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Abstract
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1 Introduction

A complete, noncompact, n—dimensional Riemannian manifold with nonnegative
Ricci curvature is said to have Euclidean volume growth, or EVG, if

Vol(B(x, r))

oy > 0, as r —> o0 (1.1)
| Bgn ()] M

where Vol(B(x, r) denotes the volume of the geodesic ball centered at x and radius
r, and |Bgn (r)| the volume of the Euclidean ball of radius r. The volume ratio in
(1.1) is decreasing in r by the Bishop comparison theorem, which also guarantees that
Vol(B(x, r)) < |Bgrr ()], and therefore 0 < 0y, < 1. It’s easy to see that the limit in
(1.1) is independent of x.

Manifolds with EVG have been extensively studied since the late 80s, see for
example [9, 13, 18, 51, 61, 62].

Very recently, several authors found versions of the classical isoperimetric and
Sobolev inequalities on manifolds with EVG, whose sharp constants feature explicitly
the constant 0, known currently as Asymptotic Volume Ratio, or AVR. In particular,
the sharp isoperimetric inequality holds in the form

1 1 n—
Per(Q) > 07,n B Vol(Q)' 7 (1.2)

where B, = |Br(1)| and where Per(£2) denoted the perimeter of a bounded open set
2 with smooth boundary. This result, along with the characterization of equality, was
proved by Brendle [11], while other authors proved the result for more general €2, and
on more general metric measure spaces, with different techniques (see [3, 4, 7]).

In [7], the sharp Sobolev inequality on manifolds with EVG was derived in the form

_1 np
lullpr < 0p" Cln, p)|Vull,, 1<p<n, p*= » (1.3)

n—

where C (n, p) denotes the best constant in the Euclidean version of the same inequality
[5,55].

In this paper we will focus on the borderline case of the Sobolev embedding theorem,
which in R” concerns the Sobolev spaces W& «.In particular we will obtain sharp
Moser-Trudinger inequalities on manifolds with EVG. In order to state our main results
we will need a few more definitions (for some more details see the next section).

Let us define

o (—A)% for o even

= o 1.4
V(—A)T1 for o odd. (14
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where A is the Laplace-Beltrami operator on M and V is the gradient.
The Bessel potential space is defined fora > 0, p > 1 as

H*P?(M)={ueLP(M): u=(—A)"3f, feLP(M)) (1.5)

endowed with the norm ||(/ — A)%u | - These spaces were studied, on general non-
compact manifolds, by Strichartz [53], who also showed that C2°(M) is dense in
H*P(M) and that ||ul|, + ||(—A)%u||p is an equivalent norm if p > 1. By work of
Auscher et al [6], it turns out that in our setting the Riesz transform is continuous in
L? and this implies that |lu], + ||V(—A)a771u | » is an equivalent norm in H*?, for
o > 1. See Section 2 for some comments about the relations between H*” and the
classical Sobolev spaces W*? and Wg P

If A is the standard Laplacian on R” then the fundamental solution of (—Ag» )%
will be denoted by

G5, 1) = Na(E — 1), No(&) = colE4" (1.6)

i.e. the classical Riesz potential, where

_ ()
Cq = 7{”/2—1—‘(%). (17)

Throughout this paper the volume of the unit ball in R” will also be denoted by B),:

Wp—1

B, = [Brr(1)| = (1.8)

where w,_; = 27"/? /T'(n/2) is the surface area of the (n — 1)-dimensional sphere
Sl = 8 Bge(1).
The Adams constant is defined as

2 if o even

P)/n,ol = ~_nn (1.9)
- if o odd,
By

where
Q—QF(%) n—a—1cygr1 ifa+1l<n

o= = Ca—1

1.1

ifl <o <n,
a—1

and which gives the sharp exponential constant in the classical Moser-Trudinger
inequality on bounded domains of R”, and in many other related inequalities.
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158 Page 4 of 50 L. Fontana et al.

Finally, the regularized exponential function is defined as

m ok

t
expm(t)zet—zﬁ, >0, m=0,1,2.. (1.11)
k=0 "

Theorem 1 Let (M, g) be a complete, connected, noncompact Riemannian manifold
with nonnegative Ricci curvature and Euclidean volume growth.

For o even and o < n, or for « odd and o < n/2, there exists C > 0 such that for
allu € H*« (M) with

1 D%ullnje <1 (1.12)
we have
eXp[u,q J](FVn,aW“ﬁa
« n/a
- dp < Clull}e. (1.13)
M 1+ |u|n—e

Ifo=1lL,a=24<a< %andtxeven,S <a< %+1anda0dd,thenthe
exponential constant 7, o in (1.13) is sharp, i.e. it cannot be replaced by a larger

value. For the same range of «, the power - in the denominator in (1.13) is sharp,

i.e. it cannot be replaced by a smaller number.

Theorem 1 includes R” with the standard metric, in which case 0,; = 1, where the
inequalities hold for all @« < n (see [31, 40, 42—44, 49]).

On noncompact, simply connected Riemannian manifolds with nonpositive sec-
tional curvature K, i.e. Hadamard manifolds, (1.13) holds (for all « < n) with sharp
exponential constant 7, ., provided —b? < K < —d? < 0[45, 46] (see also [45] for
a sharp version of (1.13) on the Heisenberg group).

We emphasize that all of the results known so far, on the above Riemannian man-
ifolds, hold with sharp constant 7, ,, whereas within manifolds with EVG the sharp

constant is lower, by a factor of ¢ . The main point is that inequalities such as (1.13)
under the norm condition (1.12) are very sensitive to the geometry of the ambient space
at infinity, in particular volume growth, something that had already been observed in
[45] (see for example the exponential constant in the Adams inequality (5.4) below).

In the next theorem, we will show that on manifolds with EVG, and with enough
bounded geometry, imposing a norm condition stronger than (1.12) yields sharp Moser-
Trudinger inequalities with the usual, classical constant 7Y, 4.

We will say that M has k" order bounded geometry if there is B > 0 such that

inj(M) > 0, IVIR| < B, i=0,1,.. k. (1.14)

where inj(M) is the injectivity radius of M, R the curvature tensor, and where V' is
the i’ covariant derivative.

Theorem 2 Let (M, g) be a complete, connected, noncompact Riemannian manifold
with nonnegative Ricci curvature and Euclidean volume growth. For any o integer with
1 < a < n, let M have 1! order bounded geometry for o even, and 2" order bounded
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geometry for a odd. Then for any k > 0 there is C such that for all u € H®« (M)
with

ellullyja + 1D ully)e < 1 (1.15)
we have .,
/ CXpra=a_j] (%:xlul >du § CIIMIIZ?Z, (116
M I+ |u|n—e
and
| exppae 1y (Gnalul = )au < C. (1.17)

The exponential constant 7,  in (1.16) and (1.17) is sharp, and the power ﬁ in the
denominator in (1.16) is sharp.

Inequality (1.17) on R”, was proved in [24, 32, 37, 48]. It is easy to check that
on R" inequality (1.17) under (1.15) (with ¥ > 0) follows from the same result with
k = 1, by a dilation argument. It is worth mentioning, at this point, that (1.17) is false
under (1.12), that is under the weaker condition || D%ul|, /o < 1. Infact, (1.17) is false
even under the full Sobolev norm conditions

max { [l 1D%ullnsa} <1 (Il + 1D u0) 5 <1, g > 1. (118)
Under such conditions one can only prove (1.17) with 7, o replaced by any Y < 7V, 4.
In particular, for any Y < 7, 4, there is C (depending on ) such that under (1.12)
there holds

[ exppaze iy (il )an =l (1.19)

This inequality is often called of Adachi-Tanaka type, since it first appeared when
o = 1 in a paper by Adachi and Tanaka [AT]; later it was extended to all integer
values of « in [24], as a relatively easy consequence of (1.17) under (1.15). In [49]
Corollary 1, Qin derived (1.19) as an easy consequence of (1.16) under either (1.12)
or (1.15) when u is a general Riesz-like potential. For a short discussion and history
of such types of weaker, subcritical Moser-Trudinger inequalities, which will not be
treated in this paper, see [24] and references therein (in particular, see [24] Corollary
4).

Still on R”, when 7Y = 7, o inequality (1.19) fails under (1.12), however it becomes
true, and sharp, if the integrand is divided by 1 + |u|ﬁ, which gives (1.16) (and
which is the same as the already mentioned (1.13), since 03, = 1 on R"). This was
first discovered in [31], when n = 2, « = 1, followed by the aforementioned papers
[40, 42-44, 49], which treated other values of n and «. For a unified discussion of all
the known most important Moser-Trudinger inequalities on domains of R”, see the
introduction of [45].

It has been remarked before that on R" inequality (1.13) (which is the same as
(1.16)) under (1.12) is stronger than (1.17) under (1.15), in the sense that it directly
implies it via Holder’s inequality and (1.19) (see [42—44], and also [49], Section 8).
With the same arguments one sees, on general manifolds, that if (1.16) holds with
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exponential constant Y* under (1.12), then (1.19) also holds for Y < 7*, and (1.17)
holds, under (1.15), with the same exponential constant 7*. With small modifications of
the arguments in [49] Section 8, the same is true if one assumes (1.16) with exponential
constant Y* under (1.15), rather than (1.12); in particular, in the context of Theorem
2, estimate (1.16) implies estimate (1.17) (however we do not know if the converse
implication is true). One consequence of all this is that on manifolds with EVG and
enough bounded geometry, inequality (1.13) under (1.12) is not stronger than (1.17)
under (1.15),unless 0, = 1,i.e. M = R", withits standard metric. On such manifolds,
therefore, the sharp estimates contained in Theorems 1 and 2 are in a sense independent
of one another.

On Hadamard manifolds, (1.17) holds when o = 1 under (1.15), provided —b* <
K < 0[25] (with the exception n = 2, 3, 4, in which cases it holds for K < 0 [30]).
When —b? < K < —a? < 0, estimate (1.17) holds under the weaker condition (1.12)
([10]). To the best of our knowledge the results in Theorem 2, even when o = 1, are
not known on other noncompact manifolds with variable Ricci curvature which is only
bounded below (or even nonnegative), even assuming positive injectivity radius (see
[30, 63] for related results).

The results in Theorem 2, and their proofs, are more local in nature, and somewhat
insensitive to the volume growth of large balls. In particular, in [25] the authors intro-
duced the concept of “Local Moser-Trudinger inequality”, for the case « = 1, and
showed that if an inequality like (1.17) holds for functions whose support have volume
less than a given number, then the inequality holds globally. In fact, it is possible to
prove (1.17) above using this result, for the specific case @ = 1 (see Remark 13).

There are essentially two methods of proof of basic Moser-Trudinger type inequal-
ities. In the first approach, used mainly in R”, one tries to replace the original function
u with its symmetric decreasing rearrangement u*, thereby reducing the problem to
a sharp one-dimensional estimate. On R”, and for & = 1, this is done via the Pdlya-
Szegd inequality ||Vu#||p < [IVull, (see for example [31, 37, 42, 43, 47, 48]). For
o > 2 one can use Talenti’s comparison theorem, to establish more general inequalities
for Sobolev functions satisfying Navier boundary conditions see [44, 56].

The second approach is to replace u by a suitable potential, typically after an
estimate of type

lu(x)] S/MlKa(x,y)llD”M(y)ldM(y) (1.20)

where K, is essentially a fundamental solution of D*. Indeed, one typically takes
K>(x,y) = G(x,y), the Green function of A, and K;(x, y) = V,Gx, y). Through
sharp asymptotic estimates of K, along the diagonal, and at infinity for some noncom-
pact manifolds, one is generally able to follow the technique originally developed by
Adams on R” in [1], and to derive a sharp exponential inequality where u is replaced
by the integral operator with kernel K. This method has been successfully used in
spaces where the symmetrization results mentioned above are not (yet) available, such
as compact manifolds, CR manifolds, Hadamard manifolds etc. (see for example [1,
22-24, 45, 49)).

@ Springer



Sharp Estimates and Inequalities on Riemannian Manifolds. .. Page7of 50 158

Both methods have shortcomings on general noncompact manifolds satisfying
inj(M) > 0 and Ric > A. The P6lya-Szeg6 inequality holds in the form

L,
1@Vt | oty < [ Vullogy. € WyP(Q) (1.21)

where €2 is an open bounded set in M, Q* aball in R” with volume Vol(£2), and where
1(£2) is the normalized isoperimetric ratio

1(Q) = inf lper(U)

n i — € [0, 1] (1.22)
nB; Vol(U) »
the infimum being taken among smooth open subsets of 2. Assuming /(€2) > O,
this result will allow easily to prove a Moser-Trudinger inequality for functions in
W(} (), with exponential constant I (2) = Yn.1 (see for ex. [30]). However, proving
the sharpness of such constant is not possible without further information on the
sharpness of the isoperimetric inequality, and ultimately on the geometry of M.
Secondly, establishing uniform asymptotic estimates for K, is not always an easy
task. For « even, if Ky(x,y) = Gy(x, y) is a fundamental solution of (—A)%, the
“Adams’ method" requires at the very least a local asymptotic estimate of type

|G (x, y) — cod(x, )* " < Cd(x, y)* "¢, d(x,y) <1 (1.23)

with C independent of x, y (it is not difficult to show (1.23) for fixed x and with C
depending on x). To prove such result one needs to impose further assumptions on the
curvature.

Moreover, it is necessary to have some control on the decay of G (x, y) at infinity,
and for the validity of an inequality such as (1.13) it is also important to establish more
precise asymptotic bounds of G(x, y) for large distances.

On manifolds with EVG we are able to prove (1.13) with a technique which is a
sort of hybrid between the two methods discussed above. On one hand, there is a sharp
Pdlya-Szegé inequality

1
n 1,
IVu (| ooty < On" I VullLr),  u € Wy''(R) (1.24)

(see [4, 7]), which readily implies (1.13) for « = 1 (but not the sharpness part!); see
(5.15) and related comments. On the other hand, to settle the case « > 1, in Sect.
4.3 we will obtain sharp Talenti/Weinberger type symmetrization estimates on the
fundamental solutions of D%, by using recent results by Chen-Li [14]. For « even we
will obtain the estimate

(Gu(x.))* (1) < O3 NX@D), 150 (1.25)

for all x € M, where f* denotes the decreasing rearrangement of a function f, and
where N, (&) is the Riesz kernel on R”, defined in (1.6). We will also obtain a sharp
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comparison result for
IVyGa(x, M7 dp(y) (1.26)
51<Gu(x,y)<s2

in terms of Ny, and for ¢ < 2 (see Theorem 3). These results will allow us to get one
of the key estimates needed to obtain (1.13), namely

Vx(r1)
Vi (r2)

Ko (e, W77 du(y) < 0y 0, ) log +B, O<r<n

ri<d(x,y)<ra
(1.27)
where K, = G, for o even and K, = VG4 for @ odd, in which case we require
nf 5 = 2,1.e. « < n/2. The inequality in (1.13) will then follow from the represen-
tation formula (1.20), combined with an Adams inequality on metric measure spaces,
Theorem 4, recently obtained in [45]. At this point we do not know how to handle the
casex odd and n/2 < o < n.

The proof of (1.16) and (1.17) will instead be based on the uniform local estimate
(1.23), and a similar one for | Vy G 1|, and not on the sharp behavior of the fundamen-
tal solution at infinity. These estimates will be obtained in Sect. 4.1 as a consequence
of local, uniform, small times estimates for the heat kernel, which we will derive in
Sect. 3.2. The methods used there are by no means new: we will essentially reload the
classical parametrix machinery for the heat kernel, carefully track down the lowest
order term and the error term, and estimate the latter uniformly, under suitable global
bounds on the curvature tensor.

Establishing the sharpness of the exponential constantin (1.13) is not trivial. Ideally,
one would like to fix a point x, and then construct an extremal family of functions in
Wea (M) which is equal to log(r/d(x, y)) for large r, and 1 < d(x, y) < r. This is
similar in spirit to the standard construction of the so-called “Moser sequence” for the
classical inequalities (which is defined on small annuli around a point x). However,
this idea only works for « = 1, due to the non-smoothness of the distance function on
large balls. To overcome this difficulty, we will replace d(x, y) with the function

oy'er

1

b(y) = <M>2 T ~d(x.y),  asd(x.y) — oo, (1.28)
which was featured in several papers by Colding and Colding-Minicozzi (see for ex.
[17-19]). One should think of b as a smooth, proper replacement of the distance func-
tion, on manifolds with EVG. The extremal family for (1.13) will then be constructed
in Sect. 6 either by smoothing log(r/b) on large annuli (which seems to be a work-
able method only for ¢ = 2), or by taking potentials of suitable compactly supported
functions which are essentially equal to 5~* on large annuli, when 2 < o < n/2 (cf.

Remark 15).
In either case it will be necessary to have at hand sharp estimates for the Green
function G4 (x, y), for large distances from a given point x. In Sects. 3.3 and 4.2,
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we will first refine some heat kernel and Green function estimates for large distances
from a fixed point, on manifolds with EVG, due to Li-Tam-Wang [39] and Colding-
Minicozzi [18]. As a result, we will obtain the sharp asymptotic bounds for & even

1Ga(x,y) — Ot cad (x, )| < CIN\x(d(x, W), )", dx,y) =1
(1.29)

o=

VyGo(x,y) — Opf caVyd(x, y)*"

r<d(x,y)<(1+nr

2
du(y))

~1
<CAIr L p=0r>=1 (130
where 1~\x (r) is a decreasing function such that 1~\x (r) = 0asr — oo. Such function

is obtained from the volume ratio remainder

V() .
B,r"

Ax(r) = Oum (1.31)

via a sort of transform defined in (3.40). In [18] estimates (1.29), (1.30) were obtained
for o« = 2, but with an unspecified function €(r) going to 0 as r — o0, in place of
A x (7). Using an iteration procedure it would be possible to obtain a similar result for
all « even, which would also be enough to establish sharpness of (1.13). We believe,
however, that our estimates are of independent interest, since they quantify the rate of
convergence of the heat kernel/Green function in terms of the rate of convergence of
the volume ratio (see Lemma 2 and comments thereafter).

It is noteworthy that in order to establish the sharpness of the power -“— in the
denominator of (1.13), the bounding radii of the annuli where the extremal functions
are built, need to be finely calibrated in terms of the volume ratio remainder (1.31),
via its transform 1~\x (r) (see (6.15) and Remark 16).

2 Background Notation

Let (M, g) be a complete, noncompact, n—dimensional Riemannian manifold, with
metric tensor g. The geodesic distance between two points x, y € M is denoted by
d(x,y), and the open geodesic ball centered at x and with radius r will be denoted
as B(x, r). The manifold (M, g) is equipped with the natural Riemannian measure
which in any chart satisfies dju = /[g[dm, where |g| = det(g;;), & = (gij) and dm
is the Lebesgue measure.

For each given p € M denote the tangent space at p by T, M, and the unit sphere
in such space as S, = {§ € T, M : |§] = 1} where

X, ¥Y)=gX,Y), |X|=xx)"* X, YeT,M. @.1)
p

Covariant derivatives of order k of a smooth function u are denoted as V¥u, and
their components in a local chart are denoted as (Vu) j1...jc- In particular VOou = u,
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(V'u); = d;u. Define
[VEu? = gt g (VRuy,, o (VRu)

The gradient and the Laplacian of a smooth function u# on M are given as

.. .. 1 ..

Vu=g"0;ud, Au:g”(Vzu)':—a( |g|g”8'u>.
o VI !
|Vul> = g(Vu, Vi) = gij(Vu) (Vu)) = g du dju = |V'ul>.

Given a smooth tensor field F (x, y) on M x M, endowed with the standard product
metric, we will use the notation VjF to denote the covariant derivative of F with
respect to x. Formally, if Z is any vector field in 7 (M x M) identified with TM & T M
via the projections 7y (x, y) = x, mp(x,y) = y, then (V;)ZF = V}(F, where X =
11+ Z. Similarly one defines Vi F. Given a smooth function f(x, y), the second mixed
covariant derivative of f will be denoted as V; V‘l, f = V; (V}l, 1), ie. V} V)l, f =
Hess f o (14, 24). In the standard coordinate charts of M x M, inherited from M,
one has that V! V] f = afl_,yj fdx'dyl, and |VIV]f|* = g0l | f.

The curvature tensor in the metric g will be denoted as R, the sectional curvature
as K, and the Ricci curvature as Ric.

Remark 1 Assuming k" order bounded geometry, it is possible to guarantee that if
0 < ro < inj(M), then there exists Cp, depending on rg and the curvature bounds,
such that for any x € M, and in any normal coordinate neighborhood of x we have

10/ g1 (exp, (rE))| < Co. 0 <j <k, r<ro, 2.2)

where i denotes any multi-index with |k| = j (see for example [20]).
We now discuss briefly the Sobolev spaces. For u € C* define

k
. 1/q
o = Y ([ 9 uiraie) ™, 23)
j=0 M

and let CK9(M) = {u € C®°(M) : |lullyrs < oo}. The Sobolev space W*-4(M)
is defined to be the completion of C*4 (M), relative to the norm || - || wha and it can
be viewed as a subspace of L4 (M). Endowed with the obvious norm, still denoted as
Il [ we.q, the space W¥*4 is a Banach space. The Sobolev space Wg "“1(M) is the closure
of CX°(M)in WK-4(M). We have already defined the Bessel potential spaces H*" (M)
in the introduction. We remark here that on manifolds with Ric > 0 the Riesz transform
V(—A)% isbounded on L? for 1 < p < oo, and ||Vu]| , is equivalent to || (—A)%qu,
due to results in [6], Thm 1.4, since such M satisfies the doubling property and the
heat kernel estimates H(r,x,y) < C/V,(J/1), |VH(t,x,y)| < Ct™'2/V (/1)
(see Section 3). Hence we can use |lu|, + |[D%| , as a norm in H*” and we also

@ Springer



Sharp Estimates and Inequalities on Riemannian Manifolds. .. Page 11 0f 50 158

have Wy'” € WP € H*P, for p > 1, @ € N. We will not be concerned with the
issues related to when equality holds in the previous inclusions. Suffices to say that
it’s certainly true that for p > 1 we have Wg*” = W*? when « = 1, and for o > 2
provided that inj(M) > 0 and |V/Ric| < C, for j < o — 2 (see [28], Thms. 2.7, 2.8,
and [59] for related counterexamples). Regarding the spaces H*?, it’s clear that for
p > 1 wehave Wy’ = W*? = H*P when « = 1, and for higher values of « it is
believed to be true again when inj(M) > 0 and |V/Ric| < C, j < o — 2 (see [GP]
for results in this direction when o = 2), and it’s certainly true for all « if inj(M) > 0
and |V/R| < C for all j ([57], p.320).

The cut locus of x can be described as Cut, = exp,{c(§)&, & € Sy}, where exp, is
the exponential map at x, and c(§) < oo is the distance from x to its cut point. Then,

exp,: Dy:={t§:0<t<c), §E€S)— My:=M\ (Cut,U{x}) (2.4)

is a diffeomorphism. Moreover, Cut, has zero measure and for any f integrable on
M we can write the integral of f in geodesic polar coordinates as

c(§)
/fdﬂ= fd,U«=/ dpx (&) flexp, t&)/1glt&)e™de,  (2.5)
M M, Sy 0

where du,(§) is the measure on S, induced by the Lebesgue measure (see [12],

§II1.3)).
In this notation we have, for each x € M,
-
Ve(r) = / du = / Ay (s)ds (2.6)
B(x,r) 0
where
Ax(r) = / VIglere)rdp, ) 2.7
{r<c(®)}

which coincides with the (n — 1)-dimensional Hausdorff measure of 0 B(x, r), for a.e.
r> 0.

By the Bishop comparison theorem the functions A, (r)/ "1 and Vi (r) /r" are
both decreasing for r > 0, and

V,
lim Vo) _ 1. (2.8)
r—0 B,r"

Using that B(x,r) € B(y,r + d(x, y)) one sees that

. . Vi (r)
Opn = r_lillloo W 2.9)
is independent of x, from which we deduce
OB < Vi(r) < Byr", xeM, r>0. (2.10)
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Similarly, since A, (r)/ s decreasing, (2.9) and (2.10) imply (and are implied by)

A
Oy = lim ﬂ, ounBur™ ' < Ac(r) < nBr" L (2.11)
r—-+oc0 nByrt!

Clearly, o,y < 1 and it turns out, from the Bishop comparison theorem, that if
on = 1 then (M, g) is isometric to R”. As a consequence of this, and of the proof of
the Bishop comparison, the function V, (r)/r" is strictly decreasing, unless (M, g) is
isometric to R".

3 Uniform Heat Kernel Estimates

In this section (M, g) will denote a complete, n—dimensional Riemannian manifold
with nonnegative Ricci curvature. The unique positive, symmetric, minimal heat ker-
nel, i.e. the fundamental solution of A — d; = 0 on M, will be denoted as H (x, y, 1).
For the existence of H and its basic properties see for example [34] or [53].

3.1 Uniform Global Bounds.

In this section we recall some known Gaussian bounds for the heat kernel and its space
and time derivatives. First, we have the well-known bounds due to Li-Yau [36]: for
any 6 € (0, 1), there exist C1, C» > 0, depending only on 6 and 7, such that for any
x,y€ Mandanyt > 0

d>(x, d?(x,
cwxﬁr%m(]f§§>sH@»ﬂs@W@@”aﬁ}R§§%>

3.1
Regarding the global gradient estimate, there exists C3 > 0 depending only on n
such that forall x, y € M,and all t > 0

d?(x,
IWHWLMSCﬂ50+—%l»HW%U- (3.2)

Estimate (3.2) is due to Souplet-Zhang [52].
The following time derivative estimate was obtained by Grigor’yan [26], Cor. 3.1]:
there exists Cy4 such that for all x, y € M, and all t > 0

2 243n/4 )
< c4t1vx(ﬁ)1(1 aC y)> exp(— 4, y)>. (3.3)

8H( "
—(x, y,
ot Y 4t 4t

Finally, a uniform bound on the mixed second covariant derivative was obtained
by Jiayu Li [35]: if @ > 1, then there exists C5 depending on n and « such that for all
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x,y€ Mandallt >0

|VyH (x, y, 1)

Hay. 3.4)

Il —1 oH
ViV Hx, 3,0 = Cst™ Hx, y, ) + 30 —=(x, y, 1) —a

Under the assumptions Ric > 0 the Bishop comparison gives V,(r) < |Brn(r)|
for all » > 0. Assuming inj(M) > 0, and sectional curvature K < kg, some ko > 0,
(in particular under 1°’ order bounded geometry), the Giinther volume comparison
theorem ([33], Thm. 11.14) gives

T
Ve(r) = Vol (1), Vx € M, 0 <r < min {inj(M), —} (3.5)
ko

r 1 —1
where Voly,(r) = wu—1 / [— sin (\/E t)]n dt denotes the volume of the
0 Lvko

geodesic ball of radius r in the space form of constant sectional curvature kg (sphere).
Therefore, if r| = min {inj(M), 77 /+/ko}, then the Bishop comparison implies that for
any 7 > 0,0 < r <7 we have

Vi (r) . Vi ()

> — > — min { Volg, (7), Volg, (r1) (3.6)
B ] = B ] = By " VO o]
and
Vi(r) = Cer", O0<r<r (3.7)
some Cg > 0 independent of x (and depending on 7, in general).
Let
s d*(x. y)
E(x,y, 1) = @nt) 2exp| — p” . (3.8)

Taking § = % in the bounds (3.1), (3.2) and using (3.7) together with the Bishop
comparison, we obtain that forall x,y € M and for0 <t <1

C7E(x,y,t/2) < H(x,y,t) < CgE(x, y, 3t/2) 3.9

IVyH(x,y, )] < Cot ™2 E(x, y, 31) (3.10)

for some constants C7, Cg, C1o independent of x, y, t, where the left inequality in
(3.9) actually holds for all # > 0. Clearly, |V, E| satisfies the same bound as in (3.10),
but within the domain of differentiability of d(x, y) (defined in (2.4)), in particular

a.e.:
IVyE(r,y, 0 < Ciot 2E(x,y.30), ¥y € M. (3.11)

Remark 2 Note that (3.10), and the right inequality in (3.9), hold for 0 < r < T,
any T > 0, with Cg and Cjo depending on 7', and this is true under the assumption
Ric > 0, inj(M) > 0, and K bounded. Assuming Euclidean volume growth instead
of K bounded, such inequalities hold for all # > 0, since V, (r) > O Bre (1)] r".
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Later we will also need the following Lipschitz estimates for H: assuming K
bounded, T, n > 0, there are C;y, C}» such that for any R > (1 +n)r, x’ € B(x, r),
y¢ B(x,R),andforall0 <¢t <T

1 2
\H(x, 1) — HG, v, 0] < Ciid(x, X))t Ve (WD)~ exp (— @) (3.12)
n

42
IVyH(x, y, 1) = VyH(xX', y, 0)] < Crad (x, Xt~ Ve (WD) ~hexp <_ o y)>

cyt

(3.13)
for some ¢, > O (specifically, we can take ¢;, = 6(1+ n)z/ 712). Estimate (3.12) follows
easily from the mean value theorem along a minimizing geodesic joining x and x/,
and the gradient estimate (3.2), in the x variable, followed by (3.1) (with § = 1/2).
Estimate (3.13) follows in a similar manner, but using instead the mixed gradient
estimate (3.4), followed by (3.3) (with « = 2), and (3.1).

3.2 Uniform Asymptotic Bounds: Small Times, Small Distances, Bounded
Geometry.

It is well known that locally the heat kernel on M, for small times, behaves like the
Euclidean heat kernel, i.e. in a suitable sense

(3.14)

d*(x,y)
4¢ ’

H(x,y, 1) ~ (471)"% exp (—

for small d(x, y) and small ¢ (cf. Remark 3). In the following proposition we quantify
this statement under the assumption of 1°* order bounded geometry, and give a corre-
sponding statement for the gradient of H, under 2"¢ order bounded geometry. While
the results seem somewhat intuitive, we were not able to find them in the vast liter-
ature, in the particular form stated below. Once again, the main issue is to guarantee
uniformity in the error term.

Once and for all let us fix an rg such that

0 < rp < inj(M). (3.15)

Proposition 1 If M has 1°' order bounded geometry, then there exists C13 > 0 depend-
ing only on n, ro, and the curvature bounds such that forO <t <landx,y e M

dz(x,y)>

d*(x, y))
4¢ '

H(x,y,t) — (A1) "% exp (— o

< C13t_%+% exp (—
(3.16)
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If M has 2" order bounded geometry then there exists C14 > 0 depending only on n,
ro, and the curvature bounds such that forO <t <1, x € M, and y € M,

d*(x, y)
24¢ ’

2
VyH(x, y,1) — Vy(4m1) "2 exp (_d (x, y))

4t

< Cat™2exp (—
3.17)

Remark 3 The classical statement H (x, y,t) ~ E(x, y,t)ast — Oandd(x,y) — 0
is made precise by (3.16), which implies that within eachregion of type D = {(x, y, 1) :
dz(x, y) < Ct}, some fixed C > 0, we have

) H(x,y,1)
lim ———m— =

0 E o
o, (x,y,0)

1, (3.18)

where the convergence is uniform with respect to x, y (within the region D). See also
Remark 4.

Proof We note first that (3.16), (3.17) are only meaningful for d(x, y) small. Indeed,
assuming d(x,y) > a > 0 (some fixed a > 0), one can easily prove both bounds
using the triangle inequality and (3.9), (3.10). Through out the proof we will then
assume d(x, y) < ro.

Letus start with proving (3.16). We combine the usual construction of the parametrix
for heat kernel with the global Gaussian bounds in (3.1), (3.2). In geodesic normal
coordinates at x let 1

uo(x, y) = 18|77 (r§) (3.19)

and let ¢ € C°°(M) be so that ¢ = 1 on B(x,ro9/2), ¢ = 0 outside B(x, rop),
0<¢ <1land|Vep| <2/r.
Letting
F(x,y,t) = ¢(uolx, y)E(x, y,1) (3.20)

by standard calculations (see [34], pp. 109-111) we have

t
H(x,y,t)—F(x,y,t):/ / H(z, y,t —$)(A; — 3)F(x, z, )dzds, (3.21)
0 JM

and for z € B(x, ro)
(Az =) F(x,2,1) = ¢(Aug)E + ugEA¢ + 2(V.p, Vo (ugE)). (3.22)

Inserting (3.22) into (3.21), using Green’s identity in the integrals corresponding
to the first two terms in (3.22), we obtain

1
H(x,y, 1) — F(x,y,1) = —/0 / (VeH(z, y,1 = 5), Vo (¢puo))E(x, z, s)dxds
M

t (3.23)
+ / / H(z,y,t — S)(VZE(x, Z,8),ugVzp — ¢Vzuo>dxds.
0 JM
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Using the bounds (3.9), (3.10) we obtain, for0 < ¢ < 1,y € B(x, rp),

t
|[H(x,y,t)— F(x,y,1)| < C15/ [(t - s)f% +s7%]ds
0 (3.24)
/ (uo + |Vzuo)) (v, )E (2, 3. 3(t — $)E(x, 2, 35)dz
B(x,ro)

and using the hypothesis of bounded geometry (1.14) (see Remark 1), the lower bound
for H in (3.9) (valid for all t > 0, see Remark 2), and the semigroup property

t
IH(x’yvl)_F(x’yvt”SClﬁ/ s_%ds/ H(Za)’16(t_5))H(x1276S)dZ
0 M

d*(x, y)

4 1 1 n
=CigH(x, vy, 6t T2ds < Cypyt272 —
16H (x,y )/0 s72ds < Cyy eXP( oYM

(3.25)
Finally, note that ug(x, x) = ¢ (x) = 1, hence using (1.14) we get |ug(x, y)o (y) —
1| < Ci3d(x, y), for y € B(x, rg), and therefore

|[F(x,y, 1) = E(x,y, )| = |E(x,y, Dlluo(x, y)p(y) — 1]
dz(x,y)>

T (3.26)

1 n
< Ciot27 2 exp (—

To prove (3.17), we use again the representation formula (3.21). This time after
inserting (3.22) into (3.21) we take directly the gradient in the y variable, obtaining

IVyH(x,y,1) = VyF(x,y, )| <

t
5c20/0 / IVyH(z,y,t — )| |E(x, z, )| (uo + | Vzuol + |Azuol) (x, z)dzds
M

t
+C21//IVyH(Z,y,l—S)IIVzE(x,z,S)Iuo(x,Z)dzdS-
0 JMm

(3.27)
Assuming 2™ order bounded geometry, using the bounds (3.9), (3.10), and arguing
just as in (3.24), (3.25) we obtain, for0 < ¢t < 1, y € B(x, rp),

t
Yy Hx, v, )=Vy F(x, y. 1)] < sz/ (1—s) 35 bds
0

X / E(z,y,3(t—$))E(x,z,35)dz (3.28)
B(x,rg)

d2(x,y))

< oyt ™7 exp (‘ 247
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Finally,

|VyF — VyE| = |Vy(E(¢uo — )| < |VyuolE + |VyE||puo — 1|
d(x. ) (329)
8t

n
< Coat 2 exp (-

arguing as in (3.26). O
3.3 Uniform Asymptotic Bounds: Large Distances From a Fixed Point

Let M have Euclidean volume growth i.e.

Vi(r)

B,r"

O (r) 1= \, O > 0. (3.30)

In [39], Li-Tam-Wang proved the following heat kernel bound: there is Ca5 > 0
depending only on n and 0, such that forall x,y € M, > 0and § > 0

drt)” 2 1498
%exp (—%d%x, y)) < H(x.y.1) <
AL Y ) (3.31)
(4rt)~3 1—35
E (1 + C25(8 + ﬂ(xs Y, 8))— exp <__d2(xa }’)>
O 4t
where 6.(r)
v =82 - ) 332
pla.y.9) rz(lmae)lzi((x,w( Gx(82”+1r)> (3-32)
and where
b,(r) = —x() (3.33)
x anr”_1 ’

(Note that in the notation used in [39], 6, (r) = A, (r)/(nr"~1).)

Remark 4 In contrast with (3.18), estimate (3.31) implies that within each region D =
{(x, y,1) : d*(x, y) < Ct} (some fixed C > 0) we have H(x, y, ) ~ ﬁE(x, y, 1),
as d(x, y) — 400, in the sense that

H(x,y,t) 1
_ = — (3.34)
d(x,y)—>+o0 E(x,y,1) O
(x,y,t)eD

and the convergence is uniform with respect to ¢ (within D).
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To prove (3.34), note that for fixed § > 0 we have B(x,y,8) — 0,asd(x,y) —
+4o00. From (3.31), fixing § > 0 and letting d(x, y) — +00

1 95 H(x,y,t . H(x,y,t 1 5
L% o fimins HE2D lim sup e - L4 epsppetc
Onm dx,y)—>+00 E(x, ¥, 1) 7 gx,y)> 400 E(X, ¥, 1) T On

(x,y,n)€D (x,y,t)eD

(3.35)
which gives (3.34) after letting § — O.

In the following proposition we work out (3.31) a bit more explicitly, in terms of
the volume ratio remainder at a given point x € M, defined as

Vi(r)
Ax(r) =0x(r) — Oy = B -

Onr. (3.36)

Let us first note that using 6, (r) in place of 0y (r) in (3.36) gives an equivalent
remainder:

Lemma 1 There is Cy € (0, 1] such that
Cu (0 (r) — Oar) < 0x(r) — Ong < O (r) — Oar. (3.37)

Proof On one hand we have

1 " 1 ' n—1 Ox(r) ' n—1
o¢(r) = Ax(t)dt = — O ()nt" " dt > —— nt""dt = 0,(r).
B,rt /o nr' Jo nr't Jo

(3.38)
On the other hand, assuming 0, < 1 (if 0, = 1 then 0y (r) = 0,(r) = 1 for all
r), the isoperimetric inequality (1.2) gives

6.() — 001 = 00 (1) T — 00t = w((”x“))n; - 1) > Y(03)(0:(r) = 0
Onm

(3.39)

where () = (tnn;1 — 1)/(t — 1), a decreasing function on (1, c0). O

Definition 1 Given ¢ : [0, c0) — (0, 00), differentiable, decreasing, and ¢ (r) — 0
asr — oo, let, for §,r > 0,

b(r) = min (5 +87"p (8% ). (3.40)

It’s cleaL that ¢~> (r) is well defined for all » > 0, and decreasing. In Lemma 2 we will
show that ¢(rr) — 0~as r — 400, and in fact we will give an effective, and essentially
optimal, bound for ¢ in terms of ¢.

Proposition 2 [f M has EVG, then there exists Cyq depending only on n, B, 0y such
that for any x,y € M withd(x,y) > 1, and for any t > 0

1 ~
H(x,vy,t) — U—E(x, y, t)( < Cy6 Ax(d(x,y)) E(x,y,31). (3.41)
M
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Proof For(0 < § < % we have

B(x,y,8) <8 2" max

<9x &y — oy 0:(r) — oM>

rZ%d(x,y) Qx(82n+lr) - Qx(52n+lr)
2n+1,.\ _ 2n+1,.y _
5 BTN 6@ oy
rZ%d(x,y) 05 (37" 'r) rZ%d(x,y) Om
_ 8_2n 182n+l _
= — 9x(2 d(x,y)) O ).
Om
(3.42)
Also,
1 1 0, (8d(x, y)) — o s
L < x( ( ;})) M <2 > (9)6(%52’1—”0'()6,)7)) _O-M>
O O (8d(x, y)) 03, 03,
(3.43)
since Oy (Ar)/A is decreasing in A.
Since
le™1¥ — e < 3Ia —hale ™3, A A=t x>0 (344)

and changing § into 2ﬁ8 and using (3.31) we get, for § < %,

Hx, y, z)—ULE(x, y, t)‘ < C27[8+8_2"<0x(82”+1d(x, y))—aM)] E(x, y,30).
M

(3.45)
It’s easy to check that the same estimate holds for § > %, s0, using Lemma 1, we get
(3.41). O

The next Lemma provides more explicit information about the function 5 :

Lemma?2 Let¢, $be as in Definition 1, and let t (r) be the unique solution of t /¢ (t) =
r. Then t(r)is differentiable, strictly increasing to +0o, and

SU(r) T < G(r) <26(t(r) T, 1> 0. (3.46)

Proof The statement about #(r) is clear since t/¢(t) is strictly increasing, and
¢@t) — 0,ast — oo. Let "' = t(r)/r = ¢(t(r)), which is equivalent
to 8, = 872"¢(8>"*!r). For fixed r let F(8) = § + 8 2"¢p(8*"'r), so that
F(6,) = 26,. If the minimum of F is attained at §, o, then an easy calculation shows
that F(8,,0) — 8,0 = 8, "¢ (8,57 r) < 26,0, and since F(8) — § is decreasing, this
implies that §, < §, o. Hence, we obtain

8 < 8.0 < F(8r.0) < F(5,) =25, (3.47)
which implies (3.46). O
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In practical applications, given an estimate A, (r) < ¢(r), for r > ro with ¢
differentiable, decreasing, and going to 0 at infinity, the above lemma gives the rather
~ 1
explicit upper bound A, (r) < 2¢(t(r)) 2»+1, for r > rg.
For example, when ¢ (r) = Cr~“(log r)_b witha > 0,b e R,and b > 0ifa =0,
then one can check (using the Lambert function when b # 0) that for large r

~ a b
1) = ralogr) T §(r) = r @@ (log r)” @@ (3.48)

where f(r) < g(r) means c1g(r) < f(r) < c2g(r) for large r.

Asymptotically Locally Euclidean (ALE) manifolds provide an important family
of manifolds with EVG such that A, (r) < Cr—¢ for some a > 0, some x € M, and
for large r. For the definitions and properties of ALE manifolds see for example [3,
9].

We point out, however, that it is relatively easy to construct manifolds with EVG,
such that A, (r) has arbitrarily slow rate of decay at infinity. For example, one can do
so by considering rotationally invariant metrics on R”.

We will now derive sharp asymptotic estimates for the gradient of the heat kernel,
and for large distances. In general we do not expect optimal pointwise bounds (see
Remark 8) but sharp, aymptotic, L? integral bounds on annuli will suffice for our

purpose.
Forany r, R > 0and x € M let

Arr(x)={yeM:r=d(x,y) <R} (3.49)

for simplicity we will often omit the dependence on x in what follows.
The integral average over a Borel measurable set A will be denoted as

1
=— /. 3.50
]i w(A) /A (30

We will also use the notation

2
E(r,1) = (41)" % exp <— :—t) (3.51)

sothat E(x, y, 1) = E(d(x, ¥)s t)~

Proposition 3 If M has EVG then there exists Cog depending only on n, 0y, such that
foranyx e M, n > 0,t >0, andr > 1 we have

1
1 2 2
(][ ‘V).H(x,y,t)——VyE(x,y,l)} d)’>
Ar,(H—n)r Om

1\~
< c28(1 + ﬁ)Ax(r)%r—%r—%E(r, 31).  (3.52)
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Remark 5 In (3.52) the vector field Vy E (x, y, t) is intended to be defined for a.e. y, in
particular on My, = M \ Cut, \ {x}. The same type of remark can be made regarding
the integral in (4.18).

Proof Since we are planning on using Stokes’ theorem we need to regularize
E(d(x,y),t), as a function of y. Using a mollifier it’s possible to show that given
any compact set K € M and x ¢ K then there exists a sequence of smooth, com-
pactly supported functions {d;} (depending on x and K') such that for any y € K and

any j X
i) |dj(x,y) —d(x,y)| < 7

ii) |Vyd;(x,y) — Vyd(x,y)| - Oas j — oo,if K € M\ Cut,
i) |Vydj(x,y)| <2
) Avdi(r.y) < 21 41
Y= Gy

(cf. [16, 39]). The last estimate is basically an approximated form of the Laplacian
comparison theorem, i.e. Ayd(x,y) < (n — 1)/d(x, y), which holds in the sense of
distributions and also inside M,.

Using these estimates, it’s straightforward to check that for any y € K and ¢t > 0
and for any j > jo(x, K) large enough

|Ed;(x,y),1) — E(d(x,y),1)] < @ dist(x, k)~ (3.53)
J

lim |VyE(d;(x,y),1) — VyEd(x,y),1)| =0, if K < M\Cut, (3.54)
j—>00
IVyE(d;(x,y), )] < Csp dist(x, K)~'™" (3.55)

] C
AVEWdj(x,y), 1) > —gz—f—l — L (dist(x, K)™'7" + dist(x, K)>7")  (3.56)
J

where the constants Co9, C30, C31 depend only on n (see Appendix A)
Note that the Laplacian comparison (in the distributional sense) gives the estimate

AVE@(x,y), 1) = §Ed(x,y).1) > —%f%—l. (3.57)

For simplicity, in the estimates below we will mute the variables x, y in the inte-
grands, and we will let

E] — Ej()C, y, [) = E(d](x, y)7 t)'

Since Cut, has zero measure, then for almost all » > 0 the set d B(x, r) N Cut,
has zero (n — 1)—dimensional Hausdorff measure. Following [39] we shall call such
r “permissible”. If r, R are permissible, with R > r > 1, then A, r is “almost
C1”, in the sense that around each point of A, g \ Cut, the boundary of A, r can
be represented by a C! function. For such domains Stokes’ theorem works (see for
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example [41], Thm. 9.6, for the R" version, which can be extended to Riemannian
manifolds). Hence, for all permissible r, R with R > r > 1 we have

/ |\VH — 0,,' VE[*dp < lim inf / \VH — 0,,'VE;|?dn
J
Ay R\Cuty Ay r\Cuty

- lim_inf/ |VH — 0,,'VE;|Pdn
J Ar,R

= lim inf (—/ (H — 0-1;[1 Ej))A(H — o';[l Ej)du
J Ar R

+/ (H—UMlEj)V(H—UMlEj)-Nd,&>
dA

o (3.58)
where N is the outward unit normal vector field along d A, g and & the induced measure
on A, g, and where the first inequality follows from (3.54) and Fatou’s lemma.

To estimate the first integral note that from (3.41) and (3.53) we have (with d =
dix,y) 2r=1)

~ C ~ C
|H — 03 Ej| < Cap A (d(x, y)) E(d, 30) + % < Cyp R, (r) E(r, 31) + —2.

J
(3.59)
Using the heat equation and the time derivative estimate (3.3) we have

|AH| = [8,H| < C3qt™ 27, (3.60)

To estimate the integral of | AE ;| over the annulus, we use the same idea as in [39],
proof of Thm. 1.1, [16], proof of Lemma 1.4. From the Laplacian comparison (3.56)
we have

c
AEj > — ity 22 (3.61)

where (AE.,')_ = max {— AE;, 0} is the negative part of AE;. Hence, using
Stokes’ theorem again,

R TS T A
Ar,R Ar,R Ar_R E)A,‘R Ar,R

(3.62)
From (3.54), (3.55) (and since r, R are permissible)
lim VE;N = / VEN = Ax(R)EE(R, D—Ay (P —E(r,1) < C3gR"t~ 371,
J=>0 JaA, g 2t 2t
' dA, g\Cut,
(3.63)
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Combining the above estimates we obtain

limsup [ (H — 03, E)AH — 03, E))
j Ar,R

~ C
§limsup<C32Ax(r)E(r,3t)+%)/ (IAH|+|AE;j))
j AnR

. ~ 1 oy 1
< Cz7lim sup (Ax(r) E(r,3t)+—,) (t 2 —i——_) + VE;-N
j J A J 3A .k

J r,R
2
n,—%2-17% n,—n—1"7% r
< Cx Rt 37V R () E(r, 31) = CaoR™ ™"V Ko (r) exp (— E)
(3.64)
To estimate the boundary integral in (3.58), using (3.54), (3.10), (3.11)
lim (H— 0y E)V(H —0,'E;)-N
=0 JyA, g
=/ (H— 0, E)V(H —0,,'E)-N
3A, g \Cuty
5/ |H — 0,,'E|(IVH| + 0;,'IVE]) (3.65)
3A, g \Cuty

< [ Rifdery) B30
3AV,R

n—1,-1-1~ n—1,-n-1 7% r?
< CaR"™ M3 IR (ME®, 31) = CoR"™ 772 Ay (r) exp (— 1—2t)

Putting together (3.58), (3.64), (3.65) we get, for all permissible r, R with R >

r>1,
/ |VH — 0, VE|* <
Ar.R

< lim sup/ (H— 0y E)NAH — 03, Ej)du
j A

J r,R

(3.66)
+ lim (H—0,'E;))V(H —0,,'E};)-N
j*)OO aAr‘R
1 1 ~ 1 r2
< C43Rn* [7n*ZAx(r)(R[77 —+ l)exp <_ E)

Now note that (3.60) is actually true for all r, R with R > r > 1, since for all such
r, R the integral on the left hand side of (3.60) is finite (as it increases as the annulus
A, g gets larger), and therefore it’s separately continuous in r and R, as well as the
right hand side of (3.66).

Taking R = (1 4 n)r we obtain (3.52). O
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4 Uniform Green Functions Estimates

Let us assume once again that M has nonnegative Ricci curvature. Let G4 (x, y) denote
the minimal, positive, Green function for (—A)% foraevenand 0 < o < n,1.e. a
positive C* function off the diagonal such that (—A y)% Gy(x,y) = 8x(y). In terms
of the heat kernel we have

1
INC))

o0
Go(x,y) = / t2VH(x, y, t)dt 4.1
0

provided the integral on the right hand side converges. Note that with E (x, y, t) defined
in (3.8) we have

1 ®
_Ot/ tjilE(xs yvt)dtzt‘(xdain(-x» y)7 (4’2)
I'(3) Jo

where ¢y 1s given in (1.7), and which reduces to the classical Riesz kernel on the
standard R”.

Arguing as in [36], Thm 5.2, using the rough bound (3.1), the integral in (4.1) is
convergent if and only if

LR 43
—dt .
/1 AN @

(split the integral in (4.1) at r? = d?(x, y), make the change s = r*/t > r? and use the
Bishop comparison theorem in the form Vi (r2//s)/ Vi (/5) = (2 //$)" ) (J/5)).

It’s easy to see that if (4.3) holds for one x, then it holds for all x.

When o = 2 condition (4.3) is equivalent to the non-parabolicity of a complete
manifold with non negative ricci curvature M, i.e. the fact that M admits a positive
Green’s function (see [36, 38, 58])

The argument that leads to (4.3) gives the rough bound

00 t%71 00 t%fl
cu [ d=Gutrn)=Cis [ dr @4
d%(x,y) Vx(\/;) “ d%(x,y) Vx(\/;)

Define, for 0 < a < n,

Golx,y) =

o
a—1
F(w)/o 2 VyH(x,y, t)dt 4.5)
2

In view of the gradient bound (3.2) it’s easy to see that the above integral converges
under (4.3), and

00 t%—l

(G, )] < Cus / 4.6)

—dt.
d%(x,y) Vx (\/;)

If in addition & + 1 < n then we have (~3a(x, ) = VyGari(x, y).
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We have, for0 < o < n,

| %,
a——H/ TV E(x, y, 0dt = —Cud® (X, y)Vyd(x,y), (47
F(T) 0

where ¢, is given in (1.10).
Assuming that M has Euclidean volume growth then (4.3) is verified, and (4.4),
(4.6) give immediately the following global rough bounds:

Ca7d(x, )" < Gg(x,y) < Cagd® " (x, ),
1Go(x, y)| < Ca9d® " (x,y), Vx,yeM (4.8)

In particular, for @ = 1 (4.8) gives

IVyGa(x, y)| < Csod' " (x.y).,  Vx,y€M. 4.9)

Finally, assuming (4.3), we have the representation formulas for u € CS"(M )

u(x) = / Galx, (=) u(du(y),  aeven (4.10)
M

u(x) = /M (Galx, ), V(A T u(m)dn(y),  aodd @.11)

which can be easily obtained using integration by parts, the heat equation, E (x, -, 0) =
8y (+), and the fact that r271 V(WD) !> 0ast — oo (a consequence of (4.3)).

4.1 Uniform Asymptotic Bounds: Small Distances

Proposition 4 Let M have nonnegative Ricci curvature and

%) t%—l
sup/ ——dt < 0. 4.12)
xeM J1 Vx(\/;)

a) If M has 15! order bounded geometry, then there exists Cs; > 0 such that for

d(x,y) =1
|Ga(x,y) — cad®™(x, y)| < Cs1d* " (x, y). (4.13)

b) If M has 2" order bounded geometry, then there exists Csy > 0 such that for
dix,y)<landy e M,

|Ga(x, y) + G d* " (x, )Vyd(x, )| < C52d* " (x,y).  (4.14)

Remark 6 When M has EVG, then (4.12) holds, for a < n.
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Proof Assuming 1%" order bounded geometry, from (4.1), (4.2), (3.16), we get

1 Ly
|Galx,y) —cad® " (x, y)| < = /tTllH(x,y,t)—E(x,y,t)|dt
I'(3) Jo
;! /Oot%—lm Odt + — /Oot%_lE( Hdt
X, Y, X5 Y,
L% Ji @A
c h | 205, y) (4.15)
< 13/t_%Jrer%_lexp BB PV
') Jo 24t
C o0 t%_l 4 _% 00 o n
+— t+(nl 12727 g
L% Ji VeV F') Ji
and (4.13) follows from (4.12) and
o0
/ et g = pTAT (L) (4.16)
0

The proof of (4.14) under 214 grder bounded geometry is similar, using (4.5), (4.7),
and (3.17). O

4.2 Uniform Asymptotic Bounds: Large Distances from a Fixed Point

Proposition 5 If M has EVG, then there exist Cs3, Cs4, depending only onn, Oy, such
that forx,y e M,d(x,y) > 1

‘Got(-xv y) - OC__adain(xs y) S C53 Kx(d(-xv y))dain(xv y)a (417)
M

and forany n > Q0 and anyr > 1

~ 1
~ Ca u—n 2 : 1 ~% a—n
G, )" 5, )V, )| dy ) = Csa(14—= ) RE .
Ar.(1+r])r Om \/ﬁ (4 18)

Remark 7 Assuming that M has EVG, then the global rough bounds in (4.8) imply
that (4.13), (4.14), (4.17), (4.18) hold for all y € M.

Remark 8 When o = 1 and n > 3, and under EVG estimate (4.18) becomes

1

2 - 2 2
( f o |wGaen- B2 1o (x, ) Vyd(. y)| dy)
Ar.(l+n)r o

M

< Csa(1 1?\'% 1=n 4.19
= Cu(1+ )R (4.19)

(in our notation G, (x, y) is the Green function for —A), a version of [18], eq. (4.7),
with a more explicit bound in terms of the volume ratio remainder (we note that in
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[18] they use a different normalization for the Green function, and also that in (4.7)
there should be s2~2"). Compare also (6.9) with [18], (3.38).

Without further restrictions on the geometry one cannot expect a pointwise bound
for éa, in particular a bound of type

C ~
VyGal(x,y) — a—a Vyd“ " (x, )| < Css5 Ax(d(x, ))d* " (x,y),  (4.20)
M

which would imply (4.18). When o« = 2, such an estimate was proved in a weaker
form in [18], Prop. 4.1, under quadratic curvature decay, and we believe that it should
still hold for general « under such assumption.

Proof Estimate (4.17) follows at once from (4.1), (4.2), (3.41), (4.16). Likewise, (4.5),
(4.7) imply
1

~ C 2 2
(][ ‘Ga(x, Y) + ——d* " (x, y)Vyd(x, y)‘ dy)
Ar,(14m)r Om

1

! /Oo 1(7[ VoHG 1) — Y Eey. 0| dy) d
< = ) yH(x,y,. 1) — —V, xvy’f( y) t
F(%) 0 JAr (4 Om
4.21)

and (4.18) follows from (3.52) and (4.16). O

4.3 Uniform Global Rearrangement Bounds: Talenti’s Type Estimates

In this section we will derive sharp global estimates for the symmetric decreasing
rearrangement of G, in terms of the ones for the Riesz kernel Ny (§) = c4|£|*™" on
R”, as well as similar integral bounds for [VGy|?. These results are in the spirit of
the classical Talenti’s comparison estimates [54], but in the context of manifolds with
Euclidean volume growth. We will make use of recent results in this direction due to
Chen-Li [14].

Let us recall the definition of decreasing rearrangement on a general measure space
(M, ). Given a measurable function f M — [—o00, 00] its distribution function is
defined as

Ap)=p(xeM: [f(x)]>s}), s=0.

Assuming that the distribution function of f is finite for all s > 0, the decreasing
rearrangement of f is the function f* : [0, co) — [0, oco] defined as

FE@) =infls = 0: As(s) <t}, 1 >0, (4.22)

where clearly f*(¢) = 0if (M) <t < oo. The Schwarz symmetric decreasing rear-
rangement of a measurable function f is the radially symmetric decreasing function
f#:R" — R defined as

@) = fABulEIM), £ eR (4.23)
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Given a measurable function k(x, y) on M x M, we will use the following notation
for the rearrangements of the x —sections and y-sections of k:

k(e 1) = (k(x,)) (1), k@)= (k) @, x,yeM, t>0. (424)

Note also that for given Y > 0

1 1 1
Ap($) <As™ 7, Vs>0 < f"(1)<AVt 7, Vi>0 (4.25)

and if either inequality holds a.e. then it also holds everywhere.
Theorem 3 Let M have EVG, Ric > 0, dimM = n > 3, and denote
ra(x,8) = pu({y : Go(x,y) >s}), xeM. (4.26)

Then, for any a even, 2 < a < n, and all x € M, we have

n—o

GE(x.1) < 00" NE(t) = 00" By co t™ 5, 1> 0, 4.27)

andfor0 < q <2,0 <s1 <s2,andall x € M, we have

_gqla=1)
/ IVyGo(x, 9dy < oy " / |VN.(§)|7ds.  (4.28)

51<Gq(x,))<s52 A (x,52) <Bnl&" <Aa(x,51)

In particular, forall x € M, 0 < 51 < 82, o even, and 2 < a < n, we have

/ (G, )| 2dy < 03" 77 log 220 S (4.29)
- e )"Ot(-x» 52)
51<Gg(x,")<s2
whereas for o odd and 1 < o < %
n_ - Aa+1(x, s1)
/ Vy g1 (x, Y7o dy < 03/ Yy L Jog =22 (4.30)
Agt1(x, 52)

51<Ga41(x,) <852

Remark 9 As it will be apparent from the proof below, we will also obtain the
sharp bounds (4.27)-(4.30) for the Green functions of the Poisson equation with
homogeneous Navier boundary condition on any smooth bounded domain Q2 C M.
Specifically, given

4.31)

(-A)iu= fonQ
(=A)u=00ndL, 0<j <[(x—1)/2],
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and the corresponding symmetrized problem

(-=A)Zv= ffonQ*

_ " . (4.32)
(=A)v=00n0Q", 0=<j=<[(e—1/2],

where Q" denotes the ball of center 0 in R” and with volume w(), if Géz(x, y)
denotes the Green function for (4.31), and Né)# (&) the Green function for (4.32) with

pole 0, then (4.27)-(4.30) hold with fo in place of G4 and N(f?# in place of N,, where
My 18 of course defined with respect to €2.

When M = R” (0, = 1) bounds (4.27) for the Dirichlet Green function G?
appear in Bandle [8], whereas for the biharmonic Green function (¢ = 4) they can be
deduced from results in [21]. The integral bounds (4.28), (4.29), (4.30) do not seem to
appear in the literature, even on R”. Note that letting s) — oo and 51 — 0 in (4.28),
allows us to replace the domains of integration with Q and Q¥ respectively. Such an
estimate on R" was given by Weinberger [60] for « = 2 and for ¢ < ;%5 (see also
[8], Thm 2.5).

Proof We will begin to prove (4.27), (4.28) for the Dirichlet Green function ng of a
smooth bounded domain 2 in M. Let us recall some classical results first. If Q; € Q»
then G?l(X, y) < G;b(x, y) for x,y € @1, x # y, by the maximum principle
and the local asymptotic expansion of Géz (see e.g. [50], p. 82). Secondly, under our
assumptions M is non parabolic, and if {2} is an increasing sequence of smooth,
bounded, open sets which exhaust M, then for any fixed x, y € M, (x # y) we have
x,y € Q for k > ko, and G;Z" (x,y) 1 Ga(x, y), where G» is the unique positive,
minimal Green function defined earlier.

Recall now a recent result by Chen-Li [14], which gives a version of Talenti’s
comparison theorem on a noncompact Riemannian manifold M, with EVG and Ric >
0. If © is a smooth, bounded open set in M, and f € Lz(Q) thenletu € WOI’Q(Q) be
the weak solution of

—Au = in Q
u=f in (4.33)
u=20 on 9£2
and let v € Wol'z(Q#) be the weak solution of
—Av=f* inQ*
4.34
{v =0 on 3Q*. 439
Then, Chen-Li proved that
_2
u*(t) < o) v (@), t>0. (4.35)

The proof is based on Talenti’s original argument, in the version given by Kesavan
[29], combined with the sharp isoperimetric inequality on manifolds with EVG. In
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particular, if
t
r(s) = pu({lul > s,  F@) = /0 fH(@de (4.36)

then s 1
1< 00" B M) 2F (M) (=2 (5),  ae.s>0. (437

Arguing as in [29], p. 51, it’s easy to see that for 0 < g <2

< \Vulldx < F(A)? (=), ae.s>0. (4.38)
ds lu|>s

Multiplying the last estimate by (4.37) raised to the power g/2, integrating in
s € [s1, s2], and changing variables yields

/ [Vulldx < o{ﬁ /SZ ((nB,f)—l,\(s)%—lF(A(s)))q(—x’(s))ds
s1<|ul<s S1

q

A1) ) 4
<oy A l (<nB$>—1zr1F(r>)‘1dr=aM” / |Vu(£)|7dE,

(52)
A(s2)<Bp§]"<A(s1)
(4.39)
where for the last identity we used the explicit formula
_2 rlefl o,
v(E) =n"2B, / i 2F(7)dr. (4.40)
B lg|"

With this in mind, we can readily obtain (4.27),(4.28) for the Dirichlet Green
function ng of a smooth domain 2 inside M.

Fix x € Q, and let fi € C2°(M) be such that f > 0, [ fi = 1 and supp fx <
B(x, %) C Q, for k > ko. Then f; — 8, in the sense of distributions. Let u; be the
solution of the Dirichlet problem (4.33) with f = f, and let vy be the solution of the
corresponding symmetrized problem (4.34). The function uy is given by the formula

uk(y) = /g2 G20, 0 fid)dz,  yeQ 4.41)

and it’s smooth. Fix y € @, y # x and assume % < %d(y, x). If ¢ is a nonnegative

bump function and supported on B(x, kl—o) and equal 1 on B(x, kOIT)’ then for k >
ko + 1

ug(y) = /Q G (v, 2)9(2) fi(2)dz — u(y) = G5 (v, x) (4.42)

and moreover, since ng(y, 2) < Ga(y, 2) < Casd(y, 2)>™" (from (4.8)),

0swm= [ | G0 RE:

B(xsﬁ
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<Cu [ A0 A 22 Cd0x P @)
B(x.ib)

Regarding vy, we have the explicit formula

2

_2 rlef T
v (1) =n"°B, / 2 Fy(v)dx, Fk(r)z/ i (4.44)
t 0

valid for 0 < ¢ < |Q¥| = (), where the rearrangement is made with respect to
Q. Since f fr = 1 we then have F; < 1, and in fact for any ¢ € (0, |Q#|], we have
Fi(t) = 1 for k large enough (so that u(supp fr) < t).

Hence,

1 _n=2 _n=2 #
Vi) £ ——— (7 —1QF7) = (NP (4.45)
n(n —2)B);
where, recall, NZQ# is the Dirichlet Green function for the ball of volume || = (),

and with pole 0.
By (4.35) we have, for 0 < r < |Q¥|

2
n

* _% * _% Qf | % On _n=2
up(t) < oy v (1) =0y " (N ) () = —————— 1, (4.46)
nn —2)B;
and hence
O-I\_JE niZ _n
Aug (8) < —— s =2, s > 0. 4.47)
n(n —2)B);

Now, since A,, is discontinuous at countably many points, then u({y : [u(y)| = s}) =0
for a.e. s > 0. For any such s we have that X{j,,|>s; = X{ju|>s}> 4-a.€., and using the
Dominated Convergence Theorem and the fact that ¢« (£2) < 0o, we can conclude that
Au, (8) = Ayu(s). Note that the convergence is actually true for all s > 0, in the case
of the Green function, since by classical results (see for ex. [15], Thm. 2.2) we have
u({z € Q: ng(y, z) = s}) = 0 for all s > O (see also Remark 14). Thus we can
conclude that

2
g (5) < (%) Tt (4.48)
n(n —2)B)}
fora.e. s > 0 and hence for all s > 0. The above inequality implies then (4.27), when

o = 2., and for the Green function G?.

The proof of (4.28) for « = 2 follows similarly from (4.39) applied to uy, vg.
Indeed, using (4.41) we can seeeasilythat|Vyuk(y)|2 — |Vyu(y)|2 = |V),G§(y,x)|2
for y € Q and Fatou’s lemma combined with (4.39) gives (4.28).

The proof of (4.27), (4.28) for general o even, is done by iteration. using the
relations

Gil(x,y) = /M GS(x,2)GS 5(z, y)dz,  —A,GE(x,) =GI ,(x,-) (4.49)
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where fo denotes the Green function for the problem (—A)%u = f on 2, with
homogeneous Navier boundary condition (—A)/u = 0 on 92, for 0 < j < [(a —
1)/2].

Indeed, fix x € M and let uy 4, vk o be the solutions to the problems

—Aug,y = Ukg—2 1IN —Avg o = Mz,a—Z in QF ) (4.50)
ugq =0 on 02 Vka =0 on 082
where ux 2 = fx.
Assuming that for each y € Q
uka—2(y) > G 5(y.x),  ask — oo (4.51)
0 < upa—2(y) < Cad(x, y)* >, fork > 2ko (4.52)
and
_e=2 n-a=2 n—a—2
Upq o) <Oy " By " cqat” n o, 1>0, (4.53)

where C,, is a constant independent of x, y, €2, by induction we can show that see that
(4.51), (4.52), (4.53), and hence (4.27), also hold for uj .
Indeed for o = 4, estimate (4.52) is is just (4.43), whereas for « > 4 we have

0 <uro(y) = / G5 (y, Duka—2(2)dz < Ca/ G (y, 2)d(z, x)* 27 "dz
g Q

< CuCar / G2y, )Gan(z, )dz = CaCi1Ga (3, ¥) = Carad(y, x)* .
M

(4.54)
where we used that ng < G», and the global bounds (4.8). The proof of (4.51) for
uy o follows by induction using the Dominated Convergence Theorem. The proof of
(4.53) for uy , follows also by induction, since by Talenti’s estimate and

_2 2,2 @, e
* * — 2_
Up o (1) < 00" v o (1) = 0" n" "By n/ T / U o—2(8)dg
t 0

_2 2 rlef o, T a2 n-at2 i
SUM,ln_ann/ 2 [ o TR e gy (455)
t

(tin;oc . |Q#|7n;a)

and the result follows from the identity cy (@ — 2)(n — @) = cy—2.
To prove (4.28) for 2 < a < %, use the relation

Uia(y) = /S2 G20y, Ditpar(2)dz. (4.56)
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Note that from the classical gradient bound for positive harmonic functions (see e.g.
[34], Theorem 6.1) we get that forall y,z € Q, y # z

IVyGS (v, 2)| < C(m)GS (v, 2)d(y, )~
< C(M)Ga2(y, 2)d(y,2) "' < C(n)Cygd(y,2)' ™", (4.57)

for some C(n) depending only on n. From here, using the Dominated Convergence
Theorem one sees easily that |Vy1,tk,m(y)|2 — |V},G§f(y,)c)|2 for all y € 2, and
Fatou’s lemma combined with (4.39) applied with u = Gf);2 (x, y) gives (4.28).

The proof of (4.29) and(4.30), for the Dirichlet Green functions, is a simple com-
putation based on (4.27), (4.28); we leave the details to the reader.

To prove the theorem for the global Green functions, consider an increasing
sequence of smooth bounded sets {€2;} such that Q; 1+ M, so that the corresponding
Dirichlet Green functions satisfy G;z ¥ 4 G,, and as a consequence, for any a even
G§}k 1 G. From this relation it’s clear that for any x € M and r > 0 we have
(G (x, 1) 1 (Go)*(x, 1) so that (4.27) holds.

Next, note that if A% (x,s) = u({y € 4 : G*(x.y) > s}) then Ak (x,s) 1
A (x, 5). Also, Using the gradient bound applied to the positive harmonic function
Go(x,-) — ngk(x, -) we obtain, for fixedx,y € M, x # y,

IV, (Ga(x, y) = GF' (x, )| < C)(Ga(x, y) — G (x, )d(x, ») " — 0,
(4.58)

as k — oo, which implies IVngz" (x, »)| = [VyGa(x, y)|, as k — +o0. Using that
G (x, y) = /Q G, (x, 2G5 (2. y)dz (4.59)
k

the bounds Ggf 2(x,2) < Cagd(x, 2)*~27" estimate (4.57), and the Dominated Con-
vergence Theorem, gives (4.28), (4.29), (4.30). O
Remark 10 As observed in Remark 9, the previous yields (4.27)-(4.30) for the Green

functions of smooth bounded domains. One just has to be a bit more careful and
assume, in the induction process, that (4.53) is valid in the stronger form u} , _,(t) <

_a=2
oy " (Néz_#z)*(t), and using that
Qfy\* — <l 29 [T uaf
(NG ) (1) =n*B, T | (N2,) " (©)de. (4.60)
t

5 Proofs of Theorems 1 and Theorem 2: Inequalities

Let us recall the Adams inequalities on metric measure spaces proved recently in [45].
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Let (M, d, 1t) be a metric measure space, that is a set M endowed with a distance
function d and a Borel measure w. Define

Bx,r)={y:dx,y)<r}, Vi(r)=n(Bx,r)).
and assume that that for all x € M
i) Vr >0, V.(r) < oo, ii) r — V,(r) continuous. (GR))
In particular, the boundary of any ball has zero measure, and p is nonatomic.
In [45] we defined a measurable k : M x M — R to be Riesz-like kernel of order

B > 1 and normalization constants Ag > 0 and A, > 0 if there exists B > 0 such
that for all x € M

V. (r
ke, »IPdu(y) < Ao log % + B, 0<Vi(r) < Vi) < 1,
ri<d(x,y)<r; o
(K1)
Vx(r2)

lk(x, NIPdp(y) < Ao log + B, 1<Vi(r1) < Vi(r2); (K2)

Vx (}”1)
ri<d(x,y)<ry

forallx,y e M
—1/B —1/B.
lk(x, y)| < BVy(d(x,y)) lk(x, )| < BVy(d(x, ) " (K3)

for each § > O there is Bs > 0 such that for all x € M

/ kG, y)—k(x', IPdu(y) < Bs, Vi(R) = (14+8)Vi(r), Vx' € B(x,r).

d(x,y)>R
(K4)
A Riesz-like potential is an integral operator

Tf(x) Z/Mk(x,y)f(y)du(y). (5.2)

where k(x, y) is Riesz-like. Such operator is well defined for f € L#" and with
compact support. Here and from now on B’ will denote the exponent conjugate to B:

1 1

4 =

T
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Theorem 4 ([45]) If k(x, y) is a Riesz-like kernel of order B > 1 and normalization
constants Agy, Ao, and if p > 1, then there is a constant C such that for any measurable
function f supported in a ball with

Ifllg <1 (5.3)
we have
(—1 TP
CXPrp/p-11 max{Ay, A
09 OO} P
; du < C|TF|5. 5.4
/ e w < CIT/IL 5.4)

Moreover, if Ao > 0 and given any k > 0 there exists C (depending on k) such
that for any measurable f supported in a ball with

£+l TFIG <1 5.5)
we have
1 B
€XP[p/B—1] A_ole| ,
; du < C(TfII5, 5.6
/M NV w=CITfp (5.6)
and X
exprar_ —|Tf|’3> dp <C. (5.7)
fena(

Remark 11 The conclusions of Theorem 4 hold if k and f are vector-valued. Specifi-
cally, ifk = (k1, ..., k) is defined on M x M and measurable, and if f = (f1, ..., fi)
is measurable on M, then let Tf(x) = [, k(x,y) - f(y)du where the - ”
denotes the standard Euclidean inner product on R™. If k satisfies (K1)-(K4), with
kl = k-0V2 1 fl= OV N flp = ([y |f|ﬁ/)1/ﬁ/, then the conclusions of
Theorem 4 hold.

Clearly, we would like to apply the above theorem when (M, u, d) is a Riemannian
manifold satisfying the assumptions of Theorems 1,2 (it is known that the conditions in
(5.1) are true). Given the representation formulas (4.10), (4.11), we want to take 7 =
T, to be the integral operator with kernel G (x, y) for @ even, and 50[ (x, y) for @ odd.
What we will verify is that without bounded geometry G, and Ge satisfy conditions

(K1)-(K4), with 8 = -2, Ag = A = UJQW’Y;}X, and if bounded geometry is

n—o’

assumed then Ag = V! < Ago. This will imply the result for u € C°(M), and by

n,o

density for u € H* % (M).

Remark 12 When « is odd the operator defined by (4.11) is not one of the types
described in Remark 11, i.e. involving a Euclidean inner product. However, we can
argue as in the proof of Theorem 7 in [45], to reduce matters to Euclidean inner
products. Namely, let us pick any point p € M and a chartin geodesic polar coordinates
at p, and in the notation of Sect. 2, exp , is a diffeomorphism from D, onto M \ (Cut, U
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{p}), where we can identify D, with {r& : 0 <r < c(é), £ € S"~'} € R". For any
y € Dy we have (gi;(3)) = R] Ry for some invertible matrix Ry, and

u(x) =Ty f(X) =/ Ko (X, 5) - fOVIgDdm(y),  x=exp,x, (5.8)

P

where
Ko(®.5) = RyGo(x,y),  f(¥) = RyVD*'u(y) = RyD*u(y). (5.9)

Since Ky - Ky = |5a|2, f-f =|VD* 'y|? and Cut, has zero measure, we can
check conditions (K1)-(K4) using the norm in the metric g, and then apply Theorem
4 and Remark 11 to the operator T, defined on the space D, endowed with metric

d(x,y) = d(x, y) and measure dju(y) = /[g(V)[dm(y).

We will now derive (K1)-(K4) without any bounded geometry assumptions, based
on the bounds of Theorem 3. Assume n > 3. The global bounds (4.8) imply that for
any fixedx € M,andanyr, > r; >0

o—n

{(yiri <d(x,y) <rn} C{y:Cyry™" < Golx,y) < Cagri™"} (5.10)

and for the distribution function defined in (4.26)
1 1
Vx(C56s_m) < Ag(x,s) < VX(C57S_W), s > 0. (5.11)

The above estimates combined with (4.27), (4.28) and (2.10), instantly imply that
there is B > 0 such that for any x € M

Vi (r2)
Vx(rl)

Go(x, y)ady < 03 Yy L log +B, O<r<r (512

ri<d(x,y)<r;

when « is an even integer, and the same inequality holds for Ge (x,y) when « is an
odd integer smaller or equal n/2. This shows that (K1), (K2) hold with Ag = Ay =

o r7,<11 )
Regarding (K3), such estimate follows from (2.10) and the global bounds (4.8).
To prove (K4), assume V. (R) > (1+46) Vy(r),forsome s > 0. Since V, (R)/|Bg(r)]

is decreasing and smaller than 1, then Vi (R) — Vi (r) < B,(R" — r"), from which

we deduce R" — r"* > 0,,8r", and therefore R > (1 + ns)r, with ns = (O’MS)%. By
integrating in ¢ (3.12) and (3.13) we then get the following Lipschitz estimates, for

d(x,x")<r, d(x,y) > R:

Ga(x,y) = Gu(x', y)| < Csd(x, x)d* "' (x, y) (5.13)

1Go(x, y) — Go(x', )| < Csd(x, x")d* " (x, y), (5.14)
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from which (K4) follows easily. This proves the inequality part of Theorem 1, in case
n>3.
When n = 2 we only need to consider « = 1. In this case however we can use
directly the Pdlya-Szegd inequality (1.21) to prove (1.13) for « = 1 and any n > 2.
1

Indeed, assuming ||Vu||, < 1 we have ||01(31Vu#||n < 1, so using the fact that (1.13)
is true on R”,

1 .
eXPry—2] (Uz@l%,ﬂul"“)
/ 7 du
M 1+ |u|n=T

1 n
€XPry-2] (%,HUJ(Z“#P’I) ,
=/ _ dm < Cllu"| = Cllul?.
n 1+ |M#|”*1

(5.15)

where dm denotes the Lebesgue measure on R”. This concludes the proof the inequal-
ities in Theorem 1. Now let us prove (1.16) and (1.17).
Assuming that o even, and that M has 1% order bounded geometry, let us show that

_1
(K1) holds with Ag = 7, L. Note that if V,(r) < 1 then r < (0wB,) ". Using the
inequality |[A? — BP| < p|A — B|max{A?~!, BP~1} (A, B > 0, p > 1), and using
_1
(4.13), (4.8), and Remark 7, we obtain, for d(x, y) < (0a/Bs) ",

o

S ngd()lfn+1 (‘x, y) (d(xfn(x’ y)) h—a
= Csgd' ™" (x, ) (5.16)

(Gute D17 — (" 5,))

_1
hence, for 0 < r| < ry < (0pBy) "

/ |G (x, y)|7ady —Ca"’“/ d™"(x, y)dy| < Cs9. (5.17)
ri=d(x,y)<ry ri=d(x,y)<r
From the Bishop comparison (2.10)
B
d™"(x, y)dy 5/ —————dy
/rlsd(x,y)srz n=dey)zn Va(d(x,y)) 5.18)

Vi) 1 v
= Bn/ —dt = B, log x(r2)
Very) 1 Vi(r1)

which implies (K1) with Ag = cia B,. Note that the first identity in (5.18) follows

from the fact that | % 1
(Vx(d(x’ .)_)) =+ (5.19)

and the fact that balls are level sets of V. (d(x, y))’1 (up to sets of zero measure on
general metric measure spaces satisfying (5.1)).
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To show (K1) in the case o odd, under 2" order bounded geometry, we proceed in
exactly the same manner, using (4.14), and the fact that |V,d(x, y)| = 1.

Since we have already checked (K2),(K3),(K4), and Ag < Ao, the inequality part
of Theorem 2 is proved, for n > 3.

Remark 13 When @ = 1 the proof of (1.17) can be achieved using the results in [25].
Indeed,(4.9) and (4.14) imply that

_n=l
IVyGa(e, M () <Yy " T (L4 Cin),  0<r<1  (520)

and »
IVyGa(x, )[*(t) <Ct™ n, >0, (5.21)

and the constant C in both inequalities is independent of x. According to [25], Obser-
vation 3, we can conclude that the Moser-Trudinger inequality holds locally, i.e. for
functions supported on sets with measure less than 1, and hence globally (see [25],
Theorem 4).

6 Proofs of Theorem 1 and Theorem 2: Sharpness

Fix a point x € M. For simplicity, for the rest of this section we will use the notation
d=d(x,-), V@)=Ver)=pnBx,r), Alr)=A0), (6.1

and we will assume that (M, g) is not isometric to R”, in which case A is strictly

decreasing to 0.

Later we will need the following estimate

A(r) < A(r) = min (5 + §THAB ). (6.2)
>
This holds since A is decreasing, 0 < A < 1 — 0, and

1 <
5+ s 2p@Hly s | A0 1T0<d<] (6.3)
1 5> 1.

The Euclidean volume growth condition can be written as

A(B,?% Vi ()

oM By 1 Om By B, A(r) < Om By

V() — o V(@) V() ~ V() B V(r) ©4
We will also repeatedly use that for a, r > 0
al’l
a'oyV(r) < Viar) < —V(r), (6.5)
Om
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and
a~ 77 minfa, BA() < A(ar) < a~ 77 max{a, A®r). (6.6)

Assume first n > 3. Following the notation used in [18, 19], we consider the
function

1
b(y) = (i—f Gz(x,)’)>2 . yeM\ ). ©.7)

which should be thought of as a good, smooth replacement of the distance function,
for large distances.

In particular, under our hypothesis the main estimates (4.17) and (4.18) for @ = 2
can be written in terms of b as follows:

Ib—d| < Csod A(d), d=d(x,y) =1 (6.8)

: N\ i . 1\~
]l Vb —vVd|") <Cei(1+n)" (1+—)A2(r), rzr  (6.9)
Ar.(l+n)r \/ﬁ

for a suitable 1 > 1 and for any fixed n > 0.
Note that, as pointed out in [19] and [17], by the Laplacian comparison and the
maximum principle, one can show that G(x,y) > cad?n (x, y), which implies
1 1

b < 0" d. In [17] Colding proved that we also have |Vb| < 02", with equality at
one point if and only if M is the flat R".

Remark 14 In[19], Remark 2.11, it was remarked that the critical sets {b = r}N{Vb =
0} are closed sets of codimension 2, by results of Cheng in [15], Thm. 2.2, which also
show that {b = r} \ {Vb = 0} is an (n — 1)—dim. smooth submanifold of M. Hence
each set {b = r} has zero measure in M.

Inequality (6.8) follows from (4.17), with « = 2, combined with the rough global
bound for G, given in (4.8), which can be written in terms of b as

Cord<b<Ced, d=d(x,vy)>0. (6.10)

To prove (6.9), we have

Onm

—mb”*‘vc;z 6.11)

Vb =

and from (4.8), (4.9) we get |[Vb| < Cgg. Also, using (6.11) estimate (4.19) can be
rewritten as

1

2 1 ~
(][ |b1”Vb—d1"Vd|2> < c65(1+—)A%(r)r1*". (6.12)
Ar,(H—r])r \/ﬁ

From (6.8) we find Cgg, C¢7 > 0 and r; > 1 such that

d7"(1 - CeeAd)) <b™ <d™"(1+ Ce7A(d)), d=d(x,y)>r (6.13)
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and using |pl—n —gl=n| < C6gd1’”K(d) for d > ry large enough, we obtain (6.9).
Additionally, from (6.13) and (6.4), (6.2), and the fact that A(r) < 1 — 0,,, we find
ap, ar > 0 such that

B0y p" B,om
e (1 aiA(B, " Ty (d))) =V (1+a2A(B TV (d))) d>r.
(6.14)
For any r > 0 let p be uniquely related to r as follows
~ 1,1
V()= V(o) exp (A2 (Vi) (6.15)

(note that V (r) is strictly increasing in r). Clearly r > p and p — 400 if r — +o00,
and from (6.5), (6.6) we also have

RE(p)log - < CoRH(VE () log 35 +Co = Coo 4 Ce (616)

Fort € R,r > 0, a > 0 define, with p satisfying (6.15),

P —r if t<p log% if t <p
hogr,(t) =3t %—=r=* if p<t=<r ho (1) = log§ if p<t<r
0 itr>r 0 if t>r
(6.17)

Consider the family of functions

e (¥) = Ty (e r (D)) () = /M Ga(y, 2ha,r(b(2))dz (6.18)

for @ even, and for o odd

i Bolr g > 3
oy = a—1 (6.19)
ho,(b) ifa =1

which clearly satisfy

D%y = hy r (D) if o even
Vhy_1 (b
D%y, = Ll() ifo odd, o >3 (6.20)
o

D%y, = Vho,(b)  ifa=1

We will prove that for r large enough

/ V(r)
”Daua,r”Z/Z = B,0ylog V(o)

+0() (6.21)
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. / V(r)
1D dig I}y = BuOnslog —— 7 T oW (6.22)
V(r)
Ug,r(y) > co By log -C, yeBx,p) (6.23)
V(p)
i i V(r)
Ug,r(y) > CqBplog -C, ye€Bx,p) (6.24)
V(p)
n
sl < CVE). @< 5, (6.25)
~ n/a n
””ot,r”n/a <CV(r), a < 5 +1, (6.26)

where “O(1)" denotes a function of r (depending on the fixed x) which is bounded as
r — oo.
From (6.10) we find a3, a4 > 0, a3 < 1 < a4, such that
B(x,a3r) C{b <r}C B(x,aqr), r> 0. (6.27)

Proof of (6.21), (6.22) Let « be even. If r so large so that a3p > ry, using (6.27) we
have

/ |D% g o = / (ha,b)e = [ (7 —r e + / b —r %)
M M b<p <b<r

B0
< V(a4>+/ b < V<a4>+/ I+ ak (B VE@
azp<d=<aar azp<d=<aar V(d) ( ( )>
V(asr) 1 - 1
< V(ay) + BnaM/ -(1 +ayA (B, ”ﬁ))dt
Viasp) 1
V(aar) ~, L V(asr)
=V B 1 B A(B, "Vn 1
(a4) + Byonrlog V(asp) + B5,0nma2 ( n ((l3p)) og V(asp)
V(r V(r
< B, 0y log V(( )) + C71A(V (p))l g% + C72 < B0y log ((,0)) + C73

where we used (6.16).
In the other direction, for r large enough, and arguing as above,

/M (haor (0))6 > /p <b§rb"(1—c74('§)“>

BnO_M< ~o =L _ _
> 1 —aiA(B, "Vn(d) )—C75r 0l/ d“"
/az;p<a’§a3r V(d) ( " ) d<azr

V o—n
> B,0ylog ") _ C77 _C76V_a/ Vor(d)
V(p) d<aszr
v Var) .,
= B,0ylog ﬂ —C77 — C78r7°‘/ t nodt (6.29)
V(p) 0
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which gives (6.21).
Now let o be odd. If « = 1 we get

~ _ V(r
/ |Dau1,r|a =/ |Vh(),r(b)|n =/ b™" = B, o) log ) + 0(1).
M M p<b<r 14

(p)
(6.30)
Ifoa > 3,

Vhg-—
/IDauar|°‘ /‘
a—l
_/ |Vb Ct+1|*
p<b<r

=/ b~"|Vbl|a =/ " +/ b"(IVbla — |Vd|%).
p<b<r p<b=r p<b<r

(6.31)
To estimate the last integral‘, let J, € N be such that pZJ’_l <r< ,02J’ , and using
(6.9) (withn = 1 and r = p2/) we get

J—1
/ b7"|IVblE —|Vd|¥| < c79/ b™"Vb—Vd| < Cr9 Y / b~"|Vb — Vd|
p<b=r j j

p<b=r =0 /p2 =d=p2) !

1/2 . 1/2
8 () ()
P2 <d<p2i+! P2 <d<p2i+!

J—1

~1 L . 172 Sl 1 . V(,O2j+1) 172
= Cgo E A7(02J)V7(P2J+1)</ V_z(d)) = Cgo E A7(02/)< - )
Jp2i <d<p2i+] =0

i V(p2/)
Jr—1 Jr—1 Jj J
— ~ 1 : C31 ‘w P2 P2 1 a’t
C A2 (p2)) = C Az —_— 5 2y = < ¢ C A2 —
= 81; (027) = Cs (pH_ngZl/pz/I (o ) =Csp+ 832/2,1 ;
T~ dt ~
< Cg4 + st/ A2 () 7 < Cg4 +Cgs A%(p)log > < Cse-
P
(6.32)
which, combined with (6.31), gives (6.22). O

Proof of (6.23), (6.24) Let « be even. For r large enough, and with d = d(x, z), using
(4.17) and (6.13) we obtain

s (¥) = / Galy, B~ = r)dz = / Gux, 2)b"dz
p<b<r

p<b<r

4 / (Ga(y. 2) — Gulx, 2))b~%dz — / Galy, r—%dz
p<b<r b=r

> / CQO']\_/Ilb_"(l - C37K(d))dz — ng/ d* " (y,r %d
agp=d=azr

d<azr
— Cy / Ga (7, 2) — G (. 2)d~* (x, 2)dz.
asp<d<azr
(6.33)
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Since a4 > 1, using the Lipschitz estimate (5.13) and arguing as in (6.29), using
(6.14), we get that for y € B(x, p)

V(r
ug,r(y) > co By log V((,o)) — Cyp — Co / d(x, y)d""N(x, 2)dz
d>a4p
6.34
> cuBylog 20 _ ¢ o
1 — .
= Cqbp gv(p) 92

If @ odd and o > 3 then (6.24) follows since ¢, = ¢4 /(¢ — 1), whereas if @ = 1
then for y € B(x, p) C {b < p/as}, then

. log(r if b < 1 V(r) - V(r)
uo r(y) = g(r/p) ) P > —log — Co3 = 1By log — Co3.
log(r/b) ifp<b<r n V(p) V(p)
(6.35)
O
Proof of (6.25), (6.26) Let o be even. If d(x, y) > 2a4r then
[, r ()] = / Guo(y, 2D)ha,r(b)(2)dz < / Gu(y, 2)b™%(2)dz
b<r b<r
< C94/ d“7"(y, 2)d"*(x, z)dz < Cosd (x, y)a_"/ d™%(x,z)
d(x,z)<asr d(x,z)<ayr
< Cod® " (x, y)r"~*.
(6.36)
Ifa <n/2thend*"(x,:) € La(B(x, R)°) forany R > 0, and
/ s (Y] dy < Copr =V / d(x, y)@"adx
d(x,y)>2a4r d(x,y)>2a4r
< Cogr" < CooV (r). (6.37)

Now, due to (4.8), the operator 7,, in (6.18) is bounded from L” (M) to LY (M) with

Il <p<Zand g l=p1- - (this is the Hardy-Littlewood -Sobolev inequality for

generalized, Riesz-like potentials, see [2]). So if we pick any p such that 5 < p <
n

then g > 2, and for R = 2a4r

n n a_ 1 q
</ |”a,r()’)|"d)’) < CipoV(R)" ¢ </ |T0t(ha,r(b))|qdy>
d(x,y)<R d(x,y)<R

a_ 1 p %
< Cl V(R / o 5)]
d(x,y)<R

o 1 n o o
<CieV(R)" “R? ¥ < Ci3V(R)" < Cio4V (r)n,

(6.38)
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which concludes the proof of (6.25) for « even, @ < n/2, and therefore also for (6.26)
foreodd,3 <a < % + 1. When o = 1 one checks easily that (6.26) also holds.

Let us now prove the sharpness statement. Suppose that « is even, o < %, n >3,
and consider vy, = Ug /| D% r|ln/o. From (6.21), (6.23), (6.25), we get, for r large
enough,

B = = V)
[Var,r (W)= = cq™ Bp0Oy," ™ log —C, yeB(x,p) (6.39)
V(p)
Vi(r)
ID%arlle =1 Mol < €y (6.40)
€ Vip)
and recall that from (6.15)
|4 1
log ) = — 400, r — 00. (6.41)

V) R3(Vi(p))

Hence, for 6 > 1 and r large enough, recalling that ’Y,;}x = C&Tﬂ B,,, and from estimate
(3.2) in [49],

exp[%,ﬂ (90'1(1/j_afyn,alva,r|"”a)
d

il
i y
Ve e /M 1+ |V |75
1 exXp (90-1\n/1a’yn,a|va,r|"’la>
> L : e
”Uot,r”Z;Z [vgr =1 I+ |vg,r| ==
1 exXp (90-]'\14_&7n,a|va,r|"na> (6.42)
= —n/a/ — dy—-C
”va,r”n/a B(x,p) I + |vg, |
\4
V), V) ee(logy(i—C)
> og . _
% % V(r)
(r) (p) log Vip)
%4 6—1
=C< (r)) —C — +o0, r — 400
Vi(p)

which gives the sharpness of the exponential constant in (1.13), for @ even. Regarding
the sharpness of the power in the denominator of (1.13), using the same estimates as
in (6.42) we get for 0 < 1
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| / eXpr%_ﬂ (Uil/far)/n,ﬂva,r“_a)
nja d
M

v, l17e 1+ [va, /75 Y
| exp <UA”;°'%,a|va,r|n"a>
- var e /va,r|zl 1+ [vg, e dy =€
1 exp (UJ(';”’Y,,,QWQ,,M%) (6.43)
- ||Ua,r||%g /B(x,p) 1+ |vg /7= @y -C
_ V) v e (log v =) .
V) = Vip) (log ://é/?))@

=C|(1 V) o
= ogm — C — +o0, r — +o0.

The sharpness for « odd, ¢ < % + 1, follows in the same exact manner, using
Vo,r = Ua,r /|1 D%, rlln/a, and (6.22), (6.24), (6.26).

It remains to considerthe casesa = 1,n =2, anda =2, n = 3,4.. Foraa = 1 we
note that when n > 3 we could have just as well considered the functions i (y) =
ho.r (d (x, y)), which are defined also for n = 2, since they are Lipschitz, compactly
supported, hence in W1 (M), and satisfy the same estimates as in (6.22), (6.24),
(6.26), and therefore (6.42), for the corresponding vy ;.

When o = 2 the proof of sharpness for arbitrary n > 3 can be effected as follows.
Let A, be smooth on [0, 00), decreasing, such that || < C, |h/| < C with

log% if0<t<p
he(t) = 1og§ if p+l<t<r—1 (6.44)

0 if t>r,

and h,(t) < log(r/t) on [r — 1,r]. We then let u, = h,(b), which belongs to
Woz’"/z(M). One checks that Ab = (n — 1)b~! |Vb|2, and therefore

Auy = Ahy(b) = (h/(b) + h.(b)(n — 1)b~")|Vb|? (6.45)
and in particular

Auy = Q2—n)b?|Vb?, p+l<b<r—1. (6.46)
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Using the same estimates as in (6.31), (6.32) we get for r large enough

/|Aur|%=<n—2>%/ b VBI + O (1)
M p<b<r

=(n—2)%/ b+ (n—2)2
p<b<r

(6.47)
X / b~"(IVDb]" — [Vd|") + O(1)
p<b<r
n V(r)
=m—2)2B,0y10 o(1)),
‘we used |Vb| < C and
/ b <C, (6.48)
r—l<b<r
and the same estimate with p rather than r.
Hence,
2/n 2
o V(r)\"
AU 2 = — = <log e )) +0(1) (6.49)
ncyB," p

and furthermore, if d(x,y) < pthen b < p/az < r — 1, for r large enough, so for
y € B(x, p)

1 if b %
u(y) > |108/P) ifb<p >log " —C > & Bylog 2 ¢ (6.50)
log(r/b) ifp <b < p/az P V(p)
n/2 r\n/2
lur |23 < Clogr + (tog2)" = cven. 6.51)
2<b<r b

Then, the function v, = u, /|| Au,|l,/2 satisfies the same estimates as vy , in (6.39),
(6.40), (6.42), which gives the sharpness statements for (1.13), when « = 2 and for
any n > 3. O

Remark 15 Except for the case @ = 2, n = 3, 4, the proof of sharpness goes through
using d(x, y) instead of b(y). We decided to use b throughout, since the estimates
needed for ¢ = 2, using the family {u,}, are basically the same as those used for
a > 2 using the family {u, .} (e.g. (6.31), (6.32)). We were not able to use the family
{u,} above, to settle the sharpness for o > 2.

Remark 16 The fine calibration between p and r given in (6.15) is only needed to
prove sharpness of the power in the denominator of (1.13). Indeed, the proof of the
sharpness of the exponential constant in (1.13) goes through using the same families
of functions as above, but with p = 1.

To prove the sharpness statement for (1.16) and (1.17) consider the function £,
satisfying (6.44), and such that |h§j)| <C,j=1,..,a.Forafixedrgs.t.0 <rgp <
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inj(M) let

dx, y )) (6.52)

we(y) = hl/e(

which is nothing but the manifold version of the standard Adams-Moser family, i.e. a
smoothing of the function log(ry/d(x, y)), as defined on 2ery < d(x, y) < ro — €ry,
for € small enough. With calculations as in [22] one finds that for « even and € small
enough

. 1 1\
1D wellnje = ——= (log 7= )" + 0(1) (6.53)
0 V(e)
ncy By
1 1
lwe(y)| = — log —C, y€B(x, er) (6.54)
n V(e)
”we”n/a <C (6.55)

and the same estimates hold for o odd, with ¢, in place of ¢,. The sharpness of the
exponential constants in (1.16), (1.17), and of the power in the denominator of (1.16),

follows easily from the above estimates, considering the family ve = we/(k||wel| Z?Z
D% we} e/ o

Appendix A Proof of (3.53)-(3.56)

For a fixed ¢ let f(r) = E(r, t) so that
2

, _ rE /) _ 1 r E
F0)y==5E¢.0. f'0) = (=5 +15)EC.0).

Note that

2
£ = 2 exp (= ) < Crosr

T

Hence using the MVT, for each y there is d~j with |c§j —d| <|dj —d| <1/j st for
j > Ldist(x, K)

1\ —n—1
|EW;. 1)~ E(d.1)| = |d; dlf(d)<%<d__) " Mg, ),
J J

J
We have
d; d
VE(d;, t) = —Vdjz—tE(d~, t) — _VdZ_tE(d’ t)=VE(,1),

and 4
IVE(d;,1)| < T’E(dj, t) < Cypgdist(x, K)_"_l.

@ Springer



158 Page 48 0f 50 L. Fontana et al.

Using that A(f o g) = f'(g)Ag + f"(g)|Vg|?, and using iv), we get

d; 1 djz.
AEW), 1) = = 378dj = >+ 55 EWj. 0
- &
> (=Y - - s+ b ) E@n
2t d  2jt 2t 42
2
ek 4_r, 5 (A1)
_< 2t ‘d ‘ 2jt % T an (dj. 1)
2
= - n_1+d—J l‘in/zflexp<_ d_j)_zt,n/271
2jd  2j 4) 2

c
— =199 (dist(x, K) "3 4 dist(x, K) 1) — ’%f"/“.
J
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