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ABSTRACT: The zero-form and one-form global symmetries of the Aharony-Bergman-
Jafferis (ABJ) and related theories, with at least N' = 6 supersymmetry in three
dimensions, are examined in detail. Starting from well-known dualities between theories
with orthogonal and symplectic gauge groups and those with unitary gauge groups, we
gauge their one-form symmetries or their subgroups and obtain new dualities. One side
of the latter involves theories with special orthogonal and symplectic gauge groups, and
the other side involves theories with unitary gauge groups; there is a discrete quotient
on one or both sides of the duality. We study the refined superconformal indices of such
theories and map the symmetries across the dualities, with particular attention to their
discrete part. As a generalisation, we also find a new duality between a circular quiver
with a discrete quotient of alternating special orthogonal and symplectic gauge groups
and a three-dimensional N/ = 4 circular (Kronheimer-Nakajima) quiver with unitary

gauge groups, whose Higgs or Coulomb branch describes an instanton on a singular
orbifold.
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1 Introduction

The Aharony-Bergman-Jafferis-Maldacena (ABJM) U(N) x U(N)_y, theories' [1] and
the Aharony-Bergman-Jafferis (ABJ) U(N + z); x U(N)_j theories [2] constitute a

'In this paper, G denotes gauge group G with Chern-Simons level k.



large class of three-dimensional superconformal field theories (SCFTs) with A/ = 6 and
in some special cases N’ = 8 supersymmetry. As observed in [2] and further studied in
[3], some of these theories are dual to the ABJ theories with orthogonal and symplectic
gauge groups:

O(2N)y x USp(2N)_; +— U(N)s x U(N)_y
O(2N +2)3 x USp(2N)_y +— U(N +2)y x U(N)_q (1.1)
O(2N + 1), x USp(2N)_, «— U(N + 1)3 x U(N)_4

In this paper, we revisit the theories and dualities in (1.1) in the context of gen-
eralised global symmetries. In particular, we investigate one-form symmetries in such
theories and gaugings thereof. As pointed out in [4, 5], the study of higher-form sym-
metries and extended operators leads to new insight on several structures of the theory,
especially distinctions between theories with the same gauge algebra but with different
global structures of the gauge group. This turns out to be the case here. In particular,
by gauging the one-form symmetries (or their subgroups) of theories in (1.1), we find
the following new dualities:

SO@2N)2 x USp(2N)—1 +— [U(N)a x U(N)-4]/Z>
SO@N +2)s x USp(2N) 1 — [U(N +2)3 x UN)_4]/Z

We point out that the left hand side of each duality involves a special orthogonal
gauge group. The discrete zero-form and one-form global symmetries of each theory
are studied in-depth in this paper. We find that the matching of global symmetries
across duality is rather intricate, e.g. for the theories in the first line, the Zs zero-form
charge conjugation symmetry of the left theory becomes a subgroup of the U(1) X
Zgep(n,a) zero-form symmetry of the right theory, where the latter was pointed out
in [6]. However, not all global symmetries of the unitary theory are manifest in the
(special) orthogonal symplectic theory. We discuss this point, as well as the map of the
symmetries across the duality, extensively in the main text of the paper.

Note that, in three spacetime dimensions, gauging of a one-form symmetry yields
a zero-form symmetry, and vice-versa [5]. In many cases, this observation allows us to
indirectly study the one-form symmetry in the original theory via the zero-form sym-
metry in another theory where such a one-form symmetry is gauged. The (refined) su-
perconformal index [7-12] serves as a particularly useful tool for studying the zero-form
symmetry of the latter and thus contains information about the one-form symmetry
of the original theory. The superconformal index in 3d is also sensitive to the global
structure of the gauge groups and this makes it powerful to determine the correct ones



in order for dualities, such as those in (1.1) and (1.2), to hold. Moreover, as we shall
comment again momentarily, it can also be used to detect topological sectors, which
usually bring along one-form symmetries, by turning on background magnetic fluxes for
zero-form global symmetries. It was already observed in [13] that the Witten index is
an observable that in 3d is sensitive to the higher form symmetries of the theory. The
superconformal index that we will use extensively in our analysis is a generalisation
of the Witten index refined with fugacities for the R-symmetry and for the zero-form
global symmetries.

We also study theories with odd (special) orthogonal and symplectic gauge groups.
We find that the following four theories have the same refined superconformal indices:

O@2N + 1), x USp(2N)_;  U(N + 1)y x U(N)_4

SO(2N + 1)y x USp(2N)_4 [U(N 4+ 1)y x U(N)_4]/Zs (1:3)

where the duality of the theories in the first line is known (see the last line of (1.1))
and the duality in the second line follows from the first line by gauging the one-form
symmetry of the latter. The equality of these indices leads us to conclude that the
one-form symmetry of the theories in the first line acts trivially on the spectrum of
line operators, and the zero-form charge conjugation symmetry acts trivially on the
theories in the second line. The former conclusion leads to the proposal that a certain
set of line operators is absent from the theories in the first line.

We generalise the above result by considering a circular quiver with alternating spe-
cial orthogonal and symplectic gauge groups. Specifically, we find the duality between
the following two theories: (1) the Z, discrete quotient of the circular quiver with al-
ternating SO(2), and USp(2)_; gauge groups and bifundamental half-hypermultiplets
between each pair of such groups, and (2) a 3d N/ = 4 circular quiver with a collec-
tion of U(1) gauge groups, bifundamental hypermultiplets between each pair of such
gauge groups, and a hypermultiplet with charge 1 under each gauge group. The latter
is also known as a Kronheimer—Nakajima quiver [14] and its Higgs or Coulomb branch
describes an instanton on a singular orbifold.

The paper is organised as follows. In Section 2, we gauge one-form symmetries
(or their subgroups) of the theories in the first two lines of (1.1) in order to obtain
the theories in (1.2). Mixed anomalies and non-trivial extensions of zero-form and
one-form symmetries of such theories are discussed in detail. We also present some
interesting special cases that relate these theories to other known theories, such as
N = 8 super-Yang-Mills. In Section 3, we study the superconformal indices of all of
the aforementioned theories and match them across the dualities. We point out the
symmetries that are not manifest, especially in the (special) orthogonal symplectic
theories, and cannot be refined in the index. For the unitary theories, we study the



relevant and marginal operators in detail, as well as the extra supersymmetry currents
leading to N’ = 6 or N = 8. We conclude the paper and propose some directions for
further study in Section 4. The conventions for the superconformal index adopted in
this paper are summarised in Appendix A. In Appendix B we demonstrate, via an
example of the duality appetiser [15], that the superconformal index can be sensitive
to the topological sector when the background magnetic flux for a zero-form global
symmetry is turned on.

Notation and convention

e We denote the ABJM theory [1] by U(N)g x U(N)_g, where the four chiral
multiplets in the bifundamental representation and the superpotential are im-
plicit. Similarly, the ABJ theories [2] are denoted by U(N + x), x U(N); and
O(2N + x)9p x USp(2N)_j. They can be subject to a discrete quotient and the
orthogonal group can be replaced by a special orthogonal group, depending on
the theory we are considering.

We use a similar notation for a circular quiver, e.g. SO(2)o x USp(2) 1 X SO(2)5 X
USp(2)_1 denotes a quiver gauge theory with four gauge groups and the chiral
multiplets in the bifundamental representation of each SO(2) x USp(2) pair.

e Whenever we would like to emphasise the type of symmetries, the (ordinary)
zero-form global symmetry is denoted by a superscript [0] and the one-form global
symmetry is denoted by a superscript [1].

e We denote by a subscript the type of global symmetries, for example, the zero-
form charge conjugation symmetry is denoted by (Z[QO})C. Unless stated otherwise,
we label the symmetry according to the notation of the fugacity in the super-
conformal index, e.g. the fugacity for the zero-form magnetic symmetry of an
orthogonal group is ¢, and so we denote such a symmetry by (Zg)})g.



2 General discussion

One of the main objectives of this paper is to study the interrelation between the
following dualities:

I O(2N)y x USp(2N)_, —  UN)yxU(N)_y (2.1)
Z[Ql] Z[20]

I SO(2N)s x USp(2N)_, l<—ﬂ [U(N)y x U(N)_4]/Zs
Z[21] Z[20]

I1I: [SO(2N)y x USp(2N)_1]/Z l<—ﬂ [U(N)y x UN)_4]/Z4

where a downwards arrow with the label 2[21] denotes the gauging of the 2[21] one-form
symmetry and an upwards arrow with the label Zg)] denotes the gauging of the Z[QO]
zero-form symmetry. For convenience, we respectively use (L) and (R) to denote the
left and right descriptions of each duality I, IT or III; for example, II(L) denotes the
left description of the duality II. To the best of our knowledge, dualities II and III are
new, whereas duality I was conjectured in [2] and studied in more detail in [3].

Let us discuss each theory in detail. As pointed out in [6, Section 2.1], the theory
I(R) has a U (1)[0} topological symmetry and a ZE] one-form global symmetry, with a

top
mixed anomaly characterised by the following short exact sequence:

IR): 0=zl = ZUxou@® = v - o (2.2)

top top

Note that there is no non-trivial extension between these two symmetries. On the other
hand, the U (1)£(())]p is not manifest in the description I(L). As explained in [16, Sections
2.3 and 2.4] and [17, Section 6.2], the ZE] one-form symmetry of the theory I(L) arises
from a non-trivial extension between the centre (Z[Q”)mtre one-form symmetry? and the
(Z[Qu)g one-form symmetry controlled by the dynamical gauge fields for the zero-form
charge conjugation symmetry. We denote the latter by (Z[gl]) - This is characterised by

the short exact sequence:
( ) . ( 2 )c 4 ( 2 )Centre :

Let us now gauge the one-form symmetry in each theory in the duality I. In the
theory I(L), this is identified as gauging (Z[;])?, whereas in the theory I(R), this cor-

responds to gauging a Zgl] subgroup of the Z41] one-form symmetry. As a result, we

2Both O(2N) and USp(2N) gauge groups have a Z, centre (see e.g. [16, Table 3]) . However, the
half-hypermultiplets in the bifundamental representation screen the diagonal combination of Zy X Zs,
and so we are left with one Z, centre symmetry, which we denoted by (Z[Ql])centre.



obtain a Z[QO} zero-form symmetry in each description of the duality II. In the descrip-
tion II(L) this is identified as the zero-form charge conjugation symmetry (Z[zo})& and
in the description II(R) this is identified with the zero-form discrete topological sym-
metry, denoted by (Z[QO])QN,?’ arising from the Z, discrete gauging. We thus have the
correspondence

(Ze <+ (Z3)y . (2.4)

After gauging, each description of the duality II also has a ZE] / (Zgl])g = Z[QH one-form
symmetry. As pointed out in [6, Section 2.5], the theory II(R) has a U(1)1% x Z[GO]CD(N,2)
zero-form symmetry. Similarly to [6, (2.18)], the latter can be viewed as a non-trivial

extension of the U (1)[0]

top topological symmetry and the zero-form charge conjugation
symmetry (Z[QO}) ¢ This is characterised by the short exact sequence:

HR): 0 = (Zy)y = UMY x Zgepg = Uligy = 0. (25)
Following the discussion in [18], if we start from (2.3) and gauge the (Z[zl])é\ one-form
symmetry, we obtain

II(L) 0 — (Z[QO]>C — (Z[QO]>C X (Z[Ql])centre — (Z[Ql})centre — 0 (26)

with a mixed anomaly between the zero-form charge conjugation symmetry (Z[QO])C and

the centre Z[;lentre one-form symmetry (as discussed in [16, Section 2.4]). Since there

is no mixed anomaly between (Z[QH)CA and (Z5")cenwre in (2.3), there is no non-trivial
extension between (Z[QO])C and (Z[Zl})centre (and so the exact sequence (2.6) is split).
Given that we identified (Z[QO})C = (Z[QO})QN, the same statements hold on the side of
theory II(R) between (Zgo])gu and (Z[Ql])centre. This is consistent with the fact that the

description II(R) has a Zgl] one-form symmetry [6], without any extension with a zero-
form symmetry. We will describe how to see the relation between (Zg)])c = (Z[QO]) g and
U101 x Z[GO}CD(N 5) in terms of the index around (3.33).

(1]
2

Finally, we gauge the Zs"' one-form symmetry in each description of the duality II.

As a result, we gain a Z[QO]

zero-form symmetry in both descriptions of the duality III.
For convenience, let us denote it by (Z[QO])Q. For theory ITI(L), there is also a magnetic

zero-form symmetry, denoted by (Z[QO])C.4 By the same reasoning as in [16, Section 2.4

3This notation is chosen to be consistent with (3.33).

4In the literature, the zero-form magnetic symmetry is usually denoted by M. Since we use the
fugacity ¢ for the magnetic symmetry when we discuss superconformal indices, we denote such a
symmetry by (Z[QO])g to be consistent with the notation adopted in the subsequent sections of the

paper. Notice also that in the special case of N =1 this symmetry is actually continuous U (1)20}.



and Footnote 20], the (abelian) zero-form symmetry of the description III(L) is either
(Z[QO])g X (Zg)[co] if 2N in the SO(2N) gauge factor is not equal to 2 mod 4, or the
non-trivial extension ZLO] of the former if 2N in the SO(2N) gauge factor is equal
to 2 mod 4.> On the other hand, in theory III(R), there is a non-trivial extension
ZLO} zero-form symmetry that arises from the mixed anomaly (2.6) between the discrete
topological symmetry (Z[QO]) g of the theory II(R) and the one-form symmetry (Zgl])ceme,
which we gauged. As pointed out in [6, (2.17)], the description III(R) has a U(1)[ x
ZQ}CD(NA) zero-form symmetry, which is a further non-trivial extension between the

[0 6

aforementioned ZLO] zero-form symmetry and the topological symmetry U(1),:

MER): 0 = 2z = UL xZGpwy — UL — 0 (2.7)

Note that the U (1)1[;?)];) topological symmetry is not manifest in theory III(L). As a result,

not every generator of the U(1)[% x Z[g}CD (v.4) Symmetry is manifest in theory ITI(L). For

example, in (3.31), we show that in the case of N = 2, the Z[QO] subgroup of the U(1)[!
symmetry of theory III(R) is identified with the Zgﬂ subgroup of the (Z[QO])g X (Z[QO])C

symmetry or the Zao] symmetry of theory ITI(L).

Special cases

There are many interesting special cases that can be considered.

1. For N =1, duality II becomes
SO(2): x USp(2)-1 < [UM)axU(1)-a]/Zs < U(1)2xU(1)—2.  (2.8)

We discuss the indices of these theories in Section 3.2.1. They are different de-
scriptions of the worldvolume theory of a single M2-brane on C*/Z, singularity,
and so they all have N' = 8 supersymmetry. The second arrow is, in fact, a special
case of the following duality for abelian theories:

UMWy x U) iyl /2y = U(L)r X U (1) - (2.9)

°The above statements hold only for N > 1 since eq. (2.18) of [16] for the anomaly applies only to
discrete symmetries, while the case N = 1 where the magnetic symmetry is U (1)&0} should be treated

separately. In (3.10) we show at the level of the index that (Z[QO])g can be absorbed into U(l)[co]7
indicating that the non-trivial extension between the two symmetries occurs also for N = 1.

6For N = 1 the non-trivial extension implies that the symmetry is only U (1)[0]. This is compatible
with what happens on the side of theory ITI(L) as discussed in Footnote 5. We show that U(1)1° on

the side ITI(R) is identified with U(1)" on the side III(L) at the level of the index in (3.12).




2. The theories involved in duality III are also related to others as follows.
[SO(QN)Q X USp(?N)_l]/ZQ — [U(N)4 X U(N)_4]/Z4
[6, 19, 20] (2.10)
— [SU(N)4 XSU(N)_A/ZN

(a) For N =1, we have the theory of two free hypermultiplets:
[SO(2) x USp(2)1]/Zy < [U(1)s x U(1)_4]/Z4
<> 2 free hypermultiplets (2.11)
v x U1,
(b) For N =2, we have
[SO(4)e x USp(4)1]/Zy <> [U(2)s x U(2)_4]/Z4
SR 1SU(2)4 x SU(2)-4]/Z
U(S)Q X U(2>_2
& Spin(5)/Zs or USp(4)/Zs SYM

- (2.12)
g

These theories have N/ = 8 supersymmetry. On the other hand, we find that
the theory SO(4)s x USp(4)_1, which is dual to [U(2)4 x U(2)_4]/Zs, has
N = 6 supersymmetry; see Section 3.2.2. The Z, discrete quotient, indeed,
brings about extra operators carrying a non-trivial charge under the new Z,
zero-form topological symmetry. The conserved currents associated to these
operators lead to N/ = 8 supersymmetry.

(c¢) On the other hand, for the case of N = 3 in (2.10), from the index computa-
tion, we see that [U(3), x U(3)_4]/Z, possesses N = 6 supersymmetry; see
the comment below (3.28).

Generalisations

The above results can be generalised in many ways. First, we consider the U (3),xU(1)_4
and its dual O(4)y x USp(2)_1. According to the discussion around [20, (3.19)], such
theories have a non-anomalous Zs one-form symmetry. Upon gauging this symmetry,
we obtain a duality pair: [U(3)s X U(1)_4]/Zs <> SO(4)y x USp(2)_1. We discuss the
symmetries of these theories in Sections 3.4 and 3.5.

We then generalise (2.10) to a circular quiver with alternating SO(2), and U Sp(2)_
gauge groups, with a discrete Zy quotient. It turns out that the theories in this class
are dual to 3d N = 4 gauge theories described by a circular quiver with a collection of



U(1) gauge groups and with a hypermultiplet with charge 1 under each gauge group;
see (3.88). The detail is provided in Section 3.6.

Finally, we study the dual pair O(2N + 1)y x USp(2)_1 <> U(N +1)4 x U(N)_4
as well as the dual pair SO(2N + 1)y x USp(2)_1 <> [U(N + 1)y X U(N)_4]/Zs. As
a surprise, it turns out that these four theories have the same superconformal indices,
even refined with fugacities for their O-form discrete symmetries; see Section 3.7. In
particular, the zero-form charge conjugation symmetry in the SO(2N + 1) x USp(2) 4
theory acts trivially and is unfaithful, so as the Zy zero-form symmetry arising from
the Zy discrete gauging in the [U(N + 1)y X U(N)_4]/Zs theory. We conjecture that
the Zs one-form symmetry of the first two theories acts trivially on the spectrum of
the line operators.

3 Dualities and superconformal indices

In this subsection, we consider the duality between these two theories:
ITI(L): [SO(2N)y x USp(2N)_1]|/Zy < TII(R): [U(N)y x U(N)_4]/Z4  (3.1)

3.1.1 The case of N =1

For N = 1, the theory III(R): [U(1)4 x U(1)_4]/Z4 is dual to SU (1), x SU(1)_4 [6, 20].
We expect the latter to be identical to the theory of two free hypermultiplets, which is
also dual to the U(1); x U(1)_; theory. Subsequently, we study these theories in detail
with the aid of the superconformal index.

The index of theory III(R) is given by (we summarise our conventions for the index
in Appendix A, see in particular (A.10) for the contribution Z.;, of the chiral multiplet)

§ : § : le dz2 4m —4m mi_.m
IIII(R)(U)U’ w)= ¢ j{ 2Tz }{ 2m22 R e
E
4

p=0 (m1;m2)

11 Zchir(u 2125 mn = Mg 1/2) Zawe (V32227 ma — ma; 1/2)
s==x1
= I Zer (¢Pwr@/%0;1/2) Zas, (gv°@"/?;0:1/2)
s==x1
= H Zehir (w’lus; 0; 1/2) Zepnir (W0%;0;1/2)
s==x1

(3.2)



where u and v are the fugacities for the SU(2), x SU(2), flavour symmetry and w
is the fugacity for the U(1 )w zero-form topologlcal symmetry. In the above, ¢ is the
Z, discrete topological fugacity satisfying g* = 1, but it can be absorbed into a U(1)
global symmetry by a redefinition. In particular, we have defined

W = (wywy)? w = gw'/?

= g(wywy)'/* . (3.3)

We remark that if one makes a change of variables s; = 2125 and sy = 2125 ! the
contribution of the matter fields Z4,;, is independent of s; and so the integration over
s1 leads to a delta-function that sets (see also [20, (4.15)])

my =msy . (34)

This is in agreement with the discussion of [21, Section 4.1.4]. As a result, only the
combination wiws, but not wi /ws, appears in the index.

The last line of (3.2) is indeed the index of the theory with two free hypermultiplets.
These are identified as the gauge invariant dressed di-baryons, discussed in [6, (2.11)]
(with N =1 and k = 4 in their notation):

B = T{_l 1}Aoc s B(l)c’ = T{i7%}Ba/ ] (35)

where TY,.,; denotes a monopole operator with fluxes m and n in the first and second
U(1) gauge groups respectively. Its gauge charge is (km, —kn) under the first and
second U(1) gauge groups. We denote by «a, 3,... = 1,2 the indices for the SU(2),
flavour symmetry and by o/, 8, ... = 1,2 the indices for the SU(2), flavour symmetry.
Note that the gauge invariant dressed monopole operators

(M—l)al...a4 == T{*l;*l}Aal .. AO{4 ,

(3.6)
("/\/l-i-l)oz’l---ozﬁ1 = T{+1;+1}Ba'1 t Baﬁl )
are related to the di-baryons by the relations
4 4
( al Qg HBa] ) -/\/lJrl)o/lmozf1 = HB;; . (37)
Jj=1 j=1

In order to obtain the index for U(1); x U(1)_;, we proceed as follows. We rewrite
the above index using the variables 7711 = 4my and my = 4my. The contribution from
the Chern-Simons levels is therefore 2" 20", The summation of (my,ms) € (Z + p/4)?
is then equivalent to the summation of (my, M) € (4Z+ p)?, where p is summed from 0

— 10 —



1 1
to 3. The factors corresponding to the topological fugacities are wi™ w5 = w{  w;
We can now shift m; o — my 2 + p and so, together with ¢”, we have

1~ 1~
Tm1 Mo
Yw! wy T =wP

=

1 1
(g(wyws) g (3-8)
where w = g(wlwg)% as stated in (3.3). Using (3.4), namely m; = my = m, and writing
w; = ws and wy = ws ', (3.8) becomes wptam, Upon shifting m — m — 2p, we are
left with w2™ = wi™ w12, Observe that the discrete fugacity g as well as the factor
wP disappear from the index. At this point, the summation of p € {0, 1,2, 3} together
with the summation of (fy;ms) € (4Z + p)® can be replaced by the summation of
(my;mg) € Z2. Moreover, the argument in Zg;, depends only on m; — ms, which is
an integer, and so we can replace it by m; — my. Overall, we obtain the index for
U(1); x U(1)_1, as required. This statement can be easily generalised to show duality
(2.9), namely [U(1)gp X U(1)_kp|/Zy <> U(1), x U(1)_y
The index of theory III(L): [SO(2)y x USp(2)-1]/Zs is given by

1

le dZQ 2 _2 USp(2)
pr—y P mi1 ml mQZ D X
Z g Z % 27.”'21 f 27Ti22 g vect (227 mQ)
P=0 (o, mg)e Z+P

H Zchlr fszi?12527 511 + S2MM2; 1/2) (39)

8,81,82==%1

= H Zchir <QC 17:0; 1/2> chir (gC‘5f5 0; 1/2)

s==x1

= T Zewir @1%50;1/2) Zepin (0" %0;1/2)
s==1
where ( is the fugacity of the U (1)20] magnetic (topological) symmetry of SO(2), f is
the fugacity of the SU(2); flavour symmetry, g is the fugacity associated with the Z
topological symmetry, the fugacity w is defined as

w=g(?, (3.10)

and the contribution ZZ5P® from the U Sp(2) vector multiplet is as defined in (A.6).
Observe that the Zy zero-form symmetry, associated with the fugacity g, can be ab-
sorbed into the magnetic symmetry. This results in the U(1 )w zero-form global sym-
metry. The last line of (3.29) is indeed the index of the theory with two free hypermul-

tiplets. These are identified with the gauge invariants dressed di-baryons:

B;_ - T{%_l}Aa 5 B; - T{*%?*%}Aa . (311)

- 11 -



where in this case @ = 1,2 is an index for the SU(2); flavour symmetry.
Comparing (3.2) with (3.29), we see that

III(L (f w) = III(R)( =fv=fw=w). (3.12)

The U(1 )w zero-form symmetry of theory ITI(R) is mapped to the U(1 )w zero-form
symmetry of theory III(L), whereas the SU(2); flavour symmetry of theory III(L) is
identified with the diagonal subgroup of the SU(2), x SU(2), flavour symmetry of
theory III(R).

3.1.2 [U(N)4 X U(N)_4]/Z4 with N > 2

The index for theory III(R): [U(N )4 x U(N)_4]/Z4 can be written as

IHI( )(U v, Wy, W2, g

le % dZZJ) J) 4m(])< éj))f4mgj) «
s, omiz " J 2mizy)

N m(J) N m(J)
wlZ =1 2= H Vect .,ZEN);mﬁl),...,méN))x
T T Zewn (o=l m? — ) 1/2)Za 05010 s08) — ;172
i,j=1s==%1
(3.13)
where ¢g* = 1, the notation S, stands for the summation over
2N

(mgl), . ,mgN) m$, . omiM) e <Z + g) (3.14)

and the contribution ZL") of the U (N) vector multiplet is as defined in (A.6).

vect
As explained in [21, Section 4.1.4], due to the D-term equations, the gauge invariant

quantities can be formed provided that the magnetic fluxes of the two gauge groups
are paired:”

mgj) _ mgj) =m", j=1,...,N, (3.15)

provided that we use the Weyl symmetry to order fluxes so that mg ) > m§2) > >

(N) (2) (N

my ~ and ms () > ms ) ). Asa result, only the combination of w;wy appears

in the index.

"Note that the integration over the diagonal gauge U(1) leads to a delta-function imposing the

constraint Z A mgj) = Zj\]_l m;j).
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According to [20, Section 2.3], the apparent Z, zero-form symmetry, associated
with the fugacity g, is actually Zgcep(v,e)- More generally, in the [U(N ), x U(N)_x]/Zy,
theory part of the Zj zero-form symmetry can be absorbed into the U(1) topological
symmetry and only Zgcp(nk) remains. By explicitly computing the index, one can
indeed check that it can be rewritten solely in terms of®

N/k ! — o*/GCD(Nk) (3.16)

w = g(wiws) Jd=y ,

This means that the actual zero-form global symmetry of the theory is SU(2), X
0 0
SU(2), x UMY x (Z&D(M,{Qg/.

The special case of N =2
After redefining the fugacities as in (3.16)

w= g(w1w2)1/2 . 9 =4, (3.17)
the index (3.13) for the case of N = 2 can be written as

Tty (us v, w, 9')
1 [0 a0+
+22|(g+ Vw2 W) + (0 + Do P g o) (3.18)
+ (w e w™u e o) + (g + 2xg Py P ) + o+
— X P @) = )]+
The unrefined index is (cf. [22, (4.5)])

Thim(w=1v=1w=1,¢ =1) =1+ 10z + 752* + 230z° + 449" + ... . (3.19)

8We normalise the power of w such that the di-baryon operators, which involve the monopole

operators Ty (1/p ... 1/k; 1/k,--. ,1/k}> CAITY U(I)L(})] charge +1; see (3.20). This explains the power

N N

N/k of wyws in (3.16).
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Note that the operators with R-charge 1 are’

SU(2 SU(2 a i
Xn ( )(“)Xm D) Maw = (Aa)(Ba),

1 SU(@ " .
w 1)([2] ( )(U,) : Baﬁ = T{_i_i;_%v_i}(Aa)i (Aﬂ)ge ]Eab (320)

SU(2 . o

wx P@) Bl =Tt s 2 (Ba)u(Be)jee”
where the last two are the gauge invariant dressed di-baryons. Here a,b,... = 1,2 and
i,7,... = 1,2 are the gauge indices for each U(2) gauge group, «, 3,... = 1,2 are the
indices for the SU(2), flavour symmetry, and o/, ;... = 1,2 are the indices for the

SU(2), flavour symmetry. Let us discuss some examples of marginal operators, con-
tributing at order 22 of the index. The combinations BB transform in the representation
Sym?[2; 0] = [4;0] + [0; 0] of SU(2),, x SU(2), and similarly for B'B'":

w_QXi?(Z)W) + w2 BopBys 3.21
2. SU(2) 2. BB o
wixy (V) +w o/ § Oy

Note that the index (3.18) can be rewritten in terms of characters of SU(4) represen-
tations as follows:

s
(3.13)y=2 =1+ QSX[O%(,;])(S)

#2240 + e o] £ O
where we have taken
w = ¢* (3.23)
and have used the fugacity map!’
S1=qu, Sy=¢q>, S3=qu. (3.24)

9 As pointed out in [6, 23-26], for a U(N);, gauge group, the monopole operators with the magnetic
fluxes (mqy,ma, -+ ,mpy), with my > mgo > --- > my, transform under the representation of the
SU(N) gauge factor with the Dynkin label [k(m1 — ms), k(ma —mg3), -+ ,k(my_1 —my)] and carry
U(1) gauge charge kZiV=1 m;. Consequently, the monopoles Trprg1,41 41y have charge (£2,F2)
under the U(1) subgroups of the two U(1) = SU(2) x U(1) gauge groups. Moreover, in (3.20) the
e-tensors are with respect to the SU(2) parts. Hence, the object (Aa)ﬁ(A,g)?eijeab is invariant under
the SU(2) parts, while it has charge (£2, F2) under the U(1) parts, making the operator B,z gauge
invariant and similarly for B, .

10Tn this convention, the character of the fundamental representation [1,0,0] of SU(4) is written as

s _ _ _
X[l%%})(s) = 51 + 525 Ly 5385 Ly EN L
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Since this theory is known to be dual to the Bagger-Lambert-Gustavson [27, 28]
theory [SU(2)4 x SU(2)_4]/Zs and the USp(4)/Zy super-Yang-Mills (see [20, Table 1)),
it has A/ = 8 supersymmetry. This can be seen from the index (3.13) as follows. (The
argument given below is the same as that of [29, Appendix C.1].'') We rewrite (3.18),
or equivalently (3.22), as an A/ = 3 index.'? This can be achieved by setting u = v = f
and w = ¢* in (3.18), or by using branching rules of representations of SU(4) to those
of a maximal subgroup of USp(4) in (3.22). Either way, we obtain the A" = 3 index in
terms of characters of representations of USp(4) as

S s s
(3.13)3-2 = L+ axjyg " (h) | (o' + Dxiu () + o @ () 41 -
USp(4 USp(4 USp(4 '
o (h) = X (R) = X ()|
where we have used the fugacity map'?
h=qf, hya=q"
1 =qf 2=q f (3.26)

-1
81:h1, 82:h1h2 N nghl.

Note that (3.25) satisfies all of the necessary conditions for the enhanced N' = 8 super-
symmetry [33]. The blue term in (3.25) is the contribution of 5 marginal operators in
the representation [0, 1] of USp(4), whereas the red term in (3.25) is the contribution of
the extra supersymmetry currents. These two contributions precisely cancel with each
other. Since we have 5 extra supersymmetry currents, supersymmetry gets enhanced
from N = 3 to N = 3+ 5 = 8, as expected. Let us discuss the marginal operators
corresponding to the blue term in (3.25) in detail. First of all, since [0, 1] is a subrep-
resentation of Sym?[2,0] = [4,0] & [0,2] @ [0, 1] @ [0,0], we expect that such marginal
operators can be constructed by appropriately multiplying those in (3.20). Secondly,
since the representation [0, 1] of USp(4) decomposes into those of SU(2); x U(1), as
2]o @ [0] _ @ [0],, we propose that the corresponding operators are respectively!'*

o~

(Tr M)M,p , ]\/4\%61375667.5‘;“‘s , ]\//LBB;(SGBVEM , (3.27)

HSee also [30-32] for other examples of supersymmetry enhancements in 3d detected with the index.

12As a requirement of an A/ = 3 index, the order x receives a contribution solely from the N' = 3
flavour current, and so the coeflicient of x must be an adjoint representation of the flavour symmetry
of the corresponding A = 3 theory. The index (3.18), or equivalently (3.22), is an A = 2 index, not an
N = 3 index, since the coefficient of order z is not an adjoint representation of SU(4). As can be seen
below, one can rewrite this as an A" = 3 index by tuning some fugacities to be equal and reexpressing
the index in terms of characters of representations of USp(4).

13In this convention, the character of the fundamental representation [1,0] of USp(4) is written as
Xp o @ (h) =hy+ byt +ho + byt

14There are other two operators in the representations [0]52 of SU(2); x U(1), that are contained
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where «, 8,7,6 = 1,2 are the indices for SU(2)s, which is a diagonal subgroup of
SU(2), x SU(2),, and we have defined

— 1
Tt M = Mope®™ | Mug = My — 5 (Tr M)eqp . (3.28)

Finally, let us remark that in the case of N = 2 the di-baryon operators B and B’
have R-charge 1 and so they contribute at order x of the index, which makes it fulfil
the condition for having A/ = 8 supersymmetry. For a general N, the di-baryons have
R-charge N/2, and so for N > 3 they contribute at a higher order of the index. In the
latter case, the only contribution at order x comes from the operators M, which have
4 components. We thus expect the theory with N > 3 to have N' = 6 supersymmetry
[33].

The index for the theory III(L): [SO(2N )y x USp(2N)_1]/Z, is

IHI(L) (f g, C)

1
ey 7{ dzlj) % d,zg m? (02| (T
=0 & \j=1 2mz 27rzz

ZSO(QN)<Z§1) _

vect

USp(2N) (1 N). (1 N
..,zl m1 ,...,ml ))Zvectp( )( 5),...,25 );mé),...,mg ))><

T T 2o (PP am + samin2)

i,j=1 s,81,520==%1

(3.29)

where S, stands for the summation over (mgl), . ,mgN), mgl), . ,méN)) € (z+ §)2N
¢ is the fugacity associated with the magnetic symmetry of the SO(2N) gauge group
satisfying (? = 1, and g is the fugacity for the topological Z, symmetry satisfying
9> =1.

Let us provide an explicit expression for N = 2 up to order x2:

III(L (f g,¢)
=1+ |1+ (g +C+a0xy @0 + 225 @ () +5 (3.30)
+(a+C+90) (267 P + 22 (N) =g PN+

in the branching rule of the representation [4,

0] of USp(4), namely
P (Aa)i (Ap)5(By)i(As)ie eacTi_s _1, 1 1y,
A b

(Bl (B} (A (Bo)Eesne Ty i
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with the unrefined index IINHTLQ)(f =1, = 1,{ = 1) given by (3.19). Note that it is
not possible to absorb g with a redefinition of ¢ as in (3.16). The manifest zero-form
global symmetry of this theory is therefore SU(2); x (Z[QO})g X (Z[QO])C. We can match
the indices (3.18) and (3.30) as follows:

I (f,e=¢¢ =& =I5 (u u=fo=fuw=6g =0, - (3.31)
In the theory III(L) only the diagonal subgroup SU(2); of the flavour symmetry
SU(2), x SU(2), of the theory III(R) is manifest. Moreover, the U(1)L9] zero-form
symmetry of the theory III(R) is not manifest in the theory III(L), but its Z, subgroup
is identified with the diagonal Zy symmetry of (Z ]) X (Z[QO})C in III(L). Furthermore,
the (Z[Q])g/ symmetry of the theory III(R) is not manifest in the theory III(L). Since
we claim that the theories III(L) and III(R) are dual to each other, the theory III(L) is
expected to have an emergent zero-form symmetry SU(2), x SU(2), x U (1) x (Zgo])g/.

3.2 SO(2N)s x USp(2N)_, < [U(N)y x U(N)_4]/Zs

In this subsection, we consider the duality between the following two theories:
II(L): SO(2N)y x USp(2N)_1 <+ II(R): [U(N)y X U(N)_4]/Z . (3.32)

The theory II(L) can be obtained by gauging the (Zgﬂ)El zero-form symmetry of
the theory III(L), where at the level of the index this corresponds to summing over
g € {£1} in (3.29). Note also that in the description II(L) there is also a zero-form
(Z[ZO})C charge conjugation symmetry, whose fugacity will be denoted by x.

On the other hand, we can obtain the theory II(R) from the theory III(R) by
gauging a Zs subgroup of the zero-form symmetry U (1)7[3] X (Z[GO]CD(N 4))9/. From the
perspective of the index, this can be done as follows. First, we rewrite the index (3.13)
using the variables w and ¢’ as indicated in (3.16). For convenience, we represent the
theory II(R) as [U(N)r X U(N)_g|/Zy, with k = m'm = 4 and m’ = m = 2. Taking
w = §(wywy)N* and summing over § € Zy = {exp(2mij/m’)|j =0,1,....,m' — 1}, we
are left with the fugacity (wjws)™* and ¢’ such that (¢/)“P™V#) = 1. By computing
the index one can check that we can further redefine!®

GCD(N,k)

= g (wywy)™N/* | g" = (g')sep@ns (3.33)

w’ = g/(wlwg)N/ml

15Similarly to Footnote 8, we normalise the power of w’ such that the di-baryon operators, which

involve the monopole operators T'y 1y /oy ... 1 /m/; 1/m,--. 1/m}> CBITY U(1)£8] charge +1; see (3.49).

N N
This explains the power N/m’ = mN/k of wiws in (3.33).
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where

(g//)GCD(N,m’) _ (g/)GCD(N,k:) =1. (3.34)

The zero-form symmetry of the theory II(R) is therefore SU(2), x SU(2), x U(l)g X

(Z[g}CD (N.m))g”» i agreement with the discussion in [6, Section 2.5]. The above discussion
can, in fact, be generalised to any k, m and m’.

(0]
2

As a result of gauging a Z," zero-form symmetry, both of II(L) and II(R) have a

Z[;} one-form symmetry.

3.2.1 The case of N =1

Let us examine the theory II(R): [U(1)4x U(1)_4]/Zs. The index of this theory is almost
the same as (3.2), with two exceptions: the summation over (my,ms) is in (Z + p/2)?,
and the summation over p is from p = 0 to 1. The index, up to order 22, can be written
as

= SU(2 SU(2 —1.85U(2 SU(2
II]}[(R% =l+w [X[l] ( )(U)X[l] ( )(U) +w 1X[2] ( )(U) + WXy ( )(U)]

_o SU _1_SU suU _
+ z? [w “Xqj @ (w) +w X @ (u)x) B ) + (w & w ™ u e v)

SU(2 SU(2 ~1\ SU(2 SU(2

+ X ( )(U)X[Q] D) - (w+w 1)Xm ( )(U)Xm @ w)
SU(2 SU(2

—X[z]()(u)_X[z]()(U)_z RAEERE

It turns out that the theory II(R) coincides with the ABJM theory U(1)s x U(1)_s.

To see this equivalence, we make the following change of variables: m} = 2m; and
m4y = 2my. The contribution from the Chern-Simons levels is therefore zfmlz§m2. The

(3.35)

summation of (my, my) € (Z+p/2)? is then equivalent to the summation of (m/, m}) €
(2Z + p)?, where p is summed over {0,1}. At this point, we can just set g = 1 since
GCD(N,m) = GCD(1,2) = 1 and take the summation of (m},m}) to be over Z2.
Since Z4,;; only depends on m; — msy, which is an integer, we can replace the latter by
mj — mj. Overall, we obtain the index of U(1)s x U(1)_s. Due to this equivalence, we
conclude that the theory [U(1)4 X U(1)4]/Zs also has N' = 8 supersymmetry.

Let us comments on the operators that contribute to the index (3.35). From the
perspective of the [U(1)y x U(1)4]/Zs theory, there are monopole operators

Ti%ET:I:m{%;%} , mez, (336)

which carry gauge charges £m(2, —2) under the gauge group U(1)4 x U(1)_4, due to
the discrete Zy quotient. On the other hand, the monopole operators Ti% do not exist
in the U(1)y x U(1)_y theory, but there are instead the monopole operators

Vi = V:tm{l;l} , meluw, (337)
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which carry gauge charges £m(2, —2) under the gauge group U(1)y x U(1)_s. The
operators that contribute at order x are

SU(2 SU(2
Xn | )(“)Xm D) : Maw = AuBu
—1_SU((2
u)1Xp](Ru): TL%AuAﬂ — VilAaAﬂ (338)
SU
WX OE T\ 1By By « Vi1Ba By

Observe that the di-baryon operators in [U(1)4 x U(1)4]/Zs get mapped to the dressed
monopole operators in U(1)s x U(1)_y. The marginal operators, contributing to order
22, are

R TS

w’lxé?(z)(u)xswz) (v) : Vo1 Aoy Aoy Ay B (3.39)

i
SU(2 SU(2
X (g 7)1 Aay Ao, By By

where in the first two lines we can obtain those correspond to the terms wzxiﬁj@) (v)
and wxé]U(z) (v) Xﬁ?@)(u) by simply simultaneously exchanging V_,, <+ V., and A <> B.
These gauge invariant combinations are written from the perspective of the U(1)s X
U(1)_g theory. In the [U(1)s x U(1)4)/Zs duality frame, one simply needs to replace
Vim by Tl /2 in the above expressions.

Similarly to (3.22) and (3.25), the index of the theory [U(1)4xU(1)4]/Zs = U(1)aX

U(1)_2 can be written in terms of SU(4) characters and USp(4) characters as follows:
— SU(4 SU(4 SU(4
ZINI(R% =1+ 'TX[O,O(,Q})<S) + 22 [X[o,o(,zq)(s) — X[1,o(,1])(3) — 1] +...

USp(4 USp(4 USp(4 USp(4
= L (h) + 2® GO (R) = o) =\ (h) - 1

(3.40)

where we use the fugacity maps (3.24) and (3.26). The first line should be regarded
as an N = 2 index, whereas the second line should be regarded as an N' = 3 index,
since e.g. the coefficient of x is an adjoint representation of the flavour symmetry of
the N' = 3 theory. The red term is the contribution of the N' = 3 extra supersymmetry
currents. Since there are 5 of them in the representation [0, 1] of USp(4), supersymmetry
gets enhanced from NV = 3 to N = 3+ 5 = 8. The term —1 at order x? worths
some explanations. This corresponds to a conserved current associated with the U(1)
global symmetry that gives charge 1 to all of the chiral multiplets A, and B,.. For
convenience, we shall denote this symmetry by U(1)p. Note that this symmetry is
specific to the abelian ABJM theory, since the superpotential vanishes. In the non-
abelian case, the superpotential ¢*?¢'% A, A3 B, Bg does not vanish and so the U(1)p
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symmetry is explicitly broken. Moreover, the current of the U(1)p symmetry does not
belong to the N = 3 flavour current multiplet and so does not contribute at order x of
the index. This is because the ' = 3 superpotential Z?:1(Aj¢13j — AjpaBj) + 1= (0} —
#3), where ¢; and ¢, are complex scalars in the vector multiplets of each gauge group,
of the abelian ABJM theory does not allow such a charge assignment.

Let us now analyse the index of the SO(2)s x USp(2)_; theory. This can be com-
puted using (3.29) with two modifications: the summation of (my,ms) is over Z?, and
the part Z;:o g” is removed. The result is the same as (3.35), with u = v = f and
w = (. In other words, the SU(2); flavour symmetry of theory II(L) is identified with
the diagonal subgroup of SU(2), x SU(2), of theory II(R), and the U(1) magnetic
symmetry of theory II(L) is identified with the topological symmetry of theory II(R).

In fact, we can also turn on the fugacity x for the zero-form Z[zo}

charge conjugation
symmetry [34]. For x = 1, the index is the same as that of SO(2); x USp(2)_1, i.e. as

discussed before. For y = —1, the index is

dzy  _o, 555
Z f 27T222 i QZVUeff(Q)(ZQ, ms) H Zonie(s1/°25%; 52m2;1/2)
2 5,51,52==%1 (341)

:1+(— ;2)x+(f +%+1> (—f6—%)x3+....

Let ¢’ be the fugacity for a Zs subgroup of the U(1) magnetic symmetry. The index
can be written in terms of the fugacities f, (' and y as

Lz 14 (¢ x+ COxg @)
2 (¢ x+ k20 P ) = X P = (¢ x+C0)] +

where ("> = x? = 1. Note that ¢’ and x appear on an equal footing and they can be
interchanged. In this notation, we can match the indices (3.35) and (3.42) as

(B35)](u=frv=Ffw=x)|, =B =xx). (3.43)

X“=

The unrefined indices of theories II(L) and II(R) with N = 1 are given by [3, (4.2)]:

(3.42)

1+ 102 + 1922 + 262° + 492* + 262° + ... . (3.44)
The index of theory II(R): [U(2)4 X U(2)4]/Zy can be written as

S S s <
1+ x[ﬂm) (“)X[lgm) (v)} +a’ [(9" + Hw'"™ 1X[4§J( () + (4" + 1)w'X[4§](2) (v)
+¢"(w' + w/fl) + (¢" + 2)X[2] U2 )(U)X[Q] (2 )(U) +1 (3.45)

SU2 SU2
— X[ ?(u) — X @) - 1} +..
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where (¢”)? = 1 and we have used the notation as discussed around (3.33). The corre-
sponding unrefined index is given by

1+ 4x + 432 +1082° + 2412 + ... . (3.46)
The operators that contribute at order z are

X PP ) : Mo = (Aa)H(Ba), (3.47)

3 a

Due to the Zy quotient, the elementary monopole operators are
T, = T{i AL+l ki) (3.48)

Arising from the discrete gauging, they transform non-trivially under the (Zgﬂ) g Z€ro-
(0]

form symmetry. They carry charges £1 under the U(1),; zero-form topological sym-
metry. Moreover, 1" 1 carries gauge charges 4 (—% — %, % + %) = (—4,44) under the
U(1) x U(1) gauge subgroup of the U(2)4 x U(2)_4 gauge group. Similarly, Ty carries
such gauge charges (+4, —4).

Now let us discuss the marginal operators, contributing the positive terms at order

2%, The di-baryon gauge invariant operators are'

g//w/—l (Xig@)(u) + 1) : Bal--~a4 =T

g (W +1) By~ T,

1 (Aal )(‘11 (AQQ )?22 (Aotg )7; (Aa4)a4 € €ayas € €azay
‘ _ ‘ (3.49)
(BD/I )“ (Baé)w (BOéé)“ (B&ﬁl)fzieilhﬁalw E1'31'46(13(14

az as

where the representations [4] @ [0] come from the decomposition of Sym?[2] of SU(2).,
or SU(2),. There are also the following marginal operators:

1 SU(Q)( )XSU(Z)('U)

g X
“ * ai a2 13 t4 1119 azaq (350)
Gaparp =Ty —1.1 13 (Aa)i) (Ap)5; (Bar)a (Bpr o €1 €ayas €inin € -
There are gauge invariant dressed monopole operators, contributing w’'~—* Xil?@) (u) and
w’x[igj( )(v) at order 22,
(M-taras = (Tier0-10) s (Ao )5 (Aaa) i (Aay )52 (Aa )
( (3.51)
(@

1) (B ) (Bay )2 (B )% (Bay )i

(-/\/l—&—1>cy’1...ozi1 = (T{+170;+1,0})

31 24)

16The dressing of the monopole operators works similarly to to what was explained in Footnote 9.
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where, as for the ABJM theory, T%(0,1,0y transform in the representation [444; 474
of the U(2)4 x U(2)_4 gauge group.'” Finally, there are also the following marginal
operators:
SU(2 SU(2
X @ (u U)Xy D) +1: Moo Mg .

\ (3.52)
VO D) - Quparsy = (A (Bur)i(As) (B

where the latter are subject to the relations (3.68) coming from the F-terms. We will
discuss these two operators in more detail around (3.67).

Theory II(R): [U(2)4 x U(2)4)/Zs, in fact, has N’ = 6 supersymmetry. This can be
seen from the index as follows. It is convenient to rewrite (3.45) in terms of an AN/ =3
index simply by setting u = v = f and using the fact that [2] ® [2] = [4] & [2] @ [0]:

a1+ 2] + 2|6 + D + o) ()
o' o)+ (¢ 20 P i PO DL (353)
SU(2 SU(2
PN = 0GP+ )+
where the contribution of the A/ = 3 flavour currents is denoted in blue and the the

contribution of the N' = 3 extra supersymmetry current is written in red. Since there
are 3 of the latter, we conclude that supersymmetry gets enhanced from N' = 3 to

N =3+3=6.

3.2.3 SO( )2 X USp(4) 1
The index of theory II(L): SO(4), x USp(4)—-1 can be written as

1+$[1+CX2] )]—f-xQ[1+2(1+X)+(1+X)C)Xi§f(2)(f)
: (3.54)

+ (1400 @) + (1 + 20+ X)) = (1= )¢ = X D) +--- -

with the unrefined index given by (3.46). The indices (3.45) and (3.54) can be matched
as follows:

[(B45)[(u=v=f w =1, ¢"=x)=[B5)](f x.¢=1). (3.55)

In other words, the SU(2); flavour symmetry of theory II(L) is identified with the
diagonal subgroup of the flavour symmetry SU(2), x SU(2), of theory II(R). The

"Here [k,] stands for a U(2) 2 SU(2) x U(1) representation consisting of the spin k/2 representation
of the SU(2) part and having charge ¢ under the U(1) part.
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(Zéo])gu zero-form symmetry of theory II(R) is identified with the zero-form charge
conjugation symmetry of theory II(L). However, the U (1)1[81 zero-form symmetry of
theory II(R) is not manifest in theory II(L), whereas the magnetic symmetry (Z[QO})C of

theory II(L) is not manifest in theory II(R).

3.3 O(2N>2 X USp<2N)_1 e U(N)4 X U(N)_4

In this subsection, we consider the well-known duality between the following two the-
ories:

I(L): O(2N)y x USp(2N)_1  +  I(R): U(N)y x U(N)_y . (3.56)

Theory I(L) can be obtained from theory II(L) by gauging the zero-form charge
conjugation symmetry of the latter. At the level of the index, this can be done by
summing over y € {—1,+1}. As a result, we are left with the fugacity f for the SU(2);
flavour symmetry and the fugacity ¢ for the zero-form Zs magnetic symmetry.

On the other hand, theory I(R) can be obtained from theory II(R) by gauging the
zero-form symmetry (Z[GO]CD( N,2))g” of the latter. In particular, given the index of theory
II(R) written in terms of u, v, w’ and ¢”, where (¢")%“P™2) = 1, we are summing over
g" € {e¥/GCDIN2) 5 = (0/1,...,GCD(N,2) — 1}. As a result, we are left with the
fugacities u and v for the SU(2), x SU(2), flavour symmetry and the fugacity w’ for
the U(1) topological symmetry.

3.3.1 The case of N =1
The N = 2 index for theory I(R): U(1)y x U(1)_4 is
14z Xﬁ?(z) (u)Xﬁ?(z) (U)] + 22 [w’xig(z) (v) + w'_lxi?(z) (u)

SU(2 SU(2 SU(2 SU(2
+ X ( )(U)X[g] ( )(U> — Xpg] ( )(U) — X[2] ( )(U) — 2| +...

(3.57)

In order to write this in terms of the N' = 3 index, we set u = v = f and use the tensor
product decomposition 2] ® [2] = [4] & [2] @ [0]:

L [T @] + 22|+ w9 P 0) .
sU(2 sU(2 sU(2 sSU(2 '
+ X PO+ O+ 1= 0 PO ) = P =1+

where the blue terms denote the contribution of the N" = 3 flavour currents in SU(2) s x
U(1)yr, and the red terms denote the contribution of the N' = 3 extra supersymme-
try current. Since there are three of the latter, we conclude that supersymmetry gets
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enhanced from N = 3 to N’ = 6, as expected. The last —1 term at order x? is the
contribution of the current of the U(1)p symmetry, discussed below (3.40).
The operators contributing at order x of (3.57) correspond to

My = AoBu . (3.59)

Those contributing to the positive terms at order z? (i.e. N' = 2 preserving marginal
operators) are gauge invariant dressed monopole operators and the square of M:

_ SU(2
w' 1X[4] ( )<u) : (M—l)a1~~'a4 = T{—l;—l}AalAaQAasAOt4 )

WX @) 5 (Min)agea, = Tisasey Bag Bag Bo Bay (3.60)
SU(2 SU(2
Xpp ()X (0) : Qapory = (AaAs)(Bor By) = Moo Mgy

On the other hand, the index of theory I(L): O(2)y x USp(2)_; can be obtained by
summing over y € {—1,1} in (3.42)

L [T+ P 0] + 22 (¢ + D)xg P ()

V (3.61)
i 2+ x P+ 1= Oy D)+ D) =y T =+
where (¢")? = 1.'® The indices (3.57) and (3.61) can be matched as follows:
[(3-5)](u=fv=fw=1)=[B6D](f,=1). (3.62)

In other words, the U(1) 7[31 topological symmetry of theory I(R) is not manifest in theory
I(L), whereas the magnetic symmetry of theory I(L) is not manifest in theory I(R).
As usual, the SU(2)s flavour symmetry of theory I(L) is identified with the diagonal
subgroup of the SU(2), x SU(2), flavour symmetry of theory I(R).

The unrefined indices of theories I(L) and I(R) with N = 1 are, of course, equal
and are given by [3, Table 1]:

1+ 4z + 112 + 122° + 252" + 122° + ... . (3.63)

18The magnetic symmetry of O(2)s is not U(1)[ but rather (Z[QO])@, see for example [16, Appendix

H]. It is interesting to point out that the index is sensitive to this. Indeed, if we compute the index
of the O(2)2 x USp(2)_1 model treating ¢’ as a U(1)!9 fugacity, that is without imposing (¢')? = 1
as in (3.61), we would get fractional coefficients such as 1 (¢’ +1/¢’), which is clearly incosistent. This
signals that the actual symmetry is (Z[QO])Q and by accordingly setting ¢’ = 1/¢’ we get the sensible
result (3.61).
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3.3.2 The case of N =2
The N = 2 index for theory I(R): U(2), x U(2)_4 is

SU(2 SU SU(2 SU(2
I+ [Xm ®(u w)X{) @ )] +a? [w/X[zq @) +w'~ X ) (u)

(3.64)
SU(2 SU(2 SU(2 SU(2
+ 2Xy ( )( )X[Q] ( )(v) +1=Xp ( )< ) — X[2] ( )<U) - 1} +.
As before, the N/ = 3 index can be obtain by setting u = v = f:
S 1y S
Lo LG @] + 2w e 569
SU(2 SU(2 SU(2 SU(2 '
+2X[4] ( )(f)+2X[2] ( )(f)+2+1_ (X[g} ( )<f)+1>_X[2] ( >(f)] +..
The operators contributing at order x is
SU(2 SU(2 a i
xin @y V) Moo = (Aa) (B - (3.66)

The marginal operators, which contribute to the positive terms at order 2, are!®

W P ) - (Mareas = (Trom10) 072 (Aa)2 - (Ao, )i
w’X[S]U@( )t (Mit)ayay = (T{+1,o;+170})81“.i‘2‘§)(Ball)ll o (Bu ),
X & u)xia) @) + 11 Mo Mg
X[qzﬁ] D (u )X[SQ]U@)(U): Quporsy = (Aa)t(Bar)i(Ag)2(Bar)]

where we comment on the above operators as follows:

(3.67)

e The monopole operators Ty, 1,41,0y and Ty_; .10} transform in the representa-
tions [4,4;4_4] and [4_4;4,4] of the gauge group U(2) x U(2), respectively.

e The gauge invariant combinations M M in the third line transform in the repre-
sentation Sym?[1; 1] = [2;2] 4 [0; 0] of SU(2),, x SU(2),.

e The gauge invariant combinations Q.5 are subject to the F-terms coming from
the superpotential of the ABJM theory, namely €*?e*# (A,)%(Bu)} (Ap)(Bg )3,
and so

EQBQaﬁa’ﬂ’ =0 ) 60//3’ Qa,@a’ﬁ’ =0. (368)

Thus, Qupa s transform under the representation [2;2] of SU(2), x SU(2),.

Notice that the monopoles T(+1,0;41,0} are in a representation of the U(2) x U(2) gauge group that
have charges (+1/2,F1/2) under the U(1) x U(1) part and that are in the symmetric representation
of each of the two SU(2) part.
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e Note that one could also consider the following gauge invariant combinations:
(Aa)?ll (AB);Z; (Ba')ii (B/J”)i; €aras € €b1b2 €512
= (Aa)il (As)iz (Bar)i) (Ba )i 00002 o507 (3.69)
= (Aa)iy (Bar)d, (As)i; (Bgr )y — (o > )
= Moo Mg — (o < )
and so they are not independent from those in (3.67).

The index of theory I(L): O(4)s x USp(4)_1 is
Lz 14O @] + 22 (¢ + 0y @0 + 26 @ ()

‘ (3.70)
+A+ N PO +2+1- (g PO+ D =X DN +1=C |+

Let us discuss the operators, contributing to order z, in this theory. In the following,
i,7 = 1,...,4 are the O(4) gauge indices; a,b = 1,...,4 are the USp(4) gauge indices;
and «, f = 1,2 are the SU(2) flavour indices. They are

L: Mag) = (Aa)lel (Aﬁ)ézéiliz‘]m@ )
SU(2 aia i i
C/ X[z] ( )<f) : m(aﬁ) - (T{LO;LO})E;Z';))(Aa)all(Aﬁ)a22
where m transforms as a singlet under SU(2)y, due to the total antisymmetrisation of
the indices o and 3, and 9 transforms as a triplet under SU(2)s, due to the total

symmetrisation of the gauge indices in the elementary monopole operator T o:1,0}-
These operators are mapped to the mesons (3.66) of the unitary theory I(R). Hence,

(3.71)

from the perspective of the N/ = 3 theory, these are the moment map operators of the
U(1) x SU(2)s symmetry, whose contribution of the currents is denoted in blue. The
contributions in red are instead identified as the A/ = 3 extra supersymmetry-currents
that make N = 3 supersymmetry become N = 3 + 3 = 6 supersymmetry?’ 2!,

20Tt is also interesting to analyse this theory from the perspective of AV = 5 theory. For an SCFT
with A/ = 5 (and not higher) supersymmetry, it is necessary that the coefficient of z in the index
must be 1 [33], whose contribution comes from the ' = 5 stress-tensor multiplet decomposed into
one N = 2 multiplet LB;[0] 51) (in the notation of [35]). However, for an SCFT with A/ = 6 (and not
higher) supersymmetry, the coefficient of x must be 4 [33], which is the case for (3.70). Observe that
the singlet operator m is present in any O(2N )g, x USp(2N)_y, theory, where for k£ > 2 the theory has
N = 5 supersymmetry [2]. We thus conclude that the operator m resides in the N' = 5 stress-tensor
multiplet By [0] 5170), whereas the triplet operators 9 reside in the A/ = 5 extra supersymmetry-current
multiplet By[0] go,z)' The singlet in the tensor product decomposition of [0, 2] ® [0, 2], where each [0, 2]
is the representation of the latter multiplet under so(5)r symmetry, corresponds to the U(1) global
symmetry, which must be present in any A/ = 6 SCFT [36]. This is mapped to the U(1),s symmetry
of the unitary theory I(R). We thank Oren Bergman for explaning and pointing this out to us.

21To elucidate further Footnote 20, we provide, as a reference, the index of the O(4), x USp(4)_2
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The indices (3.64) and (3.70) can be matched as follows:
(3-64)[u= fv=fw=1]=@B70)[f,¢ =1] (3.73)

The fugacity ¢’ for the magnetic symmetry of theory I(L) cannot be mapped to any
fugacity in theory I(R), and so it is not manifest in theory I(R) and should be considered
as emergent in theory I(R). Similarly, the U (1)51 zero-form topological symmetry of
theory I(R) should be considered as emergent in theory I(L). As usual, the SU(2);
flavour symmetry of theory I(L) is identified as a diagonal subgroup of the SU(2), x
SU(2), flavour symmetry of theory I(R).

The unrefined indices for theories I(L) and I(R) for N = 2 are, of course, equal and
are given by [3, Table 1]:

1+ 4z + 222* + 562° + 1312* + 2522° + ... . (3.74)

3.4 30(4)2 X USp(Q)_l A\ [U(3)4 X U(l)_4]/Z2
As pointed out in [20, Section 3.3], the consistency conditions of the quotient [U(N +
x)k X U(N)k]/Zp are

p divides k and —€Z. (3.75)

In this section, we take N =1, x = 2, k = 4 and p = 2. Indeed, the theory in question
can be obtained by gauging the ZQ] one-form symmetry of the U(3), x U(1)_4 theory.

The index for [U(3)y x U(1)_4]/Zs reads (here we define w = (wjws)1)

SU(2 SU(2 1 SU@2 U
Lhe [X[ll ( )<“)X[1] | )(v)} o [w Xy @ () + WXy ?(v)

(3.76)
SU(2 SU(2 — SU(2 SU(2
XD @ (0) + g +w ) = T () — P () - 1] +o
theory, which has N' = 5 supersymmetry:
1+ 1z +a° [2 +(1+ Oy D) - xéﬁj@)(f)] +... (3.72)

From N = 2 perspective, the negative term at order 2 indicates the contribution of the A/ = 2 SU(2)¢
flavour currents in the multiplet A, A5[0] EO). From the N' = 3 perspective, the three components of
SU(2)s currents split into two parts. Suppose that we write the character of the adjoint representation
of SU(2)s as f2+1+ f~2. Two components (f2, f~2) of this SU(2); symmetry currents are identified
as the N/ = 3 extra SUSY-currents in the multiplet A [O](lo); this makes N = 3 supersymmetry
become N = 3+ 2 = 5 supersymmetry. The remaining component (corresponding to 1) of this SU(2) s
symmetry currents resides in the N’ = 3 U(1) flavour current multiplet B [0] 52). The corresponding
moment map operator is the singlet operator m, contributing 41z to the index. Thus, this U(1)
symmetry from the A" = 3 perspective is identified as the Cartan subalgebra of SU(2);.
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As before, we can obtain the N' = 3 index by setting v = v = f and compute the
relevant tensor product decompositions:

L a [Ty @ 00] + 22w+ w i P+ 3 @) +xg @) +1 -
_ sU su '

+ 9w + ™) = (PN + 1) =y D]+
where the blue terms are the contribution of the N' = 3 flavour currents and the red
term is the contribution of the N' = 3 extra supersymmetry current. Therefore, N' = 3
supersymmetry gets enhanced to N = 6.

As usual, the operators contributing at order x of (3.76) are the mesons,

Mo = (Aa)a(Ba’)a (3~78>

where a,b,c = 1,2,3 are the U(3) gauge indices. As usual, the monopole operators
T- = T 1001y and Ty = Tpya0041) transform in the representations [[0,4]_4; +4]
and [[4,0],4; —4] of the gauge symmetry U(3) x U(1) respectively, where [0,4]_4 and
[4,0];4 are from the 4th symmetric power of the antifundamental and fundamental
representation of U(3) respectively.

We can write down the marginal operators, contributing to the positive terms at
order z2, as follows:

wilxié]@)(u) : (M 1)ayas = (T—>(a1a2a3a4)(Aa1)a1 s (Agy)™
S ajazasa.
UJX[4§](2)(U) : (M+1)a/1"'ai = (T+)( Heet 4)(Ba1)a1 T (Ba4)a4 (379)
S S
X[Q?(Q)(U)Xp?@)(v) : Qaﬂa’ﬁ’ = M@a’Maﬂ’

£1/2 a9t order 22

Moreover, there are marginal operators, associated with the terms gw
in the index, that involve monopole operators 7', 1= T, IEEREREEAT arising from the
Zy discrete quotient. Here Q,p4/4 is defined as in (3.67) with the absence of the indices
1,7, and M are the gauge invariant dressed monopole operators.

The index of SO(4)y x USp(2)_; reads

Lz |1+ @ )]

SU(2) SU(2) (3'80)
+a? [(<+2)X[4} (/) +&x+x+1-C—xpy (f)] RARRREE
The indices (3.76) and (3.80) can be matched as follows:
[((3.76)(u = f,v=fiw=1g9=x)=[380)](f,¢=1x) . (3.81)
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The flavour symmetry SU(2) of the orthosymplectic theory can be identified with the
diagonal subgroup of the flavour symmetry SU(2), x SU(2), of the unitary theory. The
(Z[QO])g zero-form symmetry of the unitary theory is identified with the zero-form charge
conjugation symmetry of the orthosymplectic theory. The U (1)7!8] zero-form topological
symmetry of the unitary theory is not manifest in the orthosymplectic theory, whereas
the (Z[20})< zero-form magnetic symmetry of the orthosymplectic theory is not manifest
in the unitary theory.

The unrefined indices for both theories are equal to

(B.76)|(u=1v=1Lw=1,9g=1)=[B380)](f=1,(=1,x=1)

3.82
=144z + 1422 + 3524 + ... . (3:82)

3.5 O(4)s x USp(2)-1 < U3)a x U(1)_y

The O(4)y x USp(2)_; theory can be obtained from the SO(4), x USp(2)_1 theory by
gauging the charge conjugation symmetry of the latter. Correspondingly, the U(3), x
U(1)_4 can be obtained from the [U(3)s x U(1)_4]/Zy theory by gauging the (Z[QO])Q
zero-form symmetry of the latter.

Summing over g € {£1} in (3.76), we obtain the index for the U(3)y x U(1)_4

theory as
SU(2 SU(2 1. SU(2 SU(2
1+ [X[l] ( )(U)X[l] ( )(v)] + 22 [w 1)([4} ( )(u) + wxy ( )(v) 83
SU(2 SU(2 SU(2 SU(2 ’
"’X[z} ( )(U)X[g} ( )('U) — Xpg] ( )(U) — X2 ( )(v) — 1] +... .

The operators are as listed in (3.78) and (3.79), except that there are no monopole
operators Ti% due to the absence of the discrete Zy quotient. By the same argument
as in the precedent subsection, the index indicates that the theory has N' = 6 super-
symmetry, in agreement with [2].

Similarly, summing over x € {£1} in (3.80) gives the index of the O(4), x USp(2)_4
theory:

1+ [1+ CXE}U(Q)(f)] + 2 [(g‘ +2)xiy D) +1-¢ - Xéﬁf@)(f)] o (3.84)
The indices (3.83) and (3.84) can be matched as follows:
(BS)(u=foo=fw=1)=[(BSY](f,.C = 1) . (3.85)

The correspondence between the global symmetries of the U(3), x U(1)_4 theory and
the O(4), xUSp(2)_; are as discussed below (3.80). The SU(2) ; flavour symmetry of the
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orthosymplectic theory is identified with the diagonal subgroup of the SU(2), x SU(2),
of the unitary theory. The U (1)51 zero-form topological symmetry of the unitary theory
is not manifest in the orthosymplectic theory, whereas the (Z[zo})c zero-form magnetic
symmetry of the orthosymplectic theory is not manifest in the unitary theory. The
unrefined indices for both theories are equal

(3.83)](u=1,v=1Lw=1)=[384)](f=1,{(=1)

3.86
=1+4x + 122° + 82> + 272 + 362" + ... | (3.86)

as computed in [3, (2.8)].

3.6 Circular quivers

In this subsection, we examine the following duality for n > 3:

[SO(2)2 x USP(2)—1 X -+- x SO(2)2 x USP(2)_1]/Zs

>

2n gaug‘g groups
<— circular quiver (3.88) (3.87)
+— circular quiver U(1); x U(1)_1 x --- x U(1); x U(1)_y

~
2n gauge groups

where the theory on the second line, also known as a Kronheimer—Nakajima quiver [14],
is described by

=
-
T
(=)
- =

(3.88)

-]
//G
)

(n circular nodes)

\
—

-]
=

This theory is self-mirror, and its Higgs/Coulomb branch describes one PSU(n) =
U(n)/U(1) instanton on C?/Z, with the holonomy of the gauge field at infinity that
brakes PSU(n) into U(1)"/U(1).

The duality between theories in the second and third lines of (3.87) is well-known
and can be seen from the brane system as follows (see e.g. [37, 38]). Theory (3.88) can
be realised on the worldvolume of a single D3-brane, spanning the directions 0, 1, 2, 3,6
such that the 6 direction is compactified with a certain radius, with the presence of



n NSH-branes, each spanning the directions 0,1,2,7,8,9 and one D5-brane, spanning
the directions 0, 1,2, 3,4, 5, at each N5-brane interval Upon applying the T7 = —T'ST,
where T" and S are the generators of SL(2,Z) such that S? = —1 and (ST)? = 1, the
NS5 branes remain invariant but each D5-brane turns into a (1, 1)-brane. The latter
configuration gives rise to the circular quiver in the third line of (3.87).

The case of n =1

In the case of n = 1, we have seen in Section 3.1.1 that the [SO(2)y x USp(2)_1]/Zs
theory flows to a theory of two free hypermultiplets. This is indeed dual to the special
case of (3.88) with n = 1, namely

'Q (3.89)

where the two free hypermultiplets come from the adjoint hypermultiplet of the U(1)
gauge group and the elementary monopole operators T,. By the above argument and
the discussion in Section 3.1.1, this is also dual to the ABJM theory U(1); x U(1)_;
The case of n =2

The case of n = 2 requires a separate discussion. We find that the

[SO(2)2 x USp(2)-1 x SO(2)2 x USp(2)-1]/Zs (3.90)

Q.Q (3.91)

which is the Kronheimer-Nakajima quiver whose Higgs/Coulomb branch describes one
PSU(2) = U(2)/U(1) instanton on C?/Z, with the monodromy that preserves the
PSU(2) symmetry. This is also dual to the following circular quiver:

theory is dual to

U(].)l X U(].)() X U(l)_l X U(].)Q (392)

The duality between (3.91) and (3.92) can be realised by applying the action TT =
—TST on the brane system as discussed above. The N = 2 indices for (3.91) and
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(3.92) can be written in terms of the fugacity d of the U(1)4 symmetry and the fugacities
P1, P2, D3, s of the SU(2)* global symmetry as follows:

d- Z SU(Q) pz +d2ZX z]
d_4ZX€1§]( pz +d4ZXSU(2)

S S (3.93)
+d mﬂ” (m)xp ><p2> + X (p1)xi ® (pa)

+ d*y SU

1+z

+ 22

SU(2 sU
(pS)X[z} ( )(p4) T Xpg . )(p?))X[Q] “(ps)

(Z Fm) -]«

where the origin of the each U(1); x SU(2),,

K3

in each theory is as follows.

For (3.91), U(1)4 is identified with the axial symmetry that assigns charges —1 to
each chiral multiplet and +2 to the scalar fields in the vector multiplet, SU(2),, can be
identified with the flavour symmetry that exchanges the two bifundametal hypermulti-
plets, SU(2),, can be identified with the flavour symmetry of the two fundamental hy-
permultiplets denoted by the square node, SU(2),, can be identified with the enhanced
U(1) topological symmetry of the left gauge node, and SU(2),, can be identified with
the enhanced U(1) diagonal subgroup of the U(1) x U(1) symmetry of the left and
right gauge nodes.??. Since the theory is self-mirror, the index is invariant under the
simultaneous exchange of d <+ d~* and (py, p2) <> (p3, p4)

For (3.92), let us label each node to be 1 to 4 from left to right, so that nodes 2 and
4 have zero CS levels. Let wy, ..., w, be fugacities for topological symmetries of node
1 to 4 and let ¢;, c; ' to be the fugacities for the U(1) symmetry that gives charge +1
and —1 to the chiral multiplets Q);, @, carrying gauge charges (1,—1),(—1,1) between
the i-th and the (i 4+ 1)-th nodes. Then, we have the following fugacity maps:

Pr=wy pi= m . D5 = csea(wiwpwswy) , Py = ws . (3.94)
In other words, the U(1) topological symmetries of the two nodes with zero CS levels
get enhanced to SU(2). The operators associated with the currents of the SU(2),, and
SU(2),, flavour symmetries are, respectively, the dressed monopole operators:

T{—l;—l;—l;—l}QlQQ ) T{+1;+1;+1;+1}©1@2 )
T{+1;+1;+1;+1}Q3Q4 ) T{—1;—1;—1;—1}Q3Q4 .

22Note that the monopole operators Ty1,0y and Tyq;1y have R-charge 1. The former corresponds to
SU(2)p, symmetry and the latter corresponds to the SU(2),, symmetry.

(3.95)

— 32 —



For (3.92), the U(1)y symmetry assigns the charges —1, —1, +1, +1 to the (Ql,éjl),
(Q2,Q2), (Q3,Q3), (Q4,Qy4), respectively. Matching of the unrefined indices of theories
(3.91) and (3.92) is demonstrated in [22, (5.3)]:

1+ 122 + 4207 + 482° + 1152 + ... . (3.96)

The N = 3 indices of (3.91) and (3.92) can be obtained from (3.93) by setting d = 1.

Let us now discuss the theory (3.90). As usual, not all symmetries of the unitary
quivers (3.91) and (3.92) are manifest in the orthosymplectic quiver (3.90). The index
of the theory (3.90) can be obtained from (3.93) by setting p; = p, and py = p;, where
the origin of U(1)g, SU(2),, and SU(2),, can be explained as follows. Let (; and ¢, be
the fugacities for the U(1) magnetic symmetries for the first and the third SO(2) gauge
group respectively. Let g be a Zy zero-form symmetry arising from the Z, discrete
gauging, so that ¢g> = 1. If we denote the half-hypermultiplets in the bifundametal
representations of the gauge groups in (3.90), from left to right, by A;, As, A3 and Ay,
the U(1)4 symmetry assigns the charges +1, —1, +1 and —1 to them, respectively. In
this notation, the index can be written as follows

Y R S S Te e
9 GG (3.97)

81,82,53==%1

However, the index does not really depend on g, since it can be absorbed into a fugacity
for the magnetic symmetry. In particular, (; » and g are related to the fugacities p; 5 as
follows:

G =gpps, QP =pi'ps (3.98)

Using this fugacity map, we obtain (3.93) with p3 = ps and py = p1, as required.

The case of n =3

The N = 2 index of the unitary theories in the second and third lines of (3.87) can be
written as

3
1+ 2(3d? +3d?) + 22 [dis (p1p2p3 +pr iy st Z(pz + pf))
i=1

3
+ d? <w1w2’w3 +wy twy twy A+ Z(wz + wfl))]
i=1 (3.99)
+ | =34 (64" 64 At Y (o 0 py )
1<i<j<3

+d* Z (wiw; + w;le_l)} +...
1<i<j<3
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where the theory has a U(1)% x U(1)4 global symmetry, where the fugacities for U(1)°
are denoted by p1 23 and w; 23. The N' = 3 index can be obtained by setting d = 1.

For the theory (3.88) with n = 3, the U(1); symmetry corresponds to the axial
symmetry that gives that assigns charges —1 to each chiral multiplet and +2 to the
scalar fields in the vector multiplet; the fugacities w; 53 correspond to the U(1)? topo-
logical symmetry; and the fugacities p; 23 correspond to the U(1)? flavour symmetry.
Since the theory is self-mirror, the index is invariant under the simultaneous exchange
of d <+ d™' and (p1, p2, p3) <> (w1, we, w3). To specify our parametrisation of py, p, ps,
let us first define ¢;, ¢; ' to be the fugacities for the U(1) symmetry that gives charge +1
and —1 to the chiral multiplets Q;, Q; carrying gauge charges (1,—1),(—1,1) between
the i-th and the (i + 1)-th gauge nodes, and let f;, f; ' be the flavour charges of the
fundamental chiral multiplets carrying gauge charge —1 and +1 under the i-th gauge
node. Then, p; 3 are related to these fugacities as

p1=f101f2_17 p2=f202f3_17 ]?321‘1303]01_1 . (3.100)

For the theory on the third line of (3.87), namely the circular unitary quiver with
alternating CS levels, we label the nodes as 1, . . ., 6 from left to right. The U (1), assigns
alternating charges (—1)""! to the chiral multiplets (Q;, Q;) in the bifundamental repre-
sentation of the i-th and the (i+1)-th gauge nodes. Let us define ¢; (withi = 1,2,...,6)
as above. Then, p; 23 are related to these fugacities as

c1 c3 cs

D1 = i o D2 = Gaws D3 = Gowg (3.101)
W1 = CWW3 , W2 = CLWyW5 , W3 = CgWpW17 -

where w; (with i =1,2,...,6) the topological symmetry associated with the i-th node.

As usual, not all symmetries of these unitary quivers are manifest in the orthosym-
plectic quiver in the first line of (3.87). In fact, the index of the latter can be obtained
from (3.99) by setting w; = p;, with ¢ = 1,2, 3. Indeed, if we denote by (1, (s, (3 the
U(1)? magnetic symmetry associated with each SO(2) gauge group from left to right,
we then have the fugacity map

(3.102)

Y Y

C11/2 o 1/2,1/2 C21/2 _ p1/2p§/2

1/2 1/2 1/2
aps Ps 1 C3/ :P1/ p3/

where ¢ is the fugacity associated with a Zs zero-form symmetry associated with the
Z, discrete quotient in the first line of (3.87) such that g*> = 1. We emphasise that g
can be absorbed in a redefinition of a fugacity of the magnetic symmetry and so the
index does not really depend on g. The U(1); symmetry assigns the charges (—1)"! to
the half-hypermultiplets A;, with z = 1,...,6, in the bifundamental representation of
SO(2) x USp(2) from left to right in the circular quiver in the first line of (3.87).

— 34 —



This discussion can be generalised in a straightforward manner to the cases of
n > 3.

3.7 (S)O(QN + 1)2 X USp(QN)_l and [U(N + ].)4 X U(N)_4](/Zg)

In this subsection, we demonstrate that the indices of the following four theories are
equal:

O(2N+ 1)2 X USp(2N)_1 U(N—|— ].)4 X U(N)_4

(3.103)
SO@2N + 1)y x USp(2N)_1  [U(N + 1)y x U(N)_4]/Zs

The duality of the theories in the first line were pointed out in [2]. The one-form
symmetry of each theory in the first line is Zs, which can be realised as follows. For
the orthosymplectic quiver in the first line, the O(2N + 1) and USp(2N) gauge groups
both have a Zs centre and the bifundamental matter screens a diagonal combination,
so we are left with one Z, centre symmetry. For the unitary quiver in the first line,
namely U(N + 1)4 x U(N)_4, the presence of the Zy one-form symmetry was pointed
out in [20, Section 3.3].

The theories in the second line arise from gauging the Z, one-form symmetries
of the theories on the first line. This is consistent because the conditions (3.75) are
satisfied. We thus expect that the theories in the second line are also dual to each
other. However, what is surprising is that all of the four theories have the same indices.
Let us demonstrate this point as follows.

We first provide an argument to show that the indices of the U(N 4+ 1)y x U(N)_4
theory and the [U(N + 1)y X U(N)_4]/Z5 theory are equal. We emphasise that, in each
of these theories, there is an overall U(1) that does not act on matter fields. Upon
integrating over such a U(1) fugacity in the index, we obtain a delta-function which
imposes the following condition that the magnetic fluxes of the U(N + 1) gauge group,

m(Li), withi =1,..., N+1, and those of the U (V) gauge group, mg), withj=1,..., N:

N+1 ) N ‘
S om =3 " my (3.104)
i=1 j=1

In the [U(N + 1)4 X U(N)_4]/Z5 theory, we have to sum over the fluxes

(m(Ll)a s >m(LN+1); mg%l)v s 7m$%N)) € (Z +p/2)2N+1 (3105)

and sum over p € {0, 1}, whereas in U(N +1)4 x U(N)_4 theory there is a contribution
only from the p = 0 sector. Observe that, for p = 1, if one of the two sides of (3.104) is
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half-integral the other is integral.?® This means that there is no contribution from the

p = 1 sector to the index, since it is forbidden by (3.104). As a result, the index of the
[U(N + 1)4 x U(N)_4]/Z5 is the same as that of the U(N + 1)4 x U(N)_4 theory. We
see that the Zy zero-form symmetry arises from the Z, discrete gauging of the former
theory acts trivially on the theory and hence it is an unfaithful symmetry. This leads
us to conclude that the Zs one-form symmetry of the U(N + 1), x U(N)_4 theory also
acts trivially on the line operators.

Similarly, we can provide an argument to show that the zero-form charge conjuga-
tion symmetry of the SO(2N + 1)y x USp(2N)_; theory acts trivially on the theory
and hence it is unfaithful. The index of this theory can be written as

LSO@N+1)9y xUSp(2N")s

1 Nodr, &
— a —|mal(1 _ _1\Ma .|Mal L1
= N 2 }’{Hl 27riza}_[1x (1= x(=1)™ ™27

mezZN

N N
% Hx—H:ma-i—mb\(l _ (_l)imaimbx\imaimb|zj:lzl:)l:l) H Zik’magma

a<b a=1

N’ N’
—ni o lnal, 2

ST (1 (1)l

2N NI 2miu; ( (=1) i)

nezN' Y i=1 i=1

N, N/
% Hx—|in,+n3|(1 _ (_1):|:nz:l:n]l,|:tn1:|:n]|u?:1u;t1> Hu?k n;

i<j i=1

/ n; 1 ¥l .3+ nl. .2

N ((_1) yuFt fFL gzt g >

it .
1 .
Pl ((_1)niXu:|:1 FEL gl xz)
[e.e]
) 3 .

<[TI[=" 1 = (3.106)

ot i ((_l)mizil k! fEL phHEmatnil, x2>

e e]

where f is the fugacity for the SU(2); flavour symmetry, ¢ is the fugacity for the (Z[QO])C
topological symmetry satisfying (2 = 1 and y is the fugacity for the zero-form charge
conjugation symmetry. In the problem at hand, we take N' = N, k=1 and k' = —1,
but the following argument holds for general N, k and k. We claim that the charge
conjugation symmetry can be re-absorbed with a gauge transformation. This can be

23This argument can be generalised to any theory of the form [U(N + x)ax X U(N)_ox]/Zo with x
odd. In such a theory, the Zs zero-form symmetry arising from the discrete gauging acts trivially.
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seen in the index from the fact that if we simultaneously rescale
24 = X%, a=1--- N u; — Xy, 1=1,--- N’ (3.107)

then the fugacity x completely disappears from the matrix integral since y is a square
root of unity y = ¢ with n = 0, 1. What is crucial for this to happen is that the CS
level of the SO(2N + 1) group is even.?* This observation leads us to conclude that
the Z, one-form symmetry of the O(2N + 1), x USp(2N)_; theory also acts trivially
on the spectrum of line operators. Since we can obtain the theories in the second
line of (3.103) from those in the first line by gauging the Z[Ql] one-from symmetry
in the latter, from the perspective of the U(N + 1)4 x U(N)_4 theory, such gauging
removes from the spectrum Wilson lines in representations that are not multiple of
2 of (N+1,N). We thus conjecture that there exist only the Wilson lines in the
representation ((N + 1)*™ N?"), with m > 1, in the spectrum of this theory, and so

the action of such a Z[;]

one-form symmetry is trivial. We leave the verification of this
statement to future work.

As a final remark, we see that the four theories in (3.103) seem to be dual to each
other, even though the Z, one-form symmetry seems to be present in the theories in
the first line of (3.103), but not in the theories in second line. One might ask if there
exists a topological field theory that provides the Z, one-form symmetry in the former.
The answer seems to be no. This is in contrast with, for example, the duality appetiser
[15], which is a duality between the 3d N' = 2 SU(2); gauge theory with one adjoint
chiral multiplet and a free chiral multiplet together with a topological quantum field
theory (TQFT) given by U(1)_s. Indeed, the SU(2); gauge theory has a Z, one-form
symmetry (as it can be seen from the centre of the gauge group), whereas the theory of a
free chiral multiplet does not have any one-form symmetry; in this case the Zs one-form
symmetry is provided by the TQFT U(1)_s. The latter can be detected by the index by
turning on an appropriate background magnetic flux, which is the one associated with
the U(1) flavour symmetry, as we demonstrate in Appendix B. However, upon turning
on background magnetic fluxes for the theories on the first line of (3.103), we are not
able to detect the presence of the TQFT that supports the Z, one-form symmetry. We
thus conclude that such a symmetry acts trivially on the spectrum of the line operators.

Let us report the index of the theories (3.103) when N = 1. It turns out that,
up to order x?, those of the unitary theories are given by (3.83), and those of the
orthosymplectic theories are given by (3.84). Note, however, that from order z° onwards,

24Indeed, if we consider the index of SO(2N + 1)241 x USp(2N")x, the CS factor Hi\;l 22k )ma
would produce odd powers of x after the shift (3.107), thus leaving a non-trivial x dependence.
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they are different; see [3, Table 1] for the unrefined indices of these theories:

(3.103)y=1: 1 +4x+122% + 823 + 272" +322° 4 ...

3.108
(3.86) : 14 4a+ 122 + 82° 4+ 272" + 362° + ... ( )

As a final remark, we also observe that the circular quivers SO(3)y x USp(2)_1 X
SO(3)y x USp(2)_1 and O(3) x USpP(2)_1 x O(3)2 x USp(2)_1 have the same indices;

up to order x2, they are

L+ 22 (G + G+ GG+ 2 D) + Gk +1

o (3.109)
~ (GGt AWD] +- -,

where (35 are fugacities for the magnetic symmetry of the (special)orthogonal gauge
groups. For the theory with special orthogonal gauge groups, the index does not depend
on the fugacity for the charge conjugation symmetry. For reference, we report the
unrefined index up to order z* as follows:

T+ 1227 +4a* + ... (3.110)

4 Conclusions and outlook

We have obtained several new dualities between ABJ and related theories, with at least
N = 6 supersymmetry, by gauging zero-form or one-form symmetries. We analysed in
details the symmetries of these theories and how they are mapped across each duality,
paying particular attention on the discrete symmetries. This result is also generalised
to a circular quiver with alternating SO(2), and USp(2)_; gauge groups and a discrete
Z5 quotient.

There are several interesting directions for further study. First, it would be in-
teresting to generalise these results to theories with orthosymplectic gauge groups
with NV = 5 supersymmetry, as well as more general U(N + z); x U(N)_j and
[U(N + x)g x U(N)_g]/Z, theories with N = 6 supersymmetry. Moreover, regard-
ing the duality involving the circular quivers, it would be nice to find the analog for the
higher ranks theories, such as those involving SO(2N ), and USp(2N)_; gauge groups.
Instead, for the theories involving odd orthogonal and symplectic gauge groups, we
observed that certain symmetries act trivially on the spectrum of the theories. It would
be nice to check and understand this further. It would also be interesting to work out
the gravity duals of the theories studied in this paper and understand the dualities
from this perspective.
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One last appealing line of possible future investigation would be to analyse along the
lines of what was done in this paper possible generalised symmetries of 3d N = 2 SCFTs
arising from compactification of 5d A/ = 1 SCFTs on Riemann surfaces with fluxes
for the global symmetries, a construction that was recently studied in [39, 40]. Various
results have been found for generalised symmetries of 5d SCFT's using both field theory
and geometric engineering methods, see for example [41-47], and it would be interesting

to investigate their imprint on the 3d theories resulting from the compactification.?
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A 3d supersymmetric index conventions

In this appendix we summarise our conventions for the 3d supersymmetric index [7—12]
(which coincides with the superconformal index when computed with the superconfor-
mal R-charge). This index can be expressed with the following integral form:

rkG

T = 3§, I Zaltzm)) Zuetzm) Zu( (. m): (),

212,

(A.1)
where we denoted by z the gauge fugacities and by m the corresponding magnetic
fluxes. The integration contour is taken to be the unit circle T for each integration
variable and the prefactor |W,y,| is the dimension of the Weyl group of the residual gauge
symmetry in the monopole background labelled by the configuration of magnetic fluxes
m. We also use {u, n} to denote possible fugacities and fluxes for global symmetries,
respectively. In the following we discuss the different contributions to the integrand of
(A.1) in some details.

The factor Z, denotes the classical contributions, which can consist of Chern—
Simons interactions and, when the gauge group contains some abelian factor, FI inter-

25Gee also [13] for a discussion on higher form symmetries of 3d A/ = 1,2 theories arising from the
compactification of 6d (2,0) SCFTs on 3-manifolds.
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actions. For example, for a U(N) gauge group it takes the form

Y({z,m}) = H gy (A.2)

where k is the CS level and w is the fugacity associated with the U(1 )U zero-form topo-

logical symmetry. In the main text we consider also USp(2N), SO(2N) and SO(2N+1)
gauge groups, for which we use a different normalisation of the CS level and the topo-
logical symmetry is either discrete or absent:

USp 2N)({z m}) ﬁ 2kmg
a=1
N
SO 2N+6)({ m}) H ngmacma , (AB)
a=1

where for compactness we denoted SO(2N +¢€) for € = 0, 1. Moreover, ( is the fugacity
for the zero-form topological symmetry, which is U (1)20] for SO(2) = U(1), while it is a
(Z[20])< for SO(2N) and SO(2N +1) with N > 1 so in these cases we have the condition

2 =1.
The factor Z,.. denotes the contribution of 3d N = 2 vector multiplets, which
takes the following generic form:

Zel{zm)) = [ o5 (1 - (~1)2mzrgletm), (A.4)

a€lie(G)

where «v are roots in the gauge algebra Lie(G) and we are using the short-hand notations

rkG rkG kG

=[1= atm) =3 ama., la(m)| =" am,. (A5)

Explicitly for the groups of interest in this paper we have

{Z m} Hx_lma mb‘ 1 _ (_1>ma_mbzazb_1x‘ma—mb|)
a<b

(1 — (=1)mame 5L glma—mel)

vec

ZUSp (2N) {Z m} H:L,—2|ma| 1)2ma 2 2|ma|)(1 . (—1)2ma2_21‘2|m“|)

vec

% Hx—\ma-i-mbl—lma—mbl x (1 _ (_1)ma+mbzasz|ma+mb|)

a<b
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~—~
—_

( 1)me

}_l

N

({z,m},x =+1) = (H “imel(1

1

ZSO(2N+e)

vec

—mbza—lzb—lx|ma—mb|)<1 _

1 Mg, 7mbzfl

be|ma7mb|)

(—1)" 20l (1 = (—1)"

(-1

_mbzazb_lx

-1 |ma|)>6

Z Zz

|ma—mb‘)

% Hx—\ma+mb|—|ma—mb| x (1 — (_1)ma+mbzasz|ma+mb|)

x (1=(=1)
x (1= (—1)ma=m

ma_mbza_lzb_lxlma—mbl)<1 _

=1, lma—my
a 2T )7

(~1)me”

mbzazb_lxlma—mb‘)

(A.6)

where again € = 0,1. Remember that for SO(2N + ¢) we also have a discrete zero-

form charge conjugation symmetry (Zgo]

)e whose corresponding fugacity in the index

we denote by x. The above expressions hold for x = +1, while for Yy = —1 we have

[34, 48, 49|
N-1
2800 ({2, m};x = —1) = [[ a2l — (12 2a2mel) (1 — (1), 2
a=1
N-1
X H g Imatmel=lma=ml o (1 _ (_q)matmez o plmatmely
a<b
« (1 o (_l)mu—mbz—lzb—l |ma—mb\)(1 _ (_1)ma—mbzazb—lx\ma—mb|)
X (1 — (=1)ma=mo =1y glma=maly (A7)
N €
ZON({z mix = —1) = (Hw"ma'u (=) (L (1) 1x'ma'>>
a=1
N
> Hx_|ma+mb|_|ma_mb‘ x (1 — (_1)ma+mbzasz|ma+mb\)
a<b
% (1 o (_1)ma mbz > 1 |ma mb\)(l _ (_1)ma—mbzazb—1x\ma—mb|)
X (1 = (=1)ma=mo =1y glma=mly (A.8)
In particular, the expression for y = —1 in the SO(2N) case is obtained by setting
zy =1, 25" = —1 and my = 0 in the one for y = 41,26 while the expression for generic

26Notice that such replacement is not possible when m, are all half-integer fluxes, which is what
happens when we take the gauge group (so not just the Lie algebra) to be SO(2N)/Zs. In other words,
for SO(2N)/Z there is no x = —1 sector and the (Z[QO])C charge conjugation symmetry acts trivially.

— 41 —



X in the SO(2N + 1) can also be written compactly as

ZS0CNH) (2 m):y) Ha:"m“|(1 — (=1)Maxzg ™) (1 — (=1)Meyz; talmel)

N
% HI—Ima-Fmbl—\ma—mbl x (1 — (_l)ma+mbzazb$\ma+mb|)

a<b
% (1 . (_1)m me lzb x\ma mb|>(1 _ (—1)ma_mb2a2b_1$|ma_mb|)
X (1= (=1)Memoz- yxlma= mb‘). (A.9)

Finally, we have the contribution of matter fields which come into 3d N' = 2 chiral
multiplets. The contribution of a chiral with R-charge r and transforming under a U(1)
symmetry with fugacity and flux z and m respectively is

m .- x|m|+2 R+2j

Zchir(z;m; R) ( - R _1 |m|/2H (AlO)

m2x|m| R+2j

The full contribution to the index of a set of chirals forming some representation R
and Rp of the gauge and the flavour symmetry respectively and with R-charge r is

Zow({zm)i (pn)) = [[ T] Zaw(zw7:pm) + pe(n)ir), (A1)

PER prERF

where p and pp are the weights of R and R respectively. Notice that a chiral in the
adjoint representation of the gauge group and with R-charge 1 gives a trivial contri-
bution to the index, so that the index factor for a 3d N = 4 vector multiplet actually
coincides with the one of an N' = 2 vector multiplet (A.4). Other examples of matter

fields that we encountered in the main text are 3d N’ = 4 hypers in the bifundamental
of UN) x U(M)

N M
2o Lz my {pan}) = [ T] Zenir(za/wn mD — mi?;1/2)

a=1b=1

X Zenir(Wa / 2p; mf) — ml()l); 1/2) (A.12)

and hypers in the bifundamental of SO(2N + €) x USp(2M) for e = 0,1

SO(2N+€)xUSp(2N
Zoa I ({2 md; {pndix = +1) =

M €
::OIamumWﬂ%%umamwwﬁm”m>

b=1
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X H H Zchir(zawb; (1) + m 1/2) chlr(za/wba (1) - ml()2)7 1/2)

a=1 b=1
X Zae(wa/25m ) — miV;1/2) Zaie (1/ 203 —mi) — m{P;1/2),
(A.13)
where zare the fugacities of the left node and w those of the right node. The last
expression holds again only for y = +1. The correct contribution for y = —1 in the
case € = 0 is obtained by setting zy = 1, z5' = —1 and my = 0, while when ¢ = 1 we

have the compact expression for generic y

SO(2N+1)xUS 2N
ZROENFXUSEN) (15 mY; {p,n}; x) =

M

H( chir (X /W mb ,1/2) chlr(wa,mb ;1/2)>

N M
H H chir Zawba ( ) + m(2) ]-/2) chlr(za/wb; (1) - ml()2)7 1/2)
1b=1

hlr(wa/zba mb ) 1/2) chlr(l/zawb; _mgl) - ml()Q)a 1/2) .
(A.14)

B Topological sectors and indices: the example of the duality
appetiser

In Section 3.7 we mentioned that the 3d index can be useful for detecting the presence of
topological sectors in a theory. In this appendix we give some details of this for the case
of the duality appetiser of [15]. This is a duality which relates an SU(2); gauge theory
with one adjoint chiral to the product theory of a free chiral multiplet plus a topological
sector consisting of a U(1)_o TQFT. The topological sector was detected in [15] using
the S® partition function, where it was observed that the U(1); symmetry acting on
the adjoint chiral on the SU(2); side of the duality is mapped to a combination of the
R-symmetry and the topological symmetry of the U(1)_5 TQFT on the dual side. The
topological sector can actually be detected also in the index by turning on a background
magnetic flux my for the U(1); symmetry. The duality is indeed represented by the
following identity of indices:

f2 2 Ro+[2myl. 2?)

+oo
- 2m —2m/q _ .2m +2 2, .Ryp—1\—|my| ( ) 00
Z mez (1 —=a™27) ([ ) (f2 qu>+|2mf|;x2)oo

2 £-2 .2—Ro+|F2m+2mg|. 1.2
2F2 72 2 Retl il a?)

12 p2,  Re—1\—|Etm+m |(
X (275 ffame ) ! (Zi2f2qu>+\:|:2m+2mf|;x2)oo
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f- 4 .2—2Rg+|4my|. x

+oo
2m-+2m Ro+1 p2\™M
(f4 2Bo+lAmyl. 2 Z %sz I (ater )
(B.1)

—_ (f4l,2Rq>fl)f\2mf| (

where f, m; are the fugacity and the flux for the U(1); global symmetry and Rg is the
R-charge of the adjoint chiral field. The identity holds provided that the background
flux is quantised as my € Z and for generic values of f and Rg. Notice that the map
between the U(1); symmetry acting on ® and the topological symmetry of the TQFT
is compatible with the one found in [15] at the level of the S partition function. The
prefactor to the integral on the right hand side is the index of the free chiral, while the
remaining integral is the index of the U(1)_o TQFT, which evaluates to

+oo
Z j( 27”2 2m+2mf (:Ech-‘rle)m _ ($R¢+1f2)*mf (B.Q)

and, as we anticipated, is trivial if we turn off the background magnetic flux my = 0,
while it is non-trivial if we take m; € Zy. In other words, the topological sector is
detectable by the index provided that we introduce such background flux.

The identity (B.1) can be tested by perturbatively expanding both sides in x.
Taking Re = 7, which is the value corresponding to the superconformal R-symmetry
[15], we find that the indices of both of the dual theories are for my =0

Topmo = 1+ fr22 + (2= 7 22 + o+ (19— D)a® + fP8 + f22+
(f28—f’)x§+(f32—2)x +(fzfs f4) 54 (f40+f78)x5
+ M (f®—-2)2°+0 (x%> , (B.3)

which is the same result that was found in eq. (9) of [15]. Notice that —1 at order
x?, which represents the fermionic superpartner of the U(1); conserved current. For
non-trivial m; we find that the two indices still match and that the topological sector
(B.2) is crucial for the matching. For example for m; = 1 we get

Tonj=t1 = T SR el S S E ) (:1:2T> : (B.4)

but we also checked (B.1) for several other values of my and Rg.
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