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1 Introduction

Understanding the physics of four-dimensional A" = 2 supersymmetric theories has been an
important problem in the study of quantum field theories over the past couple of decades. An
important and expansive family of such theories, obtained by compactifications of 6d N' = (2, 0)
SCFTs on punctured Riemann surfaces, are the theories of class S [1, 2]. The punctures on the
Riemann surface correspond to the locations of certain codimension-two defects in 6d, amongst
which a distinguished class is referred to as maximal punctures. These compactifications
often lead to intricate infrared (IR) dynamics in 4d, especially when the compactification
instead involves non-maximal punctures, which correspond to a more general class of defects.

While these theories are generically strongly coupled, many of them possess weakly-
coupled descriptions associated with pair-of-pants decompositions of the Riemann surface.
The identification of the gauge symmetries and the (generically non-Lagrangian) matter
sector in such weakly-coupled descriptions in the presence of non-maximal punctures is a
particularly subtle aspect of the 4d IR dynamics. In particular, many compactifications
involving non-maximal punctures give rise to a pathological, or bad, 4d configuration.

One fruitful strategy to study these (as well as the non-pathological) descriptions is to
analyse the structure of the Seiberg-Witten (SW) curves associated with the theory. In par-
ticular, the behaviour of the SW differential near the punctures, i.e., the structure of its poles,
provides key information about the types of punctures and the symmetries that they preserve.
The analysis of the spectrum of the Coulomb branch of the 4d N/ = 2 moduli space obtained
from this data led to the development of the tinkertoys program, cf. [3] and references therein.

Within this framework, one views the theory as being assembled from a discrete set
of allowed three-punctured spheres (trinions) viewed as the matter building blocks, with
various “tubes”, or gauge groups, connecting them. This provides an atomic or bottom-up
geometric approach to building typically strongly coupled 4d ' = 2 SCFTs associated to
generic punctured Riemann surfaces. This approach attempts to systematise the construction
of theories of class § from basic ingredients, and thus provides insight into the physics of
the bad 4d configurations.

An alternative route to understanding the physics of theories involving non-maximal
punctures is by studying the renormalisation group (RG) flows connecting these to compacti-
fications involving only maximal punctures [4, 5]. These are Higgs branch flows triggered by
nilpotent VEVs that partially Higgs the flavour symmetries associated to maximal punctures,
effectively “closing” the maximal puncture to generate the non-maximal ones. In principle,
one can follow these RG flows to uncover the IR dynamics; however, doing so in practice
requires a detailed understanding of the Higgs branch chiral ring relations of the theories
with all maximal punctures, which is challenging. Notably, such partial Higgsings were
studied in [6] from the perspective of the superconformal index [7, 8], leading to insights
into some bad 4d configurations.

A third approach to analyse these pathological compactifications is from the perspective
of the star-shaped quiver associated to the theories of class S [9]. These are 3d N =4 SCFTs
that are mirror dual to the direct circle compactifications of the theories of class S. It was

Tt is important to note here that these bad configurations arise as the (generically non-Lagrangian) matter
sectors in a weakly-coupled description, and are typically not studied in isolation.



observed in [10] that these bad 4d configurations lead to 3d N =4 bad SCFTs, in the sense
of the good, bad, and ugly trichotomy proposed in [11]. The 3d bad criterion reflects the
existence of monopole operators that violate the unitarity bound and thus decouple from
the theory in the IR.2 This approach was also explored in [12], where the badness of the 3d
mirror is cured by the addition of extra matter. This leads to a good 3d theory that was
then used to probe some properties of the original SCFT.

In this work, we follow this third approach, leveraging the recent progress that has
helped further our understanding of 3d N’ = 4 bad theories [13, 14]. While this has been a
long-standing and challenging problem that has been addressed from various perspectives
over the years [6, 10, 12, 15-24], the analysis of their partition functions in [13, 14] has
revealed an intricate structure. In particular, it was shown that the partition functions of
bad theories are a sum of distributions supported on specific loci on the Fayet-Illiopoulos (FI)
parameter space, where the IR physics corresponds to interacting good SCFTs accompanied
by decoupled free sectors. Thus, the partition function of bad theories can be interpreted as
a sum of IR frames, each corresponding to a particular IR SCFT, free sector, and parameter
space locus associated with an a priori different vacuum.

Physically, the appearance of the Dirac delta distributions can be interpreted as certain
monopole operators acquiring VEVs, spontaneously breaking the UV global symmetries and
selecting a specific IR frame. Even though these results are shown at the level of the S
partition function [25], we naturally expect similar results for other 3-manifolds on which
we can perform supersymmetric localisation, such as the superconformal index [26]. One
further expects that the full path integral of the theory should take the form of a functional
distribution in a sense that generalises the notable result for a pure U(1) gauge theory [27].

In this paper, we identify a novel interesting class of bad theories, that we name broken
theories, which exhibit a special structure: their partition function is a distributional sum over
identical frames, i.e., every frame describes the same good SCFT in the IR, the same constraints
from the Dirac deltas, and the same chiral multiplets. Therefore, broken theories possess
many copies of the same vacuum that are reached by a collection of monopole operators, which
transform non-trivially under the UV global symmetry, acquiring a VEV. The multiplicity
of the identical frames has a natural interpretation as the many equivalent ways for the
monopoles to acquire the VEV, which are all related by global symmetry transformations.

Therefore, a broken theory possesses a “single vacuum” up to the action of the global
symmetry, which distinguishes it from a general bad theory that typically contains many
inequivalent vacua. This immediately implies that when the global symmetry of a broken
theory is gauged, the VEV spontaneously Higgses the gauge symmetry, resulting in a good
theory in the IR. This is once again a non-trivial characteristic of broken theories that
distinguishes them from a generic bad theory, which does not result in a good theory
when gauged.

As an infinite class of examples, we conjecture that the 3d mirrors of pathological /bad 4d
class S configurations are broken theories. More precisely, the star-shaped quiver associated
to the compactification of 6d N = (2,0) theory on a sphere with a single maximal puncture,

2Note that the 3d monopole operators describe the Coulomb branch of the 3d mirror, and hence correspond
to 4d Higgs branch operators.



and many (“small enough”) non-maximal punctures, as long as the 4d configuration itself
is pathological, is a broken 3d N' = 4 theory.?

Hence, although these 4d configurations are “bad” or distributional in isolation, they
produce a new good theory once they are glued to another good theory via the gauging of the
maximal puncture. Conversely, these theories can appear in specific channel decompositions
of good theories as illustrated in figure 1. Our goal is to explain how gluing such distributional
theories leads (via Higgsing) to the expected gauge symmetries and the (generically non-
Lagrangian) matter sector in such weakly coupled descriptions.

We derive this information from a three-dimensional perspective via a purely dynamical
analysis. It is crucial to note here that our analysis provides a complete description of
the weakly-coupled theory, arising from a pair-of-pants decomposition involving a bad 4d
configuration of type 8u(N), along with the dynamical process that partially Higgses the
full U(N) gauge symmetry associated with the maximal puncture along the tube. We carry
out this analysis by employing the powerful electric dualisation algorithm, which allows a
detailed analysis of the partition function of a bad quiver gauge theory [14].

Before some general comments on our approach, we illustrate our analysis using a concrete
example, which will be discussed in full, gory detail in the main text.

An illustrative example. Consider the 6d N' = (2,0) theory of type 81(4) compactified
on a sphere with two maximal and two minimal punctures. We postpone the detailed
characterisation of such theories and the associated channel decompositions to sections 2
and 3. We depict this theory by the Riemann surface and the four punctures along with
the associated 3d mirror star-shaped quiver in the first line of figure 1.

There are two equivalent pair-of-pants decompositions for the sphere with two maximal
and two minimal punctures. The one that clubs a maximal and a minimal puncture together
is well-known to yield a 4d N' =2 SU(4) SQCD with 8 fundamental hypermultiplets (and its
3d counterpart) [1]. We are instead interested in the other channel decomposition that clubs
the two minimal punctures together, which is depicted in the second line of figure 1. Note
that the 3d counterpart of this channel decomposition on the star-shaped quiver gives rise
to a bad theory, S1, and a good theory, Sz, as depicted in figure 1. These two star-shaped
quivers are thus glued together by gauging the diagonal U(4) emergent Coulomb branch
symmetry on the two full T[U(4)] tails.*

By running the electric dualisation algorithm, we determine that S; is a broken theory, as
its partition function is a distribution containing 12 identical frames. Each individual frame
contains a good theory 51, which is a single twisted hypermultiplet® in the fundamental of an
SU(2) subgroup of the U(4) global symmetry carried by the maximal puncture. Additionally,
each frame contains a collection of chiral multiplets, and three Dirac deltas indicating that

3The possibility for the Hall-Littlewood limit of the superconformal index of the 4d A/ = 2 theory to be a
distribution was already pointed out in [28].

“For technical reasons, we prefer to work with U(N) gauge groups along the tube, rather than SU(N)
and start with the S1 and S2 theories where the redundant diagonal U(1) gauge symmetry still needs to be
decoupled. We then mod-out carefully the overall U(1) as we explain in subsection 3.1.

5As will be explained in the main text, when electric algorithm produces S- 1 as a free theory, or an interacting
theory containing a free sector, then the free hypermultiplet are twisted w.r.t. to the hypermultiplets in the
original star-shaped quiver. Thus, these correspond to the direct circle reduction of the 4d hypermultiplets.
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Figure 1. Sketch of the analysis performed on the channel decomposition of the theory of class S
of type 8u(4) associated to a sphere with two maximal and two minimal punctures. We depict the
channel decomposition on line two, wherein the theory S; is bad. Running the electric algorithm on
this produces the intermediate step, depicted on line three. This distribution then acts across the
gauging to produce the final line. The result represents the effect of the monopole VEV, acquired in
Sy, that partially Higgses the U(4) gauge group along with the theory Ss. Note that we highlight
twisted hypermultiplets, with respect to the hypers in the initial star-shaped theory, in blue instead of
black, and depict the gauging of an emergent Coulomb branch symmetry by hook-arrows.



the monopole operators are acquiring a VEV which breaks U(4) down to SU(2), that the
hypermultiplet in Sy is charged under.

The propagation of the monopole VEVs across the U(4) gauging into Sy can be tracked
as the action of the distributional partition function of S; on the partition function of Sy.
The result of this propagation is depicted in the last line of figure 1, wherein the theory S
is completely Higgsed down to a fundamental SU(2) hypermultiplet. Meanwhile, the U(4)
gauge group is partially Higgsed down to SU(2), alongwith the partial Higgsing of the T'[U(4)]
tail of S down to a Tj, 12)[U(4)] tail. The gauged SU(2) is the diagonal combination of the
SU(2) global symmetry of S1, and an SU(2) subgroup of the Coulomb branch symmetry
on the Tjy 12[U(4)] tail.

Going one step further, we can consider the 3d mirror dual of Sy, which is a non-
Lagrangian SCFT (also referred to as Ry 4 in the language of [3]). This allows us to read off
the direct circle reduction of the theory of class S associated to a sphere with two maximal
and two minimal punctures in the chosen channel decomposition. This corresponds to a
single fundamental SU(2) hypermultiplet (see Footnote 5) glued via an SU(2) gauging to
the non-Lagrangian circle reduction of the theory associated to a sphere with two maximal
and a regular puncture. This can be considered as a generalisation of the Argyres-Seiberg
duality [29]. In more general examples, as we will see, the theory Sy will be an interacting
star-shaped quiver. In such cases, the final step also involves taking the 3d mirror dual of
S; to read off the final direct reduction, or electric theory.

Finally, the big arrow in figure 1 indicates an IR duality between the original star-shaped
quiver and the final theory. This duality can also be proved backwards, starting from the
final theory and obtaining the initial star-shaped quiver. This is achieved by studying the
result of the gauging of the emergent Coulomb branch symmetry in the theory Sy. This
operation, in turn, can be analysed by a series of steps involving local mirror dualisations.
We explain this in detail for a single example in subsection 5.2.

Key features/insights and outlook. The analysis presented in this paper not only
reproduces known results, mostly in [3], but also offers a systematic framework allowing us
to precisely determine the matter sector in each weakly coupled description. In particular,
we can exactly determine the interacting part in 51, Sy and the representation of the twisted
hypermultiplets. Notably, our approach provides the exact map of the fugacities for the
global symmetries across each channel decomposition.

One key advantage of our approach is that it streamlines the analysis of bad configurations
corresponding to spheres with many punctures. Indeed, as we will see, we can bypass the
decomposition into three-punctured spheres since we can directly analyse the surface by
running the electric algorithm on the bad 3d mirror.

Our analysis furnishes a 3d perspective on channel decompositions that give rise to bad
theories. This process, as already shown via the example, involves monopole operators in the
3d mirror acquiring a VEV. One might expect the dynamics of these monopole operators to

5Upon gauging the result of the electric algorithm onto the theory Sa, the multiplicity of the identical
frames accounts for the change in the dimension of the Weyl group. Indeed, the ratio between the dimensions
of the Weyl group of U(4) and SU(2) is equal to the number of frames, 12.



be related to those of the Higgs branch operators in the 4d theory. This opens up a venue to
studying the properties of the Higgs branches of these bad 4d N’ = 2 theories.

A core result proposed in this paper is the discovery and characterisation of the special
class of 3d N = 4 bad theories, which we have coined broken theories. As an infinite class of
examples, we conjecture that all the star-shaped quivers with a full tail and any number of
regular tails (as long as the central node is underbalanced) are broken. It would be interesting
to further characterise these theories and develop a criterion that determines whether a
bad theory is broken directly from the Lagrangian without running the electric algorithm,;
however, we leave this problem to future analysis.

We expect the existence of many other broken theories apart from those described in
this paper. For example, in an upcoming work [30], more broken theories will be analysed,
extending and generalising the class described in this paper. We also expect them to play an
important role in the problem of understanding the gauging of Coulomb branch symmetries
of 3d N = 4 theories [31].

While we only consider theories of class S of type 3u(N) in this work, we expect similar
results to hold true for the theories of class S of type 80(2/N) and exceptional types, as well
as those including outer-automorphism twist lines on the Riemann surface.” In particular,
we expect a similar analysis using broken theories that will appear in certain channel
decompositions of these more general theories, which will, however, involve a generalisation
of the electric algorithm beyond the unitary case.

Our results for the final theories appearing in each channel can be straightforwardly
uplifted to four dimensions, as already noted. In this sense, the final outcomes for each
channel directly translate into 4d statements. What has not yet been established is how
to uplift the intermediate steps involving the analysis of bad theories; in particular, the
implementation of the electric algorithm that leads to specific distributions. A natural and
compelling direction emerging from this work is to investigate whether the analysis of the Sg’
partition function for bad 3d mirror theories, obtained via the algorithm, can be uplifted to
the superconformal index (or suitable limits thereof) of the 4d N = 2 theories [28, 40-42].
Another interesting possibility would be to compare our analysis to the vertex operator
algebra that can be associated with these bad theories in isolation [43-45].%

The possibility of uplifting the cases where the 3d theory is bad (but not broken) to 4d is
perhaps even more intriguing; for instance, configurations lacking a full tail. These do not
arise from a standard channel decomposition. In such cases, multiple duality frames exist,
and it would be interesting to explore how this structure manifests in 4d.

We leave these and more investigations for future work.

Organization of the paper. In section 2, we briefly review the construction and channel
decomposition of the theories of class S, the methods of [3], and the 3d mirror of the theories of
class S. Section 3 then reviews the technical details needed to study the Sj partition function
of the 3d N = 4 star-shaped quivers. In section 4, we review the electric dualisation algorithm
for 3d N' = 4 bad theories, and introduce the new family, broken theories. Section 5 contains

"Indeed, the tinkertoys program has been extended to all these cases [32-39].
8From the construction of the chiral algebras of class S, it is known that there is no formal obstruction to
defining the vertex operator algebras for bad Riemann surfaces, such as a cylinder or even a cap.



several low rank examples of the proposed approach to studying the channel decompositions
of four-punctured spheres, containing two maximal and two regular punctures, that produce a
bad theory. Finally, section 6 highlights further interesting features of this approach, such as
its applicability to bad theories with more than three punctures and channel decompositions
that give rise to two bad theories. We supplement this with five appendices: A, B, and C are
technical appendices that discuss our conventions for the Sg’ partition functions, 3d linear
unitary quivers, and relevant nilpotent Higgsings of these. Appendix D connects the 4d
and 3d notion of badness, while appendix E presents a criterion for when a broken theory
flows to an interacting SCFT in the IR.

Mathematica code. As supplementary material, we provide a Mathematica file that im-
plements said electric dualisation algorithm on generic bad star-shaped quivers associated
to theories of class S of type 3u(N).

2 Review of theories of class S

The theories of class S are four-dimensional N/ = 2 SCFTs that are realised as the low
energy/infrared (IR) limit of twisted compactifications of six-dimensional A" = (2,0) theories
on punctured Riemann surfaces [1, 2]. The punctures, that we will refer to as regular
punctures, correspond to the locations of certain half-BPS codimension-two defects of the 6d
theory that are labelled by p, an embedding of 81(2) into g.° The four-dimensional physics
of these theories is closely linked to a Hitchin system on the punctured Riemann surface of
compactification. At a given puncture (placed at z = 0 on a local chart), the Higgs field of the
Hitchin system admits a simple pole with the residue lying in the (Spaltenstein) dual nilpotent
orbit [5], labelled by the embedding AY,'° corresponding to the codimension-two defect,

o=L"dry. .., (2.1)
z

where e,v is the nilpotent element in the 81(2) triplet corresponding to the embedding p".
Therefore, a (regular) theory of class S is specified by the following set of data,

e a simply-laced Lie algebra g, taken to be 31u(/N) throughout this work,

e a Riemann surface, C4 5, with genus g and s punctures, referred to as the UV curve.
Throughout this work, we will only focus on genus-zero surfaces, i.e. spheres, and

e a homomorphism, p; : 81(2) < 8u(NV), or equivalently an integer partition of N, for
every puncture, 1 =1,...,s.

We will refer to these theories of class S as T [3u(N),Cg.s; p1,02,-- -, Ps)-

9We do not consider more general 6d compactifications involving outer automorphism twists and higher
order poles for the Higgs field here [46]. These typically lead to twisted theories of class S [47, 48] and
Argyres-Douglas theories (see, for instance, [49, 50]), respectively.

YOFor ¢ = 3u(N), the embedding p can be equivalently described by an integer partition of N. The
embedding/partition, p¥ labelling the Spaltenstein dual nilpotent orbit, is then given by the transpose of the
partition corresponding to p.



2.1 Regular punctures and trinions

The flavour symmetry of these theories contains an independent contribution from each
puncture. For a puncture labelled by the partition p = [nll17n122, ...], such that Y, n;l; = N,
this contribution is the centraliser of the embedding'!

Gy = (@:U())/U(1). (2.2)

The trivial embedding, corresponding to the partition [1N ], is a distinguished embedding
that leads to the maximal flavour symmetry SU(N) and is referred to as the mazimal
puncture. Another commonly discussed embedding is the subregular embedding, given by
the partition [N — 1, 1], corresponding to only a U(1) flavour symmetry and is referred to
as the minimal puncture. Finally, the principal embedding, corresponding to [N], leads to
a trivial centraliser (as well as a locally regular Higgs field profile) and is thus effectively
equivalent to having no puncture.

The Higgs branch of the moduli space of vacua of these theories will be described as a
quiver variety in subsection 2.3. However, we already note here that one way to obtain theories
of class § with non-maximal punctures is by moving to particular strata on the Higgs branch
of the theory associated to the same UV curve with all maximal punctures [4, 5]. These Higgs
branch flows act on each maximal puncture independently, and are realised as a nilpotent
VEV <,uSU( N)> ~ J, for the moment map operator of the SU(N) flavour symmetry of the
maximal puncture. The decoupled Nambu-Goldstone modes associated with this Higgsing are
arranged as hypermultiplets corresponding to the flat directions of the moment map [51-53]

1
# of Nambu-Goldstone modes = 3 <N2 - Z S?) , where p¥ = [s1,82,...]. (2.3)

Thus, the low energy physics in such a vacuum of T [611(]\7),(3973; {1N} XS], specified by p,

is given by T [?’u(N)vcg,s; [1N] Heh ,p}, the corresponding theory of class S with one of
the maximal punctures replaced by a regular puncture of type p.

The Coulomb branch of the moduli space of vacua of the theories of class S is a freely
generated special Kéhler variety with its complex dimension referred to as the rank of the
SCFT. In terms of the Hitchin system, the Seiberg-Witten curve of the 4d SCFT is identified
with the spectral curve of the Hitchin system [2], which for 3u(N) takes the form,

N
det(A — @) = AV +> AV 7g; =0, (2.4)
=2

where X is the Seiberg-Witten differential and ¢; € H° (CQ7S,K%S> are meromorphic k-
differentials. Thus, the Coulomb branch, in the absence of mass deformations, is simply

"ndeed, it is possible that the full global symmetry is a larger group due to potential enhancements.
Moreover, the faithful global symmetry could have a distinct and non-trivial global form. Throughout this
paper, we will not discuss these details unless explicitly stated.



a graded vector space,

N
Ves = Q@ Vi, (2.5)
i=2

where V; is the space of ¢;. The ¢; have an order pl(j ) pole at the j* puncture, with
j=1,...,s, completely determined by local profiles of the form eq. (2.1), and thus the set
{pgj)}i:27,,.7N corresponding to a fixed j is referred to as the “pole structure” [1, 3]. For
instance, the pole structure of a maximal puncture is simply {1,2,..., N — 1}, while that of
a minimal puncture is {1,1,...,1}. The dimensions of each homogeneous vector subspace of

Vop can then be expressed in terms of the pole structures as follows,

S
d; = dimg (V) = (9~ 1)(2i — 1) + > p?, (2.6)
j=1
with ), d; giving the rank of the SCFT.

Notice that for certain choices of punctures, these numbers may be negative. As it
clearly does not make sense for the spectrum of the theory to include a negative number of
operators of a certain scaling dimension, such negativity indicates some form of pathology
of the particular configuration. In fact, this defines a particular 4d notion of badness which
we will get back to in the next section.!?

The theories of class S corresponding to a three-punctured sphere, also referred to as
x3
trinions, T [Qu(N ), Co,3; {1N } ], with all three maximal punctures are the fundamental

building blocks for this class of theories [1]. The remaining trinions can be obtained from
these by way of nilpotent Higgsings as explained around eq. (2.3). The more general theories,
i.e., those associated with C, s, can be built from trinions by exploiting the striking feature
that only the complex structure moduli of the UV curve affect the 4d physics, and are in
fact identified with the exactly marginal couplings in the SCFT. This leads to a natural
correspondence between the topological decomposition of Cy s into pair-of-pants, Cp 3, and
“gluing” trinions together to form general theories of class S.

The prescription for gluing is to gauge the diagonal subgroup of an SU(N) x SU(XN)
flavour symmetry, with each factor coming from the two maximal punctures that are being
glued together. We pictorially depict the gluing as a tube extending between two Riemann
surfaces, depicted for the case of gluing two trinions together in figure 2. The inverse of
this operation can be understood as moving to a particular cusp on the moduli space of
complex structures (or, equivalently, taking the corresponding exactly marginal coupling to
infinity) that isolates a trinion from the full Riemann surface. We refer to a particular choice
of doing this as a channel decomposition. Thus, one can associate multiple “weakly-coupled”
descriptions of the full SCF'T by considering various ways to glue together trinions along
maximal punctures. The equivalence of different decompositions of the theory associated to
Cy4,s With generic punctures gives rise to an instance of generalised S-duality.

!2Note that there is an alternative notion of badness for class S theories provided in [6] from the point
of view of divergent superconformal indices (and limits thereof). The two notions of badness are expected
to coincide. For concreteness, throughout the paper, we will only use the requirement d; > 0 as a goodness
condition.
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P1 P3
P2 P4

Figure 2. Pictorial representation of gluing together two maximal punctures. This can also be seen
as decomposing the four-punctured sphere into two pairs-of-pants.

As we are about to discuss in the next section, certain channel decompositions — specifi-

»13

cally those corresponding to the “collision”"” of two (or even more) regular punctures — may

isolate a pathological 4d theory, a bad trinion. Such a possibility warrants extra care.

2.2 Fixtures with irregular punctures a la the tinkertoys program

As anticipated, an arbitrary configuration of C4 s and regular punctures p; does not necessarily
correspond to a physical 4d N = 2 SCFT. For example, for a trinion with one maximal
and two minimal punctures, the dimensions of the homogeneous subspaces of its Coulomb
branch using eq. (2.6) are given by

di=2—i, fori=2,...,N. (2.7)

Since these dimensions are all negative for ¢ > 2, this is an ill-defined configuration when
considered in isolation. However, these configurations readily arise upon channel decomposi-
tions of perfectly physical theories of class S. For instance, consider the case p12 = [N —1,1]
and p34 = [1N } in figure 2, that corresponds to the 4d N’ = 2 SU(N) gauge theory with
Ny = 2N [1]. In this case, the trinion with two minimal punctures arises in a particular
channel decomposition of the class S realisation of this gauge theory.

It should be immediately clear that configurations with sufficiently many punctures — or
punctures that are sufficiently “large”, in the sense that the commutant of their associated
flavour symmetries is small inside the maximal SU(/N) — correspond to positive subspace
dimensions. Consequently, these configurations generically correspond to physical SCFTs.
However, since apparently unphysical configurations do arise in channel decompositions of
good SCFTs, there must exist a physical mechanism that cures the apparent pathologies
these configurations exhibit in isolation.

In this paper, we provide an explanation for this mechanism. Our perspective is closely
aligned with that of [10]: we relate the 4d badness of a configuration to the 3d badness of the
star-shaped quiver that describes its 3d mirror, as will be described in subsection 2.3. We
then build on recent results concerning bad 3d N = 4 theories to support our analysis.

Before delving into our approach, let us briefly review some alternative strategies. In
principle, one can start from compactifications involving only maximal punctures. As already
discussed around eq. (2.3), by turning on vacuum expectation values (VEVs) for moment

131n our language, a collision of m punctures is the same as taking the channel decomposition that separates
a sphere with m of these punctures from the rest of the Riemann surface.
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map operators associated with the flavour symmetries at these punctures, one can trigger
Higgs branch flows that partially close the punctures, thereby generating the desired regular
punctures. The RG flow initiated by this Higgsing procedure can, in principle, be followed
to determine the weakly-coupled description associated with a given channel. However,
implementing this idea in practice requires a detailed understanding of the Higgs branch
relations in the T building blocks, which is highly non-trivial.

Substantial insight can instead be gained by analysing the corresponding Seiberg-Witten
curves eq. (2.4). It is, in fact, possible to reconstruct the effect of channel decompositions,
including the collision of general regular punctures, as discussed in [1] (also see [52] for a
review) by a careful analysis of the pole structures of the SW differential. This approach
was further developed in [3], eventually giving rise to a classification program known as the
“tinkertoys program”. The central idea of this program is to classify all possible trinions
(fixtures) that can appear in a channel decomposition, along with the gauge groups (tubes)
that connect various pairs of punctures. A crucial input was the inclusion of an irreqular

4 on the trinion and its gluing to a regular puncture that served as a cure for

puncture1
this particular 4d notion of badness.

Here, we selectively review this method from the lens of channel decompositions as
opposed to a classification scheme. Consider the channel decomposition that isolates two
regular punctures as a trinion, Cp3, from the remaining Riemann surface, C;s_2. If the
decomposed trinion has positive subspace dimensions in isolation, then it is connected to Cy s
via a maximal puncture on both ends of the gauging, as we have already reviewed. However,
if the trinion has negative subspace dimensions in isolation, then the prescription is to replace
the maximal puncture on Cp 3 with a formal object, the aforementioned irregular puncture.

The irregular puncture is defined to have the precise pole structure required to cure the
negativity of the subspace dimensions by raising those that were negative to zero. The reason
that this is not a regular puncture is that it does not correspond to any 31(2) embedding
inside 8u(N). Alternatively, the pole structure p; = i — 1 for the maximal puncture is the
maximal possible value, and thus by definition the pole structure for the irregular puncture
is larger. For instance, in the case of the trinion with two minimal and a maximal puncture,
the maximal puncture with pole structure {1,2,3,..., N — 1} is replaced by an irregular
puncture with pole structure {1,3,5,...,2N — 3}, ensuring that eq. (2.7) gets modified to

dirregular =0, for ¢ = 2,...,N. (28)

]

Such a replacement not only affects the trinion, but also the gauging that connects it to the
rest of the Riemann surface, C; 2, as well as the maximal puncture on C, o, referred to
as the conjugate puncture, that is participating in the gluing.

We do not present the exact criterion given in [3] to determine the gauging and the
conjugate puncture, for each irregular pole structure and refer to the original reference for a
detailed exposition. We instead note the physical consistency condition that must be satisfied:

141t is important to note here that this notion of irregular punctures is distinct from the irregular singularity
commonly used in the vast Argyres-Douglas literature (see, for instance, [49, 50] amongst a multitude of
references). There it corresponds to a set up where the Higgs field admits a higher order pole (with branch
cuts potentially) at a marked point on the Riemann surface in the construction of Argyres-Douglas theories as
twisted compactifications of 6d N = (2,0) theories.
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original
i
dimensions coming from the trinion with the irregular puncture, d

, must agree with the sum of subspace
irregular
i

the subspace dimensions before decomposition, d
, the appropriate

vector
di

vector multiple based on the modified gauge group, , and the theory associated to the

remaining

remaining surface now containing the conjugate puncture, d; ,

d?nglnal _ d;rregular + d;/ector + d;remalnlng7 fori=2,... ,IN. (2.9)

Finally, the physical content of the trinion with two regular punctures and the corresponding
irregular puncture is a bunch of free hypermultiplets (if d; = 0 for all 7) or an interacting
SCFT (if d; # 0 for some ).

More concretely, reconsider the case p1o = [N —1,1] and p34 = [IN } in figure 2 that
manifestly corresponds to the 4d N'= 2 SU(N) gauge theory with 2N hypermultiplets in
one channel decomposition. In the other one, we decompose a trinion with two minimal and
a maximal puncture. Upon replacing the maximal puncture by the corresponding irregular
puncture, we modify the gauging from SU(NN) to SU(2) and then replace the maximal
puncture on the other trinion with the puncture labelled by the [N —2,1%] embedding.
Thus, this provides a “weakly-coupled” description of the original SCFT as an SU(2) gauge
theory coupled to a single hypermultiplet and an interacting SCFT described by the trinion

2
T |:§11(N),C0’3; [IN] ) [N =2, 12]} This is a form of Argyres-Seiberg duality [29] where

the SU(2) gauge theory description emerges in a strongly coupled region of the SU(N) gauge
theory. This is indeed the original Argyres-Seiberg duality for N = 3, where the interacting
SCFT is the rank-1 Fg Minahan-Nemeschansky SCFT.

We discuss another example in lieu of the exact criterion to determine the various
components in this description involving the irregular puncture. Consider the theory of class
S associated to a sphere with five punctures, 7 {§u(6),C075; [16] X3 ,[3%], [5, 1}} This is an
interacting SCFT with positive Coulomb branch subspace dimensions as computed using
eq. (2.6). Consider the channel decomposition into the trinion with the [32], [5, 1] punctures.
With the maximal puncture, the Coulomb branch subspace dimensions for this case are

di:BJ—iqu, for i =2,3,4,5,6. (2.10)

The pole structure of the irregular puncture that cures the illness in this case is {1, 3,4, 6,7} as
opposed to {1,2,3,4,5} corresponding to the maximal puncture. The gauge group accordingly
changes to SU(2) instead of SU(6) and the conjugate puncture is the one labelled by the
[22,12] embedding. Thus the weakly-coupled description in this channel is an SU(2) gauging
coupled to the interacting SCFT T [%u(6),C0,4; [16] X3 ,[22 12]]

As will be demonstrated, our approach will not only be able to reproduce these results,
but also provide a completely physical derivation. In particular, the analysis of the putative
bad star-shaped 3d mirror from the lens of its Sg’ partition function exactly reproduces
the physics of the pathological trinion, the associated gauging, and the conjugate puncture,
instead of relying on an apriori ad hoc series of algorithmic manipulations. We now move on
to discuss these star-shaped quivers as they arise from the 4d theories of class S.
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Figure 3. Three-dimensional mirror dual to the circle compactification of T[8u(N),Cgs; [p1],
[p2], ..., [ps]]- Here the dotted line connected to a p; indicates the T}, [SU(N)] tail.

2.3 Star-shaped quivers as 3d mirrors

In the low energy limit of S' compactifications of the 4d A/ = 2 theories of class S, one
obtains a 3d N' = 4 SCFT, which typically has no Lagrangian description as a gauge theory
with hypermultiplet matter.'®> However, the 3d mirror dual of the circle reduction can be
described as a 3d N/ = 4 gauge theory that can be neatly expressed as star-shaped quiver
gauge theories [9].

Indeed, the 4d Higgs branch of a theory of class S is identified with the 3d Coulomb branch
of the corresponding star-shaped quiver. We refer to the star-shaped quiver corresponding to
a theory of class S as the “3d mirror”. Each regular puncture, labelled by an embedding p
corresponding to a 6d codimension-two defect, in a theory of class S associated to the algebra
8u(NN) corresponds to a special class of 3d N = 4 SCFTs referred to as T,[U(N)] [11]. We
review 3d T[U(N)] and T,[U(N)] theories in appendix B.'6

These are unitary linear quiver gauge theories that have a g, symmetry, given by eq. (2.2),
on the Coulomb branch and a manifest 8u(N) Higgs branch symmetry. These can be obtained
from the self-dual T[U(V)] theory, associated to a maximal puncture, by triggering a nilpotent
VEV for the Coulomb branch moment map via a superpotential deformation [54] (as reviewed
in appendix B). The 3d mirror of a theory of class S associated to a sphere with s punctures,
T [8u(N),Cos; [p1], [p2]s - - -, [ps]] can then be assembled by gauging a diagonal combination
of the U(N) symmetry on the Higgs branch of every T}, [U(NV)] tail together.

Finally, the 3d mirrors of theories associated with a genus g surface and s punctures have
the same structure with an additional g adjoint hypermultiplets on the central U(/N) node.
This results in a star-shaped quiver as depicted schematically in figure 3. An important
feature of 7,[U(IV)] theories is that these do not contain any unitarity-violating operators
in the spectrum, and are referred to as “good” 3d N’ = 4 theories [11]. We will discuss 3d
N = 4 bad theories in more detail in section 4.1.

Here we just note that the “goodness” of a 3d N' = 4 quiver gauge theory is equivalent
to having no underbalanced gauge node, that is, each U(N;) gauge node sees at least 21V,
fundamental hypermultiplets. This condition ensures that each local monopole operator,

151t is however possible to obtain a quasi-Lagrangian description in the sense of a gauge theory obtained
from the gauging of emergent symmetries of SCFTs with Lagrangian descriptions.

SA generic T)J [U(N)] theory differs from the 77 [SU(N)] theory only by a BF coupling. We prefer to use
the former throughout the paper since, from the 3d point of view, we prefer to gauge U(NN) symmetries instead
of SU(N). This sometimes gives rise to U(1) redundant gauge symmetries, and we will deal with this problem
in section 3.
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i.e., those with non-zero magnetic flux under the gauge node and some of the neighbouring
ones, satisfies the unitarity bound on the conformal dimension. Since 7,[U(NN)] theories
are good, it’s easy to notice that a star-shaped quiver can only be bad if the central node
is underbalanced.!”

As already pointed out in [10], there is in fact a relation between the particular 4d
notion of badness related to the irregular puncture [3] and the 3d notion of badness [11].
We review this explicitly in appendix D.

3 3d star-shaped quivers and channel decomposition

In this section, we transition to studying the star-shaped quivers as 3d N' = 4 gauge theories.
The primary tool for our analysis is the Sg’ partition function, which we review in appendix A.
We begin by setting up the notation for star-shaped quivers obtained as 3d mirrors of theories
of class S. We then discuss the 3d counterpart of the 4d channel decomposition that is crucial
to the analysis of theories of class S. In a purely 3d setup, this is achieved by the insertion of
an identity operator that corresponds to the CB fusion of two T[U(N)] tails.

3.1 Partition functions of star-shaped quivers

The 3d mirror of a theory of class S associated to a sphere with M generic regular punctures
can be expressed as:

P2

pl,”,@},;, M =

(3.1)

As in figure 3, the T,[U(N)] tail on the left is denoted as a dashed line ending on a p.
Meanwhile, on the right, we express the same quiver with the explicit gauge nodes Ni(a)
obtained from the partitions p, as described in appendix B. We also specify our conventions
for labelling the FI parameters associated with each gauge node in the star-shaped quiver
on the right.

Using the prescription of [9] as explained in subsection 2.3, we can associate the following
partition function in terms of T,[U(NN)] theories:

v e v (M
2o (XD, XD, XMDim) =

= / dﬁNA%B(ﬁ;m)ZTﬁ(ﬁ,X(l);m)ZTg(ﬁ,X(Z);m)...ZTN (U, XM:m), (3.2

PM

"The condition that each gauge node has positive balancing is necessary but not sufficient for a quiver
gauge theory to be good. For a generic quiver gauge theory, there can be “global” monopole operators whose
conformal dimensions fall below the unitarity bound. These are global in the sense that they carry non-zero
magnetic fluxes under a sequence of gauge groups that can not be localised around a single gauge node. In
fact, this situation happens in star-shaped quivers. Any quiver with the shape of an affine Dynkin diagram
exhibits this notion of global badness. See [6] for a discussion on this point from the 4d point of view.
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where X@ are the set of parameters associated to the i*" puncture, parameterised as in
figure eq. (3.1). The explicit formula for the partition function of T,[U(N)] is given in
eq. (B.5). Furthermore, it is always implied that the first entry in the partition function
of T,[U(N)] corresponds to the HB parameters, while the second one corresponds to the
CB ones. The integration measure, A%B(ﬁ; m), defined in eq. (A.9), is the Higgs branch
(HB) gluing measure, that captures the (inverse of the) contribution of a 3d N = 4 vector
multiplet of the U(N) gauge symmetry with associated parameters U. The parameter m
is defined in eq. (A.6) and its real part corresponds to a real mass parameter for the axial
symmetry as explained in appendix A.

Notice that according to the definitions in eq. (3.1) and eq. (3.2), there is always a
redundant U(1) gauge group, which corresponds to the diagonal U(1) among all the U(k)
gauge symmetries. The monopole operators associated with this U(1) factor always violate
the unitarity bound, and are thus removed to correctly define the theory. An effective trick
that can be used to decouple any U(1) is to gauge the corresponding topological symmetry.
Thus, we gauge the topological symmetry associated with the diagonal U(1), which at
the level of the partition function corresponds to an integration over the corresponding FI
parameter, which we name C.

To determine the combination of FI parameters corresponding to C' we can think of
redefining all the gauge Cartans Z; as Z; — Z; + Z, requiring then Do Z; = 0 (the sum over
i then runs over all the components of all the gauge groups). This redefinition produces a

2miZC

term in the partition function of the form e which indeed represents the contribution

of the FI coupling for the diagonal U(1) with

C= ) rankxFI, (3.3)

gauge nodes

where the sum is taken to be over all the gauge nodes. This is thus a sum over all gauge
nodes with the associated FI parameters weighted by the rank of the gauge nodes. We can
then decouple the diagonal U(1) by performing the integration over C:

Zo (1) (2 (M), — CB/ . (1) (2 (M),

Zg (X,;),X,()?),...,X,SM),m) - /dC ASB(Cym) Zg (Xl()l),Xf()Q),...,Xl()M),m) . (34)
since [dC €?™4C = §(Z). Note that this gauging is performed with a U(1) CB measure,

which is defined in eq. (A.11). Throughout the paper, we use the notation where 29 is the
partition function of the theory S without the redundant gauge U(1).

3.2 Decomposing star-shaped quivers by Identity insertion

The three-dimensional counterpart of the pairs-of-pants decomposition of a sphere with
punctures, as reviewed in subsection 2.1, is the channel decomposition of the corresponding
star-shaped quiver into star-shaped quivers with three tails. At the level of three-dimensional
physics, this operation can be performed by inserting Identity operators given by the fusion
of two T[U(N)] tails as given in figure 4.

At the level of the partition function, it has been shown in [55] that the fusion of two
T[U(N)] theories yields a delta function identifying the Cartan subalgebras of the surviving
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Figure 4. HB and CB fusion to Identity. Notice that the gluing prescription involves coupling
the adjoint chiral ¢ of the U(N) gauge nodes to the HB/CB moment maps #;/C; of the first and
the second quiver tails. We use ¢l as the shorthand for the distribution on the r.h.s. of eq. (3.5).
Meanwhile, on the r.h.s. of the figure, we depict the explicit Lagrangian depiction of the two gluings.
The top right depicts the linear quiver obtained by diagonal gauging of two T[U(N)] theories, whereas,
on the bottom right, we depict the gauging of the emergent symmetries on the Coulomb branches of
two T[U(N)] theories using hook arrows.

U(N) symmetries.'® More precisely, depending on whether we gauge the CB or the HB

symmetries of the two tails we have:'
N
. . . Lo L1 0(X;—Y,
HB gluing: / ATy ARB(T;m) Zpn (U, Xym) Zpn (U, ~Vim) = 5 224=1 Xy ~ Yogr)
ACB(X'm)
gESN N ’
N
- . . . 10X, Y,
CB gluing: /dUN ASB(U;m)Zrn (X, U;m) Zpn (=Y, U;m) = Z [ O Z ()
ANB(X;m)
geSN N )
(3.5)

We refer to appendix A for conventions on partition functions. We will come back to this
property of fusion to Identity in subsection 4.3 to re-interpret it from the point of view of
3d N =4 bad theories. In the first line of eq. (3.5) we are gluing together the two T[U(V)]
theories via the identification of their Coulomb branches, while in the second line we are
instead gluing along their Higgs branches. These two identities are not independent; in fact,
each follows from the other by means of the self-mirror property of the T[U(NN)] theory.

We can represent the HB and CB gauging as a quiver operation, as shown in figure 4.
Note that on the bottom right of figure 4 we introduce a notation to indicate the gauging of
an emergent Coulomb branch symmetry of a theory, which will often appear in our results.
In fact, the gauge node, with gauge group G, with a hook arrow, means that the group G on
the CB of the theory pointed by the hook is being gauged. A gauge node with 2 hook arrows
instead indicates the gauging of a diagonal combination of (in general, a subgroup of) the
CB symmetries of the 2 theories. In general, the group G being gauged is only a subgroup of
the full CB symmetry, indicated by the hook arrow usually representing an inclusion.

8The T[U(N)] theory was identified in [11] as the S-duality wall. The fusion of two T[U(N)] theories can
then be interpreted as the relation SS*' = I. This and the other SL(2,7) relations involving the T-wall
generator have been rigorously proven in field theory in [55] by iterative applications of Seiberg-like dualities.

19Tt is also possible to consider “mixed” HB/CB fusion with W = C1Hz, however we will not be concerned
with such a gluing in this paper.
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Figure 5. Parallel between the channel decomposition in 3d and in 4d. The procedure at the level of
the 3d S? partition function is reported in eq. (3.6). We recall that dashed lines connecting two nodes
labelled by N represent T'[U(N)] theories, while those that connect the label p; represent T, [U(N)].

Let us now go back to the problem of the channel decomposition of a star-shaped quiver.
For simplicity, let us consider the case of a four-punctured sphere or, in terms of the star-
shaped theory, a theory with four T,[U(NN)] tails that are diagonally gauged together as
shown in figure 5.

At the level of partition function, using eq. (3.5), one can perform the following sequence
of manipulations:

—

1 v(2) v(3 v (4). _
ZS(Xf(H)’Xﬁ(n)’ Xf(?s)’Xﬁ(h;)’ m) -

—

= [ dOx AR sm) Zy (0, XOsm) Z1yg (T, X3 m) Zpy (0, X5m) Zy (0, £ 3m)
= / AUy ARP(T;m) / AVy ARP(V3m)Zpx (0, XV5m) 2y (T, X2 m)

y Yoesy i1 6Ui = Vi)
A%B(V‘; m) p3 P4

= /d}_}N A%B(}?;m)/dﬁNA%B( :m) Zpn (U, XV m) Zpw (U, X m) Zpn (U, Y ;m)

x /dVN A%B(V;m)ZT;\;(X(?’),V; m)Zpn (X Vim) Zrw (=Y, Vim)

]

= / dYy ARP(YVym)Zs, (X, XD Y im) Zg, (XD, XD, —Vim). (3.6)

Let us now explain these manipulations. In the first step, we simply use the definition of the
partition function of the starting theory S using eq. (3.2), as the gauging of four T,[U(N)]
theories. In the second step, we insert an Identity operator using the second equation of
eq. (3.5) to double the gauge parameters. In the third step, we then replace the Identity
operator with the CB gluing of two T[U(N)] theories using the first equation of eq. (3.5). In
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the final step, we then combine one of the two T[U(N)] tails, forming the Identity wall with
the regular tails T),, ,[U(NN)], to reconstruct the star-shaped theory S1 and the other T[U(NV)]
tail of the Identity wall with the two regular tails T}, ,[U(NN)] to reconstruct Ss.

As anticipated, the star-shaped quivers S and S3 emerging from a given channel de-
composition may be bad in the three-dimensional (and hence also in the four-dimensional)
sense. Thus, we now pause our discussion regarding class S theories to review some recent
results regarding 3d N = 4 bad theories, and introduce a new subclass: broken theories. We
will then leverage these results in sections 5 and 6 to extract the physics emerging from the
channel decomposition that isolates two generic regular punctures.

4 Broken theories

This section is dedicated to the physics of three-dimensional N' = 4 bad theories. In
particular, we review and discuss some of their features discussed in [13, 14]. We then identify
a distinguished family of bad theories, which we term broken theories, which will play a
key role in the rest of this paper.

4.1 Bad 3d N =4 SQCD

Three-dimensional N' = 4 theories are often classified by their infrared behaviour [11]. A
natural question is whether the ultraviolet (UV) R symmetry algebra of a given 3d N' =4
gauge theory is identified with its infrared (IR) counterpart? Such an identification is
spoiled whenever a (chiral primary) operator violates the unitarity bound A > %, where
A is the scaling dimension. This bound is automatically satisfied by operators built from
hypermultiplets, and is in fact saturated by a single free hypermultiplet. However, depending
on the gauge and matter content of the theory, it is possible that some monopole operators

violate this bound, leading to a mismatch between the UV and IR R-symmetries.

This leads to a trichotomy of 3d A/ = 4 theories based on their IR behaviour as proposed
n [11]. A theory is termed good if it flows to an IR SCFT whose R symmetry algebra is the
same as the UV one. It is termed ugly when the dimension of a monopole operator saturates
the unitarity bound, in which case the theory flows to an SCFT, with an identical IR R
symmetry as the UV one, along with a decoupled free sector. Finally, a theory is termed
bad if some monopole operator violates the unitarity bound, as computed using the UV
R-symmetry in a standard fashion. Due to these operators decoupling from the interacting
part of the theory, the IR dynamics of bad theories are quite intricate.

It was argued in [13] that partition functions of bad theories are distributions rather
than ordinary functions. More precisely, their partition functions are given by a sum of
contributions, called frames, that consist of a Dirac delta distribution, enforcing a particular
constraint on the FI parameters, which multiplies the partition function of an interacting
SCFT, and a collection of singlets describing the free sector. Possibly, there can also be a
special frame that does not come with a Dirac delta distribution.
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Let us now consider concretely the U(NN) SQCD case, which is good for F' > 2N. In the
bad/ugly case N < F' < 2N — 1 the partition function schematically becomes [13]:

o
= > X (2N — 2N — 1) singlets ~ + X (4N — 2F) singlets
N=F—-N+1

@ @ X contact terms @ X contact terms

Notice in particular that for F' = 2N — 1, when the theory is ugly, there are no frames
carrying delta-functions. In this case the partition function is exactly equal to that of a good
U(N — 1) SQCD with one free hyper [11, 56]. The bad SQCD for F' < N — 1 is said to be
evil and the partition function is schematically equal to:

F F
2[R v P
= > X singlets

N=0

m @ X contact terms

Notice that every frame carries a delta function.

In general, the Dirac delta constrains the FI parameters to a specific value which was
interpreted in [13] as an indication that a monopole operator of the original bad SQCD is
acquiring a VEV, driving the bad theory to a vacuum where the effective description of
the IR is provided by a good U(N) SQCD. Since this special vacuum is reached due to
a monopole operator acquiring a VEV, the topological symmetry in this vacuum can be
considered to be spontaneously broken.

Each frame additionally comes with a total of (2N — IN — 1) chiral singlets. These can be
interpreted as monopole operators in the UV theory that become free in the IR, corresponding
to the particular frame. Interpreting the delta function as a chiral multiplet with vanishing
R-charge, it combines with the (2N — 2N — 1) free chirals to a total of (N — N) free twisted
hypermultiplets with the canonical R-charge in the IR. The correct assignment is thanks
to a mixing between the UV R-symmetry and an emergent global symmetry that rotates
the chiral multiplets. Each frame also contains a contact term in the form of BF couplings
between the topological symmetry and the flavour symmetry.

For N < F < 2N — 1, there is always a distinguished frame corresponding to the good
U(F — N) SQCD with F flavours that does not contain a delta function, and thus this frame
is not reached via a monopole VEV. This frame coincides with the one found in [16, 17].
For FF < N, such a frame without the Dirac delta is not present, and hence all the frames
in this case are reached by a monopole VEV.

These results are consistent with the findings of [22], where the full quantum moduli space
of the bad U(NN) SQCD was analysed using the techniques developed in [19]. It was shown
that at the most singular locus of the moduli space, there exists a good U(|F/2])SQCD
with N — |F/2] twisted hypermultiplets. Notably, this singular locus does not have the
maximal possible codimension, as the gauge group rank is reduced — an expected feature
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of bad theories. Upon turning on a generic FI parameter, this locus — as well as other loci
corresponding to the other frames where we find lower rank good SQCD theories — is lifted.
As a result, only the frame with a U(F — N) SQCD gauge group, as found in [16, 17], remains.

We now present this result at the level of the Sg’ partition function, for the cases with
N —F < N < |F/2] we have:

— . F .
ZSQCDU(N7N§F<2N) (X, Y'l _ }/2’ m) X 6—7TZ(Y1—Y2) Zi:l X —

| £ ]-(F-N)-1

= ¥ 3 lé(Yl—YQ—l—B(n—e)(iQ—Qm))x

r=0 p=1 if n—e=0,
[B==1 otherwise

N-PHE] g
% o TIW2=W1) Zle X; Pj=1 Sb (7 +J(iQ — 2m))
Hj_v:—OFerJ—l—r s (§ —(j— 2N -F-1)3Q — 2m)>
N=| 5]+ iQ I (4.1)
< I s (— (j—N+) (iQ—2m)j:(W1—W2))
i=1 2 2
Z X, Wy — Wr;
- 5QCDy (|7 ]-nF) ( - b m) ‘W1,2Y1,23|355(N—F+£§J —T)(iQ—Qm)]
A F o 2N=F . 7
e OV T (P (G- N+ 5 ) Q- 2m) £ (v - vy))
j=1
X Z3QCDy, (F—N,F) (X, Yo — Y1;’m> ,
where,
0 for F even, (42)
€= '
—% for F' odd.

Notice that delta functions freeze the FI parameters to particular multiples of (iQ) —2m).?
The specific monopole operator acquiring a VEV can be read off from the argument of the
delta function. One should read the argument as a polynomial with real masses associated
with the symmetries as the variables and respective charges as their coefficients. In particular,
from eq. (4.1) we can see that the operators acquiring a VEV are fundamental monopole
operators with different levels of dressing.

Also note that the contribution of the chiral singlets in each frame needs to be simplified
by using the constraint implied by the Dirac deltas to match the expected number of chirals.
Each frame also contains a contact term (appearing as an exponential prefactor) in the form
of BF couplings between the topological symmetry and the flavour symmetry.

20Recall that the SU(2) i x SU(2)c R-symmetry in 3d A” = 4 theories has two real parameters. The parameter
associated to the U(1)r = U(1) y—c R-symmetry subgroup is %, whereas the real part of the parameter m is

the real mass of the U(1)4 axial symmetry, which is the commutant of U(1)r in SU(2)x x SU(2)c.
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In the evil case, F' < N, we find instead:

— . F .
ZSQCDU(N,F2N) (X7Y1 — Yo, m) X e_m(yl_YQ)zz':l Xi

| %]
=3 > [5(Y1—Y2+5(n—6)(i62—2m)>x

=0 p=1 if n—e=0,
B==%1 otherwise

X e j=1""7 N—F+LEJ —1—p iQ ] ‘ (4'3)
M -2 s (7 —(j—-(@N-F-— 1))(2@—2m))
NoEle
Q : F\
sy = —(j =N+ =] (iQ —2m) + (W — W)
< w5l )

X Z

SQCDy (| £ |-r.F) (X', Wy — Wry; m)‘

W1,2:Y1,2:F%ﬂ(N—F+ {%J —T)(iQ—Qm) 1 ’
where € can be determined by using eq. (4.2). As stated previously, notice that each frame
in this case necessarily comes along with a Dirac delta.

Note that our discussion so far in this section has been at the level of the Sg parti-
tion function. We naturally expect similar results to hold for the superconformal index
(involving periodic Dirac delta functions), or for other 3-manifolds on which we can perform
supersymmetric localisation.

However, we actually believe that the full path integral of the theory will take the form
of a functional distribution. This, in a sense, generalises the fact that the path integral of
a pure U(1) gauge theory coupled to a background vector multiplet V for the topological
symmetry is a functional delta function. Indeed, V s coupled to the dynamical vector
multiplet V' via a BF term

Ser(V.V) = [@wd0dd Vs~ [ d*od® (08 + cc) (4.4)

where V/ 179> / 5, and @ / ® are the dynamical /background vector, linear, and adjoint scalar
multiplets, respectively. In the IR (where we can drop the kinetic term 1/¢>F 5V) performing
the path integral of V' leads to a functional delta function setting V=02

We will see a direct generalisation of this idea in section 4.3 when considering the
bad theory resulting from the diagonal gauging of two T[U(NV)] theories. In general, our
interpretation is that the path integral of bad theory is a functional distribution with support
at special points given by the solutions of the equations of motion.

Indeed, as shown in [13], from the analysis of the N' = 2* EOM of the U(XN) SQCD, in
the good case, one finds the familiar situation in which at a generic point on the HB there
are no residual CB directions (since ® and ¥ cannot take a VEV), and the gauge group is
unbroken and equal to U(V) at the origin of the HB. On the other hand, in the bad case,
the analysis of the EOM shows that there is a always residual CB at each point of the HB,

21The interpretation of this BF coupling term as a kernel for a functional Fourier transform was the key
idea for the piecewise derivation of abelian mirror symmetry of [27].
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and the gauge group is still broken at the origin of the HB, so there is no point in the moduli
space where the full U(/V) gauge group is preserved. In particular, there are extra solutions
to the equations of motion in the bad case that correspond to the multiple frames: SQCD
with gauge group U(N ) with FF — N < N < {gJ and a free sector describing the residual
CB. These extra solutions appear only for specific values of the FI parameter, corresponding
to the conditions imposed by the delta functions.

4.2 Bad quiver theories and the electric dualisation algorithm

While we only considered bad SQCDs in the previous subsection, the discussion can be
extended to generic 3d A/ = 4 unitary quiver gauge theories with bifundamental matter. A
quiver theory could be bad if it contains one or more gauge nodes that are underbalanced.
There could also be quiver theories that are bad, that do not contain any gauge node. For the
purpose of this paper, we will focus only on the former case, while the analysis of the latter
is beyond the scope of this paper. One may then expect that bad quiver gauge theories enjoy
properties similar to those of the SQCD, in the sense that their Sg’ partition functions can be
written as a sum over frames, each corresponding to a good theory multiplied by a Dirac
delta, and (possibly) a frame with the lowest rank with no Dirac delta. From the partition
function perspective, it is then possible to extend the classification also to quiver theories.
An ugly quiver theory has a partition function that is equal to that of a good theory times a
free sector. When more than one frame is present, we say that the quiver theory is bad, and
if each frame carries at least one Dirac delta distribution, we say that it is ewil.

An algorithmic way to derive such a sum-over-frames expression was proposed in [14],
and is commonly referred to as the electric (dualisation) algorithm. While its validity was
tested at first only for linear quiver gauge theories, the algorithm can be applied to generic
quivers. The algorithm consists of the following steps:

1. Choose a bad gauge node in the initial quiver gauge theory, with no preferred choice.

2. Un-gauge the neighbouring gauge nodes, i.e., freeze the gauge interactions between the
chosen bad node and those connected to it by bifundamental hypermultiplets. This
amounts to locally extracting a bad SQCD.

3. Use eq. (4.1) or eq. (4.3), as appropriate, to dualize the bad SQCD by replacing it with
a sum of frames.

4. Each frame must then be glued back to the remaining quiver by re-introducing the
gauge interactions that were frozen in step 2. This will generically produce a sum of
frames corresponding to the original bad quiver, where each frame represents a quiver
where the bad node chosen in Step 1 has been replaced by a good node.

5. Starting from the quiver gauge theories in each frame, locate and choose a bad node
and repeat steps 2 to 4 to obtain a set of new frames, for each frame at the end of step
4. Repeat this until every frame generated by repeated dualisations contains no bad
node.??

22Note that the algorithm may produce additional “unphysical” frames that must be discarded. A physical

frame is required to satisfy two consistency conditions: 1) The constraints from the set of delta functions
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Figure 6. Schematic representation of the electric algorithm for bad theories. This represents the
steps 1 through 4 of the algorithm that first isolate a local bad SQCD (we consider Zle M;+F <N
so that the U(V) gauge node is bad) by ungauging the neighbours, followed by a dualisation using
eq. (4.1) or eq. (4.3) and then re-gauging. Since the replacement N — N is a reduction in the
gauge rank, some of the neighbours may become bad. Thus, the badness generically propagates, and
these four steps need to be iterated as explained in step 5 until there are no bad nodes remaining in
any frame.

Steps 1 to 4 of this algorithm are summarised schematically in figure 6. Starting from
the Sp partition function of the initial quiver gauge theory, the electric algorithm along with
formulae eq. (4.1) and eq. (4.3) furnish for an exact partition function identity. By carefully
keeping track of all the details during the algorithm, one obtains a sum of frames with all
the relevant physical information, such as the delta functions, charges of the free chirals,
and any possible BF couplings, explicitly.

While [14] developed the electric algorithm to study bad linear quivers, we instead focus
on the more general bad star-shaped quivers. In particular, we are interested in those that
arise from as the 3d mirrors of theories of class S, crucially including those that correspond to
4d configurations that arise in certain “bad” channel decompositions. As already mentioned
at the end of subsection 2.3 and shown in appendix D, these cases correspond to 3d mirrors
with a bad central node and T,[U(N)] tails.

associated with a frame must admit a solution for generic values of m and @, 2) the singlets appearing in the
frame must remain non-singular upon imposing the delta function constraints.
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We have implemented the electric algorithm for star-shaped quivers with a bad central
node in Mathematica, which is available as supplementary material. While the result of the
dualisations using the electric algorithm does not depend on the order in which the bad
nodes are chosen and dualised (see Step 1 of the algorithm), we fix an order in the code
for concreteness. Since only the central node is bad in the initial quiver, we first dualise
the central node. We then dualise the bad nodes that arise in the tails due to this and
go tail-wise. Once all the bad nodes have been dualised, we may have a bad central node
once again. This process is then repeated until there are no bad nodes remaining in the full
quiver. We refer to the actual code for more details.

4.3 Broken theories and spontaneous symmetry breaking

We now present a subclass of 3d A/ = 4 bad theories that we coin broken theories. These
are bad theories characterised by the fact that, upon running the electric algorithm (see
section 4.2), their Sg’ partition function consists of a collection of frames that are all identical.
This implies that the frames are all equal up to the action of a global symmetry transformation
that reshuffles the real parameters. As an immediate consequence, a broken theory must
be an ewvil theory, since the presence of a frame without Dirac deltas immediately implies
the existence of a distinct frame.

We now attempt to interpret the physics of these theories. As already noted in sub-
section 4.1, evil theories are characterised by the fact that they do not possess vacua for
generic values of the parameters, but instead only for their special values. Each individual
frame corresponds to a collection of monopole operators acquiring a VEV, implying that
the topological symmetry must be partially broken, as indicated by the Dirac deltas that
freeze the FI parameters. The distinguishing property of broken theories is that the set of
monopole operators that acquire a VEV and thus trigger the flow to each frame is equivalent
— implying that they are the same up to global symmetry transformations.

This is in contrast to a generic evil theory where the set of monopoles driving the theory
to a good frame is inequivalent among the frames. For example, in the evil SQCD case, the
various frames are reached by giving a VEV to monopoles with different levels of dressing,
making them inequivalent operators. We can then conclude that broken theories only possess
a single vacuum, up to global symmetry transformations; therefore, the global symmetry of
the original bad theory is spontaneously broken?? in this vacuum.

In what follows, we provide a couple of concrete examples of theories that exhibit this
behaviour. The presented examples were first discussed in [15] and then later related to class
S theories in [10]. In the following section, and then the remaining bulk of the paper, we will
discuss the key role of broken theories in the study of channel decomposition of theories of
class S, providing a novel infinite class of examples of broken theories.

Example 1: Gluing two full quiver tails. Let us consider the theory obtained by fusing
together two T[U(N)] tails along the Higgs branch. This corresponds to a sphere with two
maximal punctures and was studied from a similar perspective in [10]. Below, we present

23Hence the name broken theories.
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the quiver theory along with a compact notation to represent it:

CB; HB; —HB, CBj (4.5)

As discussed in section 3.2, this corresponds to the HB gluing of two full tails yielding, at
the level of the S} partition function, the Dirac delta function that identifies the Cartans
of the two U(V) global symmetries in eq. (3.5). However, as observed in [14], we can also
regard the quiver resulting from the gluing of two T[U(NV)] theories as a bad theory. Indeed,
the central U(N) node sees only N — 2 fundamental hypermultiplets; therefore, it is bad
and can be dualised into a sum of two frames using eq. (4.1). The rank of the central node
becomes at most N — 1 after the dualisation, leading to the two U(N — 1) nodes becoming
bad, and the procedure thus propagates into the two tails.

By running the dualisation algorithm, we recover eq. (3.5) that we repeat here for

convenience:

1321 6(X5 — Yo ()

2gEm 1Y

/dﬁN A%B(U’; m)ZTN(ﬁ,X;m)ZTN(ﬁ, —?;m) = Z

ocESN

The result is a sum over N! identical frames, each corresponding to a collection of Dirac delta

functions and chiral multiplets that can be repackaged to reconstruct the (inverse of) the

contribution of a A" = 4 vector multiplet of a U(N) symmetry ARE (X;m). We once again

refer the reader to appendix A for the Sg’ partition function convention and the definition
of the partition function of the T[U(N)] theory.

This theory then has characteristic features of a broken theory, being a sum of identical
frames such that each frame contains the same good theory, the same number of delta
functions expressing the same constraints, and the same chiral singlets. The original bad
UV theory in eq. (4.5) has a naive global symmetry which is S[U(N) x U(N)], where each
U(N) factor arises on the CB from the balanced nodes of a single tail. However, the theory
is bad, and the global symmetry is spontaneously broken in the IR to the diagonal U(V)
subgroup. In fact, the frames are rotated by an Sy symmetry, which is the Weyl group of
U(N) x U(N) modded by Weyl transformations of the unbroken U(N) symmetry.

The operator acquiring a VEV and inducing the spontaneous symmetry breaking is a
collection of monopole operators in eq. (4.5) whose scaling dimension is 0, when computed
using the UV R-symmetry group. These monopoles are those with non-zero magnetic flux
through a sequence of adjacent gauge nodes — with no gaps — that includes the central
U(N) gauge group. There are a total of N? of these, and they can be assembled in a
bifundamental representation of the naive global symmetry U(N) x U(N). Let us call this
operator II; ; with ¢,7 = 1,..., N.
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Recall, as commented below eq. (4.1), the set of operators acquiring a VEV can be
identified by looking at the argument of the delta functions. The set of delta functions in
eq. (4.6), in the frame where o is the identity element of Sy, is H;-V:l d(X; —Y;), and the
argument corresponds to the charges of the diagonal components of the bifundamental, II;;.
This is a monopole that carries magnetic flux +1 under all the gauge nodes from the U(j)
node of the left tail to the U(j) node of the right tail. Indeed, an equal VEV for all the
I1,; causes the breaking of the U(/N) x U(/V) global symmetry to the diagonal U(N). In the
sum-over-frames, we are simply summing over the many possible ways to identify together
two U(N) gauge groups. When part of the U(NN) x U(N) global symmetry is gauged, then
the VEV causes a partial Higgsing of the gauge group.

Example 2: Gluing a full and a regular quiver tail. Let us now consider the case
where we glue a full tail to a regular tail, a.k.a. the T,[U(N)] quiver, by gauging the diagonal
combination of their U(N) HB symmetries. We depict this in figure 4.7 along with the
corresponding compact notation:

CBy HB; HB» CB» (4.7>

The central node is underbalanced, and by running the electric dualisation algorithm,
we find that for any regular tail, this theory has the features of a broken bad theory: it is a
sum of identical frames, each with the same good theory, the same number of delta functions
expressing the same constraints, and the same number of singlets.

In the case of p = {N - M, 1M} (corresponding to ranks M; =i and L = M), the result
was already computed in [55] and reads:

/dUN ANB(T;m) Zpn U,—Y;m)Zpn (U, X;m) =

[N—M,1M]
M N .
N-M+1-2j,.
= Z H 5(Xa(j) -Yj) H 0 (Xa(j) — Y1+ 5 J (iQ — Zm)) X
oeSy j=1 j=M+1 (4.8)
dex ONil
1
x [N—M,1M]

where Y1 and Yjry1 parametrise the U(M)y x U(1)y,,,, CB symmetry of the p =
[N — M, 1M] quiver tail.

_ M
The term Chl[\lj\if1 MM is a set of chiral multiplets whose role will be clarified around

eq. (4.12). The delta functions identify the Cartans of the U(/N) ¢ global symmetry associated
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to the CB of the full tail T[U(N)] with the Cartans of the U(M )y x U(1)y,,,,
carried by the Tjy_pz10[U(N)] theory. As in the previous example corresponding to the

global symmetry

fusion of two full tails, we could read the set of monopole operators that acquire a VEV from
the argument of the delta functions. Such a VEV causes the spontaneous breaking of the
U(N) ¢ x UM)y x U(1)y,,,, global symmetry down to a diagonal U(M) x U(1).

Furthermore, we like to distinguish the contributions of the Dirac deltas in two sets: Oy
and dyj. Firstly, we notice that the argument of the Dirac delta functions in dyj can be
linearly combined to imply the following constraints (WLOG consider o = I):

Xj—Xj+1:’iQ—2m, j=M+1,...,N—-1,

M—1 (4.9)

Xn =Yy + (iQ —2m).

The first line can be interpreted as the constraint imposed by a nilpotent VEV
(Co) ~ TIN—namy s (4.10)

where Cy is the moment map associated to the U(N)y global symmetry on the CB of
the full tail. This breaks U(N)s — U(M)g¢ x U(1)x, by identifying the Cartans of
UN — M)g C U(N)g with the one of U(1)x,. The second line of eq. (4.9) instead
corresponds to the constraint imposed by a VEV acquired by the monopole operator in
eq. (4.7) with non-zero magnetic charge only under the central node. This has the effect of
further identifying U(1)x, with U(1)y,,,,. On the other hand, the set g, simply plays the
role of identifying the Cartans of the surviving U(M) ¢ symmetry of the full tail to the U(M )y
symmetry of the regular tail. Overall, the monopole VEVs are responsible for the spontaneous
breaking of the UV symmetry U(N)¢ x U(M)y x U(1)y,,,, — U(M)gy x U(1)y,,,, -

We now want to understand what happens when we gauge the U(N) ; CB symmetry of
the full tail in eq. (4.7). As we have seen already, the partition function of this theory is a
distribution, and we need to consider its action on a test function to understand its effect.
We choose another full quiver as test quiver theory, i.e. consider the case in which the quiver
eq. (4.7) is glued to another full tail. We consider the gluing corresponding to gauging the
diagonal CB U(N)¢ symmetry as depicted in figure 7.

We refer to the moment maps of the first, second, and third theories as Cy23/H1,23. As
explained above, the theory in the first line in figure 7, obtained via the U(V) ; gauging of the
regular and the full tail, is bad and there is a non vanishing VEV for the CB U(V) ¢ moment
map C2. We now let this theory “act”, via the gauging of the U(N) ¢ node on the “test” full
tail, as in the second line in figure 7. Due to the gluing superpotential, W = ¢(Cs + C3), the
HB moment map Ca of the test theory also acquires a non-zero VEV: (C2) = — (C3) # 0.

This implies that even in the test T[U(N)] quiver theory, there is a nilpotent VEV
that breaks its CB U(N) ¢ symmetry to U(M)y x U(1)y,,,,. Therefore, from the quiver
theory in the second line in figure 7, depicting the concatenation of a regular and two full
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Figure 7. The first theory, the regular quiver tail, is glued to the second theory, the full tail, via HB
gauging (this is the theory in eq. (4.7)). We then gauge the CB moment map of the second quiver
theory with another (test) full quiver tail.

tails, one obtains the regular tail, Tjy_ M’lM][U(N )]. In terms of the partition function,
we have the identity:

/ A7y ABB(Z.m) / ARy AP(Rem)Zpy (7, ~Fim)Zpw(Z, Kem) Zps (W, Xim)
. R L. M
:/dXN APB(Xm) Zpn (W, Xym) S T 6(Xoq) — V)%
ceSNy j=1
N .
N-M+1-2j . 1
X H 6<XU(])_YM+1+2(ZQ_2m)> CB/ ¢ [N—M,1M]
J=M+1 AR (X;m)Chyy
. 1
= Zpn (=W, X5m) oo 0w — v a7
Nil
=ZN (=W, Y;m), (4.11)

where the steps are self-explanatory, and crucially, we have used that,

e, > o [N—M,1M]
Zpn (=W, Xm) |5y, = Zpn (=W,Y;m) x Chyy . (4.12)

[N—M,1M]
This equality implies that the T[U(N)] quiver evaluated on the constraint set by i,
corresponding to the nilpotent VEV given in eq. (4.10) for the CB moment map Cs, flows to the
quiver tail T,[U(N)]| with p = {N — M, 1M } together with a free sector which exactly cancels

with the chirals produced in eq. (4.8). We refer to appendices B and C for further details.
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Evidently, we can also regard all of this as a consistency check. Indeed, if we first imagine
the fusion of the two tails along U(NV) ¢ and then use eq. (3.5), we get an Identity wall glued
to a regular tail, which clearly coincides with the regular tail itself.

Broken theories in class §. Going beyond these two examples, we return to the star-
shaped quivers obtained as 3d mirrors of theories of class S. We observe that the various bad
star-shaped quivers that emerge upon the channel decomposition of these good star-shaped
quivers are broken theories. As such, based on the collection of examples that we have

analysed, we propose the following conjecture.

Conjecture 1. Fvery 3d N = 4 star-shaped quiver with a T[SU(N)| tail and any number
of generic T,[SU(N)] tails, such that the central node is underbalanced, is a broken theory.
Moreover, the number of frames is given by the following ratio of dimensions of the Weyl
groups:

Wil
(W ol

# of frames = , (4.13)

where H C U(N) is the subgroup of the global symmetry U(N), corresponding to the full tail,
that is preserved by the monopole VEVs.

The various frames are all rotated by a discrete permutation symmetry that reflects
the number of ways (related by G-conjugation) a fixed embedding of H into U(N) can be
realised. We are now finally ready to study the channel decompositions that give rise to
bad star-shaped quivers and exemplify our discussion on broken theories, using the electric
dualisation algorithm.

Apart from these ones that naturally emerge in the class S setting, we expect many other
broken theories to exist. For example, in an upcoming work [30], more broken theories will
be analysed, extending and generalising the class described in this paper. We also expect
them to play an important role in the problem of understanding the gauging of emergent
Coulomb branch symmetries of 3d N/ = 4 theories [31].

5 Star-shaped quivers with two full and two regular tails

In this section, we bring together all the discussions so far to study the channel decompositions
of star-shaped quivers. In particular, we describe a procedure to analyse the cases where the
quivers obtained from channel decompositions are bad quiver gauge theories. For concreteness,
we restrict the presentation in this section to good star-shaped quivers with four tails: two
full T[U(N)] tails, and two generic T}, ,[U(N)] tails.

As shown in figure 8, there are two distinct channel decompositions for this setup.
The focus of this section is the bad trinion emerging in the second channel decomposition
that contains the two regular and a maximal puncture. In the case where this trinion is
a pathological 4d configuration, as discussed in subsection 2.2, we will observe that the
corresponding 3d mirror is a broken theory, in accordance with conjecture 1. We will then
carefully examine the effect of the renormalisation group flow triggered by the monopole
VEVs present in the broken trinion, and examine how it changes the gauge symmetry and
the other trinion that contains the three maximal punctures.
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Figure 8. Schematic depiction of the channel decomposition of a four-punctured sphere, with two
maximal and two generic regular punctures p; 2. In the first channel, we isolate a maximal and a
regular puncture, whereas in the second channel, we isolate the two regular punctures. For specific
choices of p1, p2, the trinion, highlighted in red, in the second channel may be a pathological 4d theory
and thus correspond to a bad 3d star-shaped quiver.

We implement this procedure in several examples and analyse the theories that emerge at
the endpoints of the flows. In all cases, we find perfect consistency with the three-dimensional
counterparts of the results obtained via the “atomic” tinkertoys program [3]. Our approach
offers a systematic framework allowing us to precisely determine the matter sector in each
weakly-coupled channel. In particular, we can exactly determine the interacting part in 51,
S, and the representation of the twisted hypers. Notably, our approach provides the exact
map of the fugacities for the global symmetries across each channel.

In the next section, we will see that our method streamlines the analysis of the theories
with many punctures, as it allows us to bypass the channel decomposition into trinions.

5.1 Generic features under channel decomposition

We will now discuss some general features of the possible channel decomposition of star-shaped
quivers. We restrict the presentation to the example of two full and two generic regular tails
for concreteness. We label the 3d mirror of the four-punctured sphere as .S, and its partition
function as Zg (X' ,(,P,)? g), X (3),)? (4), m), which depends on the real mass parameters for
the various topological symmetries as described in subsection 3.1.

Recall that the star-shaped theory, S, contains a redundant U(1) gauge transformation
that can be removed by performing an integration over a suitably chosen combination of the
FI parameters, as in eq. (3.4). For the chosen case, this combination is given by:

N
C =" + X) + fpu (XD) + £, (X)) (5.1)
j=1

where fp()z ) is a linear combination of the X parameters that depends on the choice of
partition p. The partition function without the redundant U(1) can then be obtained as:

Zs (X’,S}),X'g),)?(?’),f(’“);m) = /dC’ AYB(C;m) Zg (Xg}),)?g),)?(?’),)?(‘*);m) . (5.2)
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Figure 9. 3d mirror quiver representation of the Channel I decomposition in the special case
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Figure 10. Channel decomposition isolating two ugly star-shaped quivers S7, Ss. Iterative dualizations
of the ugly nodes yield two sets of (twisted) hypers which are then gauged together to realise the
U(N) SQCD with 2N flavours. Note that the hypers shown in blue are twisted with respect to those
in the original theory.

We study the two equivalent decompositions that the chosen theory S admits: the one
where the full tail is paired with a regular, and the other one where the two regular punctures
are paired together. These channel decompositions are schematically depicted in figure 8,
and we now discuss them in detail.

Channel 1. In the decomposition where the regular punctures are split among the two
trinions, as on the bottom left side of figure 8, based on subsection 5.1, we have:
(1) 2 v3) v@). _
2 (K19, %2, X, X0, n) = -,
= [l AP @:m) 25, (X, 9, Tim) 25, (-0, 82, K0;m)
The trinions S7 and Sy isolated in this channel decomposition carry two maximal and a
regular puncture and are thus always good 3d N = 4 theories.
In the particular case depicted in figure 9 in which p; and ps are minimal punctures,
i.e. p12 = [N — 1,1], the trinions isolated by the channel decomposition are free theories
consisting of a set of N? free twisted hypers. Correspondingly, the 3d star-shaped quivers S;

and Sy, emerging from this channel decomposition, which we report at the top of figure 10,
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are ugly theories. Indeed, the central node in S 2 is ugly, i.e. it sees 2/N — 1 fundamental
hypers. As pointed out in [11], the ugly U(XN) SQCD with 2N — 1 hypers is dual to a
U(N — 1) SQCD and a free twisted hypermultiplet.

After using this duality to reduce the rank of the central node, the U(N — 1) nodes
adjacent to it see one less flavour. Since they were previously balanced, this duality makes
them ugly instead. Re-applying the duality once again on each U(N — 1) replaces them with
a U(N — 2) node along with the contribution of a free twisted hypermultiplet. As before,
this causes the neighbouring nodes to become ugly, and hence we use the duality for the ugly
SQCD once again. This procedure iterates repeatedly and can easily be seen to terminate
once the remaining theory has no gauge groups and thus only consists of a collection of free
twisted hypermultiplets. Evidently, we could have also run the electric algorithm for bad
theories, explained in subsection 4.2. This way, each dualisation step uses only the duality
for the ugly SQCD, and we obtain the same result.

For theory Si, at the level of the partition function, we obtain

N
Z, (X3 X, T3m) = T s (m+ (X + U + X)) x
PR (5.4)
6 (I + X7 + XV + (v - 1)x{Y)

X =
AFB(U;m)

The collection of double-sine functions encodes the N? free hypermultiplets®* that are in
a bifundamental representation of the U(/N) x U(V) global symmetries of the original theory,
where each U(NV) is the symmetry associated to each maximal puncture?® The Dirac delta
and the term ASB(U, m) in eq. (5.4) are present due to the redundant U(1) gauge symmetry
present in the original S theory. These two factors in eq. (5.4) are indeed removed once we
decouple the redundant U(1) from Sy, thus leaving only N? free hypermultiplets.

Plugging this result, along with the analogue for S, in eq. (5.3), we obtain the following
expression:

Zs (g(l) x@ X(S)’X(4);m) _

[N=1,1]» X [N—1,1]
N
= /dUN AFPT;m) T s (m +(xMV 1 U+ Xf”)) S (m +(xP — U+ X](.4)))
7,k=1

o (S + Xy + XY + (v - 1)x5Y)
AFB(T;m)

Lo (S0 + Xy + X1 4+ (v - 1)x57) )
AFB(T;m) '

24Note that these are twisted hypermultiplets from the perspective of the star-shaped quiver. However, since
the star-shaped quivers are themselves the 3d mirrors of the 4d theories of class S, the free hypermultiplets
obtained here are the direct circle reductions of those in four dimensions.

%5Indeed, since the theory is free, the free hypers have a bigger global symmetry USp(2N 2). However, since
we will study the theory only while it is gauged to some other matter, it is important to know how the free
hypers are charged under the naive global symmetry — as read from the punctures or by looking at the
balancing of the nodes in the star-shaped quiver.
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In the case at hand, where both p; 2 = [N — 1, 1], the condition in eq. (5.1) reads,

Wy x4 xP (v -+ xP). (5.6)

Q

I
M=
%
_|_

gl

Thus, to remove the decoupled redundant U(1), we perform the C integration in eq. (5.2)

by implementing one of the Dirac deltas to obtain:?°

Zs( X0 x@ X6 ),X(4);m> _

N
= [ ab AP @) TT oo (m () + U+ X)) s (m = (657 - U+ X))
J,k=1
3 (S U = (25 X+ X2 + (V- ()

(5.7)

ALB(T;m)

Lastly, we use the remaining Dirac deltas to constrain Zé\f:l U;, which implies that the U(1)
part of the U(N) gauge group is frozen, leaving only an SU(N) gauge symmetry.

The result we obtain is the partition function of the SU(N) SQCD with 2N fundamental
flavours, where each of the two spheres contributed half of the flavours, as shown at the
bottom of figure 10. Notice that the hypers (in blue) in the SQCD are twisted w.r.t. to
those in the star-shaped quiver; indeed, this is the direct (non-mirror) 3d reduction of the
4d theory associated with this channel.

Channel II. Let us now consider the case in which the two regular punctures pi, p2 are
clubbed together in a single trinion as shown in figure 11. At the level of the partition
function, we have:

Z (X() X2 %6 ¥ *(4);m) _

2 iy

— /dUN ASB(U:m) Zs, (Xgp,X;,Q),U;m) Zs, (—17,)?(3>,X’<4>;m) : (5.8)
where 57 and Sy are the star-shaped trinions resulting from this channel decomposition,
which we report at the top of figure 12.

Depending on p; and ps, the star-shaped theory S; can be bad. In this case, by running
the electric dualisation algorithm we find that its partition function is a distribution that
generically takes the form:

2 (SRR Om) = Xz b
oWy /Wrcun) An(U;m) Cthl
(5.9)
As anticipated from conjecture 1, Sy is a broken theory. Thus, the partition function of Sy
is a sum of frames that are all equal and correspond to a theory gl, which can possibly be

an interacting theory. Since the partition function of S; depends in a complicated fashion

on combinations of the parameters X ,S}), X ,(,2 ,(_j , we avoid giving this general dependence

26To perform the C' integration, we use that if C = A+ B then §(U + A)§(—U + B) = §(U + A)5(A + B).
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Figure 11. Quiver representation of the channel decomposition corresponding to Channel II. The
two tails on the left correspond to the regular punctures, where the ranks A;, B; are determined from
p1, p2, respectively. The two tails on the right are T[U(NNV)] theories and correspond to the maximal
punctures. We recall that the dashed lines represent T[U(N)] theories, so that in the middle, we are
gluing two of them, corresponding to the tube in the geometric representation.

explicitly. As remarked earlier, the various frames are identical and are rotated by a
permutation symmetry given by the Weyl group of U(N) modulo that of H.

As explained in subsection 4.1, the Dirac deltas encode information about the set of
monopole operators that acquire a VEV.?" In particular, as in the second example in
subsection 4.3, the set dyj induces a VEV for some of the components of the moment map
of the U(N) global symmetry associated to the full tail of S;. This VEV alone causes the
breaking of the U(N) global symmetry down to U(M) C U(N) group. The rest of the Dirac
deltas dgy are other monopole operators that acquire a VEV, and are typically charged under
the global symmetry of the regular punctures. This second VEV further breaks U(M) to a
subgroup H C U(M) which we identify to be either an SU(L) or USp(2L) group.?® Indeed,
the total number of delta functions satisfies the identity,?’

# delta = N —rank(H) . (5.10)

Thus, if the U(V) global symmetry associated to the full tail of S; is gauged, which is the
case under consideration, then the VEV causes the Higgsing of U(N) gauge group to H.

2TRecall that the star-shaped quivers are the 3d mirror dual of the circle reduction of the 4d theories of
class S theory. Therefore, monopole operators of the 3d star-shaped quivers are associated with the Higgs
branch operators of the 4d theory.

28This is in agreement with the prediction that for theories of class S of type 8u(IN), the only existing tubes
correspond to unitary or symplectic gauge group [3].

29This is true only when Sy is a free theory. When Sy is interacting, as in the example in subsection 5.4.3,
one less delta is obtained. This is because the interacting S theory still has a redundant U(1) gauge group
left to decouple, which provides the extra Dirac delta.
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Monopole VEV ¢ RG Flow

(%)

Figure 12. Channel decomposition isolating a broken star-shaped quiver S; and good quiver S.
By running the electric algorithm on the broken theory and following the RG flow generated by the
monopole VEV, we find the diagonal gauging of an H C U(N) symmetry of S; and T,[U(N)] tail
in §2. Here S is a possibly interacting theory, while Sy is the original S5 theory with the full tail
Higgsed down to a regular tail T,[U(N)].

Let us now review this phenomenon from the point of view of the Sg’ partition function.
We first rewrite eq. (5.8) as follows:

[ i AP (T im) 25, (40, X2, Usm) Zs,(~0, X, ¥im) =

_ / Aty ASB(T:m) / AVy AHB (T m) x (5.11)

X Zs, (X'ﬁ),f,(,?, ﬁ;?ﬂ) Zon (U, Vim) Zpn (X, Vim) Zpn (Y, Vim) .

Next, we regard the U(V); integration as the action of the S theory distribution eq. (5.9)
on the T[U(N)] tail of the Sy theory:

/ A0y AP (T;m) Zs, (X0, X2, T;m) 2o (-0, Vim) =

o N A . N
= /dUN A%B(U; m) Z Zg (...;m) HCU(N)_,( m) Opx Onit 278 (U, Vim)
O’EWU(N>/WH AN(U’ m)

(5.12)
As stated earlier, we can deduce the VEV acquired by the CB moment map C of the maximal
puncture of the theory S; from dyj. However, notice that C is coupled to the moment map C’

of the T[U(N)] tail of the theory Sy via the gluing superpotential, ®y(C+C’), where @y is the
adjoint chiral in the 3d A/ = 4 vector multiplet. The equations of motion of ®; then imply:

(C)~(C)~Tp, (5.13)

where 7, is the Jordan normal matrix associated to the partition p of N. Since C’ acquires
a nilpotent VEV as well, the T[U(N)] tail of the Sy theory is Higgsed to a T,[U(N)] (see
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appendix B):

—

Zpn (=0, Vim)lsg, = Zrx (=T, Vim) x Chiy. (5.14)
All in all, starting from eq. (5.12), we obtain,

Agcumwy(--sm)  dna

= X Opx X Z —ﬁ,V;m
AN (U,m) Chy . (=0 )

/dﬁN An(@m) Y Zz(sm)

o€Wy(n)/Wa
o R A ...m -
= /dUN AN(U7m) Z Z§1 ( . ;m) HZU(NE’( ) X ONil X OFx X ZT;V(_UPa V; m)
G'GWU(N)/WH N(U7m)
- / dTncun) Affeumn (Tsm) 2z (..sm) x Zpx (=T, Vim) g, - (5.15)

In the first equality, we have used eq. (5.14), noticing that the factor “Chg;,” from eq. (5.9)
and from eq. (5.14) cancel out, indicating that the two set of chiral fields give mass to each
other and decouple. In the last equality, we have implemented all the Dirac deltas, that
effectively break the U(IN) gauge group down to H, while the correct measure for H is

AHCU(N)(---%m)
An(Usm)
over the permutation group is absent in the last step, as this was used to take into account

reconstructed thanks to the chirals in the term . Further notice that the sum
the change of the factor [Wy ()| into [Wg| in the integration measure.

Thus, the end result is the gauging of the subgroup H C U(N) of the Coulomb branch
global symmetry of the theory T,[U(N)] as shown at the bottom of figure 12. Through
various examples, we will explicitly show how all these details combine together delicately to
correctly give rise to this Higgsing, i.e. the result is simply written as the diagonal gauging
of an H symmetry of S; and T,[U(N)] tail in Ss.

If S and/or Sy are interacting star-shaped quivers, we can further take their mirror
duals to obtain the 3d electric reduction of the theory associated with a sphere containing
two full and two regular punctures, in the channel where the two regular punctures are
clubbed together. If the algorithm also produces a free sector, this consists of a set of free
twisted hypermultiplets from the perspective of the original star-shaped quiver (see footnote
23). These hypers are then the direct dimensional reduction of the 4d electric hypers and
do not require further mirror dualization.

As mentioned in the introduction, by starting from the theory shown at the bottom of
figure 12 and studying the effect of CB gauging of a subgroup H C U(V), we can actually
reconstruct the original star-shaped quiver. We will demonstrate this explicitly in the next
example. Although we will not repeat the analysis for all subsequent examples, the technique
is easily generalizable. More results on CB gauging will appear in [31].

Agreement with the tinkertoys program. We close this section by comparing our results
with the analysis of [3]. Starting from a bad theory, we run the electric dualisation algorithm
to find an expression of the form eq. (5.8), which can be compared to [3] as follows:

e The S theory corresponds to the sphere with two regular and the corresponding
irregular puncture, in the language of [3].
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e From the collection of delta functions and chirals, we deduce the unbroken gauge group
and, in particular, read off the conjugate regular puncture from dyj. Thus, we fully
characterise the gauge group that connects the irregular puncture to the conjugate
puncture (referred to as the tube), in the language of [3].

An advantage of our proposed method is that the theory resulting from a channel
decomposition, which produces a bad trinion, is generated dynamically. Moreover, our
method can be directly applied to spheres with any number of punctures without relying on a
pair-of-pants decomposition. An example of such an application is discussed in subsection 6.2.
We can also apply our method to more complicated situations, such as when the channel
decomposition of a four-punctured sphere produces two bad trinions. We report examples
of such a decomposition in subsection 6.3, obtaining results that are in agreement with
those provided in [3].

5.2 N = 3 example: p12 = [2,1]

In this subsection, we study the theories of class S of type 31(3) associated to a sphere
with two maximal and two minimal punctures. As discussed in the previous subsection,
there are two possible decomposition channels. The first channel, which splits the minimal
punctures among the two trinions, corresponds to an SU(3) SQCD with six fundamental
hypermultiplets. The other channel, where we group the two regular punctures into a single
trinion, is depicted in figure 13.

The starting theory S is depicted on the top-right corner of figure 13 as the star-shaped
quiver. Its Sg’ partition function is

Bs (X.V, W, Zpyim) = [ dC AP (Cim) 25 (X ¥ Wo, Zogim) - (5.16)

The combination of real mass parameters corresponding to C' is

3
C =Y (X; +Y;) + Zy +2Zs + Wy +2Wa, (5.17)
=1

recalling that the integral over C' has the effect of ungauging the diagonal decoupled U(1) gauge
symmetry in the star-shaped quiver, as explained in section 3. The channel decomposition
that separates the two minimal punctures from the two maximal corresponds to the following
partition function identity:

Zs (X, Y, W[z,w 2[2,1];771) =
; ﬁ L L (5.18)
:/ AT AG®(T:m) Zs, (Zppa) Wiy, Usm) Zs, (-0, 7, Xim) .

For convenience, we present the quiver corresponding to the 3d mirror of the channel
decomposition again at the top of figure 14.

Notice that the theory Si, corresponding to the trinion with one maximal and two
minimal punctures, is a bad theory since the central node is a U(3) gauge node which sees

— 38 —



3d mir.

Channel | Decomposition

- 3d mir.

Figure 13. The N = 3 example with channel decompositions, expressed at the level of the Riemann
surfaces associated to the corresponding theory of class S, and the star-shaped quivers corresponding
to their 3d mirror.

only 4 fundamental hypers. Thus, we analyse the partition function of S7 using the electric
algorithm for bad theories (see section 4.2), to obtain

Zs, (2[2,1}7 W[2,1]7 U',m) =
= 5(U1 + Wy + Z2)5(U2 +Us+ Wi +Wo+ 27 + ZQ)X

X ]]i[l [sb (Zg + (Us + W; + Zj)> Sb <2m - g +(Us +W; + Zj)ﬂ X (5.19)

. 2
s (2m = 2 ) sulom & (Us + W+ Z0))su(m & (U + Wa o+ Z0)+
+(U1<—>U2)—|—(U1(—>U3).

This partition function consists of a sum of 3 frames, where each of them is a Wess-Zumino
model, i.e. a collection of chirals/hypermultiplets, and two delta functions. The two frames
in the last line of eq. (5.19) are obtained from the first by permuting the Uj 23 variables,
as indicated in the last line.

Upon examination, we find that the theory S; admits a VEV that spontaneously Higgses
the naive U(3) global symmetry, supported by the full tail, into SU(2). This can be extracted
from the arguments of the Dirac deltas: the first delta constraints one Cartan of U(3), thus
breaking it to U(2), and then the second delta constraints the sum of the remaining variables,
thus breaking U(2) to SU(2). This can be also confirmed by observing that the permutation
acting on the Uj to generate the two extra frame are indeed elements of the U(3) Weyl group,
Ss, that acts by reshuffling all the U; variables, modulo the action of the Weyl group of the
unbroken SU(2) group, Zs, that acts by swapping two of the Uj.
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Figure 14. At the top, we depict the quiver corresponding to the 3d mirror of the chosen channel
decomposition. Notice that we use a gauge node with hook arrows to indicate the gauging of a
SU(2) symmetry on the Coulomb branch of the two connected full tails. As pointed out in the main
text, S7 is a bad theory, and there is an RG flow driven by monopole VEVs leading to the quiver
theory depicted on the bottom. In the interest of brevity, we denote the following combination of

FI parameters as a = %(Wl + Zy — Wy — Zs). Note that the hypers shown in blue are twisted with
respect to those in the original theory.

Indeed, we can further confirm the picture by rewriting eq. (5.19) in terms of various
pieces identified in and around eq. (5.9):

Z§1 = Sb(m + (Ug + Wi+ ZQ)) Sp (m + (U3 + Wy + Zl))

Onit = 1
Ofx = 5(U1 + Ws + ZQ) (5(U2 +Us+Wi+Wo+ 21 + ZQ)

Frame 1 (5.20)

—

ASU(2) (Ug + W; m) (2 2Q>2 y
=5, [ 2m — =
As(U;m) ’

6Ex

lezll{sb<2m—i§:i:(U3+Wj+Zj)> sb<i§2:t(U3+VVj+Zj))]

Let us use this equation to identify the monopole operators in S7 that are acquiring a VEV.
The argument of the first Dirac delta in dgy in eq. (5.20) corresponds to a monopole with
+1 magnetic charge under all the gauge groups in the full tail, including the central gauge
group. This monopole lives in a triplet of the emergent U(3) global symmetry and has a
UV R-charge 0, thus violating the unitarity bound. A single component of an operator in
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the fundamental representation of U(3), indeed, breaks the symmetry down to U(2), where
the two additional frames correspond to the permutation of the component in the triplet
that is acquiring the VEV.

We then consider the argument of the second Dirac delta, which corresponds to a monopole
with +1 magnetic charge under all the gauge groups in S7. This monopole is associated
with the diagonal U(1) gauge symmetry, which is trivial in S;. A VEV for this monopole
corresponds to quotienting by the diagonal U(1) global symmetry on the Coulomb branch
of S1, which then reflects the Higgsing of U(2) to SU(2).

Having analysed the partition function of S; in isolation, we now substitute eq. (5.19) into
eq. (5.18). The two Dirac deltas in dgx now freeze two out of three integration parameters,
leaving only one corresponding to the unbroken SU(2) gauge group. The extra chirals
serve to correctly convert the U(3) integration measure to that of SU(2). Indeed, the
chirals evaluated on the constraints implied by the Dirac deltas give the ratio between the
Vandermonde determinant of SU(2), the new group obtained after the Higgsing, and that
of U(3), the starting group (modulo a shift of variables). Thus, the partition function of
S can be expressed as

Zs (X, Y, W[z,m 2[2,1] ; m)
= / dUSU(Z) ASU(?) (U + —W1+W22+Z1+22;m) X

X sp(m £ (U 4+ Wi + Z3))sp(m £ (U + Wa + Z1)) Zs,(—U®*, X, Y:m)

Wi —Wy —Z1+ Zs
2

= / dUgu 2y Asu(e)(U;m)sy (m +U + > 252(—ﬁsp'90,)?,§7; m),

(5.21)

where U (equal to any of the Uj) is the only remaining gauge parameter. To go from the

U - % After implementing

first to the second expression, we shifted U —
the constraints implied by the Dirac deltas and performing the U redefinition, the partition

function of Sy depends on U SPe¢ which can be expressed as

TSP = (U3, Uy, Us)| sy, 4 shif

Wy + Wa + 71 + Zs U_W1+W2+Zl+22> (5.22)
2 ’ 2 '

— (w2 -U -

Thus, the 3d theory we obtain in this channel is given by an SU(2) gauging of a single
hypermultiplet in the fundamental of SU(2), and of an SU(2) subgroup of the Eg symmetry
of the 3d mirror of the T3 theory. We report a drawing of the resulting theory in the second
line of figure 14. Notice that the hypers (in blue) gauged to the SU(2) node are twisted with
respect to the hypers in the quivers shown in the first line of figure 14, indeed if we mirror
back Ss we obtain the direct (non-mirror) 3d reduction of the 4d theory associated to this
channel. Note that Ss is still a star-shaped quiver with a redundant U(1) gauge symmetry
that needs to be decoupled. On the other hand, upon decoupling the U(1) from the initial
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theory S, by using the definition eq. (5.16), we obtain

Zg <X7?,W[2,1},Z[2,1};m> =/ dC ATP(C;m) Zs (XU?, W[2,1}7Z[2,1};m)

Wl_WZ_Z1+ZQ)
2

:/ dCATE(C; m)/ dUsu(2) Asu(e)(U;m) sp <m +U £
X Zg,(—U* X Y;m)

Wi —Wy—2Z1+ 7y
2

) é\xgz(_ﬁspec7 Xv Y_:7 m) )
(5.23)

:/ dUSU(2) ASU(Q)(U; m) Sp (m +U +

where to go from the second to the third line, we observe that C' is precisely the combination
of FI parameters in Sy that we need to integrate over to decouple the redundant U(1)
gauge symmetry.

The equivalence of the descriptions in the two different channels corresponds to the (3d
reduction of the) Argyres-Seiberg duality [29], and is indeed a direct analogue of the class S
result [2]. We further note that our calculations precisely reproduce the data associated with
the irregular puncture involved in the second channel in [3] in this particular channel. In
their notation, the maximal puncture in the trinion containing the two minimal punctures is
replaced by an irregular puncture with pole structure {1, 3}, along with an SU(2) gauging.
Moreover, our theory labelled S, containing a free hyper in the fundamental of SU(2) matches
their prediction regarding the trinion containing two minimal and the {1, 3} irregular puncture.

Going back. In this section, we outline the procedure for reconstructing the original star-
shaped quiver shown in the top right corner of figure 13, starting from the final theory depicted
in the second line of figure 14. We begin by ungaging the U(3) gauge group at the central
node of the Sy theory as illustrated below and focus on the CB gauging of the T[U(3)] tail.

@ — O3]

(5.24)

Next, as shown in the first step of eq. (5.25), we take the mirror dual of the T[U(3)]. The
gauging becomes Lagrangian on the HB, and we obtain a quiver in which all hypermultiplets
are twisted relative to those in the original star-shaped quiver (they are shown in blue),
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as depicted in the final step of eq. (5.25).

@Q-— O] = Q-—[HO-0O =
\—/

Mirror

(5.25)

02020

To obtain a more convenient description of the final quiver, we proceed as follows. We
begin with the first quiver in eq. (5.26), which differs from the last quiver in eq. (5.25)
only at the first node — now a U(2) gauge node. This U(2) node is ugly, so we dualise
it. The second node then becomes ugly as well; dualising it leads to the second quiver in
eq. (5.26). In the third step, we take the mirror of the resulting abelian quiver and obtain
an SQED with three flavours.

Mirror

If we now gauge the U(1) topological symmetry of the first U(2) node in the first theory
of eq. (5.26) — effectively turning it into an SU(2) node — and simultaneously gauge the
corresponding U(1) flavor symmetry in the final theory of the same figure, we obtain a new
dual description of the quiver in the last step of eq. (5.25). This dual theory consists of
two decoupled copies of SQED with three flavours. Finally, by reinstating the two T[U(3)]
tails which were previously omitted during the computation and gauging the U(3) flavour
symmetry, then clearly reproduces the theory displayed in the top right corner of eq. (13).

5.3 N = 4 examples

In this subsection, we study the theories of class S of type 31(4) associated to a sphere
with two maximal and two generic regular punctures. The aim is to study the channel
decomposition in which the two regular punctures are paired together in a single trinion. The
set of regular punctures for 811(4) that can possibly give rise to a bad trinion is [3, 1], [2%], [2, 12].
Among these, if both the regular punctures are of the type [2,12], or one is of type [2,1?]
while the other is [22], then the resulting trinion is not bad, but instead corresponds to a
free theory consisting of free hypers in certain representations of SU(4). We focus on all the
remaining possible combinations of these three 811(4) punctures that give rise to a bad trinion.

In each case, we match the prediction of [3], regarding both matter content of the trinions
and the residual gauge group under the channel decomposition, from the point of view of
their 3d mirrors.
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Figure 15. N = 4 example with two minimal punctures and the associated channel decompositions.
These are expressed at the level of the Riemann surfaces associated to the corresponding theory of
class S, and the star-shaped quivers corresponding to their 3d mirror. The original theory S is labelled
on the top right corner, while the dashed lines denote the full T[U(4)] tails.

5.3.1 p12 = [3,1]

We first consider the case with two minimal punctures, p12 = [3,1]. As usual, there are

two possible decomposition channels, and in the one that splits the two minimal punctures

among different trinions, we obtain an SU(4) SQCD with 8 fundamental hypermultiplets, as

discussed in subsection 5.6. We instead focus on the second channel decomposition, in which

we club the two minimal punctures together. We depict the Riemann surface, the chosen

channel decomposition, and the associated 3d mirror star-shaped quivers in figure 15.
The partition function of the original theory S can be expressed as

ZS' <Xa }77 W[?),l]v 2[3,1]; m) = / dC AICB(Cv m) ZS (Xa }77 I/T’/[3,1]7 2[3,1];777’) ) (527)
where the combination C, that is integrated over in order to decouple the redundant U(1)

gauge group, is

4
C =) (X;+Yi)+ Z1+3Z+ Wi +3W5. (5.28)
=1

The partition function associated with this channel decomposition is:

—

ZS (X, }7, W[?),l]a 2[371]; m) = / dﬁ4 AEB(ﬁ, m)Zgl (2[3’1] y W[?”H’ ﬁ; m) 252 (—[7, }7, X; m) .
(5.29)
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Figure 16. At the top, we depict the quiver corresponding to the 3d mirror of the chosen channel
decomposition. Notice that we use a gauge node with hook arrows to indicate the gauging of a
U(4) symmetry on the Coulomb branch of the two connected full tails. As pointed out in the main
text, Sy is a bad theory, and there is an RG flow driven by monopole VEVs leading to the quiver
theory depicted on the bottom. In the interest of brevity, we denote the following combination of

FI parameters as a = %(Wl + Z1 — Wa — Z3). Note that the hypers shown in blue are twisted with
respect to those in the original theory.

For convenience, we report the 3d quiver corresponding to the channel decomposition again
at the top of figure 16.

By design, the trinion containing the two minimal and a maximal puncture corresponds
to a bad theory since the central U(4) node only sees 5 fundamental flavours. Thus, upon
running the electric dualisation algorithm on the theory S7, we obtain

Zs, (Z[371}, W[?nl}’ U; m) -

:6(U3+U4+W1+W2+Z1+Z2)6<m—Z§2+U1+W2+ZQ>
X 5<—m+Z§2+UQ+W2+ZQ> sb(mj:(U4+W2+Z1))sb(mj:(U4+W1—i—ZQ))

2
H{Sb (mE(W;+Z; +Us))sp(iQ — m £ (W; + Z; + Uy))

X sp(3m — iQ + (W + Z; + U4>>} s (2’” - ?)3 (4’" B 322Q> (‘27” + 3?)

+ 11 permutations (5.30)

From the arguments of the Dirac deltas, we deduce that the U(4) global symmetry is
spontaneously broken to SU(2). The sum over frames is in accordance with this prediction,
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since the 11 other frames are related to the first one only by permutations of the U; parameters
corresponding to the action of the quotient of the two Weyl groups, S4/Zs. Making contact
with eq. (5.9), we can group the terms of the first frame as follows:

Z§1 = sb(m:I:(U4+W2+Zl))sb(m:|:(U4+W1+Z2))

2
Opx =0 (Us+Uy+ W1 +Wo+Z1+ Zs)

oNi =0 (m—ZQ-I—Url-WQ-i-ZQ) 1) (—m+Z§Q+UQ+W2+Z2)

1 Agg@) (U4+ W1+W22+Z1+Zz ;m)

ch'’l AFP(Usm)

- H [(Sb(iQ—mi(Wj+Zj+U4)) Frame 1
7j=1

OEx,ONil

><Sb(3m—’iQ:|:(Wj+Zj+U4))Sb(m:|:(Wj+Zj+U4))}

X Sp <2m—i§2)3sb <4m—3i2Q> Sp (—2m+3i2Q) .

(5.31)

Having analysed S7 in isolation, let us study the partition function when S; is glued to

Ss. Since the S; theory is bad, it generates a VEV that spontaneously breaks the U(4) gauge
symmetry to SU(2). The two Dirac deltas in dyj in eq. (5.31) correspond to a nilpotent
VEV that Higgses the U(4) gauge symmetry down to U(2). Additionally, the T[U(4)]
theory associated to the full tail of Sy is Higgsed to a Tjy 12[U(4)] theory due to the gluing
superpotential imposing the same nilpotent VEV for the CB moment map of T[U(4)] in Ss.
Based on the general discussion in subsection 5.1 (see also appendices B and C), we have that:

S o N i 2
Z0(=0,Vim)lag, = Zp1 |, (-T2, Vim) x chi! (5.32)

2

where Ch%ll T precisely the contribution of chirals appearing in the fourth line of eq. (5.31).

Finally, the single Dirac delta corresponding to dg, simply has the effect of freezing the
diagonal U(1) of the unbroken U(2) gauge group, thus breaking it to SU(2).
In summation, by substituting eq. (5.30) back in eq. (5.29), and eq. (5.32), we obtain

Z3(X,Y , Wiz, Zia;3m) :/ AUy (2) ASH o) (U5 m) %
(5.33)

25, (-0 X.¥) |

— -1+ Z
xsb(m:tU:twl e 1+ 2>

where U (equal to any of the starting Uj) is the only remaining gauge parameter and is
associated with the unbroken SU(2) gauge group. Additionally, the partition function of gg,
252(—[7[52%3},)? , 57) after the nilpotent VEV, corresponds to that of a star-shaped quiver with
two full and a [2,12] regular tail. Note that eq. (5.33) is obtained by the following shifting of
the unbroken Cartan of the SU(2): U — U — W, along with the definition,

—

U[s;;eg] = (U3, Us, W2 + Z3) |5, +shift

_(_U_W1+W2+Z1+Z2 U_W1+W2+Z1+Z2
N 2 ’ 2

(5.34)

7W2+Z2> .
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The redundant U(1) gauge symmetry still present in Sy is appropriately integrated out when
considering Zg via the integration over C, cf. eq. (5.27). Once again, the quantity C for the
final theory is the same as the one for the initial theory, as in eq. (5.28), as expected.

Note that So has a redundant U(1) gauge symmetry, indeed in 25‘ we still have the
integral over C' that removes this overall U(1) transformation. By performing this integration,
we mod out correctly the redundant gauge U(1) from the resulting theory S,. Notice that
the quantity C for the final theory is the same as that of eq. (5.28), as expected.

The final result in this channel is the 3d mirror of the generalised Argyres-Seiberg duality
for the 4d ' =2 SU(4) SQCD with 8 flavours, as expected from the class S description [2].
We depict the resulting quiver theory in figure 16. Notice that the hypers (in blue) gauged to
the SU(2) node are twisted with respect to the hypers in the quivers shown in the first line of
figure 16, indeed if we mirror back Sy we obtain the direct (non-mirror) 3d reduction of the
4d theory associated to this channel. Once again, we match the prediction under this channel
decomposition in [3]. In their language, this corresponds to a {1, 3,5} irregular puncture, that
is glued to a [2,12] puncture on the other trinion via an SU(2) gauging. Moreover, our theory
labelled S containing a free hyper in the fundamental of SU(2) matches their prediction
regarding the trinion containing two minimal and the {1, 3,5} irregular puncture. This is
precisely what we derive at the level of the 3d mirror via a structured calculation.

5.3.2 p12 = [27]

Next, we consider the case with two identical regular punctures of the type p12 = [22]. Once
again, we focus on the channel decomposition wherein the two regular punctures are clubbed
together in a single trinion. We will not be interested in the other channel decompositions as
the two trinions there are both good. We depict the Riemann surface, the chosen channel
decomposition, and the associated 3d mirror star-shaped quiver in figure 17.

The partition function of the original theory S can be expressed as

- o o — - o o

@(X,Y,W[QQ],Z[QQ];m) - / dCASB(C;m)Zg (X,Y, W[Qz},Z[QQ};m), (5.35)

where the combination C, that is integrated over in order to decouple the redundant U(1)
gauge group, is

4 2
C=>(Xi+Y)+ ZW+Z (5.36)
=1 j=1

The partition function associated with this decomposition channel is:
Z5 (X, ¥, Wiga), Zpaym / AUy ATE(U;m) Zs, (Z2), Wine), Usm) Zs,(~U, X, ¥im).

(5.37)
For convenience, we report the 3d quiver corresponding to the channel decomposition again

at the top of figure 18.
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Figure 17. N = 4 example with two [2?] punctures and the associated channel decompositions.
These are expressed at the level of the Riemann surfaces associated to the corresponding theory of
class S, and the star-shaped quivers corresponding to their 3d mirror. The original theory S is labelled
on the top right corner, while the dashed lines denote the full T[U(4)] tails.

By design, the theory S; is a bad theory and the electric algorithm yields

Zs,(Zig2), Wiaz), Uy m)
=0(Us+Us+ W1+ Wa+ Z1 + Z2)5(Ur + Uy + W1 + Wa + Z1 + Z3)

4
X H {sb(m + (Uj + Wa + Z3)) sp(m £ (U; + W1 + Z3))
j=3
X sp(m £ (Uj + Wi+ Z1)) sp(m £ (Uj + Wso + Zl))}

X Sp <2m - ?)2 Sp (Zg + (Us — U4)) Sb (Qm — g + (Uz — U4)>

(5.38)

XSb(/ngi<U3+U4+Wl+WQ+Z1+ZQ))

XSb(Qm—12Q:|:(U3+U4+W1+W2+Z1+ZQ>)

+ 2 permutations

From the arguments of the Dirac deltas, we deduce that the U(4) global symmetry is
spontaneously broken to USp(4). The sum over frames is in accordance with this prediction,
since the two other frames are related to the first by permutations of the U; parameters
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Figure 18. At the top, we report the quiver corresponding to the 3d mirror of the chosen channel
decomposition. Notice that we use a gauge node with hook-arrows to indicate the gauging of a U(4)
symmetry on the Coulomb branch of the two connected full tails. As pointed out in the main text,
S1 is a bad theory, and there is an RG flow driven by monopole VEVs leading to the quiver theory
depicted on the bottom. Note that the hypers shown in blue are twisted with respect to those in the
original theory.

corresponding to the action of the quotient of the two Weyl groups, Sy/D4. Making contact
with eq. (5.9), we can group the terms of the first frame as follows:

4
Z§1:1:[

{sb(mj: (U; 4+ Wa+ Zo))sp(m=+ (U + W + Zs))
3

J

X sp(m =+ (Uj +Wi+4Z1))sp(m+ (Uj +W2+Zl))]

Onit =1
Opx =0(Ua+Us+ Wi+ Wa+Z1+ Z2)0(Uy + Us + W1+ Wa+ Z1 + Z3)
Aglsg ) (Ui+W1+W2+Z1+Z2;m) i\ 0 Frame 1
() _ =sp <2m—) Sp (:I:(Ul—Ug))
A§B(U;m) 2 2
Ex
X Sp <2m—Z2Q:|:(U1 —U2)> Sp (?i(Ul—FUQ—I—Wl +W2+Z1+Z2)>
iQ)
X Sp <2m—2:|:(U1+U2+W1+W2+21+Z2))
(5.39)

Evidently, the set dnj is empty, while the set dgyx contains two Dirac deltas that impose a
constraint on the U(4) parameters, such it is broken to USp(4).
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Having analysed S7 in isolation, let us study the partition function when S is glued
to Se. As in the previous examples, after substituting eq. (5.38) back in eq. (5.37) and
making the shift:

Wi+ We+Zi+ 2

U; - U 5 , i=1,2, (5.40)

we obtain

ZS(X, ?, W[22], 2[22]; m) =
2

- / dUusp(a) At Tm) ] [Sb(m UM+ 21 =W = 2) (5.41)
j=1

X sy(m £ Uj+ (W) — Zy — Wa + ZQ))]ZSQ(—U'SPQC,X,?; m).

Here, we have used the definition

TP = (Uy, Us, Us, Uy) | $ 10+ shift

Wi+ Wa+ 21+ Z Wi +Wae+ 21+ Z
—(U1— 1 22 1% 5 W 22 12 (5.42)
Wi+ Wo+ 21+ Zs Wi+ Wo+ 21+ 25
—UQ— 9 7_U1_ 2 )

where Uy, Us are the gauge parameters of USp(4), and can be any pair of the starting
U;. Once again, the diagonal redundant U(1) gauge group in S can be decoupled by the
integral over C' in 2/,7\3

The final result in this channel corresponds to a USp(4) gauging of two half-hypermultiplets
in the fundamental of USp(4) and of a USp(4) subgroup of the U(4) symmetry associated
to the full tail in So (which in this case is the 3d mirror of the Ty theory). We depict the
resulting theory in figure 18. Notice that the hypers (in blue) gauged to the USp(4) node are
twisted with respect to the hypers in the quivers shown in the first line of figure 18, indeed if
we mirror back Sp we obtain the direct (non-mirror) 3d reduction of the 4d theory associated
to this channel. Once again, we match the prediction under this channel decomposition
in [3]. In their language, this corresponds to a {1,3,3} irregular puncture, that is glued to a
maximal puncture on the other trinion via a USp(4) gauging. Moreover, our theory labelled
S containing two free half-hypers of USp(4) matches their prediction regarding the trinion
containing two minimal and the {1, 3,3} irregular puncture. This is precisely what we derive
at the level of the 3d mirror via a structured calculation.

5.3.3 p1 = [2%],p2 = [3,1]

We now consider the case with p; = [2%] and py = [3,1]. Once again, we focus on the channel
decomposition wherein the two regular punctures are clubbed together in a single trinion.
We will not be interested in the other channel decompositions as the two trinions there are
both good. We depict the Riemann surface, the chosen channel decomposition, and the
associated 3d mirror star-shaped quiver in figure 19.
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Figure 19. N = 4 example with one [22] and one minimal puncture and the associated channel
decompositions. These are expressed at the level of the Riemann surfaces associated to the corre-
sponding theory of class S, and the star-shaped quivers corresponding to their 3d mirror. The original
theory S is labelled on the top right corner, while the dashed lines denote the full T[U(4)] tails.

The partition function of the original theory S can be expressed as

—_— — —

ZS ()Z, Y, W[Qz}, 2[371}; m) = / dC A?B(C; m) ZS (X, ?, VT/[QQ], 2[371]; m) N (5.43)

where the combination C, that is integrated over in order to decouple the redundant U(1)
gauge group, is

4
C=> (Xi+Yi)+2Wi +2Wa + Z1 + 325 (5.44)
=1

The partition function associated with this decomposition channel is:

—

ZS (X, Y, W[Qz}, 2[371] > m) = / de4 AEB((_j; m) 25'1 (2[371], W[gz], [7; m) 252 (—U, X, }7; m)

(5.45)
For convenience, we report the 3d quiver corresponding to the channel decomposition again
at the top of figure 20.
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By design, the theory S; is a bad theory and the electric algorithm yields
ZS1 (ﬁ, W[22], 2[371]; m)
=0 Ua+ Wi+ Z2) (U + Wa+ Z2)d (Us +Us + Wy + Wa + Z1 + Zo)

k[%@m_?iaMH%+%0%(?i@hﬂ%+&0]
J,k=1

(5.46)

X 5 <2m_ ? + (W) — W2)> Sb <Z;2 + (W — W2)> Sb <2m_ 122)3

+ 11 permutations

From the arguments of the Dirac deltas, we deduce that the U(4) global symmetry is
spontaneously broken to SU(2). The sum over frames is in accordance with this prediction,
since the two other frames are related to the first by permutations of the U; parameters
corresponding to the action of the quotient of the two Weyl groups, Sy/Zo. Making contact
with eq. (5.9), we can group the terms of the first frame as follows:

Z; =1
oni =1

Opx =0 (Us+ Wi+ Z2)d (U +Wa+Z3) 0 (Us+Us+ W1+ Wo+ Z1 + Zs)

ASE <U4— W1+W2+Zl+22.m) 2 .
(2) 2 ; B iQ '
ACB((j-m) = H {sb <2m— 5 +(Us+W; -I-Zk)) Frame 1
4 ’ JEX ],kzl
X 8y (Zggi(U4+Wj —I-Zk)>:|8b (2m—Z§2> Sp <2m—?:ﬁ(W1—WQ)>
1
X Sp, <2Q + (W —W2)>
6Ex
(5.47)

Evidently, the set dnj is empty; therefore, there is no nilpotent VEV for the moment map
of U(4), while the set dgx contains three Dirac deltas in total. While the first two freeze
two Cartans, effectively breaking U(4) to SU(2), the third one constrains the sum of the
remaining two Cartans, breaking the U(2) further down to SU(2). Additionally, notice that
Sy is a trivial theory.

Having analysed S7 in isolation, let us study the partition function when S; is glued to
Sy. As in the previous examples, after substituting eq. (5.46) back in eq. (5.45) and making
the shift: Uy — Uy + W (and renaming Uy = U), we obtain

ZS (X, ?, W[22], 2[3’1}; m) = / dﬁSU(Q) Agg@) (U)252 (_Uvspec’ X, }7; m) 5 (5.48)
where
TP = (U, Uy, Uz, Uy) |5y, +shifs =

SWL1+We+ 21+ Z Wi+Wo+ 21+ Z

2 2
(5.49)
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Figure 20. At the top, we depict the quiver corresponding to the 3d mirror of the chosen channel

(52)

decomposition. Notice that we use a gauge node with hook arrows to indicate the gauging of a
U(4) symmetry on the Coulomb branch of the two connected full tails. As pointed out in the main
text, S is a bad theory, and there is an RG flow driven by monopole VEVs leading to the quiver
theory depicted on the bottom. In the interest of brevity, we denote the following combinations of FI
parameters as oy = %(SWl +321+Wo+ Z), ag =W+ Wa + Z1 + Zs.

Once again, the diagonal redundant U(1) gauge group in Sy can be decoupled by the integral
over C' in Zg'

The final result in this channel is an SU(2) gauging of the 3d mirror of the 7 theory.
We depict the resulting theory in figure 20. Once again, we match the prediction under
this channel decomposition in [3]. In their language, this corresponds to a {1, 3,4} irregular
puncture, that is glued to a maximal puncture on the other trinion via an SU(2) gauging.
Moreover, our theory labelled S being an empty theory matches their prediction regarding
the trinion containing a [22] and [3, 1] regular punctures, and the {1, 3,4} irregular puncture.
This is precisely what we derive at the level of the 3d mirror via a structured calculation.

534 p1 =12, 12]7 p2 = [3,1]

We now consider the case with p; = [2,12] and py = [3,1]. Once again, we focus on the
channel decomposition wherein the two regular punctures are clubbed together in a single
trinion. We will not be interested in the other channel decompositions as the two trinions
there are both good. We depict the Riemann surface, the chosen channel decomposition,
and the associated 3d mirror star-shaped quiver in figure 21.

The partition function of the original theory S can be expressed as

ZS’ (X,?, W[QJQ}, 2[371}; m) = / dC Ach(C, m) ZS (X,?, W[QJQ}, Z_)[g’l};m) y (550)
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Figure 21. N = 4 example with one [2,12] and one minimal puncture and the associated channel
decompositions. These are expressed at the level of the Riemann surfaces associated to the corre-
sponding theory of class S, and the star-shaped quivers corresponding to their 3d mirror. The original
theory S is labelled on the top right corner, while the dashed lines denote the full T[U(4)] tails.

where the combination C, that is integrated over in order to decouple the redundant U(1)
gauge group, is

4
C=) (Yi+Xi)+ Wi+ Wo+2Ws+ Zy +3Z,. (5.51)
=1

The partition function associated with this decomposition channel is:
ZS ()?, ?, W[2712] y 2[371] ) m) = / d[_j4 ASB([j, m) Zsl (Z_‘[gﬂ 5 W[Q’p] 5 [j; m) ZSQ (—[7, X, }7; m) .
(5.52)
For convenience, we report the 3d quiver corresponding to the channel decomposition again
at the top of figure 22.
By design, the theory S is a bad theory and the electric algorithm yields
Zs (Z[3,1]7 W[2,12], U;m)

= 0(Us+ Zo +W3)0(Ur + Uz + Uz + Z1 + 225 + W1 + Wa + W3)

lejl {sb (ig)i(Uj+ZZ+W3)) Sb (Zm— igi(Uj+Z2+W3))]

. 2 3

Wi — 2W- Z1— 7

xsb(2m—zg> H[sb(mi(Uk— ! 2+;/V3+ ! 2))
k=1
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xsb(mi(Uk—i— Wi —Wy - W3 1+ 2))}

3
+ 3 permutations. (5.53)

From the arguments of the Dirac deltas, we deduce that the U(4) global symmetry is
spontaneously broken to SU(3). The sum over frames is in accordance with this prediction,
since the three other frames in eq. (5.53) are related to the first by the quotient of the
two Weyl groups, S4/S3. Making contact with eq. (5.9), we can group the terms of the
first frame as follows:

3
-2 Z1—7
Z~ :H {sb (m:l:(Ui—VV1 WatWa+ 2, 2)> X

s 1L 3
QW —Wo—W3—-2Z1+7
o 1)
onip =1
Opx = 0(Uy+Zo+W3)d(Ur +Us+Us+ 21 +2Z5+ W1 +Wo+Ws)
CB ( 214270+ W1+ Wot+W: ) Frame 1
A U;+4 2 1 2 3;TTL 3 .
SU(3) —— 3 = H [Sb <Z;2:|:(Uj+ZQ+W3)> X
AGP(Uim) =
AN 2
]
X 8p (2m—§2>
iQ
X 8p (2m—:|:(Uj—|—Z2+W3)>}
2 JEX
(5.54)

Evidently, the set dnj is empty; therefore, there is no nilpotent VEV for the moment map
of U(4), while the set dgx contains two Dirac deltas in total. While the first one freezes a
single Cartan, effectively breaking U(4) to U(3), the second one constrains the sum of the
remaining parameters, breaking the U(3) further down to SU(3).

Having analysed S7 in isolation, let us study the partition function when S is glued
to Se. As in the previous examples, after substituting eq. (5.53) back in eq. (5.52) and
making the shift:

_Zl-f—QZQ-f—Wl—l-Wg—l-Wg

Ui—>UZ' 3

i=1,2,3, (5.55)

we obtain

Zs <X7?7W{2,12}7Z[3,1];m) :/ dUy(s) AS](%’))(ﬁ;m)5(U1+U2+U3)

4
-2 AR
XH s (mi(Ui—WI Wo+W3+2, 2>>
=2 3 (5.56)
QW —Wo—-W3—-2Z14+ 2
xsb<mi(Ui—|— 1 2 : 3—2Z1+ 2)”

X Zey (— 07, % Vim).
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Figure 22. At the top, we depict the quiver corresponding to the 3d mirror of the chosen channel
decomposition. Notice that we use a gauge node with hook arrows to indicate the gauging of a
U(4) symmetry on the Coulomb branch of the two connected full tails. As pointed out in the main
text, Sp is a bad theory, and there is an RG flow driven by monopole VEVs leading to the quiver
theory depicted on the bottom. In the interest of brevity, we denote the following combinations of FI
parameters as a = %(ZW;», — 71+ Zy — Wy — Wa). Note that Uy, Us, Us are not independent, but are
related by the Dirac delta appearing in eq. (5.56). Recall that the hypers shown in blue are twisted
with respect to those in the original theory.

Here, we have used the definition

F7spec __ 17 .
U™ = Ul gy, +shift
(U Zy+2Zy + Wi+ Wao+ W3 U 214+ 2Zy + Wi+ Wo 4+ W3
= 1= ’ -

3 2 3 © o (5.57)
VA 27 Wi+ Wy + W-
Uy — 1+2Z> + 31+ 2+ 3,—Z2—W3)

Once again, the diagonal redundant U(1) gauge group in Sy can be decoupled by the integral
over C' in Zg

The final result in this channel corresponds to a SU(3) gauging of two hypermultiplets in
the fundamental of SU(3) and of an SU(3) subgroup of the U(4) symmetry associated to the
full tail in S (which in this case is the 3d mirror of the Ty theory). We depict the resulting
theory in figure 22. Notice that the hypers (in blue) gauged to the SU(3) node are twisted
with respect to the hypers in the quivers shown in the first line of figure 22, indeed if we
mirror back Sz we obtain the direct (non-mirror) 3d reduction of the 4d theory associated
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to this channel. Once again, we match the prediction under this channel decomposition
in [3]. In their language, this corresponds to a {1,2,4} irregular puncture, that is glued to a
maximal puncture on the other trinion via an SU(3) gauging. Moreover, our theory labelled
S, containing two free fundamental hypers of SU(3) matches their prediction regarding the
trinion containing a [2,1?] and a minimal puncture, and the {1, 2,4} irregular puncture. This
is precisely what we derive at the level of the 3d mirror via a structured calculation.

5.4 Three different, but related, N = 5 examples

In this subsection, we present some selective examples of theories of class S of type 31(5)
associated to a sphere with two maximal and two generic regular punctures. In particular,
we study three configurations where the gauge symmetry associated with the tube is Higgsed
down to SU(4). The difference between the three configurations is the theories S obtained
after the application of the electric dualisation algorithm on the respective bad theories.
These are Wess-Zumino models in the first two cases, and an interacting SCFT in the third.
In the language of [3], we consider trinions with three different pairs of regular punctures
and the same irregular puncture {1,2,3,5} and the same conjugate puncture, a maximal
puncture. From our perspective, these three examples feature different S, theories, but the
same Onj X 0y and chiral multiplets upon running the electric dualisation algorithm.

541 p1 =2, 13]9 p2 = [4,1]

We first consider the case p; = [2,13] and ps = [4,1]. Once again, we focus on the channel
decomposition wherein the two regular punctures are clubbed together in a single trinion.
We will not be interested in the other channel decompositions as the two trinions there are
both good. We depict the Riemann surface, the chosen channel decomposition, and the
associated 3d mirror star-shaped quiver in figure 23.

The partition function of the original theory S can be expressed as

- = = —.

Zg ()?, }7, 2[471], W[les]; m) = / dC A?B(C; m) Zs(X, Y, Z[471}, [2,13] 5 m) s (5.58)

where the combination C, that is integrated over in order to decouple the redundant U(1)
gauge group, is

5
C =) (Xi+Yi)+ Z1+4Zs + Wi + Wa + Ws + 2W,.. (5.59)
=1

The partition function associated with this decomposition channel is:
Zg <X>?,Z[4,1},W[2,13];m) =/ dUs ASB(U,m) Zs, (W[2,13},Z[4,1],(7;m) Zs,(-U,X,Y;m).
(5.60)

For convenience, we report the 3d quiver corresponding to the channel decomposition again
at the top of figure 24.
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Figure 23. N = 5 example with one [2, 13] and one minimal puncture and the associated channel
decompositions. These are expressed at the level of the Riemann surfaces associated to the corre-
sponding theory of class S, and the star-shaped quivers corresponding to their 3d mirror. The original
theory S is labelled on the top right corner, while the dashed lines denote the full T[U(5)] tails.

By design, the theory S; is a bad theory as the central U(5) node only sees eight
fundamental flavours. The application of the electric dualisation algorithm yields

4 5
Zs, ( 2,13)> Z[a,1), U m) =0(Ur+Wy+23)6 ZWZ + ZU]' + Z1 + 325
i=1 j=2
b iQ iQ
X H |:3b (2 + (U; + Wy + Zg)) Sp <2m 5 + (U; + Wy + Zg)) :| (5.61)
i=2

‘N2 5
X Sy <2m - Z2Q> H H sp(m = (Uj + W+ Z3)) + 4 permutations .
j=21=1

From the argument of the Dirac deltas in eq. (5.61), we can deduce that the U(5) flavour
symmetry group is Higgsed down to SU(4), so the 5 different frames can be understood
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Figure 24. At the top, we depict the quiver corresponding to the 3d mirror of the chosen channel
decomposition. Notice that we use a gauge node with hook arrows to indicate the gauging of a
U(5) symmetry on the Coulomb branch of the two connected full tails. As pointed out in the main
text, Sy is a bad theory, and there is an RG flow driven by monopole VEVs leading to the quiver
theory depicted on the bottom. In the interest of brevity, we denote the following combinations of FI
parameters as o = % (Zle W, —3Wy+ 27 — ZQ). Note that Uy, Us,, Us, U, are not independent but
are related by the § function appearing in eq. (5.63). Hypers shown in blue are twisted with respect
to those in the original theory.

as the action of S5/S;. Making contact with eq. (5.9), we can group the terms of the first
frame as follows:

5 3
251 = H Hsb(m:t(Uj +Wi+25))
j=2i=1
onii =1
4 5
Opx=0(Ur+ Wyt Z2) 6 | S Wit Uj+Z1+325
i=1 j=2
4 Frame 1
' W, +21+43Z
Ag{]?M) (Ui+Z]_l ]: 1+3 2;m> o , 0
i i
= = 2m—— +(U; VA
ATE (o) sb( m 2> jzl_[Q[Sb< 5 (Uj+Wa+ 2))
5Ex
iQ
X8b<2m—:|:(Uj+W4+ZQ)>]
2 6Ex
(5.62)

Evidently, the set dnj is empty; therefore, there is no nilpotent VEV for the moment map
of U(5), while the set dgx contains two Dirac deltas in total. While the first one freezes a
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single Cartan, effectively breaking U(5) to U(4), the second one constrains the sum of the
remaining parameters, breaking the U(4) further down to SU(4).

Having analysed S7 in isolation, let us study the partition function when S is glued to
Sy. As in the previous examples, after substituting eq. (5.61) back in eq. (5.60) and making

i L WitZi43Z
the shift: U; — U; — 2i1 : 14325

4
(X[ls], [15} W[4 1]» 2 13]7 / dU4 A (U,m) 1) <Z Uz)
=1

4
X H [Sb(m:i:(Ui-l-Wl+W2—3W3+W4+Zl—Zg))

i=1 (5.63)
X sp(m £ (Ui + W1 —3Wa + Ws + Wy + Z1 — Zs))

we obtain:

X sp(m £ (U —3W1 + Wo+ Wy + Wy + Z; — ZQ))]
x Zg,(—U%® X Y;m),

where

U’-spec — (U17 Us,Us, Uy, U5)’5Ex+shift

S Wi+ Zy + 32,

B S Wi+ Zy + 32,
4 4
F Wi+ 21 4+3Z2 F Wi+ 214+ 32
U3—Zl_1 rz 1+ 2,U4—ZZ_1 ZZ 1+ 2,—W4—ZQ>.

Here Uy, Us,Us, Uy can be any of the starting U;, and are gauge parameters of SU(4),
constrained by the Dirac deltas appearing in eq. (5.63). Once again, the diagonal redundant
U(1) gauge group in Sy can be decoupled by the integral over C' in Zg.

The final result in this channel corresponds to an SU(4) gauging of three hypermultiplets
in the fundamental of SU(4) and of an SU(4) subgroup of the U(5) symmetry associated
to the full tail in Sy (which in this case is the 3d mirror of the T5 theory). We depict the
resulting theory in figure 24. Notice that the hypers (in blue) gauged to the SU(4) node are
twisted with respect to the hypers in the quivers shown in the first line of figure 24, indeed if
we mirror back Sz we obtain the direct (non-mirror) 3d reduction of the 4d theory associated
to this channel. Once again, we match the prediction under this channel decomposition in [3].
In their language, this corresponds to a {1,2,3,5} irregular puncture, that is glued to a
maximal puncture on the other trinion via an SU(4) gauging. Moreover, our theory labelled
S, containing three free fundamental hypers of SU(4) matches their prediction regarding the
trinion containing a [2, 13], a minimal puncture, and the {1,2, 3,5} irregular puncture. This
is precisely what we derive at the level of the 3d mirror via a structured calculation.

5.4.2 p1 =3, 12]7 p2 = [3,2]

The second case that we study for theories of class S of type 8u(5) is the one associated to a
sphere with two maximal and two regular punctures: [3,1?] and [3,2]. Once again, we focus on
the channel decomposition wherein the two regular punctures are clubbed together in a single
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Figure 25. N = 5 example with a [3,1?] and a [3, 2] puncture, and the associated channel decom-
positions. These are expressed at the level of the Riemann surfaces associated to the corresponding
theory of class S, and the star-shaped quivers corresponding to their 3d mirror. The original theory S
is labelled on the top right corner, while the dashed lines denote the full T[U(5)] tails.

trinion. We will not be interested in the other channel decompositions as the two trinions
there are both good. We depict the Riemann surface, the chosen channel decomposition,
and the associated 3d mirror star-shaped quiver in figure 25.

The partition function of the original theory S can be expressed as

ZAS (X,?, W[3,12},Z[3,2};m> :/ dC A?B(Q m) Zs (X,?, W[3,12}>Z[3,2];m) ) (5.65)

where the combination C, that is integrated over in order to decouple the redundant U(1)
gauge group, is

5
C=> (Yi+Xi)+2Z1 +3Zy + Wi + Wa + 3Ws. (5.66)
i=1

The partition function associated with this decomposition channel is:

Zg (X', Y, W[3,12]7 2[3,2]; m)
(5.67)

—

= / d[jg) AgB(ﬁ, m) 251 (2[372], W[3712], ﬁ, m) ZSQ(—ﬁ7X, Y,m) .

For convenience, we report the 3d quiver corresponding to the channel decomposition again
at the top of figure 26.
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By design, the theory Sj is a bad theory as the central U(5) node only sees eight
fundamental flavours. The application of the electric dualisation algorithm yields

ZSl (Z[?”Q]’ W[3712]’ ﬁ; m) -

=0 (U1 + W3+ Z9)§(Uy+ Us + Uy + Us + Wy + Wo + 2W3 + 277 + 275)

% ]11 [Sb (z? + (U; + W3 + Z2)) Sp <2m - g + (U +Ws + Z2)> } (5.68)

X S <2m - ZQ>2 ﬁ |:Sb(m + (U; + W3 + Zl))]

4 2
x [T T1 5o (m + (Us + Us + W + Wa + Z1 + Z3)) + 4 permutations .
i=2 j=1
From the argument of the Dirac deltas in eq. (5.68), we can deduce that the U(5) flavour
symmetry group is Higgsed down to SU(4), so the 5 different frames can be understood
as the action of S5/S54. Making contact with eq. (5.9), we can group the terms of the first
frame as follows:

5 4 2
2z =[] so(m=U;+Ws+20)) [T T so(m =+ (Ui +Us +W; + W3 + 21 + Z5))
=2 i=2j=1
onil =1
5EX:5(U1+W3—|—ZQ)5(U2+U3+U4+U5+W1+W2+2W3+2Z1+2Z2)
C Wi1+Wo+2Ws+27142Z: Frame 1
AB Ui"i‘ 1+ Wo+2Ws+427,+ z;m 5 .
SU(4)( - 4 ) :H [Sb (ZQ:t(Uj—i—Wg—i—Zg)) %
A= (Usm) j=2 2
6Ex
. . 2
xsb(2m—Z§2:|:(Uj+W3+Zg))}sb<2m—Z§2>
aEx
(5.69)

Evidently, the set dnj is empty; therefore, there is no nilpotent VEV for the moment map
of U(5), while the set dgx contains two Dirac deltas in total. While the first one freezes a
single Cartan, effectively breaking U(5) to U(4), the second one constrains the sum of the
remaining parameters, breaking the U(4) further down to SU(4).

Having analysed S7 in isolation, let us study the partition function when S; is glued to
Sy. As in the previous examples, after substituting eq. (5.68) back in eq. (5.67) and making
the shift: U; — U; — W1+W2+2VZS+2Z1+ZZQ we obtain:

Zs(X, Y, W312], Zj3.01m)

4 4
~ N W1+ Wo+2Z5 —2W5—-2Z2
U, QCB U: U + U+ 1 2 2 3 -
/d ! SU(4)( ﬂn)é(; i)jl;[1|:8b <m <j 4 )>:|

4 Wi —W. o
< I1 [sb (mj: (Ui+U5i122>)] Zg, (—U, X Vim), (5.70)
i=1
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Figure 26. At the top, we depict the quiver corresponding to the 3d mirror of the chosen channel
decomposition. In the second line, the diamond stands for a hypermultiplet in the antisymmetric
representation of SU(4). Notice that we use a gauge node with hook arrows to indicate the gauging of
an U(5) symmetry on the Coulomb branch of the two connected full tails. As pointed out in the main
text, Sy is a bad theory, and there is an RG flow driven by monopole VEVs leading to the quiver
theory depicted on the bottom. In the interest of brevity, we denote the following combinations of FI
parameters as o = % (W1 + Wy — 2Ws5 + 27, — 2Z5). Note that Uy 234 are not independent but are
related by the ¢ function appearing in eq. (5.70). Recall that the hypers shown in blue are twisted
with respect to those in the original theory.

(S2)

where

U‘spec — (U17 U2’ US, U4, U5) |5Ex+shift

(U Wi4+Wo+2Ws3+4221+275 U Wi4+Wo+2Ws+221+275
= 1— , U2 — )
4 4
2 271+27 2 271+27
U3_W1+W2+ Ws+27,+ 2,U4—W1+W2+ Ws+22,+ 2,—W3—Zg).
4 4
(5.71)

Here Uy,Us,Us,Uy can be any of the starting U;, and are gauge parameters of SU(4),
constrained by the Dirac deltas appearing in eq. (5.70). Once again, the diagonal redundant
U(1) gauge group in Sy can be decoupled by the integral over C' in 2\5

The theory we obtain in this channel is depicted at the bottom of figure 26. It is given
by four hypermultiplets transforming in the representation (1,4) of SU(2) x SU(4) and
six half-hypermultiplets transforming in the 1(2,6) of SU(2) x SU(4) (note that they are
half-hypers since %(2, 6) is a pseudo-real representation) glued via an SU(4) gauging to theory
Sa, which, upon removing the overall U(1) (via the C integration) coincides with the mirror
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of the T theory. Notice that in figure 26 the hypers (in blue) gauged to the SU(4) node are
twisted with respect to the hypers in the quivers shown in the first line of the figure, indeed if
we mirror back Sz we obtain the direct (non-mirror) 3d reduction of the 4d theory associated
to this channel. Once again, we match the prediction under this channel decomposition
in [3]. In their language, this corresponds to a {1,2,3,5} irregular puncture, that is glued
to a maximal puncture on the other trinion via an SU(4) gauging. Moreover, our theory
labelled S; matches their prediction regarding the trinion containing a [3,1%] and a [3, 2]
puncture, and the {1,2,3,5} irregular puncture. This is precisely what we derive at the
level of the 3d mirror via a structured calculation.

5.4.3 p1 =3, 12]7 p2 = [3, 12]

The third and final case we consider is the theory of class S of type 8u(5) associated to
a sphere with two maximal and two identical regular punctures of the type [3,1%]. Once
again, we focus on the channel decomposition wherein the two regular punctures are clubbed
together in a single trinion. We will not be interested in the other channel decompositions as
the two trinions there are both good. We depict the Riemann surface, the chosen channel
decomposition, and the associated 3d mirror star-shaped quiver in figure 27.

The partition function of the original theory S can be expressed as

Z5 (XY, Wiz o), Zig a2y / dC AFB(Cym) Zs (X,V, Wi 2, Zazim) , - (5.72)

where the combination C, that is integrated over in order to decouple the redundant U(1)
gauge group, is

5
C=> (Yi+Xi)+Z1+ Zy+3Zs + Wi + Wa + 3Ws. (5.73)
=1

The partition function associated with this decomposition channel is:

Zs (X, Y, VT/[3,12], 2[3,12]; m) 5.12)
; ) S o 5.74
:/ ATs ASB(U:m) Zs, (Zsaz, Wisazy, Usm) Zs, (-0, X, ¥im).

For convenience, we report the 3d quiver corresponding to the channel decomposition again
at the top of figure 28.

By design, the theory S; is a bad theory as the central U(5) node only sees eight
fundamental flavours. The application of the electric dualisation algorithm yields

—

Z5,(Zi3.12), Wi 12, Uym) =

4 , .
=0 (Us + W3 + Z3) H[ ( U+W3+Z3)> (2m—7l2Qﬂ:(Uj+W3+Zg)):|
iQ .
X Sp <2m - 2) Z5 + 4 permutations, (5.75)

where Z§1 is the partition function of the star-shaped quiver at the bottom left of figure 28.
From the arguments of the Dirac deltas, we can deduce that the U(5) flavour symmetry
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Figure 27. N = 5 example with two regular punctures of type [3,12], and the associated channel
decompositions. These are expressed at the level of the Riemann surfaces associated to the corre-
sponding theory of class S, and the star-shaped quivers corresponding to their 3d mirror. The original
theory S is labelled on the top right corner, while the dashed lines denote the full T[U(5)] tails.

group is Higgsed down to U(4), so the 5 different frames can be understood as the action of
S5/S4. The U(4) symmetry is then further reduced to SU(4) when the redundant U(1) gauge
symmetry is removed from the S; theory. We will comment in detail this at the end of the
subsection. Making contact with eq. (5.9), we can group the terms of the first frame as follows:

Zz = (Quiver in the bottom left corner of figure 28)
onit =1
Opx =6 (Us + W3+ Z3)

AEB (ﬁ,m) 4 i0 Frame 1
7ACB(ﬁ'm) :1:[ {Sb (2:E(Uj+W3+Zg)>
5 ) i J=1
X Sp (2m_zg2i(Uj+W3+Zg)>}Sb <2m—Z§2>
6Ex
(5.76)
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Figure 28. At the top, we depict the quiver corresponding to the 3d mirror of the chosen channel
decomposition. Notice that we use a gauge node with hook arrows to indicate the gauging of an U(5)
symmetry on the Coulomb branch of the two connected full tails. As pointed out in the main text,
S1 is a bad theory, and there is an RG flow driven by monopole VEVs leading to the quiver theory
depicted on the bottom.

Evidently, the set dnj is empty; therefore, there is no nilpotent VEV for the moment map
of U(5), while the set dgx contains only one Dirac delta. This effectively Higgses the U(5)
global symmetry to U(4).

Having analysed Sy in isolation, let us study the partition function when S; is glued to
Sy. As in the previous examples, after substituting eq. (5.75) back in eq. (5.74),

ZS (X, }7, W[3712], 2[3712}; m) = / dﬁ4 Aga) (ﬁ, m) Zgl ( cey m) ZSz (_ﬁspec’ )?, )7; m) y
(5.77)

where
U = (Uy,Us, U3, Uy, Us) sy, = (U1, Uz, Uz, Uy, = W3 — Z3) . (5.78)

Note that this example is different from the rest that we have considered so far, since the
theory Si here is an interacting theory, the 3d mirror of the T3 theory. We report the quiver
for the theory with the appropriate FI parametrisation in the bottom left corner of figure 28.

Note that both ./571 and S are star-shaped quivers, and thus we must decouple the
redundant U(1) gauge transformation from each of them. To do so, we begin by redefining
the gauge Cartans L; of the S quiver as L; = L’ + Z with >_, L) = 0 (the sum over i then
runs over all the components of all the gauge groups of 51) This redefinition produces a
term in the partition function of the form

62TriZ(U1 U+ Us+Us+Z1+Z2+2Z3+W1+Wa+2W3) (5 79)
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which indeed represents the contribution of the FI coupling for the diagonal U(1) of the S
theory. The integral over Z has the effect of producing the following § function:3"

(U +Us+Us+ Uy + Zy + Zy+ 275 + Wy + Wo + 2W3) . (5.80)

We then shift U; variables by:
1+ Zo+ 2725+ Wi + Wy + 2W3

Ui — UZ' — 1 (5.81)
Thus, the partition function in eq. (5.77) becomes:
Zs ()?,?,W[g,ﬂ]j[?),ﬂ];m)
(5.82)

:/dﬁ4 ASGwy (T3m) 6(Ur+ Uz +Us +Us) Zg (.5m) 2, (~UP*, X,V sm),

Notice the presence of the delta constraining the sum of all the gauge U; parameters, so
that the gauge group is effectively SU(4) instead of U(4).

We still have to decouple the diagonal redundant U(1) gauge group in S3. According
to the rule given in eq. (3.3), this would require integrating over the following combination
of FlIs of the Sy theory as given in eq. (5.82):

5 5
Co=)Y (Xi+Yi)+ > (Uj)+ 21+ Zy+3Z3+ Wy + Wa + 3W3 = C, (5.83)
i=1 =2
where in the last equality we use the § function in eq. (5.82). Hence, the integral over C
in Zg exactly decouples the overall U(1) in Ss.

The final result in this channel corresponds to a diagonal gauging of an SU(4) subgroup
of the CB symmetry of (the 3d mirror of) the 75 theory, and of an SU(4) subgroup of the CB
symmetry of (the 3d mirror of) the T3 theory. Once again, we match the prediction under
this channel decomposition in [3]. In their language, this corresponds to a {1,2, 3,5} irregular
puncture, which is glued to the rank-1 Eg SCFT via an SU(4) gauging. Moreover, our theory
labelled Sy, which is the 3d mirror of the rank-1 Eg SCFT, matches their prediction regarding
the trinion containing two [3, 12] regular punctures along with the {1,2,3, 5} irregular puncture.
This is precisely what we derive at the level of the 3d mirror via a structured calculation.

5.5 N = 6 example: p; = [32], p2 = [5, 1]

In this section, we study the 3d mirror of the theory of class S of type 31(6) associated to a
sphere with two maximal punctures and two regular punctures: [3%] and [5,1]. We focus on
the channel decomposition wherein the two regular punctures are clubbed together in a single
trinion. The other channel decomposition yields two good trinions. The trinion with the two
regular punctures is a broken bad theory, and as usual, from the set of Dirac deltas obtained
by the electric dualisation algorithm, we can read the nilpotent VEV for the CB moment
map, which in this case has two Jordan blocks. This is distinct from the examples discussed
so far, as those had either no nilpotent VEV or only a single non-trivial Jordan block (see
subsection 5.3.1). We depict the Riemann surface, the chosen channel decomposition, and
the associated 3d mirror star-shaped quiver in figure 29.

30Note that the argument of this § function is clearly consistent with the rule given in eq. (3.3).
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Figure 29. N = 6 example with one [3%] and one minimal puncture, and the associated channel
decompositions. These are expressed at the level of the Riemann surfaces associated to the corre-
sponding theory of class S, and the star-shaped quivers corresponding to their 3d mirror. The original
theory S is labelled on the top right corner, while the dashed lines denote the full T[U(6)] tails.

The partition function of the original theory S can be expressed as

—

Zg <X7?,W[5,1],Z[32];m) =/ dC ATP(C;m)z; Zg (X,?, W[5,1}>Z[32};m> , (5.84)
where the combination C, that is integrated over in order to decouple the redundant U(1)
gauge group, is

6
C=> (F+C)+W1+5Wy+3Z +3Z,. (5.85)
=1

The partition function associated with this decomposition channel is:

ZS(X,?,WB”, [32]5 M )

For convenience, we report the 3d quiver corresponding to the channel decomposition again
at the top of figure 30.
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Figure 30. At the top, we depict the quiver corresponding to the 3d mirror of the chosen channel
decomposition. Notice that we use a gauge node with hook-arrows to indicate the gauging of a
U(6) symmetry on the Coulomb branch of the two connected full tails. As pointed out in the main
text, Sy is a bad theory, and there is an RG flow driven by monopole VEVs leading to the quiver
theory depicted on the bottom. In the interest of brevity, we denote the following combinations of FI
parameters as o = %(Wl + 7y — Ws — Zs).

By design, the theory S; is a bad theory as the central U(6) node only sees nine
fundamental flavours. The application of the electric dualisation algorithm yields

Z5,(U, Wis1), Zizzpym) = 8 (Us + Us + W1+ Wa+ Z1 + Z3)
X 0 (m—Z§2+U3+WQ+Z1) 0 (—m+Z§2+U4+W2+Zl>

X 0 <m—Z§2+U1+W2+Z2) ) (—m+/[§2+U2+W2+ZQ>

X H H [Sb(iQ—mﬂ:(U@-I-Wj-i-Zk))Sb(mi(Uﬁ-i-Wj-i-Zk))

j=1,2k=1,2
3i 3iQ\?
X sp(3m—iQ £ (Us+W; —l—Zk))} Sp <4m — ZTQ +(Z1— Zg)) Sp (4m— Z2Q>
. 2 .

X Sp <2m—Z;2:|:(Zl—Z2)> Sp <—2m+?ﬂ2Qi(Z1—Z2))

; 2 N .
X Sp <ZQ:|:(Zl—Z2)> Sp <2m—lQ) Sp (—Qm—i-m)

2 2 2
+359 Permutations. (5.87)

From the argument of the Dirac deltas in eq. (5.87), we can deduce that the U(6) global
symmetry is broken down to SU(2). The number of frames is in accordance with this
prediction, as the 360 distinct frames are rotated by the permutation group Sg/Zs. Making
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contact with eq. (5.9), we can group the terms of the first frame as follows:
Z§1 =1
iQ iQ
oNip =0 m—7+U3+W2+Zl 1) —m+7+U4+W2+Z1

X5(m—Zg+U1+W2+Zg)5(—m+Z2Q+U2—|—W2+Z2>

5EX=5(U5+U5+W1+W2+Z1+ZQ)

Wi+Wo+Z1+Z5 .
1 ASBy) (Us — Us + WtWatiele, )

Chig, " ASB(T;m)

OEx,0Nil
2 Frame 1

= H [sb(iQ —m =% (Us+ W; + Zy))sp(m £ (Us + W + Zy))

j,k=1

X sb(3m - ZQ + (UG + Wj + Zk)):| Sp <4m - ? + (Zl — ZQ))

. 2 .
X Sp (Qm — g + (Zl — ZQ)) Sy (—2m -+ ? + (Zl — ZQ))
. 2 .
X Sp (Z;? + (Z1 — Zz)) Sy (—2m + ?),;Q)

X Sp <2m — Z22)551, (4m — 312Q)2

OEx,0Nil

(5.88)

Having analysed S7 in isolation, let us study the partition function when S; is glued to

Sy. Since the S; theory is bad, it generates a VEV that breaks the U(6) gauge symmetry

to SU(2). The four Dirac deltas in dnj in eq. (5.88) correspond to a nilpotent VEV that

Higgses the U(6) gauge symmetry down to U(2). Additionally, the 7[U(6)] theory associated

to the full tail of Sy is Higgsed to a Tjy2 12)[U(6)] theory due to the gluing superpotential

imposing the same nilpotent VEV for the CB moment map of T[U(6)] in S2. Based on the
general discussion in subsection 5.1 (see also appendices B and C), we have that:

2 (T T _ 5 73 [22,12]
7o (=T, Vim)lsgy = Zro,  (~Opeaz, Vim) x Chigy", (5.89)

(22,12

where Chﬁ;’ﬂ is precisely the contribution of chirals appearing in eq. (5.88). Finally, the
single Dirac delta corresponding to dgx simply has the effect of freezing the diagonal U(1)
of the unbroken U(2) gauge group, thus breaking it to SU(2).

In summation, by substituting eq. (5.87) back in eq. (5.86), along with eq. (5.89), a
shift Us — Us — 3(W1 + Wa + Z1 + Z5) (in order to reproduce the correct SU(2) measure),

and relabelling Us = U, we obtain:

Z9(X, Y, W1, Zizzm) =/ dUsu 2y A§G ) (T m)/ dVs AP (V5 m) (5.90)
x Zpo, (<O, Vim) Zr0(X, Vim) Z0a(Y, Vim), '

[22,12]
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where

ﬁ[z%'f({z] = (7[22,12]|6Ex+shift = (Us,Us, —W2 — Za, — W3 — Z1)| s, +shitt
_<UWI+W2+Zl+Z2 Wi+ Wy + Z1 + Zy

92 U= 2 (5.91)

aiWQ - Z27 *WQ - Zl> ;

where U can be any of the U; of the initial U(6) symmetry. Note that the diagonal redundant
U(1) gauge symmetry in S, can be decoupled by performing the integral over C' in Zg.

The final result in this channel corresponds to a gauging of an SU(2) subgroup of the
CB symmetry associated with the Tjp2 ;2) tail in S;. We depict the resulting theory in
figure 30. Once again, we match the prediction under this channel decomposition in [3].
In their language, this corresponds to a {1,3,4,6, 7} irregular puncture, that is glued to a
maximal puncture on the other trinion via an SU(2) gauging. Moreover, our theory labelled
S being empty matches their prediction regarding the trinion containing a [3?] and a minimal
puncture, and the {1,3,4,6,7} irregular puncture. This is precisely what we derive at the
level of the 3d mirror via a structured calculation.

5.6 Generic N example: p12 = [N — 1,1]

In this subsection, we finally study the 3d mirror of the theory of class S of type 8u(N),
for generic N, associated to a sphere with two maximal and two minimal punctures. This
directly generalises the detailed calculations already presented for N = 3 in subsection 5.2
and N = 4 in subsection 5.3.1. Based on these and our calculations for some other values
of N, we now extrapolate the result for generic V. Once again, we focus on the channel
decomposition wherein the two regular punctures are clubbed together in a single trinion. We
will not be interested in the other channel decomposition as it corresponds to the 4d N = 2
SU(N) SQCD with 2N fundamental hypermultiplets. We depict the Riemann surface, the
chosen channel decomposition, and the associated 3d mirror star-shaped quiver in figure 31.
The partition function of the original theory S can be expressed as

29 ()?, }7, W[N_1,1], Z[N—1,1]§m)
- . (5.92)
:/ dC A%B(C; m) Zs (X,Y, W[N—1,1},Z[N—1,1}5m> )

where the combination C, that is integrated over in order to decouple the redundant U(1)
gauge group, is

N
C=) (X +Y)+ Wi+ 21+ (N —1)(Wa + Z3) (5.93)
=1

The partition function associated with this channel decomposition is:
Zs (X,Y, WiN-11; Z[N71,1]§m) =

_ [ by A im) 25, (Zoe s Wi s, Tim) Zes( 0T Tomy
- N 2N ( 7m) Sl( [N=1,1]» WW[N-1,1]5 7m) SQ( y Ly 7m)

,71,



3d mir.
=

Channel | Decomposition

. 3d mir. @@il

Figure 31. Generic N example with two minimal punctures, and the associated channel decomposi-
tions. These are expressed at the level of the Riemann surfaces associated to the corresponding theory
of class S, and the star-shaped quivers corresponding to their 3d mirror. The original theory S is
labelled on the top right corner, while the dashed lines denote the full T{U(V)] tails.

For convenience, we report the 3d quiver corresponding to the channel decomposition again
at the top of figure 32.

By design, the trinion containing the two minimal and a maximal puncture corresponds
to a bad theory since the central U(/N) node only sees 2N — 2 fundamental flavours. Thus,
upon running the electric dualisation algorithm on the theory S;, we obtain a Wess-Zumino
model with N — 1 Dirac deltas. In particular, N — 2 Dirac deltas out of these specify a
Nilpotent VEV, whereas the last one converts the measure from U(2) to SU(2):

N-2 .
éNﬂ: H 5<(N—3) (m—ZQ> +(i—1)(iQ—2m)+Uz‘+WQ+Z2) s
=1 2 (5.95)
Opx = (5<UN_1 +UN+W1+Wa+ Z1 + Zs).
These are the expressions for the Dirac deltas in a single frame. In this case, there are a total
of NT' frames that are permuted by the permutation group Sy /Zs. The arguments of the

Dirac deltas allow us to predict that the U(N) gauge group of the Identity wall is Higgsed
down to SU(2) because of a nilpotent VEV corresponding to the freezing conditions:

Ur=-Ws—Zy+ (N =3) (%¢ —m) ,
Up =Wy = Zy+ (N 1) (% = m) .

(5.96)

UN_;:—WQ—ZQ—(N—s)(i?—m),

that is compatible with U;41 = U; — iQ + 2m, for i = 1,2,..., N — 3.
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Figure 32. At the top, we depict the quiver corresponding to the 3d mirror of the chosen channel
decomposition. Notice that we use a gauge node with hook arrows to indicate the gauging of a
U(N) symmetry on the Coulomb branch of the two connected full tails. As pointed out in the main
text, S1 is a bad theory, and there is an RG flow driven by monopole VEVs leading to the quiver
theory depicted on the bottom. In the interest of brevity, we denote the following combination of
FI parameters as a = %(Wl + 7y — Wy — Zs). Note that the hypers shown in blue are twisted with
respect to those in the original theory.

Such an FI parameter specification corresponds to a VEV for the Coulomb branch moment
map given by the partition [N — 2,12]. Following the explanation in subsection 5.1 (see
also appendix B), we have that:

ZTN(—ﬁ, ‘7, m)|5NH = ZTN (—ﬁ[N,Q 12]5 ‘7; m) X Chkj\ﬁ_zlﬂ s (5.97)
[N—2,12] ’
where Chg\%—lp] are the massless modes produced by the nilpotent vev. Before presenting

the partition function for the final result, we first have to make a shift in the integration
variables in order to have the correct measure for SU(2). This can be simply deduced by
looking at dgx in eq. (5.95). Since we need §(Un—1 + Up) in order to have the correct SU(2)
measure, therefore, we make the shift U; — U; — W,i =N-1,N.

Thus, we finally have the following expressions for the partition function:

Z4(XY, W[N—m], Z[N—1,1]§ m) =

= / dﬁSU(Q) Agg@)(ﬁ,m) Sp <m + <UN +

Wy —WQ—Z1+Z2)>
2

Wi+ We+ 7 —Z2>)
2

X Sp <mj:<UN+
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x/ AV ARB(Vim) ZpN (—ﬁSpec V,m)
]

N_2.12 [N—2,12]°
x Zpn (X, Vim) Zpw (Y, Vim), (5.98)
where
U—[S][\)[(i:lp] - ﬁ[N*2,12]|5Ex+Shift = (Un-1,Un, =W — Z3) |8, +shitt
- (_UN— W1+W22+Z1+Z2, Uy — VV1+VVQ;-Z1—$—Z27 W2+Z2) . (5.99)

Note that the diagonal redundant U(1) gauge symmetry in Sy can be decoupled by performing
the integral over C in Zg. The final result in this channel consists in an SU(2) gauging
of a single fundamental hypermultiplet to an SU(2) subgroup of the CB symmetry of the
Tin—2,12)[U(N)] tail in Sy. We depict the resulting theory in figure 32. Notice that the
hypers (in blue) gauged to the SU(2) node are twisted with respect to the hypers in the
quivers shown in the first line of figure 32, indeed if we mirror back S, we obtain the direct
(non-mirror) 3d reduction of the 4d theory associated to this channel. What we obtain in
this way is the 3d (mirror) realisation of the Argyres-Seiberg dual of the 4d N' =2 SU(N)
SQCD with 2N fundamental hypermultiplets, as expected.

6 Further interesting features and examples

In the previous section, we focused on spheres with two regular and two maximal punctures.
In this section, we turn to a selection of more general configurations that allow us to discuss

some further interesting features and advantages of our approach.

6.1 N = 6 example: p1 = [1°], p2 = [2%],p3 = [4,2], ps = [5,1]

We begin by considering the following good theory: the theory of class S of type 8u(6)
associated to a sphere with a single maximal puncture and three regular punctures of the
type: [23],[4,2],[5,1]. This theory is already known to correspond to the SU(6) SQCD with
nine flavours and matter in the three-index antisymmetric representation of SU(6) [57, 58].
This description arises in the channel decomposition that clubs the maximal and minimal
puncture together. We will show that our approach easily reproduces this slightly more
exotic matter content.

In the described channel decomposition, the two isolated trinions are both ugly. The
Riemann surface, the chosen channel decomposition, and the associated 3d mirror star-
shaped quiver are depicted in figure 33. The partition function of the original theory S
can be expressed as

}?5 (2[5,1], 37, W[4,2]7 2[23];771) =
. oL . (6.1)
:/ dC ATR(C;m) 24 (X[5,1],Y,W[4,2]7Z[23];m> ;

where the combination C, that is integrated over in order to decouple the redundant U(1)
gauge group, is

6 3
C=)Y;+2) Zj+ X1 +5Xy+2W1 + 4Ws. (6.2)
=1 =1
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Figure 33. N = 6 example with one maximal, and three regular punctures of types: [22],[4,2],[5, 1],
and the associated channel decompositions. These are expressed at the level of the Riemann surfaces
associated to the corresponding theory of class S, and the star-shaped quivers corresponding to their
3d mirror. The original theory S is labelled on the top right corner, while the dashed lines denote the
full T[U(6)] tails.

The partition function associated with this decomposition channel is:

ZAS (X[5,1], 17’ W[4,2]7 2[23];m) =
~ L . o (6.3)
= / dc A?B(Ca m) ZSl (W[4,2]7 Z[23]7 U; m) 252 (X[5,1]7Y7 =U; m) .

For convenience, we report the 3d quiver corresponding to the channel decomposition again
at the top of figure 34.

Note that both the theories, depicted at the top of figure 34, are ugly and thus we can
dualise them via the electric algorithm. The partition function of S after this dualisation
takes the form

6
Zs, (W[4,2], 2[23], ﬁ; m) =0 (Z U, +2W1 +4Wo + 271 + 275 + 2Z3>
=1

5
X Hsb(mj:(Ui+Uj+U6+W1+2WQ+Zl+ZQ+Z3)) (6.4)
1<j
6 3

X H HSb(mi(Uz+W2+ZJ))
i=1j=1
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Figure 34. At the top, we report the quiver corresponding to the 3d mirror of the chosen channel
decomposition. Notice that we use a gauge node with hook-arrows to indicate the gauging of a U(6)
symmetry on the Coulomb branch of the two connected full tails. As pointed out in the main text, Sy
and Sy are ugly theories, and there is an RG flow driven by spontaneous monopole VEVs which leads
to the quiver theory depicted on the bottom. The star stands for matter transforming in the 3-index
antisymmetric representation of SU(6). Note that the hypers shown in blue are twisted with respect
to those in the original theory.

Since there is only one Dirac delta, we do not have a nilpotent VEV, and hence we label it as:
o =1,
: (6.5)
Opx =0 (D> Ui+ 2Wy + AWy + 271 + 225 + 273 | .
i=1

On the other hand, for the partition function of the theory S3, we have

6 6
Zg, (X5, Y, —Usm) =6 (— DU+ X14+5Xs+ ) Y)

=1 i=1

6 6 (6.6)
iQ
+(U; — Xo—-Y; 2m — — | .
xll_[ljl_ll {sb(m (U, 9 ]))} Sb< m 2)
Once again, we label the Dirac deltas as:

Oona =1,

6 6 (6.7)
Opx =0 —ZU1+X1+5X2+ZY;' .

i=1 i=1

Thus, in total, we have two Dirac deltas in eq. (6.3). As in the previous examples, one of
the two Dirac deltas can be written as §(C'), thereby absorbing the integration over C, which
decouples the diagonal redundant U(1) gauge symmetry. On the other hand, the second
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Dirac delta converts the gauge group of the Identity wall from U(6) to SU(6). In order to
have the correct parametrisation, we shift the integration variables in the following way:
YO X+ X1 45X,

Uj—>Uj—|— 6 , g=1,...,6, (68)

or equivalently,

QW +4Woe + 221 4+ 272+ 273
6 ?

Therefore, the partition function in eq. (6.3) transforms to the following;:

Uj-)Uj—

j=1,...,6. (6.9)

6
Zg (X[5,1],Y,W[4,2], Z[Qg];m) = / dUs Agg(ﬁ)(U; m) § (Z Ul>
=1

6 6 3
Wi + 2W. 17
XHHSb<m:|:<Ui+ 1+ 2‘1‘2[_1 ZX2Y}>>

i=1j=1 3

SH 6 X+ X1 +5X (6.10)
XHHS(,(TH:&(Ui— =17 6 ! 2+W2+Zj>>

i=1j=1

5
X H sp(m £ (Ui +U; + Usg)) .
1<)
As anticipated at the beginning of the subsection, we have obtained a 3d N' = 4 SU(6) SQCD
with nine flavours and matter in the three-index antisymmetric representation of SU(6).
The resulting theory is depicted in the second line of figure 34, and is in fact the direct 3d
reduction of the 4d /' =2 SU(6) SQCD with the matter in the same representations.

6.2 N = 4 example: p; = [1%], p23.4 = [3,1]

In this subsection, we study the example associated with the compactification of a 6d
N = (2,0) theory of type 811(4) on a sphere with one maximal puncture and three minimal
punctures, all labelled by the partition [3, 1]. This corresponds to a bad theory, both in four
and in three dimensions. Note that, one can think of this theory as arising from a channel
decomposition of a good theory with more punctures.

The atomic approach of [3] allows us to understand the theory associated with this
pathological configuration, only after a full channel decomposition down to the constituent
trinions. The purpose of this section is to show that our approach allows us to bypass this
additional step. We can apply the electric dualisation algorithm directly to the sphere with
one maximal and three minimal punctures, and read off the resulting theory. In addition
to this, we also analyse the channel decomposition explicitly to confirm the consistency
of the two approaches.

The partition function of the original theory S, depicted at the top of figure 35, can
be expressed as

ZS (X[Ii,l},?, W[g}l], 2[371]; m) —
- . . (6.11)
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Figure 35. Bad theory associated to a sphere with a full and three minimal punctures and
corresponding bad 3d mirror S. The RG flow triggered by the monopole VEV leads to theory S
together with seven twisted hypermultiplets.

where the combination C, that is integrated over in order to decouple the redundant U(1)
gauge group, is

4

C=> Yi+X1+3Xy+ Wi +3Wa+ 2y +3%;. (6.12)
i=1

The theory S is bad as the central node is underbalanced. Therefore, upon running
the electric algorithm, we find:

Zg (X[s,u, Y, W[?),l]v 2[3,1];m) =

:6(Y1+Z2+W2+X2)3b(2m—222>

xjf[Q[sb(i?i(W2+X2+Zg+Yj)>sb<2m—igi(Wz—i—Xz-i-ZQ—FYj))}

X Zz+ 3 permutations. (6.13)

Where Zg is the partition function of the interacting star-shaped quiver depicted at the
bottom of figure 35. From the argument of the Dirac delta function, we understand that the
U(4) symmetry that is emergent on the Coulomb branch of the full-tail is broken to U(3).
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Therefore, the 4 frames can be understood as permuted by the action of S;/S3. Making
contact with eq. (5.8), we can group the terms of the first frame as follows:

Z5=(Quiver in the bottom of figure 35)
oni =1
Opx =0 (Y1+2Z2+Wa+X5)
AgB (?,m) 4 iQ Frame 1
— = =T s iW+X+Z+Y->
AFE(Vim) 13[ b( g (et Xt )
dpx 7
X Sp (2m—§:}:(W2+X2+ZQ+Yj)) ]Sb (2771—1;2)
6Ex
(6.14)

We recall that the S theory should be thought of as arising from a channel decomposition
of a good theory with more punctures. From this point of view, the result in eq. (6.14)
is signalling that the U(4) gauge symmetry on the tube connecting S to the rest of the
theory is Higgsing from U(4) to U(3). The U(3) symmetry is then also further reduced
to SU(3) when one decouples the redundant U(1) gauge symmetry in S. This is done by
integrating over the combination

C=Yo+Ys— Y, +2Wo+ X1 +2Xo +2X4 4225+ Z1 + W, = C, (6.15)

where we have also used the Dirac delta in eq. (6.14) to show the equivalence with the
combination in eq. (6.12). Hence, the overall U(1) in the theory S is modded out by the
original integration over C:

29 (X[&l]a }7, W[&”, 2[371] ; m)

4 .
=0(Y1+ Za + Wa + Xo) XH {Sb <ZQﬂ:(W2+X2+Yi+Z2)>
=2

2
xsb<2m—Z;2j:(Wg+X2+Y}+Z2)>] sb(2m—Z§2> é\g

(6.16)

+ 3 permutations.

Note that S is the affine Dy quiver, which is the mirror dual of the 3d A = 4 SU(2) SQCD
with 4 flavours.

The interpretation of this result should be the following. When the bad S theory appears
in the channel decomposition of a good theory, there is a dynamical process that Higgses
the U(4) gauge symmetry on the tube attached to S down to SU(3). The S theory is then
replaced by an SU(2) SQCD with four flavours, which is connected to the rest of the theory
via the diagonal gauging of an SU(3) symmetry. As in all the examples proposed in the
paper, the ratio between determinants in eq. (6.14) and the multiplicity of frames serves to
properly convert the integration measure of U(4) to that of SU(2).

As a consistency check, we will now explain that the same result can be obtained by
performing a channel decomposition into trinions. We consider the channel decomposition
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at the top of figure 36, where we club two minimal punctures together. At the level of
the partition function, we have:

ZS (X[?),l]a }7, W[3,1}7 2[371];’[’)1) = / dﬁ4AEB(ﬁ7 m)ZS1 (W[&l]a 2[371], ﬁ, m) (6 17)
X 252 (—[_j, )Z[?),l]? }7, m) .

In this decomposition, the S; theory is bad while Sy is good. Notice in particular that the S
theory, which has one full and two minimal punctures, is precisely the bad theory studied
in subsection 5.3.1. Following the discussion from eq. (5.29) to eq. (5.33), we conclude that
the U(4) gauge group on the tube is Higgsed to SU(2). This is due to a nilpotent VEV
that partially closes one full-puncture in S3 to a regular puncture labelled by [2,1%]. We
thus obtain the partition function

Zs(Xig1) Y, Wiz 1), Zigaim) =

(6.18)

— — W _W _Z +Z
:/dUSU(Q) Agg(Q)(U;m) sb(m:tU:l: ! 22 ! 2)

X Z§2 (_U[ZI?T% ) X[S,l]a Y7 m) )

which describes the third line in figure 36.

After implementing the nilpotent VEV in the S theory, which was a good theory, we
obtain the S theory that is a bad trinion having one maximal, one minimal and a [2, 1]
puncture. The S, theory is therefore the same bad theory studied in subsection 5.3.3.
Following the discussion from eq. (5.52) to eq. (5.56), we obtain:

= 3 3 7 = 1
Zs(X, Y, 3,1] Z[3,1]; m) =4 (Y1 + Zy + Wa + XQ) Sp (2m - g) X

4 ‘ )
< 11 [Sb (?i(W2+Xz+Yj+Zz)> Sb (2m—Z2Qi(W2+X2+Yj+Zz)”
j=2
4
- - Wi+ Wa+ 21+ Z
X/dUSU(Q) Agg(Q)(U,m) H |:Sb (m:l: (U—XQ—Y}-F ! 22 L 2))
j=2
Wi =Wy —2Z1+ Z
><sb<m:|:U:|: ! 22 1+ 2)
+ 3 permutations . (6.19)

Which describes the last line in figure 36. By comparing this result with that in eq. (6.13) we
observe that the two expression contain exactly the same delta function and chiral multiplets.
The only apparent difference is that in eq. (6.13) the partition function of the remaining
S theory is that of the affine Dy quiver, while in eq. (6.19) the interacting part is that of
an SU(2) SQCD with four flavours. The two theories are indeed mirror dual, therefore
establishing the perfect agreement of eq. (6.19) with eq. (6.13).

In conclusion, we have seen that applying the electric algorithm directly to the bad theory
with three minimal and one maximal puncture yields the same result as the longer procedure
involving channel decomposition into trinions. Clearly, our approach — that bypasses the
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Figure 36. At the top and middle, we depict the surface and the quiver corresponding to the 3d
mirror of the chosen channel decomposition. Note that we use a gauge node with hook arrows to
indicate the gauging of a U(4) symmetry on the Coulomb Branch of the two connected full tails. As

X 5(Y1 +Z2+W2+X2)

+3 permutations
x 13 chirals P

pointed out in the main text, S is a bad theory, and there is an RG flow driven by monopole VEVs
leading to the quiver theory depicted on the third line. These monopole vevs trigger a Nilpotent vev
of partition [2,12] in the tail of theory So, leading to the quiver 52 on the third line. Now, the theory
§2 becomes a bad theory, and thus there is an RG flow that leads to the quiver at the bottom. In the
interest of brevity, we denote the following combinations of FI parameters as a; = 2W7 + 277 + 27,
and ag = %(Wl + Z1 + 3Ws + 3Z5). Note that the hypers shown in blue are twisted with respect to
those in the original theory.
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trinion decomposition — substantially streamlines the procedure for obtaining the final theory,
particularly in the case of spheres with many generic regular punctures.

As a final remark, let us point out a technical detail. Note that in the channel decompo-
sition shown at the top of figure 36, the S theory is ugly. This means we could have also
applied the algorithm directly to So, resulting in a set of 16 free twisted hypermultiplets. This
alternative route ultimately leads to the same final result. In this case, the four inequivalent
frames appear as the four distinct ways to implement a VEV, which can be identified by
examining the charges of the chiral multiplets after imposing the delta-function constraints.
For the sake of generality, we did not use this observation in the presented computation.

6.3 N = 4 example: p; = [2,12], p23 = [2?], ps = [3,1]

We will now consider the 3d mirror of the theory of class S of type 8u(4) associated to a
sphere with four regular punctures, labelled by the partitions: [2,12],[2?],[22],[3,1]. We
depict the Riemann surface, the chosen channel decomposition, and the associated 3d mirror
star-shaped quiver in figure 37.

The star-shaped quiver S is ugly; therefore, as explained in the previous section, we can
bypass the channel decomposition and directly apply the electric algorithm, avoiding the
need to analyse the intermediate steps. However, we will study the channel decomposition
as an exercise, not only to confirm the consistency of the procedure, but also to explore
the interesting situation in which both trinions appearing in the decomposition are bad.
Moreover, in the language of [3], this situation corresponds to having two trinions carrying
irregular punctures that are connected by a tube. We therefore aim to also show consistency
with this result.

The partition function of the original theory S can be expressed as

. — .

Zg (2[3,1],17[2,12}7 [22172[22];77%) :/ dC ATP(C;m) Zg (2[3,11757[2,12}, [22],2[22];77%) ;
(6.20)
where the combination C, that is integrated over in order to decouple the redundant U(1)
gauge group, is

C=Y1+Ys+2Ys5+ X1 +3Xo+2721 + 275 +2W71 + 2W5. (6.21)

By running the algorithm on the ugly theory S, we find:

=

Zs ()?[3,1}7 [2,12],W[22],Z[22];m) =

e

[sp(m £+ (W1 +Wo +2Xo +Y; + Y3+ 21 + Z2))] (6.22)

2 2
< [ I1lse(m = (Wi + X2+ Y3 + Z)))] 25,
i=1j=1

where S is the partition function of the quiver depicted at the bottom of figure 37. Note
that S, after the decoupling of the overall U(1), is the affine Dy theory, which is the mirror
of the SU(2) SQCD with four flavours. In addition, we also have the contribution of six
free twisted hypermultiplets.
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Figure 37. N = 4 example with four punctures of types: [2,12],[2?],[2%],[3,1] expressed as the
punctured Riemann surface along with the corresponding 3d mirror. The original theory S is labelled
on the top right corner. Note that S is ugly and hence dual to the theory S in which six free twisted
hypermultiplets are released.

We now consider the channel decomposition in which we club the two [2%] punctures in a
single trinion and the [2,12?] and minimal puncture in the other. For convenience, we report
the 3d quiver corresponding to the channel decomposition again at the top of figure 38. The
partition function associated with this channel decomposition is:

ZS' (X[&l]u ?[2712], W[QQ}, Z[Qz}; m) = / dc A?B(C, m)
(6.23)
x [ a0 AP (Tsm) 25, (Rig, Vi, Usm) Zs, (=0, Wigey, Zym)

Notice that both 57 and S5 are bad theories; thus, we run the electric algorithm on both
of them. Note that these theories already appeared in sections 5.3.4 and 5.3.2, respectively.
The difference in this example is that these are now glued to each other.

Recalling and adapting the result in eq. (5.53) to this case, we get the following partition
function identity for Si:

Zs, (X[?),l]a}_}[Q,lQ]a [_jam) =0(Us+Xo+Y3)0(U1 + U2+ Us+ X1 +2X0+ Y1+ Yo+ Y3)

lei[l {sb (?i(Uj+X2+Y3)) Sp <2m—i§2i(Uj +X2+Y3)>]

: 2 3 _ —
XSb(Qm—ZQ> H{sb<mi<Uk—Y1 2o+ Y3+ Xy X2>>

2/ 5 3
2Y1 Y-V — X, + X
xsb(mj:<Uk+ 1= Y2 33 1+ 2))}
+ 3 permutations. (6.24)
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(2)
(-0~ O — OG-
©

Monopole VEV { RG Flow

@ x 6 free twisted hypermultiplets

Figure 38. At the top and middle, we depict the surface and the quiver corresponding to the 3d
mirror of the chosen channel decomposition. Note that we use a gauge node with hook arrows to
indicate the gauging of a U(4) symmetry on the Coulomb Branch of the two connected full tails. As
pointed out in the main text, S; and Sy are both bad theories, and thus trigger an RG flow driven by
monopole VEVs leading to the quiver theory depicted on the bottom. Note that the hypers shown in
blue are twisted with respect to those in the original theory.

These terms can be grouped as in eq. (5.54), which we do not repeat here for brevity. On
the other hand, the partition function for the theory Sy can be adapted to this example
from eq. (5.38), and takes the following form:

- —

Z6,(—U, W2), Zpp2j;m)

=0(—Us—Us+W1+Wo+Z1+ Z3)5(—Uy — Uy + W1+ Wo+ Z1 + Z3)
4

<1 [sb(mj:(—Uj—i-WQ—i-Zz))sb(m:I:(—Uj W+ Z0)) sy (m ot (—U; + W+ 21))
j=3
. 2 . .
X Sp (2m— 22Q> Sp (Z?:I:(U;),—Uzl)) Sp (Qm— gi(Ug —U4)>

X Sp (?:l:(—Ug—U4+W1+W2+Zl+Zg))
X Sp (Qm—?:I:(—U3—U4+W1+W2+Zl+22))
+ 2 permutations (6.25)

These terms can be grouped as in eq. (5.39), which we once again do not repeat here for
brevity. To see the effect of gauging them together, we substitute eq. (6.24) and eq. (6.25)
in eq. (6.23). This way, we have four Dirac deltas and an integral over the four variables U
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associated with the U(4) gauge group on the tube. However, we have an additional integral
over C (in the “hatted” partition function) that decouples the overall diagonal U(1) from the
starting theory S. Therefore, we have to be careful while solving the Dirac deltas.

Using the various Dirac deltas, we can rewrite one of the four Dirac deltas as §(C'), where
C' is given by eq. (6.21), while using the other three Dirac deltas to Higgs the U(4) gauge
group down to SU(2). Notice that the product of the multiplicity of frames is 4 x 3 = 12,
which is in agreement with the size of the S;/Zs permutation symmetry, i.e. the quotient
of the Weyl groups of U(4) and SU(2), rotating these frames. At the level of the partition

function, we have:
Bs (X, Voo Wy, Zomym) = [ dC AT (Cim) Zs (Kig 1) Vo, Wion Ziim) =
— / dC ASB(C;m) / A0, ASB(T;m) 8(C) 6(Uy + X+ Ya)
X 5(—Us — Us + Wi + Wa + Z1 + Zo) 6(—Uy — Us + Wi + Wa + Z1 + Zo)

xﬁ :sb<i;2i(Uz‘+X2+Y3)>8b<2m—i§2i(Ui+X2+Y3))]

X ﬁ :sb (igi(Uz‘ —U4)) Sb (2m— %i(Ui —U4))}

@
[|
N

—.

@
Il

w
T

Sp (m:l: (UZ — W1 — ZQ)) Sp (m:l: (UZ — WQ — Zl)):|

sp(m £ (U; — Wy — Zg))} Sp <2m - 122) (6.26)

-

..
Il
—

We implement Dirac deltas and make a shift of the integration variable Us — Us +
% (in order to reproduce the correct SU(2) measure) to obtain the following

final partition function:

2
(X[g 1) Y[Q 12] W[22 Z[22 H |:Sb m+ (W +Wy+2Xo+ Y, +Ys+ 21 + Zz))]

’:]w

2
H sp(m £ (W + Xo + Y3 + Zj)) }X/dﬁSU@) Agg(z)(ﬁ;m)
15=1

<.
Il

m + (U (X1+2X2+Y2+2Y},+ (W1 + Wa + Z + Zo) ))

X
VA
SH

X
»
3
H-

b U —|— — Wy + 77 — Zg))) sb('m + (U - Wy - Zl))

.
(
!(
(
(

X
3

X
»
3
H

, U XQ—YQ—(W1+W2+21+ZQ)>)

(
:|:(U+X2+Y2+ (W1+W2+21+Z2))>
(
m:l:(

X 5, U+ % Wy) + (z2 _ zg)) . (6.27)

,85,



Thus, the final result is an SU(2) gauge theory with four fundamental hypermultiplets,
along with six free hypermultiplets. We depict this final theory at the bottom of figure 38.
Notice that the interacting part of this result is exactly the 3d mirror dual of the theory S
(with the overall U(1) decoupled). Additionally, the free twisted hypers appearing in eq. (6.27)
and eq. (6.22) exactly match. Thus, we demonstrate the consistency of the procedure at the
level of the four-punctured sphere and the corresponding channel decomposition, such that
the 3d mirror association to the former is ugly (see figure 37), while those associated with
the theories appearing in the channel decomposition are both bad (see figure 38).

Finally, we match the prediction in [3]. In their language, this situation corresponds to
having two spheres carrying one irregular puncture. One carries the [3,1] and [2, 1?] regular
punctures and the irregular puncture labelled by the pole structure {1, 3,4}, while the other
carries two [22] regular punctures and an irregular puncture labelled by the pole structure
{1,3,3}. The two spheres are also glued together via a tube supporting an SU(2) gauge group.
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A S} partition function notation

In this appendix, we introduce the notation for the 3d N’ = 2 partition function computed
on the squashed three-sphere Sj [25].

Consider a theory with gauge group G and chiral multiplets in the representation Rg
and Rp of the gauge and flavour symmetry groups, respectively. Its S} partition function
is given by the following integral on R*@2k(G).

Msvere Hopery s (51— 1) = Ga(Z) - Gr(X))

HﬁeG Sb(g - ﬁ(Z))

Z(Y,k, X) = / dZZc) (Y, k) (A1)

where the integration measure is given by:

Rank(G)

II dz. (A.2)

=1

1
(W(G)|

dZ =

Here |W(G)] is the dimension of the Weyl group of G. Meanwhile, the classical term contains
the contribution of the FI term with parameter Y:

Rank(Q)
2miY > Za

a=1

ZCl(Y, /{3) = exp (A3)

The remaining terms appearing in (A.1) have the following meanings: ﬁ(;(Z ) are the

—

roots of G, while 7¢(Z) and Gr(X) are respectively the weights of the representation R
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and Rp. The parameters Z and X are indeed in the Cartan of the gauge and flavour group.
The parameter @ is equal to b+ b~! with b the squashing parameter of the sphere. Finally,
the function s, that appears is the double-sine function and is given by:

Ib+nb ' +% —iz
SplT) = .
b(a) lgozzwnb—wgﬂ'x

(A4)

Throughout this paper, we work with A" = 4 theories in the ' = 2* setup [59]. We do
this by turning on a real mass Re(m) for the axial symmetry U(1) 4, which is the commutant
of the chosen U(1)g N =2 R-symmetry subgroup in the N' = 4 R-symmetry SU(2) x SU(2).
The U(1)g symmetry in the IR can only mix with other Abelian symmetries, and the only
Abelian symmetry in this case is U(1) 4. Therefore, we denote the mixing between these two
symmetries with r, and the charge under U(1)4 by g4. Therefore, the IR R-charge is given by:

R=Ro+qar, (A.5)

where Ry is the UV U(1) g charge. Note that the IR mixing in N' = 4 theories is such that the
R-charge of a single hypermultiplet becomes % and for an adjoint chiral becomes 1, as expected.

It is useful to define the following holomorphic combination of parameters to keep track
of the mixing of U(1)r and U(1)4:

m = Re(m) + ?r. (A.6)

Then we should assign charges under U(1)4 and U(1)g consistently with the ' = 4 super-
potential, which for a single gauge node is given by:

W = Tr (<I> Q@) , (A.7)

where @ is the adjoint chiral inside the N = 4 vector multiple, and Q/ @ is the chiral /antichiral
multiplet inside the hypermultiplet charged under the gauge node under consideration. In
particular, we assign the charges for fields in a 3d N' = 4 theory and in its mirror dual as
listed in table 1. From the point of view of parameters in the partition function, mirror
symmetry amounts to the following shift:

m%?—m. (A.8)

It is convenient to report the measure for the U(N) gauge group in the N' = 2* setup.
In particular we group together the contribution of the N' = 2 vector and adjoint in the
following term.

H%’:l Sp (2m - % + 2z — zj)
géj Sp (% + z; — Zj)

The label “HB” stands for the fact that this is a gauging of a Higgs branch, i.e. flavour, global
symmetry in the electric theory. This respects the assignment of charges in table 1, then the

AP (Zm) = (A.9)

hypermultiplets charged under this node have a contribution of the form:

N-1

H H Sp (Z? —m=+ (ZZ(N_I) - Xp)> . (A.10)

i=1 peG
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UM)a | UM)g, UM)a | UL)g,
ol 1 0 ol -1 1
Q| 1 0 ol -1 1
d| -2 2 d| 2 0

Table 1. Charges and representations of the chiral fields in the A" = 2* setup. On the Lh.s., we list
the charges conventionally picked for a generic theory, meanwhile on the r.h.s., we list those appearing
in its mirror theory. The charges in the mirror theory follow from the SU(2)y +— SU(2)¢ swapping.

Figure 39. T[SU(N)] quiver. In orange are reported FI parameters for each gauge node and X are
the flavour parameters.

We report also the measure for a U(N) gauging of a Coulomb branch, i.e. topological,
symmetry in the electric theory:

ngzl Sp (—Qm + % + Zi(m) — z§m))
Hgéj Sp (% + Zim) — z](-m))

AP (7:m) = (A.11)

It is convenient also to report the measure for a USp(2N) gauging on the CB of the electric
theory. It is given by the following formula:

. sb(—2m + g)N i]\ij sb(—2m + % + Zi + Zj)) szil sb(—2m + g + (223))

ACB Zim) = _ -
Usp(zn) (75 71) N sp(%L £ 2 £ 2)) TIN5 (S + (22,))

(A.12)

B Linear unitary quivers

In this section we review the T7[U(NN)] theory, that are linear unitary quivers that appear
in theories in this paper.

T[SU(N)] and T[U(N)] theory. The T[SU(N)] theory admits a Lagrangian description
in terms of the quiver reported in figure 39. The gauge group is ]_[Z-]\;l U(7) and the last node
has N flavours transforming under an SU(N)py global symmetry.

It is an A/ = 4 theory, so the superpotential is given by:

N-1
Wrsuvy = 2, Tr; [i’(i) (Tl"zurlQ(i’iH) - Trqu(i_l’i))] : (B.1)
i=1
with @® i =1,..., N chiral multiplet in the adjoint representation of U(N), that is part
of the N = 4 vector multiplet, and with Q(***1) the matrix of bifundamentals connecting
U(i) to the U(i 4+ 1) gauge node.
The CB symmetry in the UV is U(1)¥~!, but there’s a symmetry enhancement in the
IR to SU(N)c¢.
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SUWN)m SUN)c U(l)a | UQ)g,
QU~14) ° ° 1 0
QUi~14) ° . 1 0
QW -LN) N . 1 0
OWN-LN) N . 1 0
&) ° ° -2 2

Table 2. Charges and representations of the chiral fields under the global symmetries. The R-charge
assignment is in the UV, in the IR it flows to the usual N' = 4 values, mixing with U(1) 4 charge. In
the table i =1,--- , N — 1 and Q(®1) = Q(®:1) = .

For each Cartan in the two SU(N) global symmetries we can turn on real masses.
The parametrization we choose for them in this section consists in two set of parameters
X;,i=1,...,N and Y;,7 = 1,..., N, such that they respect the tracelessness condition

N X; =N, ¥ =0. We work in the N = 2* setup (introduced in appendix A).

The global symmetry is then given by SU(N)g x SU(N)¢ x U(1)4. The assignment of
charges to the fields in the theory is reported in table 2.

The generators of the chiral ring of the T[SU(N)] theory are the Higgs branch and
Coulomb branch moment maps, labelled respectively by H and C.

The HB moment map is given by:

1
with Q the meson given by:
Qi =Try 1 QW1 (B.3)

The CB moment map is given by Tr;®(® and bare monopole operators M with fluxes of
the form 7 = (0%, (£1)7,0%) with i 4+ j + k = N — 1. These monopoles have the same U(1)g
and U(1)4 charges. We can collect these N(N — 1) monopoles and the traces of the N-1
adjoint chirals into an N x N traceless matrix. We report as an example the case N = 3.

0 (10 g1

2
C — ED’Z(—LO) 0 m(ovl) + Z TI-Z@(/L)DZ . (B4)
MmELD  9|mO-) =

The charges of the moment map under symmetries in the theory are reported in table 3. We
can then write the partition function for the T[SU(N)] theory recursively as:

X Y i( I.Vilz(an —
Zrsuy (X, Yim /dZ(NN 11 2mOVN=YN) D 7 A%B(E(N]\ill);m)
N-1 N
X H H Sp (Z N_l) - X,) - m) (B.5)
i=1 n=1

X Z1[su(N-1)] (E(N_l),yh e 7YN—1;m) :
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SUMN)g SUN)c Ul)a | UQ)g,
H| N2-1 ° 2
C o N2 _1 -2 2

Table 3. Charges and representations of the chiral ring generators of T[SU(N)] under the global
symmetries. In the table i =1,--- ,N — 1 and Q®1) = Q1 = .

X Y
Np-----1 N

Figure 40. Compact notation for the T[U(N)] quiver theory.

The T[SU(N)] theory is self-mirror under mirror duality. In particular it involves the
following operator map:

H+—CV

B.6
C+—HY (B.6)

At the level of S} partition function (in A = 2* setup) mirror duality for T[SU(N)] theory
amounts to the following non-trivial integral identity:

- oo o)

Zrsuwy (X, Y;m) = Zpsun) (Y, Xjig —m (B.7)
So far we have talked about T[SU(N)] theory. It is possible to introduce also the T[U(N)]
theory, that is obtained from the T[SU(N)] theory with the addition of a contact term for
the flavour symmetry. The partition function for the T[U(N)] theory is given by:

—

Zru (X, Yim) = Zrsuny (X, Yim)e™ (Eima X7 (B.8)

In this paper we label Z7py(ny as Zp~ in order to simplify the notation. Then mirror duality
for T[U(N)] theories at the level of the partition function becomes:

[ - . N
ZrN (X, Y; m) = ZT[SU(N)] (X, Y; m)e2m (Zi:l Xi)YN _
B L - Q -
= ZTN (Y,X, 715 — ) = (B9>

—

= Z7[su(N)] (Y7 X;i

Q3

— m) e27ri(2£\;1 Yi)XN .

We will ofter represent this theory in compact form as a dashed line connecting two
squared nodes as in figure 40. This notation highlights the presence of the two non-abelian
U(N) global symmetries.
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M, My Mo My

Figure 41. T} quiver.

T7[U(N)] theories. In this section we review T7[SU(IV)] theories.

T7[SU(N)] has a Lagrangian description in term of a linear quiver as reported in figure 41.
To define a T7[SU(NV)] theory is enough to give p and o that are non-increasing partitions
of N, so they are given by:

%
i=1
and
k
o= (01,...,0%), 012...20k>0,20i:N. (B.11)
i=1

The gauge group is G = U(N1) x U(N2) x ... x U(N;_,), and M; is the number of flavours
of the j-th gauge node. Given p, o all M;, N; are completely fixed. The ranks of flavour and
gauge groups are obtained in the following way. First, let us rewrite the partitions as:

o= (1M 2" NYN) with) IM, = N,
l

DU _ . (B.12)
p= (1M 2 NMN) with> 1M, =N
l

The values M are precisely the number of hypermultiplets in the fundamental representation
of the j-th gauge group.
The ranks of the gauge group are obtained from:

Ny =k —
' P ‘ ) (B.13)
Nj:Nj_l—l—mj—pj, 322,...,]€—1
with m; that counts the number of terms bigger or equal than j in ¢ = (o1,...,07). Thus

my1 = k and my 1 = m; — M;. Tp"[SU(N)] flows to a non-trivial fixed point in the IR if:
ol'>pepl >0 (B.14)

ol > p contains the following set of inequalities:

i i
JT>p®ZmS>ZpS, Vi=1,...,11 (B.15)

5:1 S:l

According to eq. (B.13), this condition — originally stated in eq. (B.15)-is equivalent to
requiring that the gauge group ranks N; are all positive integers. This requirement also leads

— 91 —



Np------ p

Figure 42. Compact notation for a T, theory. The N squared box denotes the SU(N) HB global
symmetry of the theory.

to M; = 0 for all | > k, meaning there are no hypermultiplets linked to gauge group factors
that do not actually exist (i.e., those that are empty). Conditions of eq. (B.15) are essential in
order for the quiver theory defined by the triple (p, o, N) to be well-defined. Mirror symmetry
acts on T7[SU(N)], by exchanging partitions p and o. As in the case of T[SU(N)], where
we can add contact terms and obtain a T[U(N)] theory, for T7[SU(NV)] theories we can also
consider the contact terms of flavour symmetry and thus obtain a T} [U(N)] theory.

In figure 42 we introduce the compact notation for T,[U(N)] theories.

From T'[U(N)] theory it’s possible to obtain 7} [U(V)] theories by giving Nilpotent vevs
labelled by p and o respectively to the CB and HB moment maps:

<C>=J,, <H>=J, (B.16)

with J, and J, matrices of the type:

jpl Op1><p2 0p1><pL O1...... 0
L 0 Tpz |- ] 0 001 ...0
pP2Xp1 P2 P2XPL
=BT = . c Ta= ] | ®Ban)
i=1 . Lo .
OpLXpl OpprQ tee ij 0 0 - 0 O

Pi

We can also regard the VEVs as being dynamically generated as discussed in [54]. For
example the flow to T,[U(NN)] can be studied by starting with the T'[U(NN)] theory and flipping
the CB moment map by coupling a chiral field ®;;, transforming in the adjoint of SU(N),
to the Coulomb branch moment map C of the T[U(N)] tail. We then turn on linearly in
the superpotentials some of the components of ®;:

W = Tr[Ji,®u] + Tr(®y C)',, (B.18)

where [, is a Jordan block associated to the partition p of N (of the form reported in
eq. (B.17)). We then see from the EOM that the effect if this deformation is to turn a
nilpotent VEV for C:

(C) ~ k7[/,] . (B.19)

In all our examples the constraints from the set of delta functions dnj produced by the
algorithm as those appearing in eq. (4.8) and eq. (5.9) can be regarded as indicating that
some of the component of the ®;; have R-charge 2 and then enter the superpotential.

The VEV then triggers a flow resulting in the Higgsing of the T'[U(N)] theory as:

TIUN)|+ @y w/W=Tr[J,®u]+Tr[®yC] — T,[U(N)]+ Free sector. (B.20)
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At the level of partition function we write:
AdJP(T,m) Zpn (=T, V,m) sy = 215 (—Up, V,m) X Chomm - (B.21)

The free sector is encoded in the contribution of a collection of chiral multiplets, we label their
contribution to the partition function as Chcomm. To isolate the interacting 77 [U(V)] theory
we can remove them by introducing an N x N traceless matrix of flipping singlets F, whose
transpose commutes with 7, and are coupled to ®y so that the complete superpotential reads:

oW = TT’[(‘j[p] + .F[p])q)U] . (B.22)

In our discussion we do not introduce these flippers since the singlets produced in the
Higgsing will automatically acquire mass at the end of the RG flow. So rewrite eq. (B.21) as

by ey & ey Ry 4 ChComm _ = 3 p
ZTN(—U, V, m)‘5NH = ZTAV(_UP’ V, m) X M]CB—M = ZT‘;N(—UP, V, m) X ChNil (B23)
The term “Chf;,” is precisely that entering in eq. (5.9).

In section C we provide the explicit derivation of this result in the case of T[U(4)] —

T12,12)[U(4)]-

C Higgsing T[U(4)] to T2 [U(4)]

In this section we show the explicit analysis of the Nilpotent VEV that appears in section 5.3.1
set by dni of eq. (5.31). We start from the partition function of T[U(4)], with parameters
—U and X for the HB and CB moment maps as in the example in the main text, but we
send for simplicity U— -U during computations, so we also invert the condition set by
eq. (5.31). Thus, we set:

(1)
Up=Wa+Zy —m+ 2

{U1=W2+Zg+m—7’Q
We report the partition function of T[U(4)|(U, X;m):
ZS = ZT‘*([j )?m) =

/dylAl (y1; )27”(U1 U2)y1/ dyQAQ (92, )2m (U2-U3) Y7 1y2

. 3 G) 2
/dy?sA?B(yﬁ;m)GQ (Ot 2o H[ (Z?_mi(yl_yg))ﬂ (C.2)

H H [Sb (—mi( % yéj))ﬂ f[ ﬁ [Sb (if—mi(yéj) —Xj))]

i=1j=1 Jj=1k=1

627rzU4 Zk:l Xk

Since it’s technically difficult to give VEVs to monopoles and it’s easier to give VEVs to
mesons, we mirror 7[U(4)](U, X; m) obtaining T[U(4)](X,U;m). At the level of the partition
function it means using the equality:

Zra(U,X;m) = Zpa ()Z,ﬁ;zgg—m) (C.3)
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Partition function, reported in eq. (C.2), becomes:

. . (%)
ZS:/dzlAch(zl;m)e2m(X1_X2)Z1/dz_ﬁAgB(z_é;m)ezm(XQ_Xii)Z?ﬂ% /dz’éAgB(z_é;m)

27ri(X3—X4)Z$ éj) 2 () S (7) (4)
e =1 H[Sb(mi(zl— ))]HH[Sb(mi( —z3"))]
i=1 i=1j=1
3 4 4
H H sp(m=(z Uj))]esz“ZhlU’“ (C.4)
j=1k=1

Now we impose the condition reported in eq. (C.1) and obtain (labelling Wy + Z3 = V):

ZS:/dzlAch(Zl;m)eZWi(X1fX2)z1/dz—éAgB( . ) 2mi(Xo— XB)Z (l)/dZ?,AC (237 )

2mi(X3—Xa) Y0 2 2 T ) )
e j=1 H[sb(mﬂ: 21—z H H sp(m=E(z —Zz3 )]
i=1 i=1j=1
3 4 4 3 ; , ,
1 Tisme U T [ss (fi(zé”—m) sz;(zm—z'czi(zé”—v»}
j=1k=3 J=1

o2 X4 (21:3 Uk+2V) (C.5)

A VEV for a meson at the level of the partition function appears when two or more poles
from chirals of R-charge zero, collide and pinch the integration contour. We notice indeed
that the charges of the meson taking In our case, we have:

/ dz§3)sb (Z2Q + (zég) - V)) (C.6)

We see that for zég) = V both double sine functions are divergent since sb(g) = 00, and so
they pinch the integration countour at that point. So we set in the integral:

P =v (C.7)
and obtain (relabelling zél),z:gz) as zé 1),2521) )E

. ) 2 ()
Zs= [ dnafP asm)enin X / 45052 (Gm)e™ LA 4 AT (i)

2

627”'(X3*X4)Zz 1 éJ;I_I[Sb(m:l: 21— H m:l: V- 22)))]
2 2 - -
18 )
i=1j5=1 j=1k=3
4 ] ) .
22X (3, Uk)e27Ti(X3+X4)VSb <2m_lg2> sp (?) Q[Sb(_mi(v_m))] (C.8)

Some contributions have simplified due to the property of the double sine sy(z)sy(—z) = 1.
We recognize the partition function of T[2’12]((7 [2’12},22 ;m), we mirror it back and obtain

T[Qvlz}((j [2712],)2 ;m). At the level of the partition function we use the following equality:

—

. i .
Z po) (X, 1217, ?Q — ) Zra (U2, X;m) (C.9)
4

[2,12]
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that corresponds to the following equality between integrals:

2
[ daafBmen e [ agag8 (5m)e 1 [ dzsn AGP im)
, 2 () 2
2miXa=Xa) 35 7 H[Sb(m + (21 — z NI T se(m £ (V - Zéz)))]
i=1 i=1

2 2 2 4 ,
HHSbmi DT T lso(m = (=5 — Up))]
1=17=1

Jj=1k=3
27r'LX4 (Zk:s k)€27rz(X3+X4)V _

. 4 2 @)
/ dy1 AT (y1;m)e?miUs—Uam / AR AL (g m)e?m i Us=V) 2ica va

egmvzjzlxjﬁ[%(é;)_mi w1 — o) )]ﬁﬁ[ <'_mi( ) Xﬂ)]

i=1 1=1j=1
(C.10)

We use the equality for off-shell theories, meaning that we have contact terms for flavour
symmetries. This is due to the fact that we isolated a T[U(N)| theory and worked on it, but
in our star-shaped quiver the flavour node of T[U(NV)] is gauged so we should keep track
of contact terms because for the star-shaped quiver they are FI parameters. Substituting
eq. (C.10) into eq. (C.8) we obtain:

. . 2 (%)
Zg = / dylA{{B (yl; m)62m(U37U4)y1 / dy‘éAé{B (?fz, m)e27rz(U4—V) Zi:l Yo

AV [a (%2 -t -2 | T oo (2 =m0 - 50)] oy

=1
<2m_ ZQ) 5 (f) g[su—mi(v—m))}

So the chirals generated by the Nilpotent vev in this example have the following contribution

to the partition function:

eny = s (2m -2 )0 () [iss(m = (v — ) (C12)
=3

These singlets are the ones appearing in eq. (B.23). Indeed this contribution can be obtained
also following the prescription in appendix B.

D Relation between 4d and 3d bad-ness

As discussed in sections 2 and 4, there are two seemingly different notions of badness for
a class S theory. The first one is four-dimensional and refers to the violation of the non-
negativity of the dimensions of subspaces Vj, of the Coulomb branch, as defined eq. (2.6).
Whereas the second notion refers to the badness, in the three-dimensional sense, of the
star-shaped quiver associated with the theory of class S. As pointed out in [10], these two
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criteria are essentially equivalent.?! The aim of this appendix is to discuss this link in detail,
expanding on the analysis of [10].

Let us consider a star-shaped quiver with three tails, each associated with an integer
partition of the rank, NV, of the central node. Notice that starting from a quiver with good
tails, the only node which is potentially bad is the central one. The key fact observed
in [10] is that there is a simple relation between the excess number?? of the central node
of the quiver and the Coulomb branch spectrum in 4d. It can be deduced from eq. (2.6)
that for the relevant cases of spheres (g = 0), the contribution from each puncture to the
level N dimension, dy, is equal to N minus the first element of the corresponding partition
of N. However, since this is also just the rank of the first node in the corresponding tail,
we have that the total contribution from the punctures to dy is equal to the number of
flavours for the central node in the star-shaped quiver. Thus, given that the excess number
is equal to the number of flavours minus twice the rank, we find that the excess number
equals dy — 1, as defined in eq. (2.6).

Therefore, the central node of the quiver is good if and only if dy is strictly positive. On
the other hand, if the central node is bad in the 3d sense, i.e., its excess number is smaller
than —1, then the CB subspace dimension dy is negative, and therefore the theory is bad in
the 4d sense as well. Instead, if the central node is ugly, then dy = 0, which implies that the
spectrum of the 4d theory does not contain any Coulomb branch operators with dimension N.

In the ugly case, we can dualise the central ugly node by exploiting the duality from [11],
reducing its rank to N — 1. Upon such a replacement of the central node, the tails in the
star-shaped quiver may now become ugly, in which case we should re-iteratively dualise them
as well. This required chain of dualisation required to make each tail good can easily be
described at the level of the corresponding partition of N. The dualisation of the central node
corresponds to decreasing the first element of the corresponding partition by 1, which may
result in the resulting sequence of integers no longer being an ordered partition. Whenever
this happens, we should simply reshuffle the sequence until we get an ordered partition of
N — 1. As shown in [14], every time we transpose two elements of the sequence of integers,
we are effectively dualising an ugly node in the quiver (still only using the duality from [11]).

It is easy to see that the Young tableaux describing the resulting partition of N — 1
can be obtained from the initial partition of N by removing the last box from the last row.
Overall, once we have dualised the central node and all the ugly nodes in the tails, we end up
with a star-shaped quiver with N — 1 in the center and tails described by Young tableaux
corresponding to the initial ones with the last box removed. By iterating the earlier argument,
we find that the excess number of the central node U(N — 1) of this new star-shaped quiver
is equal to dy_1 — 1 for the new theory of class S of type 8u(N — 1). However, the latter is
in turn equal to the quantity dy_1 — 1 of the original star-shaped quiver due to the relation
between the original and the final Young tableaux!

3Tt is intriguing to note that the 4d CB condition maps directly to the balancing condition in the 3d
star-shaped quiver, which determines when CB monopole operators in three dimensions fall below the unitarity
bound. Given that the star-shaped quiver is the 3d mirror dual of the direct circle compactification of the 4d
theory, one might have instead expected a correspondence between the 4d CB condition and a condition on
the HB of the mirror.

32The excess number of a U(N) node that has F hypermultiplets charged under it is defined to be F' — 2N.

— 96 —



By iterating the argument so far, we conclude that the star-shaped quiver is bad in the
3d sense only if the corresponding theory of class S has a Coulomb branch with a negative
subspace contribution dj, for some k, followed by vanishing contributions for all higher levels.
Such a theory is therefore bad from the 4d standpoint as well.

The implication goes the other way as well, although it does not directly follow from
what has been said so far. It can happen that the 4d Coulomb branch spectrum contains
a positive contribution for some & (such that the contributions at higher levels all vanish),
but there is still a negative contribution for some &’ < k. This would correspond to a locally
good /ugly star-shaped quiver from the 3d standpoint, but to a bad theory according to 4d
criterion. It turns out that this happens only for those theories of class S whose 3d mirror
is described by n > 1 times an affine Dynkin diagram (which describes the moduli space of
n instantons of corresponding Dynkin type). These quivers are locally good (all nodes are
balanced), but are known to be globally bad, since they contain monopole operators with
vanishing R charge [6]. Therefore, we conclude that the badness criterion for the star-shaped
quivers based on the monopole operators violating the unitary bound in three dimensions,
and the four-dimensional criterion using apparent negativity of Coulomb branch subspace
dimensions for the corresponding theories of class S are equivalent.

E Criterion for a single interacting frame

In this work, we have introduced a new family of bad theories, broken theories, and have
studied them as they appear in the context of class S. These are bad star-shaped quivers with
at least one full tail, which we have conjectured to have a single frame up to permutations
(see subsection 4.3).

In this section, we introduce a criterion to determine whether such broken star-shaped
quivers are interacting, meaning they do not reduce in the IR to a collection of free hyper-
multiplets. More generally, we will provide a necessary and sufficient condition for a bad
star-shaped theory to have at least one interacting frame. The criterion is the following:

A bad star-shaped quiver has at least one interacting frame if and only if it contains
an affine Dynkin diagram.

We will now prove this in the following two subsections.

E.1 Bad star-shaped quivers with interacting frames

First of all, notice that the interacting frame, if it exists, is described by a good quiver obtained
from the initial quiver by locally dualising every bad/ugly node, where each local dualization
has the effect of reducing the rank of the node. We will now show that if a locally bad quiver
contains an affine Dynkin diagram, then it has at least one good frame obtained via the local
dualization, such that the good describing the frame contains the same affine Dynkin diagram.
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It is easiest to explain what we mean by “contain” with an example. Let us consider
the following quiver:

Ny
Ng
O ) ) ) O
Ny No N3 Ny N5 Ng N7 (E 1)

This can be good, ugly or bad. We see that this quiver contains an affine Eg diagram, if
the following quiver can be subtracted from it:

@ @ O O O
0 0 1 (EQ)
This is the affine Dynkin diagram of Eg, decorated with the red nodes to depict a quiver
with the same shape as eq. (E.1), where the rank of decorating nodes is set to zero. Such a
“subtraction” is possible only if the nodes of eq. (E.1) have larger rank on the corresponding
nodes in eq. (E.2), leading to the inequalities:

Nl)NQZO; N37N77N92]-; N47N67N822; N523 (E3)

The logic now proceeds as follows: assume that starting from a bad star-shaped quiver,
we find an interacting frame via the electric dualisation algorithm. We want to show that such
an interacting frame is described by a good quiver which contains an affine Dynkin diagram.
However, the existence of such a frame directly implies that the original bad quiver contains
the same affine Dynkin diagram, simply because the sequence of local dualisations that
are part of the electric algorithm (that produces the good quiver describing the interacting
frame, from the initial bad quiver) can only decrease the rank of the nodes. Thus, this
shows that a necessary condition for a bad quiver to have interacting frames is to contain
an affine Dynkin diagram.

We now prove that this condition is also sufficient, which is the same as proving the
existence of an interacting frame if the original bad theory contains an affine Dynkin diagram.
To prove the existence, we argue as follows: consider a sequence of local dualisations such
that every bad node is replaced by its maximal frame (corresponding to the largest rank after
being replaced), i.e., we consider the move N, — {%J After finitely many dualisations, we
will necessarily get to one of the frames, which may either be interacting or free.

Let us focus on a single local dualization. Before the dualisation, the node has rank
N and N # = >_; Nj flavours, where the sum runs over neighbouring nodes whose rank we
denote as N;. Since the quiver contains an affine Dynkin diagram, we know from eq. (E.3)
that N is larger than the rank N’ of the corresponding node in the decorated affine Dynkin
diagram. We now denote with IV J/ the rank of its neighbouring nodes in the decorated affine
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Dynkin diagram. The crucial observation is that nodes in the affine Dynkin diagram are
balanced (see eq. (E.2)) and therefore
_ N
N < {;J , where Nj :ZNJ'-. (E.4)
j

As a result, after the dualisation, we find

N — V\;‘J > V\;}J > N, (E.5)

where we have used eq. (E.4) and the fact that N; > N} due to eq. (E.3). Thus, the rank
of the node after the dualisation is still larger than the rank of the corresponding node in
the decorated affine Dynkin diagram, and therefore the quiver obtained after dualisation
still contains the same affine Dynkin diagram. By reiterating this argument for each local
dualization move, we conclude that the resulting frame is a good quiver containing an affine
Dynkin diagram, and will be shown to be interacting as shown in the next section.

To conclude, let us point out that this does not rule out, in general, the existence of
other frames which are free. However, applying this result or line of reasoning to broken
theories (which by definition have a single frame), we conclude that the single frame must be
interacting. This leads to a necessary and sufficient criterion for a single interacting frame
in the case of broken theories: the theory must fit an affine Dynkin diagram.

E.2 All good quivers fit an affine Dynkin diagram

We will now provide the second part of the proof, showing that all good interacting star-shaped
quivers contain an affine Dynkin diagram (for a related analysis, see [60]). Let us begin by
focusing on good star-shaped quivers with three tails.

Recall that good star-shaped quivers have all nodes (including the central one) balanced
or overbalanced, and as we move along a tail starting from the center, the rank of the nodes
strictly decreases. We recall that the integer partition associated with a tail can be determined
as follows: the first element of the partition is the difference between the rank of the central
node and that of the first node in the tail, the second element of the partition is given by the
difference between the ranks of the first two nodes, and so on. All nodes in the tail are good
if and only if the sequence constructed in this way is an ordered integer partition of N, the
rank of the central node, with the first element in the sequence being the largest.

Let us start by characterising quivers which do not satisfy the desired property, i.e., do not
include any exceptional affine Dynkin diagrams. First of all, we can notice that if all the tails
have length two or more, then the quiver necessarily contains the Eg affine Dynkin diagram
and therefore immediately satisfies this property. We can therefore concentrate on quivers
which have a tail of length one. If this tail is abelian, then the central node of the quiver
cannot be good: denoting again by N the rank of the central node, the other two tails can
contribute at most 2N — 2 flavours since the first node in each tail has rank at most NV —1. As
a result, the central node will be balanced or overbalanced only if the third tail contributes two
flavours or more, meaning that it is not abelian. In summary, all quivers with an abelian tail
cannot be good, and indeed, none of the affine exceptional Dynkin diagrams can fit in them.
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From this discussion, we see that we should focus on quivers whose tails are all non-abelian,
and one tail has length one. Furthermore, if the other two tails both have length three or
more, then we can observe that the Er affine Dynkin diagram fits in the quiver: the central
node must have rank at least 4, the first node in the long tails must have rank at least
3, and so on. As a result, the quiver satisfies the desired property. The only case left to
analyse is therefore the case in which there is a tail of length one and another of length
two. If the third tail has length five or more, it can be shown that the quiver is not good
unless the Fyg affine Dynkin diagram fits in the quiver. We will see this momentarily, but
before doing so, let us focus on the other option, namely, the third tail has length four or
less, and show that the quiver cannot be good.

The unitary theory we are interested in is of the form

O D) ) ) O
A G H

[oe}
Q
w)
=

(E.6)

where the capital letters denote the rank of the corresponding node. The “goodness” of
node A implies that

B=2A+a,

where a is a non-negative integer. With the same logic we find that goodness of nodes
B, C, and D implies that

C=3A+4+2a+b, D=4A+3a+2b+c, E=5A+4a+3b+2c+d,

where b, ¢, and d are non negative integers. This in turn implies that D < 4F/5. Finally,
by requiring nodes F, G, and H to be balanced or overbalanced we find F < E/2 and
G < 2E/3. Since the total number of flavours seen by the central node is D + F' + G, from
the above inequalities, we find that

4 1 2 59
D+F+G<|(=-+-+=-|E=—F.
TGS (5 + 2 + 3) 30
Therefore, the central node cannot be good since the number of flavours is less than 2F, and
thus we conclude that all quivers of the form eq. (E.6) are not locally good.
Let us now go back to the case in which one of the tails has length 5 or more, namely,
the quiver is of the form

LT

A B C D E F G H (E7)

with A > 0. Goodness of all the nodes on the left of F' then requires F' > 6. Furthermore,
if the quiver is good, then we conclude L > 3. In order to see this, it is enough to notice
that if L = 2, we must have G = E = F — 1 for the central node to be good, and this
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directly implies that either G or H are not good. Furthermore, since £ < F' — 1 we need
L+ G > F +1 for the central node to be good. Noticing that L < F/2 (otherwise the node
L is not good), we conclude that G > F/2 + 1. This in turn implies that H > 2 (otherwise
the node G is not good) and G > 4 (since F' > 6). Overall, the bounds we have derived on
F, G, H and L assuming all nodes to be good imply that the affine Eg Dynkin diagram
fits in the quiver (E.7), which is the desired result.

The above argument shows that all good star-shaped quivers with 3 tails satisfy our
property: at least one among the affine exceptional Dynkin diagrams fits in the quiver.
For example, we conclude that all quivers of the form eq. (E.6) reduce to Wess-Zumino
models upon local dualisations, regardless of the value of A, B,C, D, E, F', and G. We would
like to stress that the exceptional Dynkin diagram fitting in the quiver is not necessarily
unique; for example, the 3d mirror of the trinion Ty includes all of them. For quivers with
four tails or more, the analogous statement is that the affine Dy Dynkin diagram fits in
the quiver, which is automatically true. As a result, all star-shaped quivers with 4 tails
or more do have interacting frames.
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