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1 Introduction

What does a typical conformal boundary condition look like for a holographic conformal
field theory? Do most boundary conditions have a large number of degrees of freedom that
cap of the dual geometry deep in the infrared, leading to a large bulk geometry? Or does a
typical boundary condition eat up most of the bulk degrees of freedom and destroy all but
a sliver of the dual bulk geometry? And are there any limits on how large or how small the
dual geometry can become?

These questions are of great interest with the recent upsurge in applications of holo-
graphic boundary conformal field theory (BCFT). BCFTs have been used as examples of
a gravitational system (the bulk dual of the boundary) coupled to an auxiliary bath (the
ambient CFT) to study black hole evaporation and entanglement islands [1–9]. BCFTs have
likewise seen renewed interest as examples of cosmological spacetimes (the bulk dual of
the boundary) embedded in a higher-dimensional spacetime (the bulk dual of the ambient
CFT) [10–13]. In both of these settings, the localization of gravity to a gravitational ‘End-
of-the-World’ (ETW) brane describing the boundary condition requires that the boundary
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condition have a large number of degrees of freedom and the ambient bulk geometry to
be large. Holographic boundary conditions have also been used as examples of black hole
microstates [10, 14, 15] and there is a comparably longer history of their use in studying
quantum quenches (see [16] for a review).

A holographic BCFT is generally regarded in two ways. In bottom-up constructions,
it has been proposed that a BCFT should be dual to a bulk geometry that is cut-off by
a semiclassical ETW brane [17–20]. However, there are few examples where this picture
has been proven to be a consistent approximation (see [20] for one example, though). In
explicit top-down constructions [21–29], where the bulk dual is on firmer ground, the bulk
geometry usually caps off smoothly when a cycle pinches off in the higher-dimensional
geometry. These geometries are not necessarily well-approximated by a thin, semi-classical
ETW brane.

The question of what a typical boundary condition looks like in a holographic CFT
is difficult to answer. In particular, in a generic large N CFT we don’t understand how
to construct consistent boundary conditions let alone understand typical properties of the
space of all boundary conditions. To make progress, we must choose a less ambitious goal.1

One possibility is to study particular examples of supersymmetric large N conformal
field theories where we have much greater control and calculational power — namely those
considered in the top-down models. In this direction, in [31, 32] the authors studied 4D
N = 4 supersymmetric Yang-Mills theory coupled to a 3D superconformal field theory on
its boundary (building on previous work in [25–29, 33–36]). In this case the supergravity
dual of the BCFT is known explicitly. They found that the considered boundary conditions
can have arbitrarily many degrees of freedom with an arbitrarily large bulk geometry, but
they do not explicitly consider what is typical among the conditions considered.

Here, we take a different approach by studying two dimensional CFTs where Virasoro
symmetry gives us greater analytical control. However, studying the boundary conditions
of a generic large-c CFT is still beyond our reach because the questions we would like to
answer are not kinematically fixed even with the help of Virasoro symmetry. Instead we
will focus on symmetric orbifold CFTs,

C⊗N/SN (1.1)

for some fixed seed CFT C, in the limit of large N . This CFT has a large central charge
NcC and shares many characteristics with a holographic 2D CFT. For example, the finite
temperature partition function is universal at large N and follows that of AdS3 gravity [37],
while the correlation functions obey large N factorization [38]. There are of course differences
with true holographic theories; for instance the growth of states in symmetric orbifolds
is exponential in the energy, much faster than the growth dictated by a supergravity
dual [39, 40]. Moreover, the theories are not chaotic and don’t display exponential growth
in out-of-time-ordered correlation functions [41], which can be expected since symmetric
orbifolds are free discrete gauge theories. This vast landscape of large c CFTs is thus the

1One can also ask the inverse question: assuming an ETW brane model, what does it imply about
statistical properties of boundary states? This question is considered in [30].
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perfect place to start a classification, as they give us a lot of control while mimicking as
best they can the properties of a true holographic CFT.2

Even when the seed theory has finitely many conformal boundary conditions (as for
minimal models [46]), we expect the orbifold theory to have infinitely many boundary
conditions corresponding to the infinitely many Virasoro primary operators it contains.
In this paper, we will characterize boundary conditions in the orbifold theory that also
respect the extended symmetry algebra of the theory. That is, we look for boundary states
annihilated not just by

T (z)− T (z) (1.2)

but also by
W i(z)− ΩW i(z) (1.3)

for generators W i,W
i of the extended symmetry algebra, for some choice of Ω an automor-

phism of the algebra that fixes the stress tensor of the orbifold theory.3 In particular, the
boundary states we construct in this paper will all be built out of products of the Ishibashi
states of the seed theory and corresponding Ishibashi states in the twisted sectors.

We are able to characterize the complete set of these boundary states. The boundary
conditions are classified by a vector of multiplicities ~n labelling how many times each
seed boundary condition appears in the state, as well as a vector of permutations (really
conjugacy classes) ~r labelling the contribution of each ‘twisting’ of the seed states. We find
that the consistent boundary states are

|~n,~r〉 = 1√
N !

∑
h∈SN

nb∏
i=1

 ∑
gi∈Sni (Ni)

χri(gi)
ni!

|(ai)hgih−1〉

 , (1.4)

where the χri are characters of the symmetric group and where the states |(ai)g〉 are
Ishibashi states in the twist g sector. A more precise definition of each component is given
in section 3.1 and below equation (3.18).

We prove that these states satisfy Cardy’s consistency conditions and are thus good
boundary states. This entails showing that the partition function in the open string channel
has an expansion in terms of integer coefficients, which we prove. We also explain that these
coefficients have a nice interpretation in terms of counting representations of subgroups of
the symmetric group a certain number of times, determined by the branching rules of the
characters χri .

Given the states (1.4), we proceed to analyze the BCFT data relevant for holography:
the boundary entropy gbdy and the one-point functions of single-trace operators pO both in
the untwisted and twisted sectors. We are most interested in typical boundary states for a
fixed seed CFT, and typicality ends up being highly sensitive to whether the seed theory

2There are also other orbifold theories known as permutation orbifolds where one quotients by a subgroup
of SN that also display holograhic properties, at least for some choices of subgroups [42–45]. We will not
discuss their boundary states in this paper, but it would be a straightforward generalization.

3In this paper, we will consider only the trivial automorphism Ω = 1 but we comment on more general Ω
in the discussion.
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has a finite or infinite number of boundary states nb. For typical boundary states, we find
the following results:

nb is finite


gbdy ∼ N

puntw ∼
√
N

ptw ∼ N0

(1.5)

nb is infinite


gbdy ∼ N logN

puntw ∼
√
N

ptw = 0 .
(1.6)

From this data, we can conclude that typical boundary states in symmetric orbifolds
of infinite (e.g. irrational) seed CFTs do not appear to have a nice bulk dual, since the
tension of the ETW brane (or depth of the bulk geometry) is super-Planckian. For finite
seed theories (e.g. a minimal model), the boundary entropies and one-point functions are
consistent with having a macroscopic bulk dual. However, it is a much stronger statement
to conclude that a semiclassical bulk dual actually exists. For example, recent work [47] has
shown that the existence of a bulk causal structure puts severe constraints on the spectrum
of boundary operators. This data could in principle be computed from our methods but we
leave it for future work.

The outline of this paper is as follows. In section 2 we give a brief review of necessary
facts about boundary conformal field theories and symmetric orbifold theories. In section 3
we derive a complete set of boundary states in our symmetry class for the symmetric
orbifolds. In section 4 we calculate the distribution of boundary entropies and single-trace
one-point functions in the large-N limit. Finally, in section 5, we end with some concluding
remarks and open questions.

Note added. While finishing this work, we became aware of related work being done
in [48]. We have coordinated the release of our papers.

2 Review of BCFT and symmetric orbifolds

In this section, we review some aspects of two-dimensional conformal field theory that
will be relevant for this paper. We start by a review of conformal boundary conditions,
introducing Ishibashi states and Cardy’s consistency conditions. We then turn to symmetric
orbifolds and give a brief review of their construction.

2.1 Review of BCFT

Here, in reviewing some basic aspects of boundary conformal field theory in d = 2, we will
mostly follow [46].

To define a conformal field theory on a space with a boundary, we must choose a set of
consistent boundary conditions. It’s particularly useful to choose boundary conditions that
leave a maximal subgroup of the conformal group unbroken, the so-called conformal boundary
conditions. Conformal boundary conditions impose that the off-diagonal components of the
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stress-tensor for the directions parallel and perpendicular to the boundary vanish. In d = 2,
this condition can be written in the form

T (z) = T̄ (z̄) (2.1)

for z on the boundary along the real axis (we take the CFT to be defined on the upper
half plane).

Using the standard logarithmic transformation, one can map the upper half-plane to
an interval with a boundary on either end (and an infinitely long Euclidean time direction).
When we impose different boundary conditions on the positive and negative real axis, we
get different boundary conditions on either end of the interval. If we quotient the radial
direction as well, our theory then lives on a finite cylinder with a boundary at either end.
If we choose to treat the longitudinal direction of our cylinder as Euclidean time, we can
interpret this as the matrix element

〈a| e−βH |b〉 , (2.2)

between boundary states a and b living in the original CFT Hilbert space.4 Here, H is the
standard CFT Hamiltonian on the circle.

When we view our boundary conditions as states on the circle, the constraint on the
stress tensor (2.1) can be expressed as

Ln |a〉 = L̄−n |a〉 . (2.3)

It is easy to see that a primary state will not satisfy this condition. However, for a scalar
primary there is unique solution given by

|h〉〉 =
∞∑
n=0

dh(n)∑
j=1
|h, n, j, n̄, j̄〉 . (2.4)

Here k labels the Virasoro descendant level, and dh(n) the number of states at that level.
The states |h, n, j, n̄, j̄〉 are an orthonormal basis of Virasoro descendants of the primary
operator with h = h̄. These states are known as Ishibashi states. While they solve the
conformal boundary condition, they are not yet consistent boundary states.

Proper boundary states are constrained by Cardy’s consistency conditions. These
conditions enforce that any two boundary conditions a, b give rise to a proper Hilbert space
of states living on the interval stretching between them. In other words, they require the
partition function of the theory with boundary conditions a, b to be a sum over states with
integer multiplicities. We call these proper boundary states Cardy states.

In more detail, we consider a strip of width L with boundary condition a and b on the
sides. Taking the time direction t ∼ t+ T along the length of the strip gives a cylinder of
circumference T . The path integral on this cylinder computes a thermal partition function
for a Hilbert space Hab on an interval with boundary conditions specified at both ends

Zopen
ab = TrHabq

L0− c
24 , q = e2πiτ

=
∑
h

Nh
abχh(q). (2.5)

4Technically, the boundary states themselves are non-normalizable.
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Here τ = iT
2L is the modular parameter of the cylinder. Since the conformal boundary

condition T (z) = T̄ (z̄) on the real line z = z̄ eliminates half of the Virasoro generators,
the partition function (2.5) depends only on the chiral characters. Because this partition
function is a trace over states, Cardy’s conditions require Nh

ab to be integers. Moreover, we
will demand that the vacuum state is unique and appears only when the two boundary
states are identical, so that N0

ab = δab.5 The partition function (2.5) is sometimes called the
‘open string’ partition function and we will adopt this nomenclature here.

By interchanging the role of the space and time coordinates, we can interpret (2.5) as
a transition amplitude between two boundary states |a〉 and |b〉, as in (2.2). This gives the
‘closed string’ partition function written as

Zclosed
ab = 〈a| e−LH |b〉

= 〈a| q̃
1
2 (L0+L̄0− c

12 ) |b〉 q̃ = −2πi
τ

, (2.6)

where H = 2π
T (L0 + L̄0 − c

12) is the Hamiltonian of the CFT defined on a circle of size T .
A generic superposition of Ishibashi states will correspond to a closed string amplitude,

but will in general not admit an interpretation as a well-defined partition function in the
open string sector. To obtain a Cardy state, one must tune the linear combination. This
is similar to modular invariance for rational CFTs where one appropriately adds the right
characters to the partition function so as to obtain a good modular invariant partition
function.

Cardy states are thus written as the linear combinations [49]

|a〉 =
∑
h

〈〈h| |a〉 |h〉〉 ≡
∑
h

ah |h〉〉 . (2.7)

Performing a modular S-transform and comparing (2.6) with (2.5) gives the Cardy conditions∑
k

a∗kbkS
h
k = Nh

ab . (2.8)

For RCFTs a solution to the Cardy condition (2.8) is given by the following choice of the
constants

ah = Sah√
S0h

. (2.9)

Boundary entropy. A particular quantity of interest is the boundary entropy, which
measures the correction to the asymptotic density of states for the BCFT. In particular, in
the large temperature limit of the open string partition function, when the closed string
β →∞, we have

Zopen
ab = 〈a|0〉 〈0|b〉 e−βc/6 + . . . (2.10)

The boundary entropy accounts for the scaling contribution of the overlap of the boundary
states with the vacuum. We define

ga = log〈a|0〉 . (2.11)
5The fact that the vacuum only appears when the boundary states are identical means that these states

are orthonormal when appropriately regulated.
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When the bulk dual of a BCFT is given by empty AdS terminated by an ETW brane,
the boundary entropy can be simply related to the tension and location of the brane [19].
More generally, whenever a BCFT has a bulk dual, the boundary entropy gives a measure
of the depth of the bulk geometry; it can be related to the distance to the end of the
geometry in the IR. In particular, for an interval of length L containing the boundary, the
entanglement entropy takes the universal form

S = c

6 log 2L
ε

+ log gb . (2.12)

If we have a good bulk dual where the Ryu-Takayanagi formula can be used to compute
this entanglement entropy, then we see that the boundary entropy determines the length of
a corresponding bulk geodesic that terminates at the IR end of the bulk geometry. This
argument extends easily to the case that the bulk dual has extra compact dimensions that
pinch off in the IR. Instead of a geodesic length, we are simply measuring the volume of a
surface that wraps the extra compact directions using higher-dimensional Planck units. It
remains true that the boundary entropy should give us an effective notion of the depth of
the bulk dual.

Understanding the spectrum of boundary states in symmetric orbifolds and their
respective boundary entropies will be one of the main tasks of this paper.

2.2 Review of symmetric orbifolds

In this section, we will review the features of symmetric orbifolds that will be relevant for
this paper. Consider a two-dimensional conformal field theory C, with central charge cC .
From this choice of seed theory, one can construct many new CFTs. First, one can consider
the N -fold tensor product C⊗N , which has a large central charge NcC when N is large.
From the direct product theory, one can then build new CFTs by orbifolding this theory
by its global permutation symmetry (or subgroup thereofs). The symmetric orbfiolds are
defined as

CN ≡
C⊗N

SN
. (2.13)

The orbifold procedure projects down to the states of the product theory that are invariant
under the action of the symmetric group, drastically reducing the number of states. New
states are also produced in the process, which are known as twisted sectors since the
boundary condition of the fields get twisted by the action of the group. There is one
twisted sector per conjugacy class of the symmetric group SN , which are in one to one
correspondence with Young diagrams.

The seed theory completely determines the orbifold theory, such that its correlation
functions or partition functions are constructed from fundamental building blocks of the seed
(which typically involves seed correlation functions on higher genus surfaces). Therefore,
once the seed theory is known, the orbifold theory is completely specified. A simple example
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is the torus partition function of the orbifold theory, which is given by [50]

ZCN =
∑

g,h∈SN
gh=hg

h

g

=
∑
[g]

1
|Cg|

∑
h∈Cg

h

g

. (2.14)

The first sum is over all conjugacy classes and the g are elements of SN drawn from the
different conjugagy classes. This is the sum over twisted sectors. One also needs to sum
over the centralizer of g Cg whose elements are labelled by h. The box represents a torus
partition function, twisted by h and g in the euclidean time and spatial directions. For a
given choice of h and g, this will split into a product of torus partition functions, some
of which will have twisted modular paramaters. A more detailed formula can be found
in [51]. We will see that the overlaps of boundary states in the orbifold theory follow a
similar structure.

The most useful information one extracts from (2.14) is the scaling dimension of
operators in the twisted sector. The ground state of the twisted sector becomes a new
primary operator, and for a single cycle of length k the weight is given by

h = c

24

(
k − 1

k

)
. (2.15)

Other primary operators in the twisted sector are in one to one correspondence with primary
operators of the seed theory. For example, a scalar seed theory operator with weight hseed
leads to a primary operator with weight

htwisted = c

24

(
k − 1

k

)
+ hseed

k
. (2.16)

For more complicated twisted sectors involving multiple cycles, one simply adds the weight
of each cycle.

It is also important to mention the chiral algebra of symmetric orbifolds. Assuming that
the seed theory has algebra A (we will mostly take A = Vir), the product theory simply
has the symmetry A⊗N . By performing the orbifold, the chiral algebra gets reduced to

A⊗N

SN
. (2.17)

This chiral algebra would be an important ingredient in using the tools of rational conformal
field theory to find the boundary states of the orbifold theory. In this paper, however, we
will opt to give an explicit construction that does not (directly) use these techniques.

In the twisted sector, there are also fractional Virasoro modes. These modes are defined
as [52]

L−m/k =
∮

dz

2πi

N∑
j=1

T j(z)e−2πi(j−1)/kz1−m/k . (2.18)
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These modes satisfy the algebra[
Ln
k
, Ln′

k

]
= n− n′

k
Ln+n′

k

+ δn+n′,0
cN

12

((
n

k

)2
− 1

)
n

k
. (2.19)

Some of these modes will generate new primary operators of the full chiral algebra (2.17),
but only a finite number. The other operators generated from these fractional modes will
be descendants.

Symmetric orbifolds obey nice properties at large N . In the direct product theory, the
number of states at fixed energy grows with N . In the orbifold theory, there is a finite
number of states at any fixed energy as N →∞ so the large N limit converges. Moreover,
the free energy of the theory is universal at large N and mimicks the Hawking-Page phase
transition in AdS3 [37].6 Correlation functions also display large N factorization [38]. These
theories can thus serve as good proxies for true holographic CFTs (with some limitations
of course).

3 Boundary states of symmetric orbifolds

In this section, we will construct the boundary states of the symmetric orbifold theory. We
will first write a general ansatz for the boundary states, and then proceed to prove that
they satisfy the Cardy conditions.

3.1 An ansatz for the boundary states

We start by considering a seed theory C and assume that the spectrum of boundary states
of the seed theory is known. The simplest case is to take the seed theory to be a Virasoro
minimal model, or any other rational CFT since the spectrum of boundary states is better
understood. However, we will be more general and also allow for irrational CFTs. We will
show that if the seed theory boundary states are known, so are those of the orbifold theory.

Consider the set of boundary states of the seed theory

|ai〉 , i = 1, . . . , nb . (3.1)

nb counts the number of boundary states of the seed theory, which formally can be infinite
if the seed theory is irrational. Following (2.6), we also have the seed theory overlaps

〈ai| q̃
1
2 (L0+L̄0− c

12 ) |aj〉 = Zij(τ) , (3.2)

with q̃ = e−
2πi
τ , where the coefficients of Zij in the q expansion are positive integers

and where the vacuum state is unique. We will see that these functions Zij will be the
fundamental building blocks of the final result for the symmetric orbifold overlaps.

We can start building boundary states of the product theory by tensoring such boundary
states together. For example, we have

|ai1〉 ⊗ · · · ⊗ |aiN 〉 . (3.3)
6Note that this is no longer true for higher genus partition functions [53].
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If some of the ai are different, this state is not invariant under the permutation of the copies,
and must therefore be symmetrized. One of the building blocks we will use to form good
boundary states of the orbifold theory are thus the symmetrized version of these product
states. They are of the form

|b〉untw =
∑
g∈SN

|aig(1)〉 ⊗ · · · ⊗ |aig(N)〉 . (3.4)

Note that these states are not properly normalized. We will fix the normalization later on
when we assemble the various building blocks. By construction, the states (3.4) obviously
satisfy the Ishibashi condition

(Ln − L̄−n) |b〉untw = 0 , (3.5)

where Ln =
∑
i L

i
n is the full Virasoro mode of the orbifold theory. It is worthwhile to

mention that they actually satisfy the much stronger constrain

(Lin − L̄i−n) |b〉untw = 0 ∀i , (3.6)

which they inherit from the Ishibashi condition of each copy of the seed theory. This
stronger condition should be viewed as an Ishibashi condition for the extended chiral algebra
Vir⊗N/SN . Since for rational seed theories the orbifold theory is rational with respect to
this extended chiral algebra, but irrational with respect to Virasoro, it makes sense to start
by considering only the boundary states that respect this extended algebra, as it is such
states that we might hope to be able to simply classify.

To see that (3.6) is equivalent to (1.3), consider the case of two copies of a CFT
orbifolded by Z2. This theory has a new Virasoro primary operator at spin 4 which we call
W4. We would like to solve the condition

W4 − W̄4 = 0 . (3.7)

In terms of modes, we have
W4 ≈ L1

−2L
1
−2 + L2

−2L
2
−2 . (3.8)

The ≈ sign indicates that the operator also has other correction terms proportional to
(L1
−2 + L2

−2)2. These correction terms are small for an SN orbifold at large N . One may
now worry that the quadratic nature of the spin four current in terms of the modes violates
the generalized Ishibashi condition, but this does not happen. In fact, from the explicit
form of (3.8), it is obvious that the condition (3.6) implies (3.7). A similar logic applies to
the correction terms.

Before moving on to the twisted sector states, we would like to mention that there are
other conditions on the extended algebra that one can impose. In fact, any automorphism
of this algebra should provide a set of boundary conditions. One family of examples was
considered by Recknagel [54] in product (but not orbifold) theories. They studied the
boundary conditions satisfying

(Lin − L̄
g(i)
−n ) |b〉untwisted = 0 ∀i , (3.9)
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for any choice of permutation g ∈ SN . We will not attempt to extend such boundary
conditions to orbifold thoeries in this paper, although we will discuss them further in the
discussion section.

We now turn to the twisted sector building blocks. Since a twisted sector is fixed
by its conjugacy class in SN , which is described in terms of the cycle decomposition of
permutations, it suffices to discuss individual cycles which can be later assembled. We start
by defining a twist-k sector Ishibashi state

|h〉〉twist-k =
∞∑
n=0

dh(n)∑
j=1/k

|htwisted(k), n, j, n̄, j̄〉 , (3.10)

where the sum runs over the fractional Virasoro generators defined in (2.18) and htwisted(k)
is given in (2.16). Note that this twisted Ishibashi state is now already a superposition of
several Ishibashi states of the orbifold theory, since the sum over fractional descendants
generates new primary states. The prescription of the state (3.10) is simply to build them
by superposing these states with the same coefficients.

By construction, these states satisfy the condition

(Ln − L̄−n) |h〉〉twist-k = 0 ∀n ∈ Z/k . (3.11)

For integer n, this is simply the usual Ishibashi condition, but because of the non-integer
cases, we find a stronger boundary condition. One should view this as the equivalent of (3.6)
in the twisted sector. Since the twisted sector is built in an SN invariant way, it no longer
makes sense to talk about the individual Li. However, the twisted sector inherits the
fractional modes which descend from the non-SN invariant combinations of T (for example
T 1 − T 2 in a Z2 orbifold). In principle, both (3.6) and (3.11) should be combined and
organized in terms of the extended chiral algebra Vir⊗N/SN . Unfortunately, to the best of
our knowledge, a detailed understanding of this complicated algebra is still lacking so we
will simply think of the boundary conditions in terms of the generalized Ishibashi conditions
rather than in terms of the higher spin currents themselves.

A boundary state in the twisted sector can then be obtained by superposing these
twisted sector Ishibashi states. If we have a seed theory state given by

|a〉 =
∑
h

ah |h〉〉 , (3.12)

we obtain a boundary state

|a〉twist−k =
∑
h

ah |h〉〉twist−k . (3.13)

|a〉twist−k lives in a twisted sector where k copies of the seed theory are glued together.
Before explicitly symmetrizing, we also want to specify which copies are being glued together
in a twisted cycle. So, we will often write |aσ〉 for σ some k-cycle in SN . The cycle indicates
which, and in what order, individual copies are twisted together. It is then possible to
combine these twisted boundary states as

|(a1)σ1〉 ⊗ · · · ⊗ |(am)σm〉 , (3.14)
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where the σi are all disjoint cycles in SN and
∑
|σi| = N . These types of states have not

yet been symmetrized or normalized. Note that if we have a state of the form

|(a)σ1〉 ⊗ · · · ⊗ |(a)σm〉 , (3.15)

for a collection of disjoint cycles σi where all of the boundary conditions are the same in
each copy, then we can unambiguously write this state in the simpler form

|(a)g〉 , g = σ1 · σ2 · · ·σm . (3.16)

We are now almost ready to write down our formula for the orbifold Cardy states. The
first piece of information we will use to specify a Cardy state will be ~n, a nb-dimensional
vector. This vector means that the Cardy state will be constructed from ni boundary states
of type ai from the seed theory. Because there are a total of N copies, we require

nb∑
i=1

ni = N . (3.17)

As we will see, there are many different Cardy states for a given choice of ~n and we need
to specify more information. To each component of the vector, ni, we will associate a
subgroup Sni ⊂ SN . Our boundary state is then determined by a choice of irreducible
representation for each of the groups Sni . In other words, it is specified by a partition of
each ni (or equivalently a choice of conjugacy class from each Sni). We will denote each of
these representations by the label ri and assemble them in a vector ~r.

We now propose the following consistent boundary states of the orbifold theory:

Claim 3.1. A complete set of boundary states for the symmetric orbifold that are consistent
with the additional symmetry constraints (3.6) and (3.11) are given by

|~n,~r〉 = 1√
N !

∑
h∈SN

nb∏
i=1

 ∑
gi∈Sni (Ni)

χri(gi)
ni!

|(ai)hgih−1〉

 , (3.18)

for the complete set of vectors ~n and irreducible representations ~r. Here χri is the character
of the representation ri.

This equation should be understood as follows. We first pick some boundary state ai,
of which there are ni copies. The Cardy conditions will require not just the product of
untwisted states to appear, but a sum over all the possible ways of twisting these ni states
together. To do so, we sum over permutations gi ∈ Sni(Ni) to generate the twisted states
|(ai)gi〉. By the notation Sni(Ni) we mean permutations of ni elements starting at Ni + 1
where Ni =

∑
j<i nj . For example, for S3(5) we would generate states such as |a(678)〉 in

the twist-3 sector or |a(68)(7)〉 in the twist-2 times untwisted sector. The second sum over
SN simply makes the state invariant under permutations so that it is a well-defined orbifold
state. The factor of 1/

√
N ! is such that the state is properly normalized.

The dynamical information (i.e. the correct way to superpose the Ishibashi states) is re-
ally encoded in the factors of χ

ri (g)
ni! . χri(g) is the character of the representation ri evaluated
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on g. The factors of ni! can be seen as avoiding an overcounting, and is easiest to understand
for the trivial representation χri(g) = 1. In that case, the state is built such that every
single different allowed combination of the copies into different twisted products appears
exactly once, up to the overall factor of 1/

√
N !. We give explicit examples in appendix A

for N ≤ 3. We will now proceed to prove that the states |~n,~r〉 satisfy Cardy’s condition.

3.2 Proving the Cardy condition

We are now ready to prove that the boundary states (3.18) are good Cardy states. We
will proceed in three steps. We begin by considering a choice of ~n where all seed states
are the same. The first step will be to show that this homogeneous state, in the trivial
representation, satisfies the Cardy conditions. The second step will be to verify that the
homogeneous state with any choice of representation does as well. Finally the third step will
be to check that any choice of ~n,~r also works by using the previous cases as building blocks.

Recalling section 2.1, to prove the Cardy conditions we need to show the overlap of
any two states produces an open string partition function with integer multiplicites for
states and a unique vacuum state iff the two states are identical. We will compute the
overlap partition and verify these statements. All partition functions in this section will be
open-string partition functions, so we will drop the notation indicating what channel we
are working in.

Let us begin by computing the open string partition function when all of the seed states
are the same and the representations are trivial:

Claim 3.2. Consider ~n = Nî and ~n′ = Nĵ, and the trivial representation for ri such that
the character is identically equal to 1. The overlap is given by

Z(N)
ij (τ) ≡ 〈N~i, trivial|q̃

1
2 (L0+L̄0− c

12 )|N~j, trivial〉 =
∑

{mk}∈p(N)

N∏
k=1

1
(kmkmk!)

Zmkij (kτ) .

(3.19)

Proof. By direct use of their definition, the overlap of our proposed boundary states is
given by

1
N !3

∑
h,h′,g,g′∈SN

〈(ai)h′g′h′ −1 |(aj)hgh−1〉 . (3.20)

We can eliminate the sums over h, h′ since the other sums cover the entire group SN
(conjugation is an automorphism of the group). This gets rid of two factors of N ! and we
are left with

1
N !

∑
g,g′∈SN

〈(ai)g′ |(aj)g〉 , (3.21)

which becomes
1
N !

∑
g∈SN

〈(ai)g−1 |(aj)g〉 , (3.22)
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because the overlaps vanish unless the permutations are the inverse of each other. The over-
laps of the two states are determined by the sizes of the cycles in the unique decomposition
of the permutation into disjoint cycles. We can indicate the sizes of cycles appearing in this
decomposition in the form

g = (1)m1(2)m2 . . . (N)mN ;
∑
k

kmk = N . (3.23)

The set of mk label a partition of N . The overlap is given by

N∏
k=1

Zmkij (kτ) . (3.24)

The number of permutations in each conjugacy class specified by the partition is

N !
|CSN (g)| , (3.25)

where the order of the centralizer CSN (g) is

|CSN (g)| =
N∏
k=1

kmkmk! . (3.26)

In total our formula thus becomes

Z(N)
ij (τ) =

∑
{mk}∈p(N)

N∏
k=1

1
kmkmk!

Zmkij (kτ) , (3.27)

as advertised.

Claim 3.3. Z(N)
ij (τ) is a consistent partition function. (It has integer multiplicities and

the vacuum appears once iff i = j.)

Proof. While it may not be obvious that the coefficients in (3.19) are integers, the final
expression can be recognized as the standard untwisted sector partition function in the
open string channel for an orbifold CFT on a torus (i.e. the projection to the SN singlet
states in the open string channel). The coefficients are thus integers. One way to see this is
as a consequence of Polya’s enumeration theorem [43].

The vacuum only appears in the seed partition function Zij when i = j. So it follows
we get exactly one copy of the vacuum when the seed states are the same for the same
reason we do when considering the standard orbifold on a torus.

For the reader interested in a more explicit proof, it also will follow as a special case of
our next proof for general representations.

The second step is to consider non-trivial representations for ri and rj . We thus have
to compute

Z(N)r,r′
ij (τ) ≡ 〈N~i, r|q̃

1
2 (L0+L̄0− c

12 )|N~j, r′〉 . (3.28)
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Using (3.18), and following the proof of Claim 3.2, it is easy to see that this overlap is
given by

Z(N)r,r′
ij (τ) = 1

N !
∑
g

χr(g)χr′(g)Z [g]
ij (τ) , (3.29)

where

Z
[g]
ij (τ) =

N∏
k=1

Zmkij (kτ) . (3.30)

Here the mk count the number of k cycles in g as before. The only change from the previous
proof is the insertion of the characters.

When the character was in the trivial representation, this was simply the untwisted
sector partition function which manifestly gave integer coefficients. While it is perhaps less
obvious that this quantity contains only integer coefficients, we will show that it is indeed
the case, confirming that these states are good boundary states.

Claim 3.4. The partition function for general representations r, r′ which we denote
Z(N)r,r′
ij (τ) and which is given by equation (3.29), is a good partition function.

Proof. Let us count the multiplicity of all possible primary states in (3.29). States will be
labelled by picking l distinct states of the seed theory with multiplicity Ml such that∑

l

Ml = N . (3.31)

Such a state picks up a contribution from a term in the sum in (3.29) if and only if

g ∈ H = SM1 × . . .× SMl
(3.32)

so that we can assign each cycle in g to contribute to one of the Ml. Of course, there are
many different ways to embed such a subgroup into SN , and we want to sum over elements
g for any embedding. To take this into account, let us proceed in the following way. We
will first start by summing over conjugacy classes, as was done in (3.27). We thus have

Z(N)r,r′
ij (τ) =

∑
{mk}∈p(N)

χr({mk})χr
′({mk})

N∏
k=1

1
kmkmk!

Z(kτ)mk(g) . (3.33)

This is possible since the characters only depend on the conjugacy class. Now, we would
like to zoom in on the particular contribution to a state specified by multiplicities {Ml}.
The only non-zero terms will come from conjugacy classes that can be embedded in the
group H. For reasons that will become clear shortly, instead of summing over conjugacy
classes, we would like to sum over a particular instance of the group H (say the one where
the various SMl

are ordered such that the first SM1 contains the first Ml elements and so
on). We can do this by dividing by factors that take into account the number of elements in
H in a particular conjugacy class of SN . This factor is given by |Cl(g)∩H| for g ∈ H where
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Cl(g) is the set of all elements in SN that are conjugate to g. To count the degeneracy of a
state of multiplicity given by {Ml}, we thus have

ρ({Ml}) =
∑
g∈H

χr(g)χr′(g)
|Cl(g) ∩H|

N∏
k=1

1
kmkmk!

N(g) , (3.34)

where N(g) is the number of times a state with multiplicity {Ml} appears in
∏
Z(kτ )mk(g).

To find the combinatorical factor N(g), we can think of the product of partition
functions,

∏N
k=1 Z(kτ)mk(g) in terms of a particular representative element of the conjugacy

class in H. For example, given the product Z(2τ)Z(4τ)Z(τ)3 as a class in S2 × S4 × S3
this could take the form

S2 × S4 × S3
(1)(2) (3456) (78)(9)

(3.35)

We can similarly view the corresponding multiplicities of states which gave us the subgroup
H as a vector of the form.

(i1 i2 j3 j4 j5 j6 k7 k8 k9 ) (3.36)

The number of ways of getting this state from the partition function is then just the number
of inequivalent assignments of the i, j, k in (3.36) to the cycle in (3.35). For example, we
get the obvious contribution by assigning

S2 × S4 × S3
(1)(2) (3456) (78)(9)

(i1)(i2) (j3 j4 j5 j6) (k7 k8)(k9)
(3.37)

but also
S2 × S4 × S3

(1)(2) (3456) (78)(9)
(k8)(k9) (j3 j4 j5 j6) (i1 i2)(k7)

(3.38)

where we have switched whether we get the two states i from Z(2τ) or Z(τ)2. Note that
every cycle must be assigned a single state label (here i, j, or k) since a Z(kτ) can only
contribute k times a single state. Because such an assignment is a mapping between the
indices (3.36) and (3.35), we can see that it is itself a permutation. In order that a cycle
not split indices, the permutation must map the representative cycle back into the subgroup
H. So we get a potentially new assignment for every g ∈ Sn such that ghg−1 ∈ H. In our
second example assignment (3.38), we can write the resulting permutation as

S2 × S4 × S3
(1)(2) (3456) (78)(9)

(k8)(k9) (j3 j4 j5 j6) (i1 i2)(k7)

⇔ (1 2) (3 4 5 6) (7)(8)(9)
(i1 i2) (j3 j4 j5 j6) (k7)(k8)(k9)

(3.39)
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where in the last two lines we have written the conjugated permutation and so brought
all the i, j, k back to their respective subgroups. On the other hand if we conjugate by
a permutation in H itself, it is just a rearrangement of the labelling of identical states,
without assigning them to a new cycle (i.e. a new term in the partition function). For
example, we get no new assignment from conjugation by (12) ∈ S2 × S4 × S3 which sends
our first assignment in (3.37) to

S2 × S4 × S3
(1)(2) (3456) (78)(9)

(i2)(i1) (j3 j4 j5 j6) (k7 k8)(k9)
(3.40)

Note that, for every g ∈ SN such that ghg−1 ∈ H, we have |H| redundant relabelings
where instead we conjugate with h′g for h′ ∈ H. We conclude that the number of unique
assignments is in fact

N(g) = |Cl(g) ∩H|CSN (g)
|H|

= |Cl(g) ∩H|
∏N
k=1 k

mkmk!
|H|

. (3.41)

We thus find that in total we have

ρ({Ml}) = 1
|H|

∑
g∈H

χr(g)χr′(g) . (3.42)

To see that this is an integer, we use the decomposition of a character in terms of irreducible
representations of a subgroup

χr(g) =
∑

~s irrep of H
nr~sχ

~s(g) , (3.43)

where we have indicated the representation of the product group H by a vector ~s of
representations of each subgroup. We thus find

ρ({Ml}) = 1
|H|

∑
g∈H

∑
~s,~s′

nr~sn
r′
~s′χ

r(g)χr′(g)

=
∑
~s,~s′

nr~sn
r′
~s′δ~s,~s′

=
∑
s

nr~sn
r′
~s , (3.44)

where we used the orthogonality of the irreducible characters of the subgroup H. Because
the irreps of H appear an integer number of times, this number is manifestly an integer.

Our last step is to show that the vacuum appears with multiplicity one iff the representa-
tions are the same. We immediately see that, for the vacuum to appear in the sub-partition
functions, we must have i = j. The overall vacuum comes when we have the vacuum in
every copy so that all the contributing states are the same. In other words, the multiplicity
is counted by taking H = G. We then have the multiplicity of the vacuum is given by

δij

 1
|G|

∑
g∈G

χr(g)χr′(g)

 = δijδr,r′ , (3.45)

which just follows from the orthogonality of the characters for irreps of SN (the Schur
orthogonality relations).
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There is a particularly nice interpretation for the integer multiplicites of states. They
are given by the number of ways to split the representations r, r′ into irreps of subgroup
specified by the particular state multiplicity {Ml} we have considered. For r = r′ = trivial,
the number is always 1, which makes complete sense, each multiplicity {Ml} is counted
exactly one time. That is simply the untwisted sector partition function. But for non-trivial
representations r, r′ this number may be different.

We are only left now to assemble these building blocks when we pick several different
boundary states of the seed theory:

Claim 3.5. The overlap of two general boundary states is given by

Z~r~r
′

~n~n′ (τ) =
∑
{cij}

 ∑
s,s′ irrep of Hcij

n~r~sn
~r′
~s′

∏
i,j

Z
(cij)si,s′j
ij (τ)

 , (3.46)

where
∑
i cij = nj and

∑
j cij = ni, Hcij =

∏
i,j Scij (Cij) and Cij =

∑N
k=1

∑j−1
l=1 ckl +∑i−1

k=1 ckj , and where n~r~s are branching ratios for the product of irreps ~r into the product of
irreps ~s of Hcij .

The set of {cij} represents the possible choices of pairing between states. A given cij
indicates that cij states of type i on the one side are paired with states of type j on the other
side. The Z

(cij)si,s′j
ij correspond to partition functions (3.29), but with N replaced by cij .

Proof. We prove the claim by considering term by term the sum over {cij} in (3.46) and
counting the multiplicities of contributions from the two states |~n,~r〉 and |~n′, ~r′〉.

For a fixed choice of {cij}, a permutation in the sum in (3.18) contributes precisely
when, for the bra vector, we have that each gi is embeddable in a subgroup

gi ∈
∏
j

Scij ⊆ Sni . (3.47)

(Or, if we are considering the ket vector, we likewise must have the equivalent condition
holding for g′j .) When this is the case we are able to split up the cycles appearing in gi into
further subgroups Scij .

We will also decompose the character appearing in the full expression of each states in
terms of irreducible representations of Hcij using

χ~r(g) =
∑

~s irrep of Hcij

n~r~sχ
~s(g) . (3.48)

We then have that the relevant terms for our choice of {cij} can be rearranged in the form

|~n,~r〉|Hcij
=
∑
~s

n~r~s |~n,~s〉 , (3.49)

|~n′, ~r′〉|Hcij
=
∑
~s ′

n~r
′

~s ′ |~n′, ~s′〉 , (3.50)
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where we have used the same notation as in the definition of our original state:

|~n,~s〉 = 1√
N !

∑
h∈SN

∏
i,j

 1
cij !

∑
gij∈Scij (Cij)

χsi(gij)|(ai)hgijh−1〉

 , (3.51)

|~n, ~s′〉 = 1√
N !

∑
h∈SN

∏
i,j

 1
cij !

∑
g′ij∈Scij (Cij)

χs
′
j (g′ij)|(ai)hg′ijh−1〉

 . (3.52)

The careful reader will notice that the factors of ni! we might have expected to appear have
been replaced with a product of cij !. We have simply fixed a fiducial ordering of the Scij in
Sni so that they are mapped into the correct corresponding subgroup of the other state.
The change in prefactor accounts for the multiple ways these subgroups could have been
embedded.

Let’s now compute the overlap of the relevant piece of the bra and ket of the form (3.51)
and (3.52). It is given by

1
N !

∑
h,h′∈SN

∏
k,l

 1
ckl!

∑
g′
kl
∈Sckl (Ckl)

χs
′
j (g′kl)〈blh′g′

kl
h′−1 |

∏
i,j

 1
cij !

∑
gij∈Scij (Cij)

χsi(gij)|bihgijh−1〉

 .
(3.53)

We can eliminate one of the sums over h′ immediately and drop the factor of N ! by just
keeping one set of indices fixed. We also don’t want to sum over the remaining h that don’t
pair the appropriate groups of boundary conditon i with j. Thus this simplifies to

∑
h∈
∏
kl
Sckl

∏
k,l

 1
ckl!

∑
g′
kl
∈Sckl (Ckl)

χs
′
j (g′ij)〈blg′

kl
|

∏
i,j

 1
cij !

∑
gij∈Scij (Cij)

χsi(gij)|bihgijh−1〉

 .

(3.54)
Now, since we aren’t permuting the different sectors we can rearrange the products

first as ∏
i,j

 1
cij !2

∑
h,gij ,g′ij∈Scij (Cij)

χs
′
j (g′ij)χsi(gij)〈b

j
g′ij
|bihgijh−1〉

 , (3.55)

and then as ∏
i,j

 1
cij !

∑
gij ,g′ij∈Scij (Cij)

χs
′
j (gij)χsi(gij)〈bjg′ij |b

i
gij 〉

 . (3.56)

We immediately recognize this as the overlap that contributes to (3.29) with (N)j, j′ replaced
by (cij)si, s′j ∏

i,j

Z
(cij)si,s′j
ij (τ) . (3.57)

Gathering everything together we finally obtain,

Z~r~r
′

~n~n′(τ)≡〈~n,~r| |q̃
1
2 (L0+L̄0− c

12 ) |~n′, ~r′〉=
∑
{cij}

 ∑
~s,~s′ irrep of Hcij

n~r~sn
~r′
~s′

∏
i,j

Z
(cij)si,s′j
ij (τ)

 . (3.58)
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Our final step is now to confirm that these most general states generate good partition
functions:

Claim 3.6. The overlaps Z~r~r ′~n~n′ (τ) defined in Claim 3.5 are good partition functions.

Proof. Because each of the Z
(cij)si,s′j
ij has integer coefficients, so do the products and sums

of them that appear in (3.46). Thus we will have integer multiplicities for all states.
It only remains to show the vacuum appears precisely once iff the states are the same.

As was shown in the proof of Claim 3.4, we only get the vacuum appearing in the sub-
partition functions in (3.46) if i = j. For there to exist a cij ∝ δij so that this holds true
for every term in the product we must have that ~n = ~n′. Moreover, when we look at this
equal pairing, we do not have to expand our representations into representations of smaller
subgroups Scij . The pairing that could potentially generate a vacuum contribution then
has the form ∏

i

Z(ni)ri,r′i
ii (τ) (3.59)

We also had from before that the vacuum will appear in the sub-partition functions iff the
are in the same representation, so that we must have ri = r′i for all i. Thus we conclude
that ~n = ~n′ and ~r = ~r′. Lastly, since there is a single pairing that matches the same states
together on both sides, we get precisely one copy of the vacuum, as desired.

This concludes the proof that we have identified a consistent set of Cardy boundary
states of the symmetric orbifold. Finally, note that for every set of ni copies of the same
boundary state ai we have an Ishibashi state in the orbifold theory for every conjugacy
class that links them together into a product of twisted cycles. But we have also now
shown that for each ni copies of state ai we get one boundary state per choice of irreducible
representation. Thankfully, these irreps are also counted by the same conjugacy classes.
We are able to conclude we have found as many Cardy states as Ishibashi states and thus
our set of Cardy states is complete (in this symmetry class).

We now turn to the discussion of their properties following the dictionary of AdS/BCFT.

4 AdS/BCFT data

In this section, we will discuss the properties of the boundary states we have just constructed.
We will be interested in quantities that are relevant for the AdS/BCFT dictionary. The
first quantity will be the boundary entropy, which is mapped to the tension of the ETW
brane in the bulk, assuming that is a good description of the BCFT dual. More generally,
the boundary entropy should give a rough measure of the depth of the bulk geometry. The
second quantity will be the one-point function of single-trace operators. This quantity
probes whether bulk matter is turned on in the geometry or not.

Our goal will be to determine whether a typical boundary state of the orbifold theory
has the properties expected of a well-behaved bulk geometry. In particular, we wish to
see if typical boundary states are consistent with a local ETW brane. As we will see, it
will be important to distinguish between seed theories with a finite or an infinite number
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of boundary states, as the resulting outcome will be significantly different. We start by
considering the finite seed CFTs.

4.1 Finite seed CFTs

We expect to find a finite number of seed theory boundary states when there are a finite
number of Virasoro primary operators. We also expect a finite number of seed states when
we consider any rational CFT, but restrict ourselves to those states that respect a particular
fixed automorphism of the extended chiral algebra.

With a finite number of seed boundary states to choose from, in the large N limit
the choice of the vector ~n will involve mostly repeated seed theory boundary states. Up
to 1/N corrections, we can therefore take all the seed boundary states to be the same
(i.e. ~n = Nî) and analyze the AdS/BCFT data for such states.7 The notion of typicality
will now constrain what type of representation vector ~r we pick. Since we pick all states
to be the same, it involves understanding what a typical representation of SN looks like.
Fortunately, much is known on the topic.

4.1.1 The boundary entropy

The first quantity we will be interested in computing is the boundary entropy, defined as

gb = log 〈b|0〉 . (4.1)

For this boundary entropy to measure the depth of a corresponding well-behaved bulk
geometry, we require

g = BN , (4.2)

where |B| ≤ O(1). Its sign determines whether the bulk geometry covers more (B > 0) or
less (B < 0) than half of the AdS geometry.

We would now like to determine the boundary entropy for the states (3.18), for ~n = Nî

and for some typical representation r. There are numerous known results for the distribution
of representations of SN in the large N limit. We will review the relevant results and more
details can be found in [55].

To find the boundary entropy, note that the closed string channel vacuum only has
overlap with the product state, whose conjugacy class is just the identity permutation. We
would thus like to know the value of χh(1). Note that

χh(1) = dr , (4.3)

which is simply the dimension of the representation. The boundary entropy reads

gri = log 〈0|Nî, rî〉 = −1
2 log(N !) + log(dr) +Ngi , (4.4)

7It’s only a small amount of additional work to analyze the truly typical case where each ni ≈ N/nb.
The reader can quickly check for themselves that the answer has the same leading large-N behaviour as we
compute for the homogeneous case.
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where gi is the entropy of the seed boundary state. One can immediately derive a bound
on dr by noting that ∑

reps r
d2
r = N ! , (4.5)

so that we have
gri < Ngi . (4.6)

An even more useful consequence of (4.5) is that

∑
Λ

d2
Λ
N ! = 1 , (4.7)

so that there is a natural probability measure µN on the set of representations of SN called
the Plancherel Measure where the probability of a representation is given by8

p(r) = d2
r

N ! . (4.8)

In particular, note that we can then rewrite

gri = 1
2 log(p(r)) +Ngi , (4.9)

so that the boundary entropy is just the log probability of the representation. Moreover,
the most probable representation will be the one that maximizes the boundary entropy. It’s
also useful to note that the average boundary entropy is then given by the entropy of the
Plancherel measure itself,

〈gri 〉 = −1
2S(p(r)) +Ngi , (4.10)

where S is the usual Shannon entropy of the distribution.
There are many nice results about typical properties of representations of the symmetric

group with respect to the Plancherel measure [55]. For our purposes, the following theorem
from [55] is particularly useful:

Theorem 4.1. There exist positive constants c0 and c1 such that

lim
N→∞

µN

{
r : c0 < −

2√
N

log
(

dr√
N !

)
< c1

}
= 1 . (4.11)

From this theorem we immediately conclude that, asymptotically, almost every state
has entropy

− c1
2
√
N < gri −Ngi < −

c0
2
√
N . (4.12)

It is known that these coefficients are themselves bounded c0 > 0.2313 and c1 < 2.5651.
However, there is a numerically well-supported conjecture that asymptotically these bounds

8It is interesting to note that the question of typical states labelled by a Young diagram has also appeared
in other contexts, for example in the case of LLM geometries [56]. In that context, the authors use a
different measure on the space of representations (the flat measure). It would be interesting to understand
the difference between typical Young diagrams with respect to the two measures.
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become tight. In other words, the conjecture holds that the Plancherel measure concentrates
around the mean dimension. Thus we can argue that almost every boundary state will
have entropy

gri −Ngi ≈ −
C

2
√
N , (4.13)

for some unknown constant 0.23 < C < 2.56.9

We have thus argued that for almost every choice of representation r the boundary
entropy is Planckian. The factor of −1

2N logN in (4.4) has been cancelled by the dimen-
sionality of the representation, leaving only a subleading

√
N correction to the Planckian

brane tension. To generalize this case to the truly typical case where we have chosen ~n at
random as well as the representation, we need only replace the fixed seed entropy gi with
the average of the seed entropies. Thus the typical boundary entropy will be

gri ≈ Ng (4.14)

for g = n−1
b

∑
i gi, up to sub-leading corrections in N .

We can also ask about extremal values of the entropy. In this case, we can draw upon
another useful theorem from [55]:

Theorem 4.2. There exist positive constants c′0 and c′1 such that for all N

e−
c′1
2
√
N
√
N ! ≤ max

r
dr ≤ e−

c′0
2
√
N
√
N ! (4.15)

This shows that the maximum possible entropy isn’t far from our mean value,

grmax
i < Ngi −

c′0
2
√
N , (4.16)

so that we can’t push the leading order answer in the positive direction. On the other hand,
the dimension of the trivial representation is 1. In this case,

grmin
i = Ngi −

N

2 logN (4.17)

and we see that our boundary has a super-Planckian negative entropy. In our holographic
picture, this would correspond to the boundary condition eating up all but a vanishing
sliver of the bulk geometry.

4.1.2 One-point functions

Another quantity of interest is the one-point function of single-trace operators in the presence
of the boundary. These one-point functions should diagnose whether or not bulk matter
fields are turned on in the geometry. Following (2.7), the one-point functions are defined as

pOi = 〈0|O|ai〉
〈0|ai〉

. (4.18)

The seed theory one-point functions are

phi = (ai)h
egi

. (4.19)

We will now calculate the one-point function of single-trace operators, both in the twisted
and untwisted sectors.

9Numerical evidence suggests that C > 1.8.
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Untwisted sector operators. Let us define an untwisted sector primary operator as

O = 1√
N

∑
I

OIh , (4.20)

where Oh is a seed theory primary operator who has unit two-point function. The opera-
tor (4.20) is obviously SN symmetric and is normalized such that it also has unit two-point
function. It is a single-trace operator since it is built from a unique seed theory operator. A
double-trace operator would involve the product of two seed theory operators, appropriately
symmetrized (see [44]). We now wish to compute pOi for ~n = Nî and ~r = rî. We have

pO
Nî,rî

=
〈0|⊗N 1√

N

∑
I O

I
h |Nî, rî〉

〈0|Nî, rî〉
=
√
Nphi . (4.21)

There are two interesting observations to be made with this formula. First, we note
that the one-point functions are in some sense much more universal than the boundary
entropies. The final formula is completely independent of the choice of representation r. The
second observation is the N -scaling of the expression. The

√
N behaviour is exactly what is

expected of matter fields that are turned on and that would produce O(1) backreaction to
the geometry, meaning that the dual geometry would have O(1) differences from a simple
ETW brane in AdS. In particular, the geometry would not be locally AdS, even away from
the brane. We now turn to twisted sector one-point functions.

Twisted sector one-point functions. We will now discuss the one-point function of
twisted sector operators. In the twisted sectors, a single-trace operator consists of a
conjugacy class with a single cycle [44]. The unit-normalized twisted sector ground state
operator is given by (see for example [38])

σL = 1√
L N !(N − L)!

∑
g∈SN

σg(1...L)g−1 . (4.22)

We can now compute the one-point function. We find

pL
Nî,rî

=
〈0|⊗N 1√

L N !(N−L)!

∑
g∈SN σg(1...L)g−1 |Nî, rî〉

〈0|Nî, rî〉

=
〈0|⊗N 1√

L N !(N−L)!

∑
g∈SN σg(1...L)g−1

1√
N !
∑
h∈SN χ

r(h)|(ai)h〉

χr(1) 1√
N !e

Ngi
.

The sum over g will only be non-zero if

g(1 . . . L)g−1 = h−1 , (4.23)

and we can thus get rid of the sum over g since we are anyway summing over the full
symmetric group for h. This will give a factor of N !. The residual sum over h will only be
non-zero if h = (1 . . . L)−1, which singles out a single term. In total, we thus find

pL
Nî,rî

=
√

N !
L(N − L)!e

−gi(L−1)χ
r(L-cycle)
χr(1) . (4.24)
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To compute this quantity, we need a new piece of data that was not necessary for the
boundary entropy or the one-point function of untwisted-sector operators: the value of χr

for a representation given by a one-single of length L. It turns out that there are also known
results for characters of typical representations at large N . The most relevant theorem can
be found in [55] (equation (3.2.1) and the theorem that follows). In a typical representation
and at large N , we have

χr(L-cycle)
χr(1) ∼

√
LN−L/2 . (4.25)

We thus find that at large N and in a typical representation, we have

pL
Nî,rî

= e−gi(L−1) . (4.26)

This result is quite remarkable. First of all, the N -supression of the characters in a
typical representation exactly cancels the N -enhancement coming from the combinatorics
of our state. Without this suppression from the typicality of representations, one would
be left with one-point functions that grow as NL/2 which means a backreaction that is
stronger than O(1) in the bulk, and is actually enhanced by powers of 1/GN . It would be
very challenging to make sense of such a geometry. Moreover, the fact that the one-point
functions are order one numbers means that unlike untwisted sector operators, these VEVs
will only induce a quantum backreaction to the bulk spacetime.

We now turn to seed CFTs with an infinite number of boundary states.

4.2 Infinite seed CFTs

For seed CFTs with an infinite number of boundar states, the situation is completely
different. Now a typical state will involve N different seed theory states for ~n is such that
ni = 1 for all non-trivial entries, and thus such states contain no twisted sector states in
the closed string channel. Moreover, this fixes all the representations in ~r to be trivial. As
we will see, this drastically changes the combinatorics.

4.2.1 The boundary entropy

Let us now revisit the boundary entropy. From the expression for our boundary states (3.18),
it is straight forward to calculate the boundary entropy. We find

g~n = log

〈0|⊗N 1√
N !

∑
h∈SN

N∏
i=1
|(ah(i))〉

 = log
√
N ! +

∑
i

nigi , (4.27)

where gi are the seed theory boundary entropies. Expanding in the large N limit, we find

g~n = log
√
N +

∑
i|ni 6=0

gi ∼
N

2 logN +N

(
ḡi −

1
2

)
, (4.28)

where ḡi is the averaged boundary entropy among the N chosen boundary states. This time,
we find a boundary entropy that scales as N logN as the combinatorical term dominates over
the averaged seed theory boundary entropy. This means that the tension of the dual brane is
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super-Planckian! This large of a tension seems incompatible with a simple bulk description
where we expect the euclidean distance to the end of the geometry to only be O(N).

Note that in this infinite case we can still generate an analogous spectrum to the finite
case by choosing atypical boundaries built out of a small subset of the seed conditions.
Thus, we can again get atypical boundary entropies with better behaved entropies

gri ≈ Ngi , (4.29)

and again we can find solutions that seemingly eat up most of the bulk geometry with a
super-Planckian negative entropy

grmin
i = Ngi −

N

2 logN . (4.30)

4.2.2 One-point functions

Let us now turn our attention to one-point functions. The first stricking difference with
infinite seed theories is that the typical states have no support on twisted sectors, hence all
the one-point function of twisted sector operators are zero! The untwisted sector one-point
function of single-trace operators can easily be computed, and we find

pO~n =
〈0|⊗N 1√

N

∑
I O

I
h |~n〉

〈0|~n〉 =
√
Np̄i

h , (4.31)

where
p̄i
h = 1

N

∑
i

phi , (4.32)

the averaged seed theory one-point function. This means that the one-point function have
exactly the right order of magnitude to correspond to O(1) backreaction due to the matter
fields in the bulk. This is the same behaviour as for rational seed theories, indicating that
it is much more universal than the bounary entropy. Of course, the fact that the boundary
entropy scales super-linearly with N is still problematic for a geometric interpretation.

5 Discussion

In this paper, we have explicitly constructed a complete set of boundary states for symmetric
orbifolds, which respect the full chiral algebra of the orbifold theories. The states are
specified by choosing N boundary states of the seed CFT (with repetitions allowed) as
well as specifying representations for the multiplicities of each seed boundary state. We
proved that the states satisfy the Cardy conditions making them good boundary states of
the orbifold theory. We also studied their properties at large N , focusing on the boundary
entropies and single-trace one-point functions. We found a large difference in the boundary
entropy between typical boundary states when the seed CFTs have a finite or infinite
number of boundary states, while the one-point functions were similar for both cases and
matched expectations from holography. We conclude with some open questions.
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Symmetric product orbifolds and RCFT. The construction of boundary states we
presented in this paper has the advantage that it is quite explicit and requires little
background to understand. On the other hand, symmetric product orbifolds are rational
conformal field theories, for which a great deal is known in general about the spectrum
of boundary states. The question of boundary states from a RCFT perspective has been
studied for cyclic orbifolds in [57] (ror a more general review, see [58].) It would be nice to
re-derive our results using these techniques.

Permutation branes. An important question to ask is whether we have truly charac-
terized all boundary states given our class of boundary conditions. For Cardy states that
respect the extended chiral algebra with a trivial automorphism identification, we believe
this to be the case. We have a one-to-one map between Ishibashi states satisfying this
boundary condition and boundary states.

However, we do expect there to be other boundary states specified by different choices
of automorphisms Ω. For N -fold tensor product theories without orbifolding, such states
were constructed when the seed theory is a Virasoro minimal model in [54]. It is worthwhile
to note that the proof that these states satisfy the Cardy conditions uses details of minimal
model construction. It is therefore not clear how one would find such states for the N -fold
product of irrational seed CFTs.

Our construction, on the other hand, works no matter what choice of seed theory we
pick, and is therefore robust (this is the typical expected behaviour of an orbifold theory
— once the seed theory is known, we should have a complete knowledge of the orbifold
theory). It is possible that Recknagel-type states might be found with reasonable effort for
the symmetric orbifold of minimal models, but not for generic choices of seed theory. It
would be interesting to understand this better.

Another important point to keep in mind is that the overlaps we have computed (3.46)
are strictly built from the untwisted sector of the open string channel, where some represen-
tations of SN are counted a certain number of times. But the spectrum in the open string
channel is not altered from the product theory. It is natural to expect that there could
also be twisted sector states in the open string channel, which have not appeared in our
construction. Following an analogy with the states of [54], we expect to find such twisted
sector states in overlaps of the form

〈b,Ω|b′,Ω′〉 , (5.1)

for Ω 6= Ω′. We leave the investigation of non-trivial Ω boundary states along with their
properties for future work.

Rational vs irrational seed CFTs. We have seen that there is a striking difference
between choosing finite and infinite seed CFTs in terms of the typicality of boundary states.
For finite CFTs, the boundary entropy scales linearly in N and the boundary states will have
support on most twisted sectors. On the contrary, for infinite CFTs a typical boundary state
will have a boundary entropy scaling like N logN and no support on the twisted sectors.

At first sight, this is quite confusing. One would think that the orbifold of an irrational
CFT is closer to being holographic than the orbifold of a rational CFT, or at least, should
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not be worse. Indeed, picking an irrational CFT will retain some form of chaos, even if
it is highly diluted at large N . There is no reason to expect that this makes a typical
boundary state less holographic. However, our findings seem to indicate the opposite, since
a boundary entropy scaling super-linearly in N is puzzling from a bulk standpoint.

An interesting case would be the D1D5 CFT at the orbifold point, which has an infinite
number of Virasoro primaries. Our analysis suggests that a typical boundary state would
not look holographic. For a typical boundary state to become holographic at strong coupling,
there would have to be N -dependent changes to the boundary entropy, which would be
surprising. It would be very interesting to understand this better.

Conformal perturbation theory. Another avenue to explore is to turn on the marginal
deformation that makes the N copies of the orbifold theory interact. This can be done for
specific seed theories with supersymmetry, like the non-linear sigma model on T 4 or K3, or
the family of N = (2, 2) theories described in [59]. One could then study what happens
to the boundary states we have classified under this deformation. Boundary states that
preserve some supersymmetry would be particularly interesting to study.

It is worthwhile to note that even at the orbifold point, we expect an infinite number
of Virasoro Cardy states. We have only classified a finite number of them, focusing on
those that respect the extended chiral algebra (1.3). Away from the orbifold point, the
extended chiral algebra no longer exists and one would naively expect that the boundary
states we have found mix with those that do not respect the extended chiral algebra in some
complicated way. It would be interesting to study this question in more detail, specifically in
light of the recent technical progress on conformal perturbation theory (see for example [60]).

Is there a bulk geometry? One of the most important questions in this endeavour is
of course to understand whether the boundary states we have constructed can truly be
thought of as having a description as an ETW brane, perhaps with some matter fields
turned on, or even more generally as a higher-dimensional geometry. Of course, the gravity
dual to a general symmetric orbifold is not expected to be well described by Einstein gravity,
and would involve a theory of gravity where the string scale is of the same order as the
AdS scale. In such a setup, the notion of a bulk geometry may not be so clear.

Related to this, we have found that the VEVs of untwisted sector single-trace operators
lead to an O(1) backreaction on the geometry. In a top-down construction where some cycle
in the internal manifold caps off smoothly, we would have a similar situation with an infinite
tower of single-trace charged operators (under the R symmetry) that have O(

√
N) VEVs.

There is however an important difference between a true holographic theory and a symmetric
orbifold. In a holographic theory, the number of single-trace operators at a given dimension
grows polynomially with dimension (this can be understood essentially from the KK reduc-
tion of the internal manifold onto AdS). In a symmetric orbifold, the growth of untwisted
sector operators is superpolynomial and grows as e

√
∆. Therefore there are many more

operators being turned on, which could provide challenging for a geometric intrepretation.
Moreover, finding a boundary entropy to be O(N) and one-point functions no greater

than
√
N is a necessary condition, but of course not a sufficient one. There are other

constraints required by having a consistent bulk causal structure [47]. Such conditions
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could in principle be checked explicitly in our boundary states, and we leave it for future
work. It would be interesting to see if in top-down constructions where the bulk worldsheet
theory dual is known [61], one can interpret some of these boundary states as having a dual
description in terms of geometry.
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A Examples

In the section, we write down expressions of the boundary states (3.18) and the open string
partition functions for N = 2, 3.

N = 2. We can take both seed theory boundary states either to be the same or different.
When they are the same, the boundary states are

|(2), 1〉 ≡ |aa1〉 = 1√
2

(
|a(1)〉 |a(2)〉+ |a(12)〉

)
(A.1)

|(2), 2〉 ≡ |aa2〉 = 1√
2

(
|a(1)〉 |a(2)〉 − |a(12)〉

)
. (A.2)

Note that the characters take values from the character table of S2 corresponding to the
two irreps of the group. When the seed boundary states are different, we have

|(1, 1), 1〉 ≡ |ab1〉 = 1√
2

(
|a(1)〉 |b(2)〉+ |b(1)〉 |a(2)〉

)
. (A.3)

The open string partition functions resulting from the overlaps of these states are

Zaa1,αα1(τ) = 1
2
(
Z2
aα(τ) + Zaα(2τ)

)
= Zaa2,αα2(τ) ,

Zaa1,αα2(τ) = 1
2
(
Z2
aα(τ)− Zaα(2τ)

)
,

Zaa1,αβ1(τ) = Zaα(τ)Zaβ(τ) = Zaa2,αβ1(τ) ,
Zab1,αβ1(τ) = Zaα(τ)Zbβ(τ) + Zaβ(τ)Zbα(τ). (A.4)

N = 3. In this case, we have all three seed boundary states are identical, two are identical,
or all three are different. The boundary states are

|(3), 1〉 ≡ |aaa1〉 = 1√
6

(
|a(1)〉 |a(2)〉 |a(3)〉+ |a〉2 + |a〉3

)
,

|(3), 2〉 ≡ |aaa2〉 = 1√
6

(
|a(1)〉 |a(2)〉 |a(3)〉 − |a〉2 + |a〉3

)
,

|(3), 3〉 ≡ |aaa3〉 = 1√
6

(
2 |a(1)〉 |a(2)〉 |a(3)〉 − |a〉3

)
. (A.5)
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Here, |a〉2 ≡
(
|a(1)〉 |a(23)〉+ |a(2)〉 |a(13)〉+ |a(3)〉 |a(12)〉

)
and |a〉3 ≡

(
|a(123)〉+ |a(132)〉

)
.

Again, the coefficients multiplying the twisted sectors belonging to different conjugacy
classes take value from the character table of S3. The remaining states are

|(2, 1), (1, 1)〉 = 1√
6

(
|a(1)〉 |a(2)〉 |b(3)〉+ |a(1)〉 |b(2)〉 |a(3)〉+ |b(1)〉 |a(2)〉 |a(3)〉+ |b〉 |a〉2

)
≡ |aa1b1〉

|(2, 1), (2, 1)〉 = 1√
6

(
|a(1)〉 |a(2)〉 |b(3)〉+ |a(1)〉 |b(2)〉 |a(3)〉+ |b(1)〉 |a(2)〉 |a(3)〉 − |b〉 |a〉2

)
≡ |aa2b1〉 ,

|(1, 1, 1), (1, 1, 1)〉 = 1√
6

(
|aP (1)〉 |bP (2)〉 |cP (3)〉+ permutations

)
≡ |abc〉 (A.6)

The open string partition functions resulting from the set (A.5) are

Zaaa1,ααα1(τ) = 1
6Z

3
aα(τ) + 1

2Zaα(τ)Zaα(2τ) + 1
3Zaα(3τ) = Zaaa2,ααα2(τ) , (A.7)

Zaaa3,ααα3(τ) = 2
3Z

3
aα(τ) + 1

3Zaα(3τ) = Zaaa1,ααα3(τ) , (A.8)

Zaaa1,ααα2(τ) = 1
6Z

3
aα(τ)− 1

2Zaα(τ)Zaα(2τ) + 1
3Zaα(3τ) , (A.9)

Zaaa1,ααα3(τ) = 1
3Z

3
aα(τ)− 1

3Zaα(3τ) = Zaaa2,ααα3(τ) . (A.10)

In section 3, we have proved that the above partition functions each state appear in an
integer number of time. It is instructive to see how it works explicitly. For example, The
states that can appear in partition function (A.10) will have dimensions of the form

h = hi + hj + hk for hi 6= hj 6= hk (A.11)
h = 2hi + hj for hi 6= hj (A.12)
h = 3hi (A.13)

Let’s consider these three cases in turn. In the first case this can only come from the first
term in the partition function. We get multiple copies (6) from this single term by summing
over which of the Zs in the product each state comes from. This gives 6× 1/6 = 1 copy
of the state. In the second case we can get contributions from the first two terms in the
partition function, but not the third. From the first term we now get three copies and from
the second we get one copy. Thus we have 3× 1/6− 1/2 = 0 copies of this state. In the
third case we get contributions from all three terms, and precisely one from each. Thus we
have 1/6− 1/2 + 1/3 = 0 copies of this state.

The partition functions involving the boundary states in (A.6) are

Zaa1b,αα1β(τ) = Zaα(τ)Zbα(τ)Zaβ(τ) + 1
2
(
Z2
aα(τ) + (Zaα(2τ)

)
Zbβ(τ) = Zaa2b,αα2β(τ) ,

Zaa1b,αα2β(τ) = Zaα(τ)Zbα(τ)Zaβ(τ) + 1
2
(
Z2
aα(τ)− (Zaα(2τ)

)
Zbβ(τ) ,

Zabc,αβγ(τ) = Zaα(τ)Zbβ(τ)Zcγ(τ) + permutations (α, β, γ). (A.14)

– 30 –



J
H
E
P
0
1
(
2
0
2
2
)
1
2
3

Finally we have

Zaa1b,ααα1(τ) = 1
2
(
Z2
aα(τ) + Zaα(2τ)

)
Zbα(τ) = Zaa2b,ααα2(τ) ,

Zaa1b,ααα2(τ) = 1
2
(
Z2
aα(τ)− Zaα(2τ)

)
Zbα(τ) = Zaa2b,ααα1(τ) ,

Zaa1b,ααα3(τ) = Z2
aα(τ)Zbα(τ) = Zbα(τ)

(
Zaa1,αα1(τ) + Zaa1,αα2(τ)

)
= Zaa2b,ααα3(τ) ,

Zabc,ααα1,2,3(τ) = Zaα(τ)Zbα(τ)Zcα(τ) ,
Zabc,αα1,2β(τ) = Zaα(τ)Zbα(τ)Zcβ(τ) + Zaα(τ)Zbα(τ)Zcβ(τ) + Zaβ(τ)Zbα(τ)Zcα(τ) .

(A.15)
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