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incompatible for many problem instances and we explore this tradeoff for strategy-proof rules. The
notion of SP that we employ is Kemeny-SP (K-SP), which is based on the Kemeny distance between
social orderings and strengthens previously used concepts in an intuitive manner. Dropping
anonymity and keeping neutrality, we identify and analyze the first known nontrivial family
of K-SP rules, namely semi-dictator rules. For two agents, semi-dictator rules are characterized
by strong unanimity, neutrality and K-SP. For an arbitrary number of agents, we generalize

semi-dictator rules to allow for committees and show that they retain their desirable properties.
Dropping neutrality and keeping anonymity, we establish possibility results for three alternatives.
We provide a computer-aided solution to the existence of a strongly unanimous, anonymous and K-
SP rule for two agents and four alternatives. Finally, we show that there is no K-SP and anonymous
rule which always chooses one of the agents’ preferences.

1. Introduction

We study the problem of aggregating individual preferences into one preference representing society. Applications include elec-
tions where voters with individual preferences choose their political representatives, instances in which groups of agents (such as
committees, governing bodies or consortia) must reach consensus on their collective preferences, and macroeconomic models that
analyze the choices of a representative agent of the society. In all of the above situations the collective preference must possess the
same properties as individual preferences and agents would like it to be “as similar as possible” to their own preference.

At an abstract level, the general preference-aggregation model assumes a set of agents and a finite set of alternatives A. Agents
have (strict) preferences over A, modeled as binary relations on A. The exact form these preferences take varies and depends on
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the nature of the alternative set A. Once the individual preferences have been defined, a function transforms them into yet another
preference relation on A, interpreted as society’s preference. This social preference is subsequently used to reach a collective decision.
Examples of this process include sports or academic competitions in which judges render their individual judgments of the participants
(expressed in ordinal or cardinal terms) which are then synthesized to obtain a collective judgment. This judgment may take various
forms: the sole identity of the winner, a full ordering of the contestants, a partial ordering of the top performers, a partition of
acceptable/unacceptable candidates, etc. Along related but also different lines, the output of the preference-aggregation process may
provide a solution to the problem of collective choices when there is uncertainty on the available alternatives. For instance, in the
academic job market, departments often need to fill an open position without knowing whether any given applicant will accept their
offer. In this framework, an aggregate candidate ordering serves as a tool for selecting the most desirable candidate among those who
are available.

Naturally, agents want the aggregate preference to be as similar as possible to their individual preferences. This consideration
introduces a novel challenge: given two binary relations on A, how do we measure their degree of similarity? The answer to this
question is not obvious. However, if we want to study preference aggregation from a mechanism-design perspective, we need to
address this issue. Indeed, it is impossible to formulate a notion of non-manipulability for an aggregation rule unless we have a way
of determining the closeness of a given binary relation on A to an agent’s own preferences. Such a measure of closeness acts as a
proxy for desirability.

To deal with this issue, our paper adopts the Kemeny metric Kemeny (1959) as method of measuring the distance between two
linear orderings of the alternatives.! The Kemeny distance is grounded on a natural axiomatic foundation by Can and Storcken (2018)
and enables an intuitive strengthening of previous non-manipulability concepts in preference aggregation by Bossert and Sprumont
(2014) and Athanasoglou (2016). Kemeny-based preferences are an example of metrizable preferences over linear orders as discussed
by Meskanen and Nurmi (2006) and Laffond et al. (2020). In this setting, orderings are ranked via a distance function that satisfies
metric conditions such that the desirability of an ordering for a given agent is decreasing in its distance from that agent’s own ordering
of the alternatives.

Kemeny-based preferences hold economic and axiomatic appeal and represent a reasonable way of modeling preferences over
orderings. At the same time, Nishimura and Ok (2023) demonstrate that these benefits may come at the cost of questionable implica-
tions for choice behavior.? The interested reader should be mindful of this fact. An alternative approach would involve (i) imposing
less detailed structure on agent preferences and (ii) allowing for greater heterogeneity where preferences over orders preserve the
betweenness relation as a minimal consistency requirement.

The Kemeny distance induces single-peaked preferences as studied by Moulin (1980), Demange (1982), and Barbera et al. (1993),
among others. That is, each agent has a unique maximal order, his true preference relation, and orders that are more distant from
this ideal in the Kemeny sense are less preferred. It is tempting to study strategy-proof and neutral rules on a broader single-peaked
preference domain where the true preference relation remains the most preferred one, and where agents are allowed to have any
preference relation over orders away from this ideal. This domain is richer than the domain induced by the Kemeny distance but
would most likely result in an impossibility similar to Gibbard (1973) and Satterthwaite (1975). For example, (Bonkoungou, 2018,
Theorem 1) studied strategy-proof and neutral rules on the betweenness-consistent single-peaked domain and showed that allowing
for any heterogeneity results in dictatorship. The Kemeny distance is arguably an important restriction on agent preferences, but it
allows the construction of non-dictatorial strategy-proof rules.

Our contribution Working within the preference-aggregation paradigm, our paper studies methods of selecting a collective (or so-
cial) ordering of the alternatives when individual preferences over them are themselves orderings.> We refer to such procedures as
aggregation rules or simply rules. This special case of the preference-aggregation framework, known as Arrovian preference aggregation,
is a classic social-choice model pioneered by Arrow (1963) in the early nineteen-sixties.

There are three canonical properties that aggregation rules aspire to satisfy: fairness, efficiency, and incentive-compatibility or,
as is more commonly referred to in this literature, strategy-proofness. The fairness notions of anonymity and neutrality are intuitively
appealing and enjoy widespread application. A rule satisfies anonymity if it is invariant to reshuffling agents’ identities, and thus treats
agents equally when determining the collective outcome. By contrast, a rule satisfies neutrality if it does not systematically favor one
alternative over another, which is a salient concern when the alternatives represent morally relevant entities.

! The Kemeny distance between two binary relations is defined as the number of pairs of alternatives at which they differ. For a precise definition see Section 3.3.

2 This point is best illustrated with an example adapted by Nishimura and Ok (2023). Suppose there are three job market candidates, A, B and C, and Prof. Smith
ranks A first, B second and C third (his ordering is denoted ABC). Suppose, further, that the departmental aggregate ordering of the candidates will be used to select
the winning candidate among those that will actually turn out to be available. Reflecting complete ignorance on this score, the set of available candidates is assumed
to be any member of the power set of { A, B, C}. Given a realization of the set of available candidates, the department picks the highest-ranked candidate within that
set according to the departmental ordering (the so-called “maximal” element of the set). Now suppose Prof. Smith is confronted with two different candidate orderings
that the department is contemplating: BAC and ACB. Which does he prefer? According to the Kemeny-based approach, Prof. Smith is indifferent between the two
orderings as they both differ from his own preferences with respect to a single candidate pair. However, this conclusion might no longer hold if we take into account
the possible realizations of the set of available candidates. For example, if the available candidates are all three A, B, and C, then when using BAC the department
picks B while using ACB leads to A. Here, Prof. Smith would have preferred ordering ACB to BAC. A similar conclusion applies if the available candidates had been A
and B. Conversely, Prof. Smith would have preferred ordering BAC to ACB if only candidates B and C had been available. In all other candidate availability scenarios,
the two orderings yield identical recommendations and so the professor is indifferent between them. Tallying all of this information, we see that there are strictly
more instances in which the professor prefers ACB to BAC than vice versa. Thus, it is reasonable to expect that, if given the choice, he will prefer the departmental
ordering ACB to BAC.

3 The term “ordering” denotes a complete, reflexive, antisymmetric, and transitive binary relation.
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In the job market analogy, anonymity would require that all faculty members have an equal say in the hiring process, regardless of
seniority and area of expertise, whereas neutrality would translate to the requirement that candidates’ identities (and, by extension,
their demographic, socioeconomic and cultural characteristics) not bias the rule’s outcome. Meanwhile, strategy-proofness would
ensure that no faculty member has an incentive to strategically misrepresent their true ranking of the candidates, in the hopes of
obtaining a departmental ordering that more closely aligns with their preferences.

When there are just two alternatives and an odd number of agents, May’s Theorem (May, 1952) establishes that majority rule
is the only rule satisfying anonymity, neutrality and strategy-proofness.” However, when there are more than two alternatives we
show that, for many problem instances, there exists no rule that can simultaneously satisfy both anonymity and neutrality. This result
is closely related to a similar finding by Moulin (1983) regarding choice rules (which only choose a winning alternative and not
an entire ordering). Evidently, obtaining May-like possibility results for strategy-proofness involves dropping either anonymity or
neutrality. This is the path we pursue in the current paper.

The efficiency standard we impose is strong unanimity (where society’s preference shall respect any unanimous preference over
two alternatives), an analogue of weak Pareto due to Arrow (1963) that has been extensively used in the recent literature on prefer-
ence aggregation. As far as non-manipulability is concerned, we adopt Kemeny strategy-proofness (K-SP) by using the intuitive and
axiomatically-founded notion of Kemeny distance. This significantly strengthens previously used incomplete concepts based on the
betweenness relation (Bossert and Sprumont, 2014; Harless, 2016; Athanasoglou, 2016, 2019). Prior to our work there was no known
nontrivial rule satisfying K-SP for all problem instances.

When we dispense with anonymity but keep neutrality, we propose and analyze the first known nontrivial (i.e., non-dictatorial
and non-constant) family of K-SP rules, semi-dictator rules. As their name suggests, these rules grant outsize influence to a single
agent but stop short of being full dictatorships. They do so by incorporating voting by committees (Barbera et al., 1991) in a way
that meaningfully restricts the power of the semi-dictator without violating K-SP. When there are just two agents, semi-dictator rules
are characterized by strong unanimity, neutrality and Kemeny strategy-proofness. For an arbitrary number of agents, we show that
semi-dictator rules retain their desirable properties.

When we dispense with neutrality but keep anonymity, we establish possibility results for the case of three alternatives. In par-
ticular, we show that certain subfamilies of Bossert and Sprumont (2014) and fixed-benchmark (Athanasoglou, 2019) rules satisfy
anonymity, strong unanimity and K-SP. These results do not carry over when the number of alternatives exceeds three. To explore the
case of four alternatives and two agents, we frame the rule-existence problem as an integer program. Consequently, we are able to
identify computationally a strongly unanimous, anonymous and K-SP rule. This rule is, in some sense, similar to semi-dictator rules in
that it grants special status to a unique “losing alternative”. This alternative is always placed as low as possible in the social ordering,
subject to respecting strong unanimity, and the rule treats all other alternatives in a balanced (though non-neutral) fashion. Finally,
we show that, for many instances, there is no anonymous and K-SP rule which always selects one of the agents’ preferences. This
preference selection property is related to the requirement of “peak selection” often used in problems with one public good (Moulin,
1980 and others). We suspect that stronger impossibility results involving anonymity, K-SP and various notions of efficiency are likely
to hold.

Related work  Our paper is relevant for two strands of the broader social-theoretic literature. The first regards May’s Theorem and its
various extensions when the number of alternatives exceeds two, whereas the second deals with the nontrivial issue of how to model
strategy-proofness in Arrovian aggregation.

We begin with the relevant literature on May’s Theorem in multi-alternative environments. We note that, unlike our paper, all the
references we discuss deal with choice rules, as opposed to aggregation rules. Choice rules select a winning alternative, not an ordering
of alternatives. Goodin and List (2006) allowed for multi-valued rules and extended May’s result to the setting in which agents cast
single-alternative votes among a set of more than two alternatives. In particular, they showed that majority rule is characterized by
anonymity, neutrality and positive responsiveness in this richer environment. Dasgupta and Maskin (2008) focused on single-valued
rules and showed that majority rule uniquely satisfies anonymity, neutrality, Pareto efficiency and an independence property known
as the Chernoff condition over the largest possible class of problem instances. Working on restricted domains with single-valued choice
rules, Alemante et al. (2016) showed that Condorcet, plurality, approval voting, and maximin rules satisfy anonymity, neutrality, and
a certain monotonicity property. Conversely, Horan et al. (2019) allowed for multi-valued rules and focused on the domain restriction
of problems admitting strict Condorcet winners. In this setting, they characterized the rule selecting the Condorcet winner(s) with
anonymity, neutrality, positive responsiveness, and an independence property they refer to as Nash independence. A further recent
contribution in this line is Barbera et al. (2023) (where the domain is not restricted to problems admitting strict Condorcet winners).

Regarding the literature on strategy-proof preference aggregation, Bossert and Storcken (1992) were the first to study incentive-
compatibility in the Arrovian setting. Working within the Kemeny framework, they established an impossibility result involving the
much stronger property of group K-SP, ontoness and a relatively esoteric invariance property of extrema independence. More recently,
Bossert and Sprumont (2014) proposed the notion of betweenness strategy-proofness (Btw-SP), according to which misreporting cannot
lead to an outcome that is between the one obtained under truthful reporting and the agent’s own preferences. This property amounts
to requiring that the truthful social ordering not be unambiguously dominated by the one produced under misreporting and is thus a
necessary, but weak standard of non-manipulability. Bossert and Sprumont (2014) identified a number of rules that satisfy Btw-SP, and

4 For a general number of agents, May’s characterization encompasses for multi-valued rules and substitutes strategy-proofness with an intuitive monotonicity
requirement known as positive responsiveness.
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axiomatized a few of them on the basis of Btw-SP and other properties. Building on these results, Athanasoglou (2016) demonstrated
that all rules identified in Bossert and Sprumont (2014) violate K-SP. Harless (2016) and Athanasoglou (2019) investigated the
interplay of Btw-SP with various solidarity properties.

Since Arrovian aggregation with Kemeny preferences admits a graph-theoretic interpretation, our work shares some parallels with
the literature on single-peaked preferences and strategyproof facility location (Moulin, 1980; Barbera et al., 1997; Schummer and
Vohra, 2002; Aziz et al., 2021). In these settings, so-called generalized median (or phantom) voter mechanisms are often characterized
with strategyproofness and efficiency criteria. While related to voting-by-committees, these sorts of median voter mechanisms are
not well-defined in the Arrovian context and thus not directly relevant.

Paper outline The paper is organized as follows. Section 2 introduces the model. Section 3 explores the incompatibility of anonymity
and neutrality, states May’s Theorem for two alternatives and defines our notions of efficiency and strategy-proofness. Section 4
drops anonymity and explores the possibilities of neutrality and our basic properties of strong unanimity and K-SP. It characterizes
semi-dictator rules for two agents, and generalizes this class to arbitrary numbers of agents and alternatives while maintaining its
properties. Section 5 drops neutrality and explores the possibilities of anonymity and our basic properties. For three alternatives,
we define two families of rules which satisfy our basic properties and anonymity. For four alternatives and two agents, we provide
the computer-aided solution for the existence of a rule satisfying our basic properties and anonymity. Section 6 provides for three
alternatives and three agents a characterization of median rules with tie-breaking by strengthening strong unanimity to preference
selection. Section 7 concludes. The Appendix contains all proofs omitted from the main text.

2. Model

Let A={ay,...,a,} denote a finite set of m > 2 alternatives and N = {1,...,n} a finite set of n > 2 agents. Let R denote the set of
orderings of A (i.e. complete, reflexive, antisymmetric, and transitive binary relations). Each agent i € N has a preference relation
R; € R over A. We interchangeably write aR;b and (g, b) € R; to denote that agent i finds alternative a at least as good as alternative
b. For each B C A, let R(B) denote the set of orderings over B. For all R € R, the ordering —R is defined such that for all a,b € A
with a # b, (a,b) € R if and only if (b,a) € —R.

A (preference) profile Ry = (R,,...,R,) is an n-tuple of orderings, representing the preferences of all agents in N. The set of
preference profiles is denoted by R™. Given R € R and B C A, let R| denote the restriction of R to B, and Ry|z= (R ilB)jen- If
a€ B and a R; b for all b € B, then we say that a is the most preferred alternative of R; in B.

For convenience, we often denote an ordering by listing the alternatives from left to right in increasing rank (where the first
ranked alternative is the most preferred one in A). Thus, if we write R = a,a,...a,,, then alternative g, is ranked first, a, second, and
so on. When the ordering of only the first ¢ positions of R is relevant, we write a,...q,... to mean that the ordering of the remaining
positions can be arbitrary.

A rule is a function f : RN — R. A rule f is dictatorial if there exists i € N such that for all R N E RN we have f(R N =R A
rule f is constant if f(Ry)= f(R;V) for all Ry, R?V € RN. A choice rule is a function ¢ : RN — A.

3. Definitions and preliminary results

In this section we explore the existence of rules satisfying anonymity and neutrality. For more than two alternatives, we show
for many instances we have non-existence, whereas for two alternatives with an odd number of agents we have existence by May’s
Theorem. Dropping either anonymity or neutrality, we would like rules to satisfy in addition efficiency and strategy-proofness notions,
and define three of them for each, from weak to strong. The strongest non-manipulability notion will be Kemeny strategy-proofness,
which will then be explored together with either neutrality or anonymity in two subsequent sections.

3.1. Anonymity and neutrality

How might rules incorporate a concern for fairness? Two properties, which are intuitively appealing, are anonymity and neutrality.
Anonymity requires that a rule be invariant to reshuffling agent identities. Formally, let 6 : N — N denote a permutation of N.
For each profile Ry, € RV, let R, vy = (Ry(1)s s Ry(y) denote the profile where agents have been relabeled according to o.

Anonymity. For each Ry € RN and each permutation ¢ of N, f(R N) = F(Ryn))-

Thus, anonymity ensures that the identity of agents does not affect the outcome of the rule. It excludes dictatorial rules from
consideration.

A second fairness property focuses on the identity of alternatives (and not agents) and requires that the rule does not systematically
favor one alternative over another. Formally, let 7 : A — A be a permutation of A. For each R € R, let 7R € R be the ordering such
that for all a,b € A, z(a) R #(b) if and only if a R b. For each Ry € RN, let 7Ry =(#Ry,...,TR,).

Neutrality. For each Ry € RN and each permutation r of A,
f(@Ry)=xnf(Ry).
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Neutrality ensures that all alternatives are treated equally. If it holds, the rule cannot discriminate either for or against a particular
alternative. It excludes constant rules from consideration.

While anonymity and neutrality are seemingly mild requirements, they are generally incompatible.®> The existence of an anony-
mous and neutral rule will depend on the values of n and m, the number of agents and alternatives. Theorem 1 provides a necessary
and sufficient condition to this effect. The proofs of all results are relegated to the Appendix.

Theorem 1. Let |A| = m and |N| = n. Then there exists an anonymous and neutral rule if and only if all prime factors of n are strictly
greater than m.

Theorem 1 implies that, regardless of the number of alternatives, anonymity and neutrality are incompatible if the number of
agents is even (since two is a prime factor of any even number). Thus, anonymity and neutrality are compatible for a relatively small
set of problem instances. The proof of Theorem 1 is a straightforward adaptation of an earlier result by Moulin (1983) that applies to
choice rules (Theorem 1 of Moulin, 1983). Nevertheless, it is worth noting (albeit unsurprising) that the incompatibility of neutrality
and anonymity is more acute for aggregation rules than it is for choice rules. This is due to the combination of two facts (see Problem
1 of (Moulin, 1983, p. 25)): (1) the existence of a neutral and anonymous choice rule is equivalent to the condition that m cannot
be written as the sum of the nontrivial divisors of n and (2) if m cannot be written as the sum of the nontrivial divisors of n then all
prime factors of n are strictly greater than m, whereas the opposite direction does not hold.

3.2. Two alternatives: May’s theorem

Theorem 1 establishes that for the majority of problem instances, it is impossible to satisfy both anonymity and neutrality. When
m =2 and n is odd, however, this incompatibility becomes less stark and May’s Theorem (May, 1952), a classic result in social choice,
provides an important possibility result. Again, if n is even, anonymity and neutrality are incompatible regardless of m.

To state May’s Theorem, we need to formally define strategy-proofness. Given Ry € R" and R; € R, the notation (Rl’.,R_,.)
denotes the profile that is identical to Ry except that the preference of agent i is equal to R]. Minimal strategy-proofness (Min-SP)
ensures that it is impossible to obtain an outcome that is exactly identical to one’s preferences, unless truthtful preference revelation

yields the same result.
Minimal strategy-proofness (Min-SP). There do not exist Ry € RN,ieN, R,’. € R such that f (R,’,, R_)=R; # f(Ry).

Min-SP is the absolute weakest possible standard of strategy-proofness in the preference aggregation framework. However,
when m =2 there is no difference between Min-SP and stronger notions of non-manipulability.® The literature also studies non-
manipulability by groups for two alternatives, see Barbera et al. (2012) and Manjunath (2012) among others. For two alternatives
and an odd number of agents, the majority rule chooses for any profile the relation which is possessed by a majority of agents.

Theorem 2. (May’s Theorem May, 1952). Let |A| = m =2 and |N| = n be odd. Then majority rule is the only rule satisfying anonymity,
neutrality and Min-SP.

When m =2 and n is even, anonymity and neutrality are incompatible by Theorem 1. The classical version of May’s Theorem
deals with this issue by allowing for multi-valued rules, in which case the anonymity-neutrality tradeoff vanishes.” By contrast, we
insist on single-valued rules and we examine how May’s Theorem is modified when we drop either anonymity or neutrality. To this
end, we define the following two families of rules.

Definition 1. Let A = {a,b}. A rule f is a quota-majority rule if there exists an integer ¢, € {0,1,...,n} such that, for all Ry € RN
we have f(Ry)=abif |{i€ N : R;=ab}|>q, and f(Ry)= ba otherwise.

Definition 2. Let A = {a,b}. Arule f is a collegial-majority rule if there exists a set 7 C 2" satisfying

@) forall T,T' €T wehave TCT' =T =T' and
(ii) for all T c N, we have [Tl CT forsome T} € T] & [T NT' #@ forall T € T],

such that for all Ry € RN we have f(Ry) = ab whenever there exists T € 7 such that T C {i € N : R; =ab} and f(Ry) = ba
otherwise.

5 Note that no such incompatibility exists when rules are not strict, i.e. when their image is expanded from R to the set of subsets of R (see, e.g., Young and
Levenglick, 1978).

® For two alternatives, any choice function selecting for each profile a unique alternative corresponds to the rule choosing for this profile the strict relation where
the selected alternative is preferred over the non-selected alternative.

7 Indeed, May’s Theorem is originally formulated as a characterization of majority rule on the full domain with anonymity, neutrality, and a monotonicity property
referred to as positive responsiveness.
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Proposition 1 demonstrates how May’s Theorem is modified when either neutrality or anonymity are dropped from the list of
requirements a rule should satisfy.

Proposition 1. Let |[A| =m =2.

(i) (Moulin, 1983) Quota-majority rules are the only rules satisfying anonymity and Min-SP.
(i) (Moulin, 1983) Collegial-majority rules are the only rules satisfying neutrality and Min-SP.

3.3. Efficiency and strategy-proofness

In the preference-aggregation framework, combining either anonymity or neutrality together with Min-SP imposes very weak
constraints on acceptable rules (and by Theorem 1 we will not impose both anonymity and neutrality). For example, constant rules
choosing always the same preference are anonymous and Min-SP, and dictatorial rules are neutral and Min-SP.

Constant rules ignore agents’ preferences and violate efficiency requirements. We formulate three efficiency notions, in increasing
order of strength. The first is self-explanatory.

Unanimity. For all Ry € RN and all R e R, if R;,=Rforallie N then f(Ry)=R.

Our second notion of efficiency relies on the concept of betweenness.

Definition 3. Given orderings R,R’,R"” € R, R’ is between R and R”, denoted by R’ € [R,R"], if Rn R"” C R’ (where for all
a,b€ A, aRb& aR"b < (a,b) € RN R").

It is rational to posit that if R" # R” and R’ € [R;, R”], then agent i with preferences R; has unambiguous preference for R’ over
R". For every ordering R € R, this binary relation on R is reflexive, transitive, anti-symmetric but not complete.® We refer to it as
the betweenness extension applied to R.

Betweenness Efficiency. There do not exist Ry € RN and R’ € R such that R’ € [R;, f(Ry)] foralli e N and R # f(Ry).

Strong Unanimity. For all Ry € RY, [ R, C f(Ry).
ieN

A rule satisfies betweenness efficiency if it selects an ordering such that there exists no other which all agents find unambiguously
better. By contrast, strong unanimity applies to preference profiles in which there is unanimous agreement over individual binary
comparisons. When such unanimous consensus is present, strong unanimity requires the rule to follow it. First discussed by Arrow
(1963), strong unanimity implies betweenness efficiency (Footnote 11 in Harless, 2016) but not the other way around. A few previous
papers have used the term “strong efficiency” to refer to strong unanimity (Harless, 2016; Athanasoglou, 2019).°

We now address the vulnerability of a rule to strategic manipulation in a way that strengthens Min-SP. The first concept we
introduce draws from the betweenness relation.

Betweenness strategy-proofness (Btw-SP). There do not exist Ry € RN ieN, R,’, € R such that f (R;, R_)) €[R;, f(Ry)] and
F(RLR_)# f(Ry).

A rule is Btw-SP if, by misreporting one’s preferences, it is not possible to obtain an outcome that is unambiguously better than
the outcome under truthfulness. Evidently, Btw-SP is a nontrivial strengthening of Min-SP. As Example 1 illustrates, there do exist
“unappealing” rules that satisfy neutrality, strong unanimity and Min-SP but not Btw-SP. A more complex example with anonymity
instead of neutrality can be found in the Online Appendix B.

Example 1. Let A = {a,b,c} and | N| > 3. Define the rule f as

(R, ifR =R,
f(RN)_{R3 otherwise. m

This rule is easily seen to be neutral and strongly unanimous. We now show that it is Min-SP but not Btw-SP. If i ¢ {1,2,3}, agent i
has no effect on f. If i € {1,2}, there exists no Rl’. # R; such that f(Ry)# R; and f(R;, R_;))=R;. If i =3, then f(Ry)# R, implies
that R; = R,. Thus f(R], R_;) = R| = R, for any deviation R] # R;. So, f is Min-SP. To show that it fails Btw-SP consider the profile
(R, Ry, R3) = (abc,bac, cba). We have f(Ry) = cba. Let R’l = bac. Then f(R’l , Ry, R3) = bac € [abc, cba], which results in a violation
of Btw-SP.

8 It is incomplete because, given any R € R, there will exist multiple pairs of orderings R’, R” that satisfy RN R” ¢ R’ and RN R’ ¢ R'.

9 The above efficiency requirements, together with neutrality and Min-SP, are trivially satisfied by dictatorial rules. The Online Appendix presents a non-dictatorial
rule that satisfies neutrality and Min-SP but violates betweenness-efficiency and thus also strong unanimity. Hence, the efficiency requirement of strong unanimity
provides a meaningful check against neutral and Min-SP rules that are very inefficient.
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Beginning with the work of Bossert and Sprumont (2014), various rules have been found to satisfy Btw-SP, and it has formed the
basis of various characterizations (Bossert and Sprumont, 2014; Athanasoglou, 2019; Harless, 2016). Though stronger than Min-SP,
this property still provides a relatively weak notion of non-manipulability.

While Btw-SP is a useful benchmark for strategy-proofness, the incompleteness of the betweenness relation diminishes its impact.
Indeed, if two orderings are incomparable, then we cannot say whether a preference misreport is profitable or not. Therefore, we
search for a way to capture preferences over orderings that is consistent with betweenness when the latter produces clear results, but
that also yields a complete relation. To this end, we follow a two-stage approach. First, we determine a way to measure the distance
between two orderings. Second, we employ this concept of distance to propose a way of ranking orderings in R.

To guide the first part of our exercise, we require three basic requirements that a distance function on R should satisfy: (i) metric
conditions, (ii) consistency with betweenness'®; and (iii) invariance to relabeling of the alternatives. Improving on the classic result
of Kemeny and Snell (1962), Can and Storcken (2018) showed that properties (i)-(ii)-(iii) together with a normalization requirement
that the minimal non-zero distance equals one uniquely characterize the Kemeny distance (Kemeny, 1959), a well-known metric in
the space of orderings. For completeness, we provide their characterization below.!! The formal definition follows.

Definition 4. Given two orderings R, R’ € R, let D(R,R’)=(R\ R’) U (R’ \ R). The Kemeny distance between R and R’, denoted
by 6(R, R'), is defined as 6(R, R') = [2RL.

In words, §(R, R') is the number of alternative pairs on whose relative ranking the two orderings disagree. For example, if R = abc
and R’ = cab, then R\ R’ = {(a,c),(b,c)}, R"\ R={(c,a),(c,b)} and 6(R,R") =2.

Theorem 3. [Can and Storcken (2018)] Let function a : R X R — R denote the distance between two orderings. Then « is the Kemeny
distance if and only it satisfies the following four conditions:

Condition 1. (Metric conditions). For all R, R’, R” € R, we have:

(i) Non-negativity: «(R, R') > 0.

(ii) Identity of indiscernibles: a(R, R") =0 if and only if R=R’.
(iii) Symmetry: «(R, R') = a(R’, R).
(iv) Triangle inequality: «(R, R") < a(R,R') + a(R', R").

Condition 2. (Betweenness). For all R, R', R"" € R such that R’ € [R, R""] we have a(R, R") = a(R, R") + a(R’, R"").
Condition 3. (Neutrality). For all R, R’ € R and all permutations = on A, we have a(R, R') = a(zR,zR’).
Condition 4. (Normalization). min{a(R,R") : R#R'}=1.

With Definition 4 in mind, every ordering R € R induces a complete, reflexive and transitive binary relation on R, the Kemeny
extension applied to R, whereby orderings are ranked on the basis of their Kemeny distance to R. The smaller this distance, the
more preferred is the ordering. This binary relation stipulates that two Kemeny-equidistant orderings from R are indifferent for an
agent with preference R.!?

Given any R € R, it is easy to verify that for all R’, R” € R such that R’ # R", if R’ € [R, R"], then §(R,R") < (R, R"). Thus,
the Kemeny extension of a preference preserves the betweenness relation.'>

We now introduce the incentive-compatibility property based on the Kemeny extension.

Kemeny strategy-proofness (K-SP). There do not exist Ry € R",i € N, R] € R such that §(R;, f(R], R_))) < 5(R;. f(Ry))-

A rule is K-SP if no misrepresentation yields an outcome which is more preferred according to the Kemeny extension (applied to
the deviating agent’s preference) than the one obtained under truthfulness.'* In other words, K-SP ensures that by misreporting, no
agent can obtain an outcome that is closer to his true preference according to the Kemeny distance.

10 In the sense that if R’ € [R, R"], then the distance from R to R” is equal to the sum of the distance or R to R’ and the distance of R’ to R”.

11 In a recent contribution, Nishimura and Ok (2023) proposed and axiomatized an alternative class of semimetrics for acyclic preference relations. In contrast to
the Kemeny metric, these semimetrics are directly motivated by their implications for choice behavior. The most prominent member of this class is the “top difference
semimetric,” which uniquely has the added feature of being interpretable as a weighted version of the Kemeny metric (instances of which were studied in Can, 2014
and Hassanzadeh and Milenkovic, 2014).

12 Qur restriction of the set of preferences over orders, although natural, may not be the only possible one. Other ways to obtain preferences over orders from a
“true” order appear in Amorés, Corchén, and Amorés et al. (2002) and Amords (2009) among others.

13 Despite its simplicity and desirable properties, the Kemeny extension can sometimes yield implications that are at odds with menu-based choice behavior (see Ex.
1.1 in Nishimura and Ok (2023) for a simple illustration). We should thus be aware of its limitations as we use it to define a stronger standard of strategy-proofness.

14 In what follows, and in a slight abuse of grammar, we use the acronym K-SP to denote both “Kemeny strategy-proofness” as well as “Kemeny strategy-proof”.
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Since the Kemeny extension preserves the betweenness extension, K-SP implies Btw-SP. In fact, it strengthens the latter prop-
erty significantly: none of the known nontrivial Btw-SP rules satisfy it, unless the number of alternatives is restricted to three (see
Athanasoglou, 2016 and Section 4). Along related lines, Bossert and Storcken (1992) established an impossibility result involving
the much stronger coalitional version of K-SP, ontoness, and a relatively esoteric invariance property to which they refer as extrema
independence.

Verifying whether K-SP is satisfied by a given rule can be difficult, as comparing orderings on the basis of their Kemeny distance
from a certain benchmark is not easy. Computer simulations are often needed to generate counterexamples, even for problem instances
of small size (Athanasoglou, 2016). For this reason, when investigating a rule’s K-SP, it would be helpful to restrict the set of preference
misrepresentations that need to be compared to truthful reporting.

One way of achieving this goal is by showing that small deviations from truthfulness are sufficient to adjudicate the rule’s K-SP.
Along these lines, a number of recent papers have focused on identifying necessary and sufficient conditions for the equivalence
between global and local measures of strategy-proofness (Sato, 2013; Kumar et al., 2021a,b). Since the results of those papers do
not readily apply to the Arrovian aggregation framework with Kemeny-based preferences, we explore the local-global equivalence
directly.

Before proceeding, we specify what we mean by local measures of strategy-proofness in our setting.

Local Kemeny strategyproofness (Local K-SP). There do not exist Ry € RN,i € N, R} € R such that 6(R;,R}) =1 and
8(R;, f(R],R_)) <5(R;, f(Ry))-

Thus, a rule is Local K-SP if by misreporting the order of a unique adjacent alternative pair, it is not possible to obtain an outcome
that is closer in Kemeny distance to one’s true preferences. Clearly, K-SP implies Local K-SP. The following result establishes that the
opposite holds as well, provided the rule also satisfies Min-SP, the weakest possible measure of global non-manipulability. Note that
Local K-SP does not imply Min-SP.'°

Proposition 2. If a rule satisfies Local K-SP and Min-SP, then it satisfies K-SP.

Proposition 2 will be a useful tool in establishing the K-SP of the rules we introduce in the next section as we only have to show
Min-SP and K-SP for deviations where the ordering of a unique adjacent alternative pair is reversed (instead of any deviation).

4. Keep neutrality - drop anonymity

In this section we explore strongly unanimous and K-SP rules that satisfy neutrality but fail anonymity. We are able to establish
a full characterization when the number of agents is two.

4.1. Two agents

We focus on the two-agent case and define a family of rules that forms the cornerstone of this section.
Definition 5. A two-agent semi-dictator rule is parameterized by the following two inputs:

(i) A semi-dictator i e N = {1,2}.
(ii) A position set P C {1,2,...,m — 1} satisfying for all distinct p,p’ € P, |p—p'| > 2.

Let Ry € RN. Without loss of generality, suppose that the semi-dictator i has preference R; = a,a,...a,,. The semi-dictator rule
chooses for Ry the ordering f"P)(R, ) whose k-th alternative is defined as follows: for all k € {1,2,...,m},

o [P %fkePand ag Rjay
fo (Ry)=1q aj_y, ifk—1€ PandaR;a_, (2)
a, otherwise,

where N = {i, j}.

A two-agent semi-dictator rule f>") produces an ordering that is identical to the preferences of the semi-dictator i except possibly
at the alternatives occupying ranks {p,p + 1} where p € P. In particular, given the semi-dictator’s preferences R; = a,q,....a,,, for
every position p € P, alternatives a, and a,,, | will be assigned rank either p or p + 1, in accordance with agent j’s preferences.

Fig. 1 illustrates a two-agent semi-dictator rule when m = 14, semi-dictator 1, P = {4,7,13} and R| =a,a,....a4.

It is important that any two distinct positions in the set P have distance greater than two as otherwise the two-agent semi-dictator
rule might be manipulated by the semi-dictator. We illustrate this below for five alternatives where either P = {1,3} or P ={1,4}.

15 We provide an example in the Online Appendix. We conjecture, but so far have been unable to prove, that local K-SP combined with some mild efficiency property
implies Min-SP. This would mean that, given mild efficiency requirements, local K-SP is equivalent to K-SP. Such a result would more closely align with the contribution
of Kumar et al. (2021b).
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R, = al]az a;|a, |ag |ag u;ﬂ4ﬂ9%m ““r‘” “X{HN
decided by decided by N = {1,2}, m=14|
agent 2 agent 2
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decided by
agent 2

Fig. 1. An illustration of a two-agent semi-dictator rule f = f-P with i =1, P ={4,7,13} and R, = a,a,....a;,. The rule applied to profile R produces a social
ordering that is identical to R;, except possibly at ranks (4,5), (7,8) and (13,14) where the relative order of adjacent alternatives is determined by agent 2’s preferences
R,. For example, if agent 2 prefers a5 to a,, a; to ag and a4 to a3, then f(Ry) = a,a,a;[asa,lagla,aglaga,ya, a;,[a,,a,3], where the brackets are added for emphasis.

Example 2. Let A= {a;,a;,a3,a4,a5} and N = {1,2}.

On the one hand, if i =1 and P = {1,3}, then the semi-dictator rule is not K-SP: let R| = a;a,a3a,4a5 and R, = a,a,a,a3as; then
FEP(R, Ry) = ayaya4a3a5 and 8(R,, fIP (R, Ry)) =2; for R| = ajazaya4a5 we have f"P)(R], R;) = R and 6(R,R}) = 1, and
agent 1 profitably manipulates from (R}, R,) via R’l.

On the other hand, if i =1 and P = {1,4}, then the semi-dictator rule is K-SP. Consider first agent 1. Let R; = a;a,a3a4a5 and
R, be arbitrary. Then by definition, 6(R;, f(LP) (R, Ry)) < 2. If 6(R,, fP)(R;, R,)) < 1, then it is easy to see that agent 1 can-
not manipulate. Thus, let 6(R,, f("P)(R,, R,)) = 2. Now agent 1 cannot manipulate by pushing a, or a, to fourth or fifth position
in his deviation R'1 as then 6(Ry, f a.p )(R’I,Rz)) > 2. Similarly agent 1 cannot manipulate by pushing a, or as to first or second
position in his deviation. Now in the deviation R’1 either the first two ranked alternatives are {a,a,} or the last two ranked al-
ternatives are {ay,as}. Then when aj is ranked third we have fU"P)(R], Ry) = f("")(R,, R,), when aj is ranked first or second
we have f(l*P)(R’l, Rl {apa5) = FOPU(R,, Ry {a,.05) and 6(R1,f(1’P)(R’1, R,)) > 2, and when aj; is ranked fourth or fifth we have
FEPR R (4 ayy = LD Ry, Ry (4, .0,y and 8(Ry, fEPI(R, Ry)) 2 2. Now consider agent 2. By misreporting his preferences,
this agent can at most change the relative order of a; and a, at the top of the ordering or the relative order of a, and a5 at the bottom
of the ordering, or both. Since these relative orders are, by definition, consistent with agent 2’s preferences, we may immediately
deduce that 5(R,, f (R, Ry)) < 8(R,, f (R, R;)) for any R’2 such that f(R, Ry) # f(Ry, R;). The detailed argument can be found in
the proof of Theorem 5.

Our first main contribution is the characterization of two-agent semi-dictator rules with strong unanimity, neutrality and K-SP.

Theorem 4. Let N = {1,2} and |A| =m > 2. A rule f satisfies strong unanimity, neutrality and K-SP if and only if f is a two-agent
semi-dictator rule.

The proof of Theorem 4 proceeds by establishing the characterization for m =3 and m =4, and then tackles the case m > 4 by
induction. The argument for m = 4 is particularly involved as it requires the careful examination of many different sub-cases.

For two alternatives, if both agents report the same preference, then by strong unanimity this preference is chosen by the rule;
and if the two agents disagree on the ranking of the two alternatives, then by neutrality always the same agent’s ranking is chosen
for all profiles, i.e. the rule is semi-dictatorial with empty position set (and K-SP is redundant).'®

4.2. More than two agents

Our second main contribution is to define the general class of semi-dictator rules and to show that they satisfy the properties of
Theorem 4. In doing so, we also identify the first nontrivial K-SP rule for an arbitrary number of agents and alternatives. Unlike the
two-agent case, a characterization of semi-dictator rules for general n and m remains elusive.

We begin by defining the concept of a committee, which plays a central role in the analysis. Committees and extensions thereof
(e.g., left-right coalition systems) have been studied extensively in a variety of models of social choice (Barbera, 2011).

Definition 6. A committee is a non-empty collection C of subsets of N satisfying the following two conditions:

(1) forall C,C'c N,wehave CeC&CcC’' = C’'eC and
(2) foral Cc N,wehave CeCs N\ C¢C.

16 We are grateful to Reviewer 2 for pointing this out to us for two alternatives.
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Fig. 2. An illustration of a semi-dictator rule f = f0-P©) with i =1, P ={4,7,13} and R, = a,a,....a;,. The rule applied to profile Ry produces a social ordering
that is identical to R,, except possibly at ranks (4,5), (7,8) and (13,14) where the relative order of adjacent alternatives: (i) {a,,as} is determined by majority rule
with ties broken against the semi-dictator; (ii){a;,ag} follows the semi-dictator’s wishes unless all other agents rank ag before a,; and (iii) {a,3,a,4} goes against the
semi-dictator’s wishes as long as both agents 2 and 4 prefer a4 to a,;.

Committees serve the following function in semi-dictator rules, which is reminiscent to the “voting by committee” procedure of
Barbera et al. (1991). Given any pair {a,b} C A, a committee C indicates the set of the so-called “winning coalitions” when deciding
the order of alternatives a and b. In particular, if the preference profile in question is such that the set of agents preferring a to b is
contained in C, then the semi-dictator rule will rank a before b. This procedure is well-defined since agents have complete preferences
over alternatives and the definition of committees ensures that C € C iff N\ C ¢ C.

Clearly, when m = 2, the voting by committees procedure is K-SP. The challenge is to design an aggregation rule that integrates
voting by committee when m > 3 in a way that does not lead to violations of transitivity and K-SP. This is exactly what semi-dictator
rules accomplish.

Definition 7. A semi-dictator rule is parameterized by the following three inputs:

(i) A semi-dictator i N.
(ii) A position set P C {1,2,...,m — 1} satisfying for all distinct p,p’ € P, |p—p'| > 2.
(iii) For each position p € P a committee C, on N \ {i}. Let C =C,|,cp denote the corresponding family of committees.

Let Ry € RN. Without loss of generality, suppose that the semi-dictator i has preferences R; = a,a,...a,,. The semi-dictator rule
chooses for Ry the ordering f @.P.O(R ~) whose k-th alternative is defined as follows: for all k € {1,...,m},

(i.P.C) Gt %kaPand {ieN\{i}: a R a} €C
[T Ry) =1 @y, ifk—1€Pand {je€N\{i}: ayR; a1} €C @
a, otherwise.

A semi-dictator rule f¢-"©) when applied to a profile Ry produces an ordering that is identical to the preferences of the semi-
dictator i except possibly at the alternatives occupying ranks {p,p + 1} where p € P. Given the semi-dictator’s preferences R; =
a,a,....a,, for every position p € P, alternatives a, and a,, | will be assigned rank either p or p + L. If the set of agents preferring a,
to a,, in profile Ry (i.e., the set {j e N\ {i}: a,R;a,, }) belongs to the committee C,, then alternative a, is assigned rank p
and Ay rank p + 1, consistent with the semi-dictator’s preferences; if not, Apyy is assigned rank p and a, rank p + 1, in contrast to
the semi-dictator’s preference. This procedure is well-defined because there is always a gap between pairs of adjacent alternatives
whose order is decided by committee —this is guaranteed by the requirement that if p,p’ € P such that p # p/, then |p — p’| > 2.
Furthermore, analogous to Example 2 it can be seen that the gap has to be greater than two as otherwise the semi-dictator might be
able to manipulate the rule.

Fig. 2 illustrates a semi-dictator rule when m = 14, semi-dictator 1 with R| =a,a,....a;4 and P = {4,7,13}. The structure of the
committees C4,Cy, C,5 is specified in the figure and its caption.

While semi-dictator rules are neutral, they are obviously not anonymous. A way of improving their fairness from the point of
view of the agents is by maximizing the number of alternative pairs to be decided by committees. Along these lines, the number of
alternatives pairs whose relative order is decided by committee can range from 0 (when the semi-dictator is in fact a dictator) to

["’THJ. If we wanted to constrain the semi-dictator’s power as much as possible ex-ante, we would choose a semi-dictator rule with

|P|= 2.
We now turn to the efficiency and incentive properties of semi-dictator rules. The main result we establish is the K-SP of all
semi-dictator rules. As mentioned earlier, Proposition 2 allows us to simplify the proof by focusing only on adjacent deviations from

truthful reporting.
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Theorem 5. Semi-dictator rules satisfy strong unanimity, neutrality and K-SP.

Remark 1. It is worth noting that semi-dictator rules can be generalized to allow for committees that depend not only on the position
set P, but also on the alternative pairs whose order the committee determines. In other words, we could define semi-dictator rules
where we introduce for each position p € P and unordered pair of alternatives {a,b} C A a committee C,({a,b}). The proof of K-SP,
detailed in Theorem 5, carries over to this more general setting. Of course, if we extend semi-dictator rules in this manner they
will fail to be neutral. Furthermore, for three agents and three alternatives we later establish in Proposition 4 that rules other than
semi-dictator rules satisfy strong unanimity, neutrality and K-SP.

5. Keep anonymity - drop neutrality

In this section we explore strongly unanimous and K-SP rules that satisfy anonymity but fail neutrality. In contrast to the previous
sections, we are not able to find a family of rules that satisfies these properties on the full domain. Instead, we establish possibility
results for the two special cases where there are three alternatives or there are four alternatives and two agents. We suspect, but have
been unable to prove, that there exists no strongly unanimous, anonymous and K-SP rule for general n and m.

5.1. Three alternatives

We begin by defining a set of orderings of the elements of R that will prove useful later on. Note that for all R € R, the ordering
—R is defined so that for all a,b € A such that a # b, (a,b) € R if and only if (b, a) € —R. Since we drop neutrality, the rules that will
be introduced in this section treat some alternatives (i.e. orderings) more favorably than others. Specifically, the rules are based on
an exogenous ordering of the alternatives, which we denote by >.

Definition 8. An ordering > of R is regular if, for all R € R, whenever R is ranked first by >, then for all R’, R” different than R
and —R and such that R” € [R’, R], we cannot have both —R> R’ and —R > R"'.

For example, if > is regular and ranks abc first, then we cannot have both cha > bac and cha > bca, and we also cannot have
both cha > acbh and cha > cab. An example of an ordering > that is regular is one that ranks orderings on the basis of their Kemeny
distance from a benchmark R (the smaller the distance, the higher the rank), with ties broken arbitrarily. We may call such an
ordering Kemeny-consistent.

We proceed by defining two families of rules that are known in the literature and play an important role in this section.

Definition 9. Let > be an ordering on R. For all Ry, € RN, let

K(Ry)=argmin ) 8(R, R,). “
RER [N
The >-Condorcet-Kemeny rule is defined as the aggregation rule which assigns to each R, € R" the ordering belonging to K(Ry)
ranked highest according to >.

Definition 10. Let > be an ordering on R. Rule f is the fixed-benchmark rule'” associated with > if, for all R N E RN,

f(Ry)=R where R2 (| R, and R> R’ forall R’ € R such that R' 2 [ ] R,. 5)
iEN iEN

Condorcet-Kemeny and fixed-benchmark rules are strongly unanimous, anonymous and Btw-SP (Bossert and Sprumont, 2014;
Athanasoglou, 2019). Since they use an exogenous ordering > on R to break ties, they violate neutrality.'®

Proposition 3 demonstrates that, when m = 3, any >-Condorcet-Kemeny and any >-fixed-benchmark rule will satisfy K-SP if and
only if the ordering > is regular.

Proposition 3. Let |A| =m=3.

(1) The >-Condorcet-Kemeny rule satisfies K-SP if and only if > is regular.
(2) The >-fixed-benchmark rule satisfies K-SP if and only if > is regular.

17 The literature refers to those rules as fixed-order status-quo rules. As we will use the term of status-quo later, we will refer to them here as “fixed-benchmark
rules”.

18 To be precise, fixed-benchmark rules are parameterized with a special kind of partial order on R that is referred to as conclusive (Athanasoglou, 2019). To avoid
uninteresting complications, we focus on fixed-benchmark rules which employ a full linear ordering >.
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Unfortunately, Proposition 3 does not extend to four or more alternatives. This was already known for Condorcet-Kemeny rules,
as Athanasoglou (2016) showed that all such rules will fail K-SP for m >4 and n > 5. As for fixed-benchmark rules, we show why
all of them will fail K-SP for m >4 and n = 12. Without loss of generality, suppose m =4 (as for m > 4 we let all agents rank m — 4
alternatives at the bottom identically) and suppose f is a >-fixed-benchmark rule such that > ranks abcd first. Consider the profile
Ry, with 12 agents where each agent has a different ordering and [,y R; = (d,a).'° Then there exists exactly one agent j such that
O(R;, f(Ry)) =5, eg., if f(Ry) = dabc, then this agent j has preference R; = cbda. Now, if agent j deviates to R; = abcd, then
f (R;, R_;)=abcd and 6(R j»abed) =4, a violation of K-SP. A similar argument works for any other >-fixed-benchmark rule.

5.2. Four alternatives and two agents

Below we focus on the case of four alternatives and two agents.

We begin by showing that even in such environments, both families of rules considered in Proposition 3 fail K-SP. We restrict
attention to Kemeny-consistent orderings > but suspect a similar reasoning to hold for any other > that are regular without being
Kemeny-consistent. Suppose f is a >-Condorcet-Kemeny rule or a fixed-benchmark rule where > is Kemeny-consistent with abcd
as the highest-ranked ordering (as we will see both rules yield identical outcomes in the following example). Consider the profile
(Ry, Ry) =(cbda,dabc), and suppose dabc > bcda so that f(R|, R,) = dabc?® and 6(Ry, f(R|, Ry)) =5. Then the deviation R’1 =chad
yields f(R’, R,) = abcd, leading to 56(R;, f(R', R,)) =4 and a violation of K-SP. Relabeling alternatives, we conclude that for all
Kemeny-consistent orderings > we can construct a two-agent problem where K-SP is violated for both types of rules.

The failure of the rules of Proposition 3 means that we have to search elsewhere for possible strongly unanimous, anonymous and
K-SP rules.

Theorem 6. Let N = {1,2} and |A| = m = 4. There exists a rule satisfying strong unanimity, anonymity and K-SP.

We established Theorem 6 by framing the existence of an anonymous, strongly unanimous and K-SP rule as an integer program and
obtained a computational solution in Matlab. All details are available in the Online Appendix in which the integer program and its
implementation in Matlab are described. An Excel file containing the output of all 576 profiles is included in the online Supplementary
Material.

The calculated family of rules satisfying the desired properties have the following characteristics:

1. Alosing alternative (say a) is identified and placed as low as possible in the society’s ranking subject to respecting strong unanimity.
For example, for any R € R, f(R,—R) always places the losing alternative a at the bottom.
2. All other alternatives are treated symmetrically in the sense that they have identical rank-frequency vectors as detailed below.

If we evaluate the rule at all possible ((4!)? = 576) profiles, we obtain the following rank-frequency matrix (see Table 1):

Table 1

Cell [x, k] indicates the number of pro-
files in which alternative x is ranked
kth by the rule. Here alternative a is
the losing alternative.

1 2 3 4

36 84 156 300
180 164 140 92
180 164 140 92
180 164 140 92

IS}

[SAEESNSH

The calculated rule has the following features. When both agents rank the same alternative at the bottom, then by strong unanimity
this alternative is ranked at the bottom by the social ordering. Now when considering the subdomain where both agents rank the
same non-losing alternative at the bottom, say d, then the rule restricted to the other three alternatives is a rule satisfying strong
unanimity, anonymity and K-SP. It turns out that those rules are “fixed-status-quo rules with tie-breaking”. This also applies to the
subdomains where both agents rank the same non-losing alternative at the top (and by strong unanimity this alternative is at the top
of the social ordering). We define below such rules.

Example 3. Let N = {1,2} and A = {a, b, c}. Fix a status-quo ordering R, say R, = cba. The R,-fixed-status-quo rule with tie-breaking
f makes the following choice for any profile Ry = (R;, R,) € RN:

() if N;ey Ri C Ry then f(Ry) = Ry;

19 Note that there are 6 orderings ranking d first, there are 4 orderings ranking d second and above a, and there are 2 orderings ranking d third and above a.
20 If beda > dabc, then we repeat a similar reasoning for the profile (dach, beda).
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adc acd adb abd acb abc
dac cad dab bad cab bac
DCA cda dba BDA CBA bea
R? for FixBot [21] +[23] +[27] R for FixBot [36] + [38] + [42] R for FixBot [51]+ [53] + [57]
adc acd adb abd acb abc
dac cad dab bad cab bac
dca CDA DBA bda cba BCA
R, for FixTop [21]+[23] +[27] R, for FixTop [36] + [38] +[42] R, for FixTop [51] + [53] + [57]

Fig. 3. Fixed-status-quo orderings (indicated in capital letters) when both agents rank a non-losing alternative at the bottom or at the top. Any two adjacent orderings
in the hexagon differ by switching the ordering of two adjacent alternatives. For the first hexagon, both agents rank alternative b at the bottom. The numbers refer to
the Excel file and the column FixBottom/FixTopProfiles.

(i) if (;en Ri € Ry and R € [R, R,], then f(Ry)=Ry;
(iii) if (V;en Ri € Ry and Ry € [Ry, R(], then f(Ry) = Ry; and
(iv) otherwise, we have either [R, = ach& R, = bac] or [R| = bac & R, = acb] and set f(Ry) = bac.?!

It is obvious that f satisfies strong unanimity and anonymity, and one can also check K-SP.

Indeed, the rule described in Example 3 is the fixed-status-quo rule with tie-breaking when both agents rank the non-losing
—d
alternative d at the bottom. Let R? denote the fixed-status-quo ordering when both agents rank d at the bottom, and R, denote the
—d
fixed-status-quo ordering when both agents rank d at the top. Then, for the rule we found, it holds that Eg = cba and R = bca,

—d
i.e. a is ranked as low as possible by Bg and R, and the order of b and c is reversed for those two fixed-status-quo orderings. This
pattern is confirmed as it holds for any non-losing alternative and we detail all the fixed-status-quo orderings when both agents rank
a non-losing alternative at the bottom or at the top (see also Fig. 3).

—b
=dca Ry=cda
=bda Ry=dba. ©

= ==

—d
cba Ry =bca
Note also the following: the non-losing alternatives are ranked in a cycle by the fixed-status-quo orderings where a non-losing alter-

native is ranked at the bottom as Bg ranks d before ¢, Rj ranks b before d, and Bg ranks ¢ before b. Now the reverse holds for the

fixed-status-quo orderings where a non-losing alternative is ranked at the top.
Conversely, a “rotating-status-quo rule with tie-breaking” appears when both agents rank the losing alternative a at the bottom.
Then the rule makes the following choices:

f(beda,dcba) = cdba, f(bdca,cdba)=dbca and f(cbda,dbca) = bcda. 7

Now the same applies to the subdomain where both agents rank the losing alternative at the top (and by strong unanimity this
alternative is at the top of the social ordering). That is, we again have a “rotating-status-quo rule with tie-breaking”, with the
difference that the rotating status quo is the opposite of the one where the losing alternative is ranked at the bottom, i.e.

f(abed,adcb) = abdc, f(abdc,acdb)=achd and f(acbd,adbc) = adch. 8)

21 More precisely, R; is chosen if the third ranked alternative of R; and the first ranked alternative of R, coincide.
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bdc bed bdc bed bdc BCD
dbc cbd DBC cbd dbc cbd
dcb CDB dcb cdb dcb cdb
f(beda,dcba) = cdba for FixBot [6] f(bdca,cdba) = dbca for FixBot [8] f(cbda,dbca) = beda for FixBot [12]
BDC bed bdc bed bdc bed
dbce cbd dbe CBD dbc cbd
dcb cdb dcb cdb DCB cdb
f(abed, adcb) = abdc for FixTop [6] f(abdc,acdb) = acbd for FixTop [8] f(acbd, adbc) = adcb for FixTop [12]

Fig. 4. Rotating-status-quo rules with tie-breaking where both agents rank a at the bottom or at the top. The outcomes are indicated in capital letters while italic
letters are used for preferences, and the numbers refer to the table in the online Excel file.

We indicate the outputs of (7) and (8) in Fig. 4. The output of the rule and its complete formal definition are given in the Excel file
contained in the online Supplementary Material section (but can also be derived from the previous results using strong unanimity
and K-SP).?? We also give the formal definition of the rule below. For any profile Ry € RY,

if R, N R, N {(a,b),(a,c),(a,d)} =@, then f(R) = F Rl (pea1a: Ryl (peaya) (e the outcome of the rule is the same as for the
profile where a is pushed to the bottom for both agents and the rotating-status-quo rule with tie-breaking given by (7) is used);
if Ry N Ryn{(a,b),(a,c),(a,d)} ={(a,x)} (where x € {b,c,d}), then f(R)= f(R, |A\(x}x,R2|A\(x)x) (i.e. the outcome of the
rule is the same as for the profile where x is pushed to the bottom for both agents and the Rj-fixed-status-quo rule given by (6)
is used);

if R; N Ry N {(a,b),(a,c),(a,d)} = {(a,y),(a,2)} (where {b,c,d} ={x,y,z}), then f(R) = f(xR;|a\(x}»XRo| a\(x}) (€. the out-
come of the rule is the same as for the profile where x is pushed to the top for both agents and the ﬁg -fixed-status-quo rule given
by (6) is used); and

if Ry N Ry N {(a,b),(a,c),(a,d)} ={(a,b),(a,c),(a,d)}, then both agents rank a first and f(R) is the outcome of the rotating-
status-quo rule with tie-breaking given by (8) where both agents rank a first.

The rule f satisfies strong unanimity, anonymity and K-SP (for two agents and four alternatives).
6. Preference selection

In May’s theorem, the rule always chooses a preference of one of the agents. The same holds for the median voter rule choosing
always the peak of one of the agents (and by Black, 1948 theorem in symmetric single-peaked environments the median voter’s
preference is the majority relation). The property below adapts the one of “peak selection”, often used in problems with a single
public good, to our context.

Preference selection: For all Ry, € RN, we have f(Ry) € {R;,...,R,}.

Preference selection also corresponds to the fact that always a member of the society shall be chosen to represent the social
preference. Again this is in the vein of macroeconomics where the representative consumer shall be a member of the society. Note
that preference selection implies strong unanimity and betweenness efficiency.

On the one hand, preference selection, neutrality and K-SP are compatible as dictatorial rules satisfy all these properties.

On the other hand, we present two impossibility results for preference selection in conjunction with anonymity and K-SP. In other
words, if always some agent is chosen to represent society, then either anonymity or K-SP is violated.

22 For instance, if R, = dcba, then (i) for R, = dbca by strong unanimity we have f(dcba,dbca) € {dbca,dcba}, and by K-SP and f(bdca,cdba) = dbca we obtain
f(dbca,dcba) = dbca, (ii) for R, = bdca we have f(dcba, bdca) = dbca from K-SP and f(bdca,cdba) = dbca, and (iii) for any R, # bdca,dbca, f(R,, R,) is determined
by K-SP and f(dcba,bcda) = cdba.
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acb abc

cab bac

cba bca

Fig. 5. For three alternatives, the preferences abc, cab, and bca are K-equidistant from each other as §(abc, cab) = 6(abc, bca) = 6(cab, bea) = 2, and similarly for acbh,
bac, and cha. Profiles are triangular (or belong to /\) if the three reported preferences are K -equidistant from each other.

Theorem 7. Let m > 3 and | N | be even. There exists no rule satisfying preference selection, anonymity and K-SP.
Theorem 8. Let m > 4 and | N | be a multiple of 3. There exists no rule satisfying preference selection, anonymity and K-SP.

Note that the above two theorems exclude situations where there are both three alternatives and three agents. In this case, it
turns out that preference selection and K-SP together with either neutrality or anonymity characterize families of rules which are
reminiscent to Black’s median rules. In other words, then it is possible to choose a representative agent while assuring K-SP and either
neutrality or anonymity.

For three alternatives and three agents we denote by /\ the triangular profiles where agents’ preferences are K-equidistant from
each other (e.g. (abc, cab, bca)), as illustrated in Fig. 5. Triangular profiles correspond exactly to the ones where no Condorcet winner
exists, i.e. there is no x € A such that for any y € A\{x} at least two agents strictly prefer x to y. Note that there are 12 triangular
profiles and neutrality divides them into two sets of 6 profiles, i.e. /A = /A’ + /\” where /\’ contains (abc, cab, bca) and all profiles
obtained from it by permuting alternatives, and where /\" contains (ach, bac,cha) and all profiles obtained from it by permuting

~ ) A N
alternatives. Similarly anonymity divides /\ into two sets of 6 profiles, i.e. /A =/\ +/\ where /\ contains (abc,cab, bca) and all

Al
profiles obtained from it by permuting agents, and where /\ contains (ach, bac, cha) and all profiles obtained from it by permuting
agents.

Proposition 4. Let N ={1,2,3} and A ={a,b,c}.

(i) A non-dictatorial rule f satisfies preference selection, neutrality and K-SP if and only if there exist i, j € N (where i = j is possible) such
that for all Ry € /', f(Ry) =R, fordll Ry € A", f(Ry)=R;, and for all Ry, € RN\ /\, the median is chosen, i.e. f(Ry)=R;
if R, € [Rj, R, ] (where N = {i, j,k}) and [Rj,Rk] is the unique shortest path from R; to Ry to which R; belongs to. In this case, we
say that f is median rule with agent-based tie-breaking.

(ii) Arule f satisfies preference selection, anonymity and K-SP if and only if there exist I% € {abc,cab,bca} and 1?6’ € {acbh, bac,cba} such

~Al ~ ~ N

thatforall Ry € A\, f(Ry)= Rg, fordlRy e A\, f(R)= Rg, and for all Ry, € RN\ /\, the median is chosen, i.e. f(Ry)=R,;
if R, € [Rj, R, ] (Where N = {i, j,k}) and [Rj,Rk] is the unique shortest path from R; to R to which R; belongs to. In this case, we
refer to f as a median rule with preference-based tie-breaking.

Remark 2. Proposition 4 is a possibility result for three agents and three alternatives where we keep either neutrality or anonymity
and always a strict preference order is chosen. Horan et al. (2019) and Barbera et al. (2023) keep both neutrality and anonymity
and obtain only conclusive results whenever Condorcet winners exist. When applied to triangular profiles, the correspondence of
Horan et al. (2019) selects all three alternatives. Moreover, Horan et al. (2019) obtain an impossibility in their Theorem 3 when
there are either (i) more than three agents and at least three alternatives or (ii) at least three agents and more than three alternatives.
Barbera et al. (2023) consider only single-valued choice functions and remain silent for profiles with no Condorcet winners. Now,
in Proposition 4, for any non-triangular profile a Condorcet winner exists and the chosen preference order puts this alternative first,
and second the Condorcet winner among the two remaining alternatives, which corresponds to the “Condorcet rationalization” in the
Appendix of Barbera et al. (2023).

In contrast to these two contributions we obtained possibilities for neutrality for any number of agents and any number of alter-
natives (Theorem 5), and for anonymity for any number of agents and three alternatives (Proposition 3).

Remark 3. A more general possibility result is obtained in the vein of Black (1948) by restricting both agents’ and society’s preference
orders to be single-peaked. More precisely, let A= {a,,...,a,,} be ordered according to their indices, i.e. a; < a, < -:- < a,,. Suppose
agent preferences are restricted to be single-peaked according to the order <, i.e. for any R;, for its most preferred alternative #(R;) € A
(the “peak” of R;), we have for all x,y € A, x <y <t(R;) or x > y > t(R;) implies #(R;)P,yP,;x. For an odd number of agents, there
exists a median of the peaks, denoted by m(R), meaning that more than half of the agents’ peaks are smaller than or equal to m(R) and
more than half of the agents’ peaks are greater than or equal to m(R). The society’s preference is restricted to be single-peaked with
peak m(R). In addition, preferences over alternative pairs with one left of m(R) and one right of m(R) are determined according to
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majority. Median rules satisfy anonymity, strong unanimity and K-SP. We refer to Ehlers and Storcken (2008) for a detailed analysis
of the class of Arrovian aggregation rules in single-peaked environments.

7. Conclusion

We study the problem of aggregating individual preferences into one preference representing society. Applications range from
electing an individual to represent the society to choosing the representative consumer of the economy. In such situations the collective
preference must possess the same properties as individual preferences and agents would like it to be “as similar as possible” to their
own preference.

One main motivation for our work comes from macroeconomics where individuals’ preferences (or the society’s preference) have a
representative consumer (who has preferences as an individual). Thus, if individuals’ preferences are strict, they should be aggregated
into a strict preference. Allowing indifferences on both sides (individual and society) is important but beyond the scope of this paper
and shall be studied in subsequent research. Similarly, restricting both individual and society’s preferences may result in possibilities,
which we included in a remark for single-peaked environments at the end of the section on preference selection, but similarly this
requires significant more research.

In such settings fairness is important. We explored the tradeoff between anonymity (where agents are treated equally) and neu-
trality (where alternatives are treated equally), two fundamental properties which are generally impossible to jointly satisfy. As basic
requirements we consider strong unanimity, an analogue of Pareto efficiency, and Kemeny strategy-proofness (K-SP), whereby any
agent prefers preferences which are closer to his own in terms of Kemeny distance. Dispensing with anonymity and keeping neutral-
ity, we proposed semi-dictator rules and showed they are the first non-trivial family to satisfy strong unanimity, neutrality and K-SP.
Furthermore, for two agents these properties characterize semi-dictator rules. Dispensing with neutrality and keeping anonymity,
we found a computer-aided solution to the existence of a rule satisfying strong unanimity, anonymity and K-SP when there are two
agents and four alternatives. For three alternatives and an arbitrary number of agents, we provided two families of rules satisfying
the desired properties. Finally, for three alternatives and three agents, we characterized median rules with tie-breaking via preference
selection, K-SP and either neutrality or anonymity.

When choosing the society’s preference, we must decide how to resolve the anonymity-neutrality fairness tradeoff. If the society
finds equal treatment of agents to be more important than equal treatment of alternatives, then neutrality should be dropped and
anonymity maintained; otherwise, the opposite should occur. Our results help to clarify the consequences of such a judgment call as
regards the design of efficient and strategy-proof aggregation rules.

An interesting avenue of future research would explore how various relaxations of neutrality affect the results of the paper.
Consistent with Bartholdi et al.’s (2021) and Kivinen’s (2024) treatment of anonymity, we could restrict the neutrality criterion to a
subset of alternative permutations. For example, we could substitute the full neutrality criterion with a weaker, “local” version that
focuses on pairs of alternatives. This form of local neutrality would only require that, for any pair of alternatives, if the identities of
two alternatives are flipped then their identities in the social orderings should also be flipped. Relaxing neutrality in this way holds
normative appeal and might lead to new possibilities.

Declaration of competing interest
None.
Appendix A
Below we provide all proofs of our results in the main text.

Proof of Theorem 1. The proof is a straightforward adaptation of the argument of Theorem 1 in Moulin (1983).
First we prove necessity. Suppose that n = k - p for some integers k and p such that p < m. We will show that no anonymous and
neutral rule exists. Consider the profile Ry satisfying (where bold fonts are added for clarity):

Ry =R, 1 =Rypy1 = o Rp—1)pr1 = 1030008, Ay .0,

R2 = Rp+2 = R2p+2 = ""R(k—|)-p+2 = a2....ap_1a1 ap+| ey
R3=R,13=Ry,3=".Rj_1)ps3 = A30.0,0103 A .0y,
R, =R, ,=Ryprp = Ry_1yprp = Qpayencly_1 Gy ...y,

Now define the permutation 7 : A +— A as follows>>:

2 Here mod, (k + 1) denotes the number modular to p, i.e. mod,(p+1)=1 and mod,(k + 1) =k + 1 if k <p.
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(= Mo+ ifkE (1.2, p)
o= k otherwise.

Simple algebrayields f(xRy) = f(R;(n)), where the permutationc : N — N isgivenby: forall/ € {0,...,k—1} andalli € {1,...,p},

o(lp+1i)=1Ip+mod,(i + 1).

Anonymity requires f(R,y)) = f(Ry) whereas neutrality requires f(zRy) = nf(Ry) # f(Ry). This contradicts f(zRy) =
SRy
We now prove sufficiency. Suppose every prime factor of n is greater than m. This means that it is not possible to write n =k - p
for some integers k, p such that p < m. We proceed by displaying a rule that is anonymous and neutral. Given a profile Ry and a € A,
define the quantity
I(Ry,a)=|{i € N : aranked last by agent i in profile Ry }|,

i.e., the number of agents who rank a last in profile Ry . In addition, given a profile Ry and B C A, define the
L(Ry.,B)={a€eB: a= argr;qaé(l(Rng,b)},
e

i.e., the set of alternatives attaining the maximum of function /(Ry |, ) over set B.

Suppose there exists B* C A with | B*| > 1 with the property that, for all a € B*, there exists the same number k* of agents ranking
alastin Ry . This implies that n = k* - | B’|, which, since | B’| < m, contradicts the stated hypothesis on n and m. Hence, for all B C A,
we have:

L(Ry,B)C B and {L(Ry,B)=B<|B|=1}.
As a result, given any B C A, the decreasing sequence
B, = B,
B,=B,_;\L(Ry.B,_;), t=1,2,...

will converge to a singleton for some 7 € {1,2,...,m}. We call this alternative a*(B).
Given a rule f and a profile Ry, let f; (Ry) denote the kth ranked alternative in f(Ry). Now, define the aggregation rule f/* as
the output of the following algorithm:

Input: Ry,

1. Initialize A, = A.

2. Fork=1,2,..m
(@) Set f(Ry)=a"(Ay_1) = ay.
(b) Set A, =A;_; \ g

Output: f*(Ry)=aa,...a,

The above algorithm is well-defined and terminates at k = m, since at every k the alternative a*(A4,_,) is well-defined. The rule
f* is anonymous and neutral. []

Proof of Proposition 2. Suppose rule f is locally K-SP and Min-SP but not K-SP. Then there exists an agent i and profile Ry =
(R;, R_;) such that 6(R;, f(R], R_})) < 6(R;., f(Ry)), for some R satisfying 6(R;, R}) > 1.

Denote f (R;, R_;) = R*. By Min-SP, f(R*,R_;) = R*. Suppose 6(R;, R*) =T — 1 and consider a shortest path between R; and R*,
which we denote {R; = R,R?,.. RT = R* }. To avoid cumbersome notation, let x’ = f(R', R_;) for all 7= 1,2, ..., T. By assumption,
we have x! = f(Ry) and xT = R*.

We will show by backwards induction that (R, x") < 6(R, R*) for all ¢. The induction basis t = T follows trivially because
xT = R*. Suppose §(R¥,x*) < §(R¥, R*) for all k=1, +1,...,T. By local K-SP at (R"~!, R_,) and the induction hypothesis applied to
k=t

SR XN <8R, x") <1+ 8(R',x") <1+ 8(R', R*) =5(R"™", R").

Thus, the induction step is complete, implying that §(R',x") < §(R’, R*) forall ¢ =1,2,..,T. When applied to ¢ = 1 this yields
6(R;, f(Ry)) <6(R;, R*), which is a contradiction to f(le, R_;)=R* and 6(R;, f(R;,R_I.)) <6(R;, f(Ry)). O

Proof of Theorem 4. Note that the (if) direction is a special case of Theorem 5 which we show later.
The proof of the (only if) direction proceeds in three steps.
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1. First, we prove the characterization when m = 3.
2. Then, we use Step 1 to prove the characterization for m = 4.
3. Using Step 2 as a base case, we prove the characterization for m > 4 by induction.

Step 1: The case m = 3.
Suppose N ={1,2} and A = {a,b,c}.
For the (only if) direction, let f satisfy the properties. Focusing on agent 1, we consider the following three rules.

(a) Forall Ry = (R;,R,) € RN, fO(Ry)=Ry; or
(b) Forall Ry with Ry = ajaya;3, f'(Ry)=(a, Ry,
(c) For all Ry with R, =ajaya3, f*(Ry)=(Ry],

ay.ay)) (Where Ryl oy denotes the restriction of R, to a, and a3); or

ay,a,193) (Where Ry |y, o v denotes the restriction of R, to a; and a,).
Denote the corresponding rules where agent 2 plays the role of agent 1 and vice versa by g°, g! and g2.

Recall that a profile Ry is opposite if R, = —R;. Consider f(abc,cbha), and without loss of generality, let f(abc,cbha) €
{ach,abc, bac}. If this is not the case, then focus on agent 2 and rules g%, ¢!, g% and apply similar reasoning. We distinguish be-
tween three cases.

1. f(abc,cba) = abc. Then by neutrality, for any opposite profile R, agent 1’s preference is chosen, i.e. f(R,—R)=R= fO(Ry)
for all R € R. Since f(R;,—R;) = R, for any choice of R, K-SP applied to agent 2 implies that, i.e., f(R,Ry) =R, = fO(Rl, R,)
forall R;,R, € R.

2. f(abc,cba) = acbh. Then by neutrality, for any opposite profile Ry, we have f(Ry)= 1l (Ry)- If Ry = (R, R,) is not opposite,

then consider f(R;,—R;)= f!(R;,—R,) and f(R,,—R,) = f!(Ry,—R,). Now if R, # —R, is on the half circle that links R, to
— R, which includes f!(R;,—R;), then by strong unanimity we have f(R;, R,) € {R;, f'(R;,—R;), R, }. K-SP applied to agent
2 at profile (R;,—R;) yields f(R|, R;) # R,. Similarly, K-SP applied to agent 2 at profile (R, R,) implies f(R;, R,) # R;. Hence
we conclude f(R;,R,) = f'(R,R,).
Otherwise, R, # —R| is not on the half circle containing f!(R;,—R,). For clarity, and without loss of generality (due to neutrality)
suppose R = abc, so that f(abc,cba) = achb and R, € {bac,bca}. If R, = bca, then by neutrality, f(—R,, R,) = abc, and by K-
SP, f(Ry) =abc=f LR ~), the desired conclusion. If R, = bac, then from the previous fact, f(ach,bca) = abc. By K-SP and
strong unanimity, f(ach, R,)= abc, and using again K-SP and strong unanimity, we obtain f(Ry) = abc = f!(Ry), the desired
conclusion.

3. f(abc,cba) = bac. Note that in this case f(abc,cba) = bac = f2(abe, cba). Then using similar arguments as in Case 2 it follows
that f(Ry)= f2(Ry) forall Ry. [

Step 2: The case m =4.

Let A ={a,b,c,d}. For the (only if) direction, let f satisfy the properties. Let f denote the rule where f is restricted to the domain
where both agents rank at the bottom the same alternative. By strong unanimity, also f ranks at the bottom this alternative. Thus, f
is a two agents-three alternatives rule. Furthermore, neutrality implies that the same type of rule is chosen when the two agents rank
the same alternative at the bottom. Similarly we denote by 7 the rule where f is restricted to the domain where both agents rank at
the top the same alternative. We consider three cases: (I) f = f!, (II) f = f% and (1) f = f2 (as f € {g°, g!, g2} is analogous to the

one by switching the roles of agent 1 and agent 2).

msf=r"

Suppose that £ is of type f!. We show that f must be a semi-dictator rule with semi dictator 1 and agent 2 chooses the preference
in f of the second and third alternatives of 1’s preference.

First, we show that f(Ry) =top(R,) for all Ry. Suppose not, i.e. f;(Ry) # top(R;). Then by K-SP, f(R;, f(Ry)) = f(Ry).
Let R’1 2 top(R) S (R a\ (1op(r, )y - Then R’1 € [R;, f(Ry)] and by K-SP, (R, f(Ry)) = f(Ry). If R’1 and f(Ry) rank the same
alternative at the bottom, then this is a contradiction to f(R), f(Ry)) = f LR, f(R ~)) and

SR F(Ry) = f1(Ry) # top(Ry) = top(R,).
Thus, bot(f(Ry)) = top(R;). Let R’2 T IR (RN F4(RN) f3(Ry). Note that f(R), f(Ry)) is of K-distance one to R’z. Thus,
f(R! ,R’2) is of distance at most one to R’, which implies f,(R’ ,R’2) #* z‘op(R’1 ), a contradiction because f,(R’, f(Ry)) = f4(Ry)=
top(Ry) =10p(R)), bot(R) = bot(R}), f(R!.R})= f(R}.R}) and f = f".

Second, we show that f,(Ry) # bot(R;) for all R, . Suppose that f>(Ry) = bot(R;) # bot(R,) (as otherwise we have a contradiction
to the fact that f is of type Y. Let R, : abcd. By K-SP, f(R,,f(Ry)) = f(Ry) and f(Ry) € {adbc,adcb}. Thus, without loss of
generality, we may suppose R, = f(Ry).

Case 1: f(Ry) : adch.

Then §(R,, f(Ry)) = 3. Let R’1 : bacd. Then from top(f(R), f(Ry))) = top(R’l) = b and by strong unanimity, f(R/, f(Ry)) €
{badc,bacd}. But then 6(Ry, f(R], f(Ry))) < 2, a contradiction to K-SP.

Case 2: f(Ry) : adbc.
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Let R, : acbd and R, : adcb. Note that Ry = R%™¢ and by neutrality, f(Ry) = adcb. Consider (R;. f(Ry)). Then &(f(Ry).
f(Ry)) =1 and by K-SP (as agent 2 could deviate from (R, f(Ry)) to Ry = (R|,Ry)), 6(f(Ry), f(R,, f(Ry))) < 1. Thus,
f(f(l,f(RN)) € {adbc,dabc,abdc,adcb}. Then

@ f (ﬁl , f(Ry)) =adbc implies that 7 =gland f (Ry,adcb) = adch, which yields a contradiction as in Case 1;
(ii) f(R;,f(Ry))=dabc contradicts the fact f(R,, f(Ry)) =top(R,) = a;
(iii) f(R,,f(Ry))=abdc implies that f is of type g2 which implies for R, : abcd and R, : achd we have both f(Ry)=f(Ry)=
gz(RN) =abed and f(Ry)= f(Ry)= fl(RN) =achd, a contradiction; and

iv) f(R,, f(Ry))=adch implies that f is of type g!.

For (iv) we derive a contradiction in three steps. In the first step we show that f,(Ry) =10p(R| 4\ 10p(r,)}) for any profile Ry . In
the second step then we show that either agent 1 always chooses the third alternative in f(Ry ) or agent 2 always chooses the third
alternative. In the third step we show that f violates K-SP (and therefore, (iv) cannot occur).

In the first step we show that f,(Ry) = 0p(Ry| 4\ (10p(r,);) for any profile Ry. Suppose f5(Ry) # 10P(Ry| a\(10p(r,)})- BY K-SP
and neutrality, without loss of generality, we may suppose R; = f(Ry) = abcd. By 7 =g!, we have a = top(R;) # top(R,) and
top(Ry) = top(RZIA\(top(R]))) #a,b(as b= fL,(Ry) # "’P(R2|A\{mp(R,)}))~ Similarly, by £ = f!, we must have bot(R,) # d = bot(R)).
We distinguish two subcases (top(R,) = ¢ or top(R,) = d): if top(R,) = c, then for R’2 . cabd we have R’2 €[R,, f(Ry)] (@as R, =
f(Ry)=abcd)and f (R, R;) = f(Ry) = abcd which is a contradiction as £ = fland f(Ry, R’z) = i(Rl, R'z) =acbd; and if top(R,) =
d, then for R’2 : dabc we have R’2 € [Ry, f(RY)], f(R, Rlz) = f(Ry) = abcd and §(R), f(Ry)) = 3 which yields a contradiction to
K-SP as for R!/ : adbc we have (from f =g') f(R;,R))= (R, R})=adbc and 5(R}, f(R;,R))) = 1.

For the second step, consider R’1 : abed, R’2 : abdc and R, = (R ,R’z). By strong unanimity, f(R),) = R or f (RY) = Ré.
We show that if f (R’N) = R; , then agent 1 always chooses the third alternative, and if f (R;V) = R’z, then agent 2 always
chooses the third alternative. Without loss of generality, let f (R’N) = R’l. Let Ry be an arbitrary profile. By the above, we have
Si(Ry) = 1op(Ry) and fr(Ry) = 10p(Ry| g\ (10p(R,)})- SUPPOSE [f3(Ry) # 10p(Ri|g\( 1 (Ry)./o(Ry)})- Then by K-SP, f(Ry, f(Ry)) =
f(Ry). Let R = f1(Ry)f2(Ry)f4(Ry)f3(Ry)- Now by neutrality and our assumption, f(R],f(Ry)) = R}. Note that f4(Ry) =
top(R, |A\{fl(RN)’f2(RN)})’ and 6(R1,R’1) <6(Ry, f(Ry)), which is a contradiction to K-SP.

In the third step we show that f violates K-SP. Let R, : abcd and R, : adch. If f(R) = R’l, then by the above, f(Ry) : adbc.
Let R : bacd. Then f(R,, Ry) = bacd, 5(Ry, f(R|,Ry))=1<8(Ry, f(Ry)), which is a contradiction to K-SP. I f(R);) = R}, then
as above it can be shown agent 2 always chooses the third alternative in f(Ry). But then consider R; : abcd and R, : adcbh. Then
f(Ry) = adcb but for R, : bacd we have f(R;,R,) : badec, 5(Ry, f(R;.Ry)) =2 <3 =68(R;, f(Ry)). Thus, (iv) also leads to a
contradiction.

We have shown f;(Ry) =top(Ry) and f,(Ry) # bot(R;) for all Ry . Now if bot(R,) = bot(R,), then we have f(Ry)= f(Ry)
where f|(Ry)=top(R,) and f4(Ry)=bot(R,), and by f = f 1 R, decides the ranking over the second and third alternative in R,
(which is the desired conclusion). -

Before treating the remaining case bot(R,) # bot(R,), as an intermediary step, we show ? = f2. Consider R, : abcd and R, : acbd.
Then f(Ry) = f(Ry) = achd. As also f(Ry) = f(Ry), we obtain f # O, f1,¢%. Thus, f € {f2,£%g'}. If f € {¢°, '}, then for
R, : abcd and R, : adcb we have f,(Ry)=d, a contradiction to f,(Ry) # bot(R;). Hence, we obtain 7 = f2.

Finally, suppose bot(R;) # bot(R,). We show f,(Ry) = bot(R;). Suppose f,(Ry) # bot(R;) and by neutrality, without loss of
generality, let R; =abcd. Then f;(Ry)=a and by f,(Ry) # bot(R;), f3(Ry)=d. Thus, f(Ry) € {abdc,acdb}.

If f(Ry) = acdb, then by K-SP, f(R;, f(Ry))=acdb# 7(R1,f(RN ) = f2(R,, f(Ry)), which is a contradiction to the above.

Hence, f(Ry)=abdc. Then by cP;d and strong unanimity, d P,c. As top(R,) # a, we have then top(R,) € {b,d}. If top(R,) =d,
then d P,b. By K-SP, f(f(Ry), Ry) = f(Ry) = abdc. But now for R’2 : adbc we have (from i =1 F(fF(Ry), Rlz) =£(f(RN),R’2) =
adbc which is a contradiction to K-SP as

8(f (Ry, [ (f(Ry), R))) = 8(Ry. adbe) < 6(Ry,abdc) = 5(Ry, f (Ry)) = 8(Ry, [ (f (Ry). Ry)),

where the inequality follows from d P, b.

If top(R,) = b, then from strong unanimity, f(Ry) = abdc and cP;d we obtain d P,c. Now for R’2 : bdca we have fi(Ry)=a=
f1(Ry, R’z) and by K-SP, f(R, R’z) = f(Ry) = abdc (where agent 2 is misreporting). But then by K-SP, f(R,,abdc)=abdc # abcd =
fz(Rl ,abdc) = 7(Rl ,abdc), a contradiction.

Hence, we have shown that for any profile Ry, f;(Ry) = top(R;) and f,(Ry) = bot(R,). As f = f! it follows that agent 2
chooses the preference in f(Ry) of the second and third alternatives of R; (as by K-SP we may suppose top(R,) = f1(Ry) and
bot(Ry) = f4(Ry)).

a f = f°.
We show that for any profile Ry, f(Ry) restricted to its first three alternatives coincides with R; restricted to these
alternatives. Again by K-SP, without loss of generality, let R, = f(Ry). If f(RM)Ia\(ryry)) F Rilav(syry))» then let R’l :
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Ryl a\(,(ry ) f4(Ry) and then F(R,R) = f(R,Ry) = fO(R",R,) = R’1 which is a contradiction to K-SP as by f4(Ry) = f4(R', R;)
we have 6(R,, (R, R,)) < (R, f(Rx)).
Hence, for any Ry,

FRN) * Ryl gy gy )y fa(RND- 9)

Next we show f1(Ry) =top(R)). If f1(Ry) # top(R;), then by the previous fact, f4(Ry)=top(R;) and f3(Ry) = bot(R;). Let R’2 :
F1RN (RN f4(RN) F3(Ry)- As 8(R., f(Ry)) =1, f(Rl,R’z) must be of K-distance one or zero to R’2 which implies rop(R;) #
fl(Rl,R’z) and by (9), f4(R1,R’2) =top(R;) and f(Rl,R’z) = f(Ry). Then 6(R1,f(R1,R’2)) =3. Let R’1 DRyl av{fyrRy)) f3(Ry)- Then
f(RI.R)) = f(R|,R,)= fO(R|.R)) =R} and 6(R;, f(R],R,)) <3 =38Ry, f(Ry)) = 6(R,, f(R;.,R))), a contradiction to K-SP. We
further show f5(Ry) = 10p(R | g\ (10p(r))))- I S2(RN) # 10p(Ry| g\ (10p(R,)))> then for Ry = abcd we obtain from fi(Ry) = top(R;)
and (9) that f(Ry)=acdb. Again let R, = f(Ry). Then ? € (g9, g%}. By considering the profile ﬁN = (abcd,acbd) we then get a
contradiction to f = g% as f(Ry) = f(Ry) = fO(Ry) =R, and f(Ry) = f(Ry) =g%(Ry) = R,. Hence, f = g2. Recall that f(Ry) =
acdb= R, and §(R|, f(Ry))=2. Let R’l : bacd. But then f|(R), Ry) = top(R’l) = b. By strong unanimity then f(R/, R,) = bacd and
8(Ry, f(R', Ry)) =1, a contradiction to K-SP.

We have shown that for any profile Ry, fi(Ry) =top(R;) and f,(Ry) = t0p(Ry| g\ (10p(R,))- NOW considering R’1 = abcd and
R} = abdc we have f(R),) € {abcd, abdc}. If f(R') = abed, then R, always decides the ranking of the third and fourth alternative
in f(Ry): for any profile Ry by neutrality we may suppose R; = abcd; then f|(Ry)=a and f,(Ry) = b; again by K-SP we may
choose R, = f(Ry) and obtain f(Ry)= f(R;, f(Ry)); hence, (R;, f(Ry)) = R’ and we must have f(Ry) = abcd = R, the desired
conclusion. If f (R’N) = abdc, then similarly it can be shown that R, always decides the ranking of the third and fourth alternative in

SF(Ry)-

am f = f.

We show that for any profile Ry, { f3(Ry), f4(Ry)} consists of the third and fourth ranked alternative in R; and R, decides the
ranking of the first two alternatives in f(Ry).

First, we show f|(Ry) # bot(R;). Let R, : abcd and suppose f|(Ry)=d and R, = f(Ry) (by K-SP). By f = f2, we must have
bot(R,) # d. Let R’l DRyl a\(fy Ry f4(Ry)- Then f(R,Ry) =£(R’,R2) which implies f3(R/, Ry) =d and f4(R), Ry) = f4(Ry). But
then by f1(Ry)=d, §(R, f(Ry))> (R, f(R,R,), a contradiction to K-SP.

Second, we show f,(Ry) # bot(R,). Let R : abcd and suppose f,(Ry)=d and R, = f(Ry) (by K-SP). By f = f2, we must have
bot(R,) #d. Let R’I P Rilavif,Ry)) f4(Ry). Then f(R',R,) =£(R’,R2) which implies f3(R/, Ry) =d and f4(R), Ry) = f4(Ry). But
then by f;(Ry)=d, f(Ry)= R, and thus, f(RN)|A\(d,f4(RN)} = f(R,l,Rz)|A\(d,f4(RN)]: we obtain 6(Ry, f(Ry)) > 6(Ry, f (R, Ry),
a contradiction to K-SP.

Thus, we have shown bot(R;) € { f3(Ry). f4(Ry)}. We show that the third alternative in R; cannot be ranked first or second
in f(Ry), i.e. for Ry : abcd we have {c,d} = { f3(Ry), f4s(Ry)} (as bot(R;) # f1(Ry), f2(Ry)). Again, by K-SP, without loss of
generality, R, = f(Ry). If bot(R,) = d = bot(R);), then this is obvious from f = f 2, Thus, let bot(R,) # d. If bot(R,) = c, then this
follows from strong unanimity as d € { f3(Ry), f4(Ry)}. Thus, let bot(R,) € {a,b}.

Third, we show f|(Ry) #c. If f1(Ry)=c, then from f,(Ry) = bot(R,) # c,d and bot(R|) =d € { f3(Ry), f4(Ry)} we obtain
f(Ry) €{cadb,cbda}. Let R; P Ryl{apcyd- Then f(Rl,R’z) =£(R1,R’2) = Ry|{4p)cd. But then SR, f(Ry)=1<68(R,, f(Ry, R;))
(as top(R’z) =), a contradiction to K-SP.

Fourth, we show f,(Ry) # ¢ in four steps: in the first step we show 7 = g2; in the second step we show bot(R,) &
{f1(RN), fo(RN)}; in the third setp we show that for any profile the third ranked alternative in R, can never be chosen first in
f(Ry); and in the fourth step we obtain a contradiction by showing that for certain profiles no alternative can be ranked first (using
the first three steps).

In showing the first step, f,(Ry) = ¢ implies f(Ry) € {acdb,bcda} (as d = bot(R;) # bot(R,) = f4(Ry) and d € {f{(Ry),
(RN If f(Ry) = acdb, then f =g° or f =g For f =g, let R| = abdc and then f(R!.R,) = f(R],Ry) = g°(R!,R,) = acdb
which is a contradiction as ¢ = bot(R’l) & {f1(R.. Ry, f(R',Ry)}. Thus, f(Ry) = acdb implies f = g2. We show that f(Ry) = bcda
also implies f = g2: note that 5(Ry, f(Ry)) = 3 which implies by K-SP for R’1 = bacd that f(R,R,) = bcda (as f1(R|,Ry) = b,
f (R’1 , R,) must rank c before d by strong unanimity, and d must be ranked before a by K-SP as otherwise agent 1 profitably misre-
ports from f(Ry) = beda); but then 7 =g0or 7 = g2 and again 7 = " yields a contradiction as above. Thus, 7 = g2

In the second step we show that bot(R,) & { f1(Ry), fo(Ry)} for any profile Ry . Again suppose f;(Ry)=bot(R,) and f(Ry) =
R, = abed. Thus, bot(R,) = a. For R’2 * Ryl(pcyad we have (from f = i) f(Rl,R’z) = bacd and 5(R2,f(R1,R’2)) <8(Ry, f(Ry)), @
contradiction to K-SP. Next suppose f,(Ry) = bot(R,) and f(Ry)= R| = abcd. Thus, bot(R,) = b. For R’2 : aRzl{c’d}b we have (from
f=g» f(Ry, R;) =acdb and 6(R,, f(R;, R;)) < 6(R,, f(Ry)), a contradiction to K-SP.

In the third step we show that the third ranked alternative in R, can never be chosen first by f(Ry ). Suppose R, = abcd, f1(Ry) =
c and R, = f(Ry) (by K-SP). But then bot(R,) # bot(R,) as otherwise f(Ry) = f(Ry) and by f = 12, R, decides the ranking of the
first two alternatives in f(Ry) and f,(Ry) # c. Thus, from f|(Ry) # d and R, =_f(RN), we have f(Ry) €{cbda,cadb}. If f(Ry)=
cbda, then for R, = bedawe have f(Ry, R}) = f (R, R}) = F*(Ry, R)) =bcdaand 5(R,, f(Ry, R))) < 5(R,, f(Ry)), a contradiction to
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K-SP.If f(Ry) = cadb, then for R; = acdb we have f(Rl,R’Z) = £(R1,R’2) = fZ(Rl,Rg) =acdb and 5(R2,f(R1,R’2)) <6(Ry, f(RN)),
a contradiction to K-SP.

In the fourth step we now obtain a contradiction for the profile Ry where R, = abcd and R, = dcba as by bot(R,) # bot(R,) and
bot(Ry), bot(Ry) € { f3(Ry), f4(Ry)} we have {a,d} = { f3(Ry), f4(Ry)}. On the other hand the third ranked alternative in R; is ¢
and the third ranked alternative in R, is b and f|(Ry) € {b,c} which is a contradiction as then no alternative can be ranked first in
f(Ry) as the third ranked alternative in R, and in R, are never ranked first by f(Ry ). This concludes the proof that f,(R,) cannot
be the third ranked alternative in R, for any profile Ry .

We have shown that {f3(Ry), f4(Ry)} always consists of the third and fourth ranked alternatives in R;. We next show
that R, determines the ranking of the first two alternatives in f(R,). Again, by K-SP, without loss of generality, R; = f(Rpy).
I SRRy Ry # Ralis Ry paryys then let Ry 2 Rolipyry), pyry) /3(RW)Sa(Ry) and then f(Ry, Ry) = f(Ry. R)) =
f 2(RI,R’Z) = R’Z, a contradiction to K-SP. Thus, R, always determines the ranking of the first two alternatives. Now considering
R, =abcd and R, = abdc we have f(Ry) € {abcd,abdc}. If f(Ry) = abcd, then it can be shown analogously that R, always de-
cides the ranking of the third and fourth alternative in f(Ry), and if f(Ry) = abdc, then it can be shown analogously that R, always
decides the ranking of the third and fourth alternative in f(Ry). [

Note that using the same argument as in Example 2, it follows that agent 2 cannot decide both the ranking of the first and second
alternative and the ranking of the third and fourth alternative. This finishes the proof of Theorem 4 for four alternatives.

Step 3: Induction on m.
Now by induction suppose that Theorem 4 is true for k > 4 alternatives (where m = k). Let A = {ay,...,a;,}. Let f satisfy the
properties. Let f denote the rule where f is restricted to the domain where both agents rank at the bottom the same alternative, i.e.

RN ={R€eRN : bot(R)) = bot(R,)} and f = f|R". By strong unanimity, for any Ry € R", f ranks at the bottom the alternative

bot(R;) = bot(R,). Thus, by the induction hypothesis and neutrality, f is a semi-dictator rule. Similarly we denote by 7 the rule
where f is restricted to the domain where both agents rank at the top the same alternative, and again by the induction hypothesis,
7 is a semi-dictator rule. Note that in a semi-dictator rule with semi-dictator i, for any profile R, any alternative in R; can move at
most one position up or at most one position down in the chosen ranking.

First, we show that f and f have the same semi-dictator. Suppose not, say agent 1 is the semi-dictator of f and agent 2 is

the semi-dictator of f. Consider R, : a; ... agy and R, @ ay...a;_3a,a;_1a;_ra;,. Note that we have f(Ry) = f(Ry) = F(Ry).
Thus, by strong unanimity and the fact that both g, and a,_, can move at most one position up in f(Ry), we have f (Ry) €
{a)...ay_ja;_ha,a;,1,a; ...a;_1a;a,_ya;,, ). But then either @, moves down two positions from R, to f(Ry) or a;_, moves two
positions down from R; to f(Ry), a contradiction.

Hence, f and f have the same semi-dictator say agent 1. But then the positions p where agent 2 is decisive with 1 < p < k coincide

in i and 7 (by considering profiles Ry where top(R;) =top(R,) and bot(R;) = bot(R,) and f(Ry) = i(RN) = ?(RN) noting p+1<k
by p < k). Using the same argument as above, it also follows that if p =1 is a position in f where agent 2 is decisive, then position 2

does not belong to f.

Now consider any profile R y. By neutrality, we may suppose R, : a; ... a; . By K-SP again we may suppose R, = f(Ry) (because
otherwise R, # f(Ry) and f(Ry) = f(Ry, f(Ry)) by K-SP). If f,,;(Ry) = a3, = bot(R;), then bot(R;) = bot(R,) as R, = f(Ry)
and f(Ry) = f(Ry); and we are done by the induction hypothesis. Otherwise (f;,;(Ry) # a;,1) we show f; (Ry) =a;,,.If not, i.e.
fi(R) = ay, with I <k, then let R’l D FRM)| A\ (1941 - Then R’l € [R;, f(Ry)] and by K-SP and strong unanimity, f(R’l,Rz) =

SRy)- I f1(Ry) = top(R’1 ), then this is a contradiction to the fact that agent 1 is the semi-dictator of 7 and a;; moves more than
one position up in f(Ry). If f1(Ry) # top(R’l ), then f1(Ry) = a;, and by k > 4 we obtain a contradiction to K-SP when we exchange
in R] the positions of the last two alternatives, i.e. for R : f(RN)lA\{akH,fk+1(RN£ak+1fk+l(RN) we obtain f(R], Ry) = f (R, R,).

Hence, f;,(Ry) # a;,, implies f;(Ry) = a;,. Similarly, by considering f this also implies f;,;(Ry) = a; (as otherwise
fi+1(Ry) =a; for | < k and a; moves more than one position down from R; to f(Ry)). But then we are done as now we con-
sider R, : ay...a;_ja;,1a,. If f(Ry)=R,, then k is a position in f where agent 2 is decisive and otherwise not. Furthermore, note
that the ranking of f(Ry) over {ay,...,a;_;} is decided by f.

Note that using the same argument as in Example 2, it follows that any two positions where agent 2 decides the ranking must
have distance greater than two. []

Proof of Theorem 5. Consider a semi-dictator rule f = f(-P©), That strong unanimity and neutrality are satisfied is obvious from
Definitions 6 and 7, so we focus on proving K-SP. Without loss of generality assume i = 1 and R, = a,4a,...a,,. By Proposition 2 it is
sufficient to prove that f is Min-SP and Locally K-SP.

As before with strong unanimity, Min-SP follows immediately from Definitions 6 and 7. We turn to proving Local K-SP.

Consider a profile Ry and suppose agent j changes his preferences to R;., where 5(R;, R;,) = 1. If j # 1, then by the defini-
tion of semi-dictator rules and committees, it is clear that this agent cannot profit from misreporting. In fact, 6(R o S (R;, R_)) -
6(R;, f(Ry)) €{0.1}.

Thus, suppose j = 1, meaning that the semi-dictator is the agent who misreports. Suppose R’1 is identical to R, except that the
order of two adjacent alternatives a;, and a,, is flipped for some k=1,2,...,m — 1. We distinguish between four cases:
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decided by Cy_,

- - (g1 l
Ry) = a2 (%52 Nay .o
f(Rx) I l & 21\({"__/ ﬂk+x|
f(RLR_,) = | ak,,t CT I _____ l
"Dk +1/

decided by Cp_,

Fig. 6. An illustration of Case 3. Orderings f(Ry) and f(R/, R_,) are identical at all ranks / & {k,k + 1,k +2}. Committee C; ,, determines the alternatives occupying
ranks k + 1 and k + 2.

decided by Cy—,

a
f(R.\') = e ak—z k QAgpy| oo
Ak

fRLR) =] e Nae [
Qi+

) ¢

decided by Ci—,

Fig. 7. An illustration of Case 4. Orderings f(Ry) and f(R/, R_,) are identical at all ranks / & {k — 1, k, k + 1}. Committee C,_, determines the alternatives occupying
ranks k — 1 and k.

1. k—1¢ P, k¢ Pand k+1 ¢ P.In this case, f;(Ry) = fi(R|,R_)) forall I ¢ {k,k+1}. Since k— 1,k and k+ 1 do not belong to P,
it is immediate that f,(Ry) = a, fy41(Ry) = ay11 and fi (R}, R_y) = Gy, fis1 (R}, R_;) = ay.. This implies 5(Ry, f(R|, R_;)) —
3Ry, f(Ry)) = 1.

2. k € P. In this case, f;(Ry)= f;(R',R_)) for all I ¢ {k,k + 1}. In both profiles Ry and (R, R_,) the relative order of adjacent
alternatives (ay, a;, ) is decided by committee C;. Eq. (3) and the definition of committees imply that agent 1’s misreport can
never be profitable.

3. k+ 1€ P.In this case, f;(Ry)= f)(R|,R_)) forall | & {k,k+1,k+2}. So let us focus on those three ranks and the alternatives
that occupy them. As k ¢ P, we have f,(Ry)=a; and f k(R’l,R_ 1) = a; . Subsequently, we focus on alternatives occupying
ranks k + 1 and k + 2. In profile Ry, the rule f determines the relative order of adjacent alternatives (a;,,a;,,) via the
committee C;,; whereas in profile (R’1 ,R_)), the rule f determines the relative order of (a;,a;,,) via the committee C; ;. The
most profitable misreport occurs when committee C; | ranks g, before a; | (meaning f;,{(Ry) = a;,>, fi2(Ry) =a;,1) and
committee Cy | ranks a; before a;,, (meaning fi.;(R]. R_;) = ay, fi42(R]. R_;) = a;,,). In that case, truthful reporting results
in the triplet a,a;,,a,,; occupying ranks k,k + 1,k + 2, whereas misreporting in the triplet a; 4,4, , in those same ranks.
Putting together the various possible outcomes of committees C,,; and Cy,; implies 6(R;, f(R',R_))— (R, f(Ry)) € {0,1,2}.
(See Fig. 6.)

4. k—1€ P.Inthis case, f;(Ry) = fi(R|,R_;) forall ] & {k—1,k,k+1}. Solet us focus on those three ranks and the alternatives that
occupy them. As k + 1 ¢ P, we have f,(Ry)=a;,; and fk(R’1 ,R_}) = a;. Subsequently, we focus on alternatives occupying
ranks k — 1 and k. In profile Ry, the rule f determines the relative order of adjacent alternatives (a;_,qa;) via the committee
C,_, whereas in profile ( R;, R_;), the rule f determines the relative order of (a;_;,a;,;) via the committee C;_;. The most
profitable misreport occurs when committee C,_; ranks a, before a;_; (meaning f,_;(Ry) = ay, fx(Ry) = a;_;) and committee
Cy— ranks a,_; before g, (meaning fi_;(R|,R_) = ay_, fi(R],R_|) = aiy,)- In that case, truthful reporting results in the
triplet a,a;_;a; occupying ranks k — 1,k, k + 1, whereas misreporting in the triplet a;_;a;, a, in those same ranks. Putting
together the various possible outcomes of committees C;_; and C,_; implies (R}, f(R!, R_)) — 6(R;, f(Ry)) € {0,1,2}. (See
Fig.7) O

Proof of Proposition 3. We begin with part (1). Suppose g is a Condorcet-Kemeny rule with ordering >. Let A = {a,b,c} and
Ry € RN. We will first argue that if K-SP is violated, then the ordering > must fail regularity.

Suppose, without loss of generality, that agent i’s preferences are given by R; = abc and that there exists Rg € R such that
6(R;,g(Ry)) > 5(R,-,g(R,’., R_;)). We distinguish four cases:

(1) 8(R;,g(Ry)) =0. But since 0 < 6(R;, R) for all R € R, we immediately reach a contradiction.
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(ii) 6(R;,g(Ry)) = 1. Then, we must have 6(R;,g(R], R_;)) = 0. Hence, R; = g(R], R_;). This implies that rule g is not Btw-SP which
contradicts Proposition 5 in Bossert and Sprumont (2014).

(iii) 8(R;,g(Ry)) = 3. Then, we must have E(Ri,g(R,’,,R_,)) < 3. Let R, denote the ordering which is exactly the opposite of R;
(which reverses the direction of all binary comparisons). Then, it must be the case that g(Ry) = ﬁi and g(Rl’. ,R_) # R,.. This
again contradicts the Btw-SP of g.

(iv) 6(R;,g(Ry)) =2. This is the only nontrivial case and we address it in what follows.

To violate K-SP we must have 6(R;, g(le ,R_;)) <2. Suppose, first, that (R, g(Rl’., R_;)) =0. Repeating the argument of case (ii), we
arrive at a contradiction.

Thus, we must have 6(R[,g(R,f, R_)))=1. Now, 6(R;,g(Ry)) =2 implies that we must have either g(Ry) = cab or g(Ry) = bca.
Suppose that g(R ) = cab (the proof for case g(Ry ) = bca is similar). Then, to avoid violating Btw-SP we must have g(R,f, R_;) = bac.
We will argue how this cannot happen unless the ordering > violates regularity.

Given profile Ry, define the 3 X 3 matrix E, where E,, denotes the number of agents ranking alternative x over y. For all pairs
(x,y) € A X A such that x # y we must have E,, + E,, = |N| (while the diagonal elements of E are set equal to 0). Hence, matrix
E tabulates the results of all head-to-head contests between two alternatives under truthful preferences. Now, denote by E’ the
altered matrix w.r.t. E, in which agent i misreports her true preferences R; = abc by submitting R} # R;. We have the following five
possibilities:

(D R} = bac, implying E!
(I) R] = bca, implying E ;
(D) R} = acb, implying E!
(IV) R! = cbha, implying E’
(V) R| = cab, implying E;

=FE, -1, Eéa = Eca,Eéb =E,;
=E4—1,E ,=E,+1,El, = E,;
=Eu, El,=E..El,=E,+1.
=Ey-1LE =E,+1,E, =E;+1.
=Eu El,=E,+1,E,=E,+1.

b
b
b
b
b

Now, since g(Ry) = cab and g(Rl’., R_;) = bac, it must be the case that:

Eca + Ech + Eab 2 Eac + Ebc + Eba (10)
! ! ! ! ! !
Eca + Ech + Eab < Eac + Ebc + Eba' (11)

Given agent i’s five possible modifications to matrix E listed above, the only way that (10)-(11) do not lead to a contradiction is
if either case (I) or (II) applies.?* If case (II) applies then we must have E,, + E., + E,, = E + Eé » T E; , in turn implying that
both (10)-(11) are equalities. But then we cannot have g(Ry) = cab and g(le, R_;) = bac (this would imply that cab > bac > cab, a
contradiction).
Thus it must be that case (I) applies. Since g(Ry) = cab we must have E,, > E;, (otherwise, f(Ry) # cab because ordering cba
would have better Kemeny performance for profile R ). For similar reasons, we must also have E,, + E., > E,.+ E,.,and E,, > E ..
We now distinguish between two cases:

1. E.,+ E,, > E,. + Ej.. In this case we cannot have bac # f(R], R_;), since ordering cba would have a better Kemeny score for
profile (R}, R_;).

2. E, + E,, = E,. + E,. Here, suppose first that E,, > E,.. Then we cannot have bac € K(R], R_;) since bca would have better
Kemeny performance for profile (R, R_;). Hence, it must be that E,, = E,, implying E,, = Ej,.. Thus, |N| must be even. If
E,, = E;,, then > must rank cab first, and bac before cba or bca. If E,, = E,, + 2, then > must rank bac first, and cab before
abc or acbh. In either case, the ordering > is not regular.

Now, suppose that > fails regularity. For ease of exposition and without loss of generality, suppose the first-ranked ordering of
> is cab and bac > cba and bac > bca and consider the associated >-Condorcet-Kemeny rule (call it g). Construct a profile R, such
that E,, = E,,, E.,, = E,,, and E,, = E;, and where there exists an agent i with preferences R; = abc. We will have g(Ry) = cab.
Suppose this agent misreports by submitting R = bac, leading to g(R], R_;) = bac and implying that the rule is not K-SP.

Now we address part (2). Suppose g is a >-fixed-benchmark rule. Without loss of generality, suppose that R; = abc and agent
i can profitably Kemeny misreport. Since f satisfies Btw-SP by Athanasoglou (2019), the only way that K-SP can be violated is if
f(Ry)=cab and f(R,f, R_;)=bac or f(Ry)=bca and f(Rl’., R_;) = acb. Suppose that the former case holds (the latter is handled
with a similar argument).

Since f satisfies Btw-SP, we will have f (R”., R_;) = bac = f(bac, R_;) = bac. Now distinguish between the following two cases:

(1) bac > cab. Here, f(Ry) = cab implies that bac violated strong unanimity in profile Ry . Since (b, a) € R;, this means that either
(c,b)e [ R; or (c,a) € () R; or both. But this contradicts R; = abc.
ieN ieN
24 Recall that pairs of elements symmetric to the main diagonals of E and E’ must sum to |N|.
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(ii) cab > bac. Here, f(Ry) = cab implies that there exist j,k # i such that (c,a) € R; and (c,b) € Ry. Since f(bac,R_;) # cab=
f(abe, R_)), this means that bac N [ R; = {(b,a)} and abc N (| R; = @. Hence, ordering cab is ranked first and f(bac, R_;) = bac
J#i J#i
implies that bac > bca and bac > cba. Thus, > is not regular.

Now, suppose we have a >-fixed-benchmark rule, call it f, such that > is not regular. For ease of exposition, and without loss of
generality, suppose that > ranks cab first and bac before both bca and cba. Consider now the profile Ry, where R; = abc, (b,a) € R;

forall j #iand (] R, =#. Then g(Ry) = cab. Now, suppose agent i misreports and submits R, = bac, leading to bac N [\ R; = {(b,a)}.
IEN J#i
The ordering > ensures that g(le ,R_;) = bac leading to a violation of K-SP. []

Proof of Theorem 7. Consider two agents and three alternatives, say N = {1,2} and A = {a,b,c}.

Consider the opposite profile Ry = (R, R,) = (abc, cba). By preference selection, f(Ry) € {R;,R,}, say f(Ry) = cba. Now by
K-SP and preference selection, f(abc,bca) = bca. Again by K-SP and preference selection we have f(ach, bca) = bca. Now applying
the same arguments repetitively we obtain f(cba,abc) = abc which is now a contradiction to anonymity (as f(abc, cba) = cba).

Now for arbitrary number m of alternatives, we may enlarge the above profiles by letting all agents rank the same m-3 alternatives
in the same order at the bottom and by preference selection f(Ry ) has to rank those alternatives at the bottom with the same ranking.
But then we can do the same arguments as above.

For an arbitrary number n of agents, if n is even then half of the agents play the role of agent 1 and half of the agents play the
role of agent 2 and this induces a K-SP, preference selection and anonymous rule, a contradiction to the above. []

Before proceeding with the proof of Theorem 8, we consider the special case of three alternatives and three agents and show
Proposition 4.

Proof of Proposition 4. For part (i) it is easy to verify that the described rules satisfy all the properties.

For the other direction, we first show f(abc, cba, cba) = cba.If f(abc,cba,cba) # cba, then by preference selection, f(abc,cba,cba)
= abc. Then by neutrality, f(cba, abc,abc) = cba. Now using both preference selection and K-SP it can be shown that f(bac, cab, cab) =
bac, f(ach,bca,bca) = achb and f is dictatorial with dictator 1, i.e. f(Ry) = R, for all Ry € RN, a contradiction. Hence,
f(abc,cba,cba) = cba. Similarly, we obtain f(cba,abc,cba) = cba and f(cba,cba,abc) = cba. Using preference selection and K-SP
we then obtain for any preference R € R and any profile Ry € R such that for N = {i, j, k} we have R, = R ;=Rand R, =-R,
f(Ry) = R. Furthermore, by preference selection f(abc, cab, bca) € {abc, cab,bca}, say f(abc,cab, bca) = abc, and then by neutrality
for all Ry € /\', f(Ry) = R, and similar for the triangular profiles in /\”. Now it is easy to see that f is a median rule with
agent-based tie-breaking.

For part (ii) it is easy to verify that the described rules satisfy all the properties.

For the other direction, note that by anonymity, for any Ry, R} € A, fRy)=f(R) = R’ and for any Ry, R} € AN
fRy)=f (R )= R’ ! For any R € RN\ /\, if the median is not chosen, then by preference selectlon and anonymity, say f(R) =
R #Ry, Ry and R, §E [R,, R;3]. Using K-SP and preference selection, then without loss of generality, f(abc,acb,cab) = abc. Applying
K-SP and preference selection, we obtain f(bac,acbh,cab) = bac and f(bac,ach,cba) = bac. On the other hand we may use K-SP
and preference selection repetitively (by moving agent 1 first and then agents 2 and 3) to obtain f(cab,cba, bca) = cab. But now
f(ach, cba,bca) = ach and by K-SP, f(acbh,cba,bac) # bac. This is a contradiction to anonymity as f(bac,ach, cab) = bac. []

Proof of Theorem 8. Let N ={1,2,3} and A = {a,b,c,d}. Suppose that f satisfies K-SP, preference selection and anonymity. Let
f defined for profiles where all agents rank d at the bottom. By Proposition 4 (ii), J must be median rule with preference-based
tie-breaking.

Consider the following profile Ry = (RI,RZ,R3) = (abcd cabd, bcad). Without loss of generality (by preference selection), let
f(Ryx) =R, = f(Ry). Consider the profile Ry = (R, Ry, Ry) = (dabc, abdc, badc).

Starting from profile Ry we have for R’1 = abdc by K-SP and preference selection f(R/,R,,R;) = R’1 (as (R, R)) =1,
5(R',Ry) > 1 and 6(R), R;) > 1). Similarly, for R’l’ = adbc we obtain f(R!,R,,R;) = R’]’ and finally f(R;,R,,R;) = R,. Then
we have 6(R3, Rl) = 5 >max{6(R3, R,), 6(R3, R3)} and from K-SP and preference selection we obtain f (ﬁ, ,R,, IQ;) = Rl Similarly,
we then have 6(R,, R 1) =5> max{6(R,, R3) O0(R,, Rz)}, and from K-SP and preference selection we obtain f(Rl s R2, R3) = Rl At
proﬁle R ~ all agents rank c at the bottom and f (R n) restricted to {a,b,d} shall be the median of R N restricted to {a b,d}, but
fi (R ~) =d and agents 2 and 3 rank d last among {a,b,d}, a contradiction (as the median rule would require f3(R N) =

Now if | N| =3k and m > 4, then k agents play the role of agent 1 (by reporting the same preference), k agents play the role of
agent 2 and k agents play the role of agent 3 and we obtain a three-agents rule satisfying K-SP, preference selection and AN. By letting
all agents rank the same m — 4 alternatives at the bottom, then we obtain a contradiction as above (since by preference selection
those alternatives must be ranked at the bottom of the social ranking as well). []

Appendix B. Supplementary material
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.geb.2025.04.015.
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