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Abstract

Discrete random structures play a central role in modern statistics, as they provide powerful tools
to represent hidden aspects of complex phenomena. This thesis develops Bayesian methodologies for
the analysis of three fundamental classes of latent discrete structures: graphs, which describe the
network of conditional dependencies among random variables; clusters, which represent groups of
observations sharing common characteristics; and dynamic features, which correspond to collections
of latent attributes that may evolve over time. Across these domains, a unifying challenge lies in the
combinatorial explosion of possible configurations, which makes exhaustive enumeration and direct
evaluation infeasible. Within the Bayesian framework, this di [culty is addressed through the careful
design of prior distributions and through e Lcidnt inferential strategies that allow learning in high-
dimensional discrete spaces. The thesis is organized into two main parts. The first focuses on graphical
models, introducing a block-structured approach with an application to spectrometric data. The second
part, on Bayesian nonparametrics, extends the analysis to infinite-dimensional settings, moving beyond
the classical exchangeable framework to address more complex scenarios such as clustering and species
sampling across multiple populations, as well as dynamic feature allocation, where latent characteristics
can appear, disappear, and reappear over time.
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Introduction

Discrete random variables arise naturally in modern statistics, as they are often employed to describe
hidden properties of complex phenomena. In this thesis, we focus on a Bayesian analysis of three
fundamental classes of latent discrete structures: (i) graphs, which capture the unobservable network of
conditional dependencies among the components of a multivariate random variable; (ii) clusters, which
represent latent groupings of parameters and enable the identi cation of population subgroups that are
internally homogeneous yet distinct from individuals in other groups; and (iii) features, that is, collections
of speci ¢ characteristics for which we study their evolution over time.

A common challenge across these three domains lies in the size of the discrete con guration spaces:
the number of possible graphs, partitions, or feature allocations grows so quickly that exhaustive enu-
meration and direct evaluation are computationally infeasible. Within the Bayesian framework, this
di culty can be addressed in two complementary ways. First, by carefully specifying prior distributions
that encode our intuition about which structures are more plausible, we can guide the exploration of the
discrete space toward its most promising regions. Second, by designing e cient computational methods,
we can perform inference and learning even in such high-dimensional, combinatorial settings.

This thesis is organized into two main parts, entitBrdphical ModelandBayesian Nonparametrics
The rst part is devoted to the study of graphical structures, with a particular focus on an application
involving spectrometric data which represent the spectrum of absorbance of strawberry purees. Through
a suitable representation of the spectrum using B-spline basis, the problem of studying the structure
of dependencies among the chemical-groups that form the purees is translated into the identi cation of
dependencies among the spline coe cients. The task is further complicated by the fact that our scienti ¢
interest lies not only in connections among individual coe cients but also in connections among subsets
of spectral bands, and consequently among groups of nodes in the graph. This naturally leads to the study
of block-structured graphs, where the adjacency matrix is endowed with a block structure re ecting such
grouped dependencies.

In Chapter 2, we work conditionally on a known and xed partition of the nodes, provided by domain
experts, and propose a novel class of prior distributions on the graph space that explicitly incorporates
this grouping information. The resulting priors enforce a block structure on the adjacency matrix of
the graph. Our construction proceeds by mapping the original graph into a block-structured multigraph
representation, where each block of potential edges between two groups of nodes is collapsed into a
single edge in the multigraph representation. Independent Bernoulli priors are then assigned to the edges
of this multigraph, so that nodes belonging to di erent groups are either fully connected or completely
disconnected. We refer to this new class of priors as block graph priors. By construction, they impose
structural constraints that drastically reduce the size of the discrete space in which the latent graph
lives, thereby making inference more tractable. To explore this space e ciently, we develop a tailored



4 Introduction

Reversible Jump Markov Chain Monte Carlo sampler (Green, 1995), de ned jointly over the graph and
its associated precision matrix, and designed to exploit the block structure encoded by the prior. In
particular, we extend the procedure of Lenkoski (2013) so that each move of the chain modi es an entire
block of edges at once, ensuring that the block structure of the adjacency matrix is preserved throughout
the sampling process. Furthermore, we combine this scheme with the Exchange algorithm (Murray
et al., 2006), which introduces a secondary reversible move that circumvents the intractable normalizing
constant of the G-Wishart distribution. We refer to the resulting method as the Block Double Reversible
Jump algorithm.

Chapter 3 addresses the main limitation of the previous chapter, namely the assumption of a xed
partition of the nodes based on expert knowledge. While such expert-driven partitions are valuable,
they are not directly supported by the data and do not allow us to quantify the uncertainty in key
structural features such as the number of groups. This motivates the need for a data-driven partitioning
approach, grounded in a probabilistic model and capable of learning both the grouping of nodes and its
associated uncertainty. Building on the ideas of van den Boom et al. (2022b), we propose a graphical
model that not only allows the estimation of individual edges but also provides a more expressive
description of the graph by employing a Stochastic Block Model (Holland et al., 1983) as a prior on the
graph structure. However, our setting introduces a crucial additional constraint: the spectral bands are
inherently ordered, since each corresponds to a speci ¢ wavelength interval. This ordering constraint
prevents the usage of standard strategies as in Legramanti et al. (2022) in the Stochastic Block Models
literature for learning the random partition of the nodes. To address this challenge, we draw inspiration
from the rich literature on changepoint models (Smith, 1975; Green, 1995; Barry and Hartigan, 1993).
Although infrared spectra are not temporal processes, wavelengths are naturally ordered in the same way
as time, making changepoint models a natural methodological analogue. Among the many approaches
available for multiple changepoint detection, we adopt the model of Martinez and Mena (2014), which
o0 ers an elegant extension of Bayesian nonparametric tools to the case of ordered partitions. From a
computational perspective, this model requires simultaneous learning of two latent discrete structures:
the graph and the partition of its nodes. To this end, we employ suitable adaptations of the adaptive
split-merge sampler for changepoint models proposed by Benson and Friel (2018) to learn the ordered
partition and the Birth-Death chain by Mohammadi and Wit (2015) to sample over the space of graphs.

In Chapter 4, we provide a concise review of the fundamental concepts of Bayesian honparametrics
in the exchangeable setting, with a particular emphasis on their connection with point processes. In
addition, we outline the basic ideas for moving beyond exchangeability, which constitutes the main goal
of the three chapters that follow. Speci cally, in Chapter 5, we present a mixture model based on a
novel family of Bayesian priors designed for multilevel data and obtained by normalizing a nite point
process. In this case, the latent discrete structure we are interested in is the partition of individuals
both within and between the groups. To achieve this, we study a Bayesian nonparametric prior that
allows for a random number of atoms to be shared among groups, while assigning group-speci ¢ mixture
weights to accommodate heterogeneity between them. This construction combines exibility at the
individual level with the ability to capture structural di erences across groups. Methodologically, our
approach follows the line of Argiento and De lorio (2022) and extends the popular Mixture of Finite
Mixtures model (Miller and Harrison, 2018) to a hierarchical framework. A full distribution theory
for this new family and the induced clustering is developed, including the marginal, posterior, and
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predictive distributions. From a computational perspective, we propose both marginal and conditional
Gibbs samplers, carefully designed to provide e cient posterior inference. Our experiments show that
these algorithms signi cantly outperform existing implementations of the Hierarchical Dirichlet Process,
which currently represents the state-of-the-art approach for modeling multilevel data.

In Chapter 6, we apply the Bayesian nonparametric prior introduced in the previous chapter to an
ecological setting, studying the problem of unseen distinct and shared species when samples are collected
in two di erent areas. Here, the discrete structure of interest is the classi cation of observations into
species identi ed during sampling. Unlike in previous chapters, this structure is observable, and the goal
is not to infer a latent partition but to predict the behavior of future observations, namely whether they will
belong to already detected species or reveal new, previously unseen ones. More speci cally, our approach
answers the question: How many species not yet observed in the two areas will be discovered in a future
sample? To this end, we derive closed-form distributional results for both in-sample characterizations
and out-of-sample predictions, including the number of unseen species in future samples of arbitrary

nite size. These results provide a principled basis for sample size determination in biodiversity studies,
as well as for evaluating sample coverage (Good, 1953), both within the observed data and in future
collections. A notable contribution is that our theory extends beyond the classical frequentist framework,
which typically only handles one-step-ahead predictions, by o ering results valid for any nite sample
sizes in the two areas.

Finally, in Chapter 7, we address the challenge of modeling time-varying data within a Bayesian
nonparametric framework. Indeed, while most Bayesian nonparametric models have been developed
for static settings, many modern applications involve temporal dynamics that require priors capable of
evolving over time. To this end, we introduce a novel and uni ed framework for time-dependent Bayesian
nonparametric modeling, applicable to a broad class of statistical problems whose likelihood belongs
to the exponential family. Speci cally, we construct a sequence of time-dependent random measures
with arbitrary marginal distributions. To achieve this, we build upon the work of Pitt et al. (2002),
extending their parametric construction to the nonparametric setting. This extension is made possible by
leveraging the conjugacy property ensured by the broad class of exponential completely random measures
introduced by Broderick et al. (2018). Such a property guarantees mathematical tractability and enables
the de nition of exible and analytically convenient transition kernels that can be e ciently evaluated.

The resulting process admits a simple yet powerful representation as a quasi-autoregressive process of
order one, o ering both interpretability and a foundation for generalizations to more intricate forms

of temporal dependence. These processes are particularly suitable for real-world applications, among
which we focus on dynamic feature allocation models, where time-evolving features are captured by our
construction, which naturally exhibits well-understood properties such as the appearance, disappearance,
and possible reappearance of latent features over time.

The thesis concludes with a brief discussion and an outline of possible future research directions
for each chapter, which we chose to present collectively at the end rather than at the conclusion of each
individual chapter.
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Chapter 1

Introduction to Gaussian Graphical
Models for Spectrometric Data Analysis

This chapter, based on Codazzi et al. (2022), is a joint work with Laura Codazzi, Matteo Gianella,
Ra aele Argiento, Lucia Paci, and Alessia Pini. Most of the work was carried out before the start of my
Ph.D. program. The method and data, however, are instrumental for the development of Chapters 2 and
3, which were instead conducted during the Ph.D.

1.1 Motivating problem

The analysis of the interaction of infrared radiation with matter, through absorption, emission, or
re ection, is accomplished bynfrared spectroscopy This technique is used to study and identify
chemical substances in solid, liquid, or gaseous forms. For instance, mid-infrared spectroscopy coupled
with chemometrics or statistical techniques have been used in the literature to study the substance
composition and detect the presence of adulterants in food (Kemsley et al., 1996; Downey et al., 1997;
Holland et al., 1998; Meza-Marquez et al., 2010).

From a mathematical point of view, a spectrum is a continuous function of the wavelength. The
dependence structure between the signal at di erent wavelength bands is important to understand which
bands are related to the di erent components: if two di erent bands of the spectrum are associated, we
can conclude that they refer to the same components, or to closely related components. Our goal in
this paper is then to investigate the structure of conditional dependence among di erent portions of an
absorbance spectrum. The importance of assessing the dependence structure between infrared emission
bands is a rather new topic in mid-infrared spectroscopy of chemical substances, even though a few
recent works focus on this topic. We mention Casa et al. (2022), who focus on assessing the correlation
structure via latent variable models. The problem is however not new in other elds like astronomy,
where correlation between emission bands is often studied (e.g., Cohen et al., 1986).

Since infrared spectra are continuous functions of the wavelength, we embed this problem in the
framework of functional data analysis (see e.g., Lee et al., 2002; Ramsay and Silverman, 2005; Xiao
et al., 2016). In the Bayesian setting, Yang et al. (2016) proposed a hierarchical model with Gaussian-
Wishart processes for simultaneously smoothing multiple functional observations and estimating mean-
covariance functions. However, like any Gaussian process based approach, their model su ers serious
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computational burden when functional data are observed on high-dimensional grids. To address this
computational issue, Yang et al. (2017) proposed to approximate the underlying true functional data
with basis functions, and derive the induced Bayesian hierarchical model for the associated smoothing
coe cients based on a Gaussian-Wishart prior.

Following the latter approach, we interpret the analysis of spectrometric data as a smoothing problem
of functional data, followed by inference on the smoothing coe cients. Speci cally, we use a B-spline
basis expansion to represent the functional data: indeed, a generic B-spline basis function has a compact
support, meaning that it is di erent from zero only in a portion of the domain, i.e., on a de ned portion of
the spectrum. If the number of basis functions is large, this portion is very small compared to the whole
domain, and identi es a very precise band of the spectrum. Through the basis expansion, a coe cient
is associated with every basis function, and the whole function can be represented through the vector of
associated coe cients . As a consequence, we can detect a hidden association between di erent bands
of the spectrum through an association between the corresponding smoothing coe cients.

Inference on B-spline basis coe cients has been used in the functional data analysis literature for
assessing the mean structure of functional data along the domain (see e.g., Pini and Vantini, 2016).
Here, instead, we focus on the dependence structure of the smoothing coe cients. With a Bayesian
perspective, this concerns the speci cation of a prior distribution for the coe cients that encodes a
dependence structure. Usually, Bayesian penalized splines or random walk priors (Lang and Brezger,
2004; Telesca and Inoue, 2008; Crainiceanu and Goldsmith, 2010) are employed to induce smoothness
on the s, translating into a banded precision matrix that is xed and depends only on a smoothing
parameter. However, in our application, assuming that the dependence structure is known and restricted
to the structure induced by a random walk prior appears inadequate. Indeed, coe cients associated with
closer bands of the spectrum are not necessarily expected to be similar since they may relate to di erent
components. Rather, long range interactions may also exist between far apart portions of the spectrum.
Hence, a more exible modeling framework, encompassing the random walk case, is advocated.

Awidely used approach for modeling dependence in samples of functional data is functional principal
component analysis (FPCA). We mention here Crainiceanu and Goldsmith (2010), studying FPCA in
the Bayesian framework. However, information about the dependency structure obtained by this method
is sometimes based on qualitative considerations on the shape of the principal components.

In this Chapter, we move a step forward and develop a method to learn the dependence structure
among portions of the absorbance spectrum based on graphical modeling. Graphical models describe a
mapping between a graph and a family of multivariate probability models (Lauritzen, 1996). Namely,
they embody conditional independence relationships among a set of random variables which can be read
o from the graph. Usually, the structure of the underlying graph is unknown and needs to be estimated
on the basis of the available data: this is referred to as graph structural learning.

Graphical models have been widely applied to infer several types of networks, particularly under the
Bayesian framework, see among others Dobra et al. (2004); Peterson et al. (2015); Tan et al. (2017); Ni
et al. (2017); Cremaschi et al. (2019); Paci and Consonni (2020).

All of the cited works assume a graphical model as a model for the observed data, meaning that the
graph represents the conditional independence relationships among the measured variables. In contrast,
here we introduce a graphical model as a prior speci cation for the smoothing coe cients, so that
the graph encodes the dependence structure among portions of the absorbance spectrum. Beyond the
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advantage in terms of interpretation, which remains central, another bene t of using the graphical model
as a prior for the spline coe cients is that this approach exploits the functional representation of each
observation. This enables dimensionality reduction and more e ective ltering of observational noise,
thereby improving both inference and interpretability.

Graph-based priors for regression coe cients have been studied in a variable selection setting by,
among others, Liu et al. (2014), Chakraborty and Lozano (2019), and Cai et al. (2020), who proposed
Bayesian regularization priors to favor sparsity and clustering based on the graph Laplacian. However,
these approaches are not suitable to deal with functional data where curve-speci c coe cients are needed
to simultaneously smooth the curves.

In addition, recent works focused on graphical modeling for multivariate functional data analysis,
see among others Zhu et al. (2016), Li and Solea (2018), Qiao et al. (2019),Qiao et al. (2020). These
approaches, known as functional graphical models, aim at depicting the conditional dependence structure
among multiple random functions observed over a set of individuals, i.e., they assume a graphical model
where the vertices of the underlying graph are the multiple functions and the edges are estimated from
the conditional covariance function extended to the functional domain. Rather, in our setting, we work
with univariate functional data modeled through a B-spline basis expansion, and we assume a graphical
model where the nodes of the graph are the smoothing coe cients and the edges re ect the conditional
dependence structure among the portions of the functional domain associated with such coe cients.
Graphical models and splines have been jointly studied in the literature, although in a di erent context,
see e.g., Morrissey et al. (2011) and Ni et al. (2015).

Summarizing, the contribution of Codazzi et al. (2022) reviewed in this chapter is to introduce a
Bayesian hierarchical model for simultaneously smoothing functional data and learning the independence
structure along the domain of the curves. Absorbance spectra are modeled as continuous functional data
through a cubic B-spline basis expansion such that the dependence between two bands of the spectrum
is re ected in the relationship among the corresponding smoothing coe cients. A Gaussian graphical
model is then assumed as a prior for basis expansion coe cients to enable structural learning of frequency
bands of the spectrum. The Bayesian p-spline model is also encompassed as a special case by our
speci cation when the precision matrix is assumed to be xed. On the computational side, we design
an e cient sampling strategy to approximate the joint posterior distribution of the graph and model
parameters. We illustrate our method on simulated datasets as well as on a real data set, studying the
infrared absorbance spectra of strawberry purees.

1.2 Bayesian graphical model for smoothing functional data

1.2.1 Smoothing procedure

We reinterpret our task as a traditional smoothing procedure of functional data in a Bayesian framework.
Let = be the number of curvesithe number of grid points, i.e., the wavelengths at which absorbance is
measured, an@ be the number of basis functions chosen for the smoothingtHLBt be the absorbance

at wavelengthB 2 »3— Bifor spectrum8 8= 1—e++s-=where»3—-DB2 R is the common domain of

all curves. The whole curveg'B is then the absorbance spectrum of w@hitAccording to the usual
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smoothing technique, the model we assume foBtespectrum is:
o}
BB = \gd !B, V'B-
o1

wherei 1—¢*+—j are suitable cubic B-spline basis functiong,= 1Vg—*** ¥~ is the spline coe -
cients' vector speci ¢ to the&th curve andvys!P "9 N10- g°. We introduce the cubic B-spline design
matrix 2 RA ? as:

11&0 ilelo e e i?lao

11&0 i21&0 oo e i?1&o

-8, T (1.1)

11&0 i21B\0 oo e i?18\0
So, the element9th of is 9th basis function ¢! © evaluated at the-th grid pointB, ; = 1—eee—A
Note that for ease of notation the smoothing model is described here for data evaluated at the same grid
of Apoints. However, the smoothing model can be also used in the case where curves are measured
at di erent wavelengths, by modifying accordingly, which would be particularly useful for sparse
functional data.

The right panel of Figure 1.1 shows an example of a 10-dimensional cubic B-spline basis for the curve
in the left panel. Note that the support of each basis function is a small portion of the domain, which
decreases its size when the number of basis functions increases. For instance, in Figure 1.1, the support
of each basis function overlaps with only four other functions' supports. To facilitate the interpretation of
the results of our model, we will consider each B-spline basis coe cient as representative of the central
part of each B-spline basis function only.

Figure 1.1: Example of a curve (left panel) and the corresponding 10-dimensional cubic B-spline basis
(right panel). The colored regions in the two panels highlight the corresponding portions of the functional
domain associated with the B-spline basis coe cients.

Let Yg = 1HtB%—+» « sHB°” be the absorbance spectrum at all observed wavelengths of&urve
The smoothing model assumes the observation to follow a conditional normal sampling distribution, that
is

Yei &G "' Na & §la - (1.2)

whereg? is the error variance arlg is theA  Aidentity matrix.
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In this work, we rely on a hierarchical Bayesian approach to smooth all functional observations
simultaneously, enabling the borrowing of strength across all curves. To accomplish that, we place a
prior distribution for the gcoe cients given by

pmese—j — "IN,L - Too (1.3)

where is the prior mean vector and is the precision matrix. Yang et al. (2017) derived the conjugate
prior distribution for and ! from the assumption that the underlying true functional data come
from a Gaussian process, and thus resulting in a Normal-Wishart distribution that depends on the basis
functions. In this work, instead, we frame the prior model for the into the Gaussian graphical
modeling setting. Indeed, given the peculiar form of each B-spline function, the dependence between
two bands of the spectrum is re ected in the relationship among the corresponding smoothing regression
parameters. Hence, our goal boils down to the study of the conditional dependence structuref the
encoded in the precision matrix.

1.2.2 Graph structural learning

Let = +— ©° pbe an undirected graph de ned by the node et fl—eee—Prepresenting the
coe cients and by the undirected edge set + +. We assume the precision matrixto be Markov

with respect to . Namely, dropping the subscrigfor simplicity in the exposition, coe cientsVg and

V. are conditionally independent given all the remaining variablgss_y, whenevef 9—g8 , if and

only if the corresponding entry in matrix is zero, i.e.Vg? V. | nfo_g, 9: = 0; see Figure 1.2

for an example. The graph summarizes the conditional independence structure of the coe cients and

Figure 1.2: Example of a Gaussian graphical model with four nodes. On the left, the graph with four
nodes and, on the right, the corresponding precision matrix where green cells represent nonzero entries.

represents the main goal of our inference. Indeed, the graph is unknown and must be estimated. Note

that this is di erent from estimating the conditional network among the predictors of a regression model

as in Peterson et al. (2016). Unlike measurement-error models in which predictors and response are both

measured with error, spline basis expansion is xed and known. Hence, we infer a sparse network on the

associated smoothing coe cients, which provides information on which bases have similar slopes.
GivenP the space of? ? positive de nite matrices that are Markov with respect to graptwe

assume the precision matrix 2 P to be distributed, a priori, as@-Wishart3-D ° (Roverato, 2002;

Letac and Massam, 2007) with density

%t j —3-D°= 13Dolj |3 P2exp %trl Do — (1.4)
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where3 | 2is the shape parametd, is the? ? positive de nite inverse scale matrix,'t? denotes
the trace operator and 13-D © is the normalizing constant,

1
. .13 20, 1
13-D°= | ¥ PZexp St Do d - (1.5)
P

The main challenge associated with density in Equation (1.4) arises from the normalizing constant in
Equation (1.5); although an analytic form does exist (Uhler et al., 2018), the expression is mathematically
complex and very di cult to compute in practice. The sampling strategy described in Section 1.3 is then
designed to avoid the calculation of such intractable normalizing constant.

The last ingredient to fully specify the model is the prior distribution on the graphSeveral
alternatives have been proposed in the literature, see among others Dobra et al. (2004); Jones et al.
(2005); Scott and Carvalho (2008); Paci and Consonni (2020). A common choice is to consider a
discrete uniform distribution over the space of all possible gr&pfbat is

1
cl 9= ——foreach 2 Ge 1.6
iGi (1.6)

Alternatively, it is possible to induce a prior on the graph by assigning to each possiblé&&dgean
independent Bernoulli prior with parametes 2 10-1°, that yields
o) o)
cl o/ \ 5 11\ g0—
52 52

(1.7)

where is the complement of . In a general setting, the Bernoulli parametegscan be di erent
from edge to edge. Conversely, wheg=\-852 ,we getct ©/ \I 111 \0'2°] i wherej |
is the cardinality of . Notice that, when 5 = 05-852 , the prior Equation (1.7) collapses to the
uniform prior in Equation (1.6). In this work, we also considleio be random with a conjugate prior,
i.e.,\ BetalU—°. Hence, integrating out, we obtain amultiplicity-correction priorfor  (Scott
and Carvalho, 2008), given by

?1? 1062

ct el T W j j° W, 71?7 1992 | jo- (1.8)

where?1? 1°2is the maximum number of links in an undirected graph havmgpdes.

For the remaining parameters, we choose independent semi-conjugate vague priors. Summing up,
our Bayesian hierarchical model is de ned as follows:

Yg] & éind Na e=Gla -
l_ooo_:j — iid N? — 1 _
] G-Wishartt3-D °— (1.9)

Cl o__
N- O—f2|? and

g% Inv-gamma0-2—
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wherelnv-gammaO0- 2? denotes the Inverse Gamma distribution with shape para®eatest rate param-
eterl. The Bayesian model in Equation (1.9) enables joint modeling of all the curves with borrowing
strength of information across functional data as well as to fully account for uncertainty over the graph.

1.3 Sampling strategy

To deliver Bayesian posterior inference we need to approximate the joint posterior distribution &f the
g%, . and . Here, one of the main challenges arises from the graphat belongs to a huge discrete
space endowed with a complex topology. Indeed, ther@&ré 1”2 possible graphs representing the
conditional independence structure oPalimensional vector of coe cients. For instance, with= 7
B-spline basis functions only, we end up with more ttzamillion graphs. As a consequence, any
simulation algorithm struggles to explore the space of all possible graphs.

A customary approach to explore such space is by means of a Markov Chain Monte Carlo (MCMC)
algorithm. In this framework, a reversible Markov chain is built such that its limiting distribution is the
joint posterior of the graph and the precision matrix. Usually, the algorithm proceeds by proposing at each
step a new graph which di ers from the current one for only one edge, i.e., local moves. This procedure is
called add-delete Metropolis Hastings, see among others Giudici and Castelo (2003); Bhadra and Mallick
(2013). Then, the Markov chain moves over the graph space by comparing di erent graphs, in order to

nd the one having the highest marginal posterior. However, this procedure has some drawbacks. For
instance, Jones et al. (2005) showed that the add-delete Metropolis Hastings method su ers from lack of
convergence in high-dimensional settings.

As an alternative, Mohammadi and Wit (2015) proposed a birth and death MCMC algorithm (BDM-
CMC) based on a continuous time Markov process where jumps between birth and death events are taken
to be random variables with speci c rates. The authors showed that the BDMCMC outperforms alterna-
tive Bayesian approaches in terms of convergence and mixing in the graph space as well as computing
time.

We build a sampling strategy that blends Gibbs-sampler steps for updating the smoothing components
of the Bayesian model with a BDMCMC step for updating the precision matrand the graph , as
described in Algorithm 1. As concerns the Gibbs-sampler steps, we sampletieecients from their
full conditional distribution given by

gjrest No bB- - (1.10)
whereB-= ) g, Yandbs, =B- ) Yeo?, for all 8= 1«««= The full conditional
distribution of is given by

jrest Nom-M °-— (1.12)
1 i _
whereM = | ,ef 2 = andm =M g, s Fortheg?, we sample from
~ I
2. =A1l G )
hirest 1G 0, == 21, g @ g @ - (1.12)
&1

Finally, since only 's are directly in uenced by the graphical component, we can rewrite the joint full
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conditional oft — ©°as
pP1— le_ eoeY é_ - 11— eee__0=PpP1_ J 1—eee—— O (113)

As introduced in Section 1.2, even when the graph is known, sampling from a G-Wishart distribution
poses computational issues. As a consequence, any method based on the computation of the marginal
full conditional of the graph,

13 —— * 0
p1 J 1_000_:0/ cl o ’13 (; — (114)
i _ _ _ _ : .
where* = 5,1 g ©°l g °) | is not e cient because it requires the computation of both the prior

and posterior normalizing constant of the density in Equation (1.4).

To sample from Equation (1.13) while avoiding computation of Equation (1.14), we employ the
BDMCMC approach developed by Mohammadi and Wit (2015) for Gaussian graphical model selection.
The BDMCMC algorithm is based on a continuous time Markov process, where edges are added or
removed via birth or death events and the time between jumps is taken to be an exponential random
variable with speci c rates. Birth and death events are characterized as follows:

" Death: Each edgd = 19-° between node®and:, where9 Y :, dies independently of the
others as a Poisson process with rgie °. The overall death rate isthei ° = ,, X' ©°.
When the death of an edgeoccurs, then the process jumps to a new state*— 4, where

4=1+_ nf4geand 42 % .

"~ Birth: A new edge4 = 19-° between node® and:, where9 Y :, is born independently
of the others as a Poisson process with birth rafe °. The overall birth rate is thent © =
! 4> _4 ©.Ifthebirthofanedgd 2 occurs, thenthe process jumps to a new staté— -4,
where -4 =1+— [f 4g°and %2 % .a.

Birth and death processes are assumed to be independent. Hence, the intensity of the jump process is
given byF1 °=1.1 1 © X1 20 \We recall that this implies that the time between two consecutive
jumps is exponentially distributed with me&rt  ° that we refer to as the weight of the state. The choice

of birth and death rates is made such that the balance conditions given by Preston (1977) hold, so that the
stationary distribution of the birth-death process is the full conditional distribution in Equation (1.13).
The last step is then updating the precision matrigsing the exact sampler described in Mohammadi

and Wit (2015) and originally developed by Lenkoski (2013). The BDMCMC for customary Gaussian
graphical model selection is implemented by ReackageBDgraph(Mohammadi and Wit, 2019).

To sum up, our sampling strategy is given in Algorithm 1. As far as Step 1 is concerned, it consists
in sampling from conjugate full conditionals described above. Then we expldi@geaphfunction to
complete Step 2. We call the function for only one iteration using as argument the parameters updated at
Step 1. In other words, we run tlBDgraphfunction as if datawere;  —eee—, . We also create
an auxiliary structure to store all the explored graphs and its associated expected holdiRg tifne
TheRcode implementing Algorithm 1 is available at the linkps://github.com/TeoGiane/FGM
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Algorithm 1: MCMC sampler.
For each iteration:
Step 1. Sample the regression parameters

1.1 Sample the parameterss from their full conditional in Equation (1.10).
1.2 Sample the parametérfrom its full conditional in Equation (1.11).
1.3 Sample the parametg¢ from its full conditional in Equation (1.12).

Step 2. Samplet — © from their full conditional using the BDMCMC algorithm and save the expected
holding timeF* ©,

1.3.1 Posterior graph

Given a MCMC output of siz¢ , posterior summaries of the precision matrix and the graph need to

take into account the fact that Step 2 of Algorithm 1 involves sampling from a continuous time Markov

process. In particular, the posterior estimate dé based on the Rao-Blackwell theorem (Cappé et al.,

2003), yielding a posterior estimate that is

N ! )Czl I:C1‘ ° C
LFe

(1.15)

where cis theCiteration of the MCMC sample of the precision matrix.

As far as the posterior graph is concerned, one approach for selecting the graph is to use the maximum
a posteriori estimate, i.e., the highest posterior probability graph. However, this approach is not generally
reliable since the space of possible graphs is quite large and any particular graph may be encountered
only a few times in the course of the MCMC sampling. A more practical solution is instead to estimate
the marginal posterior edge inclusion probabilities. Namely, given the MCMC output, the posterior
inclusion probabilities are estimated as
! L,1119-22 QF! @
eaFt O

?‘9; = (1.16)

wherel119-° 2 @ is the indicator function representing the inclusion of the edge linking n8des
and: and drawn at iteratio Here, we select the graph containing all edges whose posterior inclusion
probability in Equation (1.16) exceeds a given thresHdldin particular, we compare two di erent
thresholds. The rst one iB= 045, in analogy with the median probability model of Barbieri and Berger
(2004), originally proposed in the linear regression setting. The second is based on the Bayesian False
Discovery rate (BFDR; Miller et al. 2007; Peterson et al. 2015)

! gvfll 79°1 7. B

BFDR= —] - (1.17)

whereBis selected so that BFDR in Equation (1.17) is be®@5.
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1.4 Analysis of fruit purees data

Food safety and authenticity are extremely important to guarantee access to good-quality and healthy
products. According to the Food Authenticity Assurance Organisation, food authenticity is the process
of irrefutably proving that a food or food ingredient is in its original, genuine, veri able and intended
form as declared and represented . Although authenticity is not a novel concept, it has recently received
particular attention due to the increasing number of food frauds and adulterations. As an example, the
UK National Food Crime Unit has increased fraf®6 cases in 2015 t@-193in 2019, with364 notices
in the rst three months of 2019

Traditionally, all strategies and techniques developed to detect food adulterants and, more in general,
to study the composition of substances, were based on chemistry. The amount of marker compounds in
a test material was determined and then compared with the values obtained for previously documented
authentic material. The resulting test is often time consuming and expensive. Moreover, this approach is
prone to errors, since food adulterers are becoming increasingly complex to detect. As a consequence,
the pressing demand for rapid and inexpensive tests leads to the adoption of novel techniques. Nowadays,
strategies based on mid-infrared spectroscopy coupled with chemometrics or statistical techniques have
been used to investigate the substance composition and detect, for instance, the presence of adulterants
in co ee (Downey et al., 1997), fruit purees (Kemsley et al., 1996; Holland et al., 1998) or minced beef
(Meza-Marquez et al., 2010).

In this Chapter, we analyze the spectrum of absorban884fuit purees prepared using exclusively
fresh whole strawberries (without the addition of adulterants) measured on an equally-spaced grid of
235wavelengths and then normalized with respect to the area under the curve; see Figure 1.3. Data
are publicly available atttps://data.mendeley.com/datasets/frrv2yd9rg . The shape of the

Figure 1.3: Plot of 351 spectra of absorbance of pure fruit purees, measu288diterent wavelengths
of the middle-infrared spectra.

spectra is very similar for all the curves: they are all de ned by a recognizable peak at wavelengths
1000-1200=< !and afew secondary others, like the ones ardi6@D=< !and1700=< *. Afurther
description of the data can be found in Holland et al. (1998). The dataset has recently been analyzed by
Waghmare and Panaretos (2024)

The chemical analysis of such a complex spectrum is not trivial. Indeed, we are not dealing with a
pure substance that would absorb at a speci ¢ wavelength, but those purees have a more heterogeneous

INational Food Crime Unit of the Food Standards Agency.
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composition, which leads to overlapping e ects. The goal of the analysis is to provide useful insights
about which wavelength bands are related to the di erent components of the purees, and more speci cally,
about the conditional dependence structure between wavelength bands.

We t the model in Equation (1.9) by assumir®y= 40 cubic B-spline basis functions. Di erent
values of? were explored, obtaining similar results with respect to the ones described in this section, so
they are not reported here for brevity. The nal choice?of 40faced the trade o between good tting
of the smoothed curves and limited computational burden. As a prior for the graph, we consider the
same multiplicity correction prior. We mention also that, in a di erent experiment (not discussed here),
we have adopted a uniform prior for the graph. We obtained results completely in line with the ones we
are going to present.

Figure 1.4 presents an example of two smoothed curves (dotted lines) compared to the original ones
(solid lines). Notice that the smoothed curves follow the shape of the original ones, smoothing away
some pointwise variability. The left panel of Figure 1.5 shows the posterior mean of the coe cients

Figure 1.4. An example of two smoothed curves through the model in Equation (1.9); solid lines
represent original curves while dotted lines are the smoothed curves.

while the right panel displays the estimated precision matrix

The top panel of Figure 1.6 displays the posterior estimate of the graph obtained using the BFDR
criterion. Speci cally, the top-right panel shows the estimated graph with nodes numbered and colored
according to di erent portions of the spectra as highlighted in the bottom panel of the gure. The
di erent colors are associated with di erent portions of the domain that correspond to the peaks of the
signal. The graph o ers an interpretation of the dependence structure among the wavelength bands
and so the components of the purees. The estimated graph is quite sparse and characterized by a block
structure. The blocks are located mainly close to the diagonal, with some extra-diagonal exceptions.
The prevalence of blocks close to the diagonal is expected, since close wavelength bands are likely to be
associated with similar components. The blocks far away from the diagonal are of interest, since they
suggest that some components associated with very di erent wavelengths might be related.

The large block in the rang89%3 - 14936 =< ! corresponds to the main peak of the curves. The
big size of this block suggests that the interactions between the corresponding bands are not only due to
the overlap of spline supports, rather they may also depend on the absorbance e ects of several species
overlay. We also notice two small o -diagonal blocks that correspond to the interactions between the
bands at the highest peak and the others corresponding to lower peaks atE56&a¢< * and1700
=< 1 respectively. Indeed, with the infrared spectrometer, the same species can exhibit peaks at di erent
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Figure 1.5: Posterior mean of all coe cients (left panel) and the estimated precision matrix (right
panel); in the latter plot, the main diagonal has been omitted.

wavelengths, and our analysis identi es which peaks should be analyzed together. Finally, looking at the
graph representation, we note that the isolated nodes in the graph are associated with intervals where the
curves are rather at (e.g., nodes 17-18-19), which means that the concentration of the corresponding
substances is negligible. On the other hand, most of the identi ed links connect di erent peaks. In
particular, the main peak, which represents the most present substance, is the center of the network; all
other peaks are connected to this one.

Interestingly, the block structure of the graph in Figure 1.6 was not explicitly built into the model.
Nonetheless, it naturally emerges, as the observed connections tend to occur between groups of nodes,
re ecting the fact that each peak is composed of more than a single band. In the following chapters,
we develop two new methodologies aimed at explicitly incorporating the learning of block structures in
the latent, unobserved graph. In Chapter 2, we condition on a given partition of the nodes and focus on
learning connections between entire blocks of edges rather than individual edges. In Chapter 3, we go a
step further and infer the latent partition of the nodes, rather than assuming it to be known from empirical
evidence.
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Figure 1.6: Top panels: posterior estimate of the graph obtained using the BFDR criterion. Nodes are
colored according to di erent portions of the spectra highlighted in the bottom panel.






Chapter 2

Learning Block Structured Graphs in
Gaussian Graphical Models

This chapter is based on Colombi et al. (2024b) and it is a joint work with Ra aele Argiento, Lucia Paci
and Alessia Pini.

2.1 Introduction

The graphical modeling framework introduced in Chapter 1 provides a powerful tool for studying the
dependence structure among variables. This approach relies on the concept of conditional independence,
expressed through a correspondence between a graph and a family of multivariate probability models.
As in the previous chapter, we work under the assumption of normality, leading to Gaussian graphical
models (Lauritzen, 1996). Speci cally, let = 1+— © be an undirected graph, whete= f1—eee—?
denotes the set &f nodes and the set of undirected edges. Each node represents one of the variables
of interest, while the edges encode the pattern of nonzero entries in the precision matrix. The absence of
an edge between two vertices corresponds to conditional independence of the associated variables given
all the others, which in turn implies that the relevant entries of the precision matrix are zero.

Usually, the structure of the underlying graph is unknown and needs to be estimated based on the
available data: thisis referred to as (graph) structural learning. In a Bayesian framework, the speci cation
of a prior on the graph space and, conditionally on the graph, a prior on the precision matrix is required,
see Section 1.2.2. A common practice is to choose a discrete uniform distribution over the graph space
G, i.e., the space of all possible undirected graphs wititodes. This is appealing for its simplicity, but
it is not a convenient choice to encourage sparsity, as it assigns most of the probability mass to graphs
with a "medium” number of edges (Jones et al., 2005). One way to mitigate this drawback is to rst
assign a prior distribution to the number of ed@jeg for example a truncated Poisson distribution, and
then condition orj j by placing a uniform prior over all graphs with that xed number of edges. A
second alternative, which is the one we pursue in this thesis, consists in inducing the priGr loyer
assuming independeBernoullit\ 4° priors for each edge. THgernoulli parameter$, may di er from
edge to edge, but usually, a common valuis assigned. For example, Jones et al. (2005) suggested
setting\ = 2¢1? 1° to encourage sparsity in the graph; Scott and Carvalho (2008) placed instead a
Beta hyperprior on\, a solution known as the multiplicity correction prior. Similarly, Scutari (2013)
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described a multivariate Bernoulli distribution where edges are not necessarily independent.

A common feature of the graph priors mentioned above is that they are non-informative since the
only type of prior belief they elicit in the model is the expected sparsity rate of the graph. In this Chapter,
instead, we develop a prior on the graph space that aims to be informative, according to prior information
available for the application at hand. Since the graph describes the conditional dependence structure of
variables involved in complex and, usually, high-dimensional phenomena, it is unrealistic to assume that
prior knowledge is available for any one-to-one relationships between the observed quantities. Rather,
it is more reasonable to envision that variables are grouped into smaller subsets. This is common in
biological applications where the groups may be families of bacteria (Osborne et al., 2021), or genomics,
where groups of genes are known to be part of a common process (Yook et al., 2004). Also in market
basket analysis, products and customers can be easily grouped (Giudici and Castelo, 2003).

Additionally, in some applications, the variables of interest may have a natural ordering, leading to
groups of nodes that are contiguous with respect to such ordering. In this case, if prior information is
available about a possible partition of the nodes, the modeling assumptions must re ect that the nodes can
not be relabeled. In the spectrometric data analysis setting we introduced in Chapter 1, the goal is usually
to investigate relationships among the substances within a compound by observing its spectrum, which
can be represented as a continuous function of the wavelength. To this end, a nonparametric regression
coupled with a Gaussian graphical model on basis expansion coe cients can be employed for smoothing
the data, providing an estimate of their conditional independence structure. Since the elements of a B-
spline basis have compact support, the conditional independence structure of the smoothing coe cients
is re ected in portions of the spectrum that are known a priori to be grouped in intervals of chemical
interest. Here, the nodes representing the spline coe cients are naturally ordered, and the xed groups
of nodes turn out to be contiguous. Thus, a prior on the graph should elicit such relevant features.

In this Chapter, we propose a class of prior distributions on the graph space that leverages information
on the groups of nodes and encodes a block structure in the adjacency matrix associated with the graph.
Our approach consists of mapping the graplnto a block structured multigraph representation,
where blocks of edges are represented by a single edge between two groups of nodes. Then, independent
Bernoulli priors are assumed for the edges of the multigraph In other words, we allow nodes in
di erent groups to be only fully connected or not connected at all. As a result, posterior learning aims
at discovering the underlying pattern between groups of nodes, based on the available data. We call this
novel class of priorblock graph priors

Bayesian posterior inference on the graph is usually performed through MCMC under the conjugate
G-Wishart prior distribution on the precision matrix (Roverato, 2002; Atay-Kayis and Massam, 2005).
However, posterior computation is expensive for general non-decomposable graphs for two main reasons.
Firstly, note that the cardinality of the graph spacgag= 21?20, i.e., itis large even if a moderate number
of variables? is included. In practice, it can not be explicitly enumerated, but one needs to rely on
search algorithms to explore it and learn which edges should be included or not. However, even when
the number of nodes is limited, it may be di cult to identify high posterior probability regions of the
graph space.

A second challenge for developing e cient methods for structural learning is due to the presence of
the G-Wishart prior distribution, which is de ned conditionally on a graphand it is known only up
to an intractable normalizing constant. Explicit formulas do exist for special cases such as complete or
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decomposable graphs (Dawid and Lauritzen, 1993) which, however, are hard to justify from an applied
side and increasingly restrictive as the number of nodes increases. Uhler et al. (2018) provided a recursive
expression for the normalizing constant, but the procedure is computationally e cient only for some
speci c types of graphs. In practice, the normalizing constant is usually evaluated through numerical
approximations such as the importance sampler (Roverato, 2002; Dellaportas et al., 2003), the Monte
Carlo approximation (Atay-Kayis and Massam, 2005), and the Laplace approximation (Moghaddam et al.,
2009; Lenkoski and Dobra, 2011). Unfortunately, these methods become unstable with an increasing
number of nodes (see Jones et al. 2005 and Wang and Li 2012 for further details). Recent solutions
have been proposed in the literature; for example, Wang and Li (2012) leverages on the partial analytical
structure of the G-Wishart distribution while Mohammadi and Wit (2019) rely on an approximation of
the ratio of two normalizing constants arising when two models are compared. Also, van den Boom
et al. (2022a) used a delayed acceptance MCMC (Christen and Fox, 2005) coupled with an informed
proposal distribution (Zanella, 2020) on the graph space to enable embarrassingly parallel computation.
However, all these approaches are suited for comparing models whose graphs di er by a single edge, and
so they are inappropriate to address block structural learning. Rather, an MCMC method that modi es
more than one link at a time is needed in our setting.

In this Chapter, we introduce a Reversible Jump MCMC sampler (Giudici and Green, 1999; Dobra
etal., 2011), de ned over the joint space of the graph and the precision matrix, that leverages the structure
induced by the block graph prior. In particular, we generalize the procedure of Lenkoski (2013) so that
the algorithm modi es an entire block of edges at each step of the chain to guarantee a block structure
of the adjacency matrix associated with the graph. Moreover, the Reversible Jump algorithm is coupled
with the Exchange algorithm (Murray et al., 2006), consisting of a second reversible move, to avoid the
calculation of the G-Wishart normalizing constant. We refer to the novel sampling methodBistke
Double Reversible JumBDRJ) algorithm. As a result, the algorithm builds a Markov chain that visits
only the subspace of block structured graphs, which is, in general, much smaller relative to the original
graph space and allows us to infer the relationships among the xed groups of nodes.

2.2 Block Structured Graph prior

2.2.1 From a graph to a block multigraph

Let be a?-random vector distributed as a multivariate normal distribution with zero mean and
precision matrix , i.e., N, 0— ! ; without loss of generality, we assume hereto be centered
around zero. Let = +— ° be an undirected graph, where= f1—+++—dis the set of? nodes and

f 18-9j8 Y 9- 82 9 gis the set of undirected edges between the nodds.said to be Markov
with respect to if, for any edge!8—®that does not belong to, the 8th and 9th variables of
are conditionally independent given all the others, Mg.? Vgj :g9, Where :gg is the random
vector containing all elements in except the8th and the3th. Under the normality assumption, the
conditional independence relationship between variables has an equivalent representation in terms of the
null elements of the precision matrix. Speci cally, each node is associated with one of the variables of
interest, and edges describe the structure of the non-zero elements of the precision matrix. The absence
of a link between two nodes means that the two corresponding variables are conditionally independent,

given all the others, and the corresponding entry of the precision matrix is zero. Hence, the following
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equivalence provides an interpretation of the graph
Vg? Vgj 189 0 8-98 go= 0

where ggis the entry!8—%of the precision matrix . The graph is usually unknown and must be
learned from the data. In a Bayesian framework, it is considered as a random variable having values in
G, i.e., the space of all possible undirected graphs Witiodes. The starting point for our proposed
model assumes that tlfeobserved variables are grouped irmutually exclusive groups that are known
a priori. Each group has cardinaligand g, =g = ?. We admit the possibility of having sorg = 1,
aslongas Y ?.

In our setting, the groups are given, and the adjacency matrix of the underlying graph has to satisfy
a precise block structure. To accomplish that, we de ne a new space of undirected graphs whose
nodes represent the groups of variables and edges represent the relationships between them. Namely,
let+ =f 1—eee— gbe a partition of+ in  groups that is available a priori. Then, we de ne

=1+ — ©°to be an undirected graph whose nodes are the sets= 1—«++— and that allows for
a self-loop for node if = j 1. Namely, the set of edges is given by
n o]
L—<Lji=<2+ NV <= L-0j;2+ A= 1o

Graphs that have self-loops are caltedltigraphs We denote byé the set of all possible multigraphs
having+ as a set of nodes.

To clarify the relationship betwedgd andG, consider 2 G and 2 G. Byde nition, the set of
nodes of the multigraph is obtained by grouping the nodes of the graphThe following map de nes
a relationship between the two sets of edges.d.eG !G ,suchthat =1+ - ©°7! =1+-0
by the following transformations:

1%}
+ :fl_ooo_g?:

=1
ift—:02 )1 8-92 882 -892
ift1—:°8 )1 8-98 882 -892

(2.1)

A visual representation of this mapping is given in Figure 2.1. Ghizeset we can associate each
in G to one and only one in G sinced is injective. We referto  as the multigraph form of .

Figure 2.1: The map from multigraph 2 G (left panel) to its block structured form 2 B (right
panel).

Neverthelesg] is not surjective, which implies that there are graptbkat do not have a representative
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in G . Indeed, only those graphs whose adjacency matrix has a particular block structure can be
represented in a multigraph form. The non-surjective map is the key ingredient to de ne a subset of
G of block structured graphs that satisfy the modeling assumptionsB bt the image ofl, i.e., the

subset ofG containing all the graphs havirgnodes and a block structure consistent with Moreover,

d: G !B is a bijection, which means that every graph2 B is associated to its representative

2 G viad 1. We saythat 2 B is the block graph representation of the multigraph 2 G .

This representation of block graphs allows us to work in a space where we can use standard tools of
graphical analysis.

In a di erent setting, Cremaschi et al. (2022) employs a block structure of the graph that is similar
to ours. In their work, the multigraph is used to describe the conditional dependence structure across
Markov processes, while the larger graph is used to capture the dependence at the observation level.
However, unlike our approach, the self-loops in the multigraph are assumed to be known and not learned
from the data, due to the nature of their application. Hence, they end up with a larger graph which always
assumes the presence otliques.

2.2.2 Prior on the graph space

The map described in Section 2.2.1 allows us to introduce a class of priGranencodes the knowledge
about the partition of the nodes. A customary choice in the literature is to assume independent Bernoulli
priors for edges irE, the set of all possible edges. Such an assumption seems reasonable only if one
may assume a priori independence between the edges. Nevertheless, to induce a block structure in the
adjacency matrix of the graph, independent Bernoulli priors for the edges would not be appropriate.

The class of priors we propose is built on two assumptions: (i) the nodes have a natural ordering and
their groups are known a priori; (ii) a zero mass probability must be placed on those gré&phdigre
nodes in the same groups are not fully connected or not connected at all, i.e., to all graphs that belong to
GnB. Based on these assumptions, we need to specify the probability of graphs thd avehich can
be represented through a multigraph 2 G using Equation (2.1). Each graph@ can be thought
of as an undirected graph havingnodes and possible self-loops. Therefore, it is reasonable to assume
that a prior onG can be de ned by assigning independent Bernoulli priors to its edges. Finally, the
prior probability of each graph iB is set to be equal to the probability of its representativ@ inwhich
can be obtained by applying tlte  map. Namely,

éc d 1t o_ if 2B-
ct °/ (2.2)
20- if 2GnB-
wherec d 1t o =¢ t o=\i i11 \o%.°I IjstheBernoulli prior over the seG , where

each link has prior probability of inclusion which is xed a priori. We refer to the prior distribution

in Equation (2.2) adblock-Bernoulli prior. In particular, the prior is composed of two ingredients:

c 1° thatis, a prior on the spad® , andd !, which is deterministic. This implies that the same
construction is valid even if 1 °is replaced by any other prior distribution for graphical models, such

as the combination of a truncated Poisson on the number of edges and a uniform distribution on the
graphs having the prescribed size. The only constraint is that it must be a probability distribution over
G , not overG. We de ne the resulting class of priors as thleck graph priors
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2.3 Block Double Reversible Jump algorithm

A popular choice as a prior for the precision matrix conditional on the graph, is the G-Wishart
distribution, introduced by Roverato (2002) to deal with non-decomposable graphs. Following Moham-
madi and Wit (2015), we work with a Shape-Inverse Scale parametrization of the G-Wishart distribution,
that is, we say that | G-Wishart1- °ifits density is given by
. 1. .12 1

PL J °= 11-°7] jZ exp Etr1 ° 1p -
where tr is the trace operatdl, | 2 is the shape parameter, is the inverse scale matrix, which is
symmetric and positive de nite, arfél is the space ofalP  ? symmetric and positive de nite matrices
that are Markov with respect to. Finally,

1
12

11- °= ] 7 exp }trl ° d -
= 2
is the normalizing constant. In this work,and are xed hyperparameters. Let =1 ;—eee—0
be an i.i.d. sample of size from a N, 0- 1 where the precision matrix is Markov with
respect to the graph. Thanks to conjugacy, the full conditional distribution ofis | —
G-Wisharttl, =— , *° where* = )

The goal of Bayesian structural learning is to compute the posterior distribution

1

Pl JyO = ’)lyj 0?1 J 0C1 Od / Cl (o]

1 - * 0
5

11— o©

which depends on the ratio of the posterior and the prior G-Wishart normalizing constants.

As anticipated in the Introduction, posterior inference with the G-Wishart distribution is challenging
since the joint posterior distribution of the graph and the precision matrix is doubly intractable (Murray
etal., 2006). Indeed, the normalizing constantl— ©°does not have a simple analytical form for general
non-decomposable graphs, making the computation of a Metropolis-Hastings acceptance probability not
feasible. To address this issue, Monte Carlo (Atay-Kayis and Massam, 2005) and Laplace approximations
(Moghaddam et al., 2009; Lenkoski and Dobra, 2011) have been introduced. Alternatively, Mohammadi
et al. (2021) proposed an approximation of the ratidl— ° ol1— ©° which is, in practice, the
quantity required in the computation of the acceptance-rejection probability of a proposed draph
However, all the aforementioned methods are not able to exploit prior information about the block
structure of the graph since they are suited to modify only one edge at each step of the MCMC algorithm.
Rather, to ensure a block structure of the graph compatible with our prior beliefs, edges can not be
modi ed at will, at least not in the spac®. To our knowledge, there are no theoretically grounded
methods available in the literature to compute the G-Wishart normalizing constant ratio in our setting.

For this reason, we move a step forward and develop a Block Reversible Jump Markov Chain Monte
Carlo sampler (Giudici and Green, 1999; Dobra et al., 2011) de ned over the joint space of graph and
precision matrix. It generalizes the procedure by Lenkoski (2013) in such a way that it modi es an entire
block of edges at each step of the chain to guarantee that the visited graphs always belong to the space of
block structured graphB. By doing so, the search is limited to the subset of graphs whose structure is
consistent with- . Moreover, exploiting a trans-dimensional version of the Exchange algorithm (Murray
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et al., 2006), our algorithm avoids any calculation of the G-Wishart normalizing constant.

We denote the current state of the chain by®~ ** where %2 P g.and 42 B. Since
the graph is constraining the support of the precision matrix, the Reversible Jump technique is needed to
handle trans-dimensional moves due to a di erent number of unknown entries of the precision matrix in
subsequent iterations. Inthe rst step of the algorithm, the $tafe  ®is proposed, and the graptis
accepted or rejected. It consists of three parts: (i) a new gr&jihproposed in the neighborhood of the
multigraph representative»B%of the current graph * (i) a matrix °compatible with the constraints
imposed by Cis constructed; (iii) the acceptance-rejection probability is computed by exploiting a
modi ed Exchange algorithm (Murray et al., 2006). Note that, in part (i), the proposed matftix
must be guaranteed to be a precision matrix. Di erently to Giudici and Green (1999), who proposed a
Reversible Jump sampler that limits itself to visit decomposable graphs and requires chetirsitive
de niteness, we follow Dobra et al. (2011) and Lenkoski (2013) and adopt a reparametrization based on
the Cholesky decomposition, so thaf is positive de nite by construction. The algorithm requires a
double reversible move, leading to a Double Reversible Jump sampling strategy. In the following, each
of these three parts is described.

(i) Proposing a new graph ©

A common feature of existing MCMC methods for graphical models is to build Markov chains such that
the proposed graph®= 1+— ® belongs to the one-edge-away neighborhood pivhich is de ned as

=13,1 ©:==13,1 o[ =13,1 o (2.3)

where=13,* °and=13,* ©° are the sets of undirected graphs havihgodes that can be obtained
by adding or removing an edge to 2 G, respectively. A step in an MCMC algorithm that selects
02 =131 "P% s said to be a local move. The proposed BDRJ approach is innovative because it

proposes moves that modify an entire block of edges instead of just a single one. In other words, our
moves are local in the spa& but not in the spacé.

Our procedure leverages the de nition of the mayand generalizes standard graphical modeling
tools to the spacB. Hence, suppose”®2 B and we aim to construct a new grapR 2 B. Firstly, we
map the current graph into its multigraph representatiV®’2 G , where ®*=d 1 4 Then,
with probability U , we add a new edge or, with probabiltg U ©, we remove one of its existing
edges. Namely, the new multigraph representatin2 G is drawn from

@ °) " =uU unif =13 dt B4 11 uounif =13 d 1 B4 - (24
where, similarly to Equation (2.3¥13® B4 is the one-edge-away neighborhood P with respect
to the space of multigraphs . Finally, d is applied again to map the resulting multigraph bacRk ito
obtain %ie.,weset °=d 0 .

If U = 05, Equation (2.4) gives equal probability to addition and deletion moves. To lighten the
notation, we always refer to this case. The proposal distribution in Equation (2.4) is preferred over

choosing uniformly in the whole neighborhood as in Madigan and York (1995). Indeed, Dobra et al.
(2011) noticed that in a simple uniform edge sampling, the probability of proposing a move that adds (or
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deletes) an edge is too small if the current graph has a very large (or small) number of edges. Therefore,
Equation (2.4) guarantees a better mixing in the resulting Markov chain. Furthermore, Equation (2.4)
reveals how the multigraph representation enables us to use standard tools of structural learning in the
spaceG to get a non-standard proposal in the original sgace

0 0

(i) Constructing the precision matrix |
Once the graph is selected, we need to specify a method to construct a proposed precisionttieitix

satis es the constraints imposed by the new graghIn principle, the method of Wang and Li (2012),
based on the partial analytical structure of ®Bé&Vishart{ appears to be an e cient choice. However,

this solution strongly relies on the possibility of writing down an explicit formula of the full conditional
distribution of the elements of. Such a result, presented in Roverato (2002), can be handled in practice
only if one edge of the graph is modi ed at each step of the algorithm. Instead, the proposal distribution
presented in Section 2.3 modi es an arbitrary number of edges. Di erently, we build on a generalization
of the Reversible Jump mechanism of Lenkoski (2013) and exploit the Cholesky decompositiitof

to guarantee the positive de niteness of and the zero constraints imposed by

Indeed, ™®“2 P .g.implies that it is possible to compute its Cholesky decompositioft’ =

»BYa ) »BYa »BY
)

where is an upper triangular matrix. This is appealing because the zero constraints

imposed by *7on the o -diagonal elements of *®4nduce a precise structure and properties 6f"

In particular, leta "% = 18-%98-2+-8 9 18-92 & pe the set of edges belonging td%”

plus the diagonal entries of its adjacency matrix. Hendc¥, 0 = gg8—2a P jssaidtobe

the set ofree elementsf ®” The remaining entries are uniquely determined through the completion
operation (Atay-Kayis and Massam, 2005, Proposition 2) as a function of the free elements. We refer to
these elements as tihen-free elementsSee Roverato (2002) and Atay-Kayis and Massam (2005) for
an exhaustive overview.

Suppose that the proposed grapf is obtained from Equation (2.4) by adding the edge<®

to the multigraph representation of”®* The set of edges that are changingGnis then! =

18-98—Q+-8Y 98-92 01808 P4 The cardinalityj! j is arbitrary and, in general, greater
than one. We calk!° = . [ < the set of the vertices involved in the change. Note that
at ®=a B4 1  Our solution to de ne the new free elements is to maintain the same value
for all the ones that are not involved in the change and to set the new ones by perturbing the current,
non-free elements, independently and with constant variaigcélamely, drawf ndpN B f¢ and
set =] foreach 2 !. Then, all non-free elements of° are derived through the completion
operation (Atay-Kayis and Massam, 2005) and the proposed precision mé&trixt ® Ojs then
obtained. Note that, we are generating a random variabldengthj! j that matches the dimension gap
between ®“and °. In the case of dimension reduction, saj?”*!  © the move is deterministic
since it is de ned in terms of the opposite mov&'! "B/4\where the extra elements do not need to be
sampled. Then, the acceptance probability is the reciprocal acceptance probability of the corresponding
increasing move.
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(iif) Computing the acceptance-rejection probability

Finally, we frame the previous mechanism in the Exchange algorithm paradigm (Murray et al., 2006)
to eliminate the presence of ti&Wishartnormalizing constants. Speci cally, we employ the Double
Reversible Jump procedure (Lenkoski, 2013), which is the trans-dimensional equivalent of the Exchange
algorithm.

LetW be alatent? ? symmetric and positive de nite matrix that is Markov with respect 9
i.e., ¥ 2 P o. The matrixfv is sampled from a G-Wishdt— ° distribution using the exact sampler
of Lenkoski (2013). The BDRJ considers switching betweerf®- By — O to the alternative

O 0w O0_ B4 with W 2 P ., by performing two reversible jump moves: (i) a dimension
increasing jump from 2~ "4 to1 . ® gccording to the posterior parametdrs =and | *

of the G-Wishart distribution; (i) a dimension decreasing jump frdth— © to W °— > according

to the prior parameter$ and of the G-Wishart distribution. Thus, the augmented target is the
joint distribution ? B4 Bafy — Ojy and the proposed graph® is accepted with probability
mintl-":°, with

2 O OO By @ 0 0y O

) BYa_ »Bl/ﬂpv _ Oj y @WwW 0 J W J »Bl/a_\pv

,)ij 0 21 Oj 0o 2 WOJ >>Bl/4@ »B1/4j 0 ct (0

»BYa
J

_?yj B4 en? | Ph o4y 0 @ 0] Phig Bk (2.5)

@ Oj »B%J 0—\NO
@WojWw J P4y

where @ —° denotes the density of the proposal distribution, dAd—° denotes the Jacobian of the
transformations involved in the reversible moves, as detailed in Appendix 2.5. Note that the normalizing
constantratio in the acceptance-rejection probability in Equation (2.5) cancels out. The MCMC algorithm
is then completed with a second step consisting in sampling the precision mafriX*from its full
conditional distribution, i.e., ®®¥#j P4y  G-Wishartl, =— , *°. The resulting algorithm
is summarized in Algorithm 2. Appendix 2.5 reports the details on the derivation of the acceptance-
rejection probability in Equation (2.5). THe packageBGSLimplementing the BDRJ algorithm, is
available agithub.com/alessandrocolombi/BGSL

Our proposed method BDRJ borrows the skeleton of the Double Reversible Jump but modi es
the proposal distribution to guarantee th&t 2 B and, as a consequence, that multiple elements of
the precision matrix are updated accordingly. Since only proposal distributions and priors have been

changed, we still have a valid MCMC scheme that can now infer relationships in block structured graphs.

2.3.1 Posterior inference

Ideally, we would like to approximate its posterior distribution with the relative frequency of each sampled
graph. Then, one way of providing a pointwise estimate of the graph structure is to use the maximum
a posteriori strategy, which represents the mode of the posterior distribution. As noticed by Jones et al.
(2005), for problems with even a moderate number of nddlethe space to be explored is so large



32 Learning Block Structured Graphs in GGMs

Algorithm 2: Block Double Reversible Jump
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that the graph frequency can not be viewed as a good estimate of its posterior probability because each
particular graph may be encountered only a few times in the MCMC sampling (Peterson et al., 2015). A
more practical and stable solution is instead to estimate the posterior edge inclusion margindlly. Let
be the size of the MCMC output, then the posterior inclusion probabilities are estimated as

Pgo= 1 18-92 P4 (2.6)

1

( B=1
wherel 18-92 P js the indicator function representing the inclusion of the edge between Bodes
and9in the graph 4= +— *: yisited during theBth iteration. We callP the upper triangular matrix
having element®gg for 8= 1—+++—8nd 9 = 8— -+« + that are the proportion of MCMC iterations,

after the burn-in, in which the eddg8—%has been selected to be part of the graph. Shhcentains

the posterior probabilities of edge inclusion, the matrix represents the uncertainty of including or not
including an edge in the graph.

A pointwise graphical estimat® is carried out by selecting all edges whose posterior inclusion
probability in Equation (2.6) exceeds a given threstmpld-ollowing the same approach introduced in
Chapter 1, we exploit the Bayesian False Discovery Rate (BFDR; Miller et al. 2007; Peterson et al. 2015)
criterion instead of relying on the median graph, which arbitrarily gets0s5. See Section 1.3.1 for
further details.

For what concerns the precision matrix, we simply average over the MCMC samples (Cremaschi
etal., 2019; Wang and Li, 2012) to obtain the posterior man

a
»BYg

~| =

B=1

Note that, even if each ®”“has a block structure induced by’Bl/:‘ b does not share the same structure
of the selected graph.

2.4 Simulation study

We carry out a simulation study to evaluate the ability of our methodology to recover the structure of
the generating graph. We compare our performance to the Birth and Death approach (BDgraph for
short) proposed by Mohammadi and Wit (2015) for Gaussian graphical models with a standard non-
informative prior on the graph space. We rely on the implementation provided by the corresp@nding
packag8BDgraph(Mohammadi and Wit, 2019). In the latter, authors derived an e cient MCMC method
where moves are decided according to speci ¢ birth and death transition kernels for the edges. Every
proposed move is accepted, so the chain converges very quickly. Moreover, using an approximation of the
G-Wishart normalizing constants ratio approximation (Mohammadi et al., 2021) allows for speeding up
calculations. In addition, we employ the proposed BDRJ algorithm assuming a partition of nodes where
each node forms a single block; this boils down to the exact sampler called Double Reversible Jump
(DRJ; Lenkoski 2013). Graph posterior estimates from both BDRJ, DRJ, and BDgraph approaches have
been obtained by cutting the posterior probability of inclusion of each edge with the threshold chosen
via the BFDR in Equation (1.17).
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We consider two di erent simulation scenarios to compare the ability of the aforementioned methods
to learn the structure of conditional dependencies. In the rst experiment, we generate data using an
underlying graph whose adjacency matrix has a block structure, i.e., with xed groups of nodes. In the
second experiment, we investigate the performance of the block graph prior model when the true graph
has incomplete blocks and some isolated edges.

2.4.1 Performance evaluation

To assess the performance of recovering the graph structure, we compute the standardized Structural
Hamming Distance (Std-SHD, Tsamardinos et al. 2006) from the underlying graph, which is, in the case
of undirected graphs, equal to the number of wrongly estimated edges, standardized with respect to the
number of all possible ones, i.e.,

Std-SHD = FP*? FN_ 2.7)

2

where FP and FN are the number of false positives and false negatives, respectively. Following Osborne
et al. (2021), we also take into consideration thesEore, de ned as
2TP

Fi-score = 2TP. FP, FN (2.8)

where TP is the number of true positives. Both indices lie betweand 1. for the Std-SHD lower
values are preferred (value stands for perfect match), while for-core higher values correspond to
better performancel(value stands for perfect match). The main di erence between the two indices is
that Std-SHD equally weights errors due to false positives or negatives, wihledfe places higher
importance on the number of correct discoveries that are the true positives. To visualize their di erence,
consider the following simple example: set the true graph to have a sparsity index eehlaiod
consider a trivial estimator, i.e., the empty graph. The resulting Std-SHD score wouldehjwahich

seems reasonably good even if the estimated graph is not capturing any signi cant information. On the
other hand, the #score score is not deceived as it would be equél tim addition to the previous two
indices, we compute the sensitivity index, i.e.sTPP, FN° and the speci city index, i.e., TN TN, FP°,

where TN is the number of true negatives.

2.4.2 Results
Experiment 1 - Complete Blocks

We set== 500, ? =40, and = ?+2 groups of equal size, which leads to o -diagonal blocks of size

2 2. The underlying blocked structure graphs have been randomly generated by sampling fr¢iP

with di erent sparsity indices , uniformly distributed in the intervalQ«2-06% Given the graph, the

true precision matrix has been sampled froiG-&Vishart 3- » . For this studyf & was set equal to

0<5, after a little tuning phase. The MCMC sample compri466-000 iterations plusl00-000 extra
iterations that were discarded as a burn-in period. Figure 2.2 shows an example of the true graph and
compares the nal estimates of the forecited methods; green squares mean that there is an edge between
the corresponding nodes. The second, third, and fourth panels from the left display the graph estimated
by BDRJ, DRJ, and by BDgraph, respectively. Clearly, the visual inspection suggests that BDRJ provides

a better estimate of the underlying graph than the competitors.
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Figure 2.2: From the left: the true graph (rst panel) and the estimated graph obtained using BDRJ
(second panel), DRJ (third panel), and BDgraph (fourth panel) for Experiment 1. Dark squares represent
the included edges.

Figure 2.3 shows the boxplot of the sensitivity index, the speci city index, the Std-SHD and the
F1-scores over 50 simulated datasets. The sensitivity and speci city indices of BDRJ are almost similar,
being both centered arou@eb. This denotes a good balance between including or not including blocks
of edges, without any preference between being conservative or not. Rather, the speci city of DRJ
and BDgraph is close to one, i.e., a much higher value than the sensitivity index that is 8dund
Therefore, we conclude that DRJ and BDRJ tend to be more reliable in terms of discovered conditional
independence relationships.

We note that, overall, BDRJ outperforms the competitors in terms of both the Std-SHD and the
F1-score. The number of misclassi ed edges is rather low for BDRJ, with a median value of Std-SHD
equal to0«0455 Many true discoveries are achieved, and indeed the mediaadfe under BDRJ is
0885 BDgraph and DRJ perform worse with respect to both indices; the medians Std-SHD are equal
to 0:0622and 00647 while the R-scores are both equal @®807. The reason for these di erences is
that our approach takes advantage of the block structure of the true graph, which is not incorporated into
the models used by the other methods. Instead, these methods attempt to estimate every possible link
independently, leading to more errors in the nal estimate and a less interpretable graph structure. Itis
di cult to explain why certain edges are missing within grouped structures.

Experiment 2 - Incomplete blocks

In this experiment, we analyze the performance of our model when the underlying graph has incomplete
blocks. To simulate the data under this scenario, we rst draw a block structured grapl froin\ ©,

where\ = 0s2. Then, edges are removed within each block with a probability equ@Pt® By doing

so, the block structure is incomplete but still recognizable. We seb00, ? = 30, and = ?¢2 groups

of equal size; given the graph, the true precision matrix has been sample@Gfivishart3- ,°.

Figure 2.4 shows an example of the true graph ( rst panel from the left) and the estimated one using
BDRJ (second panel), DRJ (third panel), and BDgraph (right panel). A simple visual inspection of the
gure suggests that our approach tends to include incomplete blocks rather than discard them, leading
to some false discoveries, as expected. On the other hand, both BDgraph and DRJ do not make any
assumptions about the graph structure, so in principle, they should be able to recover the graph correctly.
In practice, as soon as the dimension of the graph increases, this is unlikely to happen. Instead, the
tendency is to be more conservative, which leads to fewer false discoveries.

To clarify, we report in Figure 2.5 the boxplots of the sensitivity and speci city indexes computed
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Figure 2.3: Boxplot of the sensitivity index (top-left panel), speci city index (top-right panel), Std-SHD
(bottom-left panel), andsscore (bottom-right panel) over the simulated datasets of Experiment 1.

over 50 simulated datasets. Our approach outperforms the competitors in terms of sensitivity since it
provides more true discoveries and fewer false negatives. This means that it is unlikely that a missing
edge is instead present in the underlying graph. On the other hand, the BDgraph solution is preferable to
BDRJ and DRJ in terms of speci city, i.e., an included edge likely represents an actual connection in the
underlying graph. As expected, DRJ and BDgraph show similar performances, still with slightly di erent
behavior. As observed also in Experiment 1, the e ect of the exact sampler used in DRJ seems to be an
increase of sensitivity at the price of reduced speci city. The speci city and sensitivity indices provide

a clear picture of the di erences between BDRJ and the two competitor approaches, which is no longer
true looking at the Std-SHD and thg-Bcore values in Figure 2.5. The Std-SHD is slightly higher for
BDRJ, coherently with the fact that the prior information assumed in this case is misspeci ed, but overall
the di erence between the three methods is limited. Thes€ore, in particular, is very similar for the

three methods, meaning that the three approaches are almost equivalent in terms of misclassi ed edges.
In other words, when dealing with a structured graph with incomplete blocks, the expected ndings from

a stochastic search in the complete or block graph space are comparable, but with the latter depicting
more interpretable results.

2.5 Analysis of fruit purees

We illustrate with a real-world application how our model is able to exploit prior information to enrich
the data analysis and provide more interpretable results. The motivating problem is the analysis of
spectrometric data of fruit purees introduced in Chapter 1.
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Figure 2.4. From the left: the true graph (rst panel) and the estimated graph obtained using BDRJ
(second panel), DRJ (third panel), and BDgraph (fourth panel) for Experiment 2. Dark squares represent
the included edges.

From a mathematical point of view, a spectrum is a continuous function of the wavelength, so we
framed it within the functional data analysis setting. The classical smoothing strategy was enriched by
placing a Gaussian graphical model on the basis expansion coe cients, providing an estimate of their
conditional independence structure. Since the elements of a B-spline basis have compact support, the
conditional independence structure is re ected in well-de ned portions of the domain. The Bayesian
hierarchical formulation enables the borrowing of strength among di erent curves, and the graphical
model allows the sharing of information along di erent subintervals of the functional datum. Finally,
note that, in this application, the support of the spline basis functions coincides with the spectrum
bands. Therefore, the problem of studying interactions between di erent substances simply translates
into studying the dependencies between the basis expansion coe cients, which can be read from the
graph.

In Chapter 1, we used independ&arnoulliprior distributions on the graph edges and the BDgraph
method to provide posterior inference on the graph and the precision matrix. As already discussed, this
is a general non-informative setting that does not allow for including further prior information even when
they are available. This is one of those situations: for infrared spectrometric data, peaks of the signals
are associated with the vibrational modes of the di erent molecules present in the substance (Atkins and
De Paula, 2013). This is why the signals can be decomposed into di erent parts, corresponding to the
peaks observed along the domain. As a matter of fact, domain experts identi ed nine intervals of the
spectrum of chemical interest associated with the most signi cant peaks of the signal (Defernez et al.,
1995).

The partition can be visualized in Figure 2.7, where di erent colors highlight the nine groups.
Clearly, the nodes representing the basis expansion coe cients are ordered, so the groups are contiguous
in the functional domain. The gure also shows the suppor? ef 40 spline functions.

Letyc = THEBO—«++—-B? be the absorbance spectrum at all observed wavelengths of curve
C with C= 1-«¢«—)» 351 We employ the block structured Gaussian graphical model described in
Section 2.2 to smooth the functional data and accommodate prior knowledge on the subintervals of the
spectrum. In particular, we assuroe?  j\° =\l 11 \0%2°i i where\ = 2.1 10 = 0«25,
that is the choice suggested by Jones et al. (2005) but taking into account that the number of nodes in the
multigraph space is = 9, not? = 40. All the other prior distributions and hyperparameters are set as
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