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Szegö kernel equivariant asymptotics under

Hamiltonian Lie group actions

Roberto Paoletti∗

Abstract

Suppose that a compact and connected Lie group G acts on a com-
plex Hodge manifold M in a holomorphic and Hamiltonian manner,
and that the action linearizes to a positive holomorphic line bundle A
on M . Then there is an induced unitary representation on the asso-
ciated Hardy space and, if the moment map of the action is nowhere
vanishing, the corresponding isotypical components are all finite di-
mensional. We study the asymptotic concentration behavior of the
corresponding equivariant Szegö kernels near certain loci defined by
the moment map.

1 Introduction

Let M be a connected complex d-dimensional projective manifold, and A an
holomorphic ample line bundle on it. There exists an Hermitian metric h
such that the unique covariant ∇ derivative on A that is compatible with
both the complex structure and the metric has curvature Θ = −2 ı ω, where
ω is a Kähler form on M . Thus the triple (M,J, ω) is a Kähler manifold,
with associated Riemannian metric ρM and volume form dVM := ω∧d/d!.

We shall denote by A∨ the dual line bundle of A, and by X ⊂ A∨ the unit
circle bundle; thus X = ∂D, where D ⊂ A∨ is the unit disc bundle, a strictly
pseudoconvex domain. Then ∇ determines a connection 1-form α on X . If
π : X →M is the projection, then dVX := 1

2 π
α∧π∗(dVM) is a volume form.

Furthermore, there is on X a natural choice of an S1-invariant Riemannian
metric ρX , determined by the conditions that π be a Riemannian submersion
with ker(α) as horizontal tangent bundle, and that the fibers of π have unit
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length. Hence |dVX | is the Riemannian density of ρX . We shall denote by
distX the Riemannian distance function of ρX .

If H(X) ⊂ L2(X) is the Hardy space, the orthogonal projector Π :
L2(X) → H(X) is known as the Szegö projector of X , and its distributional
kernel Π ∈ D′(X ×X) as the Szegö kernel ([BS], [Z]).

Furthermore, let G be a connected compact Lie group, with Lie algebra g

and coalgebra g∨; we shall denote by dG and rG, respectively, the dimension
and the rank of G. Let us assume that µ : G ×M → M is a Hamiltonian
and holomorphic action on (M,J, 2ω), with moment map Φ :M → g∨.

Then to every ξ ∈ g there is associated an Hamiltonian vector field ξM ∈
Xham(M), which canonically lifts to a contact and CR vector field ξX ∈
Xcont(X), according to the law [Ko]

ξX := ξ
♯
M − 〈Φ, ξ〉 ∂θ; (1)

here notation is as follows:

1. for any vector field V onM , V ♯ denotes its its horizontal lift to X with
respect to α (and similarly for tangent vectors);

2. ∂θ is the generator of the standard circle action on X (fiber rotation).

In other words, the infinitesimal action of g on M lifts to an infinitesimal
contact action on X .

We shall make the stronger hypothesis that µ itself lifts to an action
µ̃ : G × X → X , of which the correspondence ξ 7→ ξX is the differential.
Then µ̃ is a contact and CR action, and naturally determines a unitary
representation of G on H(X). According to the Theorem of Peter and Weyl,
there is an equivariant unitary Hilbert direct sum decomposition of H(X)
into isotypical components corresponding to the irreducible representations
(in the following, irreps) of G [St].

For a given choice of a maximal torus T 6 G and of a set R+ of positive
roots of g, the irreps of G are determined by the their maximal weights, which
range in the set of dominant weights. This sets up a bijective correspondence
between the family Ĝ of irreps of G and a subset DG of the collection D of
all dominant weights; we have D = DG if G is simply connected. We shall
label the irrep with maximal weight λ ∈ DG by the regular1 half-weight
ν = λ + δ, where δ := 2−1

∑

β∈R+ β. We shall denote by Vν the irrep
corresponding to ν, and by χν : G → C the corresponding character. This
labeling is consistent with the philosophy of the Kirillov character formula
[Ki], that we shall recall in the course of the paper. Furthermore, let us

1i.e., belonging to the open positive Weyl chamber
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set dν := dim(Vν); if ϕ denotes any Euclidean scalar product on g∨ which
is invariant uder the coadjoint action then, by the Weyl dimension formula
(see, e.g., §1 of [Su], §2.5 of [V1]),

dν =
∏

β∈R+

ϕ(ν,β)

ϕ(δ,β)
. (2)

In particular, dk ν = k
1
2
(dG−rG) dν . Thus, if we set EG := DG + δ, we have

H(X) =
⊕

ν∈EG

H(X)µ̃ν (3)

where H(X)µ̃ν is the isotypical component corresponding to Vν . For each
ν ∈ EG we have the associated equivariant Szegö projector Πµ̃

ν : L2(X) →
H(X)µ̃ν .

In general, H(X)µ̃ν may well be infinite-dimensional, and does not corre-
spond to a space of holomorphic sections of any tensor power of A. Nonethe-
less, it follows from the theory of [GS2] that if 0 6∈ Φ(M), then dimH(X)µ̃ν <
+∞ for every ν (see §2 [P1]). Thus Πµ̃

ν is a smoothing operator, so that its
distributional kernel Πµ̃

ν ∈ C∞(X ×X).
We are interested in the local asymptotics of Πµ̃

k ν for a fixed ν ∈ EG and
k → +∞ with k ν ∈ EG. The latter condition is satisfied for any k if δ ∈ DG,
so that EG ⊂ DG, as is the case when G is simply connected.

This general theme has already been studied in specific cases ([P1], [P2],
[C], [GP1], [GP2]), building on the approach developed in [Z], [BSZ] and
[SZ] to the basic Fourier case where G = S1, µ is trivial and Φ = ı. We
refer the reader to the introductions of [P1], [P2], [GP1], [GP2] for an ampler
discussion of motivation and general framing. The theme is geometrically
relevant, being related to interesting geometric quotients [P3].

The results in [GP1] and [GP2] are based on the pairing of the Weyl
character and integration formulae with the techniques in [Z] and [SZ]. The
new ingredient here is the Kirillov character formula ([Ki], [R]) which con-
siderably simplifies some of the arguments, and allows to deal with more
general Lie groups; on the other hand, it forces restrictions on the stabilizer
subgroups.

The following results are governed by the interplay between Φ and the
cone over the coadjoint orbit through ν, Oν ⊂ g∨. As ν is a regular element
of g∨, Oν is equivariantly diffeomorphic to G/T , hence it has dimension
dG − rG. Let us set C(Oν) := R+ · Oν .

We shall need the following hypothesis.

Assumption 1.1. We shall assume that:
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1. 0 6∈ Φ(m);

2. Φ is transverse to C(Oν) (equivalently, Φ is transverse to the ray R+ ·ν);

3. MOν
:= Φ−1

(

C(Oν)
)

6= ∅.

If Assumption 1.1 holds, MOν
is a compact and connected G-invariant

submanifold ofM , of (real) codimension rG−1 (see the discussion of [GP1]).
Let us set XOν

:= π−1(MOν
).

We shall also make the following assumption on the compact and con-
nected Lie group G.

Assumption 1.2. Let L(G) ⊂ t∨ be the lattice of integral forms on G; then
δ ∈ L(G).

This condition is satisfied if G is either U(n) for some n ≥ 1, or a con-
nected and simply connected compact semisimple Lie group. If G satisfies
this assumption, then it is called acceptable in Harish-Chandra’s terminology
(§2.5 of [V1]). Under Assumption 1.2, EG ⊂ DG.

In the following we shall assume throughout that Assumptions 1.1 and
1.2 hold.

Theorem 1.1. Suppose that Oν ∩ t0 = ∅. Fix C, ǫ > 0. Then, uniformly for
distX (G · x,G · y) ≥ C kǫ−

1
2 , we have

Πµ̃
k ν(x, y) = O

(

k−∞)

.

When G = U(n), the previous hypothesis is satisfied by any ν ∈ EG
with

∑n
j=1 νj 6= 0. It is never satisfied when G = SU(2), but the statement

of Theorem 1.1 is nonetheless true in this case, see [GP2]. More generally,
let µT : T ×M → M be the restriction of µ, and let ΦT : M → t∨ be the
moment map induced by Φ (that is, the composition of Φ with the restriction
g∨ → t∨). If 0 6∈ ΦT (M), then the hypothesis of Theorem 1.1 is satisfied for
any ν such that MOν

6= ∅.

Theorem 1.2. Let us fix C, ǫ > 0, and assume that µ̃ is free along XO.
Then, uniformly for

max {distX(x,XOν
), distX(y,XOν

)} ≥ C kǫ−
1
2 ,

we have
Πµ̃
k ν(x, y) = O

(

k−∞)

.

If µ̃ is only generically free along XO, and X
′ ⊂ X is the open subset where

it is free, the same estimate holds uniformly on compact subsets of X ′.
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We shall focus on the near diagonal asymptotics of Πµ̃
k ν(x, x) for x belong-

ing to a shrinking tubular neighborhood of XOν
, of radius O

(

kǫ−1/2
)

. Using
the normal exponential map, we may parametrize such a neighborhood by a
neighborhood of the zero section in the normal bundle of XOν

⊂ X , which
is the pull-back of the normal bundle N(MOν

/M) of MOν
⊂ M . If VOν

⊂ X
is a sufficiently small neighborhood of XOν

, we shall accordingly write the
general y ∈ VOν

in additive notation as y = x + v, for unique x ∈ XOν
and

v ∈ Nπ(x)(MOν
/M)2.

In order to state the next Theorem, some further notation is needed.

Definition 1.1. Let ϕ be an Ad-invariant Euclidean product on g, with
associated norm ‖ · ‖ϕ. Let us also denote by ϕ the induced bi-invariant
Riemannian metric on G. Clearly, ϕ restricts to an invariant Riemannian
metric ϕT on T . We shall adopt the following notation:

1. dϕVG: the Riemannian density on G associated to ϕ;

2. volϕ(G) =
∫

G
dϕVG(g);

3. dϕVT : the Riemannian density on T

4. volϕ(T ) :=
∫

T
dϕVT (t).

5. For any γ ∈ g∨,

• γϕ ∈ g is uniquely determined by the condition γ = ϕ
(

γϕ, ·);
• ‖γ‖ϕ := ‖γϕ‖ϕ;
• γϕ,u :=

1
‖γϕ‖ϕ γ = 1

‖γ‖ϕ γ ∈ g∨;

• γϕu := 1
‖γϕ‖ϕ γϕ ∈ g.

6. t⊥ϕ ⊆ g: the Euclidean orthocomplement of t with respect to ϕ.

7. For any τ ∈ t, Sτ : t⊥ϕ → t⊥ϕ denotes the restriction of adτ ; when
τ is regular (as is the case when τ = νϕ for ν ∈ EG), Sτ is a linear
automorphism, skew-symmetric with respect to the restriction of ϕ.

Let us identify the coalgebra of T , t∨, with the subspace of those λ ∈ g∨

fixed by T under the coadjoint action, and let t∨reg ⊂ t∨ be the open and
dense subset of those elements, called regular, that are fixed precisely by T .
Hence EG ⊂ t∨reg.

2We may interpret x + v in terms of a system of Hesenberg local coordinates on X

centered at x [SZ], smoothly varying with x, see §4.
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By definition, for any m ∈ MOν
there exist hm T ∈ G/T and ς(m) > 0

such that
Φ(m) = ς(m) Coadhm(ν) ∈ Coadhm(t

∨). (4)

Since ν is regular, hm T and ς(m) are uniquely determined, and the functions
m ∈MOν

7→ hm T ∈ G/T and ς :MOν
→ R are smooth.

For any non-zero λ ∈ g∨, let λ0 = (λϕ)⊥ϕ ⊂ g be its annihilator hyper-
plane. Then

Φ(m)0 = Adhm
(

ν0
)

. (5)

Let us set tν := t∩ ν0, so that we have a ϕ-orthogonal direct sum decompo-
sition

t = span(νϕ)⊕ tν .

For every m ∈MOν
, we shall set tm := Adhm(t); thus tm is the unique Cartan

subalgebra of g containing Φ(m), or equivalently the Lie subalgebra of the
(unique) maximal torus Tm = hm T h

−1
m stabilizing Φ(m). Thus,

tm = {η ∈ g : [η,Φ(m)ϕ] = 0} . (6)

Furthermore, we shall set t′m := Adhm(tν) = tm ∩ Φ(m)0. More explicitly,

t′m = {η ∈ g : [η,Φ(m)ϕ] = 0, 〈Φ(m),η〉 = 0} . (7)

Hence we have the ϕ-orthogonal direct sum

tm = span
(

Φ(m)ϕ)⊕ t′m. (8)

Assume m ∈MOν
. Then valm is injective on Φ(m)0 by Remark 3.1; hence

valm is injective a fortiori on t′m.

Definition 1.2. In the following, m ∈ MOν
. We shall adopt the following

notation.

1. val∗m(ρ
M
m ): the pull-back to g of the Euclidear product ρMm = ωm(·, Jm·)

on TmM ; ρ′m: the restriction of val∗m(ρ
M
m ) to t′m. Thus ρ′m is non-

degenerate (whence positive definite).

2. Given an arbitrary orthonormal basis Rm of t′m for the restriction of ϕ,
let Dϕ(m) :=MRm(ρ

′
m) be the representative matrix of ρ′m w.r.t. Rm,

and set
Dϕ(m) :=

√

detDϕ(m);

then Dϕ :MOν
→ (0,+∞) is well-defined and C∞;
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We can now define a C∞ function Ψν :MOν
→ R+ by setting

Ψν(m) := 21+
rG−1

2 π · 1

‖Φ(m)‖ϕDϕ(m)
· vol(Oνϕ,u , σνϕ,u)

2

∣

∣det(Sν
ϕ
u
)
∣

∣

· volϕ(T )

volϕ(G)2
.

By Theorem 1.3 below, Ψν is actually independent of the choice of ϕ.
We need some further pieces of notation.
Given a real vector subspace R ⊆ TmM , we shall denote by R⊥hm the

orthocomplement of R with respect to the Hermitian structure hm = ρMm −
ı ωm; equivalently, R⊥hm is the orthocomplement of the complex subspace
R + Jm(R) of TmM , and is a complex subspace of (TmM,Jm). Clearly,

R⊥hm = R
⊥

ρMm ∩R⊥ωm . (9)

where R
⊥

ρMm and R⊥ωm are, respectively, the Riemannian and symplectic
orthocomplements of R.

If m ∈ M , let gM(m) ⊆ TmM be the vector subspace given by the
evaluations at m of the all the vector fields on M induced by the elements
of g. We shall see in Lemma 6.1 that for any m ∈ MOν

the normal space of
MOν

at m satisfies

Nm(MOν
) ⊆ Jm

(

gM (m)
)

, hence Nm(MOν
) ∩ gM(m)⊥hm = (0). (10)

In this setting, small displacements from a fixed x ∈ X are conveniently
expressed in Heisenberg local coordinates (HLC) on X centered at x [SZ]. A
choice of HLC at x gives a meaning to the expression x+v, where v ∈ Tπ(x)M
has sufficiently small norm. Furthermore, the curve γx,v : τ ∈ (−ǫ, ǫ) 7→
x+ τ v is horizontal at τ = 0, and in fact γ′x,v(0) = v♯. More will be said in
§4.

A further notational ingredient that will go into the statement of Theorem
1.3 is an invariant governing the exponential decay of various asymptotics
related to Szegö kernels [SZ].

Definition 1.3. Let ‖ ·‖ and ω0 be the standard norm and symplectic struc-
tures on R2 d, respectively. Let us define ψ2 : R

2 d × R2 d → R by setting

ψ2(u, v) := −ı ω0(u, v)−
1

2
‖u− v‖2.

A choice of Heisenberg local coordinates at x entails the choice of a unitary
ismophism Tπ(x)M ∼= Cd (with the standard Hermitian structure), by means
of which we shall view ψ2 as being defined on Tπ(x)M .
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Theorem 1.3. Assume that x ∈ XOν
, and that µ̃ is free at x. Set mx = π(x)

and fix C > 0, ǫ ∈ (0, 1/6). Then, uniformly for vj ∈ Nmx(MOν
) and wj ∈

gM (m)⊥hm satisfying ‖vj‖, ‖wj‖ ≤ C kǫ, the following asymptotic expansion
holds as k → +∞:

Πµ̃
k ν

(

x+
1√
k
(v1 +w1), x+

1√
k
(v2 +w2)

)

∼ Ψν(mx)

(

k

ς(mx) π

)d+
1−rG

2

· e 1
ς(mx) [ψ2(w1,w2)−(‖v1‖2mx+‖v2‖2mx )]

·
[

1 +
∑

j≥1

k−j/2 Pj(mx;vj,wj)

]

,

where Pj(mx; ·) is a polynomial of degree ≤ 3 j and parity j. If X ′
Oν

⊆ XOν

is the open subset on which µ̃ is free, the estimate holds uniformly on the
compact subsets of X ′

Oν
.

By a Gaussian integral computation in normal Heisenberg coordinates,
as in the proof of Corollary 1.3 of [P1], one can then deduce the following:

Corollary 1.1. Assume that µ̃ is free along XOν
. Then there is an asymp-

totic expansion

dimH(X)µ̃k ν ∼
(

k

π

)d+1−rG
[

δν,0 + k−1 δν,1 + . . .
]

,

with

δν,0 :=
1

2
rg−1

2

∫

MOν

[

Ψν(m)

ς(m)d+1−rG

]

dVMOν
(m),

where dVMOν
is the density on MOν

for the induced Riemannian metric.

In closing this introduction, we mention that there is a wider scope for the
results in this paper. While our focus is on the complex projective setting,
in view of the microlocal theory of almost complex Szegö kernels in [SZ]
the present approach can be naturally extended to the compact symplectic
category.

2 Examples

We check the statement of Theorem 4.2 against those in [P1] , [GP1], [GP2].
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Example 2.1. Suppose G = T is an r-dimensional torus. Let us take the
standard metric ϕ, so that volϕ(G) = (2 π)r. We obtain

Ψν(mx) =
21+

r−1
2 π

(2 π)r
· 1

‖Φ(m)‖ϕDϕ(m)
=

1
(√

2π
)r−1

1

‖Φ(m)‖ϕDϕ(m)
.

Thus Theorem 4.2 fits with Theorem 2 of [P1].

Example 2.2. Suppose G = SU(2), so that dG = 3, rG = 1. Let ϕ :
su(2)× su(2) → R be defined by

ϕ(A,B) := trace
(

AB
t
)

= trace (AB) .

Let T 6 G be the standard torus; t is generated by the diagonal matrix Z
with entries ı, −ı, which has norm

√
2. For ν ∈ Z, we shall denote by ν ∈ t∨

the weight taking value ν on Z. We have

volϕ(G) = 23/2 · (2 π2), volϕ(T ) =
√
2 · 2 π.

For any ν ∈ Z, let ν be the weight such that 〈ν, Z〉 = ν. Then

νϕ =
ν

2
Z, ‖ν‖ϕ =

1√
2
ν.

Furthermore,
vol(Oν , σν) = 2 π ν, | det(Sνϕ)| = ν2.

Finally, let λ(m) > 0 be defined by the condition that Φ(m)ϕ be similar
to λ(m)Z. Then ‖Φ(m)‖ϕ = ‖Φ(m)ϕ‖ϕ =

√
2λ(m) and ς(m) =

(

2 λ(m)
)

/ν.
We obtain

Ψν(m) = 2 π · 1√
2λ(m)

· 4 π2 ·
√
2 · 2 π

(23/2 · (2 π2))
2 =

1

2 λ(m)
,

in agreement with [GP2].

Example 2.3. If G = U(2), we have dG = 4, rG = 2. Let ϕ : u(2)×u(2) → R

be defined as for SU(2). Let T 6 G be the standard maximal torus; then t

has orthonormal basis (R, S), where R and S are the diagonal matrices with
diagonal entries

(

ı 0
)

and
(

0 ı
)

, respectively. Let ν = ν1R
∗+ν2 S

∗, where
(R∗, S∗) is the dual basis. Then νϕ = ν1R + ν2 S.

We have in this case

volϕ(Oν , σν) = 2 π (ν1 − ν2), | det(Sνϕ)| = (ν1 − ν2)
2.

9



Furthermore,
volϕ(T ) = (2 π)2, volϕ(G) = 8 π3.

We obtain for m ∈MOν

Ψν(m) = 2
3
2 π · 1

‖Φ(m)‖ϕDϕ(m)
·4 π2 · 4 π

2

64 π6
=

1√
2π

· 1

‖Φ(m)‖ϕDϕ(m)
, (11)

which tallies with the front factor in the pointwise expansion in Theorem 1.4
of [GP1]. In the latter expansion the numerical factor is written in a slightly
less explicit form, but replacing V3 = 2 π2 it is readily seen to equal the one
in (11).

3 Preliminaries

We shall adopt the following notational conventions:

1. Rj will denote a smooth real, complex or vector valued function defined
in the neighborhood of the origin of some vector space, vanishing to
j-th order at the origin, and allowed to vary from line to line;

2. if G acts smoothly on a manifold Z and ξ ∈ g, ξZ will denote the
induced vector field on Z;

3. under the same assumption, if p ∈ Z we shall denote by valp : ξ ∈ g →
ξZ(p) ∈ TpZ the evaluation map;

4. if m ∈M and v ∈ TmM , we shall denote by ‖v‖m the norm of v with
respect to ρM ;

5. if x ∈ X and υ = a ∂θ|x + v♯ ∈ TxX , in computations it will be
convenient to set ‖υ‖x :=

√

a2 + ‖v‖2m (this is the norm in an obvious
vertical rescaling of ρX).

Remark 3.1. Arguing as in §2 of [P1] (or §4.1.1 of [GP1]), one verifies that
the following conditions are equivalent:

1. Assumption 1.1 holds;

2. µ̃ is locally free along XOν
;

3. for every m ∈ MOν
, valm : g → TmM is injective on the annihilator of

Φ(m), that is,
ker(valm) ∩ Φ(m)0 = (0).

10



Let us define

Zν :=
{

(x, y) ∈ XO ×XO : y ∈ G · x
}

. (12)

Then Zν is a G×G-invariant compact and connected submanifold of X×X .

Theorem 3.1. Uniformly on compact subsets of (X ×X) \ Zν , we have

Πµ̃
k ν(x, y) = O

(

k−∞)

.

Proof. The argument is a slight modification of the one in §3.1 and §3.2 of
[GP1], based on the theory in [GS1]; hence we shall be somewhat sketchy.
The ladder Szegö projector

ΠL :=
+∞
⊕

k=1

Πµ̃
k ν : L2(X) −→

+∞
⊕

k=1

H(X)µ̃k ν

has a distributional kernel whose wave front satisfies WF(ΠL) ⊆ Zν .
Let K ⋐ (X ×X) \ Zν . Without loss, we may assume that K is G×G-

invariant. There exists a G × G-invariant smooth cut-off function ̺ ≥ 0 on
X×X , which is identically equal to 1 on a neighborhood of K, and vanishes
identically on a neighborhood of Zν . Hence ̺ ·ΠL ∈ C∞(X ×X). Hence, we
obtain a C∞ function

F : (g, x, y) ∈ G×X ×X 7→ (̺ ·ΠL) (µ̃g−1(x), y) ∈ C.

We shall set Fx,y := F (·, x, y) : G→ C.
Let us denote Pk ν : L2(X) → L2(X)k ν the projector. Hence, Πµ̃

k ν = Pk ν◦
Πµ̃
L. If d

HVG(g) is the Haar measure on G, this means that for (x, y) ∈ X×X

Πµ̃
k ν(x, y) = dk ν

∫

G

χk ν(g)ΠL (µ̃g−1(x), y) dHVG(g). (13)

If (x, y) ∈ K, therefore,

Πµ̃
k ν(x, y) = dk ν ·

∫

G

χk ν(g) (̺ΠL) (µ̃g−1(x), y) dHVG(g) (14)

= dk ν · trace
(

F(Fx,y)(k ν − δ)
)

,

where F denotes the Fourier transform onG [Su], viewed as a function onDG.
Since dk ν ≤ Cν k

dG−rG, it suffices to show that F(Fx,y)(k ν − δ) = O (k−∞)
in Hilbert-Schmidt norm for k → +∞. To this end, we apply arguments in
§1 of [Su].

11



To begin with, for any λ ∈ DG \ {0} we have (see eq. (1.21) of [Su])

‖F (Fx,y) (λ)‖2HS ≤ ‖λ‖−4 l
∥

∥F
(

∆l
GFx,y

)

(λ)
∥

∥

2

HS
; (15)

here ∆G denotes the Laplacian (Casimir) operator on G, and ‖·‖ is the
Hilbert-Schmidt norm. Hence for k ≫ 0

‖F (Fx,y) (k ν − δ)‖2HS ≤ 2 k−4 l‖ν‖−4 l
∥

∥F
(

∆l
GFx,y

)

(k ν − δ)
∥

∥

2

HS
; (16)

On the other hand, by the Parceval identity (eq. (1.16) of [Su]) we also have

∥

∥F
(

∆l
GFx,y

)

(λ)
∥

∥

2

HS
≤ 1

dλ+δ

‖∆l
GFx,y‖22 ≤ ‖∆l

GFx,y‖22 (17)

where ‖ · ‖2 denotes the L2-norm on G (dλ+δ = d(λ) in the notation of [Su]).
Furthermore, by compactness for any l ≥ 0 we can find Cl > 0 such that

‖∆l
GFx,y‖22 ≤ Cl for all (x, y) ∈ X ×X . Hence, by the Parceval identity, for

every λ ∈ DG we have

∥

∥F
(

∆l
GFx,y

)

(λ)
∥

∥

2

HS
≤ 1

dλ+δ

Cl ≤ Cl. (18)

Therefore, for k ≫ 0 we have

‖F (Fx,y) (k ν − δ)‖2HS ≤ k−4 l C ′
l (19)

4 Proof of Theorem 1.1

In the proof of Theorem 1.1 we shall use the Weyl integration and character
formulae, which we briefly recall below, referring e.g. to [V1] (§2.3-2.5) and
[V2] (§4.13 and 4.14) for a detailed treatment.

Let W denote the Weyl group of (g, t); then W naturally acts on t∨

preserving the root lattice L(R) ⊂ t∨.
Let L(G) ⊂ t∨ be the lattice of integral forms of G. Every γ ∈ L(G)

defines a character Eγ : T → S1, and we may define

Aγ :=
∑

s∈W
ǫ(s)Es(γ) : T → C,

where ǫ(s) = det(s) (here s is viewed as a linear map t → t). In particular,
since δ ∈ L(G) by Assumption 1.2, we may set ∆ := Aδ.

Let dHVG, d
HVT , d

HVG/T be the Haar measures on G, T and G/T , re-
spectively (§2.3 of [V1], §4.13 of [V2]). Then the following holds (Theorem
4.13.5 of [V2]):

12



Theorem 4.1. (Weyl Integration Formula) Let us set For every L1-function
on G,

∫

G

f(g) dHVG(g) =
1

|W | ·
∫

T

fT (t)
∣

∣∆(t)
∣

∣

2
dHVT (t),

where

fT (t) :=

∫

G/T

f
(

g t g−1
)

dHVGT (gT ).

Similarly, under Assumption 1.2 Aν is well-defined for any ν ∈ EG. Then
we have (Theorem 4.14.4 of [V2]):

Theorem 4.2. (The Weyl Character formula) On the open and dense regular
locus T ′ ⊂ T (defined by ∆ 6= 0), we have

χν |T ′ =
Aν

∆
.

Another basic ingredient of the following arguments is the microlocal
representation of Π as a Fourier integral operator introduced in [BS], and its
elaboration in the projective (and sympletic) setting in [Z], [BSZ], [SZ]. We
refer to the latter papers for a detailed discussion, and simply recall that the
latter description has the form

Π(x, y) =

∫ +∞

0

eı uψ(x,y) s(x, y, u) du, (20)

where ψ is a complex phase function (with ℑ(ψ) ≥ 0) and s is a semiclassical
symbol on X ×X , admitting an asymptotic expansion of the form

s(x, y, u) ∼
∑

j≥0

sj(x, y) u
d−j. (21)

We shall invoke the following two properties of ψ:

1. for any x ∈ X , we have

d(x,x)ψ = (αx,−αx); (22)

2. there exists a constant DX > 0 such that (ℑ denoting imaginary part)

ℑ
(

ψ(x, y)
)

≥ DX distX(x, y)
2 ∀ x, y ∈ X. (23)
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A further useful tool is given by Heisenberg local coordinates on X ; these
are the local coordinates on X , introduced in [SZ], in which the local scaling
asymptotics of Szegö kernels exhibit their universal character. Given x ∈ X ,
a system of local Heisenberg coordinates on X centered at x will be denoted
additively, in the form x + (θ,v); here θ ∈ (−π, π) and v ∈ Cd varies in an
open ball centered at the origin. Fiber rotation is represented by translation
in θ, and the locus θ = 0 projects diffeomorphically onto its image in M ,
hence defines a local section of X which is horizontal at x with respect
to the connection form α. Thus a system of Heisenberg local coordinates
for X centered at x entails a choice of local coordinates for M centered at
mx = π(x); actually the latter system determines a unitary isomorphism
Cd ∼= TmM with respect to (ωm, Jm), so when writing x + (θ,v) it is often
assumed that v ∈ TmM (as will be the case below). Further, when θ = 0
we usually write x + v for x + (0,v) (as in the statement of Theorem 1.3).
Referring to (21), in Heisenberg local coordinates at x we have

s0(x, x) =
1

πd
. (24)

We refer the reader to [SZ] for a detailed discussion.

Proof of Theorem 1.1. The proof is an adaptation of the argument used when
G = U(2) in [GP1], so we’ll be somewhat sketchy.

To begin with, in view of Theorem 3.1 we may assume without loss that x
and y belong to a small S1×G-invariant neighborhood VO of XO. Equivalen-
tly, mx := π(x) and my := π(y) belong to a small G-invariant neighborhood
of UO of MO in M , and . In particular, we may assume that µ̃ is free on VO.

Hence ΦG(mx) belongs a small conic neighborhood of C(Oν). Further-
more, replacing (x, y) by (µ̃h(x), µ̃h(y)) for a suitable h ∈ G, we may also
assume that ΦG(my) belongs to a small conic neighborhood of R+ · ν. More
precisely, we may assume that ΦG(my) = λy ν + βy, where λy > 0, βy ∈ ν0

are smooth (here ν⊥ ⊂ g∨ is the orthcomplement of ν with respect to, say,
ϕH), and ‖βy‖ ≪ λy.

We have

Πk ν(x, y) = dk ν

∫

G

χk ν(g)Π (µ̃g−1(x), y) dHVG(g). (25)

For a suitably small δK > 0, let us introduce the open cover V = {V ′, V
′′} of

G×X ×X given by

V ′ := {(g, x, y) ∈ G×X ×X : distX (µ̃g−1(x), y) < 2 δK} ,
V

′′
:= {(g, x, y) ∈ G×X ×X : distX (µ̃g−1(x), y) > δK} .
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Let ̺′ + ̺′′ = 1 be a partition of unity on G×X ×X subordinate to V. We
then have

Πk ν(x, y) = Πk ν(x, y)
′ +Πk ν(x, y)

′′
, (26)

where Πk ν(x, y)
′ and Πk ν(x, y)

′′
are defined as in (25), except that the inte-

grand has been multiplied by ̺′ and ̺
′′
, respectively. Therefore, G(g, x′, y′) :=

̺
′′ · Π (µ̃g−1(x′), y′) is a smooth function on G × X . Hence, letting Gx′,y′ :=

G(·, x′, y′) arguing as above we have

Πk ν(x
′, y′)

′′
= dk ν trace

(

F(Gx′,y′)(k ν − δ)
)

= O
(

k−∞)

,

uniformly in (x′, y′) ∈ X × X . We are thus reduced to considering the
asymptotics of the former summand Πk ν(x, y)

′. On the support of ̺′, y
belongs to a small neighborhood of µ̃g−1(x); hence we may represent Π as a
Fourier integral operator.

Applying Theorems 4.2 and 4.1, and recalling that ∆ ◦ σ = ǫ(σ)∆ for
any σ ∈ W , we obtain

Πk ν(x, y) ∼ dk ν

∫

G

dHVG(g)
[

χk ν(g) ̺
′(g, x, y) Π (µ̃g−1(x), y)

]

(27)

=
dk ν
|W |

∫

T

dHVT (t)

∫

G/T

dHVG/T (g T )

[

χk ν(t) |∆(t)|2 ̺′
(

g t g−1, x, y
)

Π (µ̃g t−1g−1(x), y)
]

=
dk ν
|W |

∑

σ∈W
ǫ(σ)

∫

T

dHVT (t)

∫

G/T

dHVG/T (g T )

[

Ek ν(tσ)∆(t) ̺′
(

g t g−1, x, y
)

Π (µ̃g t−1g−1(x), y)
]

= dk ν

∫

T

dHVT (t)

∫

G/T

dHVG/T (g T )

[

Ek ν(t)∆(t) ̺′
(

g t g−1, x, y
)

Π (µ̃g t−1g−1(x), y)
]

.

Choosing a basis of the lattice L(G), we obtain an isomorphism B :
(S1)rG ∼= t/L(G) ∼= T ; we shall write the general element of (S1)rG as eıϑ =
(

eı ϑ1 · · · eı ϑrG
)

. Then with dϑ = dϑ1 · · · dϑrG

B∗(dVT
)

=
1

(2 π)rG
dϑ, Ek ν ◦B

(

eıϑ
)

= eı k 〈ν,ϑ〉

To simplify notation, we shall simply identify T and (S1)rG , and write eıϑ

for the corresponding element of T ; with the same abuse, we shall think of
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ıϑ as an element of t 6 g. Inserting (20) in (27), we obtain

Πk ν(x, y) ∼ dk ν
(2 π)rG

∫

(−π,π)rG
dϑ

∫

G/T

dHVG/T (g T ) (28)

[

eı
[

uψ(µ̃
g e−ıϑg−1(x),y)−k 〈ν,ϑ〉

]

Ak(gT,ϑ, x, y, u)

]

=
k dk ν
(2 π)rG

∫

(−π,π)rG
dϑ

∫

G/T

dHVG/T (g T )

[

eı k Γ(g T,ϑ,u,x,y)Ak(gT,ϑ, x, y, k u)
]

where

Ak(gT,ϑ, x, y, u) := ∆
(

eıϑ
)

̺′
(

g eıϑ g−1, x, y
)

s
(

µ̃g e−ıϑg−1(x), y, u
)

,

Γ(g T,ϑ, u, x, y) := uψ(µ̃g e−ıϑg−1(x), y)− 〈ν,ϑ〉.
On the support of ̺′ we have µ̃g e−ıϑg−1(x) ∼ y. In view of (22), in any given
coordinate system therefore

d(
µ̃
g e−ıϑg−1 (x),y

)ψ ∼ (αy,−αy). (29)

On the other hand, by Lemma 2.10 of [P1] in Heisenberg local coordinates
centered at x we have

µ̃g e−ıϑg−1(x) = µ̃e−Adg(ıϑ)(x) (30)

= x+
(

〈

Φ(mx),Adg(ıϑ)
〉

+R3(ϑ),−Adg(ıϑ)M(mx) +R2(ϑ)
)

= x+
(

〈

Φ
(

µg−1(mx)
)

, ıϑ
〉

+R3(ϑ),−Adg(ıϑ)M(mx) +R2(ϑ)
)

.

It follows that on the support of ̺′

∂ϑΓ(g T,ϑ, u, x, y) ∼ u Adg−1Φ(my)|t − ν. (31)

Since Oν ∩ t0 = ∅, there exists r0 > 0 such that, with ΦT (m) = Φ(m)|t,

‖ ΦT (m)
∣

∣

t
‖ ≥ r0, ∀m ∈MO.

Hence, if UO is a sufficiently small open neighborhood of MO, then

∥

∥ΦT (m)
∥

∥ ≥ 1

2
r0, ∀m ∈ UO.

This applies to Adg−1Φ(my) = Φ ◦ µg−1(my). It then follows from (31) (ar-
guing as in the proof of Lemma 5.3 of [GP1]) that the following holds:
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Lemma 4.1. Suppose D ≫ 0, and let ρ ∈ C∞
c

(

(1/(2D), 2D)
)

be such a
bump function that ρ ≡ 1 on (1/D,D). Then only a rapidly decreasing
contribution to the asymptotics of (28) is lost, if the integrand is multiplied
by ρ(t).

Hence we may assume that integration in u is compactly supported. The
proof is the completed by iteratively integrating by parts in du, as in the
proof of Proposition 5.2 of [GP1].

5 Proof of Theorem 1.2

In the proof of Theorem 1.2, we shall rely on the Kirillov character formula
([Ki], [R]), which we briefly recall.

Let expG : ξ ∈ g 7→ eξ ∈ G be the exponential map of G, and let g′ ⊆ g

and G′ ⊆ G be open neighborhoods of the origin 0 ∈ g and of the unit
1G ∈ G, respectively, such that expG restricts to a diffeomorphism g′ → G′.
We may find an Ad-invariant Euclidean product ϕH on g, such that dHVG(g)
is the Riemannian density associated to the induced bi-invariant Riemannian
metric on G, which with abuse of notation we shall also denote by ϕH . Let
dHξ be the Lebesgue measure on g induced by ϕH . Let the C∞ function
P : g′ → (0,+∞) be defined by the equality

exp∗
G(d

HVG) = P2 dHξ.

Clearly P(0) = 1.
Let us set nG := (dG− rG)/2. Then for every ν ∈ EG and ξ ∈ g′ we have

dim(Oν) = dim(G/T ) = dG − rG = 2nG.

Furthermore, let us denote by σν the Kostant-Kirillov symplectic structure
on Oν , so that σ

nG
ν /nG! is the symplectic volume form on Oν . In the following

we shall set

dVOν
:=

σnG
ν

nG!
, vol

(

Oν

)

:=

∫

Oν

dVOν
.

The Kirillov character formula then says that

χν

(

eξ
)

=
1

(2 π)nν

1

P(ξ)

∫

Oν

eı 〈λ,ξ〉 dVOν
(λ) (ξ ∈ g′). (32)

Given (32) and (2), setting ξ = 0 we get

dν =
vol

(

Oν

)

(2 π)nG
⇒ vol

(

Oν

)

= (2 π)nG

∏

β∈R+

ϕ(ν,β)

ϕ(δ,β)
. (33)
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For every k ≥ 1, by a rescaling we obtain

χk ν
(

eξ
)

=

(

k

2 π

)nG 1

P(ξ)

∫

Oν

eı k 〈λ,ξ〉
σnG
ν (λ)

nG!
(ξ ∈ g′). (34)

In particular,

dk ν =

(

k

2 π

)nG

vol
(

Oν

)

. (35)

Proof of Theorem 1.2. We may assume without loss that ǫ ∈ (0, 1/6). Fur-
thermore, it suffices to prove the Theorem when x = y, since by the Cauchy-
Schwartz inequality

∣

∣

∣
Πµ̃
k ν(x, y)

∣

∣

∣
≤ Πµ̃

k ν(x, x)
1
2 Πµ̃

k ν(y, y)
1
2 ,

and on the other hand Πµ̃
k ν(x, x)

1
2 may be seen to satisfy an a priori polyno-

mial bound in k, by adapting the arguments in §5.1.2 of [GP1]. By Theorem
3.1, we need only consider the case where x belongs to a small S1×G-invariant
neighborhood VOν

⊆ X of XOν
; in particular, we may assume without loss

that µ̃ is free on VOν
. Furthermore, we may replace x by µ̃g(x) for any given

g ∈ G, and assume that Φ(mx) = λx ν + βx, where λx > 0, βx ∈ ν⊥, and
‖βx‖ ≪ λx.

Let us start from (25) with x = y:

Πk ν(x, x) = dk ν

∫

G

χk ν(g)Π (µ̃g−1(x), x) dHVG(g). (36)

Let us set, for some small ε1 > 0,

W ′ := {(g, x) ∈ G×X : distX (µ̃g(x), x) < 2 ε1}
W ′′ := {(g, x) ∈ G×X : distX (µ̃g(x), x) > ε2} .

Let ρ′ + ρ′′ = 1 be a partition of unity on G × X subordinate to the open
cover {W ′,W ′′}. Then an argument as in the proof of Theorem 3.1 shows
that only a rapidly decreasing contribution to the asymptotics of (36) is lost,
if the integrand is multiplied by ρ′′. Hence we are reduced to considering the
asymptotics of

Πk ν(x, x)
′ := dk ν

∫

G

ρ′(g, x)χk ν(g)Π (µ̃g−1(x), x) dHVG(g). (37)

Since µ̃ is free on VOν
, the partial function ρ′x := ρ′(·, x) is supported on a

small open neighborhood of the unit 1G ∈ G, which we may assume to be
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diffeomorphic to an open neighborhood of 0 ∈ g by the exponential map.
Hence on the same neighborhood we may set g = eξ and express χk ν(g)
by the Kirillov character formula (34). Furthermore, since µ̃g−1(x) ∼ x for
ρ′x(g) 6= 0, we may also replace Π by its description as an FIO (20). After
the rescaling u 7→ k u, we obtain

Πk ν(x, x) ∼ Πk ν(x, x)
′ (38)

∼ k dk ν ·
(

k

2 π

)nG
∫ +∞

0

du

∫

g′
dHξ

∫

Oν

dVOν
(λ)

[

eı k Γx(u,ξ,λ)Ax,k(u, ξ,λ)
]

where
Γx(u, ξ,λ) := uψ (µ̃e−ξ(x), x)− 〈λ, ξ〉

Ax,k(u, ξ,λ) := ρ′x
(

eξ
)

P(ξ) s (µ̃e−ξ(x), x, k u) .

Since µ̃e−ξ(x) ∼ x on the support of Ax,k, we have in local coordinates
d(µ̃

e−ξ (x),x)ψ ∼ (αx,−αx). Hence ∂ξΓx(u, ξ,λ) ∼ uΦ(mx)−λ. We then have
an analogue of Lemma 4.1, so that integration in du may be assumed to be
compactly supported. We express this by multiplying the amplitude in (38)
by a bump function ρ = ρ(u) compactly supported in (1/D,D) for some
D ≫ 0.

Let γ ∈ C∞(g) be ≥ 0, supported on a ball of radius 2 centered at the
origin (say with respect to ϕH) and ≡ 1 on a ball of radius 1 centered at the
origin. Let us define γk ∈ C∞

c (g) for k = 1, 2, . . . by setting

γk(ξ) := γ
(

k1/2−ǫ ξ
)

.

Let Πk ν(x, x)1 and Πk ν(x, x)2 be given by the second line of (38) multiplied
by, respectively, γk and 1− γk.

Lemma 5.1. Πk ν(x, x)2 = O (k−∞) as k → +∞.

Proof of Lemma 5.1. On the support of 1 − γk, we have ‖ξ‖H ≥ kǫ−
1
2 in

ϕH -norm. Hence for a certain constant r0 > 0 depending only on the choice
of an invariant open neighborhood VO ⊆ X of XO we have

distX (µ̃e−ξ(x), x) ≥ r0 k
ǫ− 1

2

(

x ∈ VO, ξ ∈ supp(1− γD1,k)
)

. (39)

Hence by (23)

∣

∣∂uΓx(u, ξ,λ)
∣

∣ =
∣

∣ψ (µ̃e−ξ(x), x)
∣

∣ ≥
∣

∣ℑψ (µ̃e−ξ(x), x)
∣

∣ ≥ DX r
2
0 k

2ǫ−1. (40)

Iteratively integrating by parts in du then implies the statement, since at
each step we introduce a factor O (k−2 ǫ) (see Proposition 5.2 of [GP1]).
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Thus we are reduced to considering the asymptotics of Πk ν(x, x)1. On

the support of γk we have ‖ξ‖H ≤ 2 kǫ−
1
2 . Let us operate the rescaling

ξ 7→ ξ/
√
k, and rewrite Πk ν(x, x)1 as

Πk ν(x, x)1 = k1−dG/2 dk ν ·
(

k

2 π

)nG
∫ D

1/D

du

∫

g′
dHξ

∫

Oν

dVOν
(λ)

[

eı k Γx(u,ξ/
√
k,λ)Ax,k(u, ξ/

√
k,λ) ρ(u) γ

(

k−ǫ ξ
)

]

. (41)

Now integration in ξ is on an expanding ball of radius O (kǫ) centered at the
origin. In Heisenberg local coordinates at x, by Lemma 2.10 of [P1] we have

µ̃e−ξ/
√
k(x) (42)

= x+

(

1√
k

〈

Φ(mx), ξ)
〉

+R3

(

1√
k
ξ

)

,− 1√
k
ξM(mx) +R2

(

1√
k
ξ

))

.

As in the proof of Theorem 1 of [P1], using the expansions in §3 of [SZ] one
gets

Γx

(

u, ξ/
√
k,λ

)

(43)

=
1√
k
〈uΦ(mx)− λ, ξ〉+ ı u

2 k
‖ξX(x)‖2 + uR3

(

ξ√
k

)

eı ςx,k(ξ/
√
k),

where ςx,k(ξ) =
〈

Φ(mx), ξ)
〉

+R3(ξ). Hence we rewrite (41) as follows

Πk ν(x, x)1 = k1−dG/2 dk ν ·
(

k

2 π

)nG
∫ D

1/D

du

∫

g′
dHξ

∫

Oν

dVOν
(λ)

[

eı
√
kΥx(u,ξ,λ) Bx,k(u, ξ/

√
k,λ) γ

(

D1 k
−ǫ ξ

)

]

, (44)

where now

Υx(u, ξ,λ) := 〈uΦ(mx)− λ, ξ〉

Bx,k(u, ξ/
√
k,λ) := e−

u
2
‖ξX(x)‖2 · ρ(u)Ax,k(u, k

−1/2 ξ,λ) e
ukR3

(

ξ√
k

)

e
ı ςx,k(ξ/

√
k)

We have ξX(x) 6= 0 if x ∈ VOν
, ξ 6= 0.

Under the present transversality assumption (Assumption 1.1), there ex-
ists s0 > 0 such that

∥

∥Φ(m)− λ
∥

∥ ≥ s0 · distM(m,MO), ∀m ∈M, ∀λ ∈ C(Oν).

Therefore, in the situation of the Theorem,

‖∂ξΥx(u, ξ,λ)
∥

∥ =
∥

∥uΦ(mx)−λ
∥

∥ ≥ s0
D
·C kǫ− 1

2 , ∀λ ∈ Oν , ∀ u ∈
(

1

D
,D

)

.

The statement of the Theorem then follows by iteratively integrating by parts
in dξ, since each step introduces a factor O (k−ǫ).

20



6 Proof of Theorem 1.3

Before delving into the proof of Theorem 1.3, let us make the following
remarks.

Suppose x ∈ X , and let ̟x : (θ,v) 7→ x+(θ,v) be a system of Heisenberg
local coordinates at x. Then ̟x induces an isomorphism TxX ∼= R×R2n, in
terms of which we can give a meaning to the expression x+υ, when υ ∈ TxX
is small. For some c1 > c2 > 0 we have

c2 ‖υ1 − υ2‖ ≤ distX(x+ υ1, x+ υ2) ≤ c1 ‖υ1 − υ2‖ (45)

if υj ∼ 0.
Let t′m be as in (7); we have the following characterization of the normal

bundle N
(

MOν

)

to MOν
in M , which can be proved by minor adaptations

of the arguments used in Lemma 4.2 and Step 4.3 of [GP1].

Lemma 6.1. For any m ∈MOν
, Nm

(

MOν

)

= Jm
(

t′m
)

.

Furthermore, we may identify the normal bundle of XOν
⊆ X , N

(

XOν

)

,
with the pull-back of N

(

MOν

)

; even more explicitly, for every x ∈ XOν
we

have with mx = π(x)

Nx

(

XOν

)

= Nmx

(

XOν

)♯
.

Hence there is an orthogonal direct sum

Nmx

(

XOν

)♯ ⊕ gX(x)⊕ gM(mx)
⊥h

♯ ⊆ TxX. (46)

We then have the following consequence, whose proof is omitted.

Lemma 6.2. Suppose x ∈ XOν
, and choose a system of Heisenberg local

coordinates at x. Then there exists δ > 0 such that for any choice of ξ ∈ g,
vj ∈ Nmx

(

XOν

)

, wj ∈ gM (mx)
⊥h of sufficiently small norm we have

distX
(

µ̃e−ξ

(

x+ (v1 +w1)
)

, x+ (v2 +w2)
)

≥ δ ‖ξ‖ϕ.

Furthermore, δ may be chosen uniformly on XOν
.

Proof of Theorem 1.3. We may replace x by µ̃h(x) for a suitable h ∈ G, and
assume without loss that Φ(mx) = ς(mx)ν. Hence, we may assume that

tm = t, t′m = tν (47)

(see (6), (7)). Let us set

xj,k :=
1√
k
(vj +wj) (j = 1, 2; k > 0).
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and replace (36) by

Πk ν(x1,k, x2,k) = dk ν

∫

G

χk ν(g)Π (µ̃g−1(x1,k), x2,k) d
HVG(g). (48)

Given that xj,k → x, the argument leading to (37) now implies Πk ν(x1,k, x2,k) ∼
Πk ν(x1,k, x2,k)

′, where

Πk ν(x1,k, x2,k)
′ := dk ν

∫

G

ρ′(g, x)χk ν(g)Π (µ̃g−1(x1,k), x2,k) d
HVG(g). (49)

We then obtain in place of (38)

Πk ν(x1,k, x2,k) ∼ Πk ν(x1,k, x2,k)
′ (50)

∼ k dk ν ·
(

k

2 π

)nG
∫ +∞

0

du

∫

g′
dHξ

∫

Oν

dVOν
(λ)

[

eı k Γx,k(u,ξ,λ) Bx,k(u, ξ,λ)
]

where
Γx,k(u, ξ,λ) := uψ (µ̃e−ξ(x1,k), x2,k)− 〈λ, ξ〉 (51)

Bx,k(u, ξ,λ) := ρ′x
(

eξ
)

P(ξ) · s (µ̃e−ξ(x1,k), x2,k, k u) . (52)

Since µ̃e−ξ(x1,k) ∼ x2,k on the support of Bx,k, by the same argument used
in the proof of Theorem 1.2 we may multiply the integrand in (50) by the
same cut-off function ρ = ρ(u) without affecting the asymptotics, so as to
assume that integration in du is supported in (1/D,D) for some D ≫ 0.

In view of Lemma 6.2, we have for k ≫ 0

distX
(

µ̃e−ξ

(

x1,k)
)

, x2,k)
)

≥ δ ‖ξ‖ϕ.

Using this, we obtain an obvious analogue of (39), so that we can reprove
Lemma 5.1 in the present setting. Rescaling in ξ, we obtain in place of (41):

Πk ν(x1,k, x2,k) (53)

∼ k1−dG/2 dk ν ·
(

k

2 π

)nG
∫ D

1/D

du

∫

g

dHξ

∫

Oν

dVOν
(λ)

[

eı k Γx,k(u,ξ/
√
k,λ) Bx,k(u, ξ/

√
k,λ) ρ(u) γ

(

k−ǫ ξ
)

]

.

In view of Corollary 2.2 of [P1], and using that ωmx

(

ξM(m),w1

)

= 0, in
place of (42) we have

µ̃e−ξ/
√
k(x1,k) = x+ (Θk,1, Vk,1) . (54)
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where

Θk,1 = Θk(x, ξ,v1,w1) (55)

=
1√
k

〈

Φ(mx), ξ)
〉

+
1

k
ωmx

(

ξM(mx),v1

)

+R3

(

1√
k
ξ,

1√
k
v1,

1√
k
w1

)

,

Vk,1 = Vk(x, ξ,v1,w1) (56)

=
1√
k

(

v1 +w1 − ξM(mx)
)

+R2

(

1√
k
ξ,

1√
k
v1,

1√
k
w1

)

.

We then have (see §3 of [SZ])

uψ
(

µ̃e−ξ/
√
k(x1,k), x2,k

)

(57)

= ı u
[

1− eıΘk
]

− ı u ψ2

(

Vk,1,
1√
k
(v2 +w2)

)

+ uR3

(

ξ√
k
,
vj√
k
,
wj√
k

)

.

We have

ı u
[

1− eıΘk,1
]

= uΘk,1 +
ı u

2
Θ2
k,1 + uR3

(

ξ√
k
,
v1√
k
,
w1√
k

)

(58)

=
u√
k

〈

Φ(mx), ξ)
〉

+
u

k
ωmx

(

ξM(mx),v1

)

+
ı u

2 k

〈

Φ(mx), ξ
〉2

+uR3

(

ξ√
k
,
v1√
k
,
w1√
k

)

,

and

ψ2

(

Vk,1,
1√
k
(v2 +w2)

)

(59)

=
1

k

[

−ı ωmx

(

v1 +w1 − ξM(mx),v2 +w2

)

− 1

2

∥

∥

(

v1 − v2) + (w1 −w2)− ξM(mx)
∥

∥

2

mx

]

+R3

(

ξ√
k
,
vj√
k
,
wj√
k

)

.

Since wj ∈ gM(m)⊥hm , we have ωm
(

ξM(mx),w2

)

= 0 for any ξ ∈ g.

Lemma 6.3. If m ∈MOν
and vj ∈ Nm(MOν

), then ωm(v1,v2) = 0.

Proof of Lemma 6.3. By Lemma 6.1, there are ηj ∈ t′m ⊆ tm such that

vj = Jm
(

ηjM(m)
)

(given our previous reduction we may assume tm = t).

Hence ωm(v1,v2) = ωm
(

η1M(m),η2M(m)
)

. On the other hand, µ restricts to
a Hamiltonian action of the maximal torus Tm, and therefore the vector fields
ηM , with η ∈ t, are all in symplectic involution. Hence ω

(

η1M ,η2M

)

≡ 0.
Hence ωm(v1,v2) = 0.
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Given (46) and Lemma 6.3, in view of Definition 1.3 we may rewrite (59)
as

ψ2

(

Vk,1,
1√
k
(v2 +w2)

)

(60)

=
1

k

[

ψ2(w1,w2)−
1

2

∥

∥v1 − v2‖2mx
+ ı ωmx

(

ξM(mx),v2

)

− 1

2
‖ξM(mx)

∥

∥

2

m

]

+R3

(

ξ√
k
,
vj√
k
,
wj√
k

)

.

Hence, (57) may be rewritten

uψ
(

µ̃e−ξ/
√

k(x1,k), x2,k
)

(61)

=
u√
k

〈

Φ(mx), ξ)
〉

+
u

k
ωmx

(

ξM(mx),v1

)

+
ı u

2 k

〈

Φ(mx), ξ
〉2

+uR3

(

ξ√
k
,
v1√
k
,
w1√
k

)

− ı u
k

[

ψ2(w1,w2)−
1

2

∥

∥v1 − v2‖2mx
+ ı ωmx

(

ξM(mx),v2

)

− 1

2
‖ξM(mx)

∥

∥

2

mx

]

+uR3

(

ξ√
k
,
vj√
k
,
wj√
k

)

.

Whence

ı k u ψ
(

µ̃e−ξ/
√

k(x1,k), x2,k
)

(62)

= ı
√
k u

〈

Φ(mx), ξ
〉

+ ı u ωmx

(

ξM(mx),v1 + v2

)

− u

2

〈

Φ(mx), ξ
〉2

+u

[

ψ2(w1,w2)−
1

2

∥

∥v1 − v2‖2mx
− 1

2
‖ξM(mx)

∥

∥

2

mx

]

+ı u k R3

(

ξ√
k
,
vj√
k
,
wj√
k

)

= ı
√
k u

〈

Φ(mx), ξ
〉

+ ı u ωmx

(

ξM(mx),v1 + v2

)

− u

2
‖ξX(x)

∥

∥

2

x

+u

[

ψ2(w1,w2)−
1

2

∥

∥v1 − v2‖2mx

]

+ı u k R3

(

ξ√
k
,
vj√
k
,
wj√
k

)

.
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In view of (51)

ı k Γx,k(u, ξ/
√
k,λ) (63)

= ı k

[

uψ
(

µ̃e−ξ/
√

k(x1,k), x2,k
)

−
〈

λ,
1√
k
ξ

〉]

= ı
√
k
〈

uΦ(mx)− λ, ξ
〉

+ ı u ωm
(

ξM(m),v1 + v2

)

− u

2
‖ξX(x)‖2x

+u

[

ψ2(w1,w2)−
1

2
‖v1 − v2‖2m

]

+ı u k R3

(

ξ√
k
,
vj√
k
,
wj√
k

)

Let dϕξ be the Lebesgue measure on g associated to ϕ. Then

dHξ = volϕ(G)−1 dϕξ. (64)

Using this and (35), (53) may be rewritten as an oscillatory integral in
√
k

with a real phase, in the form

Πk ν(x1,k, x2,k) (65)

∼ vol
(

Oν

)

volϕ(G)
· k1−dG/2

(

k

2 π

)2nG

·
∫ D

1/D

du

∫

g

dϕξ

∫

Oν

dVOν
(λ)

[

eı
√
kΥx(u,ξ,λ) Cx,k(u, ξ,λ;vj,wj)

]

,

with phase Υx and amplitude Cx,k given by, respectively,

Υx(u, ξ,λ) :=
〈

uΦ(mx)− λ, ξ
〉

, (66)

Cx,k(u, ξ,λ;vj ,wj) := eı uωm

(

ξM (m),v1+v2

)

−u
2
‖ξX(x)‖2x+u [ψ2(w1,w2)− 1

2
‖v1−v2‖2mx ]

·B′
x,k(u, ξ/

√
k,λ) (67)

where

B′
x,k(u, ξ/

√
k,λ) (68)

= e
ı u k R3

(

ξ√
k
,
vj√
k
,
wj√
k

)

· Bx,k(u, ξ/
√
k,λ) ρ(u) γ

(

k−ǫ ξ
)

.

There exists rν > 0, depending only on ν, such that ‖ξX(x)‖x ≥ rν ‖ξ‖ϕ,
∀ x ∈ XOν

. Furthermore, Taylor expansion at the origin yields an asymptotic
expansion of the form

B′
x,k(u, ξ/

√
k,λ) ∼ γ

(

k−ǫ ξ
)

·
∑

j≥0

kd−j/2 Pj(mx, u; ξ,vj ,wj), (69)
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where Pj(mx, u; ·, ·, ·) is a polynomial of degree ≤ 3 j, and parity j (recall
that ‖ξ‖ϕ, ‖vj‖, ‖wj‖ ≤ C ′ kǫ for some fixed C ′ > 0, and that ǫ ∈ (0, 1/6)).
In view of (21) and (24),

Pj(mx, u; ξ,vj,wj) =
(u

π

)d

. (70)

The expansion may be integrated term by term.
Recall that we have reduced to the case where Φ(mx) ∈ R+ ν, hence

Φ(mx) = ς(mx)ν (see (4)).

Lemma 6.4. Let O′ ⋐ O′′ ⊂ Oν be suitably small neighborhoods of ν. Let
̺ν ∈ C∞

c (O′′) be C∞, ≥ 0, and ≡ 1 on O′. Then the asymptotics of (65) are
unchanged, it the integrand is multiplied by ̺ν(λ).

Proof of Lemma 6.4. Since the adjoint action is unitary, Oν ∩ R+ ν = {ν}.
Hence, by (66) there exists a0 > 0 such that

‖∂ξΥx‖ = ‖uΦ(mx)− λ‖ϕ ≥ a0,

for all u > 0 and λ ∈ supp(1 − ̺ν). The claim follows integrating by parts
in ξ, which is legitimate in view of the cut-off and the exponential factor.

In the following, we shall redefine Cx,k implicitly incorporating the factor
̺ν(λ), so that integration in dVOν

(λ) is over O′′ ⊂ Oν .
We have an equivariant diffeomorphism

β : g T ∈ G/T 7→ g · ν := Coadg(ν) ∈ Oν . (71)

Let dHVG/T be the Haar measure on G/T ; then

β∗(dVOν

)

= vol(Oν) d
HVG/T . (72)

Furthermore, in view of the factor β∗(̺ν) which is left implicit, integration
over O′′ ⊂ Oν in (65) gets replaced by integration over a small neighborhood
of eG T ∈ G/T , according to (72). Let us introduce local coordinates on G/T
near eG T by composing the projection πG/T : G→ G/T with the restriction
of the exponential map of G to the Euclidean orthocomplement t⊥ϕ ⊂ g of t
w.r.t. ϕ:

E : γ ∈ t⊥ϕ 7→ eγ T ∈ G/T.

When restricted to a small open neighborhood of the origin, E is a diffeo-
morphism onto its image, hence a local chart for G/T centered at eG T ; we
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have an isomorphism t⊥ϕ ∼= TeG T (G/T ). The Lebesgue measure on t⊥ϕ as-
sociated to the restriction ϕ′ of ϕ will be denoted dϕγ. Being T -invariant,
ϕ′ determines an equivariant Riemannian metric on G/T , whose associated
Riemannian density and volume will be denoted dϕVG/T and volϕ(G/T ), re-
spectively. Then

E∗(dϕVG/T ) = R(γ) dϕγ, R(γ) = 1 +R1(γ). (73)

Viewing G as a principal T -bundle over G/T , by fiber integration one obtains
volϕ(G/T ) = volϕ(G)/volϕ(T ). Clearly,

dϕVG/T = volϕ(G/T ) dHVG/T . (74)

Hence, if we view β ◦ E, restricted to a small neighborhood of the origin in
t⊥ϕ as a local coordinate chart on Oν , we obtain by (73) and (74):

(β ◦ E)∗(dVOν
) = vol(Oν)E

∗(dHVG/H) = vol(Oν)
volϕ(T )

volϕ(G)
R(γ) dϕγ. (75)

With these substitutions, recalling (71) we may rewrite (65) in the fol-
lowing manner:

Πk ν(x1,k, x2,k) ∼ vol
(

Oν

)2 · volϕ(T )

volϕ(G)2
· k1−dG/2

(

k

2 π

)2nG

(76)

∫ D

1/D

du

∫

g

dϕξ

∫

t⊥ϕ

dϕ γ
[

eı
√
kΥx(u,ξ,eλ·ν) Cx,k (u, ξ, eγ · ν;vj,wj)

]

.

Let us set g · ν := Adg(ξ), for g ∈ G and ξ ∈ g. We have:

eγ · νϕ = νϕ + [γ,νϕ] +R2(γ) = νϕ − [νϕ,γ] +R2(γ).

Since λ 7→ λϕ intertwines the coadjoint and adjoint actions, (66) may be
rewritten as follows:

Υx(u, ξ, e
γ · ν) =

〈

uΦ(mx)− eγ · ν, ξ
〉

= ϕ (uΦ(mx)
ϕ − eγ · νϕ, ξ)

= ϕ (uΦ(mx)
ϕ − νϕ + [νϕ,γ] +R2(γ), ξ)

= ϕ
((

u ς(mx)− 1
)

νϕ + [νϕ,γ] +R2(γ), ξ
)

; (77)

here R2(γ) is real-valued. In terms of the ϕ-orthogonal direct sum decom-
positions

t := span (νϕ) ∩ tν , g = span (νϕ)⊕ tν ⊕ t⊥ϕ,
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we shall write the general element of g as

ξ = sνϕu + ξ′ + ξ′′, where s ∈ R, ξ′ ∈ tν , ξ
′′ ∈ t⊥ϕ.

Furthermore, we may introduce orthnormal basis of tν and t⊥ϕ w.r.t.
ϕ, so as to unitarily identify tν ∼= RrG−1 and t⊥ϕ ∼= R2nν . Let Zνϕ the
skew-symmetric and non-degenerate matrix representing Sνϕ w.r.t. the given
orthonormal basis of t⊥ϕ . Then (77) may be rewritten:

Υx,ξ′(u, s, ξ
′′,γ) := Υx(u, ξ, e

γ · ν) (78)

= ϕ
((

u ς(mx)− 1
)

νϕ + [νϕ,γ] +R2(γ), sν
ϕ
u + ξ′ + ξ′′

)

= s
(

u ς(mx)− 1
)

‖νϕ‖ϕ − ϕ (γ, [νϕ, ξ′′]) + ϕ (R2(γ), sν
ϕ
u + ξ′ + ξ′′)

= s
(

u ς(mx)− 1
)

‖νϕ‖ϕ − γt Zνϕ ξ′′ +R2(γ)
t (sνϕu + ξ′ + ξ′′) .

We write (76) in the form

Πk ν(x1,k, x2,k) ∼ vol
(

Oν

)2 · volϕ(T )

volϕ(G)2
· k1−dG/2

(

k

2 π

)2nG

(79)

·
∫

tν

dϕξ′ [Ix,k (ξ′;vj,wj)
]

,

where

Ix,k (ξ′;vj,wj) :=

∫ D

1/D

du

∫ +∞

−∞
ds

∫

t⊥ϕ

dϕξ′′
∫

t⊥ϕ

dϕ γ

[

eı
√
kΥ

x,ξ′
(u,s,ξ′′,γ) Cx,k (u, ξ, eγ · ν;vj ,wj)

]

. (80)

We view Ix,k (ξ′) as an oscillatory integral depending on the parameter ξ′,
with real phase Υx,ξ′. Using that Zνϕ is non-degenerate, and that γ is small
in norm, one obtains the following.

Lemma 6.5. For any ξ′ ∈ tν, Υx,ξ′ has a unique critical point, given by

P0 = (u0, s0, ξ
′′
0,γ0) =

(

1

ς(mx)
, 0, 0, 0

)

.

Hence Υx,ξ′(P0) = 0. The Hessian matrix at the critical point is

HP0(Υx,ξ′) =









0 ς(mx) ‖νϕ‖ϕ 0t 0t

ς(mx) ‖νϕ‖ϕ 0 0t 0t

0 0 [0] Zνϕ

0 0 −Zνϕ ∂2γ,γΥx,ξ′
∣

∣

P0









,
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where [0] denotes the zero matrix of order (2nG)× (2nG). Hence, its deter-
minant and signature are

det
(

HP0(Υx,ξ′)
)

= −ς(mx)
2 ‖νϕ‖2ϕ det(Zνϕ)2, sign

(

HP0(Υx,ξ′)
)

= 0.

In particular, P0 is a non-degenerate critical point.

Integrating by parts in dγ shows that the asymptotics of (80) are un-
changed, if the integrand is multiplied by a cut-off function in ξ′′, compactly
supported and identically equal to 1 near the origin.

We can apply the stationary phase Lemma. Recalling (67)-(70), we obtain
for (80) an asymptotic expansion of the form

Ix,k (ξ′;vj ,wj) ∼ γ
(

k−ǫ ξ′) ·
(

2 π

k1/2

)1+dG−rG
· e

1
ς(mx) [ψ2(w1,w2)− 1

2
‖v1−v2‖2mx ]

ς(mx) ‖νϕ‖ϕ det(Zνϕ)

· kd

ς(mx)d πd
e

1
ς(mx)

[

ı ωmx

(

ξ′M (m),v1+v2

)

− 1
2
‖ξ′M (mx)‖2mx

]

·
[

1 +
∑

j≥1

k−j/2 P ′
j(mx; ξ

′,vj ,wj)

]

, (81)

where again Pj(mx; ·, ·, ·) is a polynomial of degree ≤ 3 j and parity j. We
have replaced ‖ξ′

X(x)‖x by ‖ξ′M(mx)‖mx in view of the fact that 〈ΦM(mx), ξ
′〉 =

0 since ξ′ ∈ t⊥ϕ , so that ξ′
X(x) = ξ′

M(mx)
♯.

The final expansion is obtained by inserting (81) in (79) and integrating
term by term. The front cut-off, in view of the Gaussian type exponential,
may be omitted without affecting the asymptotics. The j-th summand in
(81), j ≥ 0, contributes by a factor given by the Gaussian type integral

k−j/2
∫

tν

dϕξ′

[

e
1

ς(mx)

[

ı ωmx

(

ξ′M (mx),v1+v2

)

− 1
2

∥

∥ξ′M (mx)

∥

∥

2

mx

]

P ′
j(mx; ξ

′,vj,wj)

]

,

(82)
where we set P0 = 1.

We compute the leading order term. Recall that we have fixed an or-
thonormal basis of t′m = tν ∼= RrG−1 (47). Let Dϕ(mx) be as in Definition
1.2, and let P ϕ(mx) denote its positive definite square root. Furthermore, by
Lemma 6.1 there exist unique υj ∈ tν such that vj = Jmx

(

υjM(mx)
)

. Let
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〈·, ·〉st denote the standard scalar product on RrG−1, then

ς(mx)
−1 ωmx

(

ξ′
M(m),v1 + v2

)

(83)

= ς(mx)
−1 ωmx

(

ξ′M(mx), Jmx

(

υ1M(mx)
)

+ Jmx

(

υ2M(mx)
)

)

= ς(mx)
−1 ρMmx

(

ξ′
M(mx),υ1M(mx) + υ2M(mx)

)

= ς(mx)
−1 ξ′T Dϕ(mx) (υ1 + υ2)

=
〈

ς(mx)
−1/2 P ϕ(mx) ξ

′, ς(mx)
−1/2 P ϕ(mx) (υ1 + υ2)

〉

st
.

Similarly, if ‖ · ‖ is the standard Euclidean norm then

ς(mx)
−1 ‖ξ′M(mx)‖2mx

=
∥

∥ς(mx)
−1/2 P ϕ(mx) ξ

′∥
∥

2
. (84)

Hence, setting η = ς(mx)
−1/2 P ϕ(mx) ξ

′, we obtain

∫

tν

dϕξ′

[

e
1

ς(mx)

[

ı ωmx

(

ξ′M (mx),v1+v2

)

− 1
2

∥

∥ξ′M (mx)

∥

∥

2

mx

]
]

=
ς(mx)

rG−1

2

det (P ϕ(mx))

∫

RrG−1

dη
[

eı 〈η,ς(mx)−1/2 Pϕ(mx) (υ1+υ2)〉
st
− 1

2
‖η‖2

]

=
(2 π)

rG−1

2 ς(mx)
rG−1

2

Dϕ(m)
e
− 1

2 ς(mx)
‖v1+v2‖2m . (85)

Plugging (85) into (81) and then in (79) we obtain the leading order term in
the statement of the Theorem. The other terms can be handled similarly.
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