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1. Introduction

Modern option pricing models can replicate important features
of asset price dynamics, such as stochastic volatility, co-jumps, and
stochastic jump intensity. These more realistic modeling assump-
tions, however, come at a cost. The complexity of the models has
significantly increased with many unobserved factors, which makes
the econometric estimation a complicated task. Therefore, standard
methods often fail to produce accurate results, for example, the
full frequentist approach suffers from likelihood approximation and
difficulties with the optimization procedure (i.e. local maxima).
Moreover, from a Bayesian perspective, it is not easy to design a
good proposal distribution in a Markov Chain Monte Carlo (MCMC)
setting (see e.g. Fulop and Li, 2019). In addition, increased model
complexity requires the usage of more informative data rather than
only spot returns, which are not sufficient to pin down all the
parameters in sophisticated models (see Fulop et al., 2015). For
this reason, many authors started using data from derivatives mar-
kets to conduct proper inference. This, however, introduces addi-
tional estimation complexity due to the highly non-linear relation-
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ship between option prices, static parameters, and latent states. In-
deed, for optimal statistical inference, the ideal would be to di-
rectly consider option panel data. Filtering techniques, which al-
low to jointly estimate latent states and parameters based on ob-
served option prices, however, are computationally demanding and
their extension to multifactor models is not trivial. For exam-
ple, Hurn et al. (2015) propose a particle filter to estimate the
Heston (1993) option pricing model using large cross-sections of
option prices, but the implementation is feasible only thanks to
the usage of two supercomputers. Du and Luo (2019) show that
an unscented Kalman filter approach can be used to simultane-
ously handle spot and option prices under affine model specifica-
tions. Nonetheless, to reduce the computational burden, they are
forced to reduce the dataset to only one randomly selected matu-
rity and three option prices per day (weekly data) with a signif-
icant loss of information. Furthermore, Dufays et al. (2022) build
a particle MCMC algorithm (see Andrieu et al., 2010) for the esti-
mation of several one-factor option pricing models. The likelihood
evaluations in this particle filter approach are much faster thanks
to the usage of the quantiles of the filtering density, but still com-
putationally very expensive and difficult to extend to multifactor
models.

In recent years, estimation approaches have been developed
which exploit alternative observation variables that efficiently
summarize information from option markets. In this regard, a
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very appealing estimation approach proposed by Feunou and
Okou (2018) uses risk-neutral cumulants, which can be computed
from option prices (Bakshi et al., 2003) and capture the bulk of
information embedded in option prices. Under affine model speci-
fications (see Duffie et al., 2003) risk-neutral cumulants have a lin-
ear relationship with the state variables. This allows us to compute
the quasi-likelihood function through a modified Kalman filter and
to obtain parameter estimates through maximum likelihood op-
timization. Recently, Orlowski (2021) introduced a further refine-
ment based on alternative portfolios of options, which can be seen
as functions of risk-neutral cumulants. Both approaches are highly
related and have several merits: i) they are very general in the
sense that they are applicable to all the affine multifactor models;
ii) they are fast because model implied cumulants can be com-
puted analytically; iii) they are extremely accurate because they
incorporate information from the option market, which is neces-
sary to pin down parameters governing the jump structure of the
model. However, their methods also show some limitations. Firstly,
statistical inference is based on likelihood optimization, which is
very tricky for models involving many parameters due to the pres-
ence of multiple troublesome local maxima. This means that the
final output strongly depends on the initial input. Moreover, the
Hessian matrix is usually unstable, exacerbating the calculation of
the information matrix and, consequently, the standard errors.

In this paper, we present a Quasi-Bayesian (QB) extension
of the methods proposed in Feunou and Okou (2018) and
Orlowski (2021) which inherits the aforementioned merits and al-
lows surmounting limitations. More specifically, we first integrate
out latent states using the modified Kalman filter. We then target
the posterior of static parameters by running a density tempered
SMC sampler in the spirit of Del Moral et al. (2006) and Duan and
Fulop (2015). Since we perform the marginalization step with a
quasi-likelihood procedure, our econometric approach leads to a
Laplace-type Estimator (LTE), which has been studied in its general
formulation by Chernozhukov and Hong (2003) and proved to be
useful in many applications (see e.g. Todorov, 2011; Ruge-Murcia,
2012). Compared to the method of Feunou and Okou (2018) our
approach can be considered as a more efficient global optimizer
and offers several advantages in estimating complex option pric-
ing models. First, the SMC sampler favors likelihood tempering,
which means that the algorithm does not get stuck in local max-
ima. Second, the calculation of any statistics of the posterior (e.g.
standard errors, confidence intervals, etc.) is straightforward since
we can use results from Chernozhukov and Hong (2003) to give a
classical interpretation to our simulation-based output.! In partic-
ular, from the quasi-posterior distribution we can provide consis-
tent estimates of model parameters (through the quasi-posterior
mean) and a sandwich estimator for the asymptotic variance-
covariance matrix. Third, given that we perform the marginal-
ization step using a Kalman filter algorithm, we gain consider-
able computational speed compared with Bayesian alternatives like
MCMC methods (see e.g. Eraker, 2004) and SMC2-type algorithms
(see e.g. Chopin et al., 2013; Fulop and Li, 2013; Fulop and Li,
2019).

To illustrate our methodology, we consider an affine dynamic
asset pricing model that allows for two stochastic volatility factors,
stochastic jump intensity and co-jumps between price and volatil-
ity. This model incorporates many popular models as special cases.
We want to point out, however, that our proposed method is very
general and can be potentially applied to any other affine multi-
factor model. Before moving to real data applications we perform

1 We remark that the resulting quasi-posterior is not a valid posterior distribu-
tion. Consequently, we are not allowed to use the finite sample posterior as a mea-
sure of uncertainty. However, we can follow Chernozhukov and Hong (2003) and
derive the asymptotic distribution to conduct proper inference.
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extensive Monte Carlo studies to check the accuracy, efficiency,
and stability of the proposed approach. Compared to the classical
quasi-likelihood optimization approach, our new global optimizer
allows us to obtain more reliable and very stable parameter esti-
mates.

Then we apply our methodology to real data. We construct
historical time series ranging between 05 December 2007 and
04 March 2021 of functions of risk-neutral cumulants of the log-
returns with maturity in 1,2, 3,6, 9, and 12 months. We show that
the proposed estimation methodology works well in practice. It
produces realistic parameters and filtered factors. A comprehen-
sive econometric analysis of our results highlights the great sta-
bility of our methodology, as shown by the acceptance rates ob-
tained during the resample-move steps. The quasi-posterior distri-
butions of static parameters exhibit good convergence, with tight
confidence intervals, due to the efficient tempering procedure.
Hence, we find that condensing the information contained in op-
tion prices into risk-neutral cumulants is an effective way to con-
duct statistical inference on jump-diffusion option pricing mod-
els. It allows drastically reducing the computational effort (com-
pared to competing methods that directly use option prices), with-
out loss of information. We then compare pricing errors obtained
through the proposed methodology with those of the plain quasi
log-likelihood optimization (used as a benchmark) and find that
our approach is more accurate with a sensible reduction of the root
mean squared pricing errors across the various strikes and matu-
rities. In summary, numerical results document that the proposed
approach outperforms the benchmark in several aspects: i) accu-
racy and ease of computation of the standard errors; ii) accuracy
in the parameter estimates; iii) computing time; iv) significant re-
duction of the option pricing errors, even for a smaller computing
time.

Additional empirical studies show that our main model specifi-
cation outperforms a nested model in terms of log-likelihood and
higher-order risk-neutral moments matching, which confirms the
importance of introducing more than one volatility factor. More-
over, we highlight the importance of including measures of the
risk-neutral kurtosis as additional observed variables for parameter
estimation to properly track observed time series of option prices;
especially during periods of financial crises. Finally, we show how
to estimate the evolution of implied risk premia based on our new
approach.

The paper is organized as follows. In Section 2 we present the
option pricing model that we consider for numerical experiments
throughout the paper, and we detail our econometric approach.
Section 3 contains an illustrative example on simulated data. In
Section 4 we apply our methodology to a large panel of option
prices, and we discuss the economic implications of the estimated
parameters and latent factors. In Section 5 we compare the perfor-
mance of our approach with its natural benchmark, i.e., the Quasi
Maximum Likelihood Estimation (QMLE) approach in Feunou and
Okou (2018), and we present some additional empirical studies.
Section 6 concludes the paper with some final remarks.

2. Econometric Method

In this section we detail our econometric approach. We start
by introducing the model setup which is used as an example
throughout this paper. Then we review the concept of replicat-
ing risk-neutral moments (equivalently, cumulants) using suitable
portfolios of options and the computation of cumulants under
affine models. Based on this, we introduce a methodology for
quasi-likelihood evaluation. Finally, we propose a new QB particle
method which serves as an efficient global optimizer for the esti-
mation of model parameters.
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2.1. Model

To illustrate our econometric approach we consider
an extension of the Double Heston model proposed in
Christoffersen et al. (2009), with simultaneous jumps in the
variance and price process, and stochastic jump intensity. We
refer to this model as Double Jump Double Volatility Stochastic
Intensity (DJDVSI) model. Let (€2, F, (Ft)epo,r;, @) be a filtered
probability space, which supports all the processes we encounter
in the sequel. Under the risk-neutral measure Q the dynamics
of the log-returns X; = In(S;/Sg), where S; is the asset price at
time t, is defined by the following system of stochastic differential
equations:

dX; = (r = 0.5(Vye + Vo) — Aep*)dt + /ViedWS; + /VordW3, + JxdNe, (1)

dVye = ki (61 — Vap)dt + 014/ Vi dWY,, (2)
dVZt = kz (92 — Vzr)dt + 024/ VthW{[ +]det, (3)
e = k; (65, — A)dEt + 03/ A dWP (4)

where r is the riskfree rate and u* = et t0: 50 —1 is the convex-

ity adjustment for the jump component. In this specification the
log-return process (1) consists of three independent martingales:
two diffusive components and a jump component. In particular, Vy;
and V,, are the two factors driving the instantaneous variance and
they evolve as CIR (Cox et al., 1985) processes (with jumps in V,;)
with E[dW}dW/,] = p;dt, E[dW}dW],] = p,dt, which allow to cap-
ture the so-called leverage effect. In order to model abrupt changes
we consider a compound Poisson process, where Jx ~N(,uj,ajz)
dictates the amplitude of a price jump, while J, ~ Exp(uy) is an
exponentially distributed random variable (Jy and J, are indepen-
dent of all the other sources of randomness). The number of jumps
is Ny ~ Poisson(fot Asds), where A; denotes the stochastic jump in-
tensity which is given by (4). It is well documented in the liter-
ature (see Fulop et al., 2015; Fulop and Li, 2019; Bardgett et al.,
2019 among others) that sudden changes in equity returns and
large movements in the variance are likely to occur at the same
time. In line with the literature, we therefore choose to gener-
ate asset and variance jumps from the same counting process.
Finally, the total variance of the stock returns is given by (cfr.
Christoffersen et al., 2009, Formula 6)

Vidt = Var[dSt/St] = (V]t + V2t)dt + (sz + UJZ))Ltdt.

As we outline later in this section, in order to implement
our methodology we need to derive the risk-neutral Cumu-
lant Generating Function (CGF) of log-returns. The following
Proposition 1 shows the Moment Generating Function (MGF) as the
solution of a system of Ordinary Differential Equations (ODE). The
CGF is then simply obtained by taking the logarithm of the MGF.

Proposition 1. Given a final date T > t and the time to maturity T =
T —t, the moment generating function of Xr is

EQ[e¥¥r| 7] = exp {uX; + A, T) + B(u, T)Vie + C(u, T)Vor + D(u, T)Ae}

(5)
where the functions A, B, C and D solve the system of ODEs
aAg“T’t) =ru+ki61B(u, t) + k:6,C(u, t) + k6, D(u, T),
BOT) — _1(u—u?) — (ki — p1o1u)B(u, T) + Lo?B2(u, 7),
Lwn) — _T(u—u?) — (ko — p20ou)C (1, T) + 202C3 (U, 7),
WD) — _k,D(u, 7) + 02D (U, T) + (71{?:::’); -~ 1)
(et 2 _ 1y
(6)
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with initial conditions A(u,0) = B(u,0) =C(u,0) =D(u,0) =0

Proof. See Appendix A. O

This model specification incorporates as special cases many
affine specifications proposed in the option pricing literature (e.g.
Heston, 1993, Bates, 1996, Duffie et al., 2000, Christoffersen et al.,
2009, Wachter, 2013). However, in our econometric framework it is
also straightforward to consider other affine option pricing model
specifications such as pure jump variance processes (Barndorff-
Nielsen and Shephard, 2001, Bernis et al., 2021), time changed Lévy
processes (Carr et al., 2003), stochastic interest rates and other
multifactor models (for example Andersen et al., 2015, Gonzato and
Sgarra, 2021).

2.2. Risk-Neutral Cumulants

The proposed estimation methodology is based on the idea
of condensing the information from option data into measures
of risk-neutral variance, skewness, and kurtosis. To this aim, we
first show how such measures can be constructed in a model-free
manner by using the informative option portfolios proposed by
Feunou and Okou (2018) and Orlowski (2021). We then compute
the corresponding measures in the present affine model. This pro-
vides the basic tools for implementing the modified Kalman filter
which we introduce later in this section.

First, we compute the following measures of the variance,
skewness, and kurtosis of log-returns from option panels accord-
ing to (cfr. Orlowski, 2021)

105,
a5 = 2/ PGy (K. 7)) 7 e <10g )dK (7)

10S; K
=3 [ pon 1) 5 ((logﬂ)

*kurt 105 K ?
4 [ w0 s ((logﬁ)

((log K) +2log I;))dk, 9)
t

where 7 is the option maturity, F = S;e'® is the forward index
level, and S; is the time t price of the underlying. 6, (K, 7) and
pe (6 (K, T)) are the implied volatility and the corresponding price
of a put (respectively, call) option with maturity t and strike K < F
(K > R).

Next, we show how to compute model implied measures of
variance, skewness, and kurtosis. We consider model-implied cu-
mulants which can be computed by taking the n-th derivative of
the CGF of log-returns. Indeed, if we denote by V;;, V5, and A; the
factors on which the distribution of X; depends in the model (1)-
(4), the conditional CGF of log-returns in the affine setting is

2
+2log — )dK (8)

Y(u;T) = uXe +A(u, ) + B(u, T)Vie + C(u, T)Vor + D(u, T)Ae,
(10)

where A(-), B(-), C(-), and D(-) solve the system of ODEs given in

Proposition 1. It is then possible to retrieve model-implied cumu-

lants by taking the corresponding derivatives evaluated at u = 0.
We get

0" (u; 1)
cumM™ = o B
_ 0"A(u, 7) 0"B(u, t)
=7X: + 7811" o + 7311” u:OV“
0"C(u, t) a"D(u, t)
+ —un u:OVZt + 5 u:Okt, (11)
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where Z is equal to 1 when n=1 and equal to 0 otherwise.
Equation (11) can be solved explicitly in affine models. This fact
is very important: model-implied cumulants are obtained through
analytical formulas, with the consequence that they are computed
in few milliseconds (no numerical methods or special functions are
involved) and exactly (no approximations are required at any step).
This constitutes a significant advantage over alternative methods
which consider option prices as observations and involve time con-
suming numerical techniques such as numerical solutions to ODE
systems or characteristic function inversion (e.g. the unscented
Kalman filter proposed in Du and Luo, 2019). In this way, the fil-
tering procedure can be accelerated and is prevented from possible
numerical malfunctions.?

To avoid illegible long mathematical expressions, we do not re-
port the analytical solution of (11), but instead provide a Matlab®

code for the (symbolic) calculation of the quantities % ,
u=0
an an an
9 gsf;f) , 2 ng;’) and ¥2wr) gf},’;’) for the model (1)-(4) for
u=0 u=0 u=0

n = {1, 2,3} in Appendix B. In Appendix C, we discuss the possibil-
ity of extending this approach to the symbolic computation of the
required slopes to other affine option pricing models, with partic-
ular attention to models with self-exciting jump intensity. Finally,
model implied measures of variance, skewness, and kurtosis are
given by:

qar=—2cum)
GV = 3(CUMY + 2CUMY). >
durt = _4(cUM? + 3(CUM® +2cum(Y)).

T T

2.3. State-Space Formulation

In this section we show how to cast the DJDVSI model into a
discrete time state-space model in a similar way as Feunou and
Okou (2018). Let us define cr = (c/, kW, k)™ and ™t =
(cyar, gskew gurt)T For a given day t we observe risk-neutral mea-
sures of variance, skewness, and kurtosis at ] different maturities.
Equations (11) and (12) imply that c¢; is linearly related to the
3 x 1 vector of latent factors F = (Vy;, Vo, Ar) T. Thus, the measure-
ment equation of our state-space model is

¢t =To+ Tk + 1, (13)

where 'y and I'; are 3] x 1 and 3/ x 2 matrices of coefficients de-
pending on the solution of the derivatives in (11) and the represen-
tation in (12). Further, n; ~ N (0, 2) where 2 is a 3/ x 3] diagonal
covariance matrix.

The transition equation is obtained from a simple Euler approx-
imation with step size At of the continuous-time system (2)-(4)
and it is defined as

F = ®¢g+ P1FE_1 + &, (14)

where @y and @ are 3 x 1 and 3 x 3 matrices of coefficients. The
transition noise is & ~ A'(0, £ (F_1)), where & is independent of
n: and X (F_1) = Cov(F_q) is the conditional covariance of F_;.
The complete expressions for ¢ and &, are

2 We remark that advanced particle filters considering option prices as observed
variables are also available. Nevertheless, the likelihood function depends on model
implied option prices, meaning that for each likelihood evaluation we have to cal-
culate option prices along three dimensions: for each option (with different strikes
and maturities), for each particle, and for each day. This is computationally infeasi-
ble due to the necessity of using time consuming numerical techniques to compute
option prices.
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k191 —k1 0 0
by = At kz@z , ®1=L+K;, Ki=At] O —k2 My |,
kkek 0 0 _kA
(15)

where I3 is a 3 x 3 identity matrix. Moreover, the transition noise
has the following conditional covariance matrix

Y (F-1) = Cov(F-1)

0’12‘/1'[,1 0 0
_ 0 0Vo o1+ 22 A 0

Note that the standard Kalman filter is not optimal in this set-
ting because the conditional covariance Cov(F_;) depends on the
state itself. Hence, we implement a modified Kalman filter, where
the transition noise at time t —1 is used as an estimate for the
time ¢ iteration. If we define F; = E[F] and B, = Cov[R], the re-
cursions of the filter are

Fo1pe = @o + O1Fy

P = CI)lP[‘t(I)I + Z(Fy)

Cepr)e = Lo+ TiFyqpe

M[+1|t = l"1P[+1|[1"1T +Q (17)
Fiy1je01 = max <Ft+1|r + Py DT M) (C{nkt - Ct+1\r), 0)

t+1[e\"t+1
_ Tr-1
Pt+1\t+1 = Pt+]|t - Pt+1|rF1 MH”[FlPtH\t

and the Gaussian quasi log-likelihood is given by

.1 T
-5 > In(@m)Y det(Myy_1)) + (™ - ct‘H)TMr‘“[] (™ = cre-1)-
t=1

(18)

The properties of the aforementioned modified Kalman filter are
discussed in Monfort et al. (2017) and the accuracy of the proposed
filtering method is investigated in Appendix D.

2.4. A Quasi-Bayesian Particle Method

To conduct inference, we rely on Sequential Monte Carlo (SMC)
methods. Denote the vector of model parameters by © and all ob-
servations and hidden states up to time t by yq.; = {c{“kt {:1 and
X1t = {V1t,V2t,Af}tT=1, respectively. The joint posterior of parame-
ters and hidden states p(®, xq.; | ¥1.¢) can then be decomposed as
follows

P(O, X1t | Y1:) = PK1:e | ©,¥1:0)Pp(O | Yi:e), (19)

where p(x1. | ©,y1.¢) results from the state filtering problem, and
p(® | y1.¢) enables parameter estimation. This suggests a hierar-
chical structure in which the first task is solved using a modified
Kalman filter (outlined in Section 2.3) and the second task is ad-
dressed using simulation-based techniques, which we explain be-
low. Given the high information content of option data and the
complex structure of state of the art asset pricing models, there is
a close link between latent states and fixed parameters. This means
that MCMC methods would lead to highly correlated draws and a
very slow mixing of the chain (Fulop and Li, 2019). For this rea-
son we target the posterior distribution of static parameters with
an SMC sampler as in Del Moral et al. (2006) and Duan and Fu-
lop (2015). Applying Bayes’ rule allows us to decompose the pos-
terior distribution of static parameters as follows

PO | Y1) < py1 | ©)p(O), (20)

where p(yq.; | ®) is the likelihood function, and p(®) is the prior
density. This decomposition suggests that given a set of parameters
(obtained from a prior density) we get an approximation p(y;. |
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©) of p(y1; | ®) and p(x1y | ©,y1;) of p(xy: | ©,y1.¢) with the
modified Kalman filter. We then sample p(® | y1.;) by using a den-
sity tempered SMC sampler. We start from an easy-to-sample dis-
tribution, and we then gradually approach the target through a se-
quence of densities. In particular, we construct a sequence of P
densities between the prior and the posterior using a tempering
sequence y;, i=1,...,P for yy =0 and yp =1 and

7:(0,y1:1)
S 1i(©,y1.7)dO°

where 7;(®) represents the intermediate posterior at iteration i,
and p;(y1.7 | ©)% is the (tempered) likelihood estimated by a mod-
ified Kalman filter. To move from m;(®) to m; 1(®), we reweigh
each particle by p;(y;.r | ®™)¥i1~% forn=1,...,N. Here N is the
number of parameter particles and to each particle corresponds a
different vector of parameters ©®™. The tempering coefficients are
chosen to ensure sufficient particle diversity. This can be done by
a grid search, where the Effective Sample Size (ESS)® is evaluated
at the grid points of y, and the one with the ESS closest to a fixed
constant is selected. At this stage, it is essential to avoid particle
impoverishment. First, we resample particles proportional to their
weights to obtain an equally weighted set. Using a Markov kernel,
we then shift the particles to enrich the support without changing
the distribution of the particles.

Since using an approximated filter yields a marginal quasi-
likelihood approximation, our approach departs from the pseudo-
marginal framework. Instead, we assume a QB setting, also known
as LTE. We emphasize again that we may not use the estimated
quasi-posterior distribution to conduct inference. However, we can
easily derive the asymptotic distribution for this purpose. In par-
ticular, to give our simulation results a classical interpretation, we
compute the quasi-posterior mean as a consistent estimate of true
parameters and the sandwich covariance matrix as a measure of
uncertainty. The asymptotic distribution of the estimator is then
given by

O ~N(6.J(&)QO)(®)™), (22)

7i(®) = ni(©) = pi(yr.r | ©)"p(®),  (21)

where © is the quasi-posterior mean. J(®)~! is the inverse Hessian
and can be estimated from the covariance of the quasi-posterior
distribution, and ©(®) denotes the covariance of the scores which
can be estimated by running the modified Kalman filter at the
quasi-posterior mean (see Chernozhukov and Hong, 2003 for more
details).

In the next section, we show that our QB-SMC sampler per-
forms very well on a challenging problem from the option pricing
literature.

3. Illustrative Example on Simulated Data

To illustrate the performances of our estimation approach, we
proceed with a test on simulated data. For this experiment, we
fix model parameters close to those estimated in the literature on
similar models. We discretize the SDEs in (2)-(4) using the Euler
scheme (see Section 2.3) with daily time steps. Based on this, we
simulate 30 times the latent factors for a total of 3780 observa-
tions, mimicking 15 = 3780/252 years of daily data. From the paths
of V1, V5 and X, we recover the (simulated) time series of the sec-
ond and third risk-neutral cumulants from (11) for the following
six maturities: 7 € {1, 2, 3, 6,9, 12} months. Next, following the lit-
erature (e.g. Li and Zinna, 2018; Fulop and Li, 2019; Du and Luo,
2019), we generate the observation error from a Gaussian random
variable with zero mean and diagonal covariance matrix Q = 06213],

3 This quantity is defined by ESS = (Xh_;s™)2/ Yn_; (s™)?, where s™ is the
weight attached to the n-th particle at iteration i.
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where o, is the standard deviation of the pricing error. At the end
of this procedure, we have 30 simulated time series (for a 15-year
period with daily observations) of risk-neutral cumulants for six
different maturities.

For each dataset, we run our QB-SMC sampler and the QMLE
method based on the numerical maximization in (18) for bench-
mark comparison. We run our density tempered SMC sampler us-
ing N = 2000 particles. Given the complex form of the likelihood,
we simply give Normal priors to all parameters, but we consider
truncated Normal priors to respect the domain of some parame-
ters, see Table 1. The hyperparameters of the prior distributions
are chosen to be consistent with those estimated in the recent lit-
erature (see e.g. Fulop and Li, 2019; Du and Luo, 2019).

In the resample-move step, we use a Gaussian random
walk proposal and move the parameters as one block using a
Metropolis-Hastings (MH) kernel. More precisely, after resampling,
we rejuvenate the particles’ population by proposing new param-
eters from a Gaussian random walk proposal. To compute the MH
acceptance rate, we then run the modified Kalman filter for each
new set of parameters using all observations. The mean and covari-
ance of the proposal distribution are fitted to the actual particles’
population. We further increase the efficiency of the MCMC step
by adjusting the scale of the proposal to obtain an acceptance rate
between 0.2 and 0.4. The resample-move step is triggered when-
ever the ESS is below N/2, and we continue to move as long as the
number of unique particles is below a threshold N/2.

To obtain reliable estimates for the QMLE method, we generate
M = 30000 random model parameters from the priors in Table 1.
We compute the quasi log-likelihoods in (18) for each of them, and
use the 5 sets of parameter with the highest quasi log-likelihood
as initial points for the numerical maximization. Finally, the pa-
rameter set with the highest quasi log-likelihood is used as final
estimate of the QMLE method (this procedure is similar to that
used in Li and Yin, 2014 and Yeap et al., 2018).# The number of
random model parameter sets and the number of initial points for
the optimization are chosen so that the average execution time of
QMLE and QB-SMC methods is similar (see below), which allows a
fair comparison in terms of accuracy. More specifically, the average
computational time for one run of the QB-SMC algorithm in this
experiment is 24.78 minutes, while one run of the QMLE takes 27
minutes. All computations were performed on a desktop HP Elit-
eDesk 800 G5 PC.°

We collect estimates from both methods and evaluate the accu-
racy. Let us denote by ©; the posterior mean of parameters for the
i-th dataset and with ®* the vector of the true parameters. Mean
and Root Mean Squared Error (RMSE) are computed as

Results are given in Table 2 along with the true parameter val-
ues. The results document that for our proposed method, the av-
erage of the parameter estimates is close to the true value for
all the parameters. Hence, our QB-SMC method outperforms the
QMLE approach overall with superior performances in terms of
bias (i.e. the difference between mean and true values) and RMSE
for all parameters (except for oq, where the differences are small
anyway). This is particularly evident for those parameters which
are notoriously difficult to estimate, such as o1, 0, ky, 0, 03, 1y
and oj (see e.g. Eraker, 2004; Andersen et al., 2015). The QMLE
method produces much higher RMSEs, which is due to the pres-
ence of multiple local maxima. In fact, the gradient-based opti-

4 Maximization is implemented using the built-in Matlab® function fmincon.
5 In the QB-SMC algorithm, the modified Kalman filter runs in parallel on 8 CPU
cores.
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Table 1

Priors specification.
® Dist Support (o, 00) ® Dist Support (o, 00)
kq Tr. Normal (0, 00) (6.00, 3.00) 0. Tr. Normal (0, 00) (1.50, 2.00)
61 Tr. Normal (0, 00) (0.01, 0.10) oy Tr. Normal (0, 00) (2.00, 2.00)
o1 Tr. Normal (0, 00) (0.50, 1.00) Iy Tr. Normal (0, 00) (0.025, 0.05)
P1 Tr. Normal (-1,1) (-0.50, 0.50)  py Normal (=00, 0) (-0.02, 0.05)
k> Tr. Normal (0, 00) (6.00, 3.00) o; Tr. Normal (0, 00) (0.03, 0.05)
6, Tr. Normal (0, ) (0.01, 0.10) 0e1  Tr.Normal (0, 00) (0.10, 0.10)
[op) Tr. Normal (0, 00) (0.50, 1.00) Oe2 Tr. Normal (0, 00) (0.10, 0.10)
02 Tr. Normal (-1,1) (-0.50, 0.50) 03 Tr. Normal (0, 00) (0.10, 0.10)
ks Tr. Normal (0, 00) (6.00, 2.00)

Table 2

Mean and RMSE of the parameter estimates from 30 Monte
Carlo simulations for the QB-SMC and QMLE. Values in green
indicate the best performance, values in red denote the worst

performance.
QB-SMC QMLE

® True Mean RMSE Mean RMSE

k1 10.50 10.3242  0.2709 10.2673  2.5466
61 0.03 0.0295 0.0006  0.0450 0.0313
oy 0.40 0.3841 0.0185  0.3972 0.1373
01 -0.50 -0.5317 0.0354  -0.5503 0.2232
ky 1.10 1.1023 0.0046  0.8289 0.4419
6, 0.02 0.0219 0.0021  0.0472 0.0425
oy 0.15 0.1497 0.0023  0.1594 0.0539
02 -0.80 -0.8067 0.0146  -0.7012 0.1880
ny  0.05 0.0502 0.0002  0.0649 0.0247
k;. 0.65 0.6517 0.0071  0.9807 0.9229
0, 5.75 5.7220 0.0439  5.0754 1.8179
oy 2.66 2.6538 0.0085  1.7609 1.3153
I -0.04 -0.0400 0.0001  -0.0555 0.0268
0] 0.05 0.0501 0.0001 0.0407 0.0188

mization strongly depends on the initial point supplied. This trans-
lates into a larger variance in the parameter estimates, which is
reflected in the higher RMSEs. To reduce RMSEs, the number of
eligible starting points would have to be increased, but this can
only be achieved at the cost of increased computational effort. In
contrast, the QB-SMC method does not suffer from the presence of
local maxima, and the final parameter estimates are close to each
other across the 30 simulations (as indicated by the smaller RM-
SEs). As a consequence, this method appears to be more robust
and suitable for real data applications.

Finally, to better illustrate the superior performances of the pro-
posed method, we perform the following experiment. We gener-
ate a single simulated dataset as described above and compute the
true (quasi) log-likelihood as in (18). Then we estimate the model
on this single dataset 10 times for N € {500, 1000, 1500, 2000}
for QB-SMC and M < {10000, 20000, 30000, 40 000} for QMLE. For
the latter, we consider the 5 parameter sets with the highest log-
likelihood as initial points for the numerical optimization. We then
take the average (over the 10 repetitions) of the time required to
perform the estimation and of the quasi log-likelihood in agree-
ment with the estimated parameters. The difference between the
true (quasi) log-likelihood and the average estimated log-likelihood
measures the accuracy of the methodology. The results are re-
ported in Table 3 and are striking. The proposed QB-SMC approach
outperforms the QMLE method in terms of both running time and
accuracy.

4. Empirical Estimation

In this section, we apply the proposed methodology to esti-
mate the model in (1)-(4) on real data. We start by describing
how the historical time series of observed risk-neutral measures of

Table 3

Run-time accuracy profiles of QB-SMC and QMLE methods on simu-
lated data. Time is expressed in minutes, the log-likelihood is computed
given the estimated parameters. Both results correspond to the average
across 10 repetitions on the same simulated dataset. The true quasi log-
likelihood is 3.8840E+05.

QB-SMC QMLE

N time log-like M time log-like

500 7.95 3.8827E+05 10000 11.23  3.4304E+05
1000 16.09  3.8830E+05 20000 19.97  3.4803E+05
1500 19.38  3.8836E+05 30000 27.01  3.5355E+05
2000 24.78 3.8838E+05 40000 3537  3.5411E+05

variance, skewness, and kurtosis are built from option quotes. We
then present estimation results and performances of the method
in terms of parameter convergence, statistical efficiency, and latent
factor filtering. A discussion on estimated parameters is deferred to
the next section, where we compare our results to a nested model
and to a benchmark estimation method.

4.1. Data

Our empirical analysis is based on the construction of model-
free risk-neutral measures of variance, skewness, and kurtosis for
various maturities. OptionMetrics® provides historical time series
of implied volatility surfaces for the S&P 500. We consider daily
observations from 05 December 2007 to 04 March 2021 for a to-
tal of 3457 days and compute &, ¢V and ¢ku't as in (7)-(9).°
Our dataset contains a similar number of observatlons as the one
in Feunou and Okou (2018) but more recent data. This allows us
to consider not only the 2008/2009 global financial crisis, but also
other important periods of financial turmoils like the European
debt crisis of 2009-2013 and the COVID pandemic of 2020-2021.
Considering the following fixed maturities 7 € {1, 2,3,6,9, 12} (ex-
pressed in months), we end up with 3457 observations of &7,
gskew gkurt op six different maturities, i.e., 3457 x 3 x 6 = 62226 to-
tal observatlons Historical time series of the estimated risk-neutral
cumulants are reported in Figure 1. We report summary statistics
in Table 4, where we display for each maturity the mean, stan-
dard deviation, and the first-lagged autocorrelation of the observed
measures of variance, skewness, and kurtosis. From Table 4 we can
see that the mean (in absolute value) and the standard deviatios
of &%, CSI‘EW and ék‘“t increase with maturity. We also notice that
eyar, c?f‘f"", and c{“;” are highly persistent.

A question that might arise is how much information is lost by
using the second, third, and fourth risk-neutral cumulants instead
of the full option panel. To answer this question, we run the fol-
lowing regression:

V% =+ Bi&tT + Baliis™ + PaCey + evr, (23)

6 For more details on the implementation of these formulas we refer to Orlowski
(2021, Section 4.3).
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Fig. 1. Historical time series of observed measures of variance, skewness, and kurtosis for 6 different maturities t € {1, 2, 3, 6,9, 12} months for the time period 05 December
2007 to 04 March 2021.

Table 4

Summary statistics for the observed measures of variance, skewness, and kurtosis for
6 different maturities 7 € {1,2,3,6,9, 12} months for the period between 05 December
2007 and 04 March 2021.

oy &y &y aw ey
Mean (in %) 0.4215 0.8012 1.2080 2.4453 3.6696 4.8967
Std. dev. (in %) 0.5342 0.8550 1.1444 1.8767 2.4891 3.0591
AR(1) 0.9606 0.9754 0.9800 0.9867 0.9893 0.9906
Mean (in %) -0.0581 -0.1359 -0.2357 -0.6082 -1.0350 -1.5076
Std. dev. (in %) 0.1131 0.2162 0.3277 0.6496 0.9476 1.2598
AR(1) 0.9235 0.9586 0.9575 0.9670 0.9653 0.9782
dyay ey e dy Ay
Mean (in %) 0.0276 0.0700 0.1345 0.4272 0.8384 1.3782
Std. dev. (in %) 0.0779 0.1780 0.3064 0.7778 1.3348 2.0315
AR(1) 0.9052 0.9321 0.9397 0.9633 0.9676 0.9792

where [V denotes the market implied volatility for a maturity but as we illustrate later, such an approach leads to a significant

7 and strike price K, while & is the error. The adjusted R? from  SPeedup in the calculations.
this linear regressions are reported in Table 5 for different levels of
moneyness and various maturities. Adjusted R? are extremely high,

confirming that the second, third, and fourth risk-neutral cumu- 4.2. Econometric Performance

lants explain (on average) about 98% of the variation contained in

the implied volatility. Therefore, condensing the information con- Next, we move to the empirical results obtained by running the
tained in option panels into risk-neutral cumulants represents a vi- QB-SMC sampler algorithm with N = 2000 particles. We take the
able method for conducting statistical inference. Compared to di- Gaussian random walk proposal and perform the resample-move
rectly considering option prices, the loss of information is small,  step whenever the ESS falls below the preselected threshold of
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Table 5
Adjusted R? from the regression in (23) for various levels of moneyness and maturities.
T\K 80 85 90 95 100 105 110 115 120
1 0.8770  0.9293 0.9654  0.9805 0.9849  0.9850 0.9480 0.8560  0.8449
2 0.9789 0.9876  0.9912 0.9900 0.9901 0.9919 0.9868 0.9633 0.9163
3 0.9873 0.9918 0.9931 0.9915 0.9917 0.9913 0.9897 0.9750  0.9395
6 0.9928 0.9941 0.9952 0.9942 0.9942 0.9912 0.9912 0.9883 0.9811
9 0.9939 0.9944  0.9953 0.9944  0.9946  0.9917 0.9910 0.9890  0.9850
12 09875 09948 09955 0.9938 0.9949 0.9920 0.9906 0.9890  0.9864
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Fig. 2. Acceptance rates (left panel) and ESS (right panel) with respect to y.

N/2, and then move until the number of unique particles is greater
than N/2. The sampler is initialized with the priors in Table 1.
From an econometric point of view, two important statistics
related to the efficiency of our method are the ESS and the ac-
ceptance rate. In Figure 2, we present the acceptance rate (left
panel) and the ESS (right panel). A few comments are in order.
First, the acceptance rate optimally fluctuates between 0.2 and 0.45
("Goldilocks Principle”, Rosenthal, 2011). This means that our al-
gorithm is able to efficiently incorporate the increasing degree of
information content revealed by the data. The ESS is required to
stay close to a constant, which is usually set equal to N/2, where
N = 2000 is the number of parameter particles. As expected, the
ESS fluctuates around half of the number of parameter particles.
Second, in Figure 3 we present the tempering procedure, which
leads to the progressive shrinkage of confidence bands. More pre-
cisely, we see that at the beginning, when the tempering coeffi-
cient is equal to 0, we only have the prior information, and the
prior distributions have quite large standard errors. However, as
the algorithm proceeds, the information contained in the data is
reflected in the estimates. This can be seen in the shrinkage of the
(5,95)% confidence intervals (red lines). Results are reported for a
few selected parameters, and similar plots for the remaining pa-
rameters can be found in Figure E.11 in the Appendix. Another im-
portant aspect related to the efficiency of the proposed methodol-
ogy is the impact of the prior distribution on the final estimation
output. To address this point, following Chopin et al. (2013, Fig-
ure 1), Fulop et al. (2015, Figure A1), Brix et al. (2018, Figure 10),
we report the prior and quasi-posterior distributions in Figure 4.
Again, results are given only for a subset of the parameters. For
the remaining, we refer to Figure E.12 in the Appendix. We observe

that in our QB-SMC approach, the priors are flat in the regions of
high quasi-posterior density. This means that the prior specifica-
tion does not impact the final result. Nevertheless, the dispersions
of the posterior distributions are very small.

In Figure 5, we plot the filtered variance (central panel) and
jump intensity (bottom panel). In periods when prices fall, we ob-
serve a rise in variance which is in line with the well known
leverage effect. This is also confirmed by our estimates for p; =
—0.9223 and p, = —0.7834 (see Section 5).

The grey bars in the bottom panel of Figure 5 represent the
jump times in S&P 500 dynamics. Those jumps are detected us-
ing the iterated re-weighted least squares technique developed in
Callegaro et al. (2017). The algorithm detects 216 jumps in the S&P
500 price in our sample. We note that the filtered jump inten-
sity A¢, displayed in Figure 5, is high during turbulent periods with
many jumps in close succession (e.g. during 2008-2009 and 2020-
2021) and reverts to its long run mean in quiet periods. Moreover,
we find that the jump intensity is close to 0 in the 2017-2018 pe-
riod, which is consistent with the fact that the iterated reweighted
least squares algorithm does not detect any jumps in this period.

We conclude this section with a discussion of the variance
factors and jump parameters. First, we obtain volatility fac-
tors with very different statistical properties. V, is highly per-
sistent, while V; displays low persistent dynamics, as indicated
by the estimated speed of mean reversion parameters ki =
11.9764 and k) = 0.9672. This result is consistent with findings in
Christoffersen et al. (2009), who observe that one factor may ex-
hibit fast mean reversion (describing short-run variance), while the
second factor may exhibit relatively low speed of mean reversion
to describe long-run variance. Second, the jump parameters are



R. Brignone, L. Gonzato and E. Liitkebohmert

Journal of Banking and Finance 148 (2023) 106745

15 ki 0, a1 05 P1
0.15 1 :
10 0.1 0
0.5
5 0.05 -0.5
0 0 0 -1
0 50 0 50 0 50 0 50
ks 0y [ep] P2
0.2 1 0.5
10
0.15
0
5 0.1 0.5
-0.5
0.05
0 0 0 -1
0 50 0 50 0 50 0 50
Fig. 3. Bridging the priors and the quasi-posteriors: mean (blue line) and (5,95)% quantiles (red lines) of some selected parameters at each tempering step.
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Fig. 4. Full sample quasi-posterior distributions (blue line), obtained with a kernel density estimator, and prior distributions (red line) of some selected parameters.

quite large compared to what is typically found in the literature.
As we illustrate later, this is not due to the estimation methodol-
ogy, as the benchmark QMLE approach yields similar results. An
explanation for such large (in absolute value) jump parameters is
provided in Section 5.3.

5. Parameter Estimation and Benchmark Comparison

In this section, we conduct several numerical experiments on
real data: i) a benchmark comparison with the QMLE approach in
terms of econometric fit, run-time speed, and option pricing er-
rors; ii) a comparison with a nested model in terms of cumulants
matching; iii) a study on the sensitivity of the parameter estimates
(and related option pricing errors) with respect to the choice of the
dataset; iv) a study of how to incorporate risk premia in our esti-
mation approach. More specifically, for point iii) we consider three
different datasets: Dy, D, and D3. The first one considers as ob-
servation only {&/%¥}, the second one considers {¢{7. 6?}‘5‘”}, while
the third one considers {&}7, ffkf"" Ef};"}. The parameter estimates,
maximized log-likelihoods, and related computational times are re-
ported in Table 6. The results are discussed below.

5.1. Benchmark Comparison

We compare the performances of the proposed QB-SMC ap-
proach with its natural benchmark, i.e., the QMLE approach based
on the numerical maximization of (18). Note that the main draw-
back of the numerical implementation of the QMLE method is the
choice of the starting points fed to the numerical optimizer. In fact,
the objective function has multiple local maxima, so the choice of
the starting points is crucial. This problem is exacerbated by the
large number of parameters to be estimated. The procedure we
adopt to implement QMLE is as follows (compare with Li and Yin,
2014; Yeap et al., 2018): i) we use the priors in Table 1 and gen-
erate 10° parameter sets; ii) we evaluate the quasi log-likelihood
for each parameter set as in (18); iii) we take the 10 parame-
ter sets with the highest quasi log-likelihood and run 10 differ-
ent optimizations using these parameter sets as starting points; iv)
we take the parameters with the highest quasi log-likelihood as
the final estimate. The results are reported in the fourth and fifth
columns of Table 6. Several comments are in order. First, comput-
ing standard errors for QMLE is very challenging. We have con-
sidered several numerical optimizers that provide different (nu-
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Fig. 5. Historical log-returns (top panel) of S&P 500 index, filtered variance (central panel), filtered jump intensity (bottom panel) along with jump times (indicated with

light grey bars) in the S&P 500 price historical time series.

merical) estimates of the Hessian matrix. However, its numerical
(pseudo) inversion could not be determined, which precludes the
computation of standard errors. This is a first point in favour of our
approach, for which we have reliable estimates of the standard er-
ror (see 22). These are reported in parenthesis in Table 6. Second,
our QB-SMC offers a better trade-off between accuracy and compu-

Table 6

tational effort. For the above settings, QB-SMC is more accurate (as
indicated by the highest log-likelihood for both models) and also
faster in terms of execution time. This fact gives confidence that
the suggested methodology can be interpreted as a more efficient
global optimizer that provides a considerably higher log-likelihood
at lower computational cost.

Parameters estimated through QB-SMC and QMLE approaches for DJDVSI and DJSVSI models and for different datasets
Dy = (), D, = (G, &kew), Dy = (¢, ¢ikew, ¢kurt). Standard errors in parenthesis. Running time is expressed in min-
utes. Following Feunou and Okou (2018) we fix the pricing errors for the QMLE approach and set them equal to those
obtained through the QB-SMC approach.

DJDVSI DJSVSI
QB-SMC QMLE QB-SMC QMLE
O\D Dy Dy D D Ds Ds
ky 13.9812 12.6197 11.9764 13.5657 1.1311 1.2877
(0.2277) (0.4218) (0.0139) (0.0285)
6, 0.0158 0.0133 0.0085 0.0065 0.0282 0.0134
(0.0008) (0.0008) (0.0000) (0.0001)
o1 0.6622 0.5787 0.4505 0.2509 0.2518 0.1859
(0.0117) (0.0131) (0.0001) (0.0004)
01 -0.9359 -0.9858 -0.9233 -0.6219 —0.9748 -0.984
(0.1280) (0.0059) (0.0002) (0.0079)
ky 1.5739 1.8667 0.9672 1.5561 - -
(0.1531) (0.0236) (0.0003)
0, 0.0114 0.0023 0.0126 0.0092 - -
(0.0018) (0.0000) (0.0000)
oy 0.1871 0.0920 0.1559 0.1691 - -
(0.0019) (0.0007) (0.0001)
0 -0.9587 —0.9206 —0.7834 -0.5929 - -
(0.0736) (0.0159) (0.0006)
Wy 0.0566 0.1017 0.1404 0.1686 0.1005 0.1237
(0.0122) (0.0041) (0.0000) (0.0034)
k;. 2.5593 3.8644 3.4321 3.2843 5.8298 5.1551
(0.0599) (0.0511) (0.0045) (0.0637)
0;, 0.3257 0.4759 0.2244 0.2426 0.2649 0.3218
(0.0184) (0.0058) (0.0001) (0.0030)
o3 1.2822 1.9159 1.2395 1.2602 17533 1.7237
(0.0293) (0.0202) (0.0004) (0.0067)
W —0.0119 —0.1095 —0.1263 -0.1463 —0.0806 -0.0955
(0.0455) (0.0022) (0.0000) (0.0001)
o 0.002 0.0722 0.2145 0.2143 0.1829 0.1986
(0.0099) (0.0015) (0.0001) (0.0025)
oV 0.0026 0.0075 0.0130 - 0.0687 -
(0.0006) (0.0006) (0.0000) (0.0012)
o? - 0.0509 0.0496 - 0.0552 -
(0.0165) (0.0004) (0.0060)
o - - 0.1398 - 0.0851 -
(0.0003) (0.0112)
Log-Like 1.12E+05 2.16E+05 3.21E+05 3.15E+05 3.10E+05 3.07E+05
time 21.51 40.28 28.76 130.79 29.85 79.87

10
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Fig. 6. Implied volatilities comparison. Blue lines represent the time series of at-the-money market implied volatilities, while orange lines represents the model implied
volatilities for v = {2, 6, 12} months. Model implied volatilities are computed from the DJDVSI model using the QB-SMC approach, the parameter estimates are given in the

fourth column of Table 6.

Finally, we show how the estimated parameters in Table 6 per-
form in pricing options. More specifically, we take the model pa-
rameters and re-filter the latent states. Using the model parame-
ters and the filtered latent states, we then compute model implied
volatility surfaces for each day in our sample. To do this, we first
compute the option price and invert the Black-Scholes formula. The
option price is computed using the Fourier-Cosine series expan-
sion method (COS) of Fang and Oosterlee (2008). First, we con-
sider the estimates of our QB-SMC approach for the DJDVSI model
and show in Figure 6 the time series of market and model im-
plied volatilities (for three different maturities). The two time se-
ries are very close, which means that parameters estimated by our
proposed approach are highly realistic and can correctly replicate
the time series of market implied volatility surfaces. In Table 7,
we report the Root Mean Squared Pricing Errors (RMSPEs) for both
estimation methods. In the bottom panel of this table, we report
the ratio between the RMSPEs of QB-SMC and QMLE approaches.
A value less than 1 (highlighted in green) indicates that the QB-
SMC performs better than the benchmark, and vice versa when
the value is greater than 1. We find that the parameters estimated
with QB-SMC perform much better than the benchmark in valu-
ing options. This is quite evident across all maturities and strikes.
QB-SMC always outperforms the benchmark except in ten (out of
36) cases, which are highlighted in red in Table 7. The average of
the ratios is 0.9190, indicating a generally superior performance of
QB-SMC.

To sum up, we have shown that the proposed approach pro-
vides parameter estimates that better explain the observed market
data, both in terms of log-likelihood and root mean squared pric-
ing errors.

1

5.2. Comparison with a Nested Model

Next, we compare the performances of the DJDVSI model with
a nested specification. More specifically, we consider a two-factor
model that results from (1)-(4) with one of the two variance fac-
tors turned off. We refer to this model as Double Jump Stochas-
tic Volatility Stochastic Intensity (DJSVSI) model because it features
jumps both in the variance and spot returns processes and allows
for stochastic jump intensity. First, the QB-SMC also performs very
well in estimating this nested model. Our approach yields higher
log-likelihood compared to the QMLE approach, as is visible from
the sixth and seventh columns of Table 6. Second, we find that pa-
rameters describing the variance factor confirm what was recently
observed in Dufays et al. (2022, Figure 7): The volatility is very
persistent and the leverage effect is really strong. These findings
contrast with those of previous studies by Fulop and Li (2019);
Du and Luo (2019), where the variance factor is not very persis-
tent and the leverage effect is much less pronounced. The reason
for the different results is the use of less informative data (i.e.
variance swaps in Fulop and Li, 2019) and a reduced option panel
(which ensures that the estimation in Du and Luo, 2019 is compu-
tationally tractable). Even in case of the nested model, jump size
parameters are quite large in absolute value. We discuss this is-
sue in Section 5.3. Third, the nested model specification fits the
data worse compared to the full model, as indicated by the lower
log-likelihood. To better illustrate this point, we present a compari-
son between market- and model-implied risk-neutral cumulants in
terms of RMSEs in Table 8. The table shows that the DJDVSI model
outperforms the nested one in 15 out of 18 cases. Therefore, the
addition of a second variance factor is crucial in order to fit the
time series of market risk-neutral cumulants.
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Table 7
Root Mean Squared Pricing Errors (RMSPEs) in the DJDVSI model.
QB-SMC
T\ K 80 85 90 95 100 105 110 115 120
1 0.0444 0.0389 0.0319 0.0211 0.0240 0.0264 0.0290 0.0360 0.0442
2 0.0221 0.0236 0.0218 0.0164 0.0150 0.0221 0.0270 0.0330 0.0381
3 0.0259 0.0265 0.0237 0.0180 0.0130 0.0185 0.0245 0.0316 0.0378
6 0.0327 0.0304 0.0263 0.0201 0.0132 0.0147 0.0204 0.0275 0.0357
9 0.0323 0.0294 0.0255 0.0202 0.0131 0.0140 0.0198 0.0267 0.0339
12 0.0316 0.0279 0.0243 0.0200 0.0132 0.0144 0.0203 0.0269 0.0334
QMLE
T\ K 80 85 90 95 100 105 110 115 120
1 0.0443 0.0425 0.0414 0.0268 0.0248 0.0325 0.0306 0.0354 0.0435
2 0.0238 0.0292 0.0298 0.0204 0.0141 0.0278 0.0319 0.0341 0.0360
3 0.0275 0.0311 0.0298 0.0213 0.0115 0.0219 0.0296 0.0341 0.0375
6 0.0337 0.0330 0.0296 0.0225 0.0127 0.0147 0.0237 0.0311 0.0375
9 0.0337 0.0320 0.0286 0.0229 0.0138 0.0133 0.0211 0.0293 0.0362
12 0.0341 0.0312 0.0279 0.0234 0.0150 0.0137 0.0204 0.0282 0.0351
QB-SMC/QMLE

T\ K 80 85 90 95 100 105 110 115 120
1 1.0021 0.9146 0.7699 0.7866 0.9663 0.8122 0.9455 1.0159 1.0159
2 0.9294 0.8079 0.7305 0.8018 1.0585 0.7946 0.8476 0.9685 1.0586
3 0.9412 0.8522 0.7962 0.8432 1.1250 0.8445 0.8255 0.9260 1.0073
6 0.9718 0.9224 0.8873 0.8950 1.0426 0.9993 0.8625 0.8850 0.9522
9 0.9571 0.9208 0.8917 0.8833 0.9479 1.0495 0.9389 0.9099 0.9381
12 0.9278 0.8951 0.8687 0.8556 0.8827 1.0502 0.9955 0.9546 0.9521

Table 8

Root Mean Squared Errors of model implied risk-neutral cumulants for the DJDVSI model (top panel) and for the DJDVSI
model (middle panel). In the bottom panel we report the ratio between the RMSEs obtained with the DJDVSI and DJSVSI
models, respectively. Values in green (respectively, red) denote best performance for DJDVSI (DJSVSI) model.

DJDVSI
T=1 T=2 T=3 T=06 T=9 T=12
ay 1.33E-03 2.37E-03 3.28E-03 5.65E-03 7.80E-03 1.01E-02
cskew 3.33E-04 3.15E-04 4.84E-04 1.25E-03 2.50E-03 3.87E-03
c{ﬂ"‘ 3.40E-04 5.52E-04 8.62E-04 1.91E-03 3.87E-03 7.45E-03
DJSVSI
T=1 T=2 T=3 T=6 T=9 T=12
C}’ar‘ 1.61E-03 2.83E-03 4.17E-03 7.52E-03 1.02E-02 1.29E-02
cjkf‘” 3.34E-04 3.80E-04 6.11E-04 1.63E-03 3.34E-03 5.44E-03
clurt 2.63E-04 3.13E-04 5.76E-04 1.99E-03 4.51E-03 8.27E-03
DJDVSI/DJSVSI
T=1 T= T= T=6 T=9 T=12
oy 0.826 0.838 0.788 0.752 0.764 0.787
cf}‘,ew 0.996 0.831 0.792 0.767 0.750 0.711
clurt 1.294 1.765 1.497 0.958 0.858 0.901

5.3. Sensitivity of parameter estimates to the choice of the dataset

To investigate why the absolute values of the jump parame-
ters are higher than those in the existing literature, we conducted
the following experiment. We implemented our QB-SMC based on
three different datasets: (i) D; = {¢/3'} considers only the mea-
sure of variance as observed variable: (ii) a dataset that also in-
cludes the measure of skewness D, = {¢;¥, éf}‘f""}, and (iii) the full
dataset D3 = {¢}r, gskew, ¢kurt}, parameter estimates are reported in
the second, third, and fourth columns of Table 6. First, with the
exception of jump sizes, most parameters remain relatively simi-
lar for the different datasets. However, differences in the magni-
tude of jump sizes are evident. More specifically, when using Dy,
the jump sizes are relatively small in absolute terms and are con-
sistent with the literature (e.g. Fulop and Li, 2019). When using
D5, the size of the jumps increases considerably. Finally, when us-

12

ing the full dataset D3, the jump sizes increase again in absolute
value. This is particularly evident for the parameter o;. We show
that these values of the jump parameters are necessary to match
higher order cumulants time series. More specifically, we plotted
in Figure 7 market and model implied cumulants for the various
datasets considered. We find that using only D;, the time series of
{c¢¥} matches perfectly, but the fit for the observed measures of
higher order cumulants is very poor. Using D,, the model is able
to reproduce both market variance and skewness, but the perfor-
mance in reproducing the market kurtosis is quite poor. Therefore,
in order to match all observed measures of market variance, skew-
ness, and kurtosis, it seems necessary to increase the size of the
jumps. In this case, the proposed methodology reproduces the ob-
served time series very well. In summary, the fit of the market im-
plied cumulants improves gradually. Thus, we conclude that large
jump sizes are necessary to correctly match the observed time
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Fig. 7. Cumulants matching for different choices of the dataset: D; (first column), D, (second column) and D5 (third column). Blue lines represent the time series of the
market implied risk-neutral cumulants, while orange lines represents the model implied risk-neutral cumulants for T = 2 months. Model implied cumulants are computed
from the DJDVSI model using the QB-SMC approach, the parameter estimates are given in Table 6.

series of risk-neutral cumulants. In addition, the third column of
Figure 7 provides further evidence of the high precision of our es-
timates: market- and model-implied cumulants are very close. This
provides confidence that the proposed approach performs well and
that the DJDVSI is flexible enough to match the time series of risk-
neutral cumulants. To keep the paper compact, we report only the
results for the case of two months maturity; additional results are
available upon request. Next, we examine the impact of the choice
of dataset on option pricing. To this end, we compute the RMSPEs
for all the estimated parameters for each day of the dataset. Over-
all, the final RMSPE is 0.0313 for Dy, 0.0274 for D,, 0.0256 for Ds.
From this, it is evident that conducting inference using the risk-
neutral variance alone is not sufficient to correctly match the time
series of option prices. However, comparing D, with Ds, the over-
all reduction in RMSPE is rather small. Figure 8 shows the running
mean of the RMSPE. The main benefit of including the risk-neutral
kurtosis in the dataset arises during turbulent periods, such as the
2008 global financial crisis and the recent COVID-19 outbreak. In-
deed, during these periods we observe spikes in the time series
of EE”T“ (see e.g. Figure 1) that cannot be properly replicated when
using D, for the estimation. Therefore, k' is far from being 0 in
these periods and plays a crucial role in option pricing. In partic-
ular, we observe that during calm periods the difference between
using D, and Ds is very small, while during financial crises the in-
crease of RMSPE is much more pronounced. The loss of accuracy is
exacerbated for the shortest maturity (1 month).

5.4. Risk Premia

In this subsection, we study how to incorporate risk premia
into our estimation framework. To this end, we follow Feunou and
Okou (2018) and assume that, in the inferential procedure, the
measurement equation (13) is defined under the risk-neutral mea-

13

sure, while the transition equation (14) evolves under the histor-
ical measure. Therefore, to move from one measure to the other,
we perform a structure-preserving change of measure by shifting
the parameters ki, 0y, k;, 6, k;, 0, and leaving the other parame-
ters unchanged (see the fourth column of Table 6). More precisely,
this is an application of Girsanov’s theorem, which translates in the
following relationships:

k] = k]%) +O’]¢]{, 91 = k]%m@ip/kl,
](2 = k]zp + 0’2(]5121, 92 = kg@ép/kz,
ky, = k? + O';L(f))h, 9)\ = k?@}j/k}w

where the parameters with superscript P refer to the correspond-
ing coefficients when the dynamics (1)-(4) evolve under the his-
torical measure. @}, ¢j and ¢, denote the risk premia of the
first and second variance factor and the jump intensity, respec-
tively. To estimate ¢}, ¢} and ¢,, we run our QB-SMC us-
ing N = 2000 particles and with the following independent trun-
cated normal priors ®y ~ TN (fig, I3), where j14 =[-0.5,2,-0.5]
and I3 is a 3 x 3 identity matrix. In line with the existing lit-
erature (see for example Feunou and Okou, 2018; Fulop and
Li, 2019), we truncate the domain of the prior such that ¢} e
(—00,0), ¢¥ € (0,00) and ¢, € (—o0,0). We find the following pa-
rameter estimates, which are statistically significant at the 5%
level (standard error in parenthesis): ¢} = —0.1373 (0.0221), ¢} =
1.2522(0.3779) and ¢; = —0.0929 (0.0466). Given the estimated
@7, @3, &,, we compute the implied risk-neutral and historical
variance, skewness, and kurtosis, and take their difference (com-
pare with Feunou and Okou, 2018, Figure 7). In this way, we ob-
tain a dynamic representation of the risk premia implied by higher
order moments. In Figure 9, we show the time series of vari-
ance, skewness, and kurtosis risk premia for T =1 month, de-
fined as the difference between the risk-neutral and the histori-
cal series. We find that the implied variance risk premium is pos-
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itive. This is in line with the results in Bollerslev et al. (2009),
Feunou and Okou (2018) and Li and Zinna (2018). The skew-
ness risk premia is negative, confirming the empirical evidence in
Kozhan et al. (2013); Feunou et al. (2017); Feunou and Okou (2018).
Finally, we obtain that the kurtosis risk premium is mostly positive.
This result differs somewhat from Feunou and Okou (2018), who
find more mixed evidence. However, kurtosis risk premium should
be positive, as discussed in Rauch and Alexander (2016). This gives
us confidence that our estimation approach can be exploited to ad-
equately analyze risk premia and their financial implications.

6. Conclusions

In this paper, we propose a new Quasi-Bayesian method based
on a modified Kalman filter and a density tempered SMC sam-
pler for estimating affine option pricing models using informa-
tive portfolios of weighted options (i.e., the risk-neutral cumulants
of log-returns). Through extensive Monte Carlo studies, we show
that the new approach can be viewed as an efficient global op-
timizer that makes the estimation of complex state-space models
relatively simple and fast. The method provides accurate param-
eter estimates thanks to the efficiency of density tempered SMC
samplers. We apply our methodology to estimate a state-of-the-art
affine option pricing model on real data. Numerical results confirm
the accuracy and computational efficiency of the method. We com-
pare our method to maximum likelihood estimation approaches
and find that it is superior in terms of pricing errors. Moreover, our
empirical results confirm the importance of a second variance fac-
tor in accurately fitting the time series of higher order risk-neutral
cumulants. Finally, we find that the inclusion of kurtosis allows for
a more accurate estimation of the model, for both real and simu-
lated data, than when only variance and skewness are used. In ad-
dition, this allows to reduce option pricing errors, especially during
periods of market stress.
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Appendix A. Moment Generating Function
We define the MGF of log-returns as follows

W (u, X;, Vie, Var, Ae, £, T) = EQ[e¥7| 7). (A1)

By exploiting the Feynman-Kac theorem we get the following par-
tial differential equation for t =T —t

1 1
Wt (1 5 Vi Vi) = Aot )W 5 Vi + Vo) W e (B = Vi)W +

1 1
+ 5(712‘/1[‘11111 v + P101Vie W, + ko (02 — Vo )Wy, + §U§V2[Wyz vy

1
+ 0202Vt Wy, + K5 (0, — Ae) W) + EGAZM‘IJM

m/ /O (W (1t X, + . Vae, Vag + o 2t T)
—00

=W (u, Xt, Vie, Var, Ar, T) v (dx, dJy) = 0. (A.2)
Since the model is affine we can guess a solution of the form
W(u, Xe, Vie, Vor, Ae, T)

= exp (uXt +A(u, t)+B(u, t)Vir +C(u, T)Vor + D(u, ‘L’))»t).

For the jump transform we guess

W, Xt + Jo Vie, Vor +Jus Ae, T) — W (U, X, Vi, Vo, A, T) =
=W (U Xe, Vir, Vo, Ag, ) [ @D — 7],

Now, we need the partial derivatives of W

Wy =W (Ar (U, T) + B (U, T)Var + G (U, T)Vor + D (U, T)A),
U, =Wu, W, =WB(u, 1), ¥, = VB, 1)
Uy, = WuB(u, 1), Wy =Wu?, ¥, =WC(u, 1),
Wy, = WC(U, )2, Wy, = VuC(u,7), W, =V¥D(, 1),
W, = WD(u, 7)2.
By substituting the partial derivatives into (A.2) we obtain the fol-
lowing expression

— (Ar (U, ) + B (u, T)Vir + G (U, T)Vor + Do (U, T)Ar)
+ (r—0.5(Vi + Vo) — Arpt*)u

1
+ anuz +kq (6,

1
3 —Vn)B(u,t)+jcr]zvlfB(u,t)2+p101VnB(u,1:)u

1 1
+ EVZIUZ + k(62 — Vor)C(u, T) + fazzvth(u, T)?

+ P20V C(u, T)u + k; (0, — A¢e)D(u, T)

+ %afA[D(u, 02+ A [m[) [e€D) 1] (), dfy) =0,  (A3)
uu]+uza]2/2 .
where [ [0° [t C@T) —1]u(d]y, dfy) = S—cwoy,; — | Finally,

separation of variables leads to the ODE system (6).

Appendix B. Analytic Solution for (11): Matlab® Codes

In what follows we present a Matlab® code for computing the
cumulants in (11) for the model (1)-(4). By simply modifying the
expression of the functional characteristics (i.e. the right hand side
of the equations in (6), see Hubalek et al., 2017 and the references
therein) it is possible to get the expression for cumulants in other
4-factor affine models.
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% define functional characteristics
syms F(u,tau) R(u,tau) Z(u,tau) Y(u,tau)
% define auxiliary functions
syms B(u,tau) C(u,tau) D(u,tau)
% define symbolic variables
syms k1 th1 sg1 rhol k2 th2 sg2 rho2 muv kL thL sgL mu] sg] V10 V20 LO
syms t
F(u, tau) = k1*th1*B(u,tau) + k2*th2*C(u, tau) + kKL*thL*D(u, tau) ;
(u tau) = -1/2*(u - u2) - (k1 - rho1*sg1*u)*B(u, tau) + 1/2*sg12*B(u, tau)2;
Z(u, tau) = -1/2*(u - u2) - (k2 - rho2*sg2*u)*C(u, tau) + 1/2*sg22*C(u, tau)2;
Y(u, tau) = -kL*D(u, tau) + 1/2*sgL2*D(u, tau)2 + (exp(u*mu] + u2*sgJ2/2)/...
(1-C(u,tau)*muv)-1) - (exp(mu] + sgJ2/2) - 1)*u
% Number of needed cumulants
M= 3;
% define auxiliary functions for solving ODEs
syms x(t) y(t) z(t) q(t)
for i=1:M
% Compute i - th derivative of R with respect to u
Rprime = diff(R(u,tau),u,i);
% Prepare the output for the ODE solution setting i - th derivative
% value equal to generic x(t)
Rprime = subs(Rprime, diff(B(u, tau), u, i), x(t));
% Substitute all the precedently computed derivatives with respect to u
for j=1:i-1
Rprime = subs(Rprime, diff(B(u, tau), u, j), DB(j));
end
% Substitute B(0, tau) ->0
Rprime = subs(Rprime, B(u, tau),0);
% and u ->0
Rprime = subs(Rprime, u, 0);
% Solve the ODE analytically
eqn = diff(x,t) == Rprime; % define equation
cond = x(0) == 0; % initial condition
DB(i) = dsolve(eqn,cond,'MaxDegree’,2); % solve ODE
% Compute i - th derivative of R with respect to u
Zprime = diff(Z(u,tau),u, i);
% Prepare the output for the ODE solution setting i - th derivative
% value equal to generic y(t)
Zprime = subs(Zprime, diff(C(u, tau), u, i), y(t));
% Substitute i-th derivative value with its value computed before
Zprime = subs(Zprime, diff(B(u, tau), u, i), DB(i));
% Substitute all the precedently computed derivatives with respect to u
for j=1:i-1
Zprime = subs(Zprime, diff(B(u, tau), u, j), DB(j));
Zprime = subs(Zprime, diff(C(u, tau), u, j), DC(j));
end
% Substitute B(0, tau) ->0
Zprime = subs(Zprime, B(u, tau),0);
% Substitute C(0, tau) ->0
Zprime = subs(Zprime, C(u, tau),0);
% and u ->0
Zprime = subs(Zprime, u, 0);
% Solve the ODE analytically
eqn = diff(y,t) == Zprime; % define equation
cond = y(0) == 0; % initial condition
DC(i) = dsolve(eqn,cond,’MaxDegree’,2); % solve ODE
% Compute i - th derivative of R with respect to u
Yprime = diff(Y(u,tau),u, i);
% Prepare the output for the ODE solution setting i - th derivative
% value equal to generic y(t)
Yprime = subs(Yprime, diff(D(u, tau), u, i), q(t));
% Substitute i-th derivative value with its value computed before
Yprime = subs(Yprime, diff(C(u, tau), u, i), DC(i));
% Substitute all the precedently computed derivatives with respect to u
for j=1:i-1
Yprime = subs(Yprime, diff(B(u, tau), u, j), DB(j));
Yprime = subs(Yprime, diff(C(u, tau), u, j), DC(j));
Yprime = subs(Yprime, diff(D(u, tau), u, j), DD(j));
end
% Substitute B(0, tau) ->0
Yprime = subs(Yprime, B(u, tau),0);
% Substitute C(0, tau) ->0
Yprime = subs(Yprime, C(u, tau),0);
% Substitute D(0, tau) ->0
Yprime = subs(Yprime, D(u, tau),0);
% and u ->0
Yprime = subs(Yprime, u, 0);
% Solve the ODE analytically
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eqn = diff(q,t) == Yprime; % define equation
cond = q(0) == 0; % initial condition
DD(i) = dsolve(eqn,cond,’MaxDegree’,2); % solve ODE
% Compute i - th derivative of F with respect to u
Fprime = diff(F(u,tau), u, i);
% Substitute i-th derivative of B and C with its value computed before
Fprime = subs(Fprime, diff(D(u, tau), u, i), DD(i));
Fprime = subs(Fprime, diff(C(u, tau), u, i), DC(i));
Fprime = subs(Fprime, diff(B(u, tau), u, i), DB(i));
% Solve ODE analytically
eqn = diff(z,t) == Fprime; % define equation
cond = z(0) == 0; % initial condition
DA(i) = dsolve(eqn,cond); % solve ODE

end

Appendix C. Computation of Risk-Neutral Cumulants with
Self-exciting Jumps

We tested our proposed econometric approach on many differ-
ent models. Obviously, all the affine option pricing models nested
in our formulation (1)-(4) can be estimated through our QB-SMC
algorithm (e.g. the Double Heston model in Christoffersen et al.,
2009 or Model IV in Fulop and Li, 2019). However, we encountered
some technical difficulty when applying our methodology to mod-
els which allow for self-excitation, an important stylized feature
of financial returns. More specifically, we tried to estimate Model
Il in Fulop and Li (2019), which is a two-factor model allowing
for a self-exciting jump intensity and co-jumps between price and
volatility. For this model (using the same notation as Fulop and
Li, 2019) the related functional characteristics’ are given by:

w =Tu-+ I<A9AC(u9 T) + kyeuB(u, 'L')7
% =-0.5(u- u2) — (ky — poyu)B(u, ) + 0.5071)23(“’ .L-)Z’
W = —k.C(u, T) +0.507C(u, T)* + (exp(upy + U0 /2+

Clu, 1)B)/(1 = B(u, T)ey) — 1) — (exp(iy + 07 /2) — Du,
(C1)

where 8 > 0 controls the level of self-excitation. In this case, we
were not able to obtain the symbolic closed form expression for

%. Indeed, Matlab® failed in solving analytically the last or-
dinary differential equation due to memory problems. This is pri-
marily just a numerical issue, because the calculation should be
theoretically possible (Feunou and Okou, 2018, Propositions 1-2).
The problem is that the mathematical expressions needed to solve
the ODE

3[83’3(0‘”] 9%C(0,7) 333(0 )
u? , T T
97 = k)»e)» 3 yev (CZ)

become extremely long and the computatlon failed on our stan-
dard PCs. The difficulty arises from the term exp(uu; + uzcrj2 /2 +
Cu,7)B8)/(1 —=B(u, t)py) in (C1), which makes the ODE for
(C.2) very cumbersome and complicated to solve. We do not re-
port the above mentioned expression here as it is illegibly long,
but it is available upon request. To investigate this aspect further,
we considered the special case iy = 0 and found that the analytic

expressions for all necessary quantities 3"3(;,’;’) , 3"3(112;” ,
u=0 u=0
% for n = {1, 2,3} can be computed in approximately 2

minutes. :Thus, to avoid the computational problems we encoun-
tered when estimating Model IIl in Fulop and Li (2019), we de-
cided to specify another model without self-excitation, but which

7 See for example Hubalek et al. (2017) for a definition of functional characteris-
tics.
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is still flexible enough and which allows an easy calculation of risk-
neutral cumulants. Therefore, instead of self-excitation we added
another volatility factor that allows for jumps. However, as ex-
plained above, we stress that the main problem is not directly
the self-excitation property, but the simultaneous presence of self-
excitation and co-jumps, which complicates the symbolic compu-
tations. In simpler models with self-excitation (e.g. Hainaut and
Moraux, 2018; Bernis et al., 2021), we were able to obtain analytic
expressions for slopes coefficients, as also found in Brignone and
Sgarra (2020, Section 3.2).

Appendix D. Accuracy of the Filtering Method

To assess the accuracy of the modified Kalman filter, we per-
form the following experiment. First, using the parameters esti-
mated on real data, we conducted a single experiment on simu-
lated data (15 years of daily data) to show that solving the filtering
problem with this modified Kalman filter results in negligible bias.
More precisely, in Figure D.10 we compare the true (simulated) tra-
jectories of the total variance and the jump intensity with their
filtered counterparts. The two trajectories are nearly indistinguish-
able, suggesting that using this approximated technique together
with risk-neutral cumulants yields very good results, even in the
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presence of very pronounced jumps. Second, following Du and
Luo (2019) we computed the RMSE between the true and filtered
states by running 100 repetitions of the algorithm on 100 different
synthetic datasets and we calculated the mean and standard devi-
ation of the RMSE. We conclude that the bias induced by the mod-
ified Kalman filter is very small. Indeed, for the total variance pro-
cess the RMSE mean is 8.55 x 104 and the standard deviation is
3.11 x 10~4, while the RMSE mean for the jump intensity is equal
to 0.0047 with a standard deviation of 0.0012. Overall, we found
that their magnitude is comparable to some other results reported
in the literature, e.g. Du and Luo (2019, Appendix C).

Appendix E. Additional Results

In this section, we report some additional results for
Sections 4 and 5. Figures E.11 and E.12 complement Figures 3 and
4 showing, respectively, the bridge between priors and quasi pos-
teriors and the comparison between full sample quasi posteriors
and the prior distribution for the remaining parameters. Also in
this case, the results show good convergence for all parameters. It
is also clear from the prior/posterior comparison that the prior is
not informative for the final output.

Vi
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Fig. D1. Latent states on simulated data. Parameters as those in Table 6. The solid blue and dashed red lines represent, respectively, the filtered and true latent states.
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Fig. E1. Bridging the priors and the quasi-posteriors: mean (blue line) and (5, 95)% quantiles (red lines) of some selected parameters at each tempering step.
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Fig. E2. Full sample quasi-posterior distributions (blue line), obtained with a kernel density estimator, and prior distributions (red line) of some selected parameters.
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