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Abstract
We prove that Thompson’s group 𝐹 has quadratic con-
jugator length function. That is, for any two conjugate
elements of 𝐹 of length 𝑛 or less, there exists an ele-
ment of 𝐹 of length 𝑂(𝑛2) that conjugates one to the
other. Moreover, there exist conjugate pairs of elements
of 𝐹 of length at most 𝑛 such that the shortest conjuga-
tor between themhas lengthΩ(𝑛2). This latter statement
holds for 𝑇 and 𝑉 as well.

MSC 2020
20F10 (primary), 20E45, 20F65 (secondary)

Let 𝐺 be a group with finite generating set 𝑆, and let 𝓁∶ 𝐺 → ℕ be the word length function on
𝐺 with respect to 𝑆. If g and ℎ are conjugate elements of 𝐺, the conjugator distance from g to ℎ

is

cd(g , ℎ) = min{𝓁(𝑘) ∣ 𝑘 ∈ 𝐺 and ℎ = 𝑘−1g𝑘}.

The conjugator length function for 𝐺 (with respect to 𝑆) is the nondecreasing function
CLF∶ ℕ → ℕ defined by

CLF(𝑛) = max{cd(g , ℎ) ∣ g , ℎ ∈ 𝐺 are conjugate and 𝓁(g) + 𝓁(ℎ) ⩽ 𝑛}.

This definition first appeared in Andrew Sale’s doctoral dissertation [17], where it is credited to
Tim Riley. Though this definition of CLF depends on the generating set, if CLF and CLF′ are
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794 BELK and MATUCCI

conjugator length functions corresponding to two different finite generating sets for𝐺, then there
exists a constant 𝑘 > 0 so that

CLF′(𝑛) ⩽ 𝑘 CLF
(⌊𝑘𝑛⌋)

for all 𝑛. In particular, if CLF has polynomial growth, then the degree of the polynomial is inde-
pendent of the generating set. By similar reasoning, the degree of polynomial growth of CLF is a
quasi-isometry invariant for finitely generated groups.
The function CLF can be viewed as measuring the difficulty of the conjugacy problem in 𝐺.

If 𝐺 has solvable word problem, then the conjugacy problem is solvable in 𝐺 if and only if CLF

is a computable function, or equivalently if and only if CLF has a computable upper bound. The
conjugator length function has been estimated for many classes of groups. It has been shown to
be linear in hyperbolic groups [15], mapping class groups [1, 16, 21] and some metabelian groups
[19, 20], including lamplighter groups ℤ𝑞 ≀ ℤ and solvable Baumslag–Solitar groups. It is at most
quadratic in fundamental groups of prime 3-manifolds [19], at most cubic in free solvable groups
[18], and at most exponential in CAT(0)-groups [7] and in certain semidirect products ℤ𝑑 ⋊ ℤ𝑘

[19]. Sale also gives examples in [18] of wreath products whose conjugator length functions have
quadratic lower bounds. In upcoming work [8], Bridson, Riley, and Sale give examples of finitely
presented groups whose conjugator length function is polynomial of arbitrary degree, as well an
example of a finitely presented group whose conjugator length function grows like 2𝑛.
Thompson’s group 𝐹 is the group defined by the presentation

⟨𝑥0, 𝑥1, 𝑥2, … ∣ 𝑥𝑛𝑥𝑘 = 𝑥𝑘𝑥𝑛+1 for 𝑛 > 𝑘⟩.
This is one of three groups introduced by Richard J. Thompson in the 1960’s, which have since
become important examples in geometric group theory. See [11] for a general introduction to
Thompson’s groups. Since 𝑥𝑛 = 𝑥1−𝑛

0
𝑥1𝑥

𝑛−1
0

for all 𝑛 ⩾ 2, Thompson’s group 𝐹 is generated by
the elements {𝑥0, 𝑥1}. In fact there is a presentation for 𝐹 with these generators and two relations
(see [11]).
Our main theorem is the following.

Main Theorem. The conjugator length function for Thompson’s group 𝐹 has quadratic growth.
That is, there exist constants 0 < 𝑎 < 𝑏 so that

𝑎𝑛2 ⩽ CLF(𝑛) ⩽ 𝑏𝑛2

for all sufficiently large 𝑛.

The conjugacy problem for 𝐹 was first solved by V. Guba and M. Sapir as a special case of the
solution for diagram groups [14]. In [5], the authors gave a different description of this solution
using the language of strand diagrams, and in [3, 4] it was shown that the solution to the conju-
gacy problem could be implemented in linear time. All of our work here is phrased using strand
diagrams, but our proof of the upper bound in Section 2 essentially follows Guba and Sapir’s proof
[14, Theorem 15.23] while keeping track of the lengths of the conjugators.
We prove the lower bound by exhibiting a sequence of pairs of conjugate elements (𝑓𝑛, g𝑛)

whose lengths grow linearly with 𝑛 but whose conjugator distance grows quadratically. The main
idea is that the “area” of a conjugating strand diagram can be forced to be much larger than areas
of the strand diagrams for the two conjugate elements, as shown in Figure 13. The elements we
choose have cyclic centralizers, which makes it easy to compute an explicit lower bound for the
conjugator distance.
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CONJUGATOR LENGTH IN THOMPSON’S GROUPS 795

F IGURE 1 A (2, 3)-strand diagram. Here [0, 1] × [0, 1] is shown as a blue square, but usually the square is
not explicitly shown.

All of the arguments in this paper can bemodified towork for the generalizedThompson groups
𝐹𝑛 (see [9]), and more generally for diagram groups over finite presentations of finite semigroups
(see [14]).
We prove that a quadratic lower bound holds for 𝑇 and 𝑉 as well (see Theorem 4.5), and we

would conjecture that a quadratic upper bound holds for 𝑇 as well using a modified version of
the arguments in Section 2. In Thompson’s group 𝑉 the word length is not comparable to the
complexity of a strand diagram (see Remark 2.3), so the methods in Section 2 cannot be modified
to obtain an upper bound better than CLF(𝑛) ⩽ 𝐶(𝑛 log 𝑛)2 for some constant 𝐶.
This paper is organized as follows. In Section 1 we establish a linear relationship between the

word length of an element and the number of nodes in the corresponding strand diagram. In
Section 2 we prove a quadratic upper bound for the conjugator length function using the known
solution to the conjugacy problem in 𝐹. Finally, in Section 3 we prove a quadratic lower bound for
the conjugator length function by exhibiting the aforementioned sequence of pairs (𝑓𝑛, g𝑛) and
analyzing their length and conjugator distance.

1 STRAND DIAGRAMS

Herewe briefly recall the definition of strand diagrams for Thompson’s group𝐹 and the associated
solution to the conjugacy problem given in [5].
A strand diagram (see Figure 1) is a finite acyclic digraph embedded in the unit square [0, 1] ×

[0, 1], with the following properties.

(1) The graph has finitely many univalent sources along the top edge of the square, and finitely
many univalent sinks along the bottom edge of the square.

(2) Every other vertex is trivalent, and is either a split (with one incoming edge and two outgoing
edges) or amerge (with two incoming edges and one outgoing edge).

By convention, isotopic strand diagrams are considered equal. A strand diagram 𝔣 with 𝑖 sources
and 𝑗 sinks will be referred to as an (𝒊, 𝒋)-strand diagram.
A reduction of a strand diagram is either of the twomoves shown in Figure 2. A strand diagram

is reduced if it is not subject to any reductions. Two strand diagrams are equivalent if one can
be obtained from the other by a sequence of reductions and inverse reductions. It is easy to show
that every strand diagram is equivalent to a unique reduced strand diagram.
If 𝔣 is an (𝑖, 𝑗)-strand diagram and 𝔤 is a (𝑗, 𝑘)-strand diagram, the concatenation 𝔣 ⋅ 𝔤 is the

strand diagramobtained by gluing the sinks of 𝔣 to the sources of 𝔤 and then removing the resulting
bivalent vertices (see Figure 3). The inverse 𝔣−1 of an (𝑖, 𝑗)-strand diagram 𝔣 is the (𝑗, 𝑖)-strand
diagram obtained by reflecting 𝔣 along a horizontal line. Note that the concatenations 𝔣 ⋅ 𝔣−1 and
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796 BELK and MATUCCI

F IGURE 2 Reductions of types I and II for strand diagrams (picture taken from [5])

F IGURE 3 Two strand diagrams 𝔣 and 𝔤, their concatenation 𝔣 ⋅ 𝔤, and their product 𝔣𝔤. In this case, 𝔣𝔤 is
obtained from 𝔣 ⋅ 𝔤 by two reductions, with the first of type II and the second of type I.

𝔣−1 ⋅ 𝔣 can both be reduced to trivial strand diagrams, that is, strand diagrams that have no splits
or merges.
If 𝔣 is a reduced (𝑖, 𝑗)-strand diagram and 𝔤 is a reduced (𝑗, 𝑘)-strand diagram, the product 𝔣𝔤

is the reduced strand diagram obtained by reducing the concatenation 𝔣 ⋅ 𝔤 (see Figure 3). Under
this product operation, the set of all reduced strand diagrams forms a groupoid (that is, cate-
gory with inverses) whose objects are the positive integers and whose morphisms are reduced
strand diagrams.
For the purposes of this paper,Thompson’s group 𝑭 will be viewed as the group of all reduced

(1,1)-strand diagrams.Wewill use Roman letters (𝑓 and g) instead of Fraktur letters (𝔣 and 𝔤) when
referring to elements of 𝐹. As a group, 𝐹 is generated by the two elements 𝑥0 and 𝑥1 shown in
Figure 5. This description of 𝐹 using strand diagrams is closely related to the usual description
of 𝐹 using tree-pair diagrams as given in [11]. Specifically, given any reduced tree-pair diagram
for an element of 𝐹, we can construct the corresponding reduced (1,1)-strand diagram by gluing
together the leaves of the two trees, as shown in Figure 4.
We will need a few more definitions involving strand diagrams that do not appear in [5].

F IGURE 4 Constructing a (1, 1)-strand diagram from a tree-pair diagram (picture taken from [5])
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CONJUGATOR LENGTH IN THOMPSON’S GROUPS 797

F IGURE 5 Strand diagrams for the generators {𝑥0, 𝑥1} of 𝐹

Definition 1.1.

(1) If 𝔣 and 𝔤 are reduced strand diagrams for which the product 𝔣𝔤 is defined, then there exist
unique reduced strand diagrams 𝔣′, 𝔤′, and 𝔥 so that

𝔣 = 𝔣′ ⋅ 𝔥, 𝔤 = 𝔥−1 ⋅ 𝔤′ and 𝔣𝔤 = 𝔣′ ⋅ 𝔤′.

In this case, we say that the product 𝔣𝔤 is obtained by canceling 𝔥.
(2) If 𝔣 is an (𝑖, 𝑗)-strand diagram and 𝔤 is an (𝑖′, 𝑗′)-strand diagram, we let 𝔣 ⊕ 𝔤 denote the (𝑖 +

𝑖′, 𝑗 + 𝑗′)-strand diagram obtained by placing 𝔤 to the right of 𝔣.
(3) For each positive integer 𝑘, the right vinewith 𝑘 leaves is the (1, 𝑘)-strand diagram 𝔱𝑘 shown

in Figure 6. If 𝔣 is any reduced (𝑖, 𝑗)-strand diagram, then the product 𝔱𝑖𝔣𝔱−1
𝑗
is an element of 𝐹.

Finally, we recall from [5] the solution to the conjugacy problem in 𝐹 using strand diagrams,
whichwas based on the solution to the conjugacy problemgiven byGuba and Sapir [14]. An annu-
lar strand diagram is a finite digraph embedded in the annulus [0, 1] × 𝑆1, with the following
properties.

(1) Every vertex is either a split or a merge.
(2) Every directed cycle winds counterclockwise around the central hole.
(3) Some edges may be free loops without any vertices, which must wind counterclockwise

around the central hole.

As with strand diagrams, isotopic annular strand diagrams are considered equal. If 𝔣 is any (𝑖, 𝑖)-
strand diagram, its closure is the annular strand diagram obtained by gluing its sources and sinks
together and removing the resulting bivalent vertices, as shown in Figure 7.

F IGURE 6 The right vine with 𝑘 leaves, denoted as 𝔱𝑘
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798 BELK and MATUCCI

F IGURE 7 Closing a strand diagram to obtain an annular strand diagram (picture taken from [5])

A reduction of an annular strand diagram is any one of the moves shown in Figure 8. An
annular strand diagram is reduced if it is not subject to any reductions. Two annular strand dia-
grams are equivalent if one can be obtained from the other by a sequence of reductions and
inverse reductions. Again, every annular strand diagram is equivalent to a unique reduced annular
strand diagram.
The following theorem is proven in [5, Section 3]. In the case where 𝑖 = 𝑗 = 1 it gives a solution

to the conjugacy problem in Thompson’s group 𝐹. Our ideas in Sections 3 and 4 are both based
on the proof of this theorem.

Theorem 1.2. Let 𝔣 be a reduced (𝑖, 𝑖)-strand diagram and let 𝔤 be a reduced (𝑗, 𝑗)-strand diagram.
Then the following are equivalent.

(1) The elements 𝔣 and 𝔤 are conjugate in the groupoid of reduced strand diagrams.
(2) The reduced annular strand diagrams obtained by closing 𝔣 and 𝔤 and reducing are the same.

Sketch of Proof. The implication (1) ⇒ (2) is easy. For the converse, call a strand diagram cycli-
cally reduced if its closure is already reduced as an annular strand diagram. It is not hard to
show that every (𝑘, 𝑘)-strand diagram is conjugate to a cyclically reduced strand diagram (see [5,
Proposition 3.2] or the stronger Lemma 3.1 below), so we may assume that 𝔣 and 𝔤 are cyclically
reduced and have the same closure.
Let 𝔣∞ be the lift of the closure of 𝔣 to the universal cover of the annulus. Then 𝔣∞ can be viewed

as an infinite concatenation of functions of 𝔣, that is,

𝔣∞ =
⋃
𝑘∈ℤ

𝔣𝑘,

F IGURE 8 Reductions of type I, II, or III for annular strand diagrams. In the first move, the shaded disk
must not contain the central hole. In the third move, both loops must be free loops, and the shaded annulus must
not contain any vertices. (Picture taken from [5].)
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CONJUGATOR LENGTH IN THOMPSON’S GROUPS 799

F IGURE 9 The deck transformation 𝛿 takes 𝔣0 ∪ 𝔥 to 𝔥 ∪ 𝔤0, and hence 𝔣𝔥 = 𝔥𝔤

where each 𝔣𝑘 is a copy of 𝔣 and the sinks of each 𝔣𝑘 are the same as the sources of 𝔣𝑘+1.
We can also decompose 𝔣∞ as an infinite concatenation

⋃
𝑘∈ℤ 𝔤𝑘 of copies of 𝔤. Indeed, we

can choose such a decomposition so that 𝔤0 ⊆
⋃∞

𝑘=1 𝔣𝑘. Let 𝔥 be the strand diagram that
lies between the bottom of 𝔣0 and the top of 𝔤0. Then 𝛿(𝔣0 ∪ 𝔥) = 𝔥 ∪ 𝔤0, where 𝛿∶ 𝔣∞ → 𝔣∞

is the deck transformation that maps each 𝔣𝑘 to 𝔣𝑘+1 (see Figure 9). We conclude that the
strand diagrams 𝔣𝔥 and 𝔥𝔤 are the same, so 𝔣 and 𝔤 are conjugate in the groupoid of strand
diagrams. □

2 NORMAND LENGTH

For 𝑓 ∈ 𝐹, let 𝓁(𝑓) denote the word length of 𝑓 with respect to the {𝑥0, 𝑥1} generating set. An
explicit formula for 𝓁(𝑓)was first given by Fordham [12], and variants of Fordham’s formula were
subsequently published by Belk and Brown [2] and Guba [13].
Define the norm ‖𝔣‖ of a strand diagram 𝔣 is its number of interior nodes (that is, merges and

splits). Note that ‖𝔣−1‖ = ‖𝔣‖, ‖𝔣 ⋅ 𝔤‖ = ‖𝔣‖ + ‖𝔤‖, |𝔣 ⊕ 𝔤‖ = ‖𝔣‖ + ‖𝔤‖, and ‖𝔣𝔤‖ ⩽ ‖𝔣‖ + ‖𝔤‖ for
all strand diagrams 𝔣 and 𝔤.
If 𝑓 is an element of 𝐹 (that is, a reduced (1,1)-strand diagram), then 𝑓 always has the same

number of merges as splits, and therefore the norm ‖𝑓‖must be even. The following proposition
relates the norm of each element of 𝐹 to its word length.

Proposition 2.1. For any 𝑓 ∈ 𝐹, we have

‖𝑓‖
2

− 2 ⩽ 𝓁(𝑓) ⩽ 2‖𝑓‖.
Proof. Observe that each tree in the reduced tree pair diagram for 𝑓 has ‖𝑓‖∕2 carets. In [12],
Fordham gives a formula for the length of an element as the sum of weights assigned to corre-
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800 BELK and MATUCCI

sponding pairs of carets in a tree pair diagram. Each of his weights is at most 4, so it follows easily
that 𝓁(𝑓) ⩽ 2‖𝑓‖.
For the lower bound, observe that ‖𝔱−1

3
𝑥0𝔱3‖ = ‖𝔱−1

3
𝑥1𝔱3‖ = 2, where 𝔱3 is the right vine with

3 leaves. Given a word 𝑓 = 𝑠
𝜖1
1
⋯ 𝑠

𝜖𝑛
𝑛 where each 𝑠𝑖 ∈ {𝑥0, 𝑥1} and each 𝜖𝑖 = ±1, we can write

𝑓 = 𝔱3
(
𝔱−1
3 𝑠1𝔱3

)𝜖1 ⋯ (
𝔱−1
3 𝑠𝑛𝔱3

)𝜖𝑛 𝔱−1
3 ,

and hence

‖𝑓‖ ⩽ ‖𝔱3‖ +

𝑛∑
𝑖=1

‖𝔱−1
3 𝑠𝑖𝔱3‖ + ‖𝔱3‖ = 2𝑛 + 4.

Thus ‖𝑓‖ ⩽ 2𝓁(𝑓) + 4, so 𝓁(𝑓) ⩾ ‖𝑓‖∕2 − 2. □

Remark 2.2. In fact we have

‖𝑓‖
2

− 2 ⩽ 𝓁(𝑓) ⩽ 2‖𝑓‖ − 8

whenever ‖𝑓‖ ⩾ 6, since the leftmost pair of corresponding carets in a tree pair diagram always
has weight 0 and the two rightmost pairs of corresponding carets each have weight at most 2. Both
bounds are sharp, with the lower bound realized by the elements 𝑥𝑛

1
and the upper bound realized

by the elements

𝑥2
0

(
𝑥1𝑥

−1
0

)𝑛
𝑥−1
1

(
𝑥0𝑥

−1
1

)𝑛
𝑥−1
0 .

Remark 2.3. Burillo, Cleary, Stein, andTabackhave proven an analog of Proposition 2.1 for Thomp-
son’s group 𝑇 [10, Theorem 5.1], but no analogous result holds for Thompson’s group 𝑉. The
trouble is that 𝑉 allows arbitrary permutations of the leaves of a tree diagram, so there are at
least (𝑛 + 1)! different elements 𝑓 ∈ 𝑉 with ‖𝑓‖ ⩽ 2𝑛, and therefore 𝓁(𝑓) is not bounded above
by any linear function of ‖𝑓‖. However, Birget has proven that there exists a constant 𝐶 > 0 such
that 𝓁(𝑓) ⩽ 𝐶‖𝑓‖ log ‖𝑓‖ for all 𝑓 ∈ 𝑉 [6, Theorem 3.8].

3 AN UPPER BOUND

In this section we prove our upper bound for the conjugator length in 𝐹. Throughout this section,
we say that an (𝑖, 𝑖)-strand diagram 𝔣 is strongly cyclically reduced if its closure is already a
reduced annular strand diagram, and this has the same number of connected components as 𝔣.
(These correspond to the “absolutely reduced normal diagrams” defined by Guba and Sapir in
[14].)

Lemma 3.1. Let 𝔣 be a nontrivial reduced (𝑖, 𝑖)-strand diagram with ‖𝔣‖ = 𝑛. Then there exists a
reduced (𝑖, 𝑗)-strand diagram 𝔥 so that 𝔣′ = 𝔥−1𝔣𝔥 is strongly cyclically reduced, ‖𝔣′‖ ⩽ 𝑛, and

‖𝔥‖ ⩽ 1 +
𝑛(𝑛 + 4𝑖 − 6)

8
.
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CONJUGATOR LENGTH IN THOMPSON’S GROUPS 801

F IGURE 10 The equality 𝔣1 ⊕ 𝔣2 = (𝔢𝑗 ⊕ 𝔣2)(𝔣1 ⊕ 𝔢𝑖−𝑘), where 𝔢𝑗 and 𝔢𝑖−𝑘 are trivial strand diagrams

Proof. We proceed by induction on 𝑖 + 𝑛. The base case is 𝑖 + 𝑛 = 1, for which 𝔣 is the trivial
(1,1)-strand diagram and is therefore already strongly cyclically reduced.
For the induction step, suppose first that the closure of 𝔣 has fewer components than 𝔣. This

occurs when 𝔣 can be written as 𝔣 = 𝔣1 ⊕ 𝔣2, where 𝔣1 is a (𝑗, 𝑘)-strand diagram with 𝑗 ≠ 𝑘 and
𝔣2 is an (𝑖 − 𝑗, 𝑖 − 𝑘)-strand diagram. Without loss of generality, suppose that 𝑗 < 𝑘. Then we can
rewrite 𝔣 as a product

𝔣 = (𝔢𝑗 ⊕ 𝔣2)(𝔣1 ⊕ 𝔢𝑖−𝑘),

as shown in Figure 10, where 𝔢𝑗 and 𝔢𝑖−𝑘 denote trivial strand diagrams with 𝑗 strands and 𝑖 − 𝑘

strands, respectively. Let 𝔨 be whichever of (𝔢𝑗 ⊕ 𝔣2) and (𝔣1 ⊕ 𝔢𝑖−𝑘)
−1 has fewer interior nodes,

and let 𝔣′ = 𝔨−1𝔣𝔨 = (𝔣1 ⊕ 𝔢𝑖−𝑘)(𝔢𝑗 ⊕ 𝔣2). Then 𝔣′ is an (𝑖 + 𝑗 − 𝑘, 𝑖 + 𝑗 − 𝑘)-strand diagram with‖𝔣′‖ ⩽ 𝑛 (there may be fewer than 𝑛 interior nodes if 𝔣′ is not initially reduced), and ‖𝔨‖ ⩽ 𝑛∕2.
Since 𝑖 + 𝑗 − 𝑘 ⩽ 𝑖 − 1, we know that (𝑖 + 𝑗 − 𝑘) + ‖𝔣′‖ < 𝑖 + 𝑛. Therefore, it follows from our
induction hypothesis that there exists an 𝔥 with

‖𝔥‖ ⩽ 1 +
𝑛(𝑛 + 4(𝑖 − 1) − 6)

8
= 1 +

𝑛(𝑛 + 4𝑖 − 10)

8
.

such that 𝔥−1𝔣′𝔥 is strongly cyclically reduced. Then (𝔨𝔥)−1𝔣(𝔨𝔥) is strongly cyclically reduced and

‖𝔨𝔥‖ ⩽ ‖𝔨‖ + ‖𝔥‖ ⩽
𝑛

2
+ 1 +

𝑛(𝑛 + 4𝑖 − 10)

8
= 1 +

𝑛(𝑛 + 4𝑖 − 6)

8
.

Now consider the case where the closure of 𝔣 has the same number of components as 𝔣. Note
then that any trivial strands of 𝔣 (that is, edges whose endpoints are a source and a sink) must
correspond to free loops in the closure. If the closure of 𝔣 is reduced, then we are done, so it must
be possible to apply a reduction of type I, II, or III to the closure of 𝔣 as described in [5] (see
Figure 8).
Suppose first that the closure of 𝔣 is subject to a type I reduction. Since all the trivial strands of

𝔣 correspond to free loops, there must be a 1 ⩽ 𝑗 ⩽ 𝑖 − 1 so that sources 𝑗 and 𝑗 + 1 are connected
to a merge and sinks 𝑗 and 𝑗 + 1 are connected to a split. Let 𝔨 be the (𝑖, 𝑖 − 1)-strand diagram
with exactly one merge connected to sources 𝑗 and 𝑗 + 1 and sink 𝑗. Then 𝔣′ = 𝔨−1𝔣𝔨 is a nontriv-
ial (𝑖 − 1, 𝑖 − 1)-strand diagram with ‖𝔣′‖ = 𝑛 − 2. Since (𝑖 − 1) + (𝑛 − 2) < 𝑖 + 𝑛, our induction
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802 BELK and MATUCCI

hypothesis tells us that there exists a reduced strand diagram 𝔥 with

‖𝔥‖ ⩽ 1 +
(𝑛 − 2)

(
(𝑛 − 2) + 4(𝑖 − 1) − 6

)
8

= 1 +
(𝑛 − 2)(𝑛 + 4𝑖 − 12)

8

such that 𝔥−1𝔣′𝔥 is strongly cyclically reduced. Then (𝔨𝔥)−1𝔣(𝔨𝔥) is strongly cyclically reduced and

‖𝔨𝔥‖ ⩽ ‖𝔨‖ + ‖𝔥‖ ⩽ 1 + 1 +
(𝑛 − 2)(𝑛 + 4𝑖 − 12)

8
⩽ 1 +

𝑛(𝑛 + 4𝑖 − 6)

8
,

where the last inequality follows from the fact that 𝑛 ⩾ 2 and 𝑖 ⩾ 2.
Now suppose that the closure of 𝔣 is subject to a type II reduction. Again, since all the trivial

strands of 𝔣 correspond to free loops, there must exist a 1 ⩽ 𝑗 ⩽ 𝑖 so that source 𝑗 of 𝔣 is connected
to a split and sink 𝑗 of 𝔣 is connected to a merge. Let 𝔨 be the (𝑖, 𝑖 + 1)-strand diagram with exactly
one split connected to source 𝑗 and sinks 𝑗 and 𝑗 + 1. Then 𝔣′ = 𝔨−1𝔣𝔨 is a nontrivial (𝑖 + 1, 𝑖 + 1)-
strand diagram with ‖𝔣′‖ = 𝑛 − 2. Since (𝑖 + 1) + (𝑛 − 2) < 𝑖 + 𝑛, our induction hypothesis tells
us that there exists a reduced strand diagram 𝔥 with

‖𝔥‖ ⩽ 1 +
(𝑛 − 2)

(
(𝑛 − 2) + 4(𝑖 + 1) − 6

)
8

= 1 +
(𝑛 − 2)(𝑛 + 4𝑖 − 4)

8

so that 𝔥−1𝔣′𝔥 is strongly cyclically reduced. Then (𝔨𝔥)−1𝔣(𝔨𝔥) is strongly cyclically reduced and

‖𝔨𝔥‖ ⩽ ‖𝔨‖ + ‖𝔥‖ ⩽ 1 + 1 +
(𝑛 − 2)(𝑛 + 4𝑖 − 4)

8
⩽ 1 +

𝑛(𝑛 + 4𝑖 − 6)

8
,

where the last inequality follows from the fact that 𝑖 ⩾ 2.
Finally, suppose that the closure of 𝔣 is subject to a type III reduction. Then there exists a 1 ⩽

𝑗 ⩽ 𝑖 − 1 so that source 𝑗 is connected directly to sink 𝑗 and source 𝑗 + 1 is connected directly
to sink 𝑗 + 1 in 𝔣. Let 𝔨 be the (𝑖, 𝑖 − 1)-strand diagram with a single merge connected to sources
𝑗 and 𝑗 + 1 and sink 𝑗. Then 𝔣′ = 𝔨−1𝔣𝔨 is an (𝑖 − 1, 𝑖 − 1)-strand diagram with ‖𝑓′‖ = 𝑛. Since
(𝑖 − 1) + 𝑛 < 𝑖 + 𝑛, our induction hypothesis tells us that there exists a reduced strand diagram 𝔥

with

‖𝔥‖ ⩽ 1 +
𝑛
(
𝑛 + 4(𝑖 − 1) − 6

)
8

= 1 +
𝑛(𝑛 + 4𝑖 − 10)

8

so that 𝔥−1𝔣′𝔥 is strongly cyclically reduced. Then (𝔨𝔥)−1𝔣(𝔨𝔥) is strongly cyclically reduced and

‖𝔨𝔥‖ ⩽ ‖𝔨‖ + ‖𝔥‖ ⩽ 1 + 1 +
𝑛(𝑛 + 4𝑖 − 10)

8
⩽ 1 +

𝑛(𝑛 + 4𝑖 − 6)

8
.

The last inequality follows from the fact that 𝔣 is nontrivial, and hence 𝑛 ⩾ 2. □

Corollary 3.2. Let 𝑓 ∈ 𝐹 with ‖𝑓‖ = 𝑛. Then there exists a reduced (1, 𝑗)-strand diagram 𝔥 so that
𝔣′ = 𝔥−1𝔣𝔥 is strongly cyclically reduced, ‖𝔣′‖ ⩽ 𝑛, and

‖𝔥‖ ⩽
(𝑛 − 1)2 + 7

8
.
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CONJUGATOR LENGTH IN THOMPSON’S GROUPS 803

Lemma 3.3. Let 𝔣 and 𝔤 be strongly cyclically reduced strand diagrams whose closures are the same,
and let 𝑛 = ‖𝔣‖ = ‖𝔤‖. Then there exists a reduced strand diagram 𝔥 so that 𝔤 = 𝔥−1𝔣𝔥 and ‖𝔥‖ ⩽
3

2
𝑛2.

Proof. Suppose first that 𝔣 and 𝔤 are connected. If 𝔣 and 𝔤 are the identity we are done, so suppose
that 𝔣 and 𝔤 are nontrivial. As in the sketch of the proof of Theorem 1.2, let 𝔣∞ be the lift of the
closure of 𝔣 to universal cover of the annulus, with

𝔣∞ =
⋃
𝑘∈ℤ

𝔣𝑘 =
⋃
𝑘∈ℤ

𝔤𝑘.

Note that we can choose the decomposition into functions of 𝔤𝑘 so that 𝔤0 ⊆
⋃∞

𝑘=1 𝔣𝑘 and 𝔤0 inter-
sects 𝔣1. As before, we have 𝔣𝔥 = 𝔥𝔤, where 𝔥 is the strand diagram that lies between 𝔣0 and 𝔤0
(see Figure 9). We claim that

𝔤0 ⊆

3𝑛∕2⋃
𝑘=1

𝔣𝑘.

It follows that 𝔥 ⊆
⋃3𝑛∕2

𝑘=1
𝔣𝑘, so ‖𝔥‖ ⩽ (3𝑛∕2)‖𝔣‖ = 3𝑛2∕2.

To prove the claim, define the full edges of 𝔣0 to be those that start and end at trivalent vertices,
and the half edges of 𝔣0 to be those that have either a source or a sink at one end. (Since 𝔣0 is con-
nected and nontrivial, there are no edges directly from a source to a sink.) We place a 𝛿-invariant
geodesic metric on 𝔣∞ so that each full edge of 𝔣0 has length 1 and each half edge has length 1∕2.
Since 𝔣0 has exactly 𝑛 interior nodes, the total length of all of the edges of 𝔣0 is 3𝑛∕2. Then the
total length of all of the edges of 𝔤0 must be exactly 3𝑛∕2, and in particular the diameter of 𝔤0 is
at most 3𝑛∕2. Since the minimum distance from a source to a sink in 𝔣0 is at least 1, the claim
follows easily.
For the general case, suppose 𝔣 = 𝔣1 ⊕⋯⊕ 𝔣𝑘, where each 𝔣𝑖 is connected and has the same

number of sources as sinks. Since 𝔣 and 𝔤 are strongly cyclically reduced andhave the same closure,
it follows that 𝔤 = 𝔤1 ⊕⋯⊕ 𝔤𝑘, where each 𝔤𝑖 is connected, has the same number of sources as
sinks, and has the same closure as 𝔣𝑖 . By the argument above, there exists for each 𝑖 a reduced
strand diagram 𝔥𝑖 with ‖𝔥𝑖‖ ⩽ 3‖𝔣𝑖‖2∕2 such that 𝔤𝑖 = 𝔥−1

𝑖
𝔣𝑖𝔥𝑖 . Then 𝔤 = 𝔥−1𝔣𝔥, where 𝔥 = 𝔥1 ⊕

⋯⊕ 𝔥𝑛 and

‖𝔥‖ =

𝑘∑
𝑖=1

‖𝔥𝑖‖ ⩽

𝑘∑
𝑖=1

3

2
‖𝔣𝑖‖2 ⩽

3

2

( 𝑘∑
𝑖=1

‖𝔣𝑖‖
)2

=
3

2
‖𝔣‖2.

□

Theorem 3.4. Let 𝑓, g ∈ 𝐹, with ‖𝑓‖ = 𝑖 and ‖g‖ = 𝑗. Suppose that 𝑓 and g are conjugate, with
the corresponding reduced annular strand diagram having 𝑘 nodes. Then there exists an ℎ ∈ 𝐹 so
that g = ℎ−1𝑓ℎ and

‖ℎ‖ ⩽
(𝑖 − 1)2 + (𝑗 − 1)2 + 12𝑘2 + 14

8
.

Proof. By Corollary 3.2, there exist reduced strand diagrams 𝔥1 and 𝔥2 with

‖𝔥1‖ ⩽
(𝑖 − 1)2 + 7

8
and ‖𝔥2‖ ⩽

(𝑗 − 1)2 + 7

8
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804 BELK and MATUCCI

so that 𝔣 = 𝔥−1
1

𝑓𝔥1 and 𝔤 = 𝔥−1
2

g𝔥2 are strongly cyclically reduced. Then 𝔣 and 𝔤 have the same
closure and ‖𝔣‖ = ‖𝔤‖ = 𝑖, so by Lemma 3.3 there exists a strand diagram 𝔥3 with ‖𝔥3‖ ⩽

3

2
𝑘2 so

that 𝔤 = 𝔥−1
3

𝔣𝔥3. Let ℎ = 𝔥1𝔥3𝔥
−1
2
. Then g = ℎ−1𝑓ℎ which means that ℎ ∈ 𝐹, and

‖ℎ‖ ⩽ ‖𝔥1‖ + ‖𝔥2‖ + ‖𝔥3‖ ⩽
(𝑖 − 1)2 + (𝑗 − 1)2 + 12𝑘2 + 14

8
. □

Corollary 3.5. Let 𝑓 and g be conjugate elements of 𝐹 with 𝓁(𝑓) = 𝑖 and 𝓁(g) = 𝑗, where 𝑖 ⩽ 𝑗.
Then

cd(𝑓, g) ⩽ 13𝑖2 + 𝑗2 + 27𝑖 + 3𝑗 + 20.

In particular, the conjugator length function of Thompson’s group 𝐹 satisfies

CLF(𝑛) ⩽
7

2
𝑛2 + 15𝑛 + 20

for all 𝑛 ∈ ℕ.

Proof. By Proposition 2.1, we know that ‖𝑓‖ ⩽ 2𝑖 + 4 and ‖g‖ ⩽ 2𝑗 + 4. Moreover, since the clo-
sure of a nontrivial (1,1)-strand diagram is always subject to at least one reduction, the reduced
annular strand diagram for 𝑓 (and hence g) has at most ‖𝑓‖ − 2 = 2𝑖 + 2 nodes. By Theorem 3.4
and Proposition 2.1, there exists an ℎ ∈ 𝐹 so that g = ℎ−1𝑓ℎ and

𝓁(ℎ) ⩽ 2‖ℎ‖ ⩽ 2
(2𝑖 + 3)2 + (2𝑗 + 3)2 + 12(2𝑖 + 2)2 + 14

8

= 13𝑖2 + 𝑗2 + 27𝑖 + 3𝑗 + 20.

If 𝑛 = 𝑖 + 𝑗, it follows that

𝓁(ℎ) ⩽ 13𝑖2 + 𝑗2 + 27𝑖 + 3𝑗 + 20

=
7

2
𝑛2 + 15𝑛 + 20 −

1

2
(19𝑖 + 5𝑗 + 24)(𝑗 − 𝑖).

Since 𝑖 ⩽ 𝑗, the term being subtracted on the right is positive, so we conclude that

𝓁(ℎ) ⩽
7

2
𝑛2 + 15𝑛 + 20. □

4 A LOWER BOUND

In this sectionwe prove a quadratic lower bound on conjugator lengths for elements of𝐹. The idea
of the proof is to construct strand diagrams 𝔣 and 𝔤 with a linear number of vertices so that the
corresponding conjugator 𝔥 (see Figure 9) has a quadratic number of vertices. Our strategy is to use
a regular grid of width 2𝑛 for the universal cover 𝔣∞ (see the sketch of the proof of Theorem 1.2),
and we choose 𝔣 and 𝔤 so that the strand diagram 𝔥 between them is a large triangular section of
the grid, as shown in Figure 13.
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CONJUGATOR LENGTH IN THOMPSON’S GROUPS 805

F IGURE 11 The (2𝑛 + 1, 2𝑛 + 1)-strand diagram 𝔣𝑛

Unfortunately, a lower bound for the conjugator length requires understanding all conjugators
between a given pair of elements. This will be the main source of complication in our proof, and
will require some known results about centralizers in 𝐹. For the following proposition, a proper
root of an element 𝑓 ∈ 𝐹 is an element g ∈ 𝐹 such that 𝑓 = g𝑘 for some 𝑘 ⩾ 2.

Proposition 4.1. Let 𝑓 ∈ 𝐹 and suppose that 𝑓 has no proper roots in 𝐹 and the reduced annular
strand diagram for 𝑓 is connected. Then the centralizer of 𝑓 in 𝐹 is the cyclic group ⟨𝑓⟩ generated
by 𝑓.

Proof. Guba and Sapir compute centralizers for elements of diagramgroups in [14, Theorem 15.35],
and this follows easily from their proof. □

For any 𝑛 ⩾ 2, let 𝔣𝑛 and 𝔤𝑛 be the strand diagrams shown in Figures 11 and 12, and let𝑓𝑛, g𝑛 ∈ 𝐹

be the elements

𝑓𝑛 = 𝔱2𝑛+1𝔣𝑛𝔱
−1
2𝑛+1 and g𝑛 = 𝔱3𝑛𝔤𝑛𝔱

−1
3𝑛

where 𝔱𝑘 denotes the right vine with 𝑘 leaves shown in Figure 6. It is tedious but straightforward
to check that

𝑓𝑛 = 𝑥0 𝑥
2
3 𝑥

2
7 ⋯ 𝑥2

4𝑛−5 𝑥
−2
4𝑛−3 ⋯ 𝑥−2

5 𝑥−2
1

= 𝑥0

(
𝑥−1
1 𝑥−1

0 𝑥1𝑥
−1
0

)𝑛−1
𝑥−2
1

(
𝑥0𝑥1𝑥0𝑥

−1
1

)𝑛−1

and

g𝑛 = 𝑥0 𝑥
2
4 𝑥

2
9 ⋯ 𝑥2

5𝑛−6 𝑥
−2
5𝑛−4 ⋯ 𝑥−2

6 𝑥−2
1

= 𝑥0

(
𝑥−2
1 𝑥−1

0 𝑥1𝑥
−1
0

)𝑛−1
𝑥−2
1 (𝑥0𝑥1𝑥0)

𝑛−1.

It follows that 𝓁(𝑓𝑛) ⩽ 8𝑛 − 5 and 𝓁(g𝑛) ⩽ 8𝑛 − 5.

F IGURE 1 2 The (3𝑛, 3𝑛)-strand diagram 𝔤𝑛

 14692120, 2023, 2, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/blm
s.12757 by U

niversity O
f G

lasgow
, W

iley O
nline L

ibrary on [20/04/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



806 BELK and MATUCCI

F IGURE 13 The (2𝑛 + 1, 3𝑛)-strand diagram 𝔥𝑛 lies in the triangular region between the bottom red curve
and the top blue curve. Note that 𝔣𝑛𝔥𝑛 = 𝔥𝑛𝔤𝑛

Theorem 4.2. The elements 𝑓𝑛 and g𝑛 satisfy

cd(𝑓𝑛, g𝑛) ⩾
𝑛2 − 5𝑛 − 4

2
.

Proof. Since the closure of 𝔣𝑛 is connected and already reduced, the reduced annular strand dia-
gram for 𝑓𝑛 is connected. Moreover, since 𝑓′

𝑛(0) = 2, the element 𝑓𝑛 has no proper roots in 𝐹. By
Proposition 4.1, we deduce that the centralizer of 𝑓𝑛 is just ⟨𝑓𝑛⟩.
For each 1 ⩽ 𝑖 ⩽ 𝑛 − 1, let

𝔯𝑖 = 𝔢3𝑖−1 ⊕
(
𝔣𝑛−𝑖 ⋅ (𝔰 ⊕ 𝔢2𝑛−2𝑖)

)
where 𝔢𝑗 denotes the trivial (𝑗, 𝑗)-strand diagram and 𝔰 is the (1,2)-strand diagram with a single
split. Note that each 𝔯𝑖 is a reduced (2𝑛 + 𝑖, 2𝑛 + 𝑖 + 1)-strand diagram, with

‖𝔯𝑖‖ = ‖𝔣𝑛−𝑖‖ + ‖𝔰‖ = 4(𝑛 − 𝑖) + 1.

Let

𝔥𝑛 = 𝔯1𝔯2 ⋯ 𝔯𝑛−1.

Then 𝔥𝑛 is the (2𝑛 + 1, 3𝑛)-strand diagram shown in Figure 13, with each 𝔯𝑖 containing two “rows”
of interior nodes. Note that

𝔥𝑛 =

𝑛−1∑
𝑖=1

‖𝔯𝑖‖ =

𝑛−1∑
𝑖=1

(
4(𝑛 − 𝑖) + 1

)
= (𝑛 − 1)(2𝑛 + 1).
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CONJUGATOR LENGTH IN THOMPSON’S GROUPS 807

Observe from the figure that 𝔣𝑛𝔥𝑛 = 𝔥𝑛𝔤𝑛. Then the element ℎ𝑛 = 𝔱2𝑛+1𝔥𝑛𝔱
−1
3𝑛
conjugates 𝑓𝑛 to g𝑛.

Since the centralizer of 𝑓𝑛 is ⟨𝑓𝑛⟩, every conjugator from 𝑓𝑛 to g𝑛 must have the form 𝑓𝑘
𝑛ℎ𝑛 for

some 𝑘 ∈ ℤ. We must prove that 𝓁(𝑓𝑘
𝑛ℎ𝑛) ⩾ (𝑛2 − 5𝑛 − 4)∕2 for every 𝑘 ∈ ℤ.

It suffices to prove that ‖‖𝔣𝑘𝑛𝔥𝑛
‖‖ ⩾ 𝑛2 − 1 for each 𝑘, since then

‖‖𝑓𝑘
𝑛ℎ𝑛

‖‖ = ‖‖𝔱2𝑛+1𝔣
𝑘
𝑛𝔥𝑛𝔱

−1
3𝑛
‖‖ ⩾ ‖‖𝔣𝑘𝑛𝔥𝑛

‖‖ − ‖𝔱2𝑛+1‖ − ‖𝔱3𝑛‖
⩾
(
𝑛2 − 1

)
− (2𝑛) − (3𝑛 − 1) = 𝑛(𝑛 − 5)

and therefore 𝓁(𝑓𝑘
𝑛ℎ𝑛) ⩾ 𝑛(𝑛 − 5)∕2 − 2 = (𝑛2 − 5𝑛 − 4)∕2 by Proposition 2.1. To com-

pute ‖‖𝔣𝑘𝑛𝔥𝑛
‖‖, observe that the concatenation 𝔣𝑘𝑛 ⋅ 𝔥𝑛 is not necessarily reduced, so we must

worry about cancelation in the product 𝔣𝑘𝑛𝔥𝑛. There are three cases.

∙ For 𝑘 ⩾ 0, the concatenation 𝔣𝑘𝑛 ⋅ 𝔥𝑛 is reduced, so

‖‖𝔣𝑘𝑛𝔥𝑛
‖‖ = 𝑘‖𝔣𝑛‖ + ‖𝔥𝑛‖ ⩾ ‖𝔥𝑛‖ = (𝑛 − 1)(2𝑛 + 1) ⩾ 𝑛2 − 1.

∙ For 𝑘 = −𝑗 with 1 ⩽ 𝑗 ⩽ 𝑛 − 1, taking the product of 𝔣−𝑗
𝑛 and 𝔥𝑛 cancels precisely the initial

𝔯1 ⋯ 𝔯𝑗 of 𝔥𝑛, that is, there exists a reduced strand diagram 𝔩 so that 𝔣−𝑗
𝑛 = 𝔩 ⋅ (𝔯1 ⋯ 𝔯𝑗)

−1 and
𝔣
−𝑗
𝑛 𝔥𝑛 = 𝔩 ⋅ (𝔯𝑗+1 ⋯ 𝔯𝑛−1). Then

‖‖𝔣−𝑗
𝑛 𝔥𝑛

‖‖ = ‖𝔥𝑛‖ + 𝑗‖𝔣𝑛‖ − 2‖𝔯1 ⋯ 𝔯𝑗‖
= ‖𝔥𝑛‖ + 𝑗(4𝑛) − 2

𝑗∑
𝑖=1

(
4(𝑛 − 𝑖) + 1

)
= ‖𝔥𝑛‖ − 2𝑗(2𝑛 − 2𝑗 − 1).

This quantity is minimized when 𝑗 = ⌊𝑛∕2⌋, with aminimum value of ‖𝔥𝑛‖ − 𝑛(𝑛 − 1) = 𝑛2 −

1.
∙ For 𝑘 = −𝑗with 𝑗 ⩾ 𝑛, the product 𝔣−𝑗

𝑛 𝔥𝑛 cancels all of 𝔥𝑛, that is, 𝔣
−𝑗
𝑛 =

(
𝔣
−𝑗
𝑛 𝔥𝑛

)
⋅ 𝔥−1

𝑛 . It follows
that

‖‖𝔣−𝑗
𝑛 𝔥𝑛

‖‖ = 𝑗‖𝔣𝑛‖ − ‖𝔥𝑛‖ = 𝑗(4𝑛) − (𝑛 − 1)(2𝑛 + 1)

⩾ 𝑛(4𝑛) − (𝑛 − 1)(2𝑛 + 1) = 2𝑛2 + 𝑛 + 1 ⩾ 𝑛2 − 1.

Thus ‖‖𝔣𝑘𝑛𝔥𝑛
‖‖ ⩾ 𝑛2 − 1 in all three cases, so the result follows. □

Remark 4.3. Using any of the known length formulas for 𝐹 [2, 12, 13] together with the analysis
of centralizers in the proof of Theorem 4.2, it is possible to show that in fact 𝓁(𝑓𝑛) = 𝓁(g𝑛) =
8𝑛 − 5 and cd(𝑓𝑛, g𝑛) =

⌈
2𝑛2 − 5

2
𝑛 + 4

⌉
for all 𝑛 ⩾ 3, with 𝑓

−⌊𝑛∕2⌋
𝑛 ℎ𝑛 being the uniqueminimum-

length conjugator for 𝑛 ⩾ 4. It follows that the conjugator length function for Thompson’s group𝐹

satisfies

CLF(𝑛) ⩾ 2
⌊
𝑛 + 10

16

⌋2
−

5

2

⌊
𝑛 + 10

16

⌋
+ 4 ⩾

(𝑛 − 15)2 + 412

128

for all 𝑛 ⩾ 38.
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808 BELK and MATUCCI

This quadratic lower bound can also be made to work for 𝑇 and 𝑉. This depends on the
following lemma.

Lemma 4.4. If 𝑓 ∈ 𝐹 and the reduced annular strand diagram for 𝑓 is connected, then the
centralizer of 𝑓 in 𝑉 is the same as the centralizer of 𝑓 in 𝐹.

Proof. Let 𝑘 ∈ 𝑉 so that 𝑘𝑓 = 𝑓𝑘. Since the reduced annular strand diagram for 𝑓 is connected,
we know that 𝑓 has no dyadic fixed points in the interval (0,1) (see [5, Theorem 5.2]). Let 0 = 𝑝0 <

𝑝1 < ⋯ < 𝑝𝑚 = 1 be the fixed points of 𝑓, which must be permuted by 𝑘. However, observe that
for each 𝑥 ∈ [0, 1] ⧵ {𝑝0, … , 𝑝𝑚}, the full 𝑓-orbit {𝑓𝑛(𝑥)}𝑛∈ℤ has accumulation points at 𝑝𝑖−1 and
𝑝𝑖 for some 𝑖. Since 𝑘 maps full 𝑓-orbits to full 𝑓-orbits, it follows that 𝑘(𝑝𝑖) = 𝑝𝑖 for all 𝑖, and
indeed 𝑘 maps each interval [𝑝𝑖−1, 𝑝𝑖] to itself.
All that remains is to show that 𝑘 is order-preserving on each interval (𝑝𝑖−1, 𝑝𝑖), and hence

𝑘 ∈ 𝐹. Let 𝜖 > 0 so that 𝑘 is linear on (𝑝𝑖 − 𝜖, 𝑝𝑖], and let 𝑝𝑖−1 < 𝑥 < 𝑦 < 𝑝𝑖 . Then there exists an
𝑛 ∈ ℤ so that𝑝𝑖 − 𝜖 < 𝑓𝑛(𝑥) < 𝑓𝑛(𝑦) < 𝑝𝑖 . Since 𝑘 is linear on (𝑝𝑖 − 𝜖, 𝑝𝑖), it follows that 𝑘𝑓𝑛(𝑥) <

𝑘𝑓𝑛(𝑦), so

𝑘(𝑥) = 𝑓−𝑛𝑘𝑓𝑛(𝑥) < 𝑓−𝑛𝑘𝑓𝑛(𝑦) = 𝑘(𝑦). □

Theorem 4.5. In Thompson’s group 𝑇 or 𝑉, there exists a constant 𝐶 > 0 so that

CLF(𝑛) ⩾ 𝐶𝑛2

for all 𝑛 ∈ ℕ.

Proof. Recall that elements of Thompson’s group 𝑉 can also be represented by strand dia-
grams (see [5]). If we fix a finite generating set for𝑉, the length 𝓁𝑉(𝑓) and norm ‖𝑓‖ of an element
𝑓 ∈ 𝑉 are related by the formula ‖𝑓‖ ⩽ 𝑚 𝓁𝑉(𝑓), where𝑚 is themaximumnorm of any generator
for 𝑉. If 𝑓 ∈ 𝐹, it follows from Proposition 2.1 that

𝓁𝐹(𝑓)

2𝑚
⩽
‖𝑓‖
𝑚

⩽ 𝓁𝑉(𝑓) ⩽ 𝓁𝐹(𝑓).

That is, the embedding of 𝐹 into 𝑉 is quasi-isometric. A similar argument shows that the
embedding of 𝐹 into 𝑇 is quasi-isometric.
Now, by Lemma 4.4 the centralizers of the elements 𝑓𝑛 are the same in 𝑇 or 𝑉 as they are in 𝐹.

It follows that the conjugators from 𝑓𝑛 to g𝑛 in 𝑇 or 𝑉 are the same as they are in 𝐹, and since
the word lengths of the conjugators are the same up to a linear factor, we obtain a quadratic lower
bound on the conjugator length function. □
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