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LINEAR ALGEBRA AND TORIC DATA OF WEIGHTED
PROJECTIVE SPACES

Abstract. This paper is devoted to give characterizations of suitable matrices associated with
fans and polytopes defining a weighted projective space and switching rules between them.

Introduction

The aim of the present paper is to give characterizations of fans and polytopes defining
a weighted projective space (wps for short) and switching rules between them, from a
linear algebraic point of view.

After recalling some notation and preliminaries on toric varieties, the starting
point here is the usual definition of a (complex) wps as a geometric quotient (see Def-
inition 2), directly checking its natural toric structure. The bridge with the classical
presentation of toric varieties via fans is then given by the Cox Theorem [8] Thm. 2.1.

Section 2 is devoted to the characterization of a wps’s fan: up to permutations
on generators it is possible to associate a n x (n+ 1) integer matrix with the fan of a
n-dimensional wps (so called fan matrix) whose entries turn out to verify an amount of
relations (see equivalent conditions in the Theorem 3, giving a linear algebraic char-
acterization of a wps’s fan). Until here almost nothing is new, since the equivalence
of conditions (1) and (2) in Theorem 3 can be recovered from [4] and [2], while con-
dition (3) can be deduced from [7] Thm. 3.6. Anyway, we were not able to find in
the literature the relations between the fan generators v;’s of a wps P(Q), the associ-
ated primitive vectors n;’s and the reduction Q' of the weight vector Q, as explained in
Lemma 1, although probably well-known to the experts. Notice that Lemma 1 can be
used as a key step to get a completely combinatoric proof of the well-known Reduction
Theorem 2 (see [18] Thm. 1.26 and its proof). Probably the most original result in
Section 2 is the Proposition 5 where it is shown that the fan of a given wps P(Q) is
encoded in the switching matrix giving the Hermite normal form (HNF for short) of
the transposed weight vector Q7. This section ends up with the Proposition 6 in which
on the one hand (parts from (1) to (3)) we rewrite the Conrads’s presentation of a wps’s
fan matrix, but proved by directly starting from relations given in the Theorem 3, and
on the other hand (part (4)) we present a Q-canonical form for the fan of P(Q), only
depending on the weights order in Q (see Remark 4), which can be simply obtained by
the HNF of any fan matrix of P(Q). In our opinion this Proposition describes a clean
and easy method to get a fan of P(Q) even by hand (see Example 1).

Section 3 is dedicated to characterize polytopes associated with a polarized wps.
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As far as we know, results of this section were not known before. Let O(1) be the min-
imal polarization given by a generator of the Picard group Pic(P(Q)). Then we draw
a fan-polytope correspondence between fans of P(Q) and polytopes of (P(Q), O(1)):
this is given, up to suitable weightings, in the one direction by taking the transposed
inverse (so called transverse) of a maximal submatrix of a fan matrix, in the other
direction by an obvious completion of the transposed adjoint matrix of the polytope
matrix (see Definitions 5 and 7 and Remark 10). In our opinion this correspondence
combined with the previous Proposition 6 provides a clean and easy method to get a
polytope of (P(Q), O(m)), even by hand, up to the elementary computation of the in-
verse of a (possibly big) matrix (see Example 2). Main results of this section are given
by the Theorem 4, which is a direct consequence of Lemma 1, and the Proposition 9.
This section ends up with the Theorem 5 giving a linear algebraic characterization of a
polarized wps’s polytope. This result has to be thought of as the polytopal counterpart
of Theorem 3.

1. Preliminaries and notation

1.1. Toric varieties

A n—dimensional toric variety is an algebraic normal variety X containing the torus
T := (C*)" as a Zariski open subset such that the natural multiplicative self-action of
the torus can be extended to an action 7 x X — X.

Let us quickly recall the classical approach to toric varieties by means of cones
and fans. For proofs and details the interested reader is referred to the extensive treat-
ments [11], [15], [17] and the recent and quite comprehensive [10].

As usual M denotes the group of characters }: T — C* of T and N the group of 1-
parameter subgroups A : C* — T. It follows that M and N are n—dimensional dual
lattices via the pairing

MxN — Hom(C*,C")=C*
(X,?\,) — Xo?u

which translates into the standard paring (u,v) = Y u;v; under the identifications M =

Z" = N obtained by setting x(t) = t* :=[]#;" and A(t) =" := (t"1,...,1").

Cones and affine toric varieties

Define Ng := N®R and Mg := M @ R = Hom(N,Z) ® R = Hom (N, R).
A convex polyhedral cone (or simply a cone) G is the subset of Ng defined by

6=(vi,....,Vvg):={rvi+---+ryvs ENg | ri € R>o}

The s vectors vy,...,Vs € Ny are said fo generate 6. A cone ¢ = (vy,...,V;) is called
rational if vy,..., vy € N, simplicial if vy,...,vs are R-linear independent and non-
singular if vy,... v, can be extended by n — s further elements of N to give a basis of

the lattice N.
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A cone G is called strictly convex if it does not contain a linear subspace of positive
dimension of Ng.

The dual cone ¢V of  is the subset of My defined by
6'={ueMg|Vvec (uv) >0}
A face T of 6 (denoted by T < ©) is the subset defined by
t=cnu’ ={veo|(uv) =0}

for some u € 6. Observe that also T is a cone.

Gordon’s Lemma (see [15] §1.2, Proposition 1) ensures that the semigroup Sg := 6" N
M is finitely generated. Then also the associated C—algebra A := C|[Ss] is finitely
generated. A choice of r generators gives a presentation of Ag

As 2 CIXy,.... X/ /Is
where I; is the ideal generated by the relations between generators. Then
Us:=V(l;) cC”

turns out to be an affine toric variety. In other terms an affine toric variety is given by
Us := Spec(Ag). Since a closed point x € U is an evaluation of elements in C[Ss] sat-
isfying the relations generating /s, then it can be identified with a semigroup morphism
x: S¢ — C assigned by thinking of C as a multiplicative semigroup. In particular the
characteristic morphism

Xs 0'NM — C
(H 1 ifuect
u — .
0 otherwise

which is well defined since 6+ < 6", defines a characteristic point x5 € Us whose
torus orbit Og turns out to be a (n — dim(c))—dimensional torus embedded in Us (see
e.g. [15] §3).

Fans and toric varieties

A fan ¥ is a finite set of cones 6 C Ny such that
1. for any cone ¢ € ¥ and for any face T < ¢ then T € £,
2. foranyc,t€eXthencNTt<candcNT<T.

For every i with 0 <i < n denote by £(i) C X the subset of i~dimensional cones, called
the i—skeleton of ¥. A fan X is called simplicial if every cone ¢ € ¥ is simplicial and
non-singular if every such cone is non-singular. The support of a fan X is the subset
|X| C Ng obtained as the union of all of its cones i.e.

Z:=JoCNg.

cexr
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If |£| = Ng then X will be called complete or compact.

Since for any face T < ¢ the semigroup S turns out to be a sub-semigroup of
Sz, there is an induced immersion U; — Ug between the associated affine toric varieties
which embeds Uz as a principal open subset of Us. Given a fan X one can construct
an associated toric variety X (X) by patching all the affine toric varieties {Us | 6 € X}
along the principal open subsets associated with any common face. Moreover for every
toric variety X there exists a fan X such that X = X (X) (see [17] Theorem 1.5). It turns
out that ([17] Theorems 1.10 and 1.11; [15] §2):

e X(X) is non-singular if and only if the fan ¥ is non-singular,
e X(X) is complete if and only if the fan ¥ is complete.

In the following a 1—generated fan ¥ is a fan generated by a set of n+ 1 integral
vectors i.e. a fan whose cones 6 C N ® R are generated by any proper subset of a given
finite subset {vo,...,v,} C N: we will write

2) Y =fan(vg,...,Vy,) .

Given a 1-generated fan X = fan(vo, .. .,v,), the matrix V = (vq,...,v,) will be called
a fan matrix of X. Notice that ¥ determines V up to a permutations of columns, meaning
that ¥ admits (n+ 1)! associated fan matrices.

If V = (vo,...,v,) is a fan matrix of X = fan(v, ...,v,) then we will denote the maxi-
mal square sub-matrices of V and the associated n—minors as follows

3) VO<j<n vi.= (Vo,...,Vj_l,Vj_H,...,Vn) , Vi :det(Vj) .

Polytopes and projective toric varieties

A polytope A C My is the convex hull of a finite set of points. If this set is a subset
of M then the polytope is called integral. Starting from an integral polytope one can
construct a projective toric variety as follows. Here we will follow the approach of [1],
which the interested reader is referred to for proofs and details (see also [9] §3.2.2).
For any k € N one can define the dilated polytope kA := {ku | u € A}. Tt is then
possible to define a graded C—algebra Sy, associated with the integral polytope A, as
follows. For any u € kAN M consider the associated character " : t — t*. Given
t € C* consider the monomial t*y® : t — t*t®. It well defines a monomial product
thiywi oy .= ghitkegwitt where uy +uy € (ky +ky)A. Let Sp be the C—algebra
generated by all monomials {t*¢" | k € N, u € kA} which is a graded object by setting
deg(tfu) = k.

The projective variety P5 := Proj(Sa) turns out to be naturally a toric variety whose
fan X5 can be recovered as follows. For any nonempty face F' < A consider the cone

Sp:={r(u—u')|ueA v eF,reRs}CMp

and define 6 := &). C Ng. Then X5 := {GF | F < A} turns out to be a fan, called the
normal fan of the polytope A, such that there exists a very ample divisor H of X (X, ) for
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which (X (Xa),H) = (Pa, O(1), where O(1) is the natural polarization of P = Proj(Sa)
(see [1] Proposition 1.1.2).

Viceversa a projective toric variety is the couple (X(X),H) of a toric variety
X(X) and a polarization given by (the linear equivalence class of) a hyperplane section
H. For any l-cone p € (1), consider the torus stable divisor D, := O, defined as
the closure of the torus orbit of the characteristic point xp, defined in (1). Since those
divisors generate the Chow group of Weil divisors A, (X (X)) (see [15] §3.4), there
exist integer coefficients ap € Z such that H = } ¢y (1) apDp. It is then well defined the
integral polytope

“4) Ag:={ueMgr |VpcX(l) (unp) > —ap}
where ny is the unique generator of the semigroup p N N. Then

(PAnvo(])) = (X(Z)>H) .

1.2. Hermite normal form

It is well known that Hermite algorithm provides an effective way to determine a basis
of a subgroup of Z". We briefly recall the definition and the main properties. For
details, see for example [6].

DEFINITION 1. Anm x n matrix M = (m;;) with integral coefficients is in Her-
mite normal form (abbreviated HNF) if there exists r < m and a strictly increasing map
AL ry = {1,... n} sarisfying the following properties:

1 For 1 <i<r,mzpu > 1, myy=0if j< f(i) and 0 <m gy < my yi) if i <k.
2. The last m — r rows of M are equal to 0.

THEOREM 1 ([6] Theorem 2.4.3). Let A be an m X n matrix with coefficients
in Z. Then there exists a unique m x n matrix B = (b;;) in HNF of the form B=U -A
where U € GL(m,Z).

We will refer to matrix B as the HNF of matrix A. The construction of B and U
is effective, see [6, Algorithm 2.4.4], based on Eulid’s algorithm for greatest common
divisor. In the following two applications of this algorithm will be considered: for
computing a fan of a given wps (see Prop. 5) and the so—called Q—canonical fan of
P(Q) (see Prop. 6). At this purpose, a key theoretical tool is the following (for the
proof see [6, §2.4.3])

PROPOSITION 1.

1. Let L be a subgroup of 7", V = {vy,..., v} a set of generators, and let A be
the m X n matrix having vi,...,Vy as rows. Let B be the HNF of A. Then the
nonzero rows of B are a basis of L.
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2. Let A be a m x n matrix, and let B = U - AT be the HNF of the transposed of A,
and let r be the number of nonzero rows of B. Then a Z-basis for the kernel of A
is given by the last m —r rows of U.

1.3. Transversion of a matrix

In the following, given a matrix A € GL(n,Q), the matrix obtained by taking the
transposed matrix of the inverse matrix

AT = ()

is called the transverse matrix of A. We will see in the following (see subsection 3.1, in
particular Thm. 4) that transversion of a matrix describes, up to the multiplication by a
diagonal matrix of weights, the passage from a fan to a polytope (and back) associated
with the same weighted projective space P(Q).

Here are some elementary properties of transversion:
PROPOSITION 2. Let A and B be matrices of GL(n, Q). Then:
1. (A*)* = A i.e. transversion is an involution in GL(n,Q),
(A-B)* = A*-B",
det(A*) = 1/det(A),

NN

if A is a upper (lower) triangular matrix then A* is an lower (upper) triangular
matrix,

5. ifA € GL(n,Z) then A* € GL(n,Z) too.

1.4. Weighted projective spaces

In the present subsection we will briefly recall the definition and some well known
fact about weighted projective spaces (wps in the following). Proofs and details can be
recovered in the extensive treatments [12] [16], [13] and [3].

DEFINITION 2. Set Q := (qo,...,qn) € (N\{0})"™" and consider the multi-
plicative group g = g, ® --- @y, where g, is the group of q;-th roots of unity.
Consider the following action of ug over the n—dimensional complex projective space

n
v Ho: poxP'  — P
(€)= — Gzl -
Let Ag C pg be the diagonal subgroup and consider the quotient group Wo := o /Agp.
Then the induced quotient space

P(Q) :=P"/Wy

is called the Q—weighted projective space (Q-wps).
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REMARK 1. If g is the greatest common divisor of (go,...,¢,) then

Ag =y

Therefore we get the canonical isomorphism

q0 qn
P =Pl —,...,—
©) (q q)

For this reason in the following we will always assume that
qg=2gcd(qo,---,qn) =1.

Let us recall the following standard notation

dj = ng(QOa---751j—17q1‘+17~~-761n) )
(5) aj = lcm(d(),...,dj,l,dj+1,...7d,,) s
a = lem(ag,...,an) .

DEFINITION 3 (Weight vector). In the following a weight vector Q = (qo, - - . ,qn)
will denote a n+ l—tuple of coprime positive integer numbers. Referring to notation
defined in (5), a weight vector Q will be called reduced if d; =1, or equivalently a; =1,
forany j=0,...,n.

REMARK 2. Every weighted projective space is a toric variety. In fact the
natural torus action over P” passes through the quotient as follows

((C*)" xPt o pn
TQXTEQ\L an
(C)"xP"(Q) —=P"(Q)

where Tty is the natural quotient map and Ty is the quotient map associated with the
action

pox (C)" —  (C)

(6, (@) — (5 'Gm)

Then the torus (C*)" can be embedded in P (Q) via the following map

o P(Q)

(t1y.ty) — (Lot ity

whose image is the open subset P(Q) \ V (Hj Z j).

PROPOSITION 3. Since ged(qo, .. .,qn) = 1, the following facts are true:

1. ged(gj,dj) =1,
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if i # j then ged(d;,dj) =1,
ajlq;,
ged(aj,dj) =1,

ajdj:a,

S I

setting q'; := q;/aj, then Q' = (qy,...,qy) is reduced; Q' is then called the re-
duction of Q.

The proofs of these well known properties (see [13] 1.3.1) are elementary.

Instead we will prove the following property, which does not appear in the main
treatments of the subject.

PROPOSITION 4. Let Q = (qo, .- .,qn) be a weight vector and Q' = (qy, .. ., q),)
be its reduction. Define

(6) 8:=lem(qo,...,qn) and & :=lcm(qp,...,q,) -
Then & = ad', where a is defined in (5).

REMARK 3. The Proposition 4 still holds when ¢ := ged(qo, - .-, qn) > 1.

Proof of Proposition 4. We will prove that 8 divides a8’ and, viceversa, ad’ divides 8.

On the one hand, to show that J divides ad’ it suffices to show that ¢; divides ad’ for
every j and this fact follows immediately by definitions since g; = a jq’j | ad'.

On the other hand, by definitions of a and &', to prove that ad’ divides d it suffices to
prove that a;q; | 8, which is a; | %ak, for every i, k. By the definition of a; given in (5),

the latter is obtained by showing that d; divides %ak for every j,k.

If j # k then d; divides ay and we are done.
Suppose now j = k. Let p be a prime dividing di and let p’, p” be the highest powers of

p dividing d; and ¢y respectively. Then p' divides g; for every i # k, by the definition
of dy: in particular p | 8. If r > ¢ then

Vi pllg=Vj pldj=Vk pla.
If r <t then p'~" divides %; moreover p” divides d; for every i # k, since p” | ¢ and
p' | g; for every i # k : then p” divides ai. Therefore p' divides %ak. Thus we proved
that dy divides 2 ax. O

Let us now recall the following well-known result to which we will refer below
as to the Reduction Theorem.

THEOREM 2 (Reduction Theorem ([12] §1,[13] 1.3.1)). Let Q' = (qy,---,4),)
be the reduced weight vector of Q = (qo, .. .,qn). Then

©) P(Q) = (C™'\{0})/C* =P (Q')
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where the quotient is realized by means of the (reduced) action
vg: C"x ct — crl
/ /
() (120,03,

Let us end up this preliminary section with the following technical statement
which will be useful below. Partial proofs of this result may recovered from [4] §2 and
[14] Prop. 2.3. Moreover it is certainly well-know to experts. However for purposes of
definiteness we include here a detailed proof.

LEMMA 1. Let Q = (qo,---,qn) be a weight vector; let {vy,...,v,} be a set
of vectors in Q", generating Q" and such that };_yq;v; = 0. Let L be the lattice
generated in Q" by {vy,...,v,} and L' be the sublattice generated by {qoVo, - ..,qnVn}.
Then the following properties hold:

(a) [L: L) =TT q)s

(b) letV :=(v;;) be the n x (n+ 1) matrix whose columns are given by components of

Vo,...,Vyoverabasiser,...,e,of Lie. v;=Y1_, =v;e; forevery j=0,...,n,
and denote by V; the n-minor of V obtained by deleting the j-th column as in (3).
Then

Vj=0,....n Vj=(=1)"gq;, forafixede € {0,1},

(c) Vj=0,...,n vj=dm;, wheren; is the generator of the semigroup (v;)N L
and d; is defined in (5); in particular L is the lattice generated by {ny,...,n,};
moreover {Ny,...,0,} satisfy the hypotheses of this Lemma with respect to the
reduced weight vector Q' i.e. they generate Q" and Z’}:O q;n ;i =0.

Proof. For (a), observe that L' has q1V1,...,g,V, as a basis. Then L has index [T}_; ¢;
in the lattice Ly generated by vy,...,v,. The quotient L/Ly is cyclic generated by the
image of vy, so that [L: L] divides go. If rvg € Ly, with r € Z then rvo = Z;?ZI s;v; with
$1y..-,8, € Z. Since ged(qo,...,q,) = 1 then there exists A € Z such that r = —Aqy,
s; = Ag; for i = 1,...,n; in particular g divides r, so that [L: Ly] =qo and [L: L] =
[L: Lo][Lo : L'] = T 4i-

(b): for j=0,...,n, let L; be the lattice generated by vo,...,v;_1,Vi1,...,V,. Then
|Vi| =[L:L;] = qj, as we have shown in (a) for the case j = 0. Let € € {0,1} be such
that Vo = (—1)%go. Then

. g .
V=0, V= (=1 = (-1
q0
since }}_oq;v; = 0.

(c): we have

Vj=0,...,n ijj:quka:fde(ika
k#j k#j

where gy := gx/d; € N. By (1) in Proposition 3, ged(g;,d;) = 1 meaning that

Vj=0,...,n 3IVieL:v;=dyv;.
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Then (5) in Proposition 3 allows to write

Jj=0 J

n n n
® 0=1Y ayv;=Y (qja)) (djvj) =a} d;v;=
Jj=0 i=0 j

n
qv;=0.
=0
Moreover vy,...v, generate L and (a) ensures that the following index
n
! ! . /

9) [L:(qjvj\j:O,...,nﬂ :H)qj.

=

Then the proof ends up by showing that, for all j, V'j =n;. With this goal in mind,
consider h; € N such that v = in; . If V/ = (v};) is the matrix of components of
V(.. .,V,, over the basis ey, ..., e, of L, then

Vj=0,...,n ‘V;|:q}
On the other hand
VoEhL=VYi=1,....n hy|vij=Vk=1,...,n ho| |V{|=4q.
Therefore (6) in Proposition 3 implies that
ho | ged (qy,...,q)) =1=ho=1

Analogously #; = 1, for all 1 < j < n. Hence V/j =n;. O

2. Characterization of fans giving P(Q)

2.1. Characterizing the fan

Let us fix an n-dimensional lattice N and a subset of n+ 1 vectors {vo,...,v,} C N.
The following theorem is an application of the previous Lemma 1 to known results
such as e.g. Lemma 2.11 in [2], Prop. 5.4 in [5] and Thm. 3.6 in [7].

THEOREM 3. Let Q = (qo,...,qn) be a weight vector. Consider the fan ¥ =
fan(vo,...,V,) and the associated matrix V.= (Vo,...,V,) with respect to a fixed basis
of N. Then the following facts are equivalent:

1. Xis afan of P(Q),

2. ¥_0q,v; =0 and the sub-lattice N' := (qoVo, - .- ,qnVa) C N has finite index
n
A
IN:NT=]Ta;.
=0

3.Vj=0,...,n Vj:(—l)eﬂqj , forafixede € {0,1} ,
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4. qovo = _Z?:l qivi and ‘Vol = |det(v1,. .. ,Vn)| =q-

Proof of Theorem 3. (1) = (2). A fan of the wps P(Q) with O = (qo,...,qn) is pre-
sented in [15] at the end of §2.3. Then, by Lemma 1(a) one may check that fan to
satisfy conditions stated in (2).

(2) = (3). This is Lemma 1(b).
(3) = (4). For any k = 1,...,n consider the (n+ 1) x (n+ 1) matrix
VKO Vin

Ak =
\%

Since the first and the (k+ 1)-st rows of Ay, are equal we get

n n

n
Vk=1,....n 0= detAk :Z ijV = (- Zq,-vkj = quVj:().
=0 =0

(4) = (2). Since |Vo| = qo then {qVi,...,g,V,} is a basis of the sub-lattice N'.

n (4) n
[N:N'] = |det(q1V1,- - ,qnVn)| = (H%’) Vol = [ 14, -
i1 =0

(2) = (1). First note that (2) and Lemma 1(a) imply that vy, ..., v, generate N.
It follows by Lemma 1(c) that n, . ..,n, generate N and }" i—04 ]n = O

Hence

Let D; be the torus invariant divisor associated with the 1-dimensional cone (n;) € £(1)
for the toric variety with fan X. Consider the sequence

n
(10) 0— =M. PzD;— 47 0

j=0
where div(m) = }}_ 0<m n;)D; and d(Yj_b;D;) = obﬂj Then div is injective
since the n; span N = M" and d is surjectlve since gcd(qo7 .,q,) = 1. Furthermore,

d odiv = 0 follows easily from Z]:O anj 0.

Hence, to prove that (10) is exact, it suffices to show that ker(d) C Im(div). Take
YiobiDj€ ker(d). Since ny,...,n, are linearly independent over Q, one can find
m e M@Q such that (m,n;) = b; for 1 <i<n. Since Y.}_y¢’m;=0and ¥.}_b,q; =0,
we obtain

Q6<m7n0> = - Z aqtnl - th m nl - thb - Clobo
i=1
It follows that (m,ng) = bo. Thus (m,n;) = b; € Z for all j. This implies m € M since
ng,...,n, span N = MV, and the desired exactness follows immediately.
We are now in a position to apply the Cox Theorem, [8] Thm. 2.1, to give a
geometric quotient description of X (X). In particular the exact sequence (10) suffices
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to show that the Chow group of Weil divisors modulo rational equivalence for the toric
variety X (X) is given by A,_1(X) 2 Z (see e.g. [15] §3.4). Let S = C|xo, ..., x,] be the
polynomial ring obtained by associating the variable x; with the 1-dimensional cone
(n;) € £(1). The grading on S is defined by setting

deg(x;) :=deg(d(D;)) =q; -

Since Hom(A,—1(X),C*) = C*, it is then possible to exhibit X (X) as a geometric quo-
tient

X(x)= (C™h\{o}y)/C”

where the quotient is realized by means of the action v in the statement of the Re-
duction Theorem 2. Then X(X) =2 P(Q') 2 P(Q). O

The following definition will be useful in section 3, when speaking about the
fan-polytope correspondence:

DEFINITION 4 (F—admissible matrices). A matrix V € Mat(n,n+ 1,7Z) will be
called F—admissible if it satisfies the following conditions

1. the matrix V. = (vy,...,v,) admits only nonvanishing coprime maximal minors
ie.Vj=0,1,....n V;#0andged(V;|0<j<n)=1;

2. the columns v of V satisfy one of the equivalent conditions (2), (3), (4) of Theo-
rem 3 with respect to the weights q; := |V}|.

The subset of F—admissible matrices will be denoted by 0, C Mat(n,n+ 1,7Z).

2.2. Hermite normal form of weights and fans of P(Q)

The following result, which is a direct consequence of Theorem 3, exhibit a rather sur-
prising method to get a fan of a given wps P(Q): in fact this fan turns out to be encoded
in the switching matrix giving the HNF of the transposed weight vector Q7. Since such
a matrix is obtained by a well known algorithm, based on Euclid’s algorithm for great-
est common divisor, [6] Algorithm 2.4.4, this gives a constructive method to produce
a fan of P(Q) which can be performed by any procedures computing elementary linear
algebra operations.

PROPOSITION 5. Let Q = (qo,...,qn) be a weight vector, B the HNF of the
transposed vector QT and U € GL(n+1,7Z) be such that U - QT = B. Let C be the
matrix consisting of the last n rows of U and let v; be the 70 column vector of C, for
0 < j<n. LetL,L be the lattices generated in Z" by vy, ...,V, and qovo,...,qnVn
respectively. Then
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2. L=7"
3 Yi0qjvi=0;
4. there exists € € {0,1} such that C; = (—1)*%q; for all 0 < j <n.
5. LU =1T}20q;-
As a consequence of Theorem 3, fan(vo, ..., v,) is a fan of P(Q).

a

0
Proof. The rank of Q is 1, so by definition of HNF, B = . with a > 1. By the

0
equality Q7 = U~!- B we see that a must divide go, ... ,qy, so that a = 1; this proves
(1). Then (3) follows immediately by U - Q7 = B.
To prove part (2), let (co,...,c,) be the 2nd column of U~!. Then U -U~! =1 easily
implies that Z’}:o cjvj = ey, the first standard basis vector of Z". Columns 3,...,n+1

of U~! similarly show that ey, . .., e, are in the sublattice generated by vy, ...,v,. Hence
this sublattice must be Z".

Finally parts (4) and (5) follow immediately from parts (2) and (3) of Lemma 1. O

2.3. A Q-canonical fan of P(Q)

In the present subsection we want to use the characterization (4) in Theorem 3 to get a
O—canonical fan of P(Q), in the sense that the associated fan matrix is in HNF, up to
a permutation of columns (see the following Remark 4). This fact presents the fan in
a triangular shape and generated by as many as possible of the vectors ey,...,e, in a
given basis of the lattice N. Moreover it turns out to be a convenient procedure to get a
fan of P(Q) by hands (see Example 1 below).

PROPOSITION 6. Let Q = (qo,-..,qn) be a weight vector. For any j with 1 <
J <n, define kj = gcd(q0,9;,9+1,---,qn). Then:
1. kj ‘ kj+1 y

2. either k, = (qo,qn) = 1 or there exists a positive integer i, with 1 <i<n-—1,
such that k; =1 and ki1 > 1,

3. consider a upper triangular matrix V° = (vy,...,v,) € Mat(n,n,Z) whose co-
lumns v are such that:
V1 S ] S i—1 Vj = ej
Vigjgnfl ij == kJur]/kj
Van = CIO/kn
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where vy is the k-th entry of the column v ; then there exists a choice for vy j with
i< jandk < j such that VO can be completed to a matrix V.= (vy,Vi,...,V,) €
Mat(n,n + 1,Z) whose columns satisfy the following condition

n
quvj =0;
j=0

in particular the columns of V satisfy condition (4) of Theorem 3, hence generate

a fan of P(Q).

4. there exists a unique choice of the previous matrices V and V° such that V° is in
HNF with only nonnegative entries, then the column vo in'V admits only negative
entries. Moreover the matrix V' = (vy,...,V,,Vo) is in HNF.

Proof. (1) is obvious. (2) follows from (1) by recalling the hypothesis

kl :ng(CIqulw-»Qn) =1.

vio
To prove (3) we have to show the existence of an integral vector vy = : and

Vn0
integers v j satisfying the following equations

n
(11 Vi<j<i-1 qovjo+4q;+ ). qrvix =0
k=i
. kjt1 A
(12) Vi<j<n—1 qovjot+qi——+ Y, @vi=0
ki 5
J+1
q0
(13) qovno+an— =0.
n
The last equation (13) is clearly satisfied by putting v,0 = —¢n/kn = —qn/(q0,9n)- The
J-th equation in (12) admits integer solutions for (vjo,v; j+1,...,vj,) if and only if
kjt1

2ed(q0,qj+15---1qn) = kjs1 | 4Gy
J

which is clearly true since k; | ¢, by definition. Finally the j-th equation in (11) admits
integer solutions for (vjo,vji,vjit1...,vj,) if and only if

VI<j<i—1 gcd(qo,qi, - qn) =ki|qj

which is clearly true since k; = 1, by the previous part (2). Recall now that V° is a
triangular matrix, giving

kiva Ko do
kH—l kn—l kn

n
det(VO) = Hij = k,‘+1 .
=1
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which is enough to get condition (4) of Theorem 3 for the columns of V.

To prove (4) let us first of all observe that, for any 1 < j <i—1, v; = e;, meaning that
the first i — 1 columns of V° are composed of nonnegative entries satisfying the HNF
conditions. Moreover V is upper triangular. Then it remains to prove that there exists
a unique choice for v j such that

Vk:i<k<n,Vj:j<k 0<vjr <vix .
The j-th equation in (12) can be rewritten as follows
j+1
qovjo +gnVjn = QJ% - Z qiVijk -
J k=j+1

Fixing variables v, for j+1 < k < n— 1, the previous diophantine equation admits
solutions for v, v, if and only if

1
(14) kn = ged(qo,qn) | — ’+ 2: Qv -
./ k=j+1

Moreover, given a particular solution v( )

given by

, all the possible integer solutions for v, are

PN B ()

/n_kn. jn—vjn _Vnn'hjn; V/’lanZ.

Divide v( ) by V,,. Then the remainder of such a division gives a unique choice for v,
such that
Vi<j<n—1 0<vj <vy.

Analogously the j-th equation in (11) can be rewritten as follows

qovjo +qnVjn = —qj — Z qkV jk
=

and the same argument ensures the existence of a unique choice for v}, such that
VI<j<i—=1 0<vj, <.

Then the last column in V° can be uniquely chosen with non-negative entries satisfying
the HNF condition. Iteratively, condition (14) is satisfied if and only if there exist
integer solutions for x, v in the diophantine equation

1
knXx +qn— 1Vjn—1= —4;j ;:_ Z qkV jk
J k=j+1
which is if and only if

1
ng(knvqnfl) ng(QOWIn 1,%)— n— l‘ —qj— j+ Z qiVjk -
] k=j+1



16 M. Rossi and L. Terracini

(0)

In particular, given a solution v a1

given by

all the possible integer solutions for v;, | are

Vin—1= v(o) 7]("
Sn_ - ‘. - -

J jn—1 kn,1
Therefore, the division algorithm ensures the existence of a unique choice for v;,_1
such that

0
'hj,n—l = Vl(/',,)l,1 —Vn—-1,n-1 'hj,n—l , th,n—l €EZL.

Vi<j<n-1 OSVj,n—l <Vp-1n-1 -
The same argument ensures the existence of a unique choice for v; , 1 such that
v1<j<i—1 Ogvj.n—1<vn—1,n—1~

Then the (n — 1)-st column in V° can be uniquely chosen with non-negative entries
satisfying the HNF condition. By completing the iteration, V, can then be uniquely
chosen in HNF. Consequently vo has to necessarily admit only negative entries. To
prove that V' is in HNF it suffices to observe that, for V', the function f : {1,...,n} —
{1,...,n+ 1}, in Definition 1, is given by setting f (i) = i, for any 1 < i < n. Then V’
is in HNF if and only V? is in HNF, since there are no condition for the entries of vo
which is the (n+ 1)-st column of V’. O

REMARK 4. When the weight vector Q is fixed, a significant consequence of
Proposition 6 is that the fan of P(Q) presented in (4) is unique and is given by the
HNF of a matrix V associated with any fan of P(Q). Clearly the uniqueness of the
O—canonical fan of P(Q) depends on the weights order in Q. Then we can’t define a
canonical fan of P(Q) but just a Q—canonical one.

EXAMPLE 1. Letus apply the Proposition 6 to produce by hand the Q-canonical
fan (hence a fan) of P(Q) for Q = (2,3,4,15,25). First of all observe that in this case
ki=ged(Q)=1,ky=d =1, kg =gcd(2,15,25) =1, kg = gcd(2,25)=1.
The matrix V’ in Proposition 6(4) is in HNF, then it looks as follows

0 0 Vi3 V1,0
I 0 w3 vy

0 1 viz w3
0 0 O 2 V4,0

V=

S O =

with 0 < vy 3 <1, for 1 <k < 3. Moreover we get the following conditions

0 = qov4p+ q/(iﬁ = 21/4,0 +50 = V4o = -25
4
_ k3qs B B B
0 = qov3p+ 3 +q4v33=2v30+15+25v33 = v33=1andv3o=—20
4
_ kaga B B -
0 = qovao+ +q4v23=2v0+4+25v23 = vy3=0and vy = —2

k3

k
0 = qovl,0+;c—q1+q4vl,3:2v1,0+3+25v173 = vi3=landv o= —14
2
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giving the following Q—canonical fan for P(2,3,4,15,25) :

—14 1 0 0 1
) 0 1 0 0
L = fan 20 ' o' lof|1]]|1
25 0 0 0 2

REMARK 5. Proposition 6 above has to be compared with results in §3 and §4
of [7]. In particular parts from (1) to (3) give a rewrite of Proposition 3.2, Remark 3.3
and Theorem 3.6 in [7]. For what concerns part (4), although it apparently looks to
be related with Remark 4.3 and Theorem 4.5 in [7], it seems to us to be a rather new
result in the literature. In fact Conrads, in §4 of [7], discusses HNFs of square matrices
in GL(n,Q) NMat(n,n,Z) since he’s interested in classifying isomorphism classes of
simplices of a given type. Here the aim is quite different since we study HNF of the
simplex itself, which turns out to be unique and then identifying the Q—canonical fan

of P(Q).

3. Characterization of polytopes giving P(Q)

3.1. From fans to polytopes and back

We shall use the following notation: given an x (n+1) matrix V = (vo,...,v,) = (v;j)
with 1 <i<n,0<j<n,the nxn sub-matrix of V obtained by removing the first
column is denoted by VO = (vy,...,v,) = (vi) with 1 <i<nand 1 <k <n.

DEFINITION 5. LetV € Mat(n,n+ 1,Z) be a matrix whose maximal minors do
not vanish i.e., in the same notation given above, V; # 0 for every 0 <[ < n. Consider
the vector of absolute values of maximal minors Q = (|Vo|,...,|V,|). Recalling 1.3, the
(0, Q)-weighted transverse matrix of V (or simply weighted transverse) is defined to be
the following n X n rational matrix

(V0= (V)" (81p)

where Ig :=diag(1/|V1],...,1/|V4]) and & :=lem(|Vy|, ..., |Val|).

REMARK 6. If V € 9, as defined in the Definition 4, then Theorem 4 below
implicitly shows that the weighted transverse matrix (VO)*Q is a n X n integral matrix.
In particular this fact is also proved explicitly in the following Proposition 7.

PROPOSITION 7. If V = (Vo,Vi,...,V,) is a fan matrix of P(Q), with Q =
(40, ---qn), then the weighted transverse (VO)*Q has integral entries.

Proof. Recall that the adjoint matrix of an invertible square matrix A is defined by
setting Adj(A) := det(A) A~!. Set W = Adj(V?) and let w; be the i-th row of W.
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Observe that parts (3) and (4) in Theorem 3 give, fori=1,...,n,
|W,"V,'| = \det (VO) ‘ =q0
wi-vg = 0 forl<k<nandk#i
qi
det (VO | £ = ¢ ,
‘ ( ) % qi

Wi - Vo

where the dot product is the usual matrix product. Therefore &Wi -V; € Z for any
0 < j < n. This means that

Vi<i<n

w; € 72"

q09i
since L(vo, ..., V,) = Z". The proof concludes by transposing W. O

Let us denote by Op(g)(1), or O(1) for short, the generator of the Picard group
Pic(P(Q)) = Z- Op(g)(1).

PROPOSITION 8. IfDj is the torus invariant divisor associated with (v;) € £(1)
then (&' /q;)D; is an ample divisor in the linear system |Op(q)(1)|, where as usual
Q' = (qy,--..q,) is the reduced weight vector of Q and &' = lem((Q’).

Proof. Recall the exact sequence (10) showing that the Chow group of P(Q) is given
by A,—1(P(Q)) = Z. By construction, the morphism d : @i_(Z-D; — Z sends a Weil
divisor 27:0 b;Dj to the generator 1 € Z if and only if (bo,...,b,) is a solution of the
diophantine equation Z;l':o q’jx 7= 1. Itis a well known fact that the Picard group of a
normal toric variety can be identified with the subgroup of A,,_;(X) generated by the
classes of torus invariant Cartier divisors (see e.g. [15] § 3.4, [10] § 4.2). In particular
Pic(P(Q)) C A,—1(P(Q)) = Z is a free cyclic subgroup. Then a generator of Pic(P(Q))
is given by a suitable multiple kD of a generator D of A,,_; (P(Q)), where k is the least
positive integer number such that kD is Cartier. There is a Criterion to determine when
a Weil divisor of a toric variety is a Cartier divisor ([17] Prop. 2.4) which applied to the
case of P(Q) can be rewritten as follows:

n
(15) Y b;Djis a Cartier divisor <= V0<I/<n 3w eM : ¥V j#I (u,n;)=b;
Jj=0

where n; is a generator of the monoid (v;) NN. Recall the exact sequence (10) and let
D=Y"_,b;D; be a generator of A,_1(P(Q)), i.e. d(D) = 1, and consider the positive
integer multiple kD. Then (15) gives that kD is a Cartier divisor if and only if, for every
[=0,...,n,

(16) JweM :Vj#l (w,n;) =kb;.
Since div(u;) = ):;fz()(uhn j)Dj, then (16) is equivalent to requiring that

a7 Jw eM : div(iw) = Zkbij-i- (u;,m)D; = kD + ({(w;,n;) —kb;) Dy .
J#l
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The exactness of (10) ensures that (17) is equivalent to asking that

dweM d(kD+(<ul,n[>fkb1)D1):0
(18) =4 k:q; (kb;—(ul,m)) .

Then (18) gives that kD is Cartier if and only if ¢ | k for every 0 <! < n. Then
the inclusion Pic(P(Q)) — A,—1(P(Q)) turns out to be the multiplication by &. To
complete the proof, notice that D; and ¢;D give the same class in A, (P(Q)) : in
fact d(D;j — ;D) = 0 . Then (&'/¢)D; and &'D give the generator of Pic(P(Q)) =
8'A,—1(P(Q)). In particular (&'/q;)D; € |Op(g)(1)|. This also suffices to prove that
(8'/4})D; is ample. O

Set A; be the integral polytope associated with the divisor H = (&'/q;)D;, as
in (4). One can easily check that there exist n points wy,...,w, € Mg, depending on
the choice of Dj;, such that A; is the convex hull Conv(0,w,...,w,) : in particular
the ampleness of(S’/q’j)Dj implies that {w1,..., Wy} is a set of n linearly independent
integral vectors ([17] Corollary 2.14).

Let ‘13, be the set of integral polytopes in Mg obtained as the convex hull of the
origin and n linearly independent integral vectors and F(Q) be the set of fans in Ng
defining P(Q). Then we have established maps

VO<j<n, AL:

(19) 0 3(Q) - Ba

T AL =4

Let W = (wj) be the n x n matrix of the components of vectors wy,...,w, € Mg over
the dual basis: namely

n
‘v’k:l,...,n Wk:ZWikel\'/
i=1

where {e/,...,e;} is the dual basis of {ej,...,e,}. Then we get the following repre-
sentation of the map A%:

THEOREM 4. Given the fan ¥ := fan(vy,...,v,) € §(Q), the image A%(E) de-
fined in (19) is the convex hull Conv(0,wy,...,Wy,) of the origin with the n linearly in-

dependent integral vectors wy, ..., w, € Mg giving the columns of the (0,Q)-weighted
transverse matrix of V.= (v, ..., v,), i.e.
0
W=V,

where Q = (|Vol, ..., |Val|). Namely the entries of W are given by

3

1<k<n wy=
Vo

where VY is the cofactor of vy in VO and Vo = det(V®) = Lqq (by either (3) or (4) in
Theorem 3).
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Proof. Recalling (4), to define A%(Z) = Ay one has to write down the hyperplanes of
Mg

(20) VpeX(l) (umnp)=—ay,, wheren, generatesp NN,

for the divisor H = (&' /q(,)Dy. Since X(1) = {(v;) C Ng| j =0,...,n} the hyperplanes
(20) are then given by

njou; = —5//616

(ngE

2

-

I
—

Vk=1,...,n ngu; = 0

where n; = }!' | n;;e; generates the 1-dimensional cone <Vj> NN. In the part (c) of
Lemma I it has been observed that ggng = —Y}_, ¢;n. Then the first equation in (21)
can be rewritten as follows

Z (Z q;(n,-k> u=19.
i=1

k=1

Let us represent equations in (21) by the following (n+ 1) x (n+ 1)-matrix

/ noot /
ZZ:] qnik Zkzl 91"k )
ni Myl 0

M =
Rin Nun 0

For j =0,1,...,n, the vertex w; of A%(Z) is then given by the (unique, for (3) in
Theorem 3 and recalling that v;; = d;n;;) solution of the linear system associated with
the matrix M/*!, obtained removing the (j+ 1)-st row in M. Clearly wo = 0. For
j=k=1,...,nwe get

Wik = Mii1,i/Mis1 041

where M, ;, is the (a,b)-cofactor in M. Observe that My 11 = (fl)k_lq;{ Vo/ao and
My = (— D18, Vl%/ao. Then

w S'dk Vzg 5’akdk " 5
it = _ik _
' 7% Vo gk

_ *

Vik = —Vik
9k

where vi, = V2 /V is the (i,k)-entry of VO* := (V) ~1)T. The last equality on the right
is obtained by recalling Proposition 3(5) and Proposition 4. [

REMARK 7. Clearly same conclusions as in Theorem 4 can be obtained by
exchanging 0 with any other value j such that 0 < j <.
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REMARK 8. Let Q be a weight vector whose reduction is given by Q'. Consider
X = fan(vo,...,v,) € §(Q) and, for any 0 < j < n, consider the generator n; of the
semigroup (v;) NN, where N is the lattice generated by vy, ...,v,. Then Lemma 1(c)
and Theorem 3 ensure that £ := fan(ny,...,n,) € F(Q'). Then the previous Theorem
4 gives that
AY(Z) =AY (2)

since, recalling once again Propositions 3 and 4,
wir = (8/qi) (Vit/Vo) = (8'a/qiar) (N /diNo) = (&' /q) (Njr/No)
(here N denotes the matrix N = (ng,...,ny)).

EXAMPLE 2. Let us still consider Example 1 to apply the weighted transversion
and Theorem 4 for producing by hand a polytope of a given wps P(Q) with the minimal
polarization.

Recall that Q = (2,3,4,15,25) and the matrix fan obtained in the Example 1 is

—-14 1 0 0 1 2 0 0 O
| 2 0100 os 1l 0 2 0 0
V=120 001 1 = V=31 0 0 2 o0
=25 0 0 0 2 -1 0 -1 1
Since 6 =1cm(2,3,4,15,25) = 300, we get
2 0 0 O /3 0 0 0
v e s 0 2 0 0 0 1/4 0 0
W=(=7)"dle=1501 o o 5 0 0 1/15 0
-1 0 -1 1 0 0 0 1/25
100 O 0 0
.. 0 75 0 0 . .
giving W = 0 0 0 o | Then the polytope we are looking for is
-50 0 -—-10 6
0 100 0 0 0
0 0 75 0 0
A=Conviit o 1ol o [ o |'] 20 ['] 0
0 —50 0 —10 6

More precisely (P, 0(1)) 2 (P(Q),8/q0 Do) = (P*(2,3,4,15,25),150 Dy).

DEFINITION 6 (P-admissible matrices). A square matrix W € Mat(n,n,Z) is
called P-admissible if there exists an F-admissible matrix V € 0, such that W is the
weighted transverse matrix of V, which is

W=, with Q=(Vol,....|Val) .
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In other words W = (Wy,...,Wy,) is admissible if and only if the polytope
Conv(0,wy,...,w,)

belongs to the image of the map AY, as defined in (19). In this case we say that Q,W,V
are associated to each other.

Let us denote 20, C GL(n,Q) NMat(n,n,Z) the subset of P—admissible matrices: no-
tice that any such matrix has integer entries by either Theorem 4 or the following
Proposition 7.

REMARK 9. Remark 8 guarantees that weight vectors Q and Q, admitting the
same reduction Q' are associated with the same P—admissible matrix W, which is the
P-admissible matrix associated with the reduced weight vector Q'. Conversely, there
exists a unique reduced weight vector Q' to which W is associated. Proposition 9(c)
will prove this fact in a purely algebraic setting; moreover Proposition 9(b) will exhibit
a constructive method for finding Q'.

DEFINITION 7. Consider a matrix W € GL(n,Q) "\Mat(n,n,Z). Let s; be the
gcd of entries in the i-th row of Adj(W). Then we define the reduced adjoint of W as
follows

~ |det(W)| . (1 1 :
W= ——Zdiag( —,...,— | -Adj(W
deron) el 5 (W)
diag<|det(W)7m’det(W)|>,W1
51 Sn

Notice that if V is a square matrix in Mat(n,n,Z) such that V - W is a diagonal
matrix with positive entries then

(22) V =diag(ry,...,ra)-W
for some ry,...,r, € N.

PROPOSITION 9. Let W be a P-admissible matrix and let Q = (qo,...,qn) be
a reduced weight vector associated to W. Then

(a) (VT/T)*Q —W;

(b) ifs:=gecd(sy,...,sy,) is the greatest common divisor of the terms in Adj(W) then
- j det(W
qo:\det(W)| , V1<i<n qi:ﬂ , lcm(Q):M
s s

(c) if Q1 and Q> are reduced weight vectors associated with the same P—admissible
matrix W, then Q1 = Qy;

(d) there exists a unique F—admissible matrix V associated with W and Q i.e. such
that W = (V°) , with Q = ([Vol...., [Val)-
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Proof. (a). W is a P—admissible matrix. Then there exists a F—admissible matrix V
such that W = ((V9)7)~18I and Q = (|Vo|, .. .,|V,|), meaning that (VO)TW = 518 is
diagonal with positive entries. Recalling (22) we get that (V0)T = diag(ry,...,r,) - W
for some r1,...,r, € N. But Q is reduced, which implies that the columns of V° have
coprime entries. Therefore rj = --- =, = 1 and (V°)7 = W. (a) follows immediately.
(b) On the one hand W - W = diag (| det(W)|/s1,...,|det(W)|/s,). On the other hand,
by (a), W = (V)T and W -W = diag(8/q1,...,8/q,), where & := lem(Q). Therefore

) det(W
(23) Vi<i<n O 1eW)
qi Si
Observe now that
o o o
lcm(,.‘.,> = — =9
q dn ged(q1, - qn)
o (9600 L6eW))_ Lde)
§1 Sn S

Then (23) gives that 8 = |det(W)]|/s and, for any 1 <i <n, g; = s;/s. Finally (a) gives
that go = |Vo| = | det(W)].
(c) follows immediately by the previous part (b).

(d). If there exist two F—admissible matrix U,V such that they are both associated with
W and Q, then

1 & 1 &
(Viyoos V) =V0=0U"=(uy,...,u,) = Vo=——Y qivi=——) g =ug
q0 ;= qo ;=

implying that V =U. O

REMARK 10. In a sense the previous Proposition 9 states that, when restricted
to wps fans associated with reduced weight vector, the weighted transversion pro-
cess giving a polytope starting from a fan, can be inverted by considering the trans-
posed reduced adjoint of the polytope matrix. Namely if W is a polytope matrix of
(P(Q), O(1)), with Q reduced, then V := (_ vy ‘ w7 ) is a fan matrix of P(Q) when

vo is defined by setting vo = — (X}, ¢ivi)/qo, where (vi,...,v,) = wrT.
The following Proposition 10 shows criteria for a matrix W to be P-admissible.

PROPOSITION 10. Let W = (w;j) € GL(n,Q) NMat(n,n,Z) be a matrix such
that ged(wij) = 1. Let s be the greatest common divisor of the entries in Adj(W) and
v be the sum of the rows of Adj(W). Define gy = |det(W)], & = w. The following
statements are equivalent:

(a) W is P—admissible;

(b) the vector v is divisible by qos;
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)

(c) qo divides & and the vector %(1, ..., 1) is in the lattice generated by the rows of

Ww.

Proof. (a) =(b): If W is P—admissible then there exist a unique reduced weight vector
Q and a unique F—admissible matrix V, associated with W like in Definition 6. By
Proposition 9, W= (V)T and Q = (qo, . ..,qn) With g; = si/s, fori=1,...,n. Letv;
be the i-th row of W; then Y, qivi is divisible by go since W = V0 is F—admissible,
meaning that its columns satisfy the relation Y.\ | ¢;v; = —qovo. Then Y}, s;v; is di-
visible by gos and s;v; is the i-th row of Adj(W).

(b) =(a): Assume that gos divides any entry in v. For 1 <i < n, let v; be the i-th row
of W and g; = si/s be defined as in Proposition 9(b); then Y, g;v; is divisible by go.
Put vy = — % Y"1 ¢ivi. Then the matrix

~

V::( Vo ‘ WT ):(V07V17"'7Vﬂ)

turns out to be F—admissible with respect to Q by Theorem 3(4). Then W = (VO)*Q is
P-admissible.

(b) <(c): the sum of the rows of Adj(W) is the row vector (1,...,1)- Adj(W)

(1,...,1)-det(W)W~!. Thus it is divisible by gos if and only if there exists (x1, ..., X,) €
7" such that (x1,...,x,) W = %(l, ..., 1), that is if and only if (c) holds. O
3.2. Characterizing the polytope of a polarized wps

Given an integral polytope A = Conv (0, wy, ..., w,), for a suitable subset {wy,...,w,} C

M, let W := (wy,...,w,) be the associated polytope matrix. Then the following result
is a consequence of Propositions 9 and 10.

THEOREM 5. Let A= Conv(0,wy,...,w,) C Mg be a n-dimensional integral
polytope. Set m := gcd(w;;) and define W' := %W. Let Q = (qo,---,qn) be the reduc-
tion of the weight vector defined as in Proposition 9(b). Then the following facts are
equivalent:

1. W' is a P-admissible matrix, hence it satisfies one of the equivalent conditions in
Proposition 10,

2. (Pa,0(1)) = (P(Q), O(m)).

Proof. (1)=-(2): By definition if W’ is P-admissible then there exists a F-admissible
matrix V such that W' = (VO)*Q, where O = (|Vo,...,|V4|). By Proposition 9(b) Q = Q.
Then the polytope
Conv (O,E,...,ﬂ)
m m
belongs to the image of the map A?, as defined in (19). Then W’ is the polytope matrix
of Ay for some divisor D’ € Op()(1) and W = mW" is the polytope matrix of A:= A,y

giving (2).
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(2)=(1): There exists a divisor D of P(Q), belonging to the linear system
|O(m)|, such that A = Ap. Moreover there exists a divisor D' € |O(1)] such that

D = mD' and in particular A = Ap = mApy. This means that Ay = Conv(0,w/,...,w},)
and W' := (w|,...,w}) = LW is a P-admissible matrix associated with Q. O
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