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2000 MSC: This work extends the discrete compactness results of Walkington (SIAM J. Numer. Anal.,
46B50 47(6):4680-4710, 2010) for high-order discontinuous Galerkin time discretizations of parabolic
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problems to more general function space settings. In particular, we show a discrete version of the

ngéi Aubin-Lions-Simon lemma that holds for general Banach spaces X, B, and Y satisfying X < B

compactly and B < Y continuously. Our proofs rely on the properties of a time reconstruction
Keywords: operator and remove the need for quasi-uniform time partitions assumed in previous works. Thus,
High-order discontinuous Galerkin we provide a useful and flexible tool for the analysis of high-order discontinuous Galerkin time
Discrete compactness discretizations of complex nonlinear partial differential equations.

Aubin-Lions-Simon lemma
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1. Introduction

The aim of this work is to present some discrete compactness results for sequences of (possibly discontinuous) piecewise polynomial
functions in time. In particular, we show an extension of [1, Thm. 3.1] to a more general variational framework. Moreover, our
proofs are simpler and avoid the requirement of (global) quasi-uniformity of the time partitions, as they rely on continuous-in-time
reconstructions that allow us to use compactness results from the continuous setting. Our main result (Theorem 2.1) can also be seen
as a high-order generalization of [2, Thm. 1], which addressed the case of piecewise-constant functions in time.

Previous works. Using discrete compactness for sequences of piecewise-constant functions in time is a standard tool not only to show
the existence of weak solutions to nonlinear evolution problems, but also to prove convergence of numerical schemes; see, for instance,
applications in flow dynamics [3], nonlinear cross-diffusion systems [4-6], and hyperbolic—parabolic problems [7]. Such a technique
is particularly useful when deriving a priori error estimates is too challenging, as well as to show convergence in mesh-independent
norms under minimal regularity assumptions.

In contrast, the literature on discrete compactness results for higher-order piecewise polynomial functions in time is scarcer. To
the best of our knowledge, Walkington’s result in [1, Thm. 3.1] was the first of this type. Subsequently, a variation used for the
miscible displacement problem was presented in [8, Thm. 3.6], and an extension to nonconforming approximations in space was
established in [9, Thm. 3.2]. The main idea of these results was to show that discontinuous Galerkin (DG) approximations in time
are uniformly equicontinuous (see [1, Lemma 3.3]), thus circumventing the lack of differentiability of such discrete functions, at
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the expense of assuming quasi-uniform time partitions. The above results have been used for high-order DG time discretizations of
reaction—diffusion [10,11], incompressible fluid dynamics [12,13], porous media [8,9,14], and optimal control [15,16] problems.

Recently, in [12, Thm. A.1], it was shown that some of the assumptions in [1, Thm. 3.1] and [9, Thm. 3.2] can be replaced by
conditions on the time derivative of the continuous-in-time reconstructions introduced in [17, §2.1]. Following this approach, we
show that the equicontinuity argument can be avoided, as discrete compactness can instead be established by only exploiting the
properties of the reconstruction operator.

Compactness results for continuous functions in time. We first recall some standard results for the continuous setting, which we use in
the proof of Theorem 2.1 below. The Aubin-Lions lemma establishes some sufficient conditions to prove that a set of functions V" is
relatively compact in L?(0,T; B), where p € [1,0), T > 0, and B is a Banach space. Under these conditions, any bounded sequence
in U has a subsequence that converges strongly in L?(0, T'; B). The following version from [18, Cor. 4] is called the Aubin-Lions-Simon
lemma, as Simon established the result without the assumption in [19, Thm. 1] and[20, Thm. 1.5.1] that the Banach spaces involved
are reflexive.

Theorem 1.1 (Aubin-Lions-Simon). Let X, B, and Y be Banach spaces with
X & B compactly and B < Y continuously.
Let also p, r € [1, 0], and U" C LP(0,T; X) be a set of functions such that
U is bounded in L?(0,T; X), (1.1a)

oV :={ou : ue U} isboundedin L"(0,T;Y). (1.1b)

e If1 < p < oo, then U is relatively compact in L?(0,T; B).
e If p=co and r > 1, then U is relatively compact in C°([0,T1; B).

In [18, Thm. 5], Simon showed that condition (1.1b) on " can be weakened to

5lir(1)1+ llosu —ullrr-5v) =0, uniformly foru € U, 1.2)

where the shift operator czu(t) := u(t + 6), for t € [0, T — 5]. This version with weaker assumptions is particularly useful when dealing
with (possibly discontinuous) piecewise polynomial functions in time, as they are not differentiable and hence condition (1.1b)
cannot hold. However, verifying (1.2) for all time shifts 56 > 0 can be cumbersome and conditions that can be deduced directly from
the bounds on the discrete solutions are more convenient (see [2]).

Next theorem concerns relative compactness of higher regularity under some slightly more restrictive assumptions; see [21,
Thm. 1.1].

Theorem 1.2 (Amann). Let X, B, and Y be Banach spaces such that

X & B and B < Y continuously, (1.3a)
X &Y compactly, (1.3b)

and, for some 6 € (0, 1), there exists Cy > 0 such that
lullg < Collullfllully™®  forallue X. (1.30)

Let U c LP(0,T; X) be a set of functions satisfying condition (1.1a) and either

e condition (1.1b) (setting s = 1), or
e for p € [1,0), r < p, and some 0 < s < 1, there is C; > 0 such that

llosu = ullror-5v) < Cs6°  forall6>0andu €U 1.4
Then U is relatively compact in L(0,T; B) for all 1 < q < rp/((1 — 6)(1 — sr)p + Or) provided that (sr — 1)p/r < 6/(1 — ).

Remark 1.1. If X is a Banach space, B is a Hilbert space, and we have a Gelfand triplet X < B < X’ with dense compact embeddings,
then condition (1.3¢) holds with Y = X', = 1/2, and C, = 1. In this setting, if condition (1.4) holds with r = 1 for all 0 < s < 1, then
Theorem 1.2 implies that U is relatively compact in L%(0,T; B) for 1 < g < 2p. The result in [1, Thm. 3.1(1)] for the high-order DG
time stepping can be seen as a discrete counterpart of this particular situation. ]

2. Discontinuous Galerkin time discretizations

In Section 2.1, we introduce some DG notation and define spaces of piecewise polynomial functions in time. In Section 2.2, we
present the definition and main properties of the time reconstruction operator used in the proof of our discrete compactness result in
Section 2.3. A brief discussion of the application of Theorem 2.1 to parabolic problems is presented in Section 2.4.

2
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2.1. DG notation and piecewise polynomial spaces

Let X be a Banach space, and let {7_},., be a family of partitions of the time interval (0, T), where each 7, is determined by
some nodes 0=: 1, < ... <ty :=T.Forn=1,...,N,, we define the time interval /, := (#,_;,1,) and the time step 7, =1, —1,_;.
The subscript 7 stands for the maximum time step, i.e., 7 :=max,_, _y, 7,- We make the following assumption on {7}, which is
less restrictive than the (global) quasi-uniformity assumption in [1, Thm. 3.1], [8, Thm. 3.6], and [9, Thm. 3.2].

Assumption 2.1 (Time steps ratio). There exists a positive constant C, such that, forall >0andn=2,..., N,

T2
7’-n/ﬂ'-n—l < C*'

In particular, this condition holds for families of geometrically refined partitions in time, which can be used to resolve temporal
singularities (see, e.g., [22,23]).
For each 7 > 0, let X, be a subspace of X. Given # € N, we define the following spaces:

Pix,) :={veLl'(0T;X,) : v, € PU)®X,, forn=1,...,N,.},
PLeOM(X,) 1= PLX )N CO(0,T]; X,),

where P?(1,) is the space of polynomials of degree at most ¢ defined on 1,, and ® denotes the algebraic product for vector spaces.
We also define the time jumps ([-],,) for piecewise smooth scalar functions in time (v) as follows:

[], :=v@hH —ov@;), forn=1,....N,,
where

Y e— 1 =\ — i _
o(t)) 1= gl_l)f(r)k ot,+€e) and o)) = Elir(r)lJr u(t, — ).
2.2. Time reconstruction operator

We now recall the definition and some properties of the time reconstruction operator introduced in [17, §2.1]. To do so, we resort
to the pointwise-in-time definition in [24, Eq. (33)] (see also [24, Lemmas 6 and 7]).

For any Banach space Z and ¢ € N, we define the lifting operator £, : Z — P/(Z) and the time reconstruction operator R :
PL(Z) - PLTe"(Z) as follows: forn=1,..., N

T

¢

Loz(t) := = Y (=1 @i+ 1)L, 1) forallze Zandt €I,

Tn =0
4
R =0, - [v.],-1 +/ L. (o Ju=(s)ds forall v, € Pf(Z) andre I,
Th-1

where L, ; is the ith mapped Legendre polynomial defined on the interval I,, and we have set [v,], := v,(0) — vy, for some “initial datum”
vy € Z. The explicit dependence of R v, on v, will be neglected. The continuity in time of R, was proven in [17, Lemma 2.1], and
the following result from [17, Lemma 2.2] provides an estimate of the error between a piecewise polynomial function in time and its
continuous-in-time reconstruction.

Lemma 2.1 (Properties of R,). For any Banach space Z, ¢ € N, and p € [1, o], there exists a positive constant Cy depending only on p
and ¢ such that
NT
IR v, = v ll ooy £ CR( Z Tl [0, ] -1 |I”Z>l/” fordll v, € PY(2Z),

n=1

with the usual notational conventions for the case p = co.
2.3. Discrete compactness

Henceforth, we assume that the degree of approximation ¢ € N, the final time T > 0, and the “initial datum” u, € X are fixed. We
are now in a position to prove our discrete compactness result. Some extensions are discussed in the arXiv version of this manuscript;
see [25, Remarks 2.3 and 2.4].

Theorem 2.1 (Discrete Aubin-Lions-Simon compactness). Let X, B, and Y be Banach spaces such that the embedding X < B is compact,
and the embedding B < Y is continuous. Let also uy € X, and {T} .. be a family of partitions of (0, T) with t — 0% satisfying Assumption 2.1.
For each 7, let u, € P! (X,) for some subspace X, of X.

Assume that

(h1) {u,}, is uniformly bounded in L?(0,T; X) for some p € [1, ].
(h2) {0,R,u,} . is uniformly bounded in L"(0,T;Y) for some r € [1, x].
(h3) There exists a positive constant C; independent of = such that Z:j:fl e, ] per % < C; forall z > 0.

3
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The following hold:

(D) If1 < p< oo, then {u,},. is relatively compact in L?(0,T; B).
(i) If p= oo and r > 1, then there exists a subsequence of {u.},. that converges strongly in L9(0,T;B) for all 1 < g < oo to a function
belonging to C°([0,T1; B).
(iii) If conditions (1.3a)—(1.3c) hold, then {u, } - is relatively compactin L(0,T; B) forall 1 < q < rp/((1 — 6)(1 — r)p + 0r) provided that (r —
Dp/r<0/(1-0).

Proof. We split the proof into three parts.

Part I) Uniform boundedness of {R,u,},.,. We first show that the time reconstruction R u, inherits the uniform boundedness of u,
in L?(0,T; X). Below, we focus on the case 1 < p < oo, but the case p = « follows analogously.
Using the triangle inequality and Lemma 2.1, we obtain

1R u Ml oorx) < Null oo x) + IR = urll poo,r:x)

NT
< Mlugll e + CR( Z 11728 ||§(>l/p- (2.1)

n=1

By a standard inverse-trace inequality (see, e.g., [26, Lemma 12.8]) extended to Bochner spaces, there exists a positive constant C,,
independent of 7, such that

-1 -1
Wil < Cor (7 PNt o0 + 7, (Pt s, ox))» - form=2,..,N,,
-1
M Tollx < Coty Ml Loty ) + Nl x-
which, together with the triangle inequality and Assumption 2.1, implies

NT
1
[IRzu; —ullprorx) < Cr [ 2 (Culluell por,x) + Cu(fn/fn—l)”“r||u(1,,_1;X))p + (Cu||“1||u(1l;x) +1yllugllx )P [P

n=2

1
< Cr (Cu(1+ Collull ooy + 7 gl x )- 2.2)

The uniform boundedness of {R,u,},.o in L?(0,T; X) then follows from hypothesis (h1) by combining inequalities (2.1) and (2.2).

Part II) Relative compactness of {R u,},s. Since {0,R u,},( is uniformly bounded in L"(0,T;Y) by hypothesis (h2), and {R u,},5¢
is uniformly bounded in L?(0,T; X) by Part I) of this proof, we can use Theorems 1.1 and 1.2 to deduce that the relative compactness
results (i) and (iii) hold replacing {u,},.o by {R,u,},5¢. Moreover, if p = o0 and r > 1, the sequence {R,u,},. is relatively compact
in C°([0,T]; B) by Theorem 1.1.

Part III) Relative compactness of {u.},.o. We focus on cases (i) and (ii), as case (iii) can be proven analogously.

Proof of case (i). Assume that p € [1,00) and r € [1,0]. From Part II) of this proof, there exists a subsequence, still denoted
by {R,u,} .5, that converges strongly in L?(0,T; B) to some function u* € L?(0,T; B). Using the triangle inequality and Lemma 2.1,
we have

NT

[Ju, — u*”LP(O,T;B) < lu, - RT”T”LP(O,T;B) + IR u, - M*HLP(O,T;B) < CR( 2 o 7 ”1;)1/;; + | Ru, — M*HLP(O,T;B)- (2.3)

n=1
Therefore, it only remains to show that the first term on the right-hand side of (2.3) converges to 0 as ¢ — 0*.
For p > 2, the following bound can be obtained from hypothesis (h3) and the standard inequality for vector norms ||x||, < [|x|l,:

N‘[
Cr( X mullliucdocally )77 < CrV/Cre'/P >0 asz— 0%,

n=1
As for the case 1 < p < 2, we use the Holder inequality (with y =2/(2 — p) and y’ = 2/p) to get

NT

N N, 1 , ,
Cr( X alludially) < cx| (X ) (3 ) a7 |
1 n=1

n=1 n=
N
2» 3 2-p
< CT o e 2( Ll I3)'? < CRT V/Cye2 =0 asz— 0,
n=1

This completes the proof of case (i).
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Proof of case (ii). For this case, we proceed similarly as in [2, Thm. 1].

Assume that p = oo and r > 1. From Part II) of this proof, there exists a subsequence, still denoted by {R,u,},(, that converges
strongly in C%([0, T']; B) to some function u* € C([0, T]; B). Moreover, using case (i) with p = g € [1, c0) instead of p = oo, there exists
another subsequence, still denoted by {u,},., which converges strongly in L4(0,T; B) to some function # € LY(0,T; B). Using the
triangle inequality, for all = > 0 in the intersection of the two subsequences, we have

llw* =@l o3y < 0™ = Rt |l paor.m) + IRty =\l ooy + iz — @l Loo.1:)
1 A
<T /q”u* - Rr”r”cﬂ([o,TJ;B) + 1R u; —u Ml paor:p) + lur =l Lao7:8)- (2.4

All the terms on the right-hand side of (2.4) converge to 0 as = — 0%, which implies that «*(r) = %(r) in B for a.e. t € (0,T). O

2.4. Insights into parabolic problems

We now give a brief account of how the assumptions of Theorem 2.1 can be verified for the DG time discretization of parabolic
problems. Assume that X & B & X’ is a Gelfand triplet, where X is a separable reflexive Banach space with dense compact embed-
ding X & B, and B is a separable Hilbert space with inner product (-,-)z and norm || - || g.

Given p € (1,00) with p’ :=p/(p — 1), a (non)linear operator A : X — X’, and a nonlinear source term f : X — B, we consider
the following first-order evolution equation: find u € W?(0,T; X) := {v € LP(0,T;X) : o,v € L (0,T; X")} such that

T T T
/ (Ou, V) 1y x dt + / (AW), V) yryx dt = / (f(u), U)B dt for all v € LP(0,T; X), (2.5a)
0 0 0

u(0) = uy in B, (2.5b)
where (-, )y, x denotes the duality product between X’ and X, and the continuous embedding W?(0,T; X) < C°([0,T]; B) (see, e.g.,
[27, Lemma 7.1]) ensures that (2.5b) makes sense.

For a given discrete subspace X, of X, and a degree of approximation # € N, the DG time discretization of the abstract evolution
problem (2.5) reads: find u, € P?(X,) such that, for all v, € P/(X,),

N T T
Z ( / (Qyu,,v,)pdt + ([[ur]],,,l,uf(t:_l))3> +/ a(u,,v,)dt = / (f(u,),v,)pdt, (2.6)
=1 I, 0 0

where a : X X X — R is defined by a(u, v) := (A(u), v) yr«x for all u,v € X.
If there is a positive constant C, such that a(u,u) > Callull‘;( for all u € L?(0,T; X), and f(-) satisfies an appropriate continuity or
growth condition, then one can obtain a stability bound of the form

N,
| .
5 (eI + DMLt ) + Callitg 1.y, < CCT g, ),
n=1

thus verifying hypotheses (h1) and (h3). To verify hypothesis (h2), we use the equivalent definition of R u, given in [17, Eq. (13)]
and rewrite (2.6) as follows: find u, € Pf (X,) such that, for all v, € Pf (X,),

T N. T
/ (athu‘r’ UT)B dr = z ( / (dtu‘r’ UT)B dr + (Hur]n—l’ UT(I:—_]))B) = / (F‘r’ UT)XLXX, dr, (27)
0 n=1 I, 0

where (-, ) yr,x_ denotes the duality product between X! and X, and the functionals {F, }, arising from the terms involving a(-, -)
and f(-), are assumed to satisfy that the norms {||7.||, OT:x1) }+>0 are uniformly bounded.

We denote by ITy_: B — X, the B-orthogonal projection onto X, and assume that its restriction to X is stable in the X norm
(e, My ¢llx S l¢lly for all ¢ € X). We also denote by =, : L1(0,T) — PY(T,) the L*(0, T)-orthogonal projection onto P! (7,), and
define the mixed projection HIX, :=molly . Then, since o,R u, € P?(X,), it follows from Eq. (2.7) and the orthogonality properties
of =, and Iy, that, for any ¢ € L?(0,T}; X),

T T T
/O(a,R,uT,qs)de:/O (0,RTuT,H’X1¢)Bdt=/O (Foullly $hxrex, dt < IFell o oy 1Ty Bllrorix)- (2.8)

Combining this estimate with the stability of z, (see, e.g., [26, Thm. 18.16(ii)]) and the stability of [Ty in the X norm, we obtain
that the sequence {0,R u,} .. is uniformly bounded in r (0,T; X"), thus verifying (h2) with Y = X’ and r = p’. Therefore, if 4, € X,
the sequence {u, },., is relatively compact in L?(0,T; B) for all 1 < g < co by Theorem 2.1 case (iii) with r = p’ and 6 = 1/2; cf. [1,
Thm. 3.1(2)].

3. Concluding remarks

We have presented a compactness result for high-order piecewise polynomial functions in time, which serves as a discrete coun-
terpart of the Aubin-Lions-Simon lemma and of Amann’s theorem on compactness of higher regularity. By exploiting the properties
of a time reconstruction operator, we have circumvented the need for equicontinuity arguments and the assumption of quasi-uniform
time partitions required in earlier works. Our approach is expected to contribute to the analysis of discontinuous Galerkin time
discretizations of complex nonlinear evolution problems.
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