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We present results for the thermal photon emissivity of the quark-gluon plasma derived from spatially
transverse vector correlators computed in lattice QCD at a temperature of 250 MeV. The analysis of the
spectral functions, performed at fixed spatial momentum, is based on continuum-extrapolated correlators
obtained with two flavors of dynamical Wilson fermions. We compare the next-to-leading-order
perturbative QCD correlators, as well as the N ¼ 4 supersymmetric Yang-Mills correlators at infinite
coupling, to the correlators from lattice QCD and find them to lie within ∼10% of each other. We then
refine the comparison, performing it at the level of filtered spectral functions obtained model-independently
via the Backus-Gilbert method. Motivated by these studies, for frequencies ω≲ 2.5 GeVwe use fit Ansätze
to the spectral functions that perform well when applied to mock data generated from the NLO QCD or
from the strongly coupled SYM spectral functions, while the high-frequency part, ω≳ 2.5 GeV, is
matched to NLO QCD. We compare our results for the photon emissivity to our previous analysis of a
different vector channel at the same temperature. We obtain the most stringent constraint at photon
momenta around k ≃ 0.8 GeV, for which we find a differential photon emission rate per unit volume of
dΓγ=d3k ¼ ðαem=ðexpðk=TÞ − 1ÞÞ × ð2.2� 0.8Þ × 10−3 GeV.

DOI: 10.1103/PhysRevD.106.054501

I. INTRODUCTION

Photons and lepton pairs have long been considered
to provide direct information on the quark-gluon plasma
(QGP), since they are penetrating probes of the QGP due to
their colorless nature [1–5]. During heavy-ion collisions,
photons can escape the plasma without scattering via the
strong interaction, but discriminating between different
sources is quite challenging because of the continuous
emission of photons during the spacetime evolution of the
fireball. The detected photons are divided into two main
categories: decay and direct photons. The former refers
to photons coming from the electromagnetic decays of
final-state hadrons, while the latter includes all photons
created in the collision before the final hadrons completely

decouple. The decay photons give a much larger contri-
bution to the signal than the direct photons, and they
provide valuable information for particle reconstruction.
However, when studying direct photons, that contribution
amounts to a large background and has to be subtracted
from the total photon yield.
Direct photons are produced via several mechanisms

during the evolution of a heavy-ion collision (cf. Ref. [5]),
but the two major sources are initial hard parton-parton
scattering (prompt photons), and photons originating
from the QGP (thermal photons). The latest direct photon
yield results have been published by the PHENIX [6] and
STAR [7] Collaborations at RHIC, and by ALICE [8] at the
LHC. The direct photon yield measured by the PHENIX
and ALICE Collaborations shows an excess at low trans-
verse momentum, pT ≲ 3 GeV, with respect to the theo-
retical predictions [9,10]. The results of the STAR
Collaboration [7], however, are in better agreement with
the model results. The excess observed in the PHENIX and
ALICE results is in the momentum range where the
dominant contribution comes from thermal photons [10].
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An important ingredient in the theoretical prediction is
the emission rate of thermal photons per unit volume,
which has to be integrated over the expanding spacetime
volume of the medium to obtain the total thermal photon
yield [10]. This rate has been calculated at leading order in
the strong coupling constant [11], and the calculation has
been extended to include corrections which arise from
interactions with soft gluons [12]. The thermal photon
emission rate from this extended calculation has a similar
functional form to the leading-order one, and represents a
20% increase at αs ≃ 0.3. This modest increase reduces the
tensions, though it is still insufficient to explain the excess
observed by the PHENIX and ALICE Collaborations and
highlights that the leading-order prediction may receive
large corrections at relevant temperatures.
Therefore, a precise nonperturbative calculation of the

thermal photon production rate using lattice QCD is highly
desirable and would help to resolve the tensions or confirm
the already existing weak coupling results. Although lattice
QCD has been very successful in calculating observables in
vacuum as well as in thermal equilibrium, reliably access-
ing near-equilibrium quantities such as the thermal photon
rate is very challenging, because the calculation of real-
time observables requires analytic continuation using a
finite, limited number of noisy Euclidean correlator data.
Moreover, the Euclidean correlators that need to be inverted
to obtain information on the spectral function are rather
insensitive to the infrared features of these spectral func-
tions [13–16]. In spite of the difficulties, several methods
have been devised to constrain the ill-posed numerical
inversion problem using both model-dependent and inde-
pendent approaches.
To determine the thermal photon production rate via

analytic continuation, the starting Euclidean observable is
the vector current correlation function at finite temperature.
Although this correlator has been investigated extensively
also on thermal ensembles, earlier analyses focused mainly
on vanishing spatial momentum, which is relevant for
the determination of the electrical conductivity of the
plasma [17–22]. Continuum-extrapolated vector current
correlators at finite spatial momenta obtained in quenched
lattice QCD simulations were analyzed for the photon rate
in Ref. [23]. In Ref. [24], the same goal was pursued with
continuum-extrapolated vector correlators based on two-
flavor dynamical simulations, focusing on an infrared-
dominated channel, the difference between the transverse
and longitudinal channels (T − L channel). In both
Refs. [23,24], information on the spectral function was
extracted from the Euclidean data using fit Ansätze.
In this work, we apply two different strategies to analyze

the correlation functions: the Backus-Gilbert method
[25,26] and a fit method where we apply various simple
fit Ansätze matched to perturbation theory at high frequen-
cies. In contrast to our earlier work, we investigate the
spatially transverse channel of the vector current correlator

at finite spatial momentum. In Sec. II, we collect the
relevant basic formulas and discuss the advantages of
investigating this particular channel. We also present in
that section an overview of the spectral function in this
channel in different regimes. Details on the lattice con-
figurations and the observables relevant in this study,
including the continuum extrapolation, are presented in
Sec. III. The analysis of the continuum-extrapolated corre-
lator in the transverse channel is presented in Sec. IV.
There, we also present our estimate on the thermal photon
rate based on this channel and compare it to available
results from the literature. We finally give our conclusions
and an outlook in Sec. V.

II. THEORETICAL BACKGROUND

In this section, we collect the main definitions of the
correlation functions to be analyzed and describe the
existing theory predictions with which we will confront
our lattice QCD calculations.

A. Basic definitions

The spectral function of the vector current Jμ¼ Ψ̄γμTaΨ,
for a generic matrix Ta acting in quark-flavor space, is
defined as

ρμνðω;kÞ ¼
Z

dt d3x eiðωt−k·xÞh½Jμðt;xÞ; Jνð0Þ†�i: ð1Þ

The Minkowskian time evolution of the current is given by
Jμðt;xÞ ¼ eiHtJμð0;xÞe−iHt. The expectation value of the
commutator is taken with respect to the thermal density
matrix, e−βH=Z, with β ¼ 1=T being the inverse temper-
ature. To leading order in the fine-structure constant,
αem ¼ e2=ð4πÞ, letting Ta ¼ diagð2

3
; −1
3
; −1
3
;…Þ contain

the quark electric charges, the thermal photon production
rate per unit volume of quark-gluon plasma can be
expressed as [27]

dΓγðkÞ
d3k

¼ αem
π2

ρVðω ¼ k; kÞ
4k

1

ek=T − 1
þOðα2emÞ; ð2Þ

in terms of the vector channel spectral function ρVðω; kÞ ¼
−ρμμðω;kÞ, where k ¼ jkj. It corresponds to the choice
λ ¼ 1 in the following linear combination, introduced in
Refs. [24,28]:

ρðω; k; λÞ ¼ 2ρTðω; kÞ þ λρLðω; kÞ; ð3Þ

where

ρTðω; kÞ ¼
1

2

�
δij −

kikj
k2

�
ρij and

ρLðω; kÞ ¼
kikj
k2

ρij − ρ00 ð4Þ
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denote the spatially transverse and longitudinal spectral
functions, respectively. As a consequence of current con-
servation, expression (3) is independent of λ for light-cone
kinematics ω ¼ k. Due to this fact, ρVðk; kÞ can be replaced
by ρðk; k; λÞ with arbitrary λ in the evaluation of the photon
rate [24,28] of Eq. (2). In Refs. [24,29], the λ ¼ −2 case
was investigated, which corresponds to the difference of the
transverse and longitudinal channels,

ρðω; k;−2Þ ¼ 2½ρTðω; kÞ − ρLðω; kÞ�: ð5Þ

This channel, ρðω; k;−2Þ, is particularly interesting
because it is non-negative for 0 ≤ ω ≤ k and highly sup-
pressed when ω > k. Therefore, it is very sensitive to
infrared physics of interest. It vanishes in the vacuum and
also satisfies a superconvergent sum rule, demonstrated in
Refs. [24,28] and utilized as a constraint in the spectral
reconstruction from Euclidean correlators in Ref. [24].
In this work, we investigate the transverse channel,

corresponding to using λ ¼ 0 in Eq. (3). As we shall see
below, it has complementary properties to the previously
studied λ ¼ −2 channel; in particular, its spectral function
is non-negative for all ω ≥ 0. The transverse-channel
Euclidean two-point functions of the vector current carry-
ing a definite spatial momentum are related to their
corresponding spectral function via (see, e.g., Ref. [15])

GTðτ; kÞ ¼
Z

∞

0

dω
2π

ρTðω; kÞKðω; τÞ; ð6Þ

where the kernel is given as

Kðω; τÞ ¼ cosh½ωðβ=2 − τÞ�
sinhðωβ=2Þ ; ð7Þ

and τ ¼ it. This spectral representation of the Euclidean
correlators will first be used to confront them with theory
predictions for the spectral function, and, in a second stage,
to fit an Ansatz for the spectral function to the Euclidean
correlators computed in lattice QCD.
We remark that in Secs. III and IV, we use the fla-

vor matrix Ta ¼ diagð 1ffiffi
2

p ; −1ffiffi
2

p Þ in two-flavor QCD—i.e.,

we calculate the isovector vector current correlator. This
specifies in particular the normalization of our results for
GT, G00, or ρT. If we are willing to use the approximate
SU(3) flavor symmetry in the high-temperature phase of
QCD and neglect dynamical strange-quark effects as well
as the charm contribution, the computed correlators simply
need to be multiplied by the charge factor, Cem ¼
ð2=3Þ2 þ ð−1=3Þ2 þ ð−1=3Þ2 ¼ 2=3, to obtain the electro-
magnetic current correlator in the physical QGP.

B. Hydrodynamics

The long-wavelength behavior of the spectral function
can be studied with the help of hydrodynamics. Let D be

the diffusion coefficient for the conserved electric charges.
In the hydrodynamic regime ω; k ≪ D−1, the first-order
hydrodynamic prediction for the transverse channel spec-
tral function is [30]

ρTðω; kÞ
ω

≈ 2Dχs; ð8Þ

where χs denotes the static quark susceptibility:

χs ¼
Z

β

0

dτ
Z

d3xhJ0ðτ;xÞJ0ð0; 0Þi: ð9Þ

The diffusion coefficient can be expressed using the
electrical conductivity, σ, as D ¼ σ=χs.
The functional form of ρT in Eq. (8) reveals the

advantage of investigating this channel—namely, that it
does not couple to the diffusion pole, in contrast to ρV or
ρðω; k;−2Þ [23,24]. Therefore, ρTðω; kÞ=ω around ω ¼ 0
does not contain any peaklike structure of arbitrarily small
width1 as k → 0. At extremely high temperatures in QCD,
which implies a small value of the strong coupling constant
g, a kinetic theory treatment eventually becomes applicable
and a narrow peak of width ∼g4T appears [30].
Following Ref. [23], we define the effective diffusion

coefficient

DeffðkÞ≡ ρTðω ¼ k; kÞ
2χsk

; ð10Þ

which tends to D as k → 0 and is the key dynamical
ingredient to evaluate the thermal photon production rate
of Eq. (2).

C. Resummed spectral functions at NLO
in thermal QCD

Analytic predictions are also available for the spectral
functions in the weak coupling limit. The spectral function
in the timelike regime—which is relevant for dilepton
production—has been investigated using perturbative cal-
culations since the seminal works of Refs. [27,31]. In most
of these perturbative calculations, the studied channel was
the vector channel spectral function, ρV. Focusing on the
transverse channel, leading-order (LO) results (correspond-
ing to noninteracting quarks) are available for massless
quarks in, e.g., Refs. [32–34]. Recently, this has been
extended to NLO at Oðg2Þ, calculating the perturbative
contributions up to two loops. The details of this impressive
two-loop calculation—valid both for spacelike and timelike
virtualities—can be found in Ref. [35], while a comparison
to lattice correlators has been presented in Ref. [36].

1The only exception to this statement is for a plasma of strictly
noninteracting particles, for which hydrodynamic predictions do
not apply.
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As we discussed in Sec. II A, the relevant information for
the thermal photon production is coming from the spectral
function determined at the light cone. The thermal photon
emission rate vanishes for noninteracting quarks [33]. The
NLO perturbative thermal photon emission rate can be
determined either by evaluating the NLO spectral functions
at the light cone or by making use of the computation in
Ref. [11]. The Oðg2Þ calculation of Ref. [11] has been
extended to Oðg3Þ by taking into account contributions
from soft gluons [12].
The strict two-loop perturbative spectral function

develops a logarithmic singularity at ω ¼ k [35,36]. It
originates from multiple rescatterings of a quark taking
part off-shell in the inelastic annihilation process that
produces a photon, or in bremsstrahlung [11,34,37–39].
This infrared (IR) singularity is also present in the NLO
calculation of the real photon rate [11,37]. The effect is
called the Landau-Pomeranchuk-Migdal (LPM) effect
[11,37] and can be handled by implementing a proper
resummation of ladder diagrams, called the LPM resum-
mation [11,34,36,38].
In order to compare lattice and perturbation theory

results, we used the publicly available implementation of
the two-loop calculation presented in Ref. [35] and com-
puted the LPM resummation based on Refs. [34,36]. In our
implementation, we used a window function to restrict the
LPM contribution to frequencies around the light cone.
The NLO perturbative spectral function complemented by
the LPM contribution is called NLOþ LPM in the follow-
ing. For the spatial momentum of k ¼ πT, we display this
spectral function in Fig. 5 using dashed lines.

D. N = 4 supersymmetric Yang-Mills theory

In theN ¼ 4 supersymmetric Yang-Mills (SYM) theory,
the thermal spectral functions can be obtained analytically
not only in the weak coupling limit, but in the strong
coupling (and large-Nc) regime as well [40]. The field
content of the theory is an SUðNcÞ gauge field together
with massless scalar and fermionic fields in the adjoint
representation of the gauge group. In the limit of infinite
’t Hooft coupling and an infinite number of colors, one can
determine the spectral function by making use of the
AdS=CFT correspondence and then numerically solving
an ordinary differential equation. Our primary interest,
the spectral function in the transverse channel, is a
smooth function having a similar asymptotic behavior—
proportional to ω2—at high frequencies to the transverse
spectral function in thermal QCD. Although the spectral
functions in SYM in the strong coupling limit cannot
quantitatively describe those of thermal QCD, their quali-
tative features are nevertheless instructive and may well be
of relevance at T ≃ 250 MeV. An example of such a
spectral function at strong coupling is shown in Fig. 5
for a spatial momentum k ¼ πT with a solid line.

III. LATTICE COMPUTATION OF THE
TRANSVERSE CORRELATORS

A. Ensembles and statistics

We employ dynamical OðaÞ-improved Wilson fermions
to simulate two degenerate flavors of quarks with an
in vacuo pion mass around 270 MeV. The details of the
lattice action can be found in Ref. [41] and references
therein. The temperature is T ≃ 250 MeV, well above the
transition temperature, estimated to be about Tc≃211MeV
in Nf ¼ 2 QCD [42]. We use the four ensembles listed in
Table I, which are the same ones underlying the analysis
of the λ ¼ −2 channel in Ref. [24]. Both the number of
configurations and the number of point sources are the
same in this work as they were in Ref. [24]. Although the
pion mass is larger than its physical value on these
ensembles, we emphasize that quark-mass effects on the
correlator are suppressed by ðm=TÞ2 in the chirally sym-
metric phase. For our two coarsest ensembles, labeled as F7
and O7, the bare quark mass and gauge coupling have been
set identical to the vacuum F7 and O7 ensembles used
in Refs. [41,43], while for the finer ensembles, labeled as
W7 and X7, the tuning to the line of constant physics was
performed in Refs. [44]. The lattice spacings for these
ensembles are around a ≃ 0.066, 0.049, 0.039, and
0.033 fm with an error of about 1% [43]. The physical
volume for all ensembles is around L ≃ 3.1 fm.

B. Lattice observables

In this section, we introduce the various discretized
lattice correlators that we used to perform the continuum
extrapolation in Sec. III C. We consider the two-point
function of the isovector vector current in QCD with exact
isospin symmetry. This allows for precise comparisons
with weak coupling predictions in Nf ¼ 2 QCD. As
discussed at the end of Sec. II A, the correlator of the
electromagnetic current in the physical QGP can be
obtained approximately by multiplying our correlator by
the charge factor Cem ¼ 2=3.

TABLE I. Overview of the Nf ¼ 2 ensembles used in this
study. Simulations were carried out at a fixed temperature of T ≈
254 MeV and a fixed aspect ratio TL ¼ 4, where L is the spatial
linear size of the lattice. The parameters given are the bare gauge
coupling g0, the Wilson hopping parameter κ, the temporal size in
units of the lattice spacing a, the number of configurations used
Nconf , and the number of molecular dynamics time units (MDUs)
separating these configurations. The number of point sources per
configuration is 16 in all cases.

Label 6=g20 κ 1=ðaTÞ Nconf
MDUs
conf

F7 5.3 0.13638 12 482 20
O7 5.5 0.13671 16 305 20
W7 5.685727 0.136684 20 1566 8
X7 5.827160 0.136544 24 511 10
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The bare local and the conserved vector current are
defined as

VL
μðxÞ ¼ Ψ̄ðxÞ τ3ffiffiffi

2
p γμΨðxÞ ð11Þ

and

VC
μ ðxÞ ¼

1

2

�
Ψ̄ðxþ aμ̂Þð1þ γμÞU†

μðxÞ τ3ffiffiffi
2

p ΨðxÞ

− Ψ̄ðxÞð1 − γμÞUμðxÞ
τ3ffiffiffi
2

p Ψðxþ aμ̂Þ
�
; ð12Þ

respectively, where Ψ ¼ ðu; dÞ⊤ represents the isospin
doublet of mass-degenerate quark fields and τ3 is the
diagonal Pauli matrix. As in Ref. [24], we have not
implemented the additive OðaÞ improvement of vector
currents, as the contribution of the improvement terms to
the two-point functions would be suppressed by the
quark mass in the chirally restored phase. Using the
currents above, we define the following bare unimproved
correlators:

GLL
μν ðτ;kÞ ¼ a3

X
x

eik·xhVL
μðτ;xÞVL

ν ð0; 0Þi; ð13Þ

GCC
μν ðτ þ aδμ0=2 − aδν0=2;kÞ
¼ a3

X
x

eik·ðxþaμ̂=2−aν̂=2ÞhVC
μ ðτ;xÞVC

ν ð0; 0Þi; ð14Þ

GLC
μν ðτ − aδν0=2;kÞ ¼ a3

X
x

eik·ðx−aν̂=2ÞhVL
μðτ;xÞVC

ν ð0; 0Þi;

ð15Þ

GCL
μν ðτþ aδμ0=2;kÞ ¼ a3

X
x

eik·ðxþaμ̂=2ÞhVC
μ ðτ;xÞVL

ν ð0;0Þi:

ð16Þ

Under time reflections, the local-conserved correlator is

transformed into the conserved-local one, GCL
μν ðτ;kÞ→T

GLC
νμ ð−τ;kÞ, and vice versa. Using this fact, we average

the two appropriately, and we refer to it with the superscript
LC in the following. For the transverse correlator we need
only the spatial components of the correlators, which are
defined on the lattice sites according to Eqs. (13)–(16).
In the case of local-conserved or conserved-local correla-
tors, however, we note that the charge-charge correlator
can be evaluated on site τ by averaging GLC

00 ðτ þ a=2;kÞ
and GLC

00 ðτ − a=2;kÞ.
To obtain the correlator in the transverse channel, we first

evaluate

Ĝα
Tðτ;kÞ ¼

1

2

X3
i;j¼1

�
δij −

kikj
k2

�
Gα

ijðτ;kÞ;

α ¼ LL;LC;CC: ð17Þ

Imposing time-reversal symmetry and translation invari-
ance, we then symmetrize the correlators in the time
direction and average over the momentum orientations:

Gα
Tðτ; kÞ ¼

1

2Nk

X
jk0j¼k

ðĜα
Tðτ;k0Þ þ Ĝα

Tðβ − τ;k0ÞÞ; ð18Þ

where Nk is the number of momenta of norm k.

C. Continuum extrapolation

For the continuum extrapolation, we first interpolate the
lattice correlators to the time separations which correspond
to our finest lattice, X7. We apply two interpolation
methods, Akima and monotonic cubic spline [45–47].
For the interpolation, we normalize GT=G00 by the LO
continuum transverse correlator—i.e., we multiply by
T3=GLO

T in order to have a flattened interpolant. After
the interpolation, we remove this factor.2 In order to avoid
the renormalization of the local currents, we divide the bare
correlator by the bare static susceptibility computed using
the same discretization:

Ḡα
T ≡Gα

Tðτ; kÞ
χαs ðτÞT

; χαs ðτÞ ¼ βGα
00ðτ; 0Þ: ð19Þ

In the following, we omit the label T denoting the trans-
verse channel.
When extrapolating to the continuum, our complete

dataset consists of four ensembles, and on each ensemble
three different discretizations of the correlator—i.e., 12
data points in total. Using these data points, we carry out
fits by using only a single discretization, or simultaneously
multiple discretizations of the transverse current correlators
for each τ and k. When using multiple discretizations,
we perform constrained correlated fits using the following
fit Ansatz:

dða=β; cαÞ ¼ c0 þ cα1ða=βÞ2 þ cα2ða=βÞ4; ð20Þ

where c0 is the estimate of the continuum limit from a
particular fit, and the cα1 and cα2 parameters are character-
izing the approach to the continuum of the different
discretized correlators. We take into account the correla-
tions between the different discretizations, and minimize
the chi-squared statistic

2Alternatively, one can carry out the tree-level improvement of
the data at this step—i.e., before the interpolation.

PHOTON EMISSIVITY OF THE QUARK-GLUON PLASMA: … PHYS. REV. D 106, 054501 (2022)

054501-5



χ2 ¼
XNe

e¼1

X
α;α0

½Ḡαðae=βÞ − dðae=β; cαÞ�

× Cov−1e;αα0 ½Ḡα0 ðae=βÞ − dðae=β; cα0 Þ�; ð21Þ

where the index e runs over the ensembles and
α; α0 ¼ LL;LC;CC. A regularized covariance matrix
Cov is obtained by multiplying the off-diagonal elements
by ξ ¼ 0.95. This one-parameter regularization method,
which allows one to interpolate between fully correlated
(ξ ¼ 1) and uncorrelated fits (ξ ¼ 0), is investigated in
Refs. [48,49]. The regularization has a non-negligible effect
only in the case of linear fits (i.e., when setting the cα2
coefficients to zero), for which it leads to an increased
number of acceptable fits.
To increase the robustness of the continuum limit, we

implement a multiplicative tree-level improvement of the
lattice data

Ḡα
TLIðτ; kÞ≡ Ḡαðτ; kÞ

�
Ḡðτ; kÞ
Ḡαðτ; kÞ

�
LO
; ð22Þ

where Ḡα
TLI is the tree-level-improved correlator, and ḠLO

and Ḡα
LO are the continuum and the lattice leading-order

perturbation theory results, respectively. The tree-level
improvement reduces the difference between the various
discretizations at finite lattice spacing, which results in
more fits having acceptable p values. It reduces the
continuum-extrapolated value at smaller Euclidean time
separations, τT < 0.25. The effect of the improvement
turns out to be much milder—almost negligible on the final
continuum result—for larger distances, τT ≥ 0.25.
In order to estimate the systematic errors, we carry out

extrapolations using the tree-level-improved as well as the

unimproved data. Further systematic variations include using
two interpolation methods to interpolate to the same τT
points on all ensembles and varying the number of data
points used in the fits. For the linear fits, only the three finest
ensembles have been used; therefore, in this case we have
nine data points and four fit parameters. We investigate the
robustness of the results by omitting one data point from the
coarsest ensemble or two data points from the coarsest two
out of three ensembles. When we leave out more than one
point, we always discard them from the same discretization.
Furthermore, we carry out extrapolations by using only one
or two discretizations. In the case of quadratic fits, we
proceed similarly, but we omit one, two, or three data points
from the coarsest three out of four ensembles.
These various changes in the analysis result in a total

number of 104 fits. The χ2 values, the number of fit
parameters, and the number of data points have been used
to calculate the Akaike information criterion (AIC) weight of
each fit [50,51]. Using these weights, we build a histogram
and quote the median as our final continuum result. The
histogram is used in the later stages of the analysis.
We also perform the continuum limit of the static

susceptibility, which requires including the ZV renormal-
ization constant when the local discretization of the current
is used. To obtain the values of ZV at the bare couplings of
our ensembles, we utilize the parametrization of ZVðg20Þ
given in Ref. [52]. Then, adopting a similar procedure to
determine the continuum limit of the static susceptibility as
we used for the transverse correlator, we obtain χs=T2 ¼
β3G00ðβ=2; 0Þ ¼ 0.882ð11Þstatð19Þsys; see the right panel of
Fig. 1. Compared with our result of Ref. [24], we quote a
more conservative systematic error due to the continuum
limit, primarily due to the inclusion of quadratic fits in a2 in
this work. We have also investigated the use of other

FIG. 1. Left: Simultaneous continuum extrapolation at τT ¼ 0.25 of the local-local (LL), local-conserved (LC), and conserved-conserved
(CC) tree-level improved correlators plottedwith red circles, blue triangles, andgreen squares, respectively. The unimproved correlator values
are shown with fainter symbols. The colored bands show the linear fit using the three finest lattice spacings and all discretizations, while the
dashed lines illustrate the quadratic fit using all data points. The results of the linear (quadratic) extrapolations are shown as empty squares
(circles). The fainter, shifted, gray symbols show the continuum values obtained using the unimproved correlators. The leftmost gray band
represents our final continuum estimate, including its systematic error.Right: Simultaneous continuum extrapolation of the isovector charge-
charge correlator required to compute the static susceptibility. The color code is the same as in the left panel.
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determinations of the renormalization factor [53] and the
inclusion of the mass-dependent improvement; these var-
iations lead to subleading differences compared to the
systematic error from the continuum extrapolation.
In order to obtain GT=T3 in the continuum, we multiply

the continuum limit of GT=G00 by the continuum estimate
of G00=T3. The transverse correlator divided by the charge-
charge correlator is shown in the top panel of Fig. 2 for
k=T ≈ 4.97, and in units of temperature in the bottom
panel. The statistical error on GT=T3 is typically around
0.25%–0.6%, while it is in the range 1.1%–1.4%
for GT=G00.

D. Continuum-extrapolated
correlators vs theory predictions

Having obtained the transverse-channel correlators in the
continuum, we compare them to various theory predictions.
In this comparison, we neglect the Oððm=TÞ2Þ quark mass
effects present in the lattice results, sincem=T ≈ 0.05 in our
simulations.
We find that the LO correlator is about 5%–20% larger

at Euclidean time separations τT > 0.4 for momenta
k=T ≳ 3.85; see Fig. 2. The deviation is smaller, around
∼5%, for smaller momenta. It reduces towards smaller time
separations, and below a certain (k-dependent) τT value,

the LO correlator is smaller by about 5% than our
continuum result. The NLOþ LPM correlator, however,
is only about 3%–4% larger than the lattice result for all
momenta and for all time separations 0.17≲ τT ≤ 0.5 for
which we could reliably determine the continuum limit.
We conclude that the perturbative corrections to the LO
correlator noticeably improve its agreement with our lattice
correlator. The strongly coupled N ¼ 4 SYM theory result
also provides a relatively good description, even though
that result concerns a different non-Abelian gauge theory
and applies in the large-Nc limit. The bottom insets in
each of the four panels of Fig. 2 show the ratio of the
perturbative and the SYM results to the continuum-
extrapolated lattice results.
Aword on the multiplicative normalization of the theory

predictions is in order. For the perturbative predictions,
while no prescription is needed for Gðτ; kÞ, a choice must
be made to obtain Ḡðτ; kÞ. Here we have normalized both
the LO and the NLOþ LPM correlators by the Oðg6 ln gÞ
susceptibility [54]. In Ref. [54], the coefficient of one
of the undetermined Oðg6Þ terms was estimated to be
CðNf ¼ 2Þ ≈ −45, which results in χpert=T2 ≈ 0.83, the
value which we used for Fig. 2. This value, however, is 6%
lower than the continuum-extrapolated value we obtained.
Based on our lattice continuum result, CðNf ¼ 2Þ ≈ 33

FIG. 2. Top panels: Comparison of the GT=G00 correlators for k=T ¼ π and k=T ≈ 4.97. The bottom insets show the various
correlators normalized by the continuum-extrapolated lattice-QCD correlator. The NLOþ LPM result is obtained by using αs ¼ 0.25.
Bottom panels: Comparison of GT=T3. We set Nc ¼ 3 to obtain the SYM theory result.
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would result in a better agreement for χs=T2. However, we
note that the contributions from successive higher orders in
the perturbative calculation of χpert=T2 are similar in size,
so the estimation for CðNf ¼ 2Þ is to be treated with
caution. As for the strongly coupled, large-Nc N ¼ 4 SYM
correlator, we note that Ḡðτ; kÞ is a natural quantity to
compare across different thermal systems; in particular, the
dependence on the number of colors drops out. In order to
compare the correlator Gðτ; kÞ itself, a certain choice
must be made for the susceptibility. We have chosen to
set χSYM=T2 ¼ N2

c=8 ¼ 9=8.

IV. ANALYSIS OF THE TRANSVERSE-CHANNEL
SPECTRAL FUNCTION

Given the transverse-channel Euclidean correlation func-
tion in the continuum limit, we proceed to analyze the
corresponding spectral function via Eq. (6). Here, we pre-
sent an analysis based directly on GT=T3 in Secs. IVA and
IV B, since we found the correlator to be statistically
particularly precise. In addition, we have seen that the
NLOþ LPM correlator is only a few percent off the lattice
correlator, which encourages us to use that prediction as
a baseline in Sec. IV B. In contrast, since the primary
continuum-extrapolated quantity is Ḡ ¼ GT=G00, Ref. [55]
contains an analysis based on that ratio.
We start in Sec. IVA by using the Backus-Gilbert

method in order to perform the comparison between lattice
data and theory predictions in frequency space without
introducing any model dependence. Section IV B then
presents fits to the lattice data in order to determine the
spectral function, with a particular focus on lightlike
kinematics, ω ¼ k. For simplicity of notation, we omit
the spatial momentum from the arguments in the following
sections.

A. Backus-Gilbert method: Smeared spectral
functions vs theory predictions

The Backus-Gilbert method is a model-independent
approach to overcome the spectral reconstruction problem
[25]. By using this method, one can determine a local
average of the spectral function around a given value of the
frequency. In the present case, it is also favorable to
introduce a rescaling function, fðωÞ, which in particular
removes the singularity at vanishing frequency of the kernel
Kðω; τÞ. Thus, the new kernel is defined as

Kfðω; τÞ≡ Kðω; τÞfðωÞ; ð23Þ

with the rescaling function fðωÞ being specified later, but
satisfying fðωÞ ∝ ω as ω → 0. The smeared, rescaled
spectral function, ρ̂ðωÞ=fðωÞ, is defined in this case as

ρ̂ðωÞ
fðωÞ≡

Z
∞

0

dω0Δðω;ω0Þ ρðω
0Þ

fðω0Þ ; ð24Þ

where Δðω;ω0Þ is the so-called resolution function or
averaging kernel, which is completely specified in terms
of some coefficients, giðωÞ, and is given as

Δðω;ω0Þ ¼
X
i

giðωÞKfðω0; τiÞ: ð25Þ

Inserting back Δðω;ω0Þ of Eq. (25) into Eq. (24), we find
that the filtered spectral function is the linear combination
of the Euclidean correlator data,

ρ̂ðωÞ ¼ fðωÞ
X
i

giðωÞGTðτiÞ: ð26Þ

The coefficients, giðωÞ, are determined in the Backus-
Gilbert method by minimizing the second moment of the
squared resolution function

A½g�≡
Z

∞

0

dω0ðω − ω0Þ2½Δðω;ω0Þ�2

¼
X
i;j

giðωÞAijðωÞgjðωÞ ð27Þ

subject to the constraintZ
∞

0

dω0Δðω;ω0Þ ¼ 1: ð28Þ

This minimization ensures that the width of the resolution
function is as small as possible and that, at fixed ω,
Δðω;ω0Þ has unit area. The minimizing solution is given as

giðωÞ ¼
A−1
ij ðωÞRj

RkA−1
kl ðωÞRl

; ð29Þ

where

AijðωÞ ¼
Z

∞

0

dω0Kfðω0; τiÞKfðω0; τjÞðω − ω0Þ2 and

Ri ¼
Z

∞

0

dωKfðω; τiÞ: ð30Þ

The matrix A is ill-conditioned in practice; therefore,
an error functional is added to A½g�, which serves as a
regulator. As a consequence, A has to be replaced by Areg

in Eq. (29), where

Areg
ij ðωÞ ¼ λAijðωÞ þ ð1 − λÞCovij½GT�; ð31Þ

and 0 ≤ λ ≤ 1 is the regularization parameter compromis-
ing between stability and resolution. The smaller the value
of λ, the larger the regularization. In Eq. (31), Cov½GT�
stands for the covariance matrix of the Euclidean correlator.
We note that in our numerical implementation, we work in
the units of temperature.
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We emphasize again that from the filtered spectral
function one cannot model-independently determine the
value of ρðωÞ itself, but it could be useful to compare it to a
similarly smoothened spectral function coming from other
approaches. Once the giðωÞ coefficients are determined via
Eq. (29) by utilizing the covariance matrix of the data, the
same resolution function can be used to build, for instance,
the perturbative filtered spectral function. In Fig. 3, we
compare the filtered spectral function obtained from the
continuum GT=T3 data to the filtered spectral function of
the weak coupling QCD regime as well as that of the SYM
theory, using the same resolution functions. The chosen
rescaling function is

fðωÞ ¼ ω2

tanhðω=ð2TÞÞ : ð32Þ

As Fig. 3 shows, the filtered, rescaled spectral function
obtained using the lattice data is somewhat below the
perturbative one, especially for small momenta (k=T ≤
3.14). At small frequencies, below ω=T ∼ 5, the filtered
spectral function is between the weak coupling and the
N ¼ 4 SYM theory filtered spectral function. Using all
nine data points for the correlator, we find that the condition
number of Areg gets more or less tractable (smaller than
∼107) when λ is around 10−4 or smaller. The elements of
Areg are still dominated in this case by the first term of
Eq. (31), though they are still several orders of magnitude
larger than the elements of the covariance matrix. When
λ≳ 10−2, the condition number is above 5 × 108 and ρ̂ðωÞ
tends to have unphysical wiggles. By omitting, e.g., the
first data point from the correlator, one can use larger values
of λ, but one fewer coefficient. The results, nevertheless, do
not change significantly.

The resolution functions, Δðω;ω0Þ, are quite wide, and
they blur the fine details of the spectral function. They are
almost identical for different momenta when fixing the
value of λ. Their dependence on λ is also very mild, but it
increases when going to a higher target ω. Some examples
can be seen in Fig. 4. We obtain similar results to those
discussed above using the covariance matrix of GT=G00

instead.
In summary, we have found that the filtered spectral

functions derived from the continuum-extrapolated lattice
data are close to the NLOþ LPM spectral function filtered
with the same resolution function, and that the agreement
increases both with increasing k and increasing ω, up to
ω ≈ 10T. Since beyond that point the resolution function
extends to very high frequencies, residual cutoff effects in
the lattice results could explain the differences observed
with the NLOþ LPM curves in that regime. At k ¼ πT, the
nonperturbative filtered spectral function undershoots the

FIG. 3. Comparison of filtered, rescaled, transverse channel spectral functions obtained using the continuum lattice data (with colors)
and the perturbative spectral function (continuous, black), as well as the N ¼ 4 SYM theory (dashed, black) for k=T ≈ 3.14 and
k=T ≈ 4.97 (left and right panels, respectively). The renormalization scale is set to μ ¼ 2πT or μ ¼ 3πT when using the NLOþ LPM
spectral function, which results in two curves. The renormalization scales 2πT and 3πT correspond to αs ≃ 0.31 and αs ≃ 0.25,
respectively. Errors are only statistical.

FIG. 4. Resolution functions for k=T ≈ 3.14, λ ¼ 10−4 for
different values of ω�=T.
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perturbative prediction, a point already noted in Ref. [23]
for the 2ρT þ ρL channel relevant for the dilepton rate.
Finally, we remark that the value of ½ρ̂ðω; kÞ=fðωÞ�ω¼k
found here is very much in the ballpark of the values
obtained for ½ρðω; kÞ=fðωÞ�ω¼k with various fit Ansätze for
the spectral function (see Fig. 5 below), even though the
resolution function is rather broad compared to k.

B. The transverse-channel spectral function from
fits to the Euclidean correlators

We now turn to our direct attempt at determining the
spectral function by fitting various Ansätze to the transverse
correlator. When specifying possible Ansätze describing
the transverse spectral function, we have taken into account
the facts that it has to be odd in ω, i.e., ρð−ωÞ ¼ −ρðωÞ, as
well as positive for ω > 0, as shown in Ref. [24]. While the
Ansätze were chosen to be odd by construction, models
were only excluded a posteriori if they violated positivity
with a 68% confidence level.
The high-frequency behavior of the spectral function is

dictated by perturbation theory; therefore, we assume the
following form for the transverse spectral function:

ρðωÞ ¼ ρfitðωÞð1 − Θðω;ω0;ΔÞÞ þ ρpertðωÞΘðω;ω0;ΔÞ;
ð33Þ

where ρpert is the NLO prediction for the transverse spectral
function complemented with the LPM contribution near the
light cone,

ρpertðωÞ ¼ ρNLOðωÞ þ ρLPMðωÞ; ð34Þ

and

Θðω;ω0;ΔÞ ¼ ð1þ tanh½ðω − ω0Þ=Δ�Þ=2 ð35Þ

is a smooth step function which controls how fast the
perturbative contribution falls off around ω0 as ω is
lowered. Using the decomposition of Eq. (33), we ensure
that the perturbative part gives the dominant contribution
above the chosen value of ω0, which we call the matching
frequency. Moreover, the transition from the perturbative
regime—assumed to be valid in the ultraviolet—can be
realized in a smooth way without constraining any of the
coefficients of the fit function.
For the fit function, ρfitðωÞ, we consider the following

two possible Ansätze:

ρfit;1ðωÞ
T2

¼
XNp−1

n¼0

An

�
ω

ω0

�
1þ2n

; ð36Þ

where Np denotes the number of fit parameters, and

ρfit;2ðωÞ
T2

¼
(
A0

ω
ω0
þ A1ð ωω0

Þ3; if ω ≤ k;

B0
ω
ω0
þ B1ð ωω0

Þ3; if ω > k;
ð37Þ

where the free parameters have been chosen to be A0, B0,
B1, and A1 has been fixed, imposing continuity: A1 ¼
B1 þ ðB0 − A0Þω2

0=k
2. In the latter case, we also carry out

fits by setting B0 to zero—i.e., having only two fit
parameters. The spectral functions of Eq. (33) including
ρfit;1ðωÞ or ρfit;2ðωÞ are referred to in the following as
the polynomial or the piecewise polynomial Ansätze,
respectively.
These Ansätze are motivated by their ability to describe

the spectral function of the strongly coupled N ¼ 4 SYM
theory, as well as that of the NLOþ LPM resummed
perturbation theory, to a satisfactory level. The functional
form of Eq. (36) is more suitable for the spectral function
obtained with the AdS=CFT approach in the N ¼ 4 SYM
theory, whereas the built-in nondifferentiability at the light
cone in the piecewise polynomial Ansatz of Eq. (37) is

FIG. 5. Left: Representative fit results using the piecewise polynomial Ansatz with two (Np ¼ 2) or three fit parameters (Np ¼ 3) at
k=T ¼ π. For comparison, the transverse channel spectral function in the weak coupling NLOþ LPM theory, as well as in the strongly
coupled SYM theory are also included. Right: Representative fit results using the polynomial Ansatz.
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more apt at describing the cusp present in the NLOþ LPM
result. More details can be found about the expressivity of
these Ansätze in Appendix B, in which we present the
outcome of mock data analyses and to which we return in
the next subsection.
After inserting ρðωÞ from Eq. (33) into Eq. (6), we solve

the correlated χ2 minimization problem to determine the
unknown coefficients. We show some representative fit
results with good χ2 values in Fig. 5 for the momentum
k ¼ πT. We have explored many variations in the fit
procedure and take into account the statistical and system-
atic error of the continuum-extrapolated Euclidean corre-
lators. More details on this and the method of estimating
systematic errors on the effective diffusion coefficient,
DeffðkÞ, can be found in Appendix A. Our result for
DeffðkÞ extracted using the polynomial Ansatz is displayed
in the right panel of Fig. 6. The line within the band
represents the median of the distribution of results obtained,
while the width of the band indicates the positions of the
16th and 84th percentiles.
The piecewise polynomial fit Ansatz turns out to yield a

sizeable spread of results for the effective diffusion coef-
ficient. This spread comes from the results for Deff actually
falling into two well-separated intervals. Fit results with
Np ¼ 2 tend to lead to results in the lower interval, while
the results obtained with Np ¼ 3 populate both intervals.
To illustrate the point, in the left panel of Fig. 6 we display
the results for the effective diffusion coefficient DeffðkÞ
obtained with Np ¼ 2 and Np ¼ 3 separately as two
colored bands. This doubly peaked distribution of results
for Deff is associated with the behavior of the spectral
function around lightlike kinematics. When using this
Ansatz to fit the correlator, we obtain spectral functions

possessing either a minimum or a spikelike maximum at the
light-cone frequency. Representative fit results are shown in
the left panel of Fig. 5. Since neither the NLOþ LPMweak
coupling nor the SYM spectral functions has a maximum
at ω ¼ k, we also investigate the fit results obtained by
excluding the fits satisfying

dρ
dω

����
ω¼k−ϵ

−
dρ
dω

����
ω¼kþϵ

> 0 ð38Þ

to at least 1 standard deviation. With this qualitative
theoretical prejudice in place, the fit results are significantly
more constraining. The Deff values obtained this way are
displayed in the right panel of Fig. 6, where they are
denoted as “no-peak” solutions. Excluding fits possessing
the feature Eq. (38) is also affirmed by the upper limit of the
results obtained by analyzing the spectral function in the
T − L channel [24,29]. As can be seen by comparing
the two panels of Fig. 6, a large portion of the solutions
with a peak at lightlike kinematics can be excluded by our
previous analysis of the T − L channel. We note that the
latter analysis has been carried out using the same ensem-
bles that we employ in the present study. For comparison,
Fig. 6 also displays the weak coupling results (dashed lines)
obtained directly for the photon rate in Ref. [11], as well as
the strongly coupled SYM theory results (solid gray line).

C. Final result for the photon emissivity
extracted from the fits

In order to arrive at our final estimate for the photon
emissivity, we need to judge the reliability of our fit Ansätze
in extracting the quantity Deff. For this, we return to the
analysis of mock data, presented in detail in Appendix B.

FIG. 6. Results for the effective diffusion coefficient, TDeff , defined in Eq. (10). Left: Separate analyses of fit results obtained with
Np ¼ 2 and Np ¼ 3 using the piecewise polynomial Ansatz [Eq. (37)]. Right: Imposing the constraint of Eq. (38) at 1 standard deviation
to the fit results obtained with the piecewise polynomial Ansatz. The results obtained by using the polynomial Ansatz [Eq. (36)] are
displayed in red. Analytical results from perturbative QCD [11] using αs ≃ 0.25 or 0.31 (dashed lines) and from the strongly coupled
N ¼ 4 SYM theory (gray line) [40] are also included, as well as an upper bound obtained from the analysis of the T − L channel (dotted
line) [24]. We use the value χs=T2 ¼ 0.88ð2Þ to obtain TDeff from the lattice data, but the free susceptibility to obtain TDeff from the
Nf ¼ 2 weak coupling photon rate.
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There, we find that the fit Ansatz functions tend to
overestimate the photon rate in the investigated models,
irrespective of whether GT=G00 or GT=T3 is used. We
therefore first derive an upper bound for Deff, and hence
for the photon emissivity. By fitting a linear Ansatz
a × k=T þ b to TDeff obtained from the polynomial
Ansatz in the k=T range ½π=2; 2π� and then plugging the
effective diffusion coefficient, TDeff , into the formula
giving the thermal photon emission rate per unit volume,
Eq. (2), we arrive at the following upper bound:

1

T

dΓγðkÞ
d3k

≤
αem
π2

χs
T2

Cem

ek=T − 1
×

�
0.22ð1Þ − 0.0062ð25Þ k

T

�
:

ð39Þ

In Eq. (39), Cem denotes the charge factor equal to 2=3 in
the Nf ¼ 3 theory. We recall that the static susceptibility
has been determined in Sec. III C: χs=T2 ¼ 0.88ð2Þ
at T ≃ 250 MeV.
As far as a lower bound on Deff is concerned, we

distinguish two regimes, k > πT and k ≤ πT. In the former
case, using the NLOþ LPM correlator as input, the central
value of the output for the effective diffusion constant is
usually at least 50%–80% larger than the true value, and our
error estimate typically does not cover the true value in the
range 3.5 ≤ k=T ≤ 5.5 (see the right panel of Fig. 9). In the
case of theN ¼ 4 SYM theory mock data, the results from
the two Ansätze bracket the true result for intermediate and
smaller momenta k=T ≲ 4.5, but our Ansätze overestimate
TDeff by 5%–25% at larger momenta. Therefore, for k >
πT we extend the lower bound down to the weak coupling
prediction in Fig. 6 (right panel), which we parametrize
in Eq. (40).
For the mock data tests performed in the momentum

range k ≤ πT, on the other hand, the resulting error band
always covers the true value for at least one of the two
Ansätze that we use. As the right panel of Fig. 6 shows, the
lower bound is driven by the results of the piecewise
polynomial Ansatz, which decreases until reaching vanish-
ing Deff values at our smallest momentum. A parametriza-
tion of the lower bound can be given by a linear function in
k=T that connects zero at k ¼ πT=2 and the NLO weak
coupling result at k ¼ πT. Thus, we parametrize our lower
bound according to

1

T

dΓγðkÞ
d3k

≥
αem
π2

χs
T2

Cem

ek=T − 1

×

� ð−9.43þ 6.00 k
TÞ× 10−2; πT=2 ≤ k ≤ πT;

ð4.86þ 14.33 T
kÞ× 10−2; πT < k ≤ 2πT:

ð40Þ

From the observations made above, it is clear that this lower
bound is influenced by the theory prejudice that the spectral

function at lightlike kinematics does not “dive” down to
even smaller values than the weak coupling results [11]
predict for realistic values of αs; see Fig. 5.
We remark that the curves and bands displayed in Fig. 6

have a precise statistical meaning based on percentiles
(16th, 50th, 84th) of the distribution of results obtained by
applying a set of procedural variations. The band defined
by the k-dependent bounds of Eqs. (39) and (40) summa-
rizes the results, giving equal weight to both fit Ansätze that
we have used; it is displayed in Fig. 7.

V. CONCLUSION

In this study, we have presented the first investigation
of the transverse channel Euclidean correlator at finite
momenta, using Nf ¼ 2 OðaÞ-improved dynamical Wilson
fermions at around T ≃ 250 MeV corresponding to 1.2Tc.
We carried out a simultaneous continuum extrapolation
using three discretizations of the correlators of the isovector
vector currents. We used four ensembles with lattice
spacings in the range a ≃ 0.033–0.066 fm. We compared
the filtered spectral functions obtained from the continuum-
extrapolated transverse correlator via the Backus-Gilbert
method to the spectral function of perturbation theory at
next-to-leading order and the one obtained in the strongly
coupled N ¼ 4 supersymmetric Yang-Mills theory. The
small-frequency lattice results lie between the filtered
spectral functions obtained in these two theories. In order
to determine the thermal photon emission rate, we fitted the
correlators using polynomial and piecewise polynomial fit
Ansätze for the underlying spectral function. We validated
the expressivity of these Ansätze by performing mock tests
using the spectral functions obtained in perturbation theory

FIG. 7. The photon rate per unit volume of the QGP at T ≃
250 MeV (hatched band). The Bose factor nB ¼ 1=ðek=T − 1Þ has
been divided out. The upper bound parametrization derived from
the Deff results of the polynomial Ansatz is shown as a solid line.
The full leading-order results [11] obtained by setting αs ≃ 0.25
or 0.31 are shown for comparison. Including corrections from
interactions with soft gluons, one can get a 20% increase at
αs ≃ 0.3 for the perturbative result [12].
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as well as in the N ¼ 4 super-Yang-Mills theory. We
compared our results for the effective diffusion coefficient
to the results obtained in these theories as shown in Fig. 6,
and also to the results obtained by analyzing the differences
of the transverse and the longitudinal channels, presented
earlier in Ref. [24]. The ranges obtained are compatible
with the weak coupling, as well as with the AdS=CFT
results. Our final result for the photon emissivity is
displayed in Fig. 7 as a hatched band, for which we
provide a parametrization in Eqs. (39) and (40). For
momenta below 1 GeV, the upper edge of the band is
more constraining than the estimate derived from the
analysis of the difference of the transverse and longitudinal
channels. We obtain our strongest constraint on the photon
emissivity around k ¼ πT ≃ 0.8 GeV:

dΓγ

d3k
¼ αem

ek=T − 1
ð2.2� 0.8Þ × 10−3 GeV: ð41Þ

Overall, our lattice-QCD based results, while consistent
within uncertainties with the full leading-order weak
coupling result [11], can also accommodate a photon
emissivity about 2.5 times higher. Such an enhanced
emission rate would likely help explain the large photon
yield measured by the PHENIX [6] and ALICE [8]
Collaborations in heavy-ion collisions, but may lead to a
further suppression of the predictions [10] for the momen-
tum anisotropy of the photons, which already undershoot
the experimental data.
In the future, we plan to (linearly) combine the present

analysis with our previous one [24] to provide estimates of
the dilepton rate at invariant masses, M2

lþl− ¼ω2−k2>0.
We are also investigating a qualitatively different approach to
the photon rate by computing zero-virtuality correlators on
the lattice [56,57]. While numerically challenging, this
approach allows one to avoid confronting the inverse
problem.
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APPENDIX A: TECHNICAL ASPECTS OF THE
FITS FOR THE SPECTRAL FUNCTION

In this appendix, we provide some details on the
procedure we followed in Sec. IV B to obtain spectral
functions via fits to the Euclidean correlators. After
inserting ρðωÞ from Eq. (33) into Eq. (6), we solved the
correlated χ2 minimization problem to determine the
unknown coefficients. When doing so, we regularized
the covariance matrix by multiplying the off-diagonal
elements by 0.95. To estimate the statistical error, the
minimization problem has been solved for every jackknife
sample of the continuum correlator by using the covariance
matrix obtained from the full data. To quantify the
systematic uncertainty of the reconstruction coming from
the systematic uncertainty of the continuum limit correlator
values, we used the continuum extrapolation fit results for
the 16th, 50th, and 84th percentiles of the AIC-weighted
histogram obtained for each τT value. However, we did not
take into account all possible combinations of these
histogram representatives, but chose random subsets con-
taining 20–100 combinations for each momentum.
In order to estimate the systematic error from making

parameter choices for the perturbative results or changing
various parameters when fitting, we performed several fits
using a set of plausible variants. Regarding the perturbative
input for our analysis, the NLOþ LPM result depends on
the coupling constant. Using the four-loop formulas of
Ref. [60], we determined the coupling constant by setting
the renormalization scale either to μ ¼ 2πT or to μ ¼ 3πT.
The coupling constants corresponding to these choices are

αs ≃ 0.31 and αs ≃ 0.25, respectively. We took ΛðNf¼2Þ
MS

from the FLAG report [61].
We applied two values for the matching frequency, ω0 ¼

10T andω0 ¼ 12T, which correspond to 2.5GeVand3GeV,
respectively. For the parameter Δ in Θðω;ω0;ΔÞ, which
governs the falloff of the NLOþ LPM contribution towards
the infrared, we set Δ ¼ 2T, allowing also for a 20%
variation. As a further systematic variation, we adjusted
the fit ranges in τT to includemore or fewer data points in the
fits. The variations we applied for the systematic error
estimation are summarized in Table II. Due to these varia-
tions, we collected 750–2000 fits with p values larger than
0.05 for eachmomentumwhen using the polynomialAnsatz,
and around 15%–30% of these fits had p values larger than
0.5. When using the piecewise polynomial Ansatz, we also
obtained a lot of fits with good χ2 (andp values). The fraction
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of the number of fits with p values greater than 0.5 was
around 15%–30% in that case as well. We built an AIC-
weighted histogram from the fit results that we used to
estimate the systematic errors [50,51].

APPENDIX B: MOCK ANALYSES

We performed mock analyses to see whether the fit
Ansätze are expressive enough to reproduce the transverse
channel spectral function as well as to investigate the
reliability of the Backus-Gilbert method. For these tests, we
used two models:

(i) The NLO weak coupling spectral function comple-
mentedwith theLPMcontribution near the light cone.

(ii) The spectral function of the strongly coupledN ¼ 4
super-Yang-Mills (SYM) theory.

We generated mock correlators using an appropriately
rescaled covariance matrix of the lattice covariance matrix,
which was obtained with the help of the continuum-
extrapolated correlator and the jackknife samples.
The procedure we followed consists of the follow-

ing steps:
(1) Calculation of the ratio, rðτÞ, of the model and the

continuum lattice correlator, rðτÞ≔GmodelðτÞ=GðτÞ.
(2) Rescaling the covariance matrix of G in the con-

tinuum: Covresc;ττ0 ≔ Covττ0rðτÞrðτ0Þ.
(3) Generating multivariate Gaussian variables,GmockðτÞ,

using the rescaled covariance matrix, Covresc, as well
as GmodelðτÞ.

(4) Determination of the ratio r̄ðτÞ of the mock corre-
lator, GmockðτÞ, and the lattice continuum correlator.

(5) Rescaling all jackknife samples using r̄ðτÞ and
calculating the covariance matrix of the mock
correlator (Covmock) using these rescaled values.

We then used GmockðτÞ and Covmock in the fit analysis.
The mock jackknife samples have been used to estimate the
statistical error in the mock analysis. The relative errors of
the mock correlator are roughly the same as the relative
errors of the continuum-extrapolated correlator due to the
rescaling. We found that applying only step 1 and step 2
of the procedure above, complemented with a simple
rescaling of the jackknife samples with rðτÞ, results in
the overestimation of errors.
In addition to using the same relative errors as the

continuum lattice data, we also investigated the effect of

reducing the errors on the mock correlator and therefore
included slight modifications to the above procedure.
Introducing the error reduction factor, s > 1, we used
rðτÞ=s in step 2, and instead of a rescaling, we determined

the jth jackknife mock correlator value as ḠðjÞ
mockðτÞ ¼

ḠmockðτÞ þ ðrðτÞḠðjÞðτÞ − ḠmockðτÞÞ=s in step 5.
Since we extrapolated Ḡ ¼ GT=G00 to the continuum

(see Sec. III C), we also carried out the mock analysis using
this observable. When doing so, G, Gmock, and Gmodel

should be replaced by Ḡ, Ḡmock, and Ḡmodel, respectively, in
the above procedure, and we refer to this ratio of the chosen
model when we have, e.g., Ḡmodel. Since the covariance
matrices are quite different for GT=T3 and for GT=G00, the
mock analyses starting from the former or the latter result
in different outcomes.
When using the NLO weak coupling mock correlator as

an input for the reconstruction via fitting, we applied some
variations in the fit setup, similar to the case of the analysis
of the continuum-extrapolated correlator (Sec. IV B). These
include using either two or three fit parameters in the fit
Ansätze, changing the number of the correlator data points
utilized in the fit, and changing the features (ω0=T;Δ=T) of
the matching to the UV behavior. Since when producing the
mock correlator, we generated multivariate Gaussian var-
iables randomly, to eliminate a possible effect coming from
the random input, we used six different mock correlators
generated with the procedure discussed above. The sys-
tematic error has been estimated using the AIC-weighted
histogram of the various fit results, and we used the mock
jackknife samples to estimate the statistical error of the
mock analyses. The same fit Ansatz functions—Eqs. (36)
and (37)—have been applied as in the main analysis.
We found that both fit Ansätze perform reasonably well

in the weak coupling case when using the GT=G00 data; see
Fig. 8. Namely, above k=T ≈ π, both Ansätze reproduce the
input spectral functions within errors in a wide range of
ω=T values also at small and large frequencies. The errors,
however, are typically larger in this case for the polynomial
Ansatz (∼10%–50%, but could even be 100% at certain
frequencies) than when using the GT=T3 data (errors
< 2%–8%). At ω ¼ k, however, the polynomial Ansatz
gives a much larger value of ρ—i.e., a larger photon rate,
using either GT=G00 or GT=T3. The piecewise polynomial
Ansatz could reproduce the features of the NLOþ LPM
mock data better, because it is capable of producing a
sharper dip at the light cone. With the help of this Ansatz,
we get smaller photon rates at small momenta (below
k=T ≈ π), and larger photon rates at larger momenta, but in
this latter case with errors spreading towards smaller
values, typically covering the true spectral function at
the light cone. Using the GT=T3 mock data, this Ansatz—
similarly to the polynomial Ansatz—also returns a larger
photon rate at all momenta—see, e.g., Fig. 9. In this

TABLE II. Summary of the systematic variations we employed
in the fit approach. Using nine (six) data points corresponds to
fitting from τT ≈ 0.167 (0.292).

Source of systematic error Variations

Number of correlator data pts 9, 8, 7, 6
Number of fit parameters 2, 3
Soft: Δ=T 1.6, 2.0, 2.4
ω0=T 10, 12
Renormalization scale ð2; 3Þ × πT

CÈ, HARRIS, KRASNIQI, MEYER, and TÖRÖK PHYS. REV. D 106, 054501 (2022)

054501-14



case, the error covers the bottom of the dip only at and
below k=T ¼ π.
The reproduction of the mock spectral function can be

improved by a certain amount by reducing the errors on the
input mock correlators. As Fig. 10 shows, accommodating
an error reduction factor of s ¼ 10, the piecewise poly-
nomial Ansatz could mimic the dip at ω ¼ k at a more
satisfactory level. For comparison, see the right panel of

Fig. 8 and also that of Fig. 9. This observation shows that
this particular Ansatz, having only a few parameters, has
satisfactory expressiveness for reproducing a model spec-
tral function relevant to the physics discussed in this paper.
Conversely, it also indicates that the fact that we obtained
less faithful spectral function outcomes when not reducing
the error is mainly due to the covariance matrix and not due
to a wrong choice of Ansätze.

FIG. 9. Reconstructed spectral functions using the NLOþ LPM weak coupling GT=T3 mock correlator as an input.

FIG. 8. Reconstructed spectral functions using the NLOþ LPM weak coupling GT=G00 mock correlator as an input.

FIG. 10. Reconstructed spectral functions using the NLOþ LPM correlator GT=G00 (left), or GT=T3 (right) as an input. The
covariance matrix elements have been decreased by a factor of s2 ¼ 100. Having such small errors, the piecewise polynomial Ansatz
could better approximate the dip.
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Performing mock tests using the strongly coupled
N ¼ 4 SYM theory transverse correlators, the polyno-
mial Ansatz adequately reproduces the spectral function
even for small momenta with errors less than around
5%–10% for frequencies around and above ω ¼ k—see
Figs. 11 and 12. As one goes for higher momenta, the
reproduction gets a bit worse, but usually with errors
included, one reaches the true values of the input
spectral function. The photon rates given by this
Ansatz are always higher than the true photon rate,
either using the mock GT=G00 or the GT=T3 data—see
Figs. 11 and 12, respectively. The deviation increases
from about 2%, corresponding to smaller momenta, up
to 25%, for high momenta.
For this model, the piecewise polynomial Ansatz could

also give reasonably good results for high momenta,
where it almost coincides with the polynomial Ansatz
results. For momenta, k=T < 4.44, it always gives a
smaller photon rate, not depending on using GT=G00 or
GT=T3, but in the latter case the central value is much
closer to the true value.
The mock data also served as a numerical crosscheck for

the Backus-Gilbert method, both using GT=G00 as well as

GT=T3. As Fig. 13 shows, the Backus-Gilbert method is
capable of reproducing the smeared, rescaled spectral
function up to around ω=T ∼ 16.

FIG. 12. Reconstructed spectral functions using the strongly coupled N ¼ 4 SYM theory mock correlator, GT=T3, as an input.

FIG. 13. Reconstructed, filtered spectral functions using the

N ¼ 4 SYM mock correlator, ḠðmockÞ ¼ GðmockÞ
T =GðmockÞ

00 , as an
input. The results obtained with the help of the six randomized
mock correlators are shown in orange without including the
statistical errors. These errors are comparable to the errors of the
reconstructed ρ̂ using the exact model data.

FIG. 11. Reconstructed spectral functions using the strongly coupled N ¼ 4 SYM theory mock correlator, GT=G00, as an input.
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