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Abstract

Background The Cox proportional hazards regression model is frequently used to estimate an individual’s
probability of experiencing an outcome within a specified prediction horizon. A key assumption of this model is that
of proportional hazards. An important component of validating a prediction model is assessing its discrimination.
Discrimination refers to the ability of predicted risk to separate those who do and do not experience the event. The
impact of violation of the proportional hazards assumption on the discrimination of risk estimates obtained from a
Cox model has not been examined.

Methods We used Monte Carlo simulations to assess the impact of the magnitude of the violation of the
proportional hazards assumption on the discrimination of a Cox model as assessed using the time-varying area under
the curve and on predictive accuracy as assessed using the time-varying index of predictive accuracy.

Results Compared to settings in which the proportional hazards assumption was satisfied, discrimination and
predictive accuracy decreased in settings in which the log-hazard ratio was positively associated with time.
Conversely, compared to settings in which the proportional hazards assumption was satisfied, discrimination and
predictive accuracy increased in settings in which the log-hazard ratio was negatively associated with time. Compared
with the use of a Cox regression model, the use of accelerated failure time parametric survival models, Royston and
Parmar’s spline-based parametric survival models, and generalized linear models using pseudo-observations did not
result in estimates with improved discrimination or predictive accuracy in settings in which the proportional hazards
assumption was violated.

Conclusions Violation of the proportional hazards assumption had an effect on the discrimination of predictions
obtained using a Cox regression model.
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Introduction

The Cox model characterizes the relationship between
covariates and the hazard function, which represents the
instantaneous rate of event occurrence at a given time,
conditional on survival up to that time. A key assump-
tion of the Cox regression model is that of proportional
hazards: the ratio of the hazard function for any two
subjects is constant over time and is a function only of
their covariates and the regression coefficients. While the
Cox model allows one to estimate the magnitude of the
association between covariates and the hazard function,
it is also frequently used to estimate an individual’s abso-
lute risk of experiencing an outcome (e.g., death) within
a specified prediction horizon (e.g., 10 years) in settings
in which the length of follow-up varies across individuals
and where some individuals can be subject to censoring
prior to the prediction horizon. This can be done by com-
bining Breslow’s estimate of the cumulative hazard func-
tion and with the linear predictor comprised of the values
of the predictor variables combined with the estimated
regression coefficients [1].

Assessing calibration and discrimination are two
important aspects of validating the performance of clini-
cal prediction models [2—4]. Calibration refers to the
agreement between predicted and observed risks while
discrimination refers to the ability of predicted risk to
discriminate between those with and without the event.
A recent study examined the impact of the violation of
the proportional hazards assumption on the calibration
of a Cox proportional hazards regression model. It con-
cluded that, in general, violation of the proportional haz-
ards assumption had a negligible impact on calibration
[5]. Royston and Altman suggested that, even if the pro-
portional hazards assumption is violated, a Cox model
‘may still provide good discrimination’ [6]. However,
there is a paucity of formal research on the effect of the
violation of the proportional hazards assumption on the
discrimination of clinical prediction models developed
using the Cox regression model.

The objective of the current paper was to examine
the impact of the violation of the proportional hazards
assumption on the discrimination of predicted event
probabilities within a specified prediction horizon gener-
ated from a Cox proportional hazards regression model.
The paper is structured as follows: In Sect. 2, we describe
the design of a series of Monte Carlo simulations that
were used to examine this issue. In Sect. 3, we report the
results of these simulations. In Sect. 4, we provide a sen-
sitivity analysis in which we assess the impact of varying
the prevalence of a binary variable for which the propor-
tional hazards assumption is violated. Finally, in Sect. 5,
we summarize our findings and place them in the context
of the existing literature.
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Monte Carlo simulation methods

We used Monte Carlo simulations to examine the impact
of violation of the proportional hazards assumption
on the discrimination of predicted event probabilities
within a specified prediction horizon generated from
a Cox proportional hazards model. The data-generat-
ing process used was similar to that used in a previous
study that examined the impact of violation of the pro-
portional hazards assumption on the calibration of the
Cox model [5]. Motivated by that prior study, we com-
pared the discrimination of predicted event probabilities
within a specified prediction horizon generated from a
Cox regression model under violation of the proportional
hazards assumption with alternative methods for esti-
mating risk with time-to-event outcomes: a Cox model
that stratified on the variable for which the proportional
hazard assumption was violated (when the variable for
which the assumption was violated was binary), para-
metric accelerated failure time (AFT) survival models,
Royston and Parmar’s spline-based flexible parametric
survival models, and generalized linear models based on
pseudo-observations.

Data-generating process

Our data-generating process was similar to that in a pre-
vious study that examined the impact of violation of the
proportional hazards assumption on the calibration of
the Cox regression model [5].

For each subject in a sample of size 2,000, we gener-
ated two correlated baseline covariates: a continuous
variable (X;) and a binary variable (X,). To do so, we
first generated random variates from a bivariate normal
distribution with mean (0,0) and variance-covariance

021

a continuous variable, while the second variable, X,, was
dichotomized such that it was set equal to 1 if it was less
than zero and set equal to 0 otherwise.

Using previously-described methods, we generated
time-to-event outcomes from the following hazards
model: log(h(t)) = log(ho(t)) + (8o + B1t) X1 + B2 Xo,
where t denotes time, h(£) denotes the hazard function and
hy(t) denotes the baseline hazard function [7]. Under
this data-generating process, the proportional hazards
assumption was violated for X, the continuous baseline
covariate, since the regression coefficient for X, is a lin-
ear function of time. When simulating time-to-event out-
comes, we assumed that the maximum observed event
time was 1,825 days (i.e., 5 years). We allowed the value
of 31 to vary from - 0.0008 to 0.0008 in increments of
0.0001, thereby varying the magnitude of the violation of
the proportional hazards assumption. For a given value
of 31, we determined the value of 3y so that the average

1 02
matrix ( ) The first variable, X;, was retained as
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regression coefficient across the 1,825 days would be
equal to log(2) (therefore the average hazard ratio for a
one standard deviation increase in X, across the 1,825
days would be equal to 2).We thus examined 17 different
scenarios, with one scenario (51 = 0) denoting a scenario
in which the proportional hazards assumption was satis-
fied. Increasing values of |5;| denote stronger violations
of the proportional hazards assumption. The regression
coefficient for the binary variable (82) was set to equal to
log(2). This procedure was repeated 1,000 times so that
for each simulation scenario we created 1,000 simulated
datasets. The decision to set the average regression coef-
ficient across the 1,825 days to log(2) was made for a
pragmatic reason. When combined with different values
of /31, this allowed for the hazard ratio to display minor,
moderate, or strong variation over the 1,825 days of fol-
low-up, while resulting in time-specific hazard ratios that
would be plausible in a variety of settings.

We then modified the above data-generating process
so that the proportional hazards assumption was violated
for the binary variable and satisfied for the continuous
variable. We thus had a set of Monte Carlo simulations
in which we allowed two factors to vary: (i) whether the
variable for which the proportional hazards assumption

(2026) 10:7

Page 3 of 12

was violated was binary or continuous; (ii) the magnitude
of the violation of the proportional hazards assumption.
The first factor took on two values while the second fac-
tor took on 17 values. In each of the 34 scenarios we sim-
ulated 1,000 datasets.

The time-varying hazard ratios in each of the 17 sce-
narios are reported in Fig. 1. The left panel describes the
time-varying hazard ratios when the proportional haz-
ards assumption was violated for the binary variable,
while the right panel describes the time-varying hazard
ratios when the proportional hazards assumption was
violated for the continuous variable. The figure illus-
trates that we considered scenarios with mild violation
of the proportional hazards assumption to scenarios with
strong violation of the proportional hazards assumption.
Furthermore, we considered scenarios in which the haz-
ard ratio decreased over time (f; < 0)and scenarios in
which the hazard ratio increased over time (51 > 0).

Analyses in the simulated datasets

Each simulated dataset was split into a derivation sample
and a validation sample of equal size. In each derivation
sample we regressed the hazard of the outcome on the
two baseline covariates using the following Cox regression

1. Time-varying hazard ratio under different scenarios
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model: log(h(t)) = log(hg(t)) + 1 X1 + B2X2 (i.e., we fit
a misspecified model in which we ignored potential vio-
lation of proportional hazards assumption).

The fitted model was then applied to the validation
sample and the linear predictor was computed for each
subject in the validation sample. Harrell's concordance
statistic (which he referred to as an index of discrimina-
tion of a prognostic model) was computed in the valida-
tion sample [8]. We also computed Uno’s c-statistic [9].

We then obtained a predicted probability of the out-
come within 1, 2, 3, 4, and 5 years for each subject in
the validation sample. Breslow’s estimate of the cumula-
tive baseline hazard function was used to compute each
individual’s probability of experiencing the outcome
within each of the five prediction horizons. Discrimina-
tion of the model in the validation sample was assessed
at each of the five time points using the time-varying area
under the receiver operating characteristic (ROC) curve,
which we refer to as the time-varying AUC [10]. We
also computed the Index of Prediction Accuracy (IPA),
which is equivalent to the scaled Brier score, at each of
the five prediction horizons (strictly speaking the IPA
is not a measure of only discrimination, but combines
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discrimination and calibration; we include it here for the
sake of completeness) [11].

We also examined the performance of three other
methods for obtaining estimates of risk at specified dura-
tions of time: (i) an AFT parametric survival model with
a gamma distribution; (ii) Royston and Parmar’s spline-
based flexible parametric survival models using splines
with four degrees of freedom; (iii) generalized linear
models that used pseudo-observations [12, 13]. With
the latter approach, we computed pseudo-observations
at each of the five prediction horizons and regressed
the pseudo-observations at a given prediction horizon
on the two baseline covariates using a generalized lin-
ear model with a normal distribution and a bounded
logit link function (we then repeated this method using
a bounded complementary log-log link function) [14].
We then applied the fitted linear model to the valida-
tion sample to obtain the probability of the occurrence
of the outcome at the given prediction horizon. For
the AFT survival model, the following model was fit:
log(T) =B+ B1X1+ B 3X2+0¢ where T denotes
survival time, o is a scale parameter, and € is a random
error term whose distribution is determined by the

2. Relationship between Beta1 and Harrell's concordance statistic
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gamma distribution. For Royston and Parmar’s spline-
based parametric survival model, the following model
was fit: log(H (t)) = s(z;v) + 8 1X1 + B 3X», where
H(t) is the cumulative hazard function and s(z;7v) is
a k-knot natural cubic spline function of log-time that
is used to model the baseline cumulative hazards func-
tion (in our application we used a splines with 4 degrees
of freedom). For the generalized linear models using
pseudo-values, the linear predictor was modeled as
Bo+B1X1+ B Xo.

In those settings in which the proportional hazards
assumption was violated for the binary variable, we also
fit a Cox regression that stratified on the binary variable,
thereby allowing a separate baseline hazard function for
each of the two levels of the binary variable. This strati-
fied model had a single predictor variable: the continuous
baseline variable.

The mean of each performance measure was computed
across the 1,000 simulated samples for each simulation
scenario. Harrell’s and Uno’s concordance statistics were
only computed for the Cox regression model and the
gamma AFT survival model, as these concordance statis-
tics require a linear predictor for each individual, rather
than an estimated risk at specific prediction windows.
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Software

The simulations were conducted using the R statistical
programming language (version 3.6.3) [15]. Time-to-
event outcomes were simulated using the simsurv func-
tion from the simsurv package (version 1.0.0). The Cox
model was fit using the coxph function from the survival
package (version 3.2—11). Harrell’s and Uno’s c-statistics
were computed using the concordance function from
the survival package. Predicted risk from the fitted Cox
model was estimated using the predictSurvProb function
from the pec package (version 2019.11.03). The general-
ized gamma AFT model was fit using the flexsurvreg
function from the flexsurv package (version 2.3). Royston
and Parmar’s spline-based parametric survival model
was fit using the stpm2 function from the rstpm2 pack-
age (version 1.5.2). Pseudo-observations were computed
using the pseudosurv function from the pseudo package
(version 1.4.3). The generalized linear model with the
pseudo-observations was fit using the glm function using
the bounded logit link function blogit from the survival
package. The bounded complementary log-log link func-
tion was implemented using the cloglog function from
the survival package. Time-vary AUC and IPA were com-
puted using the Score function from the riskRegression

3. Relationship between Beta1 and AUC (binary covariate)
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package (version 2020.12.08). Simulation results were
summarized using the simsum function from the rsim-
sum package (version 0.13.0).

Monte Carlo simulation results

We report our results separately for the scenarios when
the variable for which the proportional hazards assump-
tion was violated was binary and when it was continuous.
When examining the figures used to summarize our find-
ings, recall that 3; = 0 denotes a scenario in which the
proportional hazards assumption was satisfied.

Proportional hazards assumption violated for a binary
variable

The relation between 31 and Harrell’s concordance index
is described in the left panel of Fig. 2. For the unstrati-
fied Cox model and for the AFT survival model, com-
pared to when the proportional hazards assumption was
satisfied (81 = 0), increasingly larger positive values of 51
resulted in negligible decreases in the concordance index.
Conversely, compared to when the proportional hazards
assumption was satisfied (51 = 0), decreasing values of
(1 were associated with modest increases in the concor-
dance index. Thus, the largest concordance index was
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observed when the time-varying hazard ratio was ini-
tially very large and then decreased over time, while the
smallest concordance index was observed when the time-
varying hazard ratio was initially low and then increased
over time. For the stratified Cox model, violation of the
proportional hazards assumption had no impact on con-
cordance. Essentially identical results were obtained for
Uno’s c-statistic (results not shown). The left panel of
Figure S1 in the supplemental online material reports
the relationship between ; and the standard deviation
of the computed concordance statistics across the 1,000
simulation replicates. In general, the concordance statis-
tics derived from the two Cox-based models displayed
greater variability across simulation replicates than did
the concordance statistics derived from the AFT survival
model.

The relation between /3, and time-varying AUC is
reported in Fig. 3, which consists of five panels, one for
each of the five prediction horizons. At each predic-
tion horizon, the relation between 3; and time-varying
AUC was approximately linear, with AUC decreasing
as (1 increased. The magnitude of the change in AUC
with increasing (; decreased as the prediction hori-
zon increased (e.g., at the 1-year prediction horizon the

4. Relationship between Beta1 and IPA (binary covariate)
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change in AUC as (3; increased from - 0.0008 to 0.0008
was approximately 0.06, while at the 5-year prediction
horizon the change was approximately 0.03). At each
prediction horizon, the largest AUC was observed when
B1 = —0.0008, the scenario in which there was a very
strong violation of the proportional hazards assumption
and where the time-varying hazard ratio was initially
very large and then decreased over time. The Monte
Carlo standard errors of the mean AUC are described in
Figure S2 in the supplemental online material [16]. For
most scenarios, prediction horizons, and statistical mod-
els, the Monte Carlo standard errors lay between 0.0005
and 0.0008. When interpreting these Monte Carlo stan-
dard errors in the context of the magnitude of the esti-
mated AUCs in Fig. 3, this would suggest that the mean
AUCs were estimated with high precision. Figure S3 in
the supplemental online material reports the relation-
ship between ; and the standard deviation of the com-
puted AUCs across the 1,000 simulation replicates. There
is one panel for each of the five prediction horizons. The
computed AUCs from five of the six models displayed a
similar variability across simulation replicates. The one
exception was that, compared to the other five methods,
the AUCs from the Royston-Parmar model displayed
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greater variability across simulation replicates in several
of the scenarios.

The relation between (; and the time-varying IPA
is reported in Fig. 4, which consists of five panels, one
for each of the five prediction horizons. The relation
between (3; and the time-varying IPA was very similar
to that observed for the time-varying AUC. Figure S4 in
the supplemental online material reports the relationship
between 3; and the standard deviation of the computed
IPAs across the 1,000 simulation replicates. The com-
puted IPAs from five of the six models displayed a similar
variability across simulation replicates. The one excep-
tion was that, compared to the other five methods, the
IPAs from the Royston-Parmar model displayed greater
variability across simulation replicates in several of the
scenarios.

Proportional hazards assumption violated for a continuous
variable

The relation between 3, and Harrell's concordance index
was approximately linear (right panel of Fig. 2). The larg-
est concordance index was observed when the time-
varying hazard ratio was initially very large and then
decreased over time (51 = —0.0008), while the smallest

5. Relationship between Beta1 and AUC (continuous covariate)
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concordance index was observed when the time-varying
hazard ratio was initially low and then increased over
time (87 = 0.0008). Essentially identical results were
obtained for Uno’s c-statistic (results not shown). The
right panel of Figure S1 in the supplemental online mate-
rial reports the relationship between [3;and the standard
deviation of the computed concordance statistics across
the 1,000 simulation replicates. In several scenarios, the
concordance statistic derived from the Cox regression
model displayed greater variability across simulation rep-
licates than did the concordance statistic derived from
the AFT survival model.

At each prediction horizon, the relation between (;
and time-varying AUC was approximately linear, with
AUC decreasing as /31 increased (Fig. 5). The magnitude
of the change in AUC with increasing 3; decreased as the
prediction horizon increased. At each prediction hori-
zon, the largest AUC was observed when 3; = —0.0008,
the scenario in which there was a very strong violation of
the proportional hazards assumption, where the time-
varying hazard ratio was initially very large and then
decreased over time. The Monte Carlo standard errors of
the mean AUC are described in Figure S5 in the supple-
mental online material. For most scenarios, prediction
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horizons, and statistical models, the Monte Carlo stan-
dard errors lay between 0.00045 and 0.0008, indicating
that the mean AUCs were estimated with great precision.
Figure S6 in the supplemental online material reports
the relationship between ; and the standard deviation
of the computed AUCs across the 1,000 simulation rep-
licates. In general, the computed AUCs from four of the
five models displayed similar variability across simulation
replicates. The one exception was that, compared to the
other four methods, the AUCs from the Royston-Parmar
model displayed greater variability across simulation rep-
licates in several of the scenarios.

The relation between (3; and the time-varying IPA is
reported in Fig. 6. The relation between ; and the time-
varying IPA was very similar to that observed for time-
varying AUC. Note that at the 1-year prediction horizon
with a very strong violation of the proportional hazards
assumption (8; = 0.0008), the IPA was less than zero for
most prediction methods, indicating that the fitted model
produces less accurate predictions than the null model
that produces the same estimated risk for all individuals.
Figure S7 in the supplemental online material reports the
relationship between (7 and the standard deviation of the
computed IPAs across the 1,000 simulation replicates.

6. Relationship between Beta1 and IPA (continuous covariate)
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The computed IPAs from all five models displayed similar
variability across simulation replicates.

Sensitivity analysis - the effect of prevalence of the
binary covariate

In the above simulations, the binary covariate was sim-
ulated to have a prevalence of 0.5 (Pr(X,=1)=0.5).
In this section we conducted a sensitivity analysis in
which we assessed the impact of varying the prevalence
of the binary variable for which the proportional haz-
ards assumption was violated. In these simulations we
made the following two modifications to the simulations
described in Sect. 2: (i) we fixed 51 = 0.0004, thereby
inducing a moderate violation of the proportional haz-
ards assumption; (ii) we allowed Pr(X,=1) to vary from
0.05 to 0.50 in increments of 0.05. We only considered
settings in which the proportional hazards assumption
was violated for the binary variable. The statistical anal-
yses in the simulated datasets were identical to those
described in Sect. 2.

The relation between the prevalence of the binary
variable (Pr(X,=1)) and Harrell’s concordance statistic
is reported in Fig. 7. The prevalence of the binary vari-
able for which the proportional hazards assumption was
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violated had essentially no impact on overall discrimina-
tion (note the scale of the vertical axis).

The relation between the prevalence of the binary vari-
able (Pr(X,=1)) and time-varying AUC is reported in
Fig. 8. The prevalence of binary variable had at most a
very modest impact on discrimination when the predic-
tion horizon was short and at most a minor impact at
longer prediction horizons.

The relation between the prevalence of the binary vari-
able (Pr(X,=1)) and the time-varying IPA is reported
in Fig. 9. The prevalence of binary variable had at most
a modest impact on time-varying IPA, with the magni-
tude of the effect of the prevalence of the binary variable
increasing modestly at the length of the prediction hori-
zon increased.

Discussion

We examined the impact of violation of the propor-
tional hazards assumption on the discrimination of a
fitted Cox regression model in settings in which the
time-varying log-hazard ratio was a linear function of
time. We observed an inverse relationship between the
regression coefficient relating the time-varying log-
hazard ratio with time and concordance (as assessed

7. Relation between prevalence of binary variable and concordance
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Fig. 7 Relation between prevalence of binary variable and concordance
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using Harrell’s concordance statistic), discrimination (as
assessed using the time-varying AUC), and predictive
accuracy (as assessed using the time-varying IPA). Thus,
concordance, discrimination, and predictive accuracy
were highest when the magnitude of the violation of the
proportional hazards assumption was very strong and
the time-varying hazard ratio was initially very large and
then decreased over time. Conversely, concordance, dis-
crimination, and predictive accuracy were lowest when
the magnitude of the violation of the proportional haz-
ards assumption was very strong and the time-varying
hazard ratio was initially low and then increased over
time. Similar findings were observed for alternative pre-
diction methods: a parametric AFT survival model with
a generalized gamma distribution, Royston and Parmar’s
spline-based parametric survival models, and generalized
linear models using pseudo-observations.

There is a paucity of research on the impact of the
violation of the proportional hazards assumption on
the discrimination of predictions obtained from a Cox
regression model. Royston and Altman, when discussing
principles for the external validation of a clinical predic-
tion model developed using Cox regression, suggested
that, even if the proportional hazards assumption is
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violated, a Cox model ‘may still provide good discrimi-
nation’ [6]. Our findings suggest this is not necessarily
the case. Depending on the prediction horizon and on
whether the proportional hazards assumption was vio-
lated for a binary variable or for a continuous variable,
violation of the proportional hazards assumption can
result in a substantial change in model performance. For
example, when the proportional hazards assumption was
violated for a continuous variable and with a one-year
prediction horizon, the AUC was approximately 0.55
when ;7 = 0.0008, whereas the AUC was approximately
0.70 when the proportional hazards assumption was sat-
isfied. While the latter could be described has denoting
moderate discrimination, the former would be described
as denoting very poor discrimination. However, if the
violation of the proportional hazards assumption is mild,
then a fitted Cox model that ignores this violation will
tend to have discrimination comparable to that which
would observed had the proportional hazards assump-
tion been satisfied.

The primary limitation of the current study is its reli-
ance on Monte Carlo simulations. The simulations were
computationally intensive because of the complexity of
the data-generating process. We restricted the number of

8. Relationship between prevalence of binary variable and AUC (binary covariate)
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Fig. 8 Relationship between prevalence of binary variable and AUC (binary covariate)
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9. Relationship between prevalence of binary variable and IPA (binary covariate)
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Fig. 9 Relationship between prevalence of binary variable and IPA (binary covariate)

scenarios that we examined because the use of a Weibull
model to simulate time-to-event outcomes is computa-
tionally intensive as it requires using numerical integra-
tion of the cumulative hazard function and root-finding
techniques to invert the cumulative hazard function.
Despite this, we examined 34 different scenarios, char-
acterized by the magnitude of the violation of the pro-
portional hazards assumption and by the type of variable
for which the proportional hazards assumption was vio-
lated. A second limitation was that in our simulations,
we simulated outcomes using a Weibull parametric sur-
vival model. It is possible that different results would be
observed when different models were used for generat-
ing outcomes. A third limitation is that our study did not
include an empirical analysis but relied solely on Monte
Carlo simulations. While we could have used the differ-
ent methods in an empirical analysis of data in which it
was known that the proportional hazards assumption
was violated, this would only have allowed us to compare
the discrimination of the different methods. It would not
have allowed us to compare the observed discrimination
with the discrimination that would have been observed
had the proportional hazards assumption not been vio-
lated. This latter comparison was the focus of the study:

the impact of the violation (and the magnitude of the
violation) of the proportional hazards assumption on
the discrimination of predictions obtained from the
Cox model. Such a question cannot be addressed using
empirical analyses.

Conclusion

Violation of the proportional hazards assumption can
have a meaningful impact on the discrimination of a
Cox regression model. Compared to settings in which
the proportional hazards assumption was satisfied, dis-
crimination and predictive accuracy decreased in settings
in which the log-hazard ratio was positively associated
with time. Conversely, compared to settings in which the
proportional hazards assumption was satisfied, discrimi-
nation and predictive accuracy increased in settings in
which the log-hazard ratio was negatively associated with
time. Compared with the use of a Cox regression model,
the use of AFT parametric survival models, Royston and
Parmar’s spline-based parametric survival models, and
generalized linear models using pseudo-observation did
not result in estimates with improved discrimination in
settings in which the proportional hazards assumption
was violated.
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