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1 Introduction

In recent years, higher-form global symmetries have attracted increasing interest due to
their connection with sectors of higher dimensional operators (defects) and the role played
in further constraining the dynamics of quantum systems, thanks to new Ward identities,
anomalies, breakings or gaugings. This has led to a new paradigm in how we think about
symmetries in QFT, where topological and non-topological defects play an instrumental role.

Generalized symmetries have been classified as invertible [1] and non-invertible symmetries,
the latter having a long history in two-dimensional systems [2], then generalized to higher
dimensional ones only recently (see for instance [3, 4] for a review on recent developments).
Our focus will be on invertible higher-form global symmetries. A nice introduction to this
topic and an exhaustive list of references can be found in [5–7].

Higher-form symmetries can be conveniently framed into a geometrical scheme based on
differential geometry, differential form formalism, and hypersurface geometry. One of the
most important observations is that the field strength F (p) = dA(p−1) of any local (p−1)-form
gauge potential A(p−1) is a conserved current, thanks to the Bianchi identity. In n dimensions,
the topological charge operator Q(Σp) = exp(i

∫
Σp
F (p)) generates a (n−p−1)-form symmetry

under which (n − p − 1)-dimensional defects are charged. More generally, given a set of
closed field strengths F (p) for different values of p, higher-form currents can be constructed
as products F (p1) ∧ · · · ∧ F (pk), leading to newly-explored Chern-Weil symmetries [8]. Since
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the seminal paper [1], these symmetries and their properties — anomalies, breaking, or
gauging — have been extensively studied in gauge theories with or without matter, in
various dimensions (see references in [5–7]). A deeply studied case is the 2n-dimensional
axion-electrodynamics [9–11] and its non-abelian generalization [12, 13].

In supersymmetric theories, topological higher-form symmetries combine with supersym-
metry to give rise to a new unexplored net of higher-form conservation laws, whose effects on
the quantum dynamics of the system need to be investigated, along with the construction of
non-local operators charged under them. In [14] we gave a first grasp of the general picture.
In this paper we will pursue a more systematic investigation.

The possibility to define a supersymmetric theory on a supermanifold,1 or more simply
on a superspace, which is the local version of a supermanifold, allows for accomplishing this
program in a very efficient way. In fact, several ingredients discussed in the aforementioned
literature can be easily translated into a supersymmetric framework. First of all, differential
calculus in supermanifolds [17–26], leads to the notion of superdifferential forms J (p|q) that
locally can be expressed in terms of fundamental (1|0)-forms dx’s and dθ’s related to the even
and odd coordinates of the superspace, with the coefficients of the expansion being ordinary
superfields. In a (n|m)-dimensional supermanifold, they are featured by a form number
0 ≤ p ≤ n and a so-called picture number 0 ≤ q ≤ m. Superdifferential forms satisfying
the closure condition dJ (p|q) = 0 are the natural candidates for defining super-higher-form
currents, that is, the generalization of higher-form conserved currents to a supersymmetric
set-up. The general theory of integration on supermanifolds [27] allows then to define the
corresponding generators as integrals of the currents on (p|q)-dimensional super-hypersurfaces
Σ(p|q) embedded into the supermanifold, Q(Σ(p|q)) =

∫
Σ(p|q)

J (p|q). Thanks to the closure of
the super differential form, these are topological operators that generate a (n− p− 1|m− q)-
higher-form symmetry. Charged objects can be constructed in general, which are operators
localized on a (n − p − 1|m − q) — hypersurface.

A first formal discussion of super-higher-form currents was given in [14], where for generic
tensorial superform currents J (p|0) satisfying dJ (p|0) = 0, the corresponding topological
supercharge was identified and the non-local operators in supermanifold charged under this
super-higher-form symmetry were constructed. The interesting result is that the expansion of
J (p|0) on a supervielbein basis in the supermanifold provides a new set of (p− 1) conserved
supercurrents, which in turn give rise to current supermultiplets, once expanded in powers of
the spinorial coordinates. Fermionic higher-form symmetries have been recently investigated
in [28–30], not necessarily in a supersymmetric context.

In this paper, we specialize this construction to abelian gauge theories in various di-
mensions and with different amounts of supersymmetry. We focus not only on superform
J (p|0) currents but also on integral form J (p|m) currents — where m is the odd dimension of
the supermanifold. The construction of more general J (p|q) symmetries and the discussion
of their physical meaning is left for future investigation. We present the geometry of the
topological charge operators and the set of objects charged under them. We postpone the
study of their physical implications, associated anomalies, gauging, and breaking — also in
the context of supergravity — to a subsequent paper [31].

1For an introduction to supersymmetric theories in supermanifolds, see [15, 16].
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Abelian gauge theories in supermanifolds are described by a (1|0)-superform gauge
potential A, whose superfield strength F = dA is a (2|0)-superform satisfying dF = 0. In
principle, this superform contains too many degrees of freedom. An important ingredient is
the choice of the constraints that reduce the number of its independent components. In any
case, the bottom line is that Bianchi identities dF = 0, together with the equations of motion
d ⋆ F = 0, are always the crucial key to establishing the content of the physical multiplets,
their independent degrees of freedom, and their representations. In several cases, Bianchi
identities also imply the equations of motion. This is true for both rigid supersymmetry
(see [32] and the textbooks [33, 34]) and supergravity (see for example [35]).

The superfield strength F naturally gives a well-defined conserved super-higher-form
current. It is the lowest representative of topological superform currents of type J (p|0). We
study the corresponding generator that gives rise to a (n− 3|m)-super-higher-form symmetry.
We also identify the objects charged under this symmetry as ’t Hooft-like supermonopoles
supported on a singular (n− 3|m)-dimensional super-hypersurface. In addition, depending
on the bosonic dimensions of the supermanifold, higher-superform currents can be defined
by taking products of k F factors, J (2k|0) = F ∧ F ∧ . . . F . They give rise to what we
call super-Chern-Weil symmetries. Suitable multi-supermonopole configurations can be
constructed, which carry a J (2k|0) charge.

Moving to the class of integral form currents, the lowest dimensional representative is
given by the on-shell closed current J (n−2|m) = ⋆F , generating a (1|0)-integral form symmetry.
This is the generalization to supermanifolds of the Noether-like current induced by the
Maxwell equations of motion. Objects charged under this symmetry are supersymmetric
Wilson loops supported on (1|0)-supercycles [36].

In a supersymmetric context the novelty is that, beyond the brand new set of supercurrents
which originate from the reduction to components of superform and integral form currents
constructed from F and ⋆F , another set of conserved currents can be determined, owing to
the existence of supersymmetric invariant expressions in the cohomology of supermanifolds.
These invariants are constructed in terms of supervielbeins, and their invariance is related to
the Fiersz identities, which are specific to any superspace. We can multiply these invariants
by topological super-higher-form currents of the form F ∧ . . . F to give rise to the generators
of new symmetries. We dub these new symmetries super-geometric-Chern Weil symmetries.
We explore all these possibilities in the examples of super-Maxwell theories we consider.
Notably, we prove that supermonopoles are also charged under the action of these new
symmetry generators.

The rest of the paper is organized as follows in section 2 we briefly recall the construction
of higher-form currents in ordinary gauge theories, focusing in particular on n-dimensional
Maxwell theory. We work in a geometric set-up, fixing notions and notations in a language
that is easy to generalize to supermanifolds. We discuss the coupling of the higher-form
currents to background gauge fields as an efficient prescription for determining the action
of symmetry generators on charged operators. Section 3 is the core of the paper, where
the construction of super-higher-form symmetries in supermanifolds is discussed in general,
focusing on J (p|0) superform and J (p|m) integral form currents. In section 4, this construction
is applied to specific examples of N = 1 supersymmetric Maxwell theory, precisely in three,
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four, six, and ten dimensions. In some of these cases, we also rewrite in supergeometry
language the explicit expression of the generators of ordinary supersymmetry in order to
facilitate a comparison with the structure of super-higher-form generators. We discuss in
detail the construction of operators charged under these new symmetries and determine their
charge as given by the super-linking number, the generalization of the linking number to
supermanifolds [14]. We complete the spectrum of applications by discussing in section 5
the interesting case of the abelian N = 1 super-Chern-Simons theory in three dimensions.
Finally, we draw our conclusions in section 6 and highlight possible directions for further
investigation. For readers not acquainted with the language of supergeometry, we collect
a little information in appendix A and review the definition of (super)linking number in
appendix B. Finally, in appendix C, we report details on the construction of operators
charged under super-Chern-Weil and super-geometric-Chern-Weil symmetries for Maxwell
theory in D = (6|8) supermanifold.

2 Ordinary higher-form symmetries

We begin by briefly recalling the construction of higher-form global symmetry generators
and the corresponding charged operators. We rephrase known material [1, 8, 11, 12] (see
also reviews [5–7]) in a geometrical language, as this is suitable for the generalization to
the supersymmetric case that we develop in section 3.

In this paper, we focus only on abelian generalized global symmetries. They can be
either Noether-like when conservation follows from some equations of motion, or topological
when conservation comes from constraints, typically Bianchi identities.

Given a classical field theory defined in a n-dimensional oriented manifold M, a p-form
symmetry is generated by a conserved (n − p − 1)-form current J (n−p−1) = ⋆J (p+1). The
corresponding conserved charge is

Q(Σn−p−1) =
∫
Σn−p−1

J (n−p−1) , (2.1)

where Σn−p−1 is a (n − p − 1)-dimensional compact oriented submanifold in M.
It is more convenient to rewrite the Q integral by introducing the Poincaré dual Y(p+1)

Σn−p−1

which parametrizes the embedding of Σn−p−1 inside M. We recall that if the cycle is defined
by a set of equations ϕi(xa) = 0, i = 1, . . . , p+ 1 in the manifold described by xa coordinates,
the Poincaré dual is given by

Y(p+1)
Σ(n−p−1)

=
p+1∏
i=1

δ(ϕi)dϕi . (2.2)

For a closed cycle, Y(p+1)
Σn−p−1

is closed but not exact, and a change in the cycle corresponds
to a d-exact term. Precisely,

dY(p+1)
Σn−p−1

= 0 , Y(p+1)
Σn−p−1

̸= dZ(p) , δY(p+1)
Σn−p−1

= dΛ(p) . (2.3)

Thanks to these properties and the current conservation law, the charge can be rewritten
as an integral on the entire manifold,

Q(Σn−p−1) =
∫
M
J (n−p−1) ∧ Y(p+1)

Σn−p−1
. (2.4)
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Moreover, it is manifestly conserved and topological (it does not depend on the choice of
Σn−p−1). It generates p-form symmetry transformations on the fields, parametrized by a
closed p-form parameter.

Operators charged under this symmetry are p-dimensional cycle operators (p-dimensional
defects) of the form

W (Σp) = eiqΓ , Γ =
∫
Σp

A
(p)
∗ =

∫
M
A(p) ∧ Y(n−p)

Σp
, (2.5)

for a given p-form connection A(p), supported on a compact oriented p-dimensional submanifold
Σp. Here Y(n−p)

Σp
is the Poincaré dual of the p-cycle Σp. In writing Γ, we made a distinction

between A(p) and A
(p)
∗ , which is the pullback of A(p) on the p-cycle. To avoid cluttering, in

the rest of the paper we will neglect such a distinction.
An alternative way of writing Γ is obtained by introducing a (p+1)-dimensional hypersur-

face Ωp+1 ⊂ M whose boundary is Σp. Due to the presence of a boundary, the corresponding
Poincaré dual Θ(n−p−1)

Ωp+1
is not closed, rather it satisfies dΘ(n−p−1)

Ωp+1
= Y(n−p)

Σp
.2 Now, defining

F (p+1) ≡ dA(p), we can write

Γ =
∫
Ωp+1

F (p+1) =
∫
M
F (p+1) ∧Θ(n−p−1)

Ωp+1
. (2.6)

The equivalence of this expression with (2.5) can be straightforwardly proved by integrating
by parts.

In canonical formalism, the action of the symmetry generator on W is given by (for a
derivation of this identity see for instance [6])

eiαQ(Σn−p−1)W (Σp) e−iαQ(Σn−p−1) = eiα q Link(Σn−p−1,Σp)W (Σp) , (2.7)

where Link(Σn−p−1,Σp) is the linking number between the two cycles. It is defined as [37]
(see appendix B for details)

Link(Σn−p−1,Σp) ≡
∫
M

Y(p+1)
Σn−p−1

∧Θ(n−p−1)
Ωp+1

= (−1)p+1
∫
M

Θ(p)
Ωn−p

∧ Y(n−p)
Σp

, (2.8)

where ∂Ωp+1 = Σp, whereas Ωn−p is the (n− p)-dimensional hypersurface whose boundary is
Σn−p−1. Again, due to the effect of the boundary, its Poincaré dual is not closed, rather it
satisfies dΘ(p)

Ωn−p
= Y(p+1)

Σn−p−1
. The two alternative ways of defining the Link simply differ by

an integration-by-parts. The linking number is non-vanishing only if the dimensions of two
hypersurfaces sum up to (n−1) and the supports of the two integrated Poincaré duals in (2.8)
have a non-trivial intersection, equivalently if the two surfaces Σn−p−1 and Σp are disjoint.

The transformation in (2.7) corresponds to a translation A(p) → A(p) + iαΘ(p)
Ωn−p

of
the connection appearing in W .

Identity (2.7)can be alternatively recovered using the path integral formulation. Since
this approach turns out to be more convenient for treating Noether-like and topological
symmetries on the same foot and for generalizing the construction to supersymmetric theories,
we review it in the next subsection for the special case of Maxwell theory.

2In our conventions, Y always denotes a Poincaré dual with compact support (dY = 0), whereas Θ is used
for Poincaré dual forms of submanifolds with boundaries, therefore not closed.
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2.1 Maxwell theory in n dimensions

As an illustrative example, we review the construction of higher-form symmetries in pure
Maxwell theory defined on a n-dimensional manifold M.

From the usual action

S = −1
2

∫
M
F ∧ ⋆F , (2.9)

with F = dA, the equations of motion d ⋆ F = 0 and the Bianchi identities dF = 0 provide
two conservation laws. The corresponding conserved charges

Qe(Σen−2) =
∫
Σe

n−2

⋆F =
∫
M
⋆F ∧ Y(2)

Σe
n−2

, (2.10)

Qm(Σ2) =
∫
Σ2
F =

∫
M
F ∧ Y(n−2)

Σ2
(2.11)

generate two U(1) higher-form symmetries, a Noether-like 1-form symmetry and a topological
(n− 3)-form one, respectively. Thanks to the introduction of the Poincaré dual operators, the
charges have been defined as integrals on the whole manifold and are manifestly independent
of the choice of the cycles.

For manifolds of dimension n > 2k, one can build more general higher-form conserved
currents by taking wedge products of F

J (2k) = 1
k! F ∧ F ∧ . . . F︸ ︷︷ ︸

k

. (2.12)

They correspond to conserved topological charges

Q(k)(Σ2k) =
∫
M
J (2k) ∧ Y(n−2k)

Σ2k
, (2.13)

generating (n− 2k − 1)-form U(1) symmetries. These are named Chern-Weil (CW) currents
and have been discussed in [8, 11, 12]. The lowest representative Q(1) coincides with the
magnetic charge (2.11). In principle, one can consider using a factor ⋆F . The only possibility
is to take the lagrangian F ∧ ⋆F . This current saturates the dimensions of the manifold
and gives rise to a Chern-Weil (−1)-form symmetry [38–42]. We will not further consider
this kind of symmetry.

In order to study the action of Qe and Q(k), k ≥ 1 on charged operators, it is convenient
to minimally couple the corresponding conserved currents to a set of background gauge
fields. This can be done in different ways, and depending on the particular choice of the
couplings, anomalies may arise for different currents.3 We choose to consider the following
total action [11]

S+Smin=−1
2

∫
M
F∧⋆F+

∫
M

(
⋆F∧B(2)+

∑
k

J (2k)∧B(n−2k)
CW

)
(2.14)

=
∫
M

−1
2(F−B(2))∧⋆(F−B(2))+F∧B(n−2)

CW +
∑
k>1

J (2k)∧B(n−2k)
CW +1

2B
(2)∧⋆B(2))

 ,

3Different couplings differ by redefinitions of the gauge fields and/or the addition of extra pure back-
ground terms.
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with J (2k) given in (2.12) for 2k < n. The pure background term 1
2B

(2) ∧ ⋆B(2) can be
neglected, as it can be absorbed into the path integral normalization.

To be definite, we fix n = 6. In this simple but sufficiently instructing case, we have
three higher-form currents, the Noether-like current J = ⋆F , and the two topological currents
J (2) = F and J (4) = 1

2F ∧ F . They couple to background gauge fields B(2), B
(4)
CW and

B
(2)
CW, respectively.

The action in (2.14) is not invariant under gauge transformations generated by these cur-
rents. However, gauge invariance can be restored — up to anomalies — by imposing non-trivial
gauge transformations on the background fields. Under the following transformation laws

F → F + dλ(1) ,

B(2) → B(2) + dλ(1) ,

B
(4)
CW → B

(4)
CW + dλ(3) − dλ(1) ∧B(2)

CW ,

B
(2)
CW → B

(2)
CW + dλ

(1)
CW , (2.15)

the action is invariant up to the following ’t Hooft anomaly

S′ + S′
min = S + Smin +

∫
M

(
dλ(1) ∧B(4)

CW − 1
2dλ

(1) ∧ dλ(1) ∧B(2)
CW

)
. (2.16)

It is important to stress that with our choice of gauge couplings and background gauge
transformations, the only anomalous symmetry turns out to be the Noether-like one-form
symmetry. The action is instead invariant under the topological U(1) three-form and one-form
symmetries generated by J (2) and J (4) respectively, as long as the corresponding currents
are conserved, that is, there are no monopoles/defects.

Introducing a suitable gauge fixing term Sgf , up to a normalization factor, the path
integral is defined as

Z[B(2), B
(4)
CW, B

(2)
CW] =

∫
[DA] ei (S+Smin+Sgf ) . (2.17)

The action of the symmetry generators

U(Σe4, αe) = eiαeQe , U(Σ2k, αk) = eiαkQ
(k) (2.18)

on charged operators W is obtained from the two-point function ⟨UW ⟩, that is from (2.17)
with the insertion of U and W .

We first consider the Qe symmetry. Operators charged under (2.10) are ordinary Wilson
loops of the form

W (C) = eiq
∫
A∧Y(5)

C = e
iq
∫
F∧Θ(4)

Ω2 , (2.19)

where C is the line describing the boundary of Ω2, and Y(5)
C is its Poincaré dual form satisfying

Y(5)
C = dΘ(4)

Ω2
.4 Gauge invariance is ensured by the closeness of Y(5)

C . Instead, a deformation
4If the contour C is described by the map τ → xa(τ), it is convenient to identify τ with one coordinate of

the manifold, such that a representative of Y(5)
C can be explicitly written as

Y(5)
C =

5∏
a=1

δ(xa − xa(τ))
5∧

a=1

(dxa − ẋadτ) .
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of the contour, which is equivalent to changing Y(5)
C → Y(5)

C + dΛ(4), may lead to a non-trivial
change in the Wilson loop, δΓ =

∫
F ∧ Λ(4), unless F = 0 on the surface connecting the loop

and its deformation if the curve C has been deformed without encountering singularities.
From (2.18), (2.10) it is easy to see that the insertion of the generator U(Σe4, αe) inside the

path integral corresponds to turning on a background gauge field B(2) = αeY
(2)
Σe

4
. Analogously,

the insertion of W (C) corresponds to turning on B
(4)
CW = qΘ(4)

Ω2
. Therefore, the two-point

function is nothing but 〈
U(Σe4, αe)W (C)

〉
= Z[αeY(2)

Σe
4
, qΘ(4)

Ω2
, 0] . (2.20)

Now we gauge away B(2) by performing a gauge transformation (2.15) with dλ(1) = −αeY(2)
Σe

4
,

thus obtaining Z[0, qΘ(4)
Ω2
, 0] = ⟨W (C)⟩. However, as mentioned above, this gauge transfor-

mation is anomalous. Taking into account the explicit expression (2.16) for the anomaly,
one eventually finds 〈

U(Σe4, αe)W (C)
〉
= e

iαeq
∫

Y(2)
Σe

4
∧Θ(4)

Ω2
〈
W (C)

〉
. (2.21)

We conclude that the Wilson loop is the operator charged under the Noether-like 1-form
symmetry, with charge given by the linking number Link(C,Σe4) =

∫
Y(2)
Σe

4
∧Θ(4)

Ω2
. Interestingly,

the charge is entirely due to the ’t Hooft anomaly.
We now move to the 3-form symmetry generated by J (2) = F . In six dimensions, the

corresponding charged object is a monopole supported on a ’t Hooft surface Σ3 ⊂ M, the
boundary of a four-dimensional submanifold Ω4. The corresponding Poincaré duals satisfy
Y

(3)
Σ3

= dΘ(2)
Ω4

.
In the presence of a monopole, the conservation law dF = 0 is no longer valid everywhere.

We split the field strength into a regular and a singular part, F = Fr + Fs, satisfying

dFr = 0 ⇒ Fr = dAr

dFs = qY(3)
Σ3

= q dΘ(2)
Ω4

⇒ Fs = qΘ(2)
Ω4
. (2.22)

Here q is the charge of the monopole. It satisfies the Dirac quantization condition
∮
S2 B

(2)
D =

2πq, with S2 being a two-dimensional sphere embedded in the three-dimensional submanifold
transversal to Σ3.

Since we integrate only on Ar in the path integral, the replacement F → Fr + Fs in
the action gives rise to the term

∫
⋆Fr ∧ Fs, which in turn corresponds to turning on a

background B
(2)
D = Fs = qΘ(2)

Ω4
.

Therefore, the expectation value of the monopole is given by〈
D(Σ3)

〉
=
∫
[DAr] eiS[Fr+Fs] = Z[qΘ(2)

Ω4
, 0, 0] . (2.23)

On the other hand, the insertion of the generator U(Σ2, α1) in (2.18), (2.11) corresponds
to turning on a background field B

(4)
CW = α1Y

(4)
Σ2

. Therefore, the two-point function is the
path integral 〈

U(Σ2, α1)D(Σ3)
〉
= Z[qΘ(2)

Ω4
, α1Y

(4)
Σ2
, 0] . (2.24)
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We now perform a U(1) gauge transformation (2.15) with dλ(3) = −α1Y
(4)
Σ2

to get rid of
the background gauge field B

(4)
CW. In the presence of the monopole, the action is no longer

invariant; rather, we obtain

S[F,B(2)
D , B

(4)
CW, 0] = S[F,B(2)

D , 0, 0]−
∫
Fs ∧ dλ(3) . (2.25)

Inserting the explicit expressions for Fs and dλ(3), we end up with the following identity〈
U(Σ2, α1)D(Σ3)

〉
= e

iα1q
∫

Y(4)
Σ2

∧Θ(2)
Ω4
〈
D(Σ3)

〉
. (2.26)

Again, the ‘t Hooft anomaly provides the operator’s charge, which is proportional to the
linking number between Σ2 and Σ3.

Finally we consider the conserved current J (4) in (2.12). Since it generates a 1-form
symmetry, the corresponding charged operator is a one-dimensional line defect supported
by C̃, whose Poincaré dual satisfies Y(5)

C̃ = dΘ(4)
Ω̃2

, with ∂Ω̃2 = C̃. The line defect can be
realized as the intersection of two monopole surfaces Σ3,Σ′

3, which have one dimension in
common [11]. It acts as a localized source for J (4), precisely

d

(1
2F ∧ F

)
= q̃Y(5)

C̃ = q̃ dΘ(4)
Ω̃2
. (2.27)

The insertion of such an operator in the path integral corresponds to turning on a B
(2)
D ∧

B
(2)
D = q̃Θ(4)

Ω̃2
.5

Similarly, the insertion of the symmetry generator amounts to turning on the background
gauge field B

(2)
CW = α2Y

(2)
Σ4

. Therefore,
〈
U(Σ4, α2)D(C̃)

〉
= Z[B(2)

D ∧ B(2)
D , 0, α2Y

(2)
Σ4

].

As in the previous case, performing a topological λ(1)CW gauge transformation (2.15) to
get rid of the background gauge field B

(2)
CW, an anomalous contribution arises, due to the

lack of conservation of the J (4) current in the presence of the defect. The ‘t Hooft anomaly
correctly reconstructs the operator charge according to the following identity〈

U(Σ4, α2)D(C̃)
〉
= e

iα2q̃
∫

Θ(4)
Ω̃2

∧Y (2)
Σ4
〈
D(C̃)

〉
. (2.28)

Once more, the charge is related to the linking number between C̃ and Σ4.
This analysis can be generalized straightforwardly to n dimensions, with n ≥ 3. For

n > 6, new conserved currents of the form (2.12) must be considered. Objects charged under
a generic J (2k) current are operators supported on (n− 2k − 1)-dimensional hypersurfaces.
Their support can be realized as a (n−2k−1)-dimensional intersection of k monopole surfaces
Σn−3. In the path integral, they are then sourced by the product of k factors, B(2)

D ∧· · ·∧B(2)
D .

3 Super-higher-form symmetries

In this section, we generalize the previous construction of higher-form symmetries and
corresponding charged operators to the case of theories with supersymmetry. We will

5It satisfies
∮

S4 B
(2)
D ∧ B(2)

D = 2πq̃ where the four-sphere is embedded into the five-dimensional surface
transverse to C̃ surrounding the defect.
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formulate the problem in a supergeometry framework by promoting a generic supersymmetric
field theory to be defined on a supermanifold. We stick to notations and conventions of [14, 36],
where more details on the construction of superforms in supermanifolds can be found.

We consider a field theory defined in the supermanifold SM, with dimension (n|m), where
n is the bosonic dimension and m is the fermionic one. Locally, it is isomorphic to a superspace
R(n|m) parametrized by coordinates zA = (xa, θα), where a = 0, . . . , n− 1, α = 1, . . . ,m. Flat
supervielbeins are given by V a = dxa + θαγaαβdθ

β , ψα = dθα, for a suitable choice of Clifford
gamma matrices. The superdifferential d is defined as d = V a∂a + ψαDα, where Dα are the
supercovariant derivatives satisfying {Dα, Dβ} = −γaαβ∂a. From the identity dV a = ψγaψ

it follows d2 = 0.
The study of super higher-form symmetries in supermanifolds was initiated in [14]. Here,

we generalize that construction to include different types of super-higher-form currents and
provide a large spectrum of explicit examples.

In SM, we define the (n−p−1|q)-form supercurrent J (n−p−1|q) to be a (n−p−1|q)-form,
where the first index (n− p− 1) denotes the form degree and q denotes the picture (number
of Dirac delta functions δ(ψ),6). We will consider the two extreme cases q = 0 and q = m,
the former corresponding to a conserved superform current J (n−p−1|0) ≡ ⋆J (p+1|m), the latter
being a conserved integral form current J (n−p−1|m) ≡ ⋆J (p+1|0).7 More generally, one could
consider (n − p − 1|q)-form currents, for q ̸= 0,m. This represents a very rich sector of
new symmetries; nonetheless, defining these forms requires introducing a different geometric
framework. Therefore, it goes beyond the scope of the present paper. We plan to come
back to this interesting program in the future.

The two sets of currents can be generally written as expansions in powers of the su-
pervielbeins, precisely

J (n−p−1|0) =
n−p−1∑
k=0

J (0)
a1...ak αk+1...αn−p−1 V

a1 ∧ . . . V ak ∧ ψαk+1 ∧ . . . ψαn−p−1 , (3.1)

and

J (n−p−1|m) =
n∑

k=n−p−1
J
(m) β1...βk−n+p+1
a1...ak V a1 ∧ . . . V ak ∧ ιβ1 . . . ιβk−n+p+1δ

(m)(ψ) , (3.2)

where ιβ ≡ ∂
∂ψβ . The coefficients of the expansions are local superfields, functions of bosonic

and fermionic coordinates. For example, the expansion of J (1|2) reads

J (1|2) = JaV
aδ2(ψ) + JαabV

a ∧ V b ∧ ιαδ2(ψ) + Jαβabc V
a ∧ V b ∧ V c ∧ ιαιβδ2(ψ) . (3.3)

Ordinary vector superform currents in superspace correspond to J (n−1|m) ≡ ⋆J (1|0),
whose expansion is given in (3.2) for p = 0. For p = 1, the closure of J (n−2|m) gives rise to the
standard conservation of the U(1) supercurrent in superspace, Dα(Jα + γαβa DβJ

a) = 0 [14].
6We recall that the delta’s δ(ψ) carry no form degree, but they carry a new quantum number: the Picture

Number, terminology directly imported form string-theory jargon. Note also that the derivatives ∂/∂ψβ reduce
the form degree since they act as the contraction operator ια with respect to an odd vector field ∂/∂θα.

7Here ⋆ : Ω(p|q) → Ω(n−p|m−q) stands for the Hodge dual operator in supermanifolds [43, 44].
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This is the lowest representative of a chain of generalized conserved supercurrents obtained
by increasing the form degree p as in the ordinary bosonic case and/or changing the pic-
ture number.

According to the general theory of integration on supermanifolds [27], it is possible to
give a precise meaning to the following integrals

Q(Σ(n−p−1|0)) =
∫
Σ(n−p−1|0)

J (n−p−1|0) , Q(Σ(n−p−1|m)) =
∫
Σ(n−p−1|m)

J (n−p−1|m) , (3.4)

where Σ(n−p−1|0), Σ(n−p−1|m) are non-contractible cycles in the supermanifold. They are
parametrized as follows

Σ(n−p−1|0) : Rn−p−1→SM , Σ(n−p−1|m) : R(n−p−1|m)→SM , (3.5)
ti→ (xa(ti),θα(ti)) , (ti,ηβ)→ (xa(ti,ηβ),θα(ti,ηβ)) .

The first cycle Σ(n−p−1|0) is a bosonic hypersurface embedded into the supermanifold, with the
ti-dependent fermionic coordinates describing the embedding. The second cycle Σ(n−p−1|m) is
a super-hypersurface embedded into the supermanifold, which extends along all the fermionic
directions.

Both integrals in (3.4) can be rewritten as integrals on the entire supermanifold using
Poincaré duals. Precisely,

Q(Σ(n−p−1|0)) =
∫
SM

J (n−p−1|0) ∧ Y(p+1|m)
Σ(n−p−1|0)

,

Q(Σ(n−p−1|m)) =
∫
SM

J (n−p−1|m) ∧ Y(p+1|0)
Σ(n−p−1|m)

,
(3.6)

where Y(p+1|m)
Σ(n−p−1|0)

is an integral form dual to the bosonic hypersurface Σ(n−p−1|0), whereas

Y(p+1|0)
Σ(n−p−1|m)

is a superform.
Any change in the embedding of the Σ cycles inside SM is parametrized by a shift of

the corresponding Poincaré dual form by an exact term,

δY(p+1|m)
Σ(n−p−1|0)

= dΛ(p|m) , δY(p+1|0)
Σ(n−p−1|m)

= dΛ(p|0) . (3.7)

It follows that on a supermanifold without boundary, if ⋆J (p+1|m), ⋆J (p+1|0) are closed forms
(higher-superfom conserved currents), the integrals in (3.4) define topological quantities.
They correspond to the generators of a (p|m)-integral form and a (p|0)-superform symmetry,
respectively, whose parameters λ(p|q) are now an integral form if q = m or a superform if q = 0.

Generalizing the construction of operators charged under bosonic higher-form symmetries,
we expect to introduce two types of operators, the ones charged under (p|0)-superform
symmetries [14]

W (Σ(p|0)) = exp
(
iq

∫
Σ(p|0)

A(p|0)
)

= exp
(
iq

∫
SM

A(p|0) ∧ Y(n−p|m)
Σ(p|0)

)
, (3.8)

and the ones charged under (p|m)-integral form symmetries

W̃ (Σ(p|m)) = exp
(
iq̃

∫
Σ(p|m)

A(p|m)
)

= exp
(
iq̃

∫
SM

A(p|m) ∧ Y(n−p|0)
Σ(p|m)

)
. (3.9)
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The first set of operators was studied in [14]. They carry a non-vanishing charge under
the action of Q(Σ[n−p−1|m]) in (3.6). Precisely, it was found that

eiαQ(Σ(n−p−1|m))W e−iαQ(Σ(n−p−1|m)) = eiα SLink(Σ(p|0),Σ(n−p−1|m))W . (3.10)

Here SLink is the super-linking number between the supersurfaces Σ(p|0) and Σ(n−p−1|m) [14]
(see also appendix B),

SLink
(
Σ(p|0),Σ(n−p−1|m)

)
=
∫
SM
Θ(n−p−1|m)

Ω(p+1|0)
∧Y(p+1|0)

Σ(n−p−1|m)
= (−1)n−p

∫
SM
Y(n−p|m)
Σ(p|0)

∧Θ(p|0)
Ω(n−p|m)

,

(3.11)
with Y(n−p|m)

Σ(p|0)
= dΘ(n−p−1|m)

Ω(p+1|0)
(∂Ω(p+1|0) = Σ(p|0)) and Y(p+1|0)

Σ(n−p−1|m)
= dΘ(p|0) (∂Ω(n−p|m) =

Σ(n−p−1|m)). The two expressions in (3.11) are equivalent up to integration by parts.
Transformations (3.10) correspond to the following shift of the connection superform

A(p|0) → A(p|0) + α

q
Θ(p|0)

Ω(n−p|m)
, (3.12)

which cannot be compensated by a supergauge transformation δA(p|0) = dC(p−1|0).
By analogy, we expect operators (3.9) to be charged under the action of Q(Σ(n−p−1|0))

in (3.6) with a charge proportional to the super-linking number SLink
(
Σ(p|m),Σ(n−p−1|0)

)
.

In the next section, we will derive (3.10) and its analog for W̃ using a path integral
approach. We will make this construction concrete by studying several examples of super-
Maxwell theories in various dimensions and with different amounts of supersymmetry.

4 Super-Maxwell theory

In a generic (n|m)-dimensional supermanifold SM, the super-Maxwell theory [45] is described
in terms of an elementary (1|0)-superform gauge potential A, which can be expanded on
the supervielbein basis as A = AaV

a +Aαψ
α, with Aa, Aα being local superfields. Its field

strength F = dA is the (2|0)-superform

F = FabV
a ∧ V b + FaαV

a ∧ ψα + Fαβ ψ
α ∧ ψβ . (4.1)

It is invariant under supergauge transformations, δA = dΛ, and satisfies the Bianchi identity
dF = 0. Redundant degrees of freedom in F are removed by imposing suitable gauge invariant
constraints (for example, the conventional constraint Fαβ = 0).

The super-Maxwell action reads

S = −1
2

∫
SM

F ∧ ⋆F , (4.2)

and gives the equations of motion d ⋆ F = 0. We recall that the ⋆ super-Hodge dual
operator requires the definition of a supermetric in the supermanifold. A convenient way to
define the spinorial components of such a metric is to couple the theory to a supergravity
background [16]. In general, this leads to higher-derivative field equations. The equations
of motion for the physical degrees of freedom of super-Maxwell are eventually obtained
by sending the background to zero. Since this procedure is dimension-dependent, we will
properly discuss it case by case in the next sections.
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The super-Maxwell theory has two global super-higher-form symmetries generated by
the Noether-like supercurrent J (n−2|m) = ⋆F and the topological supercurrent J (2|0) = F .
Depending on the specific dimension n, further topological symmetries can be considered,
which are generated by the conserved superform currents

J (2k|0) = 1
k! F ∧ F ∧ . . . F︸ ︷︷ ︸

k

, 2k < n . (4.3)

We will call them super-Chern-Weil (super-CW) symmetries.
However, this is not the end of the story. As we will see in a few examples, for suitable

(n|m) dimensions, other closed topological forms ω can be constructed in terms of the
supervielbeins. These other forms can be combined with J (2k|0) to generate extra conserved
currents of the form ω ∧ J (2k|0). Since their construction involves objects that feature the
geometry of the supermanifold, we will call them super-geometric-Chern-Weil (super-gCW)
symmetries.

For many purposes, including the study of the action of symmetry generators on charged
operators, it is convenient to couple the super-higher-form symmetries to background gauge
fields. Therefore, the functional quantization of the theory will be described by the following
path integral

Z[B(2|0), B
(n−2k|m)
CW , . . . ] =

∫
[DA] ei (S+Smin+Sg.f.) , (4.4)

where S is defined in (4.2), Sg.f. is a suitable gauge-fixing action and Smin gives the minimal
coupling with the background gauge superforms,

Smin =
∫
SM

(
J (n−2|m) ∧B(2|0) +

∑
k

J (2k|0) ∧B(n−2k|m)
CW + . . .

)
. (4.5)

Dots stand for extra couplings with more general conserved currents of the form ω ∧ J (2k|0).

4.1 D = (3|2)

As a warming up, we consider the simple case of super-Maxwell theory in three dimensions,
with N = 1 supersymmetry.

We parametrize the D = (3|2) superspace with coordinates zA = (xa, θα), where in
Lorentz signature a = 0, 1, 2, whereas α = 1, 2 labels the spinorial representation of SL(2,R).
We introduce superspace covariant derivatives Dα, satisfying the supersymmetry algebra
{Dα, Dβ} = −∂αβ,8 and the superdifferential d = V αβ∂αβ + ψαDα, written in terms of
superdreibeins [46]

V αβ = dxαβ + θαdθβ , ψα = dθα . (4.6)

They satisfy dV αβ = ψα ∧ ψβ, dψα = 0.
The (2|0)-superform F can be expanded on the superdreibeins basis, as

F = V a ∧ V b Fab + ψα ∧ VαβW β + ψα ∧ ψβFαβ , (4.7)
8After assigning a set {σa} of 2 × 2 Clifford matrices, for v vectors we use the double index notation

vαβ = (σa)αβva.
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where Fab, Fαβ and W β are the field strength and the gluino superfields, respectively. Requir-
ing dF = 0 and the conventional constraint Fαβ = 0, the following Bianchi identities follow

DαW
α = 0 , Fab = Dα(σab)αβW β . (4.8)

The super-Hodge dual in the (3|2)-supermanifold has been constructed in [43, 46].
According to that construction, we have (we list only the identities relevant to our discussion)

⋆(V a ∧ V b) = ϵab c V
c ∧ δ(2)(ψ) ,

⋆(ψα ∧ V a) = ϵabcV
b ∧ V c ∧ ιαδ(2)(ψ) ,

⋆(ψα ∧ ψβ) = ϵabcV
a ∧ V b ∧ V c ∧ ιαιβδ(2)(ψ) , (4.9)

where ια ≡ ∂/∂ψα. From these identities, the (1|2)-integral form dual to the superfield
strength follows, which reads

⋆F = F abϵabcV
c ∧ δ(2)(ψ) +WασaαβϵabcV

b ∧ V c ∧ ιβδ(2)(ψ) . (4.10)

The equations of motion d ⋆ F = 0 derived from the action (4.2), together with Bianchi
identities (4.8) are equivalent to the Maxwell and Dirac equations in superspace

∂ β
(α fβ|γ) = 0 , ∂αβWβ = 0 , (4.11)

and the Bianchi identities

∂αβfαβ = 0 ,

where fαβ ≡ (σab)αβFab.

Supersymmetry currents. Ordinary supertranslations in superspace correspond to 0-form
symmetries implemented by closed (2|2)-form currents with external spinorial and vectorial
indices, respectively, given by

J (2|2)
α = ψα ∧ J (1|2) , with J (1|2) = (V ∧ V )βγfδβWγ ∧ ιδδ(2)(ψ) , (4.12)

J
(2|2)
(αβ) = dVαβ ∧ J (0|2) , with J (0|2) = (V ∧ V )γδ (fϵγfηδ +Wγ∂ϵηWδ) ∧ ιϵιηδ(2)(ψ) ,

where (V ∧ V )βγ ≡ V βδ ∧ V γ
δ . They belong to the class of closed currents of the form ω ∧ J ,

where dJ = 0 and ω is a closed form constructed in terms of the superdreibeins. Integrating
by parts the ι-derivatives in (4.12), we obtain their explicit expressions

J (2|2)
α = (V ∧ V )βγfαβWγ δ

(2)(ψ) , J
(2|2)
(αβ) = (V ∧ V )γδ (fαγfβδ +Wγ∂αβWδ) δ(2)(ψ) .

(4.13)
Their closure is ensured by the Dirac equation of motion, the Bianchi identities Dαfβγ =
∂α(βWγ) and fαβ = DαWβ and the equations of motion in (4.11). Moreover, ∂αβJ (2|2)

(αβ) = 0
on-shell.

It is instructive to discuss how many conservation laws follow from the closure of these
currents. To this end, we consider a generic (1|2)-integral form expanded as in (3.2),

J (1|2) = JαβV
αβδ2(ψ) + J (αβ)γ(V ∧ V )αβιγδ2(ψ) + Ĵαβ(V ∧ V ∧ V )ιαιβδ2(ψ) . (4.14)
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Imposing the closure condition dJ (1|2) = 0 then leads to a set of two equations

∂(α|γJ
γ
β) +DγJ

γ
(αβ) + Ĵ(αβ) = 0 , ∂(αβ)J

(αβ)γ +Dβ Ĵ
γβ = 0 . (4.15)

The first equation allows to express Ĵ(αβ) in terms of the other components. The second
equation, instead, reproduces the ordinary conservation law in superspace,

Dβ(DαJ
(αβ)γ + Ĵγβ) = 0 . (4.16)

Similarly, for a generic J (0|2) integral form current we obtain two independent conservar-
tion laws.

In the present framework, the generators associated to the supersymmetry and translation
currents in (4.12) are given by

Qα =
∫
Σ(2|2)

J (2|2)
α , Q(αβ) =

∫
Σ(2|2)

J
(2|2)
(αβ) , (4.17)

where Σ(2|2) is a supersurface embedded in SM.
An extended analysis of supercurrents in the framework of supergeometry will be presented

elsewhere [31].

Electric and magnetic currents. Beyond ordinary supertranslation invariance in su-
perspace, the 3D super-Maxwell theory enjoys two extra symmetries, a Noether-like (1|0)-
superform symmetry generated by ⋆F and a topological (0|2)- integral form symmetry
generated by F . The corresponding generators are the following topological operators

Qe(Σ(1|2)) =
∫
SM

⋆F ∧ Y(2|0)
Σ(1|2)

, Qm(Σ(2|0)) =
∫
SM

F ∧ Y(1|2)
Σ(2|0)

, (4.18)

where Σ(1|2) is a superline and Σ(2|0) an ordinary surface in SM. The integrals have been
expressed in terms of their Poincaré duals.

In order to determine Y(2|0)
Σ(1|2)

, we need to establish how the surface Σ(1|2) is immersed
into the supermanifold SM. This is given by two defining equations Φ1 = 0 and Φ2 = 0 (with
Jac(Φ1,Φ2) ̸= 0), where in general ΦI are functions of the bosonic and fermionic coordinates.
Generalizing the definition (2.2) for Poincaré duals in ordinary manifolds, we write

Y(2|0)
Σ(1|2)

= δ(Φ1)dΦ1 ∧ δ(Φ2)dΦ2 . (4.19)

Analogously, the Poincaré dual Y(1|2)
Σ(2|0)

is defined by the immersion Σ(2|0) ↪→ SM.
However, in this case, we have to introduce one bosonic equation Φ = 0 and two independent
fermionic ones Θα = 0, α = 1, 2, needed to localize the fermionic coordinates. The Poincaré
dual is then given by the following (1|2) integral form

Y(1|2)
Σ(2|0)

= δ(Φ)dΦ
2∧

α=1
Θαδ(dΘα) . (4.20)

We have used δ(Θα) = Θα, valid for fermionic functions.
It is easy to check that Y(2|0)

Σ(1|2)
and Y(1|2)

Σ(2|0)
belong to the cohomology classes H(2|0)(d) and

H(1|2)(d), respectively. Moreover, any variation of the embedding of Σ(1|2) and Σ(2|0) into the
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supermanifold amounts to adding a d-exact term to Y(2|0)
Σ(1|2)

and Y(1|2)
Σ(2|0)

. Due to the closure of
the currents, in the absence of non-trivial boundaries, this does not affect expressions (4.18)
for the charges, which are then topological operators.

In three dimensions, there are no extra supercurrents of the form (4.3). Therefore,
coupling the ⋆F and F currents to a background gauge superform and an integral form,
respectively, the total action S + Smin appearing in the path integral (4.4) acquires a very
simple form

S + Smin =
∫
SM

(
−1
2(F −B(2|0)) ∧ ⋆(F −B(2|0)) + F ∧B(1|2)

CW

)
. (4.21)

This action is invariant under the following gauge transformations

F → F + dΛ(1|0) , B(2|0) → B(2|0) + dΛ(1|0) , B
(1|2)
CW → B

(1|2)
CW + dΛ(0|2) , (4.22)

up to an anomaly term given by

S′ + S′
min = S + Smin +

∫
SM

dΛ(1|0) ∧B(1|2)
CW . (4.23)

Gauge transformations are generated by gauge parameters Λ(1|0) and Λ(0|2) that are superform
and integral forms, respectively.

The operator charged under Qe is the superspace generalization of the Wilson loop [14, 36].
This can be equivalently written in terms of the superconnection A or its superfield strength
F = dA as

W (C) = eiqeΓ , Γ =
∫
SM

A ∧ Y(2|2)
C =

∫
SM

F ∧Θ(1|2)
Ω(2|0)

, (4.24)

where Ω(2|0) is a (2|0) surface whose boundary is the (1|0) closed line C. Consequently, the
corresponding Poincaré duals satisfy Y(2|2)

C = dΘ(1|2)
Ω(2|0)

.
The insertion of W (C) inside the path integral corresponds to turning on the background

B
(1|2)
CW = qeΘ(1|2)

Ω(2|0)
in (4.21). Analogously, the insertion of the generator U(Σ(1|2), αe) =

eiαeQe(Σ(1|2)) amounts to turning on the background B(2|0) = αeY
(2|0)
Σ(1|2)

. Therefore, we can write

〈
U(Σ(1|2), αe)W (C)

〉
= Z[αeY(2|0)

Σ(1|2)
, qeΘ(1|2)

Ω(2|0)
] . (4.25)

In order to compute the charge of W under the action of Qe we perform a gauge transforma-
tion with Λ(1|0) = −αeY(2|0)

Σ(1|2)
to remove B(2|0). We are then left with Z[0, qeΘ(1|2)

Ω(2|0)
] = ⟨W (C)⟩,

times a phase due to the anomaly in (4.23). Inserting there our explicit choice for Λ(1|0)

and B
(1|2)
CW we eventually find〈

U(Σ(1|2), αe)W (C)
〉
= eiαeqe SLink(Σ(1|2), C)

〈
W (C)

〉
, (4.26)

where
SLink(Σ(1|2), C) =

∫
SM

Y(2|0)
Σ(1|2)

∧Θ(1|2)
Ω(2|0)

=
∫
SM

Θ(1|0)
Ω(2|2)

∧ Y(2|2)
C (4.27)

is the super-linking number (3.11). In the last equality we have defined Y(2|0)
Σ(1|2)

= dΘ(1|0)
Ω(2|2)

.
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We now move to construct operators charged under Qm defined in (4.18). In analogy with
the bosonic case, such operators are supermonopoles, that is, defects in the supermanifold
that spoil the conservation law dF = 0. As in the bosonic case, we split F = Fr + Fs, with

dFr = 0 (⇒ F = dAr) , and dFs = qmY
(3|0)
P(0|2)

. (4.28)

Here, Y(3|0)
P(0|2)

represents the Poincaré dual of a point-like defect carrying charge qm. We
dub P(0|2) a ’t Hooft superpoint, as it is localized in the bosonic part of SM but it extends
along the superspace components.

Considering a superline Σ(1|2) whose boundary is the superpoint, we can write Y(3|0)
P(0|2)

=

dΘ(2|0)
Σ(1|2)

. Therefore, the insertion of the superpoint in the path integral, which amounts
to implementing the split of F while integrating only on Ar, corresponds to turning on a
background B

(2|0)
D = qmΘ(2|0)

Σ(1|2)
.

To study the action on the defect of the symmetry generator U(Σ(2|0), αm) = eiαmQm(Σ(2|0))

with Qm(Σ(2|0)) given in (4.18), we evaluate the two-point function〈
U(Σ(2|0), αm)D(P(0|2))

〉
= Z[B(2|0)

D , B
(1|2)
CW = αmY

(1|2)
Σ(2|0)

] . (4.29)

We perform a gauge transformation (2.15) with dΛ(0|2)
CW = −αmY(1|2)

Σ(2|0)
to get rid of B(1|2)

CW . In
the presence of the ’t Hooft superpoint, this transformation generates an anomaly, which
eventually gives rise to the defect charge. Precisely, we obtain〈

U(Σ(2|0), α1)D(P(0|2))
〉
= eiα1q SLink(P(0|2),Σ(2|0))

〈
D(P(0|2))

〉
, (4.30)

where, according to the general definition in (3.11), the super-linking number is given by

SLink(P (0|2),Σ(2|0)) =
∫
SM

Θ(2|0)
Σ(1|2)

∧ Y(1|2)
Σ(2|0)

. (4.31)

4.2 D = (4|4)

A more relevant example is the U(1) pure gauge theory in flat N = 1 superspace.
Assigning coordinates zA = (xa, θα, θ̄α̇), a = 0, 1, 2, 3, α, α̇ = 1, 2, and equipping the

superspace with supersymmetry covariant derivatives satisfying {Dα, D̄α̇} = −∂αα̇,9 we
define the super differential d = V αα̇∂αα̇ + ψα Dα + ψ̄α̇D̄

α̇ [16], with the supervielbeins
explicitly realized as

V αα̇ = dxαα̇ + 1
2(θ

αdθ̄α̇ + dθαθ̄α̇) ψα = dθα , ψ̄α̇ = dθ̄α̇ . (4.32)

They satisfy dV αα̇ = ψα ∧ ψ̄α̇, dψα = dψ̄α̇ = 0.
Super-Maxwell theory in four dimensions has two bosonic and two fermionic on-shell

degrees of freedom, which fit into the (2|0)-superform

F = V a∧V b Fab+ψ̄α̇∧V αα̇Wα+W̄α̇ V
αα̇∧ψα+ψα∧ψβFαβ+ψ̄α̇∧ψ̄β̇Fα̇β̇+ψ

α∧ψ̄β̇Fαβ̇ , (4.33)
9For tensorial quantities we will use indifferently the vector or the double-index notation, with va =

(σa)αα̇vαα̇.
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with the coefficients functions being field strength superfields. Conventional constraints
correspond to set Fαβ = Fα̇β̇ = Fαβ̇ = 0. Moreover, we write Fab ≡ (σa)αα̇(σb)ββ̇(ϵα̇β̇fαβ +
ϵαβ f̄α̇β̇).

F is subject to the Bianchi identity dF = 0, which explicitly gives

DαWα + D̄α̇W̄
α̇ = 0 , DαW̄α̇ = 0 , D̄α̇Wα = 0

fαβ = D(αWβ) , f̄α̇β̇ = D̄(α̇W̄β̇) . (4.34)

The Hodge dual of the superform F can be evaluated using the general construction of
the Hodge operator in supermanifolds given in [43]. In particular, one obtains

⋆(V a ∧ V b) = ϵabcdV
b ∧ V c ∧ δ(4)(ψ) ,

⋆(ψα ∧ V b) = ϵabcd(V b ∧ V c ∧ V d) ∧ ιαδ(4)(ψ) ,

⋆(ψ̄α̇ ∧ V b) = ϵabcd(V b ∧ V c ∧ V d) ∧ ῑα̇δ(4)(ψ) , (4.35)

where ια ≡ ∂/∂ψα and ῑα̇ ≡ ∂/∂ψ̄α̇. Therefore, we find (removing the wedge symbol)

⋆F = F abϵabcdV
bV cδ4(ψ)+Wαγaαα̇ϵabcd(V bV cV d)ῑα̇δ(4)(ψ)+W̄ α̇γaαα̇ϵabcd(V bV cV d)ιαδ(4)(ψ) .

(4.36)
This is a (2|4) integral form. Taking into account the equations of motion from (4.2),
d ⋆ F = 0, together with the Bianchi identities (4.34), the coefficient superfields in the ⋆F
expansion satisfy

∂aFab = 0 , ∂αα̇Wα = 0 , ∂αα̇W̄α̇ = 0 . (4.37)

Supersymmetry currents. Conserved currents associated to supertranslation invariance
in superspace and R-symmetry can be conveniently written in the present formalism. They
correspond to the following closed (3|4)-integral form currents

J (3|4) =WαW̄α̇(V ∧ V ∧ V )αα̇δ(4)(ψ) (4.38)

J (3|4)
α = ψα ∧ J (2|4) , with J (2|4) = fγβW̄β̇(V ∧ V ∧ V )ββ̇ ∧ ιγδ(4)(ψ)

J̄
(3|4)
α̇ = ψ̄α̇ ∧ J̄ (2|4) , with J̄ (2|4) = f̄γ̇β̇Wβ(V ∧ V ∧ V )ββ̇ ∧ ιγ̇δ(4)(ψ)

J
(3|4)
αα̇ = dVαα̇ ∧ J (1|4) , with J (1|4) = Tββ̇γγ̇(V ∧ V ∧ V )ββ̇ιγιγ̇δ(4)(ψ) ,

where Tββ̇γγ̇ is the total energy-momentum tensor

Tββ̇γγ̇ = 2fβγ f̄β̇γ̇ −
(
W̄β̇∂γγ̇Wβ + W̄γ̇∂ββ̇Wγ − ∂ββ̇W̄γ̇Wγ − ∂γγ̇W̄β̇Wβ

)
, (4.39)

satisfying ∂ββ̇Tββ̇γγ̇ = 0. The bosonic and fermionic components of T are separately conserved,
thanks to the equations of motion and Bianchi identities, ∂αα̇Wα = ∂αα̇W̄α̇ = 0, ∂αα̇fαβ = 0
and ∂αα̇f̄α̇β̇ = 0.

The currents in (4.38) are of the form ω ∧ J , where ω are closed forms written in terms
of the supervielbeins. They are responsible for assigning tensorial or spinorial nature to
the supersymmetry and R-symmetry currents.
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The corresponding 0-form symmetries are generated by the following topological charges

QR =
∫
Σ(3|4)

J (3|4) , Qαα̇ =
∫
Σ(3|4)

J
(3|4)
αα̇ , (4.40)

Qα =
∫
Σ(3|4)

J (3|4)
α , Q̄α̇ =

∫
Σ(3|4)

J̄
(3|4)
α̇ , (4.41)

for a given Σ(3|4) supersurface. As an illustrative example, we compute the R-symmetry
charge QR explicitly,

QR =
∫
Σ(3|4)

J (3|4) =
∫
SM

J (3|4) ∧ Y(1|0)
Σ(3|4)

, (4.42)

when Σ(3|4) is the unitary supersphere S(3|4) = OSp(4|4)/OSp(3|4), defined by the alge-
braic curve

Φ ≡ xαα̇x
αα̇ + µ(θαθα + θ̄α̇θ̄

α̇)− 1 = 0 . (4.43)

Using the corresponding Poincaré dual form Y(1|0)
Σ(3|4)

= δ(Φ)dΦ, we obtain

Q(Σ(3|4)) =
∫
SM

xαα̇WαW̄α̇ V
4 ∧ δ(4)(ψ) δ(xαα̇xαα̇ + µ(θαθα + θ̄α̇θ̄

α̇)− 1)

=
∫
[d4x d4θ] xαα̇WαW̄α̇ δ(xαα̇xαα̇ + µ(θαθα + θ̄α̇θ̄

α̇)− 1) , (4.44)

where in the first line we have defined V 4 = tr(V ∧ V ∧ V ∧ V ), and in the second line we
have used V 4 ∧ δ(4)(ψ) = [d4xd4θ]. The expression for Q has been reduced to an ordinary
superspace integral. It can be further simplified by performing the Berezin integral first.
This requires expanding the Dirac delta function in powers of θ, θ̄, thus obtaining a final
expression that contains extra spacetime derivatives. Eventually, we find

Q(Σ(3|4))=
∫
d4xd4θxαα̇WαW̄α̇

(
δ(x2−1)+µ

(
θαθα+θ̄α̇θ̄α̇

)
δ′(x2−1)+

(
µ2θ2θ̄2

)
δ′′(x2−1)

)
=
∫
d4xxαα̇D2Wα

∣∣∣D̄2W̄α̇

∣∣∣δ(x2−1)+2µxαα̇
(
Wα

∣∣∣D̄2W̄α̇

∣∣∣+D2Wα

∣∣∣W̄α̇

∣∣∣)δ′(x2−1)

+
∫
d4xxαα̇(4µ2Wα

∣∣∣W̄α̇

∣∣∣)δ′′(x2−1), (4.45)

where D2Wα

∣∣ , . . . , W̄α̇

∣∣∣ are components of the superfield Wα and W̄α̇. The last integral to
be performed is over the Dirac delta δ(x2 − 1) and its derivatives.

Electric and magnetic currents. We now turn to the two conserved superform currents
J (2|4) = ⋆F and J (2|0) = F . They generate a (1|0)-superform symmetry of Noether type and
a (1|4)- integral form topological symmetry, respectively, whose generators can be written as

Qe(Σ(2|4)) =
∫
SM

⋆F ∧ Y(2|0)
Σ(2|4)

, Qm(Σ(2|0)) =
∫
SM

F ∧ Y(2|4)
Σ(2|0)

. (4.46)

Using the current conservation laws, it is easy to see that these are topological operators,
also invariant under super diffeomorphisms.
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The construction of the Poincaré dual Y(2|0)
Σ(2|4)

can be done using the immersion of
Σ(2|4). Since this surface extends along two bosonic coordinates and four fermionic ones,
the embedding is given by two functional independent equations Φ1 = 0 and Φ2 = 0.
Consequently, we can write

Y(2|0)
Σ(2|4)

= δ(Φ1)dΦ1 ∧ δ(Φ2)dΦ2 . (4.47)

Instead, immersion of the Σ(2|0) surface requires localizing two bosonic coordinates and
all the fermionic ones. This is established by six equations, two bosonic Φi = 0, i = 1, 2, and
four fermionic Θα = 0, Θ̄α̇ = 0 with α, α̇ = 1, 2. The corresponding Poincaré dual reads

Y(2|4)
Σ(2|0)

= δ(Φ1)dΦ1 ∧ δ(Φ2)dΦ2

2∧
α=1

Θαδ(dΘα)
2∧

α̇=1
Θ̄α̇δ(dΘ̄α̇) . (4.48)

It is easy to verify that both operators (4.47) and (4.48) are closed, but not exact [16, 43].
Changing the embedding functions amounts to adding d-exact terms to these expressions.
Charges corresponding to closed currents are then invariant under these variations.

We look for operators that are charged under the action of Qe(Σ(2|4)) and Qm(Σ(2|0))
defined in (4.46). Proceeding as described above, it is convenient to gauge the super-higher-
form symmetries by turning on background gauge fields B(2|0) and B

(2|2)
CW and compute

Z[B(2|0), B
(2|2)
CW ] =

∫
[DA]ei(S+Smin) , (4.49)

with
S + Smin =

∫
SM

(
−1
2(F −B(2|0)) ∧ ⋆(F −B(2|0)) + F ∧B(2|4)

CW

)
. (4.50)

Under gauge transformations

F → F + dΛ(1|0) , B(2|0) → B(2|0) + dΛ(1|0) , B
(2|4)
CW → B

(2|4)
CW + dΛ(1|4) , (4.51)

the action is invariant up to an anomaly term. Precisely,

S′ + S′
min = S + Smin +

∫
SM

dΛ(1|0) ∧B(2|4)
CW . (4.52)

We first consider operators charged under the action of the symmetry generator
eiαeQe(Σ(2|4)). Since this is the generator of a (1|0)-superform symmetry, we expect the
charged operators to be (1|0)-dimensional objects, that is, super Wilson loops [36]. According
to the general structure (3.8) specialized to p = 1, these operators are defined as

W (C) = eiqeΓC , ΓC =
∫
SM

A ∧ Y(3|4)
C =

∫
SM

F ∧Θ(2|4)
Ω(2|0)

, (4.53)

where A is the Maxwell (1|0)-superpotential, qe is the operator charge, and Y(3|4)
C = dΘ(2|4)

Ω(2|0)
is the Poincaré dual form of the line C, which is the boundary of the Ω(2|0) surface.

The path integral evaluating ⟨eiαeQe(Σ(2|4))W (C)⟩ corresponds to (4.49) with background
fields B(2|4)

CW = qeΘ(2|4)
Ω(2|0)

and B(2|0) = αeY
(2|0)
Σ(2|4)

turned on. Now, applying a gauge trans-
formation (4.51) to get rid of B(2|0) and taking into account the anomaly term in (4.52),
we eventually obtain〈

eiαeQe(Σ(2|4))W (C)
〉
= eiαeqeSLink(Σ(2|4),C)

〈
W (C)

〉
, (4.54)

– 20 –



J
H
E
P
0
8
(
2
0
2
5
)
1
6
9

where the super-linking number can be alternatively written as

SLink(Σ(2|4), C) =
∫
SM

Θ(2|4)
Ω(2|0)

∧ Y(2|0)
Σ(2|4)

=
∫
SM

Y(3|4)
C ∧Θ(1|0)

Ω(3|4)
, (4.55)

with Y(2|0)
Σ(2|4)

= dΘ(1|0)
Ω(3|4)

. This is in agreement with the result found in [14].
We can proceed in a similar way to find the class of operators carrying non-trivial charge

with respect to eiαmQm(Σ(2|0)), with Qm(Σ(2|0)) given in (4.46). As for the three-dimensional
case, charged operators are supermonopoles, that is, supersurfaces Σ(1|4) of singularities
which break the Bianchi identity as

dF = qmY
(3|0)
Σ(1|4)

. (4.56)

Writing Y(3|0)
Σ(1|4)

= dΘ(2|0)
Ω(2|4)

for a non-compact surface Ω(2|4) whose boundary is the super-
monopole, the insertion of the supermonopole D(Σ(1|4)) inside the path integral corresponds
to turning on B

(2|0)
D = qmΘ(2|0)

Ω(2|4)
. On the other hand, the inclusion of eiαmQm(Σ(2|0)) corre-

sponds to turning on B
(2|4)
CW = αmY

(2|4)
Σ(2|0)

. Performing a gauge transformation (4.51) with

dΛ(1|4) = −αmY(2|4)
Σ(2|0)

, we remove B(2|4)
CW , but an anomaly arises due to the singularity in (4.56)

and we eventually obtain〈
eiαmQm(Σ(2|0))D(Σ(1|4))

〉
= eiαmSLink(Σ(2,0),Σ(1|4))

〈
D(Σ(1|4))

〉
, (4.57)

where the super-linking number between the two supersurfaces is alternatively defined as

SLink(Σ(2,0),Σ(1|4)) =
∫
SM

Θ(2|0)
Ω(2|4)

∧ Y(2|4)
Σ(2|0)

=
∫
SM

Y(3|0)
Σ(1|4)

∧Θ(1|4)
Ω(3|0)

, (4.58)

with Y(2|4)
Σ(2|0)

= dΘ(1|4)
Ω(3|0)

.

Super-gCW currents. In four dimensions, the only super-CW current of the form (4.3)
is J (4|0) = F ∧ F . However, its bosonic dimensions saturate the spacetime, thus leading to
a degenerate case where the conservation law is trivial. This current can be interpreted as
generating a (−1|4)-integral form symmetry. This type of current will be studied elsewhere [31].

It is possible to enlarge the spectrum of super-CW symmetries by considering currents
of the form ω ∧ F , where ω are closed forms constructed in terms of the supervielbeins.
Precisely, we consider

ω(3|0) = V αα̇∧ψα∧ψ̄α̇ , ω(4|0) = (V ∧V )αβ∧ψα∧ψβ , ω̄(4|0) = (V ∧V )α̇β̇∧ψ̄α̇∧ψ̄β̇ . (4.59)

They belong to the H(•|0)(d) cohomology. Their closure easily follows from the identity
dV αα̇ = ψα ∧ ψ̄α̇. Analogously, the corresponding Hodge dual operators

ω(1|4) ≡ ⋆ω(3|0) = (V ∧ V ∧ V )αα̇ ∧ ιαῑα̇δ(4)(ψ) ,

ω(0|4) ≡ ⋆ω(4|0) = (V ∧ V )αβ ∧ ιαιβδ(4)(ψ) ,

ω̄(0|4) ≡ ⋆ω̄(4|0) = (V ∧ V )α̇β̇ ∧ ῑα̇ῑβ̇δ
(4)(ψ) , (4.60)
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are integral forms in the H(•|m)(d) cohomology.10 Therefore, in the D = (4|4) super-Maxwell
theory, we can define three additional conserved integral form currents

J (3|4) = ω(1|4) ∧ F , J (2|4) = ω(0|4) ∧ F , J̄ (2|4) = ω̄(0|4) ∧ F , (4.61)

and the corresponding super-gCW topological operators

Q(Σ(3|4)) =
∫
Σ(3|4)

ω(1|4) ∧ F =
∫
SM

ω(1|4) ∧ F ∧ Y(1|0)
Σ(3|4)

,

Q(Σ(2|4)) =
∫
Σ(2|4)

ω(0|4) ∧ F =
∫
SM

ω(0|4) ∧ F ∧ Y(2|0)
Σ(2|4)

,

Q(Σ̄(2|4)) =
∫
Σ̄(2|4)

ω̄(0|4) ∧ F =
∫
SM

ω̄(0|4) ∧ F ∧ Y(2|0)
Σ̄(2|4)

. (4.62)

In order to work out their explicit field dependence and physical meaning, one has to
make a definite choice of the embedded supersurfaces and reduce them to ordinary Berezin
integrals in superspace. We consider, for example, the first operator in (4.62). The easiest
way to parametrize the embedding of Σ(3|4) into SM is by choosing

Y(1|0)
Σ(3|4)

= V αα̇χαα̇ + ψαηα + ψ̄α̇η̄
α̇ , (4.63)

where χαα̇, ηα, η̄α̇ are the moduli of the embedding, satisfying dχαα̇ = 0, dηα = −1
2χαα̇ψ̄

α̇ and
dη̄α̇ = 1

2χ
αα̇ψα, as required by the closure condition dY(1|0)

Σ(3|4)
= 0. We consider once again the

explicit example of the S(3|4) supersphere given by the defining equation (4.43). In terms of
the supervielbeins, the corresponding Poincaré dual form Y(1|0)

Σ(3|4)
= ΦdΦ is explicitly given by

Y(1|0)
Σ(3|4)

= δ
(
xαα̇xαα̇ + µ (θαθα + θ̄α̇θ̄

α̇)− 1
)

×
(
V αα̇xαα̇ + ψα

(
µ θα − 1

2xαα̇θ̄
α̇
)
+ ψ̄α̇

(
µ θ̄α̇ + 1

2x
αα̇θα

))
. (4.64)

Comparing with the general expression (4.63), we can infer the corresponding parameters
χαα̇, ηα and η̄α̇. It is easy to verify that they satisfy the closure conditions.

Inserting all the ingredients in the first integral in (4.62) (see equations (4.33), (4.60)
and (4.64)), and taking into account that the only surviving terms are the ones proportional
to V 4δ(4)(ψ) = [d4xd4θ], we eventually find

Q(Σ(3|4))=
∫
M(4|4)

ω(1|4)∧F∧Y(1|0)
Σ(3|4)

(4.65)

=
∫
(V ∧V ∧V )αα̇ιαῑα̇δ(4)(ψ)∧

(
V aV bFab+ψ̄β̇V

ββ̇Wβ+W̄β̇V
ββ̇ψβ

)
∧
(
V cσc+ψγηγ+ψ̄γ̇ η̄γ̇

)
=
∫
[d4xd4θ]δ

(
xαα̇x

αα̇+µ(θαθα+θ̄α̇θ̄α̇)−1
)(

Wα
(
µθα−

1
2xαα̇θ̄

α̇
)
+W̄α̇

(
µθ̄α̇+1

2x
αα̇θα

))
.

10Locally, for flat supermanifolds we have the following dualities

⋆ω(3|0) ∧ ω(3|0) = ⋆ω(4|0) ∧ ω(4|0) = ⋆ω̄(4|0) ∧ ω̄(4|0) = V 6δ(8)(ψ) = d6x δ8(dθ) .
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The ordinary Berezin integral can be easily performed by expanding the delta function in
powers of θ’s producing spacetime derivatives acting on the integrand. Expanding the Dirac
delta function, we eventually have

Q(Σ(3|4)) =
∫
d4x δ

(
x2 − 1

)(
−µ D̄2DαW

α
∣∣∣+ 1

2xαα̇ D̄
α̇D2Wα

∣∣∣+ h.c.
)
.

+
∫
d4x δ′

(
x2 − 1

)
(µ2 DαW

α|+ h.c.) , (4.66)

where the delta functions allow to perform the spacetime integral by localizing the result
at x2 = 1.

One can apply a similar reasoning for the other two charges in (4.62). Since nothing
deviates significantly from this calculation, except for a change in the definition (4.64) of
the Poincaré dual, we are not going to report the results.

Looking for operators charged under the action of gCW symmetries generated by (4.62),
we now prove that the supermonopole D(Σ(1|4)) introduced above is also charged respect
to them. To this end, we first couple the gCW currents (4.61) to background gauge fields,
which amounts to considering in the path integral the generalized action

S+Smin=
∫
SM

(
−1
2(F−B(2|0))∧⋆(F−B(2|0))+J (3|4)∧B(1|0)+J (2|4)∧B(2|0)+J̄ (2|4)∧B̄(2|0)

)
.

(4.67)
As long as the gCW currents are conserved, this action is invariant under the following
background gauge transformations

B(1|0) → B(1|0)+dΛ(0|0) , B(2|0) → B(2|0)+dΛ(1|0) , B̄(2|0) → B̄(2|0)+dΛ̄(1|0) . (4.68)

To be definite, we consider the action of the symmetry generator U(Σ(3|4), α) = eiαQ(Σ(3|4))

on the supermonopole. Given the explicit expression of the charge in (4.62), the insertion of
this operator inside the path integral corresponds to turning on B(1|0) = αY(1|0)

Σ(3|4)
. Therefore,

we can write〈
U(Σ(3|4), α)D(Σ(1|4))

〉
= Z[BD = qmΘ(2|0)

Ω(2|4)
, B(1|0) = αY(1|0)

Σ(3|4)
, 0, 0] . (4.69)

We should now perform a Λ(0|0)-transformation (4.68) to get rid of the U generator. However,
since the supermonopole breaks the F conservation law — see equation (4.56) — the J (3|4)

current is no longer conserved, rather

dJ (3|4) = qm ω
(1|4) ∧ Y(3|0)

Σ(1|4)
. (4.70)

Therefore, under a gauge transformation of the action, the residual term
∫
dJ (3|4) ∧ Λ(0|0)

gives rise to a non-vanishing anomaly. Inserting the explicit expressions for the background
fields and the gauge parameter, we can eventually write〈

U(Σ(3|4), α)D(Σ(1|4))
〉
= e

−iα qm

∫
SM Θ(2|0)

Ω(2|4)
∧ω(1|4)∧Y(1|0)

Σ(3|4)
〈
D(Σ(1|4))

〉
, (4.71)

where we recall that Ω(2|4) is the supersurface whose boundary is the ’t Hooft supersurface
Σ(1|4) defining the supermonopole. The extra phase, which arises from the anomalous
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gauge transformation, can be interpreted as the superlinking number between Σ(1|4) and a
(2|0)-supersurface defined by the Poincaré dual

Ỹ(2|4)
Σ̃(2|0)

≡ ω(1|4) ∧ Y(1|0)
Σ(3|4)

. (4.72)

This operator is indeed closed but not exact; therefore, it defines a genuine Poincaré dual.
In order to check that it is non-trivial, we consider the expression in (4.64) and multiply it
by ω(1|4) given in (4.60). Using definition (4.43) the result is

Ỹ(2|4)
Σ̃(2|0)

=(V ∧V ∧V )αα̇∧ιαῑα̇δ(4)(ψ)∧δ(Φ)dΦ (4.73)

=δ(Φ)
(
V 4xαα̇ιαῑα̇+(V 3)αα̇

(
µθα−

1
2xαβ̇ θ̄

β̇
)
ῑα̇+(V 3)αα̇

(
µθ̄α̇−

1
2xβα̇θ

β
)
ια

)
δ(4)(ψ).

All the pieces are non-trivial. Plugging them into a supermanifold integral like the one
in (4.71), we generally obtain a non-vanishing result that can be eventually expressed as
an ordinary superspace integral.

The Σ̃(2|0) supersurface can be seen as a (1|4)-foliation of Σ(3|4). It is not difficult to see
that the superlinking number is non-trivial as long as Σ̃(2|0) and Ω(2|4) intersect; in other
words, if Σ̃(2|0) and the ’t Hooft supersurface are linked.

The same procedure can be easily applied to the other two symmetries generated by
Q(Σ(2|4)) and Q(Σ̄(2|4)) in (4.62). The D(Σ(1|4)) supermonopole carries a non-trivial charge
also with respect to these two symmetries, given by the superlinking number between the ’t
Hooft supersurface and a (0|4)-foliation of the supersurfaces supporting the charge generators.

4.3 D = (6|8)

We now consider N = (1, 0) super-Maxwell theory in six dimensions defined in D = (6|8)
superspace [47, 48]. This is conveniently described by a set of coordinates (xa, θAα ), where
xa, a = 0, . . . , 5 are the bosonic directions. At the same time, θAα are a set of symplectic
Majorana-Weyl spinors, that is, four-components complex spinors carrying a SU(2) index
A = 1, 2, a SU(4) spinorial representation index α = 1, . . . , 4, and satisfying the SU(2)-
Majorana condition, (θAα )∗ ≡ θ̄α̇ A = ϵABB β

α̇ θ
B
β for a unitary matrix B with B∗B = −1.

In this superspace, there is no rising-lowering matrix for spinorial indices. We use 4 × 4
Pauli-Dirac gamma matrices δβα, γaαβ , γa,αβ , and a set of supercovariant derivatives satisfying
{DAα, DB β} = iϵABγa,αβ∂a ≡ iϵAB∂αβ. Supervielbeins Vαβ = dxαβ + ϵABθ

A
α dθ

B
β and

ψAα = dθAα satisfy the Maurer-Cartan equations

dVαβ = ϵAB ψ
A
α ∧ ψBβ , dψAα = 0 , (4.74)

with d = Vαβ ∂
αβ + ϵAB ψ

A
α D

B α.
The super-Maxwell multiplet consists of a vector superfield A[αβ], a Majorana-Weyl

spinor WA
α and a triplet of auxiliary superfields D(AB). Imposing the conventional constraint

that removes the ψ ∧ ψ term, the expansion of the (2|0)-superform field strength reads

F = Fαβ,γδ Vαβ ∧ Vγδ + ϵABϵ
αβγδWA

α ψ
B
β ∧ Vγδ , (4.75)
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with Fαβ,γδ = −F γδ,αβ and Fαβ,γδ = −F βα,γδ, which has 15 independent components.
Bianchi identities lead to the following equations [48]

∂[αβF γδ,ρσ] = 0 ,

Dα
AF

βγ,ρσ = ϵAB ϵ
ηα[ρσ∂βγ]WB

η ,

3DAαWB
β = ϵABϵβγδρF

αγ,δρ + δαβD
(AB) . (4.76)

It relates the gaugino field strength WA
α to gauge field strength Fαβ,γδ and to the auxiliary

field triplet D(AB). Note that the Bianchi identities do not imply the equations of motion;
therefore, this is an off-shell multiplet.

To write the super-Maxwell action in (4.2) and provide the corresponding equations of
motion, we need to define the Hodge dual of F . However, this cannot be consistently defined
due to the lack of a lowering-rising Dirac matrix for spinorial indices in flat superspace. The
problem can be circumvented by introducing a constant non-trivial flux background for the
three-form Habc in D = 6, N = 1 supergravity [49–53], such that Cαβ = (γabcHabc)αβ is a
constant symmetric matrix in spinorial space. We can use it to build up the supermetric
needed to define the Hodge dual. At the end of the computation, we send the flux to zero.
Armed with this definition of Hodge dual, we define

⋆F = Fαβ,γδ(V ∧ V ∧ V ∧ V )αβ,γδ δ(8)(ψ) +WA
α Cβγι

β
A(V ∧ V ∧ V ∧ V ∧ V )αβδ(8)(ψ) , (4.77)

where we have defined (V ∧ V ∧ V ∧ V )αβ,γδ ≡ (γa)αβ(γb)γδϵabcdefV c ∧ V d ∧ V e ∧ V f and
(V ∧V ∧V ∧V ∧V )αβ ≡ (γa)αβϵabcdefV b∧V c∧V d∧V e∧V f . Imposing the closure d⋆F = 0
leads to the following equations of motion

ϵαβγδ∂
αβF γδ,ρσ + ϵρσβδDα

ACαβW
A
δ = 0 , ∂αβWA

β = 0 . (4.78)

We retrieve the super-Maxwell equations by taking the Cαβ → 0 limit.

Electric and magnetic currents. As in the previous cases, the N = (1|0) super-Maxwell
theory in six dimensions enjoys a (1|0)-superform symmetry generated by ⋆F and a topological
(3|8)-integral form symmetry generated by F . Operators charged under these symmetries
can be easily constructed. They are a super Wilson loop of the form (3.8) with p = 1, and a
supermonopole supported by a Σ(3|8) supersurface of singularities for the F current, which is
then no longer conserved everywhere in the supermanifold, in analogy with what happens in
the bosonic theory (see eq. (2.23)). Details of the construction are given in appendix C.

Super-(g)CW currents. In D = (6|8) superspace, we have enough dimensions for con-
structing further higher-form conserved currents. First of all, we can define the generalized
Chern-Weil supercurrent J (4|0) = 1

2F ∧ F , which generates a (1|8)-integral form symmetry.
The corresponding charged objects are operators supported on (1|8)-dimensional supersur-
faces obtained by intersecting two supermonopole ’t Hooft surfaces. The construction is
detailed in appendix C.

In addition, we can look for closed currents of the form ω ∧ J , where ω are closed forms
constructed in terms of the supervielbeins. In this case, there is an element of the cohomology,
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whose representative can be written as

ω(3|0) = V αβ ∧ ψAα ∧ ψBβ ϵAB . (4.79)

It is closed due to the Fierz identities and the Schoutens identities for SU(2) indices. The
3-form ω(3|0) is an element of the Chevalley-Eilenberg cohomology (see for example [54, 55]).
A strategy known as Free Differential Algebras (FDA) allows the reconstruction of the full
supergravity spectrum by replacing ω(3|0) with the d-variation potential B(2|0). Together with
the graviton and the gravitinos (V αβ , ψAα ) this set of fields form the spectrum of D = 6, N = 1
supergravity (see for example [35]).

The Hodge dual of ω(3|0) is easily computed [43]

⋆ω(3|0) ≡ ω(3|8) = (V ∧ V ∧ V ∧ V ∧ V )αβ ∧ ιαAι
β
Bϵ

ABδ(8)(ψ) , (4.80)

where ιαA is the derivative with respect to ψAα . Using these closed forms, we can construct
the following new superform and integral form currents

J (5|0) = ω(3|0) ∧ F , J (5|8) = ω(3|8) ∧ F , (4.81)

which generate a (0|8)-integral form symmetry and a (0|0)-superform symmetry, respec-
tively. As in the four-dimensional case, the supermonopole is also charged under these gCW
symmetries. We prove this statement in appendix C and provide the corresponding charges.

When we take the flat limit, the currents constructed with the ω-forms have an interesting
interpretation as remnants of supergravity couplings. In fact, in flat superspace ω(3|0) and
ω(3|8) are closed superforms, therefore locally they can be written as

ω(3|0) = dB(2|0) , ω(3|8) = dB(2|8) , (4.82)

where, as already mentioned, B(2|0) can be interpreted as the conventional two-form potential
of N = 1 supergravity multiplet. The additional potential B(2|8) is defined in terms of the
dual, ⋆dB(2|0) = dB(2|8), and it does not introduce any new degrees of freedom.

If we consider super-Maxwell theory coupled to dynamical N = 1 supergravity [56],
non-trivial curvatures arise, which modify the first identity in (4.82) as

H(3|0) = dB(2|0) − ω(3|0) . (4.83)

Exploiting the closure of F , the charge generator associated to J (5|0) can then be written as

Q(Σ(5|0)) =
∫
Σ(5|0)

ω(3|0) ∧ F = −
∫
Σ(5|0)

H(3|0) ∧ F . (4.84)

The H(3|0) supergravity field strength plays the role of a background gauge field that gauges
the F symmetry. Since in a curved spacetime dH(3|0) ∼ trR2 ̸= 0, this charge is no longer
topological and cannot be interpreted as being associated with a global symmetry. The
Chern-Weil global symmetry is restored in the flat limit. This is consistent with the property
that no exact global symmetries are allowed in quantum gravity [57, 58] (see also [8] for
a similar discussion).
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4.4 D = (10|16)

As a final example of super-Maxwell theory, we consider the case of N = 1 super-Maxwell
theory in ten dimensions. In D = (10|16) chiral superspace, we use the same approach
as above and write [15]

F = V αβ ∧ V γδFαβ,γδ + Vαβ ∧ ψαW β , (4.85)

where Fab ≡ γαβa γγδb Fαβ,γδ and Wα are the field strength superfields and the gluino field,
respectively.11

From the Bianchi identity dF = 0, we obtain the following set of constraints for the
field components

∂[aFbc] = 0 , DαW
α = 0 , Fab = Dα(γab)αβW β , DαFab = (γ[a)αβ∂b]W β . (4.86)

In ten dimensions, Bianchi identities automatically imply the equations of motion

∂aFab = 0 , γa∂aWβ = 0 . (4.87)

These can be rephrased in the usual form d ⋆ F = 0, provided that we introduce a suitable
definition of Hodge dual, which in turn requires introducing a rising-lowering Dirac matrix
C[αβ]. This can be done in a non-trivial background. For example, if a 3-form H is switched
on, such for example in a non-trivial string background, one can take C[αβ] = (γabcHabc)αβ.
Assigned this antisymmetric tensor, the Hodge dual of F has the following structure

⋆F = Fab(V ∧ · · · ∧ V )[ab]δ(8)(ψ) + (WγaCι)(V ∧ · · · ∧ V )aδ(8)(ψ) , (4.88)

where ια is the derivative w.r.t. ψα. Imposing the closure of ⋆F , we obtain

∂aFab +DCγbW = 0 , γa∂aWβ = 0 , (4.89)

which reduce correctly to (4.87) in the limit C → 0.
We now discuss higher-superform U(1) symmetries. Since the technical details of the

construction are very similar to the ones given in appendix C for the D = (6|8) case, we
limit ourselves to listing the main results.

Super-CW currents. For the super-Maxwell theory in ten dimensions, beyond the electric
current J (8|16) = ⋆F , we have a set of CW currents of the form (4.3). Precisely,

Qk(Σ(2k|0)) =
∫
Σ(2k|0)

J (2k|0) =
∫
SM

J (2k|0) ∧ Y(10−2k|16)
Σ(2k|0)

, k = 1, 2, 3, 4, 5 (4.90)

is a set of topological operators which gives rise to super-higher-form symmetries of (9−2k|16)-
type. Considering the magnetic charge Qm ≡ Q1, the corresponding charged supermonopole
can be constructed as in the previous examples. In this case, it is given by a (7|16)-dimensional
’t Hooft supersurface embedded in the supermanifold and corresponds to turning on the

11We applied already the conventional constraint Fαβ = 0. Ten dimensional Pauli-Dirac matrices γa are
taken real and symmetric [32, 45].
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background BD = qmΘ(2|0)
Ω(8|16)

in the path integral, with ∂Ω(8|16) = Σ(7|16). Its magnetic charge
can be evaluated by following the same steps as in the lower dimensional cases, and it is given
by the super-linking number between the supersurface supporting the symmetry generator
and the ’t Hooft singular supersurface associated with the supermonopole.

Analogously, operators charged under Qk(Σ(2k|0)) for k > 1 are generalized super-
monopoles, whose ’t Hooft supersurface is given by a (9− 2k|16)-dimensional intersection of
k Σ(7|16) monopole supersurfaces. Details follow closely what has been done in appendix C
for the D = (6|8) case.

Super-gCW currents. We can also construct gCW closed currents in ten dimensions. To
this end, we introduce two geometric invariant forms

ω(3|0) = ψ ∧ γaψ ∧ Va , ω(7|0) = 1
5!ψ ∧ γa1...a5 ∧ ψ ∧ Va1 ∧ · · · ∧ Va5 , (4.91)

which belong to the cohomology H(•|0)(d), thanks to Fiersz identities. Correspondingly,
the Hodge duals are given by

⋆ω(3|0) ≡ ω(7|16) = 1
9!ϵa1...a9bVa1 ∧ · · · ∧ Va9 ∧ ιγbιδ(16)(ψ) ,

⋆ω(7|0) ≡ ω(3|16) = 1
5!ϵa1...a5b1...b5Va1 ∧ · · · ∧ Va5 ∧ ιγb1...b5ιδ(16)(ψ) . (4.92)

These are closed but not exact integral forms and belong to the H(•|16)(d) cohomology.
Now, in terms of these geometric forms, and using the CW currents (4.3), we can build

the following new conserved currents

J (2k+3|0) = ω(3|0) ∧ J (2k|0) , J (2k+3|16) = ω(3|16) ∧ J (2k|0) , k = 1, 2, 3

J (9|0) = ω(7|0) ∧ F , J (9|16) = ω(7|16) ∧ F ,

J (8|16) = ω(3|0) ∧ ω(3|16) ∧ F . (4.93)

As a non-trivial case, we elaborate on one of these new currents, that is

J (9|16) = ω(3|16) ∧ F ∧ F ∧ F , (4.94)

supported on a S(9|16) supersphere, whose defining equation in the supermanifold is

xax
a + θγabcθ θγ

abcθ = 1 . (4.95)

The corresponding Poincaré dual form is given by

Y(1|0)
S(9|16) = 2δ(xaxa + θγabcθ θγ

abcθ − 1)
(
V axa + ψ

(1
2x

a(γaθ) + γabcθ θγabcθ

))
. (4.96)

We are then ready to compute the associated generator. Inserting the explicit expressions (4.92)
and (4.96), and using the distributional law ιαδ

(16)(ψ)ψβ = −δ β
α δ

(16)(ψ) together with some
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properties of Dirac matrices, we eventually find

Q =
∫
J (9|16) ∧ Y(1|0)

S(9|16) (4.97)

=
∫ 1

5!ϵa1...a5b1...b5V
a1 ∧ · · · ∧ V a5ιγb1...b5ιδ(16)(ψ)

∧
(
V aV bFab + ψγaWVa

)
∧
(
V rV sFrs + ψγbWVb

)
∧
(
V aV bFab + ψγaWVa

)
∧ 2δ(xaxa + θγabcθθγ

abcθ − 1)
(
V axa + ψ

(1
2x

a(γaθ) + γabcθθγabcθ

))
=
∫
δ(xaxa + θγabcθ θγ

abcθ − 1)
(
c1FabWγabcWxc + c2FabFcdWγabcdγeθxe

)
d10x d16θ ,

where the coefficients c1 and c2 are numerical factors coming from the algebraic manipulations
of Dirac matrices and contractions. Their values are irrelevant to our purposes. By expanding
the delta function in powers of θ’s, one can now perform the Berezin integration, obtaining
an expression given in terms of field components. Note that the result in (4.97) is cubic
in the quantum fields as a consequence of the structure of the original current. Therefore,
several field components will get generated under the θ-integration.

Regarding the construction of operators carrying non-trivial charge under these super-
gCW symmetries, in analogy with lower dimensional cases (see appendix C), we expect
the supermonopole charged with respect to the magnetic generator Qm to be charged also
respect to the symmetries whose currents (4.93) contain a single F factor. These are
J (5|0), J (5|16), J (9|0), J (9|16) and J (8|16). Analogously, operators charged under symmetries
generated by the currents J (2k+3|0), J (2k+3|16) in (4.93) with k = 2, 3 will correspond to
generalized supermonopoles supported on singular surfaces given by a suitable intersection
of k supermonopole ’t Hooft surfaces.

The geometric-CW supercurrents can be interpreted as coming from the flat limit of
super-Maxwell coupled to dynamical N = 1 supergravity.

To begin with, since ω(3|0) and ω(7|0) are cohomology classes they can be locally written as

dB(2|0) = ω(3|0) , dB(6|0) = ω(7|0) , (4.98)

where B(2|0) is the conventional Kalb-Ramond of type I supergravity. The additional potential
B(6|0) is the dual ⋆dB(2|0) = dB(6|0) and it does not introduce new degrees of freedom. In
this way, we reconstruct the complete supergravity spectrum.

Making supergravity dynamical implies that we have to replace (4.98) with non-trivial
fluxes

H(3|0) = dB(2|0) − ω(3|0) , H(7|0) = dB(6|0) − ω(7|0) . (4.99)

It follows that the charges associated with the gCW currents in (4.93) can be written as∫
Σ(2k+3|0)

J (2k+3|0) =
∫
Σ(2k+3|0)

H(3|0) ∧ J (2k|0) ,∫
Σ(9|0)

J (9|0) =
∫
Σ(9|0)

H(7|0) ∧ F ,∫
Σ(8|16)

J (8|16) =
∫
Σ(8|16)

H(3|0) ∧ ω(3|16) ∧ F . (4.100)
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As for the six-dimensional case, if the theory is coupled to dynamical supergravity, H(3|0) and
H(7|0) are not closed, and these operators are no longer topological objects. As a consequence,
they are not genuine generators of global higher-superform symmetries. These are recovered
only in the flat limit, consistently with the fact that there should be no global symmetries in
supergravity. This discussion clarifies the supergravity origin of the super-gCW symmetries.

5 Super-Chern-Simons theory in D = (3|2)

It is interesting to see how the construction of super-higher-form symmetries works in the
three-dimensional N = 1 Chern-Simons theory.

Assigning an abelian (1|0)-superform potential A in the D = (3|2) supermanifold, the
super-Chern-Simons action reads [59]

S =
∫
SM

(
A ∧ dA+ 1

2V
3WαWα

)
∧ Y(0|2) , (5.1)

where the Poincaré dual Y(0|2) describes the immersion of the three-dimensional bosonic
submanifold into SM. It can be taken as the Hodge dual of the cohomology element
ω(3|0) = ψ ∧ γaψ ∧ V a, precisely

Y(0|2) ≡ ⋆ω(3|0) = ϵabcV
a ∧ V b ∧ ιγcιδ2(ψ) . (5.2)

It is easy to see that by inserting this expression in (5.1) together with the A expansion, we
reproduce the well-known Chern-Simons action in superspace [60].

The equations of motion F = dA = 0 constrain the theory to have no propagating
degrees of freedom. In expansion (4.7), this implies the vanishing of the field strength Fab
(up to a pure gauge term) and the gravitino, Wα = 0.

In this case, the current J (1|0) = A is on-shell closed and gives rise to a (1|2)-integral
form symmetry generated by

U(C, α) = eiαQ(C) , with Q(C) =
∫
C
A =

∫
SM

A ∧ Y(2|2)
C . (5.3)

This is nothing but the super Wilson line in D = (3|2).
Operators charged under this symmetry are (1|2)-dimensional objects of the form (3.9).

Sticking to that notation, they read

W̃ (Σ(1|2)) = e
iq̃
∫

Σ(1|2)
A∧Y(0|2)

= e
iq̃
∫
SM A∧Y(0|2)∧Y(2|0)

Σ(1|2) , (5.4)

with Y(0|2) given in (5.2). A simple calculation shows that〈
U(C) W̃ (Σ(1|2))

〉
= eiα q̃ SLink(C,Σ(1|2))

〈
W̃ (Σ(1|2))

〉
, (5.5)

where, once again the charge is given by the super-linking number

SLink(C,Σ(1|2)) =
∫
SM

Y(2|0)
Σ(1|2)

∧Θ(1|2)
Ω(2|0)

=
∫
SM

Θ(1|0)
Ω(2|2)

∧ Y(2|2)
C , (5.6)

with Y(2|0)
Σ(1|2)

= dΘ(1|0)
Ω(2|2)

and Y(2|2)
C = dΘ(1|2)

Ω(2|0)
.
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6 Conclusions

We presented a geometrical construction of high-form symmetries within the framework of
supersymmetric theories. Instead of relying on the conventional approach of superspace, we
used the robust framework of supergeometry, which combines the advantages of superspace,
differential geometry, and Cartan calculus.

In our approach, we achieve geometrical integration on supermanifolds by introducing
integral forms. This framework enables us to translate well-known results into the realm of
supersymmetric theories and supergravity. We provided a comprehensive analysis of charge
and charged operators, both in general terms and for several models spanning different
dimensions.

Additionally, we constructed new higher-form symmetries using supergeometrical cocycles
and performed an extensive analysis of mixed anomalies in this context. Our findings open
up possibilities for interesting generalizations to supergravity models and the exploration
of symmetries in this field.

A natural extension of our results involves non-abelian gauge theories and their suitable
interactions with matter fields. This will undoubtedly make the construction of charged
operators more interesting and challenging. Furthermore, the implications for the physical
Hilbert space and the space of observables remain to be explored.

We aim to translate our findings into the construction of non-invertible symmetries
within this framework, which we plan to pursue in future work.

Lastly, we have not addressed the case of Voronov-Zorich superforms J (p|q) with q < m,
though these forms could potentially lead to new interesting conserved currents. They may
be associated with super-hypersurfaces that have a reduced number of fermionic coordinates.
However, the mathematics involved in the construction of these objects is considerably more
complex, as the vector spaces required to describe them are naturally infinite-dimensional.
Although there have been some new efforts to incorporate them into the discussion, further
mathematical tools still need to be developed.
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A Superforms and integral forms

In this appendix, we briefly summarize the main notions of supercalculus in supermanifolds,
sticking to the geometric approach introduced in [27]. We report only what is needed for
the comprehension of the present paper, referring to [27, 46, 59, 61, 62] for a more complete
introduction.
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Given a supermanifold M(n|m), parametrized by the coordinates zA = (xa, θα) where
a = 0, . . . , n − 1 and α = 1, . . . ,m, we can construct the exterior algebra either from the
canonical 1-form basis dxa, dθα or from the anholonomic basis V a, ψα (a.k.a. supervielbeins).
The differential is given by

d = dxa∂a + dθα∂α = V a∂a + ψαDα , (A.1)

where Dα is the covariant derivative, while dxa and dθα are anticommuting and commuting
differentials, respectively.

We define the space of superforms Ω(•|0) =
∑∞
p=0Ω(p|0) where p is the form degree. The

second degree denotes the picture number, which is zero for superforms [25]. Locally, a
superform can be decomposed as

ω(p|0) =
p∑
l=0

ω[a1...al](αl+1...αp)(x, θ)V
a1 . . . V alψαl+1 . . . ψαp , (A.2)

where the components ω[a1...al](αl+1...αp)(x, θ) are superfields. There is no upper bound for the
form number p since ψ’s are commuting variables w.r.t. the wedge product ψα∧ψβ = ψβ ∧ψα.

The action of the differential d on a superform increases the form number

d : Ω(p|0) −→ Ω(p+1|0) . (A.3)

In addition, using the wedge product, the superforms form an algebra

∧ : Ω(p|0) × Ω(q|0) −→ Ω(p+q|0)

(ω(p|0), ω(q|0)) −→ ω(p+q|0) = ω(p|0) ∧ ω(q|0) . (A.4)

On the dual side, we introduce the integral forms. To this end, we need an additional
ingredient

Λ(0|m) =
m∏
α=1

δ(ψα) , (A.5)

which is the product of all Dirac delta functions of ψ’s. It satisfies the following property

ψβΛ(0|m) = 0 , ∀ β = 1, . . . ,m . (A.6)

As in conventional geometry, we can introduce the contraction operator ιX along a
vector field X on the manifold, acting on the exterior algebra. The contraction operator ιX
reduces the form degree by one unit. In the present context, we can define the contraction
operator along the even-coordinate vector field ∂

∂xa and the one along the odd-coordinate
vector field ∂

∂θα . However, it is more convenient to introduce covariant contractions. Along
the covariant vector field Dα we define

ια ≡ ιDα = ∂

∂ψα
, (A.7)

whereas along bosonic vectors ∂a ≡ ∂
∂xa we define

ιa ≡ ι∂a = ∂

∂V a
. (A.8)

– 32 –



J
H
E
P
0
8
(
2
0
2
5
)
1
6
9

They act on superforms (A.2) and are dual to the supervielbein (V a, ψα),

ιαψ
β = δβα , ιαV

a = 0 , ιaψ
α = 0 , ιaV

b = δba . (A.9)

The commutation relation among ια and ιa are

ιaιb = −ιbιa , ιαιβ = ιβια , ιαιb = ιbια . (A.10)

The contraction operator can act as a derivative on Λ(0|m). Therefore, we can build
integral forms Ω(•|m) as follows

ω(p|m) =
p∑
l=0

ω[a1...al](αl+1...αp)(x, θ)V
a1 . . . V alιαl+1 . . . ιαpΛ(0|m) . (A.11)

Note that there are no ψ’s in this expansion. A ψ either is canceled by (A.6) or reduces the
number of ια’s thanks to the following integration-by-part rule

ψαιβΛ(0|m) = −δβαΛ(0|m) . (A.12)

Note that the form number of an integral form goes from p to −∞ since the contractions act,
reducing the form number. The differential operator d acts on integral forms by increasing
the form number, as for superforms

d : Ω(p|m) −→ Ω(p+1|m) . (A.13)

Integral forms can be multiplied by superforms

∧ : Ω(p|0) × Ω(q|m) −→ Ω(p+q|m)

(ω(p|0), ω(q|m)) −→ ω(p+q|m) = ω(p|0) ∧ ω(q|m) . (A.14)

Instead, multiplying two integral forms leads to a vanishing result due to the properties
of the Dirac delta δ(ψα).

The integral forms form a differential complex which is isomorphically dual to the complex
of superforms. The notion of the Hodge dual can be established

⋆ : Ω(p|q) −→ Ω(p|m−q) (A.15)

and the details are given in [16, 43, 44, 63]. In our work, we have considered only two
special cases, namely those with q = 0 and q = m. For these two cases we verified the
isomorphism, which easily follows from the fact that they are finite dimensional spaces. For
the generic case, the isomorphism might require a deeper analysis. In that respect, we also
mention the related work [64].

The relevant feature of the integral forms is the they can be integrated on suitable
super-cycles (hyper surfaces embedded into a supermanifold). In this way, we can obtain
a well-defined expression ∫

M(n|m)
F (p|0) ∧ Y(n−p|m)

Σp

for a topological charge operator as discussed in the text.
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B The super-linking number

In this appendix, we review the definition of super-linking numbers in supermanifolds. To
this end, we first recall briefly the definition of linking number in bosonic manifolds M, and
then we generalize it to supermanifolds. We will stick to the definition given in terms of
Poincaré duals to hypersurfaces (see, for instance, [37]), as it allows for a straightforward
generalization to super-hypersurfaces in supermanifolds.

In a generic n-dimensional manifold M(n) we consider two hypersurfaces σp1 , σp2 of
dimension p1 and p2 respectively, with embedding equations ϕk(x) = 0, k = 1, . . . , n − p1
and ψk(x) = 0, k = 1, . . . , n− p2. The corresponding Poincaré dual operators localizing on
the two submanifolds are p1- and p2-forms, given by

Y(n−p1)
σp1

=
n−p1∏
k=1

dϕkδ(ϕk) ≡ dΘ(n−p1−1)
Ωp1+1

, Y(n−p2)
σp2

=
n−p2∏
k=1

dψkδ(ψk) ≡ dΘ(n−p2−1)
Ωσp2+1

, (B.1)

where Ωp1+1,Ωp2+1 are two hypersurfaces whose boundaries are σp1 and σp2 , respectively.
Their Poincaré duals ΘΩpi+1 are easily found by writing one of the delta functions in (B.1) as
the derivative of the Heaviside step function and pulling out the differential.

The linking number between σp1 and σp2 is equivalently defined as

Link(σp1 ,σp2)=
∫
M(n)

Y(n−p1)
σp1

∧Θ(n−p2−1)
Ωσp2+1

, or Link(σp1 ,σp2)=
∫
M(n)

Θ(n−p1−1)
Ωσp1+1

∧Y(n−p2)
σp2

.

(B.2)
This expression is non-vanishing if and only if p1 + p2 = n− 1. Therefore, when assigned the
manifold dimension, this constraint selects the dimensions of submanifolds that can intertwine.

For a three-dimensional manifold, it can be proven that definition (B.2) applied to two
closed (oriented) curves γ1 and γ2 defined by the two sets of equations ϕ1(x⃗) = ϕ2(x⃗) = 0
and ψ1(x⃗) = ψ2(x⃗) = 0, is equivalent to the Gauss’ formula for the linking number of γ1, γ2

Link (γ1, γ2) =
∮
γ1

∮
γ2

(x⃗1 − x⃗2)
||x⃗1 − x⃗2||3

dx⃗1 ∧ dx⃗2 , (B.3)

where x⃗1 and x⃗2 are the position vectors on the two loops. For proof of the equivalence
of the two prescriptions, we refer to [14, 36]).

Still, in three dimensions, another interesting example is the evaluation of the linking
number between a point P = (x1,P , x2,P , x3,P ) and a surface σ, embedded by ϕ(x⃗) = 0.
Assigning the corresponding Poincaré duals

Y(3)
P = dx1δ(x1 − x1,P )dx2δ(x2 − x2,P )dx3δ(x3 − x3,P )

Y(1)
σ = dϕδ(ϕ) = dΘ(ϕ) ≡ dΩ(0)

σ , (B.4)

the linking number is a well-defined three-dimensional integral of a 3-form, whose value is

Link (P, σ) =
∫
M(3)

Y(3)
P ∧ Ω(0)

σ =
∫
M(3)

d3x δ(3)(x− xP )Θ(ϕ) =

1 , if P ∈ σ

0 , if P /∈ σ
(B.5)

We now generalize definition (B.2) to the case of a (n|m)-dimensional supermanifold.
Given a purely bosonic (p1|0)-dimensional hypersurface Σ(p1|0) and a (p2|m)-dimensional

– 34 –



J
H
E
P
0
8
(
2
0
2
5
)
1
6
9

super-hypersurface Γ(p2|m), the corresponding Poincaré duals are12

Y(n−p1|m)
Σ(p1|0)

= Y(n−p1|0)
Σ(p1|0)

m∏
α=1

θαδ(dθα) ≡ dΘ(n−p1−1|m)
Ω(p1+1|0)

, Y(n−p2|0)
Σ(p2|m)

≡ dΘ(n−p2−1|0)
Ω(p2+1|m)

, (B.6)

where, as before, the right-hand side is obtained by writing one delta function as the derivative
of the step function and pulling out the differential. the Θs are the Poincaré dual of a non-
compact bosonic hypersurface and a super-hypersurface whose boundaries are Σ(p1|0) and
Σ(p2|m), respectively.

Generalizing the previous construction, the super-linking number is defined as [14]

SLink(Σ(p1|0),Σ(p2|m)) =
∫
SM

Y(n−p1|m)
Σ(p1|0)

∧Θ(n−p2−1|0)
Ω(p2+1|m)

=
∫
SM

Θ(n−p1−1|m)
Ω(p1+1|0)

∧Y(n−p2|0)
Σ(p2|m)

. (B.7)

Again, these integrals are well-defined iff the bosonic dimensions satisfy p1 + p2 = n− 1. In
this case, we do not have any constraint on the fermionic dimensions. Their sum already
saturates m, as we have chosen from the very beginning to link a bosonic surface (odd
dimension zero) with a super-hypersurface (odd dimension m).

Whenever the sum of the fermionic dimensions of the two hypersurfaces does not equal
m, the super-linking number is zero, even if the bosonic dimensions sum up to (n− 1). For
instance, two purely bosonic hypersurfaces whose bosonic dimensions satisfy the constraint
would have a super-linking number equal to zero anyway. This means they can be somehow
unlinked by deforming them along the fermionic directions.

If, instead, the odd dimensions sum up to m, the super-linking number (B.7) is well-
defined and generally non-vanishing. In this case, thanks to the particular structure of the
Poincaré duals, it reduces to the ordinary linking number. In fact, considering for instance
the case in (B.6), we find∫

SM
Y(n−p1|0)
Σ(p1|0)

m∏
α=1

θαδ(dθα) ∧Θ(n−p2−1|0)
Ω(p2+1|m)

=
∫
M(n)↪→SM

Y(n−p1|0)
Σ(p1|0)

∧Θ(n−p2−1|0)
Ω(p2+1|m)

, (B.8)

where M(n) is the bosonic submanifold of SM. The general reduction (B.8) can be applied
in all the cases. This is somehow not surprising since the linking number is related to the
topological nature of the two hypersurfaces, and the fermionic sector never affects the topology.

C Operators charged under (g)CW symmetries in D = (6|8)

In this section, we construct explicitly the operators charged under CW and geometric-CW
symmetries for the D = (6|8) super-Maxwell theory. We treat both types of currents on the
same foot; therefore, we consider the following list of closed currents

J (2|0) = F , J (4|0) = 1
2F ∧ F , J (5|0) = ω(3|0) ∧ F , J (5|8) = ω(3|8) ∧ F , (C.1)

where ω(3|0) and ω(3|8) are given in (4.79) and (4.80), respectively.
12The definition of super linking number could be generalized to the case of generic pseudo-surfaces of

dimensions (p|q) with 0 < q < m. However, since in the body of the paper we only deal with bosonic surfaces
(q = 0) and supersurfaces (q = m), here we stick only to these two cases.
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According to the general strategy described in the main text, the most convenient way
to determine the action of symmetry generators on charged operators is to use a path
integral approach where we couple the currents to external backgrounds gauge superfields B.
Specializing the general expression (4.5) to the present case, we write

S + Smin =
∫
SM

(
−1
2(F −B(2|0)) ∧ ⋆(F −B(2|0)) (C.2)

+ J (2|0) ∧B(4|8) + J (4|0) ∧B(2|8) + J (5|0) ∧B(1|8) + J (5|8) ∧B(1|0)
)
.

The currents and the background fields are subject to the following gauge transformations

F → F + dΛ(1|0) , B(2|0) → B(2|0) + dΛ(1|0) , (C.3)

B(4|8) → B(4|8) + dΛ(3|8) − dΛ(1|0) ∧B(2|8) ,

B(2|8) → B(2|8) + dΛ(1|8) ,

B(1|8) → B(1|8) + dΛ(0|8) ,

B(1|0) → B(1|0) + dΛ(0|0) ,

which leaves the following field strengths

G(5|8) = dB(4|8) +B(2|0) ∧ dB(2|8) , G(3|8) = dB(2|8) ,

G(2|8) = dB(1|8) , G(2|0) = dB(1|0) (C.4)

invariant. Under these gauge transformations, and in the absence of topological singularities
that spoil the conservation law dF = 0, the action in (C.2) develops an anomalous term.
Precisely, we find

S(F−B(2|0))+Smin(B)=S(F ′−B(2|0)′
)+Smin(B′) (C.5)

+
∫

SM

(
dΛ(1|0)∧B(4|8)−1

2dΛ
(1|0)∧dΛ(1|0)∧B(2|8)+ω(3|0)∧dΛ(1|0)∧B(1|8)+ω(3|8)∧Λ(1|0)∧B(1|0)

)
.

As discussed in the main text, this anomaly is responsible for charging Wilson-type operators
under the Nöether symmetry generated by ⋆F . Following the same steps as the lower
dimensional cases, we find that the corresponding charged operator is a Wilson loop of
type (4.24) with the charge given by the super linking number, which measures the link
between the Σ(4|8) super surface supporting the symmetry generator and the contour C
defining the Wilson operator.

Regarding CW symmetries, we start by considering the “magnetic” current J (2|0). Mim-
icking what we have done in section 4.2 for the four-dimensional case, we study the action
of the generator eiαmQm(Σ(2|0)), with Qm(Σ(2|0)) =

∫
SM J (2|0) ∧ Y(4|8)

Σ(2|0)
, on supermonopoles

described by singular supersurfaces Σ(3|8) that spoil the Bianchi identity according to

dF = qmY
(3|0)
Σ(3|8)

. (C.6)

Writing Y(3|0)
Σ(3|8)

= dΘ(2|0)
Ω(4|8)

, the inclusion of the defect inside the path integral corresponds to

turning on B
(2|0)
D = qmΘ(2|0)

Ω(4|8)
. At the same time, the insertion of the symmetry generator
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is equivalent to B(4|8) = αmY
(4|8)
Σ(2|0)

. We can get rid of the generator by computing the
two-point function between the generator and the defect by performing a Λ(3|8)-gauge
transformation. However, since in the presence of the defect dF is no longer zero everywhere,
this transformation generates an anomalous term, which eventually gives rise to the charge
of the supermonopole under Qm. In fact, an explicit calculation leads to〈

eiαmQm(Σ(2|0))D(Σ(3|8))
〉
= eiαm qmSLink(Σ(2,0),Σ(3|8))

〈
D(Σ(3|8))

〉
, (C.7)

where the charge is the super-linking number between the two supersurfaces (we set Y(4|8)
Σ(2|0)

=

dΘ(3|8)
Ω(3|0)

)

SLink(Σ(2,0),Σ(3|8)) =
∫
SM

Θ(2|0)
Ω(4|8)

∧ Y(4|8)
Σ(2|0)

=
∫
SM

Y(3|0)
Σ(3|8)

∧Θ(3|8)
Ω(3|0)

. (C.8)

An alternative but equivalent derivation of (C.7) could be obtained by using the dual
description of the super-Maxwell theory given in terms of the dual gauge field Ã(3|8), defined
as ⋆F = dÃ(3|8).

The magnetic supermonopole introduced above turns out to be also charged with respect
to the gCW symmetries. To prove this statement and find the corresponding charge, we start
considering the symmetry associated with the gCW current J (5|0) = ω(3|0)∧F and generated by

U(Σ(5|0), α) = e
iα
∫
SM ω(3|0)∧F∧Y(1|8)

Σ(5|0) . (C.9)

Its insertion inside the path integral corresponds to turning on a background field B(1|8) =
αY(1|8)

Σ(5|0)
in action (C.2).

In the presence of the supermonopole D(Σ(3|8)), the J (5|0) current is no longer conserved
everywhere. In fact, as a consequence of (2.23) we have

dJ (5|0) = qm ω
(3|0) ∧ Y(3|0)

Σ(3|8)
= d

(
qm ω

(3|0) ∧Θ(2|0)
Ω(4|8)

)
. (C.10)

We then evaluate the two-point function ⟨U(Σ(5|0))D(Σ(3|8))⟩, taking into account that
the insertion of the D defect corresponds to turning on B

(2|0)
D = qmΘ(2|0)

Ω(4|8)
. Performing

a Λ(0|8)-gauge transformation in (C.2) to get rid of the U generator, we are left with an
anomalous term due to the lack of conservation (C.10). This gives rise to an extra phase that
can be interpreted as giving the D charge under the action of U(Σ(5|0)). Precisely, we find

〈
U(Σ(5|0), α)D(Σ(3|8))

〉
= e

iα qm

∫
SM Θ(2|0)

Ω(4|8)
∧ω(3|0)∧Y (1|8)

Σ(5|0)
〈
D(Σ(3|8))

〉
. (C.11)

The charge in the exponent is given in terms of an expression that is generally non-trivial
and can still be interpreted as a super-linking number. If non-vanishing, this measures the
link between the defect supersurface Σ(3|8) and a (2|0)-supersurface obtained by a three-
dimensional foliation of Σ(5|0) described by the Poincaré dual ω(3|0) ∧ Y (1|8)

Σ(5|0)
.

In order to show that the charge can be non-zero, we consider taking

Y(1|8)
Σ(5|0)

= V αα′
V ββ′

V γγ′ϵαβγρϵα′β′γ′ρ′ϵ
ABιρAι

ρ′

Bδ
(8)(ψ) , (C.12)

– 37 –



J
H
E
P
0
8
(
2
0
2
5
)
1
6
9

which is a closed but not exact (1|8)-integral form, thus interpretable as the Poincaré dual
of a (5|0) supersurface. Inserting this expression into the phase of (C.11) and taking into
account the definition of ω(3|0) in (4.79), we obtain

α qm

∫
SM

Θ(2|0)
Ω(4|8)

∧ V [αβ]ψAαψ
B
β ϵAB ∧ V αα′

V ββ′
V γγ′ϵαβγρϵα′β′γ′ρ′ϵ

A′B′
ιρA′ι

ρ′

B′δ
8(ψ)

= α qm

∫
SM

V [ρρ′]V αα′
V ββ′

V γγ′ϵαβγρϵα′β′γ′ρ′δ
8(ψ) ∧Θ(2|0)

Ω(4|8)
. (C.13)

Expanding Θ(2|0)
Ω(4|8)

, in general this results in a non-trivial expression.
A similar calculation proves that the supermonopole is also charged under J (5|8) in (C.1).

In this case, the insertion of the symmetry generator

U(Σ(5|8), β) = e
iβ
∫
ω(3|8)∧F∧Y(1|0)

Σ(5|8) (C.14)

in the path integral corresponds to turning on the background field B(1|0) = βY(1|0)
Σ(5|8)

. Again,
acting with U on the defect and computing the path integral as done above, we find that
the supermonopole carries J (5|8) charge given by

β qm

∫
ω(3|8) ∧ Y(1|0)

Σ(5|8)
∧Θ(2|0)

Ω(4|8)
. (C.15)

To evaluate explicitly this expression we assume that Σ(5|8) is described by an algebraic
equation Φ(x, θ) = 0, whereas Ω(4|8) is featured by three algebraic equations ΞI(x, θ) = 0
with I = 1, 2, 3. We then define the product

Y(1|0)
Σ(5|8)

∧Θ(2|0)
Ω(4|8)

= δ (Φ) dΦ
2∧
I=1

δ
(
ΞI
)
dΞI Θ

(
Ξ3
)
. (C.16)

Inserting this expression in (C.15) together with the explicit form (4.80) of ω(3|8), we find∫
SM

(V 5)αβ ϵABιαAι
β
B

[
dΦ ∧ dΞ1 ∧ dΞ2

]
δ(8)(ψ)δ (Φ)

∏
I=1,2

δ
(
ΞI
)
Θ
(
Ξ3
)

=
∫
SM

d6xd8θ ϵAB
[
∂αβΦ ∧Dα

AΞ1 ∧Dβ
BΞ

2
]
δ(Φ)

∏
I=1,2

δ
(
ΞI
)
Θ
(
Ξ3
)
, (C.17)

where we have used V 6δ(8)(ψ) = d6xd8θ and the two fermionic superfields inside of the
square bracket come from integrating by parts the ι contractions inside ω(3|8). The remaining
delta functions project the coordinates onto the algebraic curve. Since the arguments of the
delta’s are functions of bosonic and spinorial coordinates, it is convenient to expand them
in powers of θs and first perform the Berezin integral. The final result will generally be a
linear combination of derivative terms that do not vanish.

Finally, we discuss operators charged under the action of the CW generator

U(Σ(4|0), α2) = e
iα2
∫
SM( 1

2F∧F)∧Y(2|8)
Σ(4|0) , (C.18)

which gives rise to a (1|8)-higher-integral form symmetry. It is sourced in the path integral
by turning on a background gauge field B(2|8) in the action (C.2).
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The corresponding charged objects are non-local operators supported on (1|8)-dimensional
supersurfaces in SM. As in the bosonic case [11] (see also the summary in section 2.1), the
support can be realized as the intersection of two supermonopole surfaces Σ(3|8) and Σ′

(3|8)
given above, which have in common one bosonic direction and all the fermionic ones. The
insertion of this operator inside a correlation function corresponds to turning on a background
field B

(2|0)
D ∧ B(2|0)′

D in the path integral, with B
(2|0)
D = qmΘ(2|0)

Ω(4|8)
, B(2|0)′

D = q′mΘ
(2|0)
Ω′

(4|8)
and

∂Ω(4|8) ∩ ∂Ω′
(4|8) = Σ(1|8). The charge of this (1|8)-dimensional defect is then q2 = qmq

′
m.

In the presence of such a defect, the J (4|0) current is no longer closed, rather

d

(1
2F ∧ F

)
= q2Y

(5|0)
Σ(1|8)

. (C.19)

Therefore, applying the same procedure adopted for the other symmetries, due to an anomaly
arising under a Λ(1|8) gauge transformation (C.3), which removes the symmetry generator,
we eventually find〈

U(Σ(4|0), α2)D(Σ(1|8))
〉
= e

iα2 q2
∫
SM Θ(1|8)

Ω(5|0)
∧Y (5|0)

Σ(1|8)
〈
D(Σ(1|8))

〉
, (C.20)

where ∂Ω(5|0) = Σ(4|0). Once again, the charge of the operator with respect to the J (4|0)-
higher-superform symmetry is given by the super-linking number measuring the link between
the supersurface supporting the symmetry generator and the one supporting the defect.

Data Availability Statement. This article has no associated data or the data will not
be deposited.
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