (68)

= 7;13102(19;1)” [AxU'T (tm-1. ) ”o,gz ” Vi ” L®(0,T;L2(Q))"
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Finally, using the fact that H v% ”LOC(O T:L2(Q) is equal to Hu — fjHLw(o T:L2(Q) the
assertion follows inserting (63), (64), (65), (66), (67), and (68) in (62). O

Remark 3 With the notation as in the proof of Proposition 3.5, for the case p!, = 2,
the parameter C4(p£, — 3) in (57) scales as 1, I which reduces by one order the
convergence rate of the term 75 compared to the case p!, > 3. On the other hand, the
convergence rate for the term 75 for p!, > 3 is one order higher than that of the error
lu — Ullpoo0.7:12(e))- Therefore, for p} = 2, the term Ts5 converges with the same
rate as that of the error [[u — Ull oo 0, 7. 12(02))-

The error measure on the left-hand side of (56) contains the reconstruction oper-
ator U , which we do not want to compute in practice. For this reason, we elaborate
further. Recall that m is as in (51). Consider the time steps and time polynomial degree
distributions 7 and p’ as discussed in Sect. 15 ¢1(ph), c2(ph), c3(pl), and c4(p}) as
defined in (47a), (47b), (55), and (57). Define

M= max T, 1D (PN U] s ) lo.o-

n=1,...,

Given m asin (51), foralln =1, ..., m — 1, we also define

2 . to_ _ 10
?(T””(p” N e HP’—lU)”Ll(In;LZ(m)
M = +rgea(ples(py = H|[AxU] (a1, -)||m) ifn=1,....m—1

2(1,,,‘ AU — ng_lU)” + (P [[AxU] et .)”m) itn=m,

and the data oscillation terms

LY (I L2(Q))

27, r_ _ 110 3 — _
25 ey (pt I)Hf Hpt_lf‘Ll(I,,;Lz(Q)) ifn=1,..m—1

_ 10 e
2thf HP’_lfHLl(Im;LZ(Q)) ifn=m.

oscy (f) :=

With this at hand, for m as in (51), we introduce
m m
M=) M osc(f) =) 0sca(f)- (69)
n=1 n=1

We are now in a position to derive a fully explicit, reliable a posteriori upper bound
for the L°(L?) error with respect to the error estimator

n=mn+n. (70)

Proposition 3.6 Let u and U be the solutions to (2) and (4); n as in (70), and osc(f)
as in (69). Then, the following bound holds true:

lu = Ullpooo,7;220)) = 1+ 0se(f). (71)
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Proof The triangle inequality implies
lu = Ullgoeo, 72y = 4= Ul ooz 12y + 10 = Ul oo 720200
Next, we pick 7 = 1, ..., N and £ such that
=D& Moo=V -Ulinori2@  withéeln

An upper bound for the first term in the maximum is a consequence of (56). As for
the second term, we use the (1D in time) Sobolev embedding H ey 190 gee, e.g.,
[24, eq. (1.3)], and observe

o~ 2 o~ o~
”U - U’|L°°(O,T;L2(Q)) = ”U - U||L2(Iﬁ;L2(Q)) ”(U - U)/”LZ(I,z;Lz(Q))

(46a),(46¢)
< 2 e[V o) [ o

As m and E cannot be determined a priori, we further elaborate the above bound as
follows:

ju - ﬁ”iw(O,T;LZ(m) = nalo N T’%Cl(pz)‘?(p;)” (U] @t ”3&2

The assertion follows combining the above displays. O

Remark 4 Property (42) is crucial in deriving bounds (71). In principle, we may also
assume the weaker requirement that AyU belongs to L%0,T: H1(Q)) but end up
with an error estimator involving a negative norm, which is harder to realize in practice
than the L2(0, T: L2 (€2)) norm.

4 Numerical experiments

We assess numerically the a priori and a posteriori error estimates proven in The-
orem 2.8 and Corollary 2.9, and Proposition 3.6. The numerical experiments are
conducted with the Gridap. j1 library [36] in the Julia programming language.

Spatial and time discretization. In what follows, we always consider the spatial
domain Q = (—1, 1)? partitioned into uniform tensor-product meshes; we use tensor
Lagrangian (equidistributed) nodal basis functions. As for the time discretization, we
take the Lagrangian basis functions in time for simplicity. Unless otherwise specified,
T = 1; other values will be considered and detailed at the appropriate points.

Error measures. We are interested in investigating different error measures for the a
priori and a posteriori error estimates.

Given u and Uj, the solutions to (2) and (3), and ej, := u — Uy, we consider the two
error measures appearing on the left-hand side of (30) separately:

N N
max e | o 7,: 120 max {en ooz, 11 () (72)
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We also consider the errors

lenlL20,7: 11 @) leinll 20,7220 lenll L. r:2p,  (73)

and the jump error
1

N 2
(Z ] <rn_1,->||§,9) | )

n=1

The L?-type norms in time are computed with GauB-Legendre quadrature formulas of
order 2p!, 4 3; the L*°-type norms in time are evaluated at 2 p!, + 3 equally distributed
nodes in time for each time interval; the spatial norms are computed by using tensor
product GauB3-Legendre quadrature formulas of order 2 px + 3.

Imposing Dirichlet boundary conditions. We consider homogeneous Dirichlet
boundary conditions, which are imposed strongly at the boundary degrees of free-
dom. The case of inhomogeneous boundary conditions is discussed in [37, Sections 3
and 5.3].

4.1 Uniform refinements

We investigate the convergence rate of the fully-discrete method (3) under uniform

time step and polynomial degree in time refinements in various norms for three tests.
The initial and boundary conditions, and the right-hand side of (1) are computed

accordingly to the explicit formula of the different solutions we pick below.

4.1.1 Uniform refinements: test case 1
We consider the analytic solution
ux, y, 1) := (1= x>)(1 — y?) cos(4r). (75)

As for the spatial discretization, we fix px = 2 and & = 0.4. Since the exact solution
is a quadratic polynomial in space and we use a quadratic nodal tensor product basis,
up to machine precision, the spatial error is zero.

Uniform time step refinements. For pil in {2, 3}, we pick T in {2 x 1071, 1071, 5 %
1072,2.5 x 1072, 1.25 x 1072}; for p! in {4, 5}, we pick 7 in {2 x 107!, 1.25 x
1071,9.09 x 1072, 7.15 x 1072, 5.88 x 1072}. We display the errors in (72), (73),
and (74) in Fig. 1.

The expected optimal convergence rates as discussed in Corollary 2.9 are observed
for the errors in (72); the same convergence rate is achieved by the other error measures,
which is not covered by the theoretical results from Sect.2. In particular, the error

in (74) has order O(t? 5_%); see also Remark 2 for further comments on this point.

Uniform polynomial degree in time refinements. We pick pfl in {2,3,4,5, 6} and
Tin {2 x 10~1, 10_1}. We display the errors in (72), (73), and (74) in Fig. 2.
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Test case 1, p!, = 2 Test case 1, p!, =3
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T T

Fig.1 Exact solution as in (75), uniform z-refinement

i Testcase 1, 7—2x 10" Test case 1, 7= 10"
10714 e
o o
. ¢ o s
% . =
e ¢ . *
. b -5 2 ..
& —r) = : R :
) 1.2 3 1 2
© s HTEE) MQ ° L ——H (L) 2 <
—— 2 () 9 ——LX(L?) . .
- L(H") * o L¥(H") o
,1,00 2. ° o 2. °
—~—w'(rh ——w" (L%
—o— jump of H'(L*) X —o— jump of H'(L%)
\d ~10 N
3 10 :
2 3 4 5 6 2 3 4 5 6
pll pn

Fig.2 Exact solution as in (75), uniform p!,-refinement

We observe exponential convergence rate for all the errors. Even though this is not
covered by the results in Sect.2, we can expect this behaviour from the smoothness
of the function in (75) and standard p-FEM techniques [32].

4.1.2 Uniform refinements: test case 2
We consider analytic in space solutions

u(x,y, 1) =1 —=xH1—yH% o> 15, (76)
which belong to H°‘+%(0, T;C®(RQ). Wefix pxy =2and h = 0.4.
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Test case 2, a = 1.75 Testcase 2,a — 2.5
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Fig.3 Exact solution as in (76), uniform t-refinement
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Fig.4 Exact solution as in (76), p/,-refinement

Uniform time step refinements. We pick pjl = 2and T in {2 X 1071, 1071, 5 x
1072,2.5%x1072,1.25x 1072,6.13 x 1073,3.06 x 1073, 1.53 x 1073} fora = 1.75
andtin{2x 1071, 1071, 5% 1072,2.5x 1072, 1.25 x 1072} for & = 2.5. We do not
consider higher polynomial degrees in time, since they deliver the same convergence
rates. The results are exhibited in Fig. 3.

We observe optimal convergence rates for the errors in (72) as dictated by Corol-
lary 2.9; similar rates are achieved by the error measures in (73). The error measured
in the W 1-%°(L?)-seminorm confirms estimate (41); that seminorm converges with the
same rate of the error in (74).

Uniform polynomial degree in time refinements. We pick p! in {2, ..., 10} and
T = 0.2. The results are displayed in Fig. 4.

We observe doubling order convergence rate in p/,, which is standard in p-FEM
while approximating functions with growth of #* type [32, Section 3.3.5], for the
jump of the H'(L?)-seminorm, whereas other quantities display a super-convergence

phenomenon.

4.1.3 Simultaneous space-time uniform refinements: test case 3

We consider the analytic solution

u(x,y,t) = sin(mnx) sin(wrmy) cos(wmt),
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Test case 3, p! =2 Test case 3, p!, =3
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Fig.5 Exact solution as in (77), t-refinement

withm =n=1 0 = V2, and pick px = pfl + 1 and h = 1, i.e., we are interested
in simultaneous space and time refinements. On the other hand, for p; € {2, 3}, we
choose 7 in {2 x 1071, 1071, 5 x 1072, 2.5 x 1072, 1.25 x 1072}; for p! = 4, we
choose 7 in {2 x 1071, 1071,6.67 x 1072,5 x 1072,4 x 1072}; for p!, = 5, we
choose Tin {5 x 107,3.33x 1071,2.5x 107", 2 x 107!, 1.67 x 10~'}. The results
are displayed in Fig. 5.

We observe optimal convergence rates for the errors (72) and (73).

4.1.4 Long time behaviour: test case 3

Here, we investigate the influence of the final time 7 on the errors and estimators for
the test case 3 with exact solution in (77) withm =n =l and w = V2. In particular,
we take T = 6,8, 10, px = p!, = 2,3, h = 27 = 0.4. In Table 1, we report the
errors and estimators in the selected norms. We present only a few norms compared
to the previous tests, since all the L°-in-time type norms have similar behaviour
to the L>°(L?)-norm, and all L>-in-time type norms have similar behaviour to the
LZ(HI)-norm.

From Table 1, we observe a linear dependence on the final time for the L% (L?)-
norm and the estimator 7; the L?-in-time type norms have slightly worse dependence
for p = g = 2; but the same behaviour for p = ¢ = 3; the jump error has half an
order dependence.
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Table 1 Exact solution as in (77) withm =n = 1 and ® = +/2, long time behaviour

Error (rate) p=qg=2

T L(L?) L2(HY jump of H!(L?) n

6 T.12e—1 541e—1 2.06¢0 3.16¢0

8 1.46e—1 (0.93) 8.24e—1 (1.46) 2.32¢0 (0.42) 4.18¢0 (0.97)
10 1.84e—1 (1.01) 1.14e0 (1.47) 2.58¢0 (0.47) 5.23¢0 (1.00)
Error (rate) p=qg=3

T L(L?) L2(HY) jump of H!(L2) n

6 1.32¢—3 7.96e—3 1.97e—1 5.79¢—2

8 1.69¢—3 (0.85) 1.03e—2 (0.89) 2.29¢—1 (0.52) 7.78e—2 (1.03)
10 2.07e—3(0.89) 1.30e—2 (1.04) 2.58e—1(0.52) 9.94e—2 (1.09)

Fig.6 Exact solution as in (77)

with parameters m = n = 10
and w = 10+/2: polynomial 10+ P ; ———
degrees VS errors ¢
o
51071}
Iy o
~ o
h:\] 10_2 [® s
A: ; s —
™ —_—— ])”
el o—p! =3
+ p:, 4
1074+ o o—pl =5
L4 n e
10715 10710

Test case 3, high-oscillation

~

4.1.5 Higher oscillating modes: test case 3

Here we investigate the influence on the performance of the scheme in presence higher
oscillating modes in the exact solution. We still consider the test case 3 with exact
solution in (77) with parameters m = n = 10 and w = 10v/2. We fix T = 1, ph = px
in{2,3,4,5),withh = tin{2x 1071, 107!, 6.67x1072,5x1072,4x 1072,3.33 x
1072, 2.86 x 1072}. In Fig. 6, we display the errors in the L°°(L?)-norm; other norms
mentioned in the above sections have also been tested and omitted here for brevity
since they have a similar behaviour to the L% (L?)-norm.

From Fig. 6, we observe that higher polynomial degrees reduce the pre-asymptotic
regime.

4.2 Efficiency of the error estimator for the semi-discrete in time scheme
Henceforth, the semi-discrete formulation (4) is considered. We check the efficiency
of the error estimator 1 in (70) (withm = N and & = ty in (69)), compared to the error

measured in the L (0, T: L2($2)) norm. In particular, we investigate the behaviour
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Fig. 7 Exact solution as in (75), (76), and (77) uniform 7-refinement
of the effectivity index
Ui
(78)

" lenllzoo.7:220))

We focus on the test cases with exact solutions in (75) and (76), and consider here
uniform time steps and polynomial in time refinements.

In Fig. 7, we present the results we obtained under uniform time steps refinements.
For the test case with exact solution as in (75), we pick pﬁl in {2, 3, 4}; for the test case
with exact solution as in (76), we pick pﬁl =2, o = 1.75. For the test case with exact
solution as in (77), we pick m = n = 10, w = 10«/2 px=4,h=133x 10~! and
plin{2,3,4}.

The estimator has the optimal convergence rate as the error measured in the
L>(0, T; L?(2)) norm. Notably, the effectivity index in (78) seems stable with respect
to T, i.e., is uniformly bounded by a constant with respect to 7.
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Fig. 8 Exact solution as in (75), (76) and (77), pﬁl -refinement

Then, in Fig. 8, the same tests are investigated with N = 5, i.e., for a fixed T = 0.2
under p! -refinements in time; for the test case with exact solution in (76) we only
consider o = 1.75.

Also in this case, the estimator has the same convergence rate as that of the
L%°(0, T; L%(2)) norm of the error. For the test case with exact solution in (75)
and (77), the effectivity index « is uniformly bounded in terms of p/; for the test case
with exact solution in (76), « increases with rate 1/2 in terms of p/,.

4.3 Adaptive refinements in time

Since the data oscillation terms in the a posteriori error estimates (71) are not dominant,
we omit them for simplicity. We consider here an adaptive algorithm with the usual

@ Springer



A priori and a posteriori error estimates... 2167

structure
SOLVE - ESTIMATE - MARK — REFINE.

The ESTIMATE step is driven by using the error estimator 7; to this aim, we propose
an algorithm for the localization of 7, notably to determine a practical value of m
in (69). As for the MARK step, we use Dorfler’s marking (with £!-type summation)
with a given threshold 6 in (0, 1]. The REFINE step is realized by the bisection of
the marked time intervals.

In what follows, we denote the Kronecker delta function by §; ;.

Adaptive algorithm for the localization of each ESTIMATE step.

1. Find the interval index m where 7 attains the maximum.
2. Compute

AU =TI )|

2 -
”<T"Cg(p” b LY(1,:L2()
M = +rac2(pea(ph = D [0 a1 g o) foralin=1,....m

0 otherwise,

and 12 by (69) with the above given m.
3. Denote 1, = 8u.nn1 + 12.n the local error estimator on the time interval [, for
n=1,...,N.

4.3.1 Numerical results: the adaptive algorithm

We consider the test case with exact solution as in (76) and o = 1.75; pﬁ, in {2, 3, 4};
Px = 2; 5 nodes in each space direction; Dorfler’s marking parameter 6 = 0.5. We
define DoFs = N x pf1 x card(V}y). In Fig. 9, we display the L®(L?) uniform and
adaptive errors and estimators 7 in the left panels; the effectivity indices k are presented
in the right panels.

Some remarks for this test case are in order:

e the adaptive algorithm delivers optimal convergence rate in terms of the number
DoF's of the method;

o the effectivity index is uniformly bounded for fixed p’,, and the adaptive algorithm
asymptotically returns smaller effectivity indices.

In Fig. 10, we illustrate the final time meshes produced with p!, = 2 and 4 from the
adaptive and uniform refinement algorithms.

The adaptive algorithm generates a time mesh with a strong grading towards the
initial time. Such temporal meshes are more graded in the case p!, = 4 compared to
the case p!, = 2.

5 Conclusions

For a C%-in-time discretization of the wave equation in second order formulation
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Fig.9 Exact solution as in (76)
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Fig. 10 Exact solution as in (76), time mesh visualization
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e we derived a priori estimates for the fully-discrete method, which are explicit in
the spatial mesh size, the time steps, and the polynomial degree distributions in
space and time (the errors were measured in L°°-type norms in time);

e we derived fully explicit, reliable a posteriori estimates for the L°(L?) error in
terms of a novel error estimator, which involves jumps of the time derivatives and
the spatial Laplacian at the time nodes.

A campaign of numerical experiments revealed that

e for sufficiently smooth solutions, the order of convergence under uniform refine-
ments is optimal also for L?-type errors in time;

e the proposed error estimator is efficient under time step refinements and may be
inefficient under p-refinements in time.

More recently [9], we analyzed and assessed the performance of a fully discrete scheme
for the wave equation in 2nd order formulation with dynamic mesh change. A crucial
question remains the proof of a localized lower bound for the error estimator in (70),
which, to the best of our knowledge, has been an open problem for at least the last two
decades for the error measures considered in this work; lower bounds have recently
been established at least for other choices of norm, cf., e.g., [6, 7]. Another challenge
is the proof of convergence and optimality of an adaptive algorithm driven by that
error estimator; recent results in [11, 12] show that this can be accomplished for
parabolic problems without mesh change in the energy norm, while no similar results
are currently available for the wave equation.
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