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Szego kernel equivariant asymptotics under
Hamiltonian Lie group actions

Roberto Paoletti*

Abstract

Suppose that a compact and connected Lie group G acts on a com-
plex Hodge manifold M in a holomorphic and Hamiltonian manner,
and that the action linearizes to a positive holomorphic line bundle A
on M. Then there is an induced unitary representation on the asso-
ciated Hardy space and, if the moment map of the action is nowhere
vanishing, the corresponding isotypical components are all finite di-
mensional. We study the asymptotic concentration behavior of the
corresponding equivariant Szegd kernels near certain loci defined by
the moment map.

1 Introduction

Let M be a connected complex d-dimensional projective manifold, and A an
holomorphic ample line bundle on it. There exists an Hermitian metric A
such that the unique covariant V derivative on A that is compatible with
both the complex structure and the metric has curvature © = —21w, where
w is a Kéhler form on M. Thus the triple (M, J,w) is a Kéhler manifold,
with associated Riemannian metric p* and volume form dVj, := w”¢/d!.
We shall denote by A" the dual line bundle of A, and by X € AY the unit
circle bundle; thus X = 9D, where D C AY is the unit disc bundle, a strictly
pseudoconvex domain. Then V determines a connection 1-form « on X. If
m: X — M is the projection, then dVx := % aA1*(dV)y) is a volume form.
Furthermore, there is on X a natural choice of an S'-invariant Riemannian
metric p*, determined by the conditions that 7 be a Riemannian submersion
with ker(a) as horizontal tangent bundle, and that the fibers of 7 have unit
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length. Hence |dVy| is the Riemannian density of p*. We shall denote by
disty the Riemannian distance function of p*.

If H(X) C L*(X) is the Hardy space, the orthogonal projector II :
L*(X) — H(X) is known as the Szegd projector of X, and its distributional
kernel IT € D'(X x X) as the Szegd kernel (|BS], [Z]).

Furthermore, let G be a connected compact Lie group, with Lie algebra g
and coalgebra g"; we shall denote by dg and rg, respectively, the dimension
and the rank of G. Let us assume that y : G x M — M is a Hamiltonian
and holomorphic action on (M, J,2w), with moment map & : M — g".

Then to every £ € g there is associated an Hamiltonian vector field §,, €
Xpam (M), which canonically lifts to a contact and CR vector field £y €
Xcont(X), according to the law [Ko]

Ex =&y — (D,€) Ob; (1)
here notation is as follows:

1. for any vector field V on M, V* denotes its its horizontal lift to X with
respect to « (and similarly for tangent vectors);

2. 0y is the generator of the standard circle action on X (fiber rotation).

In other words, the infinitesimal action of g on M lifts to an infinitesimal
contact action on X.

We shall make the stronger hypothesis that p itself lifts to an action
i Gx X — X, of which the correspondence £ — £ is the differential.
Then fi is a contact and CR action, and naturally determines a unitary
representation of G on H(X). According to the Theorem of Peter and Weyl,
there is an equivariant unitary Hilbert direct sum decomposition of H(X)
into isotypical components corresponding to the irreducible representations
(in the following, irreps) of G [St].

For a given choice of a maximal torus 7' < G and of a set R of positive
roots of g, the irreps of GG are determined by the their maximal weights, which
range in the set of dominant weights. This sets up a bijective correspondence
between the family G of irreps of G and a subset D of the collection D of
all dominant weights; we have D = D% if G is simply connected. We shall
label the irrep with maximal weight A € D¢ by the regula half-weight
v =X+96, where § := 27! 256R+ B. We shall denote by V,, the irrep
corresponding to v, and by x, : G — C the corresponding character. This
labeling is consistent with the philosophy of the Kirillov character formula
[Ki], that we shall recall in the course of the paper. Furthermore, let us

li.e., belonging to the open positive Weyl chamber



set dy, := dim(V},); if ¢ denotes any Euclidean scalar product on g¥ which
is invariant uder the coadjoint action then, by the Weyl dimension formula

(see, e.g., §1 of [Sul, §2.5 of [V1]),

B o(v,B)
d=11 ©(8,8) @

BeR+ !

In particular, d, = k2 (do=re) g, Thus, if we set £F := D + §, we have

H(X)= P HX)E (3)

veel

where H(X)2 is the isotypical component corresponding to V,. For each
v € £Y we have the associated equivariant Szegd projector I : L2(X) —
H(X)A.

In general, H(X )% may well be infinite-dimensional, and does not corre-
spond to a space of holomorphic sections of any tensor power of A. Nonethe-
less, it follows from the theory of [GS2] that if 0 & ®(M), then dim H (X )% <
+00 for every v (see §2 [P1]). Thus IIZ is a smoothing operator, so that its
distributional kernel TIZ € C*(X x X).

We are interested in the local asymptotics of Hf;‘ , for a fixed v € £¢ and
k — +oo with kv € £9. The latter condition is satisfied for any k if § € DY,
so that £9 C DY, as is the case when G is simply connected.

This general theme has already been studied in specific cases ([P1], [P2],
[C], [GP1], [GP2]), building on the approach developed in [Z], [BSZ] and
[SZ] to the basic Fourier case where G = S!, y is trivial and ® = 2. We
refer the reader to the introductions of [P1], [P2], [GP1], [GP2] for an ampler
discussion of motivation and general framing. The theme is geometrically
relevant, being related to interesting geometric quotients [P3].

The results in [GPI] and [GP2] are based on the pairing of the Weyl
character and integration formulae with the techniques in [Z] and [SZ]. The
new ingredient here is the Kirillov character formula ([Kil], [R]) which con-
siderably simplifies some of the arguments, and allows to deal with more
general Lie groups; on the other hand, it forces restrictions on the stabilizer
subgroups.

The following results are governed by the interplay between ® and the
cone over the coadjoint orbit through v, O, C g¥. As v is a regular element
of g¥, O, is equivariantly diffeomorphic to G/T, hence it has dimension
dg — 1. Let us set C(O,) =Ry - O,.

We shall need the following hypothesis.

Assumption 1.1. We shall assume that:
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1. 0 & ®(m);
2. @ is transverse to C(O,,) (equivalently, ® is transverse to the ray R -v);
3. MOU =1 (C(Oy)) 7& 0.

If Assumption [LI] holds, My, is a compact and connected G-invariant
submanifold of M, of (real) codimension rg — 1 (see the discussion of [GP1]).
Let us set Xp, := 7 H(Mo,).

We shall also make the following assumption on the compact and con-
nected Lie group G.

Assumption 1.2. Let L(G) C t¥ be the lattice of integral forms on G; then
0 € L(G).

This condition is satisfied if G is either U(n) for some n > 1, or a con-
nected and simply connected compact semisimple Lie group. If G satisfies
this assumption, then it is called acceptable in Harish-Chandra’s terminology
(§2.5 of [V1]). Under Assumption [[2, £Y C DC.

In the following we shall assume throughout that Assumptions [L.1] and
hold.

Theorem 1.1. Suppose that O, Nt* = 0. Fiz C, e > 0. Then, uniformly for
distx (G- z,G -y) > C k2, we have

H’;V(x, y) =0 (k_oo) )

When G = U(n), the previous hypothesis is satisfied by any v € £¢
with Y7, v; # 0. It is never satisfied when G' = SU(2), but the statement
of Theorem [[LT] is nonetheless true in this case, see [GP2]. More generally,
let 7 : T x M — M be the restriction of u, and let ®7 : M — t¥ be the
moment map induced by ® (that is, the composition of ® with the restriction
g” —tV). If 0 € ®T(M), then the hypothesis of Theorem [l is satisfied for
any v such that Mo, # 0.

Theorem 1.2. Let us fir C, e > 0, and assume that [i is free along Xo.
Then, uniformly for

max {dist (2, Xo, ), distx (y, Xo,)} > C k2,

we have ~

1y (z,y) =0 (k_oo) )
If i is only generically free along Xo, and X' C X is the open subset where
it is free, the same estimate holds uniformly on compact subsets of X'.
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We shall focus on the near diagonal asymptotics of Hg ,(z, z) for x belong-
ing to a shrinking tubular neighborhood of X, of radius O (k:efl/Q). Using
the normal exponential map, we may parametrize such a neighborhood by a
neighborhood of the zero section in the normal bundle of Xp, C X, which
is the pull-back of the normal bundle N (Mo, /M) of Mo, C M. If Vo, C X
is a sufficiently small neighborhood of Xy, we shall accordingly write the
general y € Vi in additive notation as y = x + v, for unique x € Xp, and
vV € Nﬂ@(MOV/M)H.

In order to state the next Theorem, some further notation is needed.

Definition 1.1. Let ¢ be an Ad-invariant Euclidean product on g, with
associated norm || - [|,. Let us also denote by ¢ the induced bi-invariant
Riemannian metric on GG. Clearly, ¢ restricts to an invariant Riemannian
metric ! on T. We shall adopt the following notation:

1. d®Vg: the Riemannian density on G associated to y;
2. vol?(G) = [, d*Va(g);
3. d?Vr: the Riemannian density on T’
4. vol?(T) := [, d?Vp(t).
5. For any v € gV,
e v¥ € g is uniquely determined by the condition v = <p(’7¢, );

o lvlle = Iv?lle:

. 1 1 V.
* Vou T L Y T R, Y €85

. 1
* Vi = e Y €S
6. t'¢ C g: the Euclidean orthocomplement of t with respect to .

7. For any 7 € t, S; : t*¢ — t*¢ denotes the restriction of ad,; when
T is regular (as is the case when 7 = v¥ for v € %), S, is a linear
automorphism, skew-symmetric with respect to the restriction of .

Let us identify the coalgebra of T, tV, with the subspace of those A € g¥
fixed by T under the coadjoint action, and let t’,_ C tY be the open and

reg
dense subset of those elements, called regular, that are fixed precisely by 7'

Hence £¢ C tY

reg*

2We may interpret = 4+ v in terms of a system of Hesenberg local coordinates on X
centered at x [SZ], smoothly varying with z, see §l



By definition, for any m € Mg, there exist h,, T € G/T and ¢(m) > 0
such that
®(m) = ¢(m) Coady,, (v) € Coady,, (t"). (4)

Since v is regular, h,, T" and ¢(m) are uniquely determined, and the functions
m € Mo, — h, T € G/T and ¢ : Mp, — R are smooth.
For any non-zero A € g¥, let A = (A%)™ C g be its annihilator hyper-
plane. Then
®(m)° = Ad,,, (V°). (5)

Let us set t, := tN Y, so that we have a p-orthogonal direct sum decompo-
sition

t = span(v?¥) & t,.
For every m € Mo, , we shall set t,,, := Ad,,, (t); thus t,, is the unique Cartan

subalgebra of g containing ®(m), or equivalently the Lie subalgebra of the
(unique) maximal torus T}, = h,, T h,;! stabilizing ®(m). Thus,

tn={necg: [0 ®m)?] =0}, (6)
Furthermore, we shall set t, := Ady,, (t,) = t,, N ®(m)°. More explicitly,
t,={neg: [n &m)] =0, (2(m),n) =0} (7)

Hence we have the p-orthogonal direct sum
t,, = span(®(m)?) O t),. (8)

Assume m € Mp,. Then val,, is injective on ®(m)° by Remark B} hence
val,, is injective a fortiori on t/,.

Definition 1.2. In the following, m € Mp,. We shall adopt the following
notation.

1. val’, (pM): the pull-back to g of the Euclidear product p¥ = w,, (-, Jo*)
on T,,M; pl : the restriction of val’ (p™) to t,,. Thus p/, is non-
degenerate (whence positive definite).

2. Given an arbitrary orthonormal basis R, of t/, for the restriction of ¢,
let D¥(m) := Mg, (p),) be the representative matrix of p/, w.r.t. R,

and set
D?(m) := +/det D¥(m);

then D? : Mo, — (0, 400) is well-defined and C*;



We can now define a C* function V¥, : Mp, — R, by setting

ra— 1 vol(Oy,, ., 0u,.,)° vol?(T)
\I/V = 21+ G2 N . w,u? ©w,u X .
) T, Do) [det(S,)] | volP(G)?

By Theorem below, ¥, is actually independent of the choice of .

We need some further pieces of notation.

Given a real vector subspace R C T,,M, we shall denote by R*"n the
orthocomplement of R with respect to the Hermitian structure h,, = pM —
1w equivalently, R*»m is the orthocomplement of the complex subspace
R+ Jn(R) of T,,M, and is a complex subspace of (T,,M, J,,). Clearly,

RYrm = R O RYem. (9)

where R and Rtem are, respectively, the Riemannian and symplectic
orthocomplements of R.

If m € M, let gy(m) C T,,M be the vector subspace given by the
evaluations at m of the all the vector fields on M induced by the elements
of g. We shall see in Lemma that for any m € Mo, the normal space of
Mo, at m satisfies

Np(Mo,) € Jim(gn(m)), hence N,,(Mo,) N ga(m)™ = (0). (10)

In this setting, small displacements from a fixed x € X are conveniently
expressed in Heisenberg local coordinates (HLC) on X centered at x [SZ]. A
choice of HLC at x gives a meaning to the expression x+v, where v € T, M
has sufficiently small norm. Furthermore, the curve v,y : 7 € (—€,€) —
x4 7v is horizontal at 7 = 0, and in fact 7, ,(0) = v¥. More will be said in
g4l

A further notational ingredient that will go into the statement of Theorem
is an invariant governing the exponential decay of various asymptotics
related to Szego kernels [SZ].

Definition 1.3. Let ||-|| and wy be the standard norm and symplectic struc-
tures on R2%, respectively. Let us define 15 : R?¢ x R?? — R by setting

1
Po(u,v) == —1wo(u,v) — 5 |u — v

A choice of Heisenberg local coordinates at = entails the choice of a unitary
ismophism Tr )M = C¢ (with the standard Hermitian structure), by means
of which we shall view 1, as being defined on 17, M.



Theorem 1.3. Assume that x € Xo,, and that fi is free at x. Set m, = w(x)
and fix C > 0, € € (0,1/6). Then, uniformly for v; € Ny, (Mo,) and w; €
gar(m)mm satisfying ||v;||, [[w;|| < Ck<, the following asymptotic expansion
holds as k — 4-o00:

~ 1 1
oy, <J; +—=(vVi+w),x+—=(va+ WQ))

v v ()

1 + Zkij/2 Pj(’ﬂ’lm;Vj,Wj)] s

Jj=1

ey [t wa)—(lE, Hivell, )

where Pj(my;-) is a polynomial of degree < 3j and parity j. If Xi, C Xo,
is the open subset on which [i is free, the estimate holds uniformly on the
compact subsets of X¢, .

By a Gaussian integral computation in normal Heisenberg coordinates,
as in the proof of Corollary 1.3 of [P1], one can then deduce the following:

Corollary 1.1. Assume that [i is free along Xo,. Then there is an asymp-
totic expansion

~ k d+17TG
dim H(X)], ~ (—) oo+ k" 0pn+.. ],

™

with

1 U, (m)
o g [, L e

where dVyy,,  is the density on Mo, for the induced Riemannian metric.

In closing this introduction, we mention that there is a wider scope for the
results in this paper. While our focus is on the complex projective setting,
in view of the microlocal theory of almost complex Szegd kernels in [SZ]

the present approach can be naturally extended to the compact symplectic
category.

2 Examples

We check the statement of Theorem [£.2] against those in [P1] , [GP1], [GP2].



Example 2.1. Suppose G = T is an r-dimensional torus. Let us take the
standard metric ¢, so that vol?(G) = (27)". We obtain

r—1

245 1 1 1
Yl = oy T, Do) (yan) " I, D)

Thus Theorem A2 fits with Theorem 2 of [P1].

Example 2.2. Suppose G = SU(2), so that dg = 3, r¢ = 1. Let ¢ :
su(2) x su(2) — R be defined by

©(A, B) := trace (A §t> = trace (A B).

Let T < G be the standard torus; t is generated by the diagonal matrix Z
with entries ¢, —z, which has norm v/2. For v € Z, we shall denote by v € ¥
the weight taking value v on Z. We have

vol?(G) = 2%2 . (27?), vol?(T) =v2-27.
For any v € Z, let v be the weight such that (v, Z) = v. Then

V“":ZZ,
2

v|,=—4=v.
vl NG
Furthermore,

vol(O,,0,) =27y, |det(S,e)| = 1>

Finally, let A(m) > 0 be defined by the condition that ®(m)¥ be similar
to A(m) Z. Then [|@(m)]|, = [|2(m)?||, = V2A(m) and ¢(m) = (2A(m)) /v.
We obtain

1 2-2 1
U, (m) =271 ———— 47 V22w =

V2A(m) (282 (272))°  2A(m)’

in agreement with [GP2].

Example 2.3. If G = U(2), we have dg = 4, r¢ = 2. Let ¢ : u(2) xu(2) - R
be defined as for SU(2). Let T' < G be the standard maximal torus; then t
has orthonormal basis (R, S), where R and S are the diagonal matrices with
diagonal entries (Z 0) and (0 2), respectively. Let v = vy R* + vy S*, where
(R*,S*) is the dual basis. Then v¥ =11 R+ 15 S.

We have in this case

vol?(0,,0,) =27 (11 —1n), |det(Sye)| = (11 — 0)*.
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Furthermore,
vol?(T) = (27)%, vol?(G) = 8 °.

We obtain for m € Mo,

. 1 , 47 1 1
Lolm) = 2 T G Do) ™ 6dws ~ Var e, De(m) Y

which tallies with the front factor in the pointwise expansion in Theorem 1.4
of [GP1]. In the latter expansion the numerical factor is written in a slightly
less explicit form, but replacing V3 = 272 it is readily seen to equal the one

in ().

3 Preliminaries

We shall adopt the following notational conventions:

1. R; will denote a smooth real, complex or vector valued function defined
in the neighborhood of the origin of some vector space, vanishing to
j-th order at the origin, and allowed to vary from line to line;

2. if G acts smoothly on a manifold Z and £ € g, £, will denote the
induced vector field on Z;

3. under the same assumption, if p € Z we shall denote by val, : £ € g —
&,(p) € T,Z the evaluation map;

4. if m € M and v € T,,, M, we shall denote by ||v|,, the norm of v with
respect to pM;

5.if x € X and v = adyl|, + v € T,X, in computations it will be
convenient to set ||v||, := y/a? + ||v]|2, (this is the norm in an obvious
vertical rescaling of p¥).

Remark 3.1. Arguing as in §2 of [P1] (or §4.1.1 of [GP1]), one verifies that
the following conditions are equivalent:

1. Assumption [Tl holds;
2. i is locally free along X, ;

3. for every m € Mo, val,, : ¢ — T,, M is injective on the annihilator of
®(m), that is,
ker(val,,) N ®(m)? = (0).
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Let us define
Z,={(zv,y) e Xox Xo: y€ G x}. (12)
Then Z, is a G X G-invariant compact and connected submanifold of X x X.

Theorem 3.1. Uniformly on compact subsets of (X x X)\ Z,, we have
H’;V(x, y) =0 (k‘_oo) :

Proof. The argument is a slight modification of the one in §3.1 and §3.2 of
[GP1], based on the theory in [GSI]; hence we shall be somewhat sketchy.
The ladder Szego projector

“+oo “+o0o
=g, : L*(X) — P HX),
k=1 k=1

has a distributional kernel whose wave front satisfies WF(II;) C Z,,.

Let K € (X x X)\ Z,. Without loss, we may assume that K is G x G-
invariant. There exists a G x G-invariant smooth cut-off function o > 0 on
X x X, which is identically equal to 1 on a neighborhood of K, and vanishes
identically on a neighborhood of Z,,. Hence ¢ -11, € C*(X x X). Hence, we
obtain a C* function

F:(g,z,y) e GXx X x X (0-1I1) (fig-1(x),y) € C.

We shall set F, , .= F(-,z,y) : G — C. ]
_ Let us denote Py, : L*(X) — L*(X)y, the projector. Hence, IT} , = Py,0
7. If AV (g) is the Haar measure on G, this means that for (z,y) € X x X

02 (ey) = diy /G @I (g (2),9) dVa(g).  (13)

If (x,y) € K, therefore,

I (2,y) = do- /G @) (0T) (g1 (2),9) A"Velg)  (14)
= dyy - trace(F(F,y) (kv — 6)),

where F denotes the Fourier transform on G [Su], viewed as a function on D¢,
Since dy, < C, k%77 it suffices to show that F(F,,)(kv — &) = O (k=)

in Hilbert-Schmidt norm for & — +o00. To this end, we apply arguments in
§1 of [Sul.
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To begin with, for any A € D\ {0} we have (see eq. (1.21) of [Su])
_ 2
IF (o) Mg < 1A F (AGFey) N[ (15)

here A denotes the Laplacian (Casimir) operator on G, and ||| is the
Hilbert-Schmidt norm. Hence for £ > 0

_ _ 2
IF (Fo) (kv = 8)ys < 2k~ ||~ [|F (AGF) (kv = 8)|[ 5 (16)
On the other hand, by the Parceval identity (eq. (1.16) of [Su]) we also have

1
|F (ALE,) N < —— IALE, |2 < |ALE, |12 (17)
dxts

where || - ||2 denotes the L:-norm on G (dxys = d(\) in the notation of [Sul).

Furthermore, by compactness for any [ > 0 we can find C; > 0 such that
|ALF, |3 < C; for all (z,y) € X x X. Hence, by the Parceval identity, for
every A € DY we have

|
|F (ALEL,) N[ < B, o (18)

Therefore, for k > 0 we have
IF (Fry) (kv = 8)|5s < k1 C (19)

4 Proof of Theorem [1.1]

In the proof of Theorem [L.1] we shall use the Weyl integration and character
formulae, which we briefly recall below, referring e.g. to [V1] (§2.3-2.5) and
[V2] (§4.13 and 4.14) for a detailed treatment.

Let W denote the Weyl group of (g,t); then W naturally acts on t'
preserving the root lattice L(R) C tV.

Let L(G) C t” be the lattice of integral forms of G. Every v € L(G)
defines a character E. : T — S', and we may define

Ay = Z €(s) Egtyy : T — C,
seW

where €(s) = det(s) (here s is viewed as a linear map t — t). In particular,
since § € L(G) by Assumption [[2] we may set A := As.

Let d? Vg, dfVyp, deg/T be the Haar measures on G, T and G/T, re-
spectively (§2.3 of [V1], §4.13 of [V2]). Then the following holds (Theorem
4.13.5 of [V2)):

12



Theorem 4.1. (Weyl Integration Formula) Let us set For every L'-function
on G,

1 2
| 1@ delg) = - [ ) |80 avao),
G Wl Jr
where
fr(t) = / f (gtg_l) d¥Ver(gT).
G/T
Similarly, under Assumption A, is well-defined for any v € £¢. Then

we have (Theorem 4.14.4 of [V2]):

Theorem 4.2. (The Weyl Character formula) On the open and dense reqular
locus T' C T (defined by A #0), we have

A,
XV|T’ = K

Another basic ingredient of the following arguments is the microlocal
representation of II as a Fourier integral operator introduced in [BS], and its
elaboration in the projective (and sympletic) setting in [Z], [BSZ], [SZ]. We
refer to the latter papers for a detailed discussion, and simply recall that the
latter description has the form

+oo
(x,y) = / etut(@y) s(z,y,u) du, (20)
0

where 9 is a complex phase function (with (1) > 0) and s is a semiclassical
symbol on X x X, admitting an asymptotic expansion of the form

s(x,y,u) ~ Z sj(x,y)ut. (21)

Jj=20
We shall invoke the following two properties of :

1. for any x € X, we have
d(x,af)d} = (axa —O%); (22)
2. there exists a constant Dy > 0 such that (3 denoting imaginary part)

%(lp(a:, y)) > Dy distx (7, y)? Va,y e X. (23)
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A further useful tool is given by Heisenberg local coordinates on X; these
are the local coordinates on X, introduced in [SZ], in which the local scaling
asymptotics of Szego kernels exhibit their universal character. Given x € X,
a system of local Heisenberg coordinates on X centered at x will be denoted
additively, in the form x + (,v); here § € (—7,7) and v € C¢ varies in an
open ball centered at the origin. Fiber rotation is represented by translation
in 6, and the locus 8 = 0 projects diffeomorphically onto its image in M,
hence defines a local section of X which is horizontal at x with respect
to the connection form «. Thus a system of Heisenberg local coordinates
for X centered at x entails a choice of local coordinates for M centered at
m, = 7(x); actually the latter system determines a unitary isomorphism
C? = T,,M with respect to (wy,, J,,), so when writing = + (6, v) it is often
assumed that v € T,,M (as will be the case below). Further, when 6 = 0
we usually write x 4+ v for z + (0,v) (as in the statement of Theorem [L3)).
Referring to (210), in Heisenberg local coordinates at x we have

1

so(z,x) = pr (24)

We refer the reader to [SZ] for a detailed discussion.

Proof of Theorem[L1. The proofis an adaptation of the argument used when
G = U(2) in [GP1], so we'll be somewhat sketchy.

To begin with, in view of Theorem [3.1] we may assume without loss that x
and y belong to a small S! x G-invariant neighborhood Vj of X». Equivalen-
tly, m, := m(x) and m, := 7(y) belong to a small G-invariant neighborhood
of Up of My in M, and . In particular, we may assume that f is free on Vp.

Hence ®¢(m,) belongs a small conic neighborhood of C(O,). Further-
more, replacing (z,y) by (fn(z), fin(y)) for a suitable h € G, we may also
assume that ®¢(m,) belongs to a small conic neighborhood of R, - v. More
precisely, we may assume that ®g(m,) = A\, v + 3,, where \, > 0, 38, € V°
are smooth (here v+ C g¥ is the orthcomplement of v with respect to, say,
o), and [|B,]] < Ay

We have

Oy (2, y) = diw /kau(g)ﬂ(ﬂg—l(x),y) d"Ve(g). (25)

For a suitably small 5 > 0, let us introduce the open cover V = {V’,V"} of
G x X x X given by

Vo= {(g,7,y) € Gx X x X« distx (fig-1(2),y) < 20k},

Vo= g, x,y) € Gx X x X @ disty (fig-1(2),y) > 0k}
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Let ¢’ + 0" = 1 be a partition of unity on G x X x X subordinate to V. We
then have

"
Y

Hku<x7y> :HkV<x7y),+HkV<x7y) (26>

where I1;,(x,y)" and II;,(z,y)" are defined as in (Z5)), except that the inte-
grand has been multiplied by ¢’ and o, respectively. Therefore, G(g, 2/, 7/) :=
o T (fi;-1(2'),y") is a smooth function on G x X. Hence, letting G,s , =
G(-,2',y') arguing as above we have

I, (2',y)" = diw trace(F(Gu ) (kv — 8)) = O (k) ,

uniformly in (2/,y") € X x X. We are thus reduced to considering the
asymptotics of the former summand I, (z,y)’. On the support of ¢, y
belongs to a small neighborhood of fi,-1(z); hence we may represent II as a
Fourier integral operator.

Applying Theorems and [A]], and recalling that A oo = €(o) A for
any o € W, we obtain

Hku<$7y> ~ dku/;dHVG<g> |:Xku<g)Q/<g7x7y)H<ﬂg_1<x>7y)] (27>

div
— —\VkV\ dHVT(t)/ d"Ver(gT)
T G/T

@ 1ABF & (g9 2,9) T (fgerg1 (), )]
_ (o H H
= 5 Zeo) [ [ aonto)
B () A & (9197 2,9) T (ftge1g1(2), )]
= d]“,/Td VT(t) /G/Td VG'/T(gT)

Ee @AW (9t 21) W(igeg1(2),9)] -

Choosing a basis of the lattice L(G), we obtain an isomorphism B :
(S1)yre = t/L(G) = T; we shall write the general element of (S!)7¢ as ¢'? =

(62’191 e“”G). Then with d¥ =ddv, --- dv,,
* 1 (3 (a 174
B (dVT) = W d’l?, Ekl/ oB (6 19) =e k{v.9)

To simplify notation, we shall simply identify 7" and (S1)"¢, and write e'?
for the corresponding element of T'; with the same abuse, we shall think of

15



19 as an element of t < g. Inserting (20)) in (27)), we obtain

dkl/
i, ~ dvy df T 2
ko(T,9) @) /WJ)TG /G/T Vayr(gT) (28)

e’ [uw(ﬁg em19g-1 (@).y)—k <V70>} Ak (gTa "97 z,Y, U)

kdy, / / "
= dv d™V, T
(2 7'()7’6' —m,m)"G G/T G/T(g )

[elk (g T,9,u,2,y) Ap(gT, 9, 2,0y, k u)}

where
Ap(gT,9, 2, y,u) == A (e?) o (ge® g 2,y) s (figer0,-1(2), y,u)

F(g T, 19,u,a:,y) = uw(ﬁgeﬂﬂg_l (.T}),y) - <V7/l9>'

On the support of ¢’ we have fi,.—0,-1(x) ~ y. In view of (22), in any given
coordinate system therefore

d(~ ¥~ (ay, —ay). (29)

iy omroy-1(2))

On the other hand, by Lemma 2.10 of [P1] in Heisenberg local coordinates
centered at  we have

Flger0g(2) = fiu-riytcor(2) (30)
2+ ((@(my), Ady(19)) + Ry (), ~Ady(19)ar(m,) + R (D))
2+ ({0 (g1 (m2)),19) + Ry(8), —Ady (1901 () + Fa(9) ).
It follows that on the support of ¢
0ol'(g T, 0, u,2,y) ~ u Adg-1®(m,)|, — v. (31)
Since O, Nt° = 0, there exists 9 > 0 such that, with &7 (m) = ®(m)|,,

[ CIDT(m)’t | > 10, Vm € Mo.

Hence, if Up is a sufficiently small open neighborhood of My, then
1
|7 (m)|| > 570, vm € Up.

This applies to Ad,-1®(m,) = ® o pg-1(my). It then follows from (BII) (ar-
guing as in the proof of Lemma 5.3 of [GP1]) that the following holds:
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Lemma 4.1. Suppose D > 0, and let p € C=((1/(2D),2D)) be such a
bump function that p = 1 on (1/D,D). Then only a rapidly decreasing
contribution to the asymptotics of (28) is lost, if the integrand is multiplied
by p(t).

Hence we may assume that integration in u is compactly supported. The
proof is the completed by iteratively integrating by parts in du, as in the

proof of Proposition 5.2 of [GP1].
U

5 Proof of Theorem

In the proof of Theorem [[.2] we shall rely on the Kirillov character formula
(IKi], [R]), which we briefly recall.

Let expg : € € g — ¢ € G be the exponential map of G, and let g’ C g
and G’ C G be open neighborhoods of the origin 0 € g and of the unit
l¢ € G, respectively, such that exp restricts to a diffeomorphism g’ — G'.
We may find an Ad-invariant Euclidean product ¢ on g, such that d?V(g)
is the Riemannian density associated to the induced bi-invariant Riemannian
metric on G, which with abuse of notation we shall also denote by p. Let
df¢ be the Lebesgue measure on g induced by ¢*. Let the C>* function
P g’ — (0,+00) be defined by the equality

expg(d?Vy) = P2dY¢.
Clearly P(0) = 1.
Let us set ng := (dg — 7g)/2. Then for every v € £% and € € g’ we have
dim(0,) = dim(G/T) = dg — r¢ = 2ng.

Furthermore, let us denote by o, the Kostant-Kirillov symplectic structure
on O,, so that ¢]'¢ /ng! is the symplectic volume form on @,,. In the following

we shall set .

o G
dVp, = ==, Vol((’),,) ::/ dVo,, .
ng! o,
The Kirillov character formula then says that

) = g [ MV €en). (2

Given (32) and (2)), setting & = 0 we get

B VOI(O,,)
dv = (2m)ne

,B)

(v
= vol(O,) = (27)"¢ LASAled (33)
(©.) [LL ¥(9,8)

17



For every k > 1, by a rescaling we obtain

w@=(5) pg [ MEN geq. oo

In particular,
k"
dy.,, = (ﬁ) vol(0,). (35)

Proof of Theorem[I.2. We may assume without loss that e € (0,1/6). Fur-
thermore, it suffices to prove the Theorem when = = y, since by the Cauchy-
Schwartz inequality

(SIS

T, (,9)| < T, (@, 2)F T (3, )2,

and on the other hand Hgy(x, x)% may be seen to satisfy an a priori polyno-
mial bound in &, by adapting the arguments in §5.1.2 of [GP1]. By Theorem
3.1, we need only consider the case where z belongs to a small S! x G-invariant
neighborhood Vp, C X of Xp,; in particular, we may assume without loss
that [ is free on Vp,. Furthermore, we may replace = by fiz(x) for any given
g € G, and assume that ®(m,) = \, v + 3., where \, > 0, 3, € v, and
18,11 < A
Let us start from (25) with z = y:

Hpo(z,2) = diy / Xeew(9) 1L (fig-1 (z), x) d"Ve(g). (36)
G
Let us set, for some small £; > 0,

W' = {(g,2) € G x X : distx (fiy(x), ) <2¢e1}
W" = {(g9,2) € G x X : distx (fig(z),z) > e2}.

Let p/ + p” = 1 be a partition of unity on G x X subordinate to the open
cover {W’' W"}. Then an argument as in the proof of Theorem [B.1] shows
that only a rapidly decreasing contribution to the asymptotics of (B8 is lost,
if the integrand is multiplied by p”. Hence we are reduced to considering the
asymptotics of

Hk,,(x,a:)/ = dgy /;pl<gvx) Xku(g)H<ﬂg_1('r)7x> dHVG(Q) (37>

Since i is free on Vp,, the partial function p!, := p/(-, x) is supported on a
small open neighborhood of the unit 15 € G, which we may assume to be
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diffeomorphic to an open neighborhood of 0 € g by the exponential map.
Hence on the same neighborhood we may set g = €& and express i, (g)
by the Kirillov character formula (34]). Furthermore, since fi;-1(z) ~ z for
p.(g) # 0, we may also replace II by its description as an FIO (20). After
the rescaling u — k u, we obtain

Mgy (2, ) ~ Mgy (z, ) (38)
k‘ ng 400
~ k dku ‘N9~ / du / dH€ dVOu ()‘) [elkfz(wﬁ)\) AJB k(u7 €7 )‘ﬂ
2T 0 g Ou ,

/

where
La(u, & A) = w) (fie-¢(), 2) — (A, §)
Avi(u, €, X) = 0, () P(€) 5 (fie-e(2), 2, ku).

Since fi.-¢(x) ~ x on the support of A, we have in local coordinates
A, _e@)a)¥ ~ (0, —0v;). Hence 0¢l';(u, &, X) ~ u®(m,) — X. We then have
an analogue of Lemma [4.1] so that integration in du may be assumed to be
compactly supported. We express this by multiplying the amplitude in (B8]
by a bump function p = p(u) compactly supported in (1/D, D) for some
D > 0.

Let v € C*(g) be > 0, supported on a ball of radius 2 centered at the
origin (say with respect to @) and = 1 on a ball of radius 1 centered at the
origin. Let us define v, € C°(g) for k = 1,2,... by setting

(&) = (K7€)

Let Iy, (z,x); and I, (x, z)s be given by the second line of (B8) multiplied
by, respectively, v, and 1 — ;.

Lemma 5.1. Tl ,(z,2)2 = O (k) as k — +oc0.

Proof of Lemma[id. On the support of 1 — 73, we have ||| > k2 in

@”-norm. Hence for a certain constant ry > 0 depending only on the choice

of an invariant open neighborhood Vo C X of X» we have
distx (fie-e(z), ) > 10k 2 (v € Vo, € €supp(1 —ypup)).  (39)
Hence by (23)
0T (1, €, N)| = |9 (ue(2),2) | 2 90 (fume(w), ) | = D2 K21, (40)

[teratively integrating by parts in du then implies the statement, since at
each step we introduce a factor O (k72€) (see Proposition 5.2 of [GP1]). O
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Thus we are reduced to considering the asymptotics of Iy, (z,x);. On

the support of 7, we have ||€]|¥ < 2k“2. Let us operate the rescaling
¢ — &/Vk, and rewrite II;,, (x, ), as

nag D
0, (z,2), = kl—dG/Qdky-<ﬁ) / du/ dfg dVp, ()
27T 1/D g/ OV
TN A, €/ VE ) plu)y (KUE) ] (4D)

Now integration in £ is on an expanding ball of radius O (k¢) centered at the
origin. In Heisenberg local coordinates at z, by Lemma 2.10 of [P1] we have

flo—e/vi(T) (42)
1

= z+ (ﬁ (B(m.), ) + Ry (W s) T Eulm) + R (% e)) |

As in the proof of Theorem 1 of [P1], using the expansions in §3 of [SZ] one
gets

I, (u, 5/\/E, )\> (43)
1 3

= ﬁ (u®(my) — X, &) + % ||EX(=T)||2 +u Ry <ﬁ) ezgx’k(é/\/ﬁ)’

where ¢, (€) = (®(m,), €)) + R3(€). Hence we rewrite (@I)) as follows
My (z,z), = k%24, . (%)ng /1/[; du /g de N dVo, (A)
TN B g VRN (D] ()
where now
To(u,&A) = (u®(my) — A §)
Bon(u, €/VEA) = e BIE@E 500y AL (u, kY2 €, A) eF 3

We have € (x) #0if x € Vp,, &€ # 0.
Under the present transversality assumption (Assumption [[T]), there ex-
ists so > 0 such that

|[®(m) — Al| > so - dista (m, Mo), Vm e M, YA eC(0,).

Therefore, in the situation of the Theorem,

$) otk (€/VE)
k

The statement of the Theorem then follows by iteratively integrating by parts
in d¢, since each step introduces a factor O (k™). O
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6 Proof of Theorem

Before delving into the proof of Theorem [L.3] let us make the following
remarks.

Suppose z € X, and let w, : (6, v) — x+ (0, V) be a system of Heisenberg
local coordinates at x. Then w, induces an isomorphism 7, X = R x R*", in
terms of which we can give a meaning to the expression x+wv, when v € T, X
is small. For some ¢; > ¢y > 0 we have

o ||l — ve|| < distx(z + vy, 2 4+ v2) < ¢ ||vg — Vo (45)

Let ), be as in ([7)); we have the following characterization of the normal
bundle N (M@U) to Mo, in M, which can be proved by minor adaptations
of the arguments used in Lemma 4.2 and Step 4.3 of [GP1].

Lemma 6.1. For any m € Mo, , Np(Mo,) = Jm(4,).

Furthermore, we may identify the normal bundle of Xy, C X, N (X@U),
with the pull-back of N (MOU); even more explicitly, for every z € Xp, we
have with m, = m(x)

N,(Xo,) = N, (Xo, ).

Hence there is an orthogonal direct sum
§ Lnt
N, (X(’)u) ® gx () © gar(me) CT.X. (46)
We then have the following consequence, whose proof is omitted.

Lemma 6.2. Suppose v € Xp,, and choose a system of Heisenberg local
coordinates at x. Then there exists d > 0 such that for any choice of € € g,
v; € Ny, (XO,,); w; € gu(my)t of sufficiently small norm we have

disty (fle-¢ (z 4+ (vi +w1)), 2 + (va + w2)) >0 [|€]|7.
Furthermore, 6 may be chosen uniformly on Xo,, .

Proof of Theorem[1.3. We may replace x by fin(x) for a suitable h € G, and
assume without loss that ®(m,) = ¢(m,) v. Hence, we may assume that

t,=t t =t (47)

(see (@), (). Let us set

1
= (v wy) (=12 k> 0).

vk
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and replace (36) by
oo (1,1, To) = diony / Xew(9) T (11 (211), w2) A"Vi(g).  (48)
e

Given that x;;, — x, the argument leading to (B7) now implies 1y, (21 4, T2.5) ~
o (21, T2k)', Where

Hku<x1,k7x2,k)/ = djy /GP/(QMU) Xku(g)H(ﬂg*I(fcl,k)7372,k) dHVG(g)- (49)

We then obtain in place of (B8]

g (21k, Tog) ~ g (T1h, T2k) (50)
ng +o0
< ke (2 / du / g [ Vo, (A) [eHT=rEN B (u, €, N)]
2m 0 o o, ’
where
Fx,k(ua E) A) =u ’QZ) (lae’5 (xl,k)a x?,k) - <Aa E> (51)
Bo(u, & X) =, (€%) P(&) - 8 (fi-e (1), Tog, ku). (52)

Since fi,—¢(x1 %) ~ X3y on the support of B, i, by the same argument used
in the proof of Theorem we may multiply the integrand in (B0) by the
same cut-off function p = p(u) without affecting the asymptotics, so as to
assume that integration in du is supported in (1/D, D) for some D > 0.

In view of Lemma [6.2] we have for k£ > 0

distx ([Le—s ($1,k)),$2,k)) >0 ||&”

Using this, we obtain an obvious analogue of (89), so that we can reprove
Lemma [5.T]in the present setting. Rescaling in &, we obtain in place of (@Il):

g (21 k, Tok) (53)

]{} ng D
~ kl—dG/Z dk‘y . (2_) / du / ng dVOU(A)
s 1/D g Ov

[GZkFx’k(u’E/\/E’A) Baz,k (u7 6/\/Ea )‘) p(u) v (k:_e 6):| '

In view of Corollary 2.2 of [P1], and using that wy,, (&,,(m), w1) =0, in
place of (42) we have

fo-e/vi(Trg) = T+ (O, Vi) - (54)
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where

@k,1 = @k‘<x7£7V17W1> (55)

1 1
T (B, 0) + fom. (€tma) ) + Re (26 v Tz )

Vk,l - ‘/;c(xagavlawl) (56)
1 1 1

= ﬁ (V1 + Wy —€M(m$)) +R2 (—k; E, —kvl, %Wl) .
We then have (see §3 of [SZ])
wt (fp-ervr (1), 22,0) (57)

= tu [1 _elgk} — Uy <Vk,1,%(V2+Wz ) +u Rs (%,V—\/J_ &>

=N

We have

Vi

U [1—6261“’1] = u@kl—i- @21+UR3 <— (58)

7
= 7 (®(m, >+ - Wi (&ar(ma), vi) + _k; (@(my), &)

5 Vi Wi
u By (ﬁ NG ﬁ) :
and

(> <Vk,1a % (v + Wz)) (59)

1 1 2
= [—zwmz (vi+wi — &y (my), va+ W) — 3 | (vi = v2) + (w1 — wa) — 5M(m$)”mz
TR <i Vi &)

Since w; € gur(m)*rm, we have wp, (€,,(m,), wa) = 0 for any € € g.

Lemma 6.3. If m € Mp, and v; € N,,(Mo, ), then wy,(vy,ve) = 0.

Proof of Lemmal6.3 By Lemma [G.1] there are n; € t,, C t, such that

Vi = Ju(n; M(m)) (given our previous reduction we may assume t,, = t).

Hence wy, (V1, v2) = W (71 3,(m), ma5,(m)). On the other hand, y restricts to

a Hamiltonian action of the maximal torus 7}, and therefore the vector fields

1N, With m € t, are all in symplectic involution. Hence w(nlM, 772M) = 0.
Hence wy,(vy,ve) = 0. O
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Given (46]) and Lemma [6.3] in view of Definition [[.3] we may rewrite (59)
as

(> (Vk,h % (v2 + Wz)) (60)

- % |:w2<W17W2> - % [vi = vallf, + 1w, (€ar(ma), v2) — % € (mal,
£ vi w;
s (ﬁﬁ \/E> |

Hence, (57) may be rewritten

Wi (fig-evi(T1 k), Tok) (61)
£ v w
et (\/E VE \/E>

- [wz(wla“@) - % [V = vall7,, + 1w, (Ear(ma), v2) — % 1€ 37 (my)]| |

mg

£ v Wj)
fuRs | =, —=,—= ).
3(\/E VE VE

Whence

vk ut) (fi,—evi(T1k), Tok) (62)
= 1Vku <(I>(m$), E> +1uU Wy, (EM(mx), vy + V2) — g <<1>(mx)’€>2

b funtws,we) = g v = vall, = 5 € m ],

£ v Wi
okt <ﬁ’ﬁ’¢%)

= ku<(I>(m$),E>+Zuwmx(EM(mx),V1+V2)—gHEX@)Hi

+u |:’(/}2(W17W2) - % HV1 - V2||72M}

£ v, W
+zukR3<ﬁ,ﬁ,\/E).
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In view of (&)
vk Doi(u, €/VE, ) (63)

= 1k lu@/) (fi,-e/vi(T1k), Tok) — <A, % § >}

= VB U(m,) — X, €) + 1w (€ay(m), v +v2) — 5 €x ()]
b [uatwnwa) = ¢ i =il

£ v W, )
+ruk Ry | —=, —=, —&=
’ (\/E vk VE
Let d¥€ be the Lebesgue measure on g associated to . Then
d¥¢ = vol?(G) ' d¥€. (64)

Using this and (B5), (53) may be rewritten as an oscillatory integral in vk
with a real phase, in the form

My (214, Tok) (65)
vol(ou) pl—da/? k. 2na
vol?(@G) 27

D
: / du / a¢¢ [ AV, (N) [elﬂmum cx,k(u,g,)\;vj,wj)],
1 g Ou

/D

with phase T, and amplitude C, ; given by, respectively,

Conlt, & X vy wy) 1= ervom (Eaumvive) =g lex @I ruvatwwa) - vi-vall,
By i (u, €/ VE, ) (67)
where
(10, €/VE, ) (68)
= ) B g, €/VE ) plu) 7 (7€)

There exists r, > 0, depending only on v, such that ||€y(2)|l. > 7. [|€]|%,
Vx € Xp,. Furthermore, Taylor expansion at the origin yields an asymptotic
expansion of the form

(0 E/VEN) ~ oy (K7€) - ) KT Pi(mg, i€, vy, W), (69)

=0
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where P;(mg,u;-,-,-) is a polynomial of degree < 3j, and parity j (recall
that || &%, [|v,]], [[w;]] < C’k€ for some fixed C" > 0, and that € € (0,1/6)).
In view of (1)) and (24)),

Pi(mg,u; &, v, Wj) = (%)d. (70)

The expansion may be integrated term by term.

Recall that we have reduced to the case where ®(m,) € R, v, hence
®(my) = s(m,) v (see ({@)).
Lemma 6.4. Let O’ € O" C O, be suitably small neighborhoods of v. Let
0y €ECX(O") be C*, >0, and =1 on O'. Then the asymptotics of (63) are
unchanged, it the integrand is multiplied by 0, (XN).

Proof of Lemma[6-4] Since the adjoint action is unitary, O, "R, v = {v}.
Hence, by (66]) there exists ay > 0 such that

10 | = [lu ®(ma) — A7 > ao,

for all w > 0 and X € supp(1 — g,,). The claim follows integrating by parts
in &, which is legitimate in view of the cut-off and the exponential factor.
]

In the following, we shall redefine C, , implicitly incorporating the factor
0v(A), so that integration in dVp, () is over O” C O,.
We have an equivariant diffeomorphism

B:9T €G/Tw— g-v:=Coady(v) € O,. (71)
Let d” Vg7 be the Haar measure on G/T'; then
B*(dVo,) = vol(0,) d" Vg r. (72)

Furthermore, in view of the factor 5*(g,) which is left implicit, integration
over 0" C O, in (63]) gets replaced by integration over a small neighborhood
of e T € G/T, according to ([2). Let us introduce local coordinates on G/T
near e 1" by composing the projection 7¢/r : G — G /T with the restriction
of the exponential map of G to the Euclidean orthocomplement tt¢ C g of t
w.r.t. @:

E:yctem e TeG/T.

When restricted to a small open neighborhood of the origin, E is a diffeo-
morphism onto its image, hence a local chart for G/T centered at egT'; we
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have an isomorphism t+¢ = T, _7(G/T). The Lebesgue measure on t-¢ as-
sociated to the restriction ¢’ of ¢ will be denoted d¥~. Being T-invariant,
¢" determines an equivariant Riemannian metric on G /T, whose associated
Riemannian density and volume will be denoted d*Vi /1 and vol?(G/T), re-
spectively. Then

EX(d?Vgr) = R(v)d®y, R(v) =1+ Ri(v). (73)

Viewing G as a principal T-bundle over G/T, by fiber integration one obtains
vol?(G/T) = vol?(G) /vol?(T). Clearly,

d?Vgr = vol?(G/T) A" Vg r. (74)

Hence, if we view [ o E, restricted to a small neighborhood of the origin in
tte as a local coordinate chart on O,,, we obtain by (73) and (74):

vol?(T)
vol? (@)

(B0 E)*(dVo,) = vol(0,) E*(d" Vg i) = vol(0,) R(v) d?y. (75)

With these substitutions, recalling (7I) we may rewrite (63)) in the fol-
lowing manner:

2 vol*(T) 1 4o (K e
Hku(xl,kaxQ,k) ~ VOI(O,/) W!ﬁ a/ ﬂ (76)
D
/ du/d%/ d?~ [6“/m’”(“’£’eA'”)Cx,k (U,E,67-V;Vjawj)]-
1/D g the

Let us set g - v := Ady(§), for g € G and § € g. We have:
€V = VP 4 [y, ] + Ra(y) = v¥ = [V¥,9] + Ra(v).

Since A — A? intertwines the coadjoint and adjoint actions, (66) may be
rewritten as follows:

T,(u, & e’ v) = (ud(m,)—e - v,§)
= p(ud(m,)? —e’-v¥,§)
= @ wd(mg)? —v? + V% 4] + R2(7), §)
= ¢ ((us(ma) = 1) v? + %]+ Ra(v).§) s (77)
here Ry(7) is real-valued. In terms of the g-orthogonal direct sum decom-
positions

t:=span (v?)Nt,, g=span(v?) O, Ot-e,
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we shall write the general element of g as

E=svf+ & +¢" where seR, & e, & ctle

Furthermore, we may introduce orthnormal basis of t, and tt¢ w.r.t.
¢, s0 as to unitarily identify t, = R"¢~! and tt¢ = R2™. Let Z,. the
skew-symmetric and non-degenerate matrix representing S,+ w.r.t. the given

orthonormal basis of t4¢. Then (T7) may be rewritten:

T;c,g'(ua S, £H7 7) = Tr<u7 £ e V)
o ((uws(ma) —1) 2 + [V, 9]+ Ry(v), svf + & + £")

(78)

= s(us(me) = 1) 7], — ¢ (v, V%, €"]) + ¢ (Ra(v), s + & +€)

= s(us(my) = 1) W), =4 Zue & + Ra(y) (sv + €& +¢£").

We write (70) in the form

vol?(T E\2ne
My (210, T2)  ~ Vol((’),,)2 : VOITJG))?  pl—da/? (ﬂ)

/ d#¢’ [I@k (5/§Vjawj)]’

tw

where

D +oo
T,y (Evi W) = / du / s / T
1/D —00 the Lo

(79)

[6% Lo s8N 0y (u, &, 67 v vy, Wy )} - (80)

We view Z, ;. (¢') as an oscillatory integral depending on the parameter &',
with real phase T, ¢». Using that Z,. is non-degenerate, and that -« is small

in norm, one obtains the following.

Lemma 6.5. For any & € t,, T, ¢ has a unique critical point, given by

1
Py = (uo, S0, &, =(——,0,0,0).
0 (0 0 €O 70) <§(mx) )

Hence Y, ¢/(Py) = 0. The Hessian matrixz at the critical point is

0 s(mg) v?), 0O 0*

s(ma) [lv7ll, 0 0’ 0f

Hp(Tog) = 0 0 [0] Zye
0 0 — Lypyy 62/77T$7£’ Po
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where [0] denotes the zero matriz of order (2ng) X (2ng). Hence, its deter-
minant and signature are

det (Hp,(Yog)) = —<(ma)® |07 det(Zue)?,  sign(Hp,(T,¢)) = 0.

In particular, Py is a non-degenerate critical point.

Integrating by parts in dv shows that the asymptotics of (80) are un-
changed, if the integrand is multiplied by a cut-off function in &”, compactly
supported and identically equal to 1 near the origin.

We can apply the stationary phase Lemma. Recalling (67)-(70), we obtain
for (80) an asymptotic expansion of the form

9\ 1Hde—16 iy [Pa(wiwa)— [vi-vall?,, ]
Loy (€5vi,w) ~ v (k7€) (5 :

(& vgwg) ~ 1 (K08 (k:l/2) s(my) w2, det(Zye)
B e (Smiort) - ek omi.

'g(mx)d d

1 + Z k‘_j/Q P]’(?’)’LI7 E/, Vi, Wj)] s (81)

Jj1

where again Pj(my;-,-,-) is a polynomial of degree < 3j and parity j. We
have replaced ||€' (2)||= by ||€5;(m2)]|m, in view of the fact that (®,;(m,), &) =
0 since &' € t++, so that &'y (z) = &,(m,)".

The final expansion is obtained by inserting (&T]) in (79) and integrating
term by term. The front cut-off, in view of the Gaussian type exponential,
may be omitted without affecting the asymptotics. The j-th summand in
(®T)), 7 > 0, contributes by a factor given by the Gaussian type integral

2

mz:| P]I(mmuﬁluvwwj) )

s / e [em [ (€0 vitva) -4 [[ehsm)
to

(32)
where we set Py = 1.

We compute the leading order term. Recall that we have fixed an or-
thonormal basis of t, = t, = R"¢~! 7). Let D¥(m,) be as in Definition
L2 and let P¥(m,) denote its positive definite square root. Furthermore, by
Lemma there exist unique v; € t, such that v; = J,,, ('vj M(mm)). Let
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(-, )5t denote the standard scalar product on R"¢~1 then
g(mx)_l Winyg (E?M (m), vi+ V2) (83)
= (m2)" i, (83 (), o, (V204 (m2)) + o, (V200 (m2) )

= c(ma) P (€ ma), win () + vape(m) )
<(mx)_1 ¢" D?(m,) (v1+ vy)

= (s(my) 2 P?(m,) &, c(my) ™2 P?(my) (01 + V1)),
Similarly, if || - || is the standard Euclidean norm then
- 2
S(ma) ™ [€hr(ma) [, = lls(ma) /2 P2 (m,) €] (84)

Hence, setting n = ¢(m,)~"2 P?(m,) &', we obtain

[ we [ mamanem il ]
tw

rg—1
= M / drr’ |:el </’77<(m1)71/2 Pv(mz)(v1+v2)>st7%”n”2]
det (P¥(my)) Jrra-1
rg—1 rg—1
_ @mEclme) T s vl (85)
D#(m) '

Plugging (83)) into (81]) and then in ([9) we obtain the leading order term in
the statement of the Theorem. The other terms can be handled similarly.
O
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