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FINITE POPULATION INFERENCE FOR SKEWNESS MEASURES
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SUMMARY
In this article we consider Bowley’s skewness measure and the Groeneveld-Meeden b; index in the
context of finite population sampling. We employ the functional delta method to obtain asymptotic
variance formulae for plug-in estimators and propose corresponding variance estimators. We then
consider plug-in estimators based on the Hdjek cdf-estimator and on a Deville-Sdrndal type calibra-
tion estimator and test the efficiency of the corresponding variance estimators and normal confi-
dence intervals in a simulation study.
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1. INTRODUCTION

In order to allow for asymmetry and other deviations from normality, Pearson
(1895) introduced his well-known distribution family and proposed

mode — mean
standard deviation

¢i=

as a measure for asymmetry. Curiously, only for Type III distributions (location
scale transformations of gamma distributions) Pearson uses the difference between
the mean and the mode in the numerator rather than the other way round. As Pear-
son considered the method of moments to fit his distributions (“generalized proba-
bility curves”) to empirical data, he provided formulae to compute ¢ from the stand-
ardized third central moment, i.e. from y3/0>. Despite its limitations (e.g. nonexis-
tence of moments, large sample variability), ;13 /0° became very popular in the after-
math and is still widely used today.
Some years after the publication of Pearson’s paper, Bowley (1901) proposed

upper interquartile range — lower interquartile range

central interquartile range

as a measure for skewness. Actually, in the first edition of his 1901 book “El-
ements of Statistics”, Bowley did not write down the explicit definition of this
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measure, but the underlying idea can be inferred from some comments on an exam-
ple about the distribution of wages among branches of the Amalgameted Society of
Engineers (see pp. 134-136 in Bowley, 1901). For sure the explicit definition of
Bowley’s measure appears in the fourth edition of his book which was published in
1920 (see p. 116 in Bowley, 1920). Perhaps it appears also in the second and/or
third edition which where published in 1902 and 1907, respectively, but I was not
able to verify this since I had no access to these intermediate editions.

For estimation purposes in the Box-Cox model, Hinkley (1975) considers an im-
mediate generalization of Bowley’s measure which is given by

1—7)+F'(r) —2F71(0.5)
F~1(1—r)—F~1(r) ’

ba(r) = £ re(0,1),

where F~!(r) :=inf{x € R: F(x) > r} denotes the r-quantile of the distribution
function F (x). Of course, b,(r) coincides with Bowley’s measure when r = 0.25.
To save notation, we will just write b, when r = 0.25.

In close relation to b,(7), Groeneveld and Meeden (1984) propose

p WFT ) A FN ) 2 (05))dr  p—v
o [ AF~1(1 = r) = F-1(r)}dr T E(X —v|)

as a global measure for skewness. Here, we used X to denote a random variable
with distribution function F' (x), p to indicate E(X) and v to indicate the median
F~1(0.5). As shown in Groeneveld and Meeden (1984), b,(r) and b3 are both con-
sistent with the partial skewness ordering relation of van Zwet (1964).

The present article is about estimation of b,(r) and b3 in the context of finite popu-
lation sampling. In Section 2 we introduce plug-in estimators based on the Hajek cdf-es-
timator and on a Deville-Sarndal type calibration estimator. We also provide asymptotic
variance formulae and corresponding variance estimators. In Section 3 we test the estima-
tors in a simulation study. Normal confidence intervals are also tested. Conclusions and
final remarks end this paper in Section 4.

2. ESTIMATORS, ASYMPTOTICE VARIANCE AND VARIANCE ESTIMATORS

Let Uy := {1,2,...,N} be the set of labels which identify the units of a finite pop-
ulation, let yy, . . ., yy be the values taken on by a study variable Y and let x, . . .
, Xy be the values taken on by an auxiliary variable X. The finite population cdf of
Y is given by Fy(t) := #EL I(y; <t) and henceforth we assume that b,(r) and
b; refer to Fi (?).

Now, let s := {iy,i,...,i,} C Uy be a sample taken from Uy (n denotes the
sample size). In this article we assume the X-values to be known for every unit
i € Uy, but that the Y -values be known only for i € s. For i,j € Uy we denote the
first and second order sample inclusion probabilities by 7; and 7, respectively.
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As already mentioned above, in this article we consider plug-in estimators based
on

a) the Hajek estimator
~ 1 1
Fra(t) ==Y —I(ni <1),

N ics i

where N := D ics ﬂ% is the Horvitz-Thompson estimator of N;
b) and the calibration estimator (see Deville and Siarndal, 1992)

~ 1
Fea(t) =~ > wil(yi < 1)
ics
with sample weights wi given by

1 BB+ 3i) (1)

i

where E = [ﬁAo, 31] solves the calibration equations

Z eXP(Bo +Xi31) —N

ics i
Z eXp(BO +xi31) X = ix' (2)
ics i l i1 l

which are always solvable.

Note that for some widely used sample designs (e.g. simple random sampling and
stratified simple random sampling) Fy,(¢) reduces to the Horvitz-Thompson estima-
tor

Fur(t) = iziz(yi <1).

N ies i
Also note that F 114 (1) and F ur(t) do not account for the auxiliary information un-
less the sample design does so through the first order inclusion probabilities ;.
When the latter is not the case, it seems more appealing to use F.,(¢) instead of
FHa(t) OI'FHT(t). R
Now, consider the plug-in estimators. The ones corresponding to Fp,(¢) will be
denoted by by y,(7) and bj p,, respectively, while those corresponding to F,(¢) will
be denoted by b .i(r) and b3 ... Appendix A provides an argument by which
beo—be L

N(0,1
VN,07<> 7 ( ’ )

under broad conditions, where e is either ”2” or 73, ¢ is either "Ha” or “cal” and
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VAz, . 18 the sequence of asymptotic variances to be defined below. Of course, when
°=2, b.<> and VJ%, depend also on r but this dependence does not show up in
the notation. From formulae (A.3) and (A.4) in appendix A we know that

V]%,,.’ ——var(Zd,g(y )

ies
where
g = I N/(Nm) if o ="Ha",
l w; defined in (1) and (2) if o = "cal”.

and where the function g(7) is defined by either (A.2) or (A.5) in Appendix A
according to whether e is 3" or 2",

Now, consider the case where ¢ = "Ha”. A straightforward application of the Del-
ta-method yields

N
> dign) =) —=—zg) Ng+z g(y,
ics ics N ics
where g := - 5" | ¢(»;). Hence we obtain
1 _ u Tjj — T _
N2V ot = VW(Z; g(i) —g]> => > —"Llebw) - 2lle(y) — gl
ies ! i=1 j=1

As estimator for V3, ,, we may consider the standard Horvitz-Thompson var-
iance estimator

2 Ty T TG A =1 =
N o Ha HT Nz Eles ]EGS B0 —&llg0y) — &l

where g(#) is an estimate for the unknown function g(#) (below we propose such an
estimate) and g := > ., -g(») /N. However, it is well known that for fixed size
designs the Sen-Yates-Grundy estimator

—\ 2
52 »y T — T g(Y) 8 —-¢g
VN,-,Ha,SYG: N2 / . ( /7_(_'
J

ics jes

is usually preferable (see Vijayan, 1975). In the simulation study of this article,
where only fixed size designs are considered, we used the latter.

Next consider the case where ¢ = “cal”. In this case we have (see Deville and
Sérndal, 1992)

N N
VNocal - ]\}2 var (Z Wzg(yl > - 12 ZZ Ty — T W,WJEE

i€s i=1 j=1
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where the E;’s are the residuals of the least squares regression of the g(y;)’s on the x;’s
and a constant. A corresponding Horvitz-Thompson-type variance estimator is given by

= 1 Ty — TiTj ~

v =— E E ——— L wwEE;

N,e.cal HT Wik,
*:60% N2 T

ics jes

where the E;’s are the residuals of the w;-weighted least squares regression of the
sample g(y;)’s on the sample x;’s and a constant. The corresponding Sen-Yates-
Grundy estimator is given by

52 . 1 Tjj — T ~ ~\ 2
VN,.,cal,syG = WZ ZT wiE —wkE; ) .
ij

ies jes

As pointed out in Deville and Sidrndal (1992), in the definition of the variance
V2 wcarsr @nd V2, . syg We may use the inverse inclusion probabilities 1/7; in
place of the sample weights w;.

To complete the definitions of the variance estimators we still must define an esti-
mator for the g(#) functions in formulae (A.2) and (A.5) in Appendix A. These func-
tions depend on v,, 6, f(v,), F(v), by and b,(r) which must be estimated from the
sample. In the simulation study of this article we estimated the g(7) functions by sub-
stituting plug-in estimates for v,, o, F(v), by and b,(r). In order to estimate fv,) we
used a method which is already known from Francisco and Fuller (1986), Kovar et
al. (1988) and Rao et al. (1990). The method consists in equating the length of the
95% normal confidence interval for v, to the length of the corresponding Woodruff
confidence interval. The former is given by

T
220,025 —=

Uy

where 7, is an estimate for the standard deviation of the cdf-estimator ﬁo(t) at the

—

point # = 1, and f{v,) is the estimate for /() we are looking for. On the other side
of the equation, the length of the Woodruff confidence interval is given by

~ N ~ N
Fyo(r + 20.02505) — F, (1 — 20.02500)-
Hence, the estimator for (1) used in the simulations is given by

YU 220.02500

fvy) == 1 — = —.
F7N(r 4 20.02500) — F;Hr — 20.02500)

(3)

—

Note that f{1,) is a density estimator and hence we expect some bias from it. A for-
mal analysis of this bias lies outside of the scope of this article. However, our simula-
tion results suggest that it goes to zero slowly since our estimates of the relative bias

of the variance estimators IA/Z%,, JasvG and IA/ZZV_,,CG,_ sy (which depend f{v,)) do not al-
ways decrease in absolute value as we pass from the smaller to the larger sample size.
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pa—

As for &, which appears in the definition of f{v,), in the simulations we used the
square root of the Sen-Yates-Grundy estimators

1 Ty — T
~ y — Tl
Ofy = — =7 E E —X

Ha 2N2 T

ics jes

% (1()/1 < i/\r) _ﬁHa(/V\r) . I(yj S /V\r) _F\Ha(ﬁr>>2

T T

and

. 1 T — T . ~\\2
U?al = N2 ZZ 2 p = (Wil(yi <) _le(yj < Vr)) :
i

ics jes

One final remark with regard to variance estimation is in order. The estimators
proposed in this section require knowledge of the second order inclusion probabilities
m;. However, the latter are often not available for secondary analyses on large scale
surveys. To obtain variance estimates in such cases, the second order inclusion prob-
abilities are often computed from the first order inclusion probabilities according to
some approximation like e.g. the Hajek approximation

T = 7Ti7Tj<1 — (- mzlf)l _Wj))

which, in case of conditional Poisson sampling, becomes more and more precise as
dy = vaz , (1 — ;) gets large (see Theorem 5.2 in Hajek 1964). In the simulation
study of this paper we used this approximation for the simulated samples from the
conditional Poisson designs. Tillé (2006, pages 84-86) contains an overview about
recursive algorithms which provide better approximations.

4)

3. SIMULATION STUDY

3.1 Simulations with artificial populations

In the first part of the simulation study we considered two artificial populations of
size N = 800 where the X values are realizations of i.i.d. random variables with log-
normal distribution with E(In X) = 0 and var(In X) = 1. Once we generated the X
values, we obtained the Y values according to

yizxi—l—v(x,-)(fi, i:1,2,...,N

where the ¢;’s are realizations of independent standard normal random variables.
For v(x;) we used v(x;) := x] with v equal to either 0 or 1. The two populations ob-
tained in this way are shown in Figure 1. For the population obtained from the
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model with v =0 we have b, = 0.040 and b3 = 0.226, while for the population
from the model with v = 1 we have b, = 0.321 and b3 = 0.455.

Histogram of y

Histogram of y

FIGURE 1. - Population from the model with v = 0 (upper part)
and v =1 (lower part). Different symbols (circle, triangle, plus sign)
are used to show strata membership in the stratified sampling designs

As for the sample design, we considered three fixed size designs each with sam-
ple size n = 40 and n = 80 as to achieve sampling fractions of 5% and 10%, respec-
tively. The three sample designs are:

i) simple random sampling without replacement;

ii) stratified simple random sampling with proportional allocation where the popula-
tion is divided into three strata defined by intervals of X such that the aggregate
value of X is the approximately the same in each stratum;

ii1) conditional Poisson sampling with first order inclusion probabilities proportional
to the x; values.

For each considered population and sampling design we simulated a first set of
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1000 independent samples in order to estimate the mse of the of the estimators BLHQ,
b3 cat, b3 g and b3 ¢y, 1.€. in order to obtain

| looo )
00 — T A~ I;\ih) - bo.o
T =000 ;( )

where 13‘.’2 is the value taken on by 1;.,0 on the Ath simulated sample. The square
root of this mse is reported in the “rmse” column of the tables in Appendix B.
Moreover, it is also used as denominator for the computation of the bias contribu-
tion to the mse (the “bias*/mse” column) and for the computation of the relative
bias, the relative stability and the relative estimation errors of the variance estima-
tors. The definitions of these quantities are given below. Note that for comparison
the tables report also simulation results for the Hajek and calibration estimators for
the mean, i.e. for the estimators

_ 1 1
YHa "= I Z ;yz‘

i€es

and

ycal = %Zwiyi-

ics

Apart from the mse, all other quantities needed for the construction of the tables
in Appendix B are computed from an independent second set of 1000 simulated sam-
ples. In particular, given the realizations

PO T p=1,2,...,1000,

00) " 009

for this second set of samples, we computed, for 1 — a = 0.90,0.95,0.99, the cov-
erage rates

1000

te 1= —— I[;\.O— o I//\.o bo 500 « I//\.<>7
coverage rate = oo h:l( o = Zaj2Veo <o < beotza/2Ves)

the corresponding left and right tail errors

1000

left tail LTE :=—— 1(be < bao — za/2Vao
eft tail error 1000;,:1( <beo —zapVeo)

1000

> Ubes + zaj2 Voo < b)
h=1

right tail error RTE := 000
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and

1000

bias := 100 Z

h=

Moreover, following Kovar et al. (1988), we computed

1000 >
V 1000
rel.bias(f/?o) = i /

: mse

and

\/ SO (P — mse. 0)?/1000

Vo) mse, ’

rel.stab.(

where mse mse, ., is computed from the first set of 1000 samples. Since for the con-
ditional Poisson sampling design, and occasionally for the other designs as well, we
obtained suspiciously large values for the relative bias and/or the relative stability,
we also computed some quantiles of the observed relative estimation errors

248

mse, o

rel.est.errory 1= -1, h=1,2,...,1000.

From the tables in Appendix B we see that the coverage rates of the confidence
intervals for b, and b3 are usually larger than their nominal level. In fact, in most
cases the LTE and the RTE are both below their nominal level. In the samples from
the populations with v = 0 we usually observe LTE < RTE, while in the samples
from the populations with v = 1 we often observe the opposite inequality. Also, we
note little difference between the coverage accuracy of the confidence intervals based
on b, y, and those based on b, .. For comparison, the confidence intervals for the
mean usually suffer from undercoverage. For the confidence intervals based on ¥,
we usually observe LTE < RTE when the sampling scheme is either srs or stratified
srs and the opposite inequality for the conditional Poisson sampling designs. The
LTE and RTE of the confidence intervals based on ycu are more balanced than those
based on y,_,;.

Next, we comment on the central and lower parts of the tables. In the central parts
we see that the rmse’s of the calibration estlmators b. cal are usually close to those of
the Hajek estimators be. Ha Suggesting that Fca,( ) takes little advantage of the auxili-
ary information. By contrast, the rmse of ¥, is (as expected) constantly smaller than
the rmse of y,;, with at times large observed differences for the populations generated
from the model with v = 0 (i.e. when the correlation between the x; and y; values is
stronger).

From the avg( V) column we can infer the average length of the confidence inter-
vals. Consistently with our observations about the rmse’s, we generally observe little
difference between the avg( V) values corresponding to bs 17, and b, .41, While the dif-
ference between the avg(V) values corresponding to 3, and ¥, is often quite large
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especially in the cases where the population was generated from the model with
v = 0. Moreover, we note that the avg(V>,) and avg(V3,) values are almost con-
stantly larger than their corresponding rmse which is in line with our observation that
the coverage rates of the confidence intervals for b, and b5 are larger than nominal.

Finally, we analyze the relative bias and the relative stability of the variance esti-
mators. We immediately note that the bias of the variance estimatog§ Veo is often a
considerable fraction of the mean square error of the corresponding b, ., estimator. In
fact, for n = 40 the relative bias of V,, is occasionally larger than 0.70 but in most
cases it decreases sharply in absolute value when passing from samples of size
n = 40 to samples of size n = 80. However there are some exceptions to this rule. In
fact, in three out of 24 cases (V3 car 1 case of srs from the population generated with
v =0, V2 cal 10 case of stratified srs from the population generated with v = 0, V3 cal
in case of conditional Poisson sampling from the population generated with y = 0)
the relative bias of V.<> increases slightly as the sample size passes from n = 40 to
n = 80 (note that all of the three exceptional cases occur when sz( ) is used, but in
the case of conditional Poisson sampling from the population generated with v = 0,
the relative bias of V3, reduces only by 0.001 when passing from n =40 to
n = 80). For comparison, Kovar et al. (1988) (KRW) consider the median estimator
F1(0.5) and compute the relative bias and relative stability of a corresponding var-
iance estimator (which is similar to ours) from 1000 simulated samples (see Tables 4
and 6 in KRW). The samples where obtained by stratified srs with fixed strata sam-
ple size of either n = 2 or n = 5 from two populations with 32 strata each. Stratifica-
tion is based on the auxiliary variable and the second population is needed to test for
the effect of strong correlation between the auxiliary and the study variable. The var-
iance estimator they consider is defined in such way that a corresponding 1 — « nor-
mal confidence interval for the median matches the 1 — o Woodruff confidence in-
terval. Thus their variance estimator incorporates the idea underlying the density esti-
mator (3) of the present article and can therefore be considered similar to our V,, es-
timators. KRW consider variance estimators corresponding to o =0.01, 0.025, 0.05,
0.10, 0.20 in order to test for the dependence on «. The relative biases obtained by
them are in the range 0.032 to 0.11 for the samples from the population with lower
correlation between the auxiliary variable and the study variable (see Table 4 in
KRW). For the samples from the population with high correlation they report results
only for the case where the fixed strata sample size is equal to 2, and obtain negative
relative biases in the range —0.901 to —0.757. Substantially, KRW ascribe this far
from zero negative relative bias to a problem with the density estimator (3) which oc-
curs in case of stratified sampling from highly correlated populations (see page 42 in
KRW). The results in Tables 4 and 6 of KRW show that the relative bias of the Rao-
Wu modified bootstrap variance estimator can be kept in the range —0.083 to 0.147
by using an appropriate resampling scheme. We did not test this bootstrap estimator
with the populations and sampling designs of the present article and therefore we are
not able to tell whether it would give rise to smaller relative bias for the larger strata
sample sizes considered in the present article (for the definition of the modified boot-
strap estimator in case of unequal probability sampling see Rao and Wu, 1988).
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In exactly the same three cases where the relative bias does not decrease when
passing from sample size n = 40 to sample size n = 80, the relative stability does not
decrease either. In most of the remaining cases the relative stability decreases quite
sharply. To provide a benchmark value, we note that in case of i.i.d. sampling from
a normal distribution the true relative stability of the unbiased estimator for the var-
iance of the sample mean is 1/2/(n — 1) which is 0.226 for n = 40 and 0.159 for n
= 80. For the srs and the stratified designs we usually obtained relative stabilities be-
tween 2 and 6 times as large. Such multiples are in line with those that can be de-
duced from the simulation results in KRW for the several variance estimators of
F;}(0.5) considered by them (the multipliers can be obtained from Table 4 and Ta-
ble 6 in KRW using n =32 x 2 =64 orn =32 x 5 =160 since KRW consider
stratified sampling with L = 32 strata and strata sample sizes of either 2 or 5). How-
ever, for the conditional Poisson designs, we also obtained much larger relative
stabilities, in particular for the vaoestimators. As can be deduced from the third part
of the tables in Appendix B, these large values are due to pronounced asymmetry
and heavy-tailness of the distributions of the variance estimators. In most cases (but
not all), the large relative stability can be ascribed to the largest 10% of the simulated
V3, values.

3.2 Simulations with SHIW sample as population

To further test the variance estimators 17.20 and the corresponding confidence inter-
vals, we also considered the 2022 sample of the Survey on Household Income and
Wealth (SHIW) conducted by the Bank of Italy as population from which to simu-
late samples. The microdata of the 2022 wave and of all other waves of the SHIW
can be freely downloaded from the Bank of Italy’s official website. For details
about the SHIW we refer to Banca d’Italia (2024) and references therein. The 2022
sample contains detailed information about N = 9641 Italian households. In particu-
lar, it contains information about household income and wealth. In our simulations
we considered the former as study variable Y and the latter as auxiliary variable X.
The population mean of the study variable Y and the corresponding b, and b5 indi-
ces are given by Y = 55,875.22 euro, b, = 0.211 and b3 = 0.551, respectively. In
our simulations we considered two types of fixed size designs, each one with total
total sample size n = 200 and n = 400:

i) Stratified simple random sampling with proportional allocation. As stratification
variable we used the residence region variable "IREG” (we united the strata re-
ferring to the regions “Piemonte” and “Valle d’Aosta”). Table 1 shows the total
number of households N, for each of the 19 strata and the strata sample sizes n,,
corresponding to the two considered total sample sizes.

ii) Two stage stratified cluster sampling. We used the stratification variable “IREG”
to obtain 19 strata and we added an additional stratum which contains all house-
holds which reside in municipalities with more than 500k inhabitants (this infor-
mation can be deduced from the “ACOMA4C” variable). Then we randomly allo-



FINITE POPULATION INFERENCE FOR SKEWNESS MEASURES 125

cated the households in each of the first 19 strata to artificial PSUs by generating
for each household a random integer between zero and the largest integer which
does not exceed 0.01 times the number of households in the stratum. To allocate
the households in the 20th stratum to artificial PSUs, we generated for each
household a dichotomous variable and allocated households from the same re-
gion “IREG” in one of two PSUs according to the outcome of the dichotomous
variable. We resorted two random allocation of households to artificial PSUs be-
cause the SHIW dataset does not provide information about PSU membership.
Table 2 shows the number of randomly generated PSUs and the number of
households for each stratum. Given this population structure, we implemented a
two stage cluster design by selecting a total of 40 artificial PSUs from the first
19 strata according to stratified simple random sampling with proportional allo-
cation (the number of artificial PSUs to be selected from each stratum is propor-
tional to the number of artificial PSUs within the stratum) and by selecting all of
the 12 artificial PSUs from the 20th stratum (the stratum with large PSUs). Thus,
after the first stage of sampling we end up with a total of npgy = 40 + 12 = 52
artificial PSUs. In order to get the final sample of households, we then sampled
from each one of the selected PSUs by simple random sampling. In this second
stage of sampling, we allocated the final sample size (either n = 200 or n = 400)
in proportion to the number of households in the npgy; = 52 PSUs from the first
stage.

In the simulations according to sampling plan i) we computed all estimates by using
the actual first and second order inclusion probabilities. On the other hand, with
sampling plan ii) we tested the case where secondary data provides only first order
inclusion probabilities only for the sample households and the remaining first order
inclusion probabilities as well as the second order inclusion probabilities are un-
known and cannot be recovered from the sample because PSU membership is not
provided. Hence, in the simulations with sampling plan ii) we computed the second
order inclusion probabilities (which are needed for variance estimation) according to
the Hajek approximation (4) with the sample estimate dj := >, (1 — ;) in place
of dy:= Zf\i , (1 — 7). Unfortunately, we cannot do the same with the entire
SHIW sample because the latter does not provide first order inclusion probabilities,
not even for the sample households, but it provides only sample weights from a cal-
ibration process. In fact, according to the accompanying documentation, the recom-
mended method for variance estimation from the SHIW sample is the jackknife
based on replicates computed from specifically provided weights. In the present ar-
ticle we did not test variance estimation based on replication methods and therefore
we are not able to tell how the corresponding estimators compare to the Taylor-lin-
earization estimators V2.
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TABLE 1. - Strata sizes Nj, and strata sample sizes ny,

for the stratified srs sampling designs i)

(1)

(2)

Region (stratum) N, n, n,
Piemonte e Valle d’Aosta 657 14 27
Lombardia 937 19 39
Trentino 390 8 16
Veneto 625 13 26
Friuli 198 4 8
Liguria 234 5 10
Emilia Romagna 727 15 30
Toscana 433 9 18
Umbria 289 6 12
Marche 281 6 12
Lazio 508 11 21
Abruzzo 273 6 11
Molise 139 3 6
Campania 963 20 40
Puglia 914 19 38
Basilicata 136 3 6
Calabria 266 6 11
Sicilia 1126 23 47
Sardegna 545 10 22
Total 9641 200 400

L. PASQUAZZI

The simulation results corresponding to the sampling designs i) and ii) are re-
ported in Tables B13-B16. We note that the coverage rates of the confidence inter-
vals for b, and b; are often larger than the corresponding nominal confidence levels,
while the confidence intervals for the mean suffer from undercoverage. Perhaps sur-
prisingly, we also note that with sampling plan i) the relative bias of the variance es-
timators VfO is farther away from zero and often a much larger fraction of relative
stability than with sampling plan ii), even though with sampling plan ii) we did not
use the actual second order inclusion probabilities. In this respect it is also worth not-
ing that the relative bias with sampling plan 1) is always positive, while with sam-

pling plan ii) it is sometimes negative as well.
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TABLE 2. - Number of PSU’s and number of households per stratum
for the stratified two stage cluster design in ii)

Region (stratum) Number of PSU’s Number of households

Piemonte e Valle d’Aosta 6 492
Lombardia 7 597
Trentino 5 390

Veneto 7 625

Friuli 3 198

Liguria 2 112

Emilia Romagna 8 727
Toscana 5 433

Umbria 4 289

Marche 4 281

Lazio 3 205

Abruzzo 4 273

Molise 2 139
Campania 8 735
Puglia 10 914

Basilicata 2 136
Calabria 4 266

Sicilia 8 715

Sardegna 6 545

large PSU’s from all regions 12 1569
Total 110 9641

4. CONCLUSIONS

In this article we explored finite population inference for Bowley’s skewness
measure b, and for the Groeneveld-Meeden index bs. In particular we considered
plug-in estimators based on the Hajek cdf-estimator and on a Deville-Sarndal type
calibration estimator. We employed a heuristic argument to derive asymptotic var-
iance formulae and proposed corresponding estimators.

We tested the estimators and corresponding normal confidence intervals in a sim-
ulation study. In the simulations we usually obtained larger than nominal coverage
rates for the confidence intervals. Moreover we observed little difference in terms of
coverage rate, bias and rmse between the plug-in estimators based on the Hajek cdf-
estimator and the plug-in estimators based on the calibration cdf- estimator. This re-
sult is likely due to the fact that the calibration cdf-estimator does not exploit the
auxiliary information in efficient way.

As for the variance estimators, we observed large bias relative to the empirical
mse’s of the estimators for b, and b3 which is likely due to the density estimator on
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which the variance estimators depend. However, for srs and stratified srs the relative
stability behaves quite reasonably and in line with the relative stability of the var-
iance estimators for the median estimator considered by Kovar et al. (1988). On the
other hand, for the conditional Poisson designs we also obtained very large relative
stabilities, especially for the variance estimators of the two b, estimators. Our simula-
tion results show that in some cases, but not all, large relative stabilities can be as-
cribed to only 10% of the largest simulated variance estimates.

We conclude this paper with some suggestions. First, we suggest to explore the
use of a variance stabilizing transformation as in Staudte (2014) which may lead to
more efficient confidence intervals and/or to a more efficient variance estimator. Sec-
ond, we suggest to test the bootstrap methods in Rao and Wu (1988) and to compare
the results with those of this article. Finally, we observe that there are several alterna-
tive cdf-estimators which, under linear superpopulation models, use auxiliary infor-
mation in more efficient way than the calibration estimator considered in this article
(see e.g. Chambers and Dunstan, 1986; Rao et al., 1990 or Rueda, Martinez, Marti-
nez and Arcos, 2007). Alternative cdf-estimators may therefore give rise to more effi-
cient plug-in estimators for b, and/or b3. However, plug-in estimates obtained from
different cdf-estimates may not be consistent with one another.
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APPENDIX A

Asymptotic normality of by. For A € [0,1] define F\(¢) := F(t) + A[F(1) — F(1))],
Wty = fldF)\(l), V) = F/\_I(O.S)

Oy Z:/|ll/)\|dF/\(l)

— /(y,\—t)dFA(t)—i-/(I—V/\)dFA(t)

_ / Fy(0)dt + / (1 — Fy(n)]de

and b3, := 42— For the moment we do not impose any restriction on the distri-

bution functions F (t) and F(t), but later we will assume that F(¢) is the limit of a
sequence {Fy(t)}y., of population distribution functions of the study variable ¥
and that F(¢) is either Fyy (1) or Fuyl(r).

The Gateaux derivative of b5 in direction F'(¢) — F(¢) is given by

Oby 1 (QMA 8’//\) = vy 06y

N by [P

oA O
provided that the derivatives on the rhs exist. Of course

%: /tdﬁ(t) - /tdF(t) — -

always exists. However, %”; and % do not necessarily exist unless we impose

some condition. One such condition is

A) F(t) and F (¢) are absolutely continuous and differentiable with strictly positive
derivatives f(¢) and f'(¢), respectively.
If condition A holds we obtain
vy F(vy) — F(vy)

) N AON)
where f3(t) := f(t) + A[f(t) —f(¢)] is the derivative of Fy(f) (which must be
continuous and strictly positive by condition A), and
V)

%: [2F\(1) — 1] %V; - / (F(r) = F(0)dr - /(FA(t) — Pl

—00
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~

= 2F\(1n) — 1] My, [F(vy) — Fvy)]+

)
- / WF (1) — F(1)] + / WlF (1) — F(1)].

Thus, using the notation l;3 = b3.)=1 and b3 := b3,\—9, we may write

0b3.»

1
by
5 (1 — \)dA

by = by + A
S (A1)

~

= b3 +/g(t)d[ (1) = F(t)] +R,

where
1 1
t):=—<t(l—5b I(t < ———— —2vb; + 2tb teR A2
s {0 - b+ 1<) (fr - whram) b rem (a2)
021;3; is a quadratic function of F (1) — F(vy) and
1
b3\
R := — (1 — .
o (1= A)dA

0

As anticipated above, from now on we assume that F(¢) = limy ., Fxy(¢) and
that F (¢) is either F Ha(t) Or ﬁcal(t). Of course, assumption A does not hold in
this case, but nevertheless we assume that the following conditions, which re-
semble assumption A and (A.1), hold:
Bl) N,n— oo, Fy(t) — F(t) == ['__f(v)dy where f(t) is continuous and strictly
positive in a neighborhood of F~1(0.5)
B2)

~

ba = b+ [ g(OIF() - F(0) + 0,717,

In addition to B1 and B2 we also assume that
R L

B3) Vi:= var(fg(t)dﬁ(t)) =O0(n!') and VLN g(t)d[F(t) — F(t)] — N(0,1).

It is immediately seen that B1 - B3 imply
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-~ c
m_m—HN&U

N

which justifies the use of normal confidence intervals. It is also worth noting that

V:i.=var ( / g(z)dﬁ(r)) = %var(Z d,»g(y,»)) (A3)

ics

where

[ N/(Nm) if F(t) = Fa(t),
i_{mﬁmwmamm@)ﬂﬁmzﬁﬂm (ad)

Note that assumption B1 is certainly satisfied when the (x;, y;) couples are realiza-
tions of i.i.d. random vectors with a continuous and strictly positive joint density
function. Of course this is by far not the only case where assumption B1 holds. As
for assumptions B2 and B3, in this work we do not investigate sufficient conditions
under which they hold. However, we conjecture that in a broad range of situations of
practical interest it should be possible to prove B1 - B3 perhaps by using results from
Conti and Marella (2015), Han and Wellner (2021) and/or Dey and Chaudhuri
(2024). The simulation results in Appendix B support this claim.

Of course, the above reasoning can be applied to b,(r) as well. For b,(r) we get

by —1
f(l/lfr)

1+ b,
f(l/r)

@) = o I(t<v ) —1(t <) +2I(t<v) , (A5)

|
fw)
where v, := F~1(r).
Groeneveld (1991) provides expressions for the influence functions of b,(r) and

bs. Obviously, they are closely related to our g,(¢) and g5(¢) functions. In fact, the re-
lation between the influence function IF(¢; F, be) and g.() is given by

IF(t; F,b.) = /g.(x)d[[(x <t)—F(x)].
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APPENDIX B

TABLE B1. - Simple random sampling: N = 800, v = 0, n = 40

nominal coverage left tail error right tail error
confidence interval 0.90 0.95 0.99 0.05 0.025 0.005 0.05 0.025 0.005

ci for 1 based on Frna 0863 0914 0971 0032 0011 0003 0105 0075 0.026
ci for 1 based on F.q 0878 0939 0987 006 0028 0005 0062 0033 0.008
ci for by based on Fy, 0955 0981 0995  0.02 0007 0.001 0025 0012 0.004
ci for by based on Fy 0931 0967 099 0025 0011 0003 0044 0022 0.007
ci for by based on Fy, 0915 0957 098 0.042 0021 0006 0043 0022 0.008
ci for by based on F,; 0882 0925 0974 0019 001 0.002  0.099 0.065 0.024

estimator bias rmse  bias’/mse avg(V.,) rel.bias( f/\fo) rel.stab.( 17_20)
VHa 0.007 0.337 0 0.321 -0.002 0.759
Veal 0.004 0.156 0.001 0.157 0.026 0.248
l;\Z,Ha -0.013 0.199 0.004 0.269 0.89 1.233
gz,caz -0.016 0.202 0.006 0.242 0.258 0.458
1;3,Ha 0.011 0.16 0.004 0.178 0.474 0.767
1;3”, -0.04 0.159 0.063 0.159 0.044 0.421
percentiles of relative estimation errors of variance estimates
estimator min 005 010 025 050 075 090 095 max
172@Ha) -0.795 -0.609 -0.558 -0.446 -0.215 0.143 0.618 1379 3.75
2 Frat) -0.564 -0.329 -0.263 -0.14 -0.002 0.163 0351 0475 1.54
I%%Ha -0.363 0.028 0.139 0381 0.699 1.13 1.773 238 6.861
1722_“[ -0.487 -0.232 -0.125 0.086 0372 0.733 1.155 1.457 5.456
I%%Ha -0.513 -0.237 -0.161 -0.014 0.191 046 0.764 1.007 1.738

17'32’0(1, -0.709 -0.507 -0.411 -0.252 -0.037 0.275 0.593 0.893 2.082
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TABLE B2. - Simple random sampling: N = 800, v = 0, n = 80

nominal coverage left tail error right tail error
confidence interval 0.90 0.95 0.99 0.05 0.025 0.005 0.05 0.025 0.005

ci for p based on Fu. 0888 0932 098 0028 0012 0003 0084 0056 0.017
ci for 1 based on F. 0898 0942 098 0.06  0.038 0.009 0.042 0.02 0.011
ci for by based on Fy, 0947 0976 0995 0.024 0012 0002 0029 0012 0.003
ci for by based on F,; 0925 0966 0993 0.033 0015 0004 0042 0019 0.003
ci for by based on Fy, 0901 0961 0994 0047 002 0003 0052 0019 0.003
ci for by based on F,; 0905 0945 0987 0025 0012 0003 007 0043 001

estimator bias rmse  bias’/mse avg(V..) rel.bias(l?o) rel.stab.(?io)
Vha 0.012 0.24 0.002 0.228 -0.042 0.505
Veal 0.007 0.113 0.004 0.109 -0.065 0.16
EZ,Ha -0.01 0.143 0.005 0.165 0.355 0.55
l;z,w; -0.011 0.143 0.006 0.156 0.209 0.427
1;37;1“ 0.001 0.109 0 0.119 0.232 0.49
53760] -0.021 0.1 0.046 0.107 0.206 0.559
percentiles of relative estimation errors of variance estimates
estimator min 005 010 025 050 075 090 095 max
V2 (Vra) -0.69 -0.533 -0.48 -0.362 -0.177 0.053 0.581 1.236 2.023
V2(our) -0.477 -0.276 -0.241 -0.165 -0.072 0.023 0.111 0.177 1.209
@Ha -0.433 -0.166 -0.093 0.059 0.285 0.567 0.889 1.106 3.86
172(,“, -0.586 -0.315 -0.226 -0.076 0.141 044 0.835 1.057 2.571
1732,1-1(1 -0.437 -0.24 -0.179 -0.052 0.123 0381 0.715 0945 2.352

Vicu, -0.627 -0.421 -0.34 -0.171 0.087 0.472 091 1222 3.179
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TABLE B3. - Simple random sampling: N = 800, v = 1, n = 40

nominal coverage left tail error right tail error
confidence interval 0.90 0.95 0.99 0.05 0.025 0.005 0.05 0.025 0.005

ci for 1 based on Fra 0846 0903 0957 0017  0.005 0 0.137  0.092  0.043
ci for 1 based on F., 0821 088 0949 0081 0049 0024 0098 0065 0.027
ci for b, based on Fua 0969 0987 0998 0021 0009 0002 001 0.004 0

ci for by based on F,; 0946 0971 0992 0.039 0025 0007 0015 0004 0.001
ci for by based on Fy, 0916 0953 0993 0.055 0035 0.006 0029 0012 0.0l
ci for by based on F,; 0882 0934 0984 0054 003 0008 0064 0036 0.008

estimator bias rmse  bias’/mse avg(V..) rel.bias(V2,) rel.stab.(ﬁf .)
VHa -0.004 0.403 0 0.395 0.061 0.703

Veal 0 0.355 0 0.316 -0.146 0.55

l?LHa -0.026 0.199 0.017 0.291 1.363 2.467
gz,m -0.021 0.198 0.011 0.251 0.255 0.506
1;3,1{,1 0.005 0.153 0.001 0.168 0.777 1.748
1;3,6“1 -0.031 0.162 0.037 0.16 0.02 0.58

percentiles of relative estimation errors of variance estimates

estimator min 005 010 025 050 075 090 095 max
2 ra) -0.834 -0.692 -0.635 -0.474 -0.179 047 1.069 1429 2.946
2 Feat) -0.885 -0.667 -0.605 -047 -0.284 -0.012 0387 0.924 3.546
1722.11(1 -0.638 -0.113 0.041 0352 0.813 1.472 3.038 4.631 17.835
1722”, -0.624 -0.331 -0.178 0.041 0.422 0.992 1.899 2.821 22411
@Ha -0.644 -0.349 -0.226 -0.063 0.191 0.512 0.825 1.081 3.181

I%%wl -0.81 -0.548 -0.435 -0.269 -0.053 0.214 0.518 0.762 13.41
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TABLE B4. - Simple random sampling: N = 800, v = 1, n = 80

nominal coverage left tail error right tail error
confidence interval 0.90 0.95 0.99 0.05 0.025 0.005 0.05 0.025 0.005

ci for p based on ﬁHa 0.878 0928 0971 0.026 0.007 0 0.096  0.065 0.029
ci for p based on F.u 0862 0928 0972 0062 0.034 0016 0076 0038 0.012
ci for b, based on Fy, 0926 0963 0994 0046 0.024 0.006 0.028 0.013 0
ci for by based on Fly 0918 0958 0992  0.05 0.027 0.008 0032 0015 0
ci for b based on Fr, 0.893 0938 098 0.069 0.043  0.01 0.038  0.019  0.004
ci for by based on Foy 0.9 0944 0981 0.047 0.03 0011 0053 0.026 0.008

estimator bias rmse  bias’/mse avg(V..) rel.bias(l?o) rel.stab.(l//\i N
Vha 0.005 0.291 0 0.28 -0.023 0.444
Veal 0.003 0.259 0 0.227 -0.195 0.458
EZ,Ha -0.01 0.144 0.005 0.165 0.37 0.773
l;z,w; -0.002 0.139 0 0.151 0.045 0.308
1;37;1“ 0.004 0.11 0.002 0.111 0.223 0.543
53760] -0.013 0.113 0.013 0.109 -0.041 0.312
percentiles of relative estimation errors of variance estimates
estimator min 005 010 025 050 075 090 095 max
V2 (Vra) -0.817 -0.602 -0.537 -0.373 -0.096 0.257 0.602 0.81 1.714
V2(our) -0.764 -0.588 -0.545 -0.448 -0.286 -0.068 0.227 0.498 5.06
@Ha -0.659 -0.289 -0.205 -0.039 0218 0.573 1.051 1489 6.21
172(,“, -0.702 -0.383 -0.268 -0.098 0.115 0431 0835 1.137 3.89
1732,1-1(1 -0.726 -0.386 -0.303 -0.18 0.021 0.223 0.435 0.561 2.009

Vicu, -0.815 -0.458 -0.389 -0.258 -0.078 0.131 0328 049 2.684
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TABLE BS. - Stratified simple random sampling: N = 800, v = 0, n = 40

nominal coverage left tail error right tail error
confidence interval 0.90 0.95 0.99 0.05 0.025 0.005 0.05 0.025 0.005

ci for 1 based on Frua 0873 0932 098 004 0026 0003 0087 0042 0013
ci for 1 based on F., 0895 0938 098 0058 0037 0014 0047 0025 0.006
ci for b, based on Fua 0943 0971 0996 0021 0008 0001 0036 0021 0.003
ci for by based on F,; 0931 0968 0996 0.027 0012 0002 0042 002  0.002
ci for by based on Fy, 0924 0965 0989 0.021 0013 0002 0055 0022 0.009
ci for by based on F,; 0918 0956 0987 0018 0009 0002 0064 0035 0011

estimator bias rmse  bias’/mse avg(V..) rel.bias(V2,) rel.stab.(ﬁf .)
VHa -0.004 0.226 0 0.21 -0.056 0.722
Veal 0.002 0.163 0 0.158 -0.052 0.207
l?LHa -0.016 0.2 0.006 0.237 0.44 0.658
gz,m -0.014 0.201 0.005 0.239 0.367 0.625
1;3,1{,1 -0.01 0.139 0.006 0.16 0.46 0.705
1;3,6“1 -0.026 0.132 0.04 0.151 0.369 0.66
percentiles of relative estimation errors of variance estimates
estimator min 005 010 025 050 075 090 095 max
2 ra) -0.7  -0.543 -0.492 -0.394 -0.257 -0.026 0.297 2.109 3.413
2 Feat) -0.534 -0.389 -0.312 -0.188 -0.053 0.081 0205 028 0.64
1722.11(1 -0.52  -0.21 -0.122 0.08 037 0.699 1.111 1346 2.563
1722”, -0.607 -0.24 -0.124 0.082 0.38 0.741 1.115 1439 4.188
@Ha -0.467 -0.281 -0.204 -0.008 0.283 0.643 1.04 1.299 2.578

I%%wl -0.626 -0.351 -0.236 -0.04 029 0.667 1.071 1387 3.183
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TABLE B6. - Stratified simple random sampling: N = 800, v = 0, n = 80

nominal coverage left tail error right tail error
confidence interval 0.90 0.95 0.99 0.05 0.025 0.005 0.05 0.025 0.005

ci for p based on Fua 0888 0944 0985 0036 0015 0002 0076 0041 0013
ci for 1 based on F 0902 0962 0994 0049 0021 0003 0049 0017 0.003
ci for by based on Fy, 0939 0964 0991 0029 0015 0002 0032 0021 0.007
ci for by based on F,; 0918 0957 0991 0032 0016 0003 005 0027 0.006
ci for by based on Fy, 0927 0964 0992 0033 0012 0002 004 0024 0.006
ci for by based on F,; 0918 096 0989 0023 0007 0002 0059 0033 0.009

estimator bias rmse  bias’/mse avg(V..) rel.bias(l?o) rel.stab.(l//\i N
Vha 0.006 0.153 0.002 0.154 0.089 0.69
Veal 0.001 0.111 0 0.109 -0.026 0.146
EZ,Ha -0.013 0.138 0.009 0.156 0.321 0.556
l;z,w; -0.013 0.14 0.008 0.156 0.411 0.662
1;37;1“ 0.002 0.094 0.001 0.11 0.267 0.492
53760] -0.019 0.09 0.044 0.101 0.316 0.617
percentiles of relative estimation errors of variance estimates
estimator min 005 010 025 050 075 090 095 max
V2 (V) -0.637 -0.417 -0.384 -0.296 -0.14 0.06 1.662 1.843 2.283
V2(our) -0.445 -0.248 -0.205 -0.129 -0.034 0.059 0.173 0.221 0.476
@Ha -0.646 -0.266 -0.203 -0.009 0242 0.568 0923 1.176 2.418
172(,“, -0.47 -0.254 -0.186 -0.044 0.196 0.493 0.794 1.016 2.736
1732,1-1(1 -0.527 -0.262 -0.178 0.004 0336 0.732 1.115 138 2.375

Vicu, -0.528 -0.358 -0.278 -0.073 0.223 0.601 1.052 1.337 2.633
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TABLE B7. - Stratified simple random sampling: N = 800, v = 1, n = 40

nominal coverage left tail error right tail error
confidence interval 0.90 0.95 0.99 0.05 0.025 0.005 0.05 0.025 0.005

ci for 1 based on Fra 0883 0929 0979 0.047 0026 0007 007 0045 0014
ci for 1 based on F.. 0873 0916 0977 0062 0043 0014 0065 0041 0.009
ci for b, based on Fua 0951 0977 0994 0031 0015 0006 0018 0.008 0
ci for by based on F,; 0958 0986 0995 0.029  0.01 0.005 0.013  0.004 0
ci for by based on Fy, 0908 0962 0987 0.049 0023 0008 0043 0015 0.005
ci for by based on F,; 0911 096 0988  0.04 0.017 0.007 0.049 0.023 0.005

estimator bias rmse  bias’/mse avg(V..) rel.bias(V2,) rel.stab.(ﬁf .)
VHa -0.003 0.334 0 0.329 0.023 0.49
Veal 0.007 0.327 0 0.32 0.016 0.519
l?LHa -0.016 0.207 0.006 0.25 0.59 1.373
gz,m -0.018 0.205 0.008 0.251 0.151 0.462
1;3,1{,1 -0.004 0.149 0.001 0.157 0.633 1.428
1;3,6“1 -0.017 0.148 0.014 0.157 0.174 0.5
percentiles of relative estimation errors of variance estimates
estimator min 005 010 025 050 075 090 095 max
2 ra) -0.814 -0.575 -0.512 -0.356 -0.086 0.303 0.699 1.038 2.335
2 FVeat) -0.787 -0.575 -0.515 -0.36 -0.103 0.257 0.725 1.028 2.527
1722.11(1 -0.673 -0.359 -0.268 -0.028 0318 0.766 1.464 2269 13.322
1722”, -0.653 -0.342 -0.253 -0.016 0364 0.847 1.694 2221 14.794
@Ha -0.757 -0.458 -0.34 -0.158 0.078 0.401 0.735 0.954 1.913

I%%wl -0.719 -0.447 -0.355 -0.152 0.102 0.409 0.802 1.023 2.337
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TABLE B8. - Stratified simple random sampling: N = 800, v = 1, n = 80

nominal coverage left tail error right tail error
confidence interval 0.90 0.95 0.99 0.05 0.025 0.005 0.05 0.025 0.005

ci for p based on ﬁHa 0.877 0934 0983 0.046 0.025 0.006 0.077 0.041 0.011
ci for p based on F., 0878 0945 0984 0052 0.027 0.007 0.07 0028 0.009
ci for by based on Fy, 0928 0966 0992  0.044 0.023 0.007 0028 0011 0.001
ci for by based on Fy 0934 0965 0994 0.039 0.022 0.005 0027 0013 0.001
ci for by based on Fr, 0901 0943 099 0056 0.032 0.006 0.043 0.025 0.004
ci for by based on Fly  0.911 095 0992 0.045 0.028 0.004 0.044 0.022 0.004

estimator bias rmse  bias’/mse avg(V..) rel.bias(l?o) rel.stab.(?io)
Vha -0.003 0.246 0 0.239 -0.031 0.321
Veal -0.005 0.239 0.001 0.227 -0.07 0.355
EZ,Ha -0.015 0.143 0.011 0.153 0.196 0.555
l;z,w; -0.01 0.14 0.006 0.151 -0.004 0.287
1;37;1“ -0.008 0.11 0.005 0.108 0.209 0.568
53760] -0.015 0.107 0.018 0.108 0.023 0.296
percentiles of relative estimation errors of variance estimates
estimator min 005 010 025 050 075 090 095 max
V2 (V) -0.693 -0.495 -0.423 -027 -0.068 0.194 0376 0.518 1.371
V2(our) -0.687 -0.493 -0.438 -0.317 -0.127 0.085 0.39 0.616 2.369
@Ha -0.718 -0.368 -0.291 -0.133 0.104 0.414 0.783 1.033 7.351
172(,“, -0.679 -0.344 -0.268 -0.11 0.115 0.395 0.779 1.062 8.196
1732,1-1(1 -0.788 -0.45 -0.37 -0.205 -0.013 0.184 0387 049 0.945

cal -0.802 -0.427 -0.348 -0.19 0.007 0.209 0.416 0.538 1.165
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- Conditional Poisson sampling: N = 800, v = 0, n = 40

nominal coverage left tail error right tail error

confidence interval 0.90 0.95 0.99 0.05 0.025  0.005 0.05 0.025  0.005
ci for 1 based on éHa 0819 0868 0924 0.174 0.132 0.076  0.007 0 0
ci for p based on Fﬁal 0.796  0.878 0961 0.112 0.069 0.022 0.092 0.053 0.017
ci for b, based on iHa 0.893 0943 0983 0.047 0.027 0.011 0.06 0.03 0.006
ci for b, based on iml 0.905 0.954 0.99 0.046  0.026  0.006 0.049 0.02 0.004
ci for b3 based on iﬁa 0917 0961 0994 0.036 0.019 0.004 0.047 0.02 0.002
ci for b3 based on F,,; 0924 0963 0989 0.027 0.012 0.003 0.049 0.025 0.008
estimator bias rmse  bias’/mse avg(V..) rel.bias(V2,) rel.stab.(ﬁf .)
VHa 0.076 0.412 0.034 0.36 -0.13 0.835
Veal 0.009 0.264 0.001 0.219 -0.256 0.549
Z’\Z,Ha 0.019 0.333 0.003 0.395 2.464 32.374
1;2.,0“1 0.008 0.338 0.001 0.35 3.639 54.873
53,1{,1 0.038 0.2 0.035 0.254 0.269 4711
l;;ycal 0.023 0.213 0.012 0.239 0.334 0.697
percentiles of relative estimation errors of variance estimates
estimator  min 0.05 0.10 0.25 0.50 0.75 0.90 0.95 max
ﬁz(?Ha) -0.857 -0.713 -0.678 -0.564 -0.352 0.014 0463 1.136  7.403
2 (Fewr) -0.898 -0.731 -0.684 -0.572 -0.388 -0.088 0304 0.685  4.097
1722.11(4 -0.928 -0.653 -0.561 -0.363 -0.038 0561 1.507 2.804 781.189
1722”1 -0.857 -0.534 -0.443 -0.28 -0.026 0335 0.741 1.167 146.594
[732.,Ha -0.832  -059  -049  -0.28  0.166 0.9 1.964 3.328 1182.168
I73»2.,cal -0.779  -0.465 -0.356 -0.097 0.255 0.656 1.106 1.533  3.737
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TABLE B10. - Conditional Poisson sampling: N = 800, v = 0, n = 80

nominal coverage left tail error right tail error
confidence interval 0.90 0.95 0.99 0.05 0.025 0.005 0.05 0.025 0.005

ci for p based on ﬁHa 0.857 0.898 0955 0.135 0.1 0.045 0.008 0.002 0

ci for p based on F., 0855 0918 0975 0076 004 0017 0069 0042 0.008
ci for b, based on Fy, 0.887 0933 0977 0044 0.023 0.008 0069 0044 0.015
ci for b, based on F,y 0.894 0933 097 0041 0.027 0.007 0065 004 0.023
ci for by based on Fr, 0923 0957 0992  0.023  0.008 0 0.054  0.035 0.008
ci for b based on Fy 0901 0945  0.981 0.03  0.012 0 0.069 0.043 0.019

estimator bias rmse  bias’/mse avg(V..) rel.bias(l?o) rel.stab.(l//\i N
Vha 0.006 0.29 0 0.267 -0.071 0.704

Veal 0.003 0.185 0 0.166 -0.145 0.543
EZ,Ha 0.014 0.228 0.004 0.262 0.485 1.932
l;z,w; 0.005 0.231 0 0.251 0.717 2.693
1;37;1“ 0.011 0.139 0.006 0.169 0.268 1.002
53760] 0.007 0.144 0.002 0.166 0.387 0.739

percentiles of relative estimation errors of variance estimates

estimator min 005 010 025 050 075 090 095 max
V2 () -0.822 -0.654 -0.598 -0.462 -0.248 0.028 0.588 1.243 4.275
V2(our) -0.818 -0.635 -0.58 -0.458 -0.266 -0.017 0391 0.782 4.096
@Ha -0.8  -0.517 -0.389 -0.182 0.163 0.701 1412 2.082 40.752
172(,“, -0.697 -0.458 -0.386 -0.199 0.072 0.493 0997 1475 19.978
1732,1-1(1 -0.706 -0.447 -0.344 -0.083 0277 0.884 1.575 2.184 32.56

Vicu, -0.738 -0.394 -0.299 -0.072 0.286 0.707 1.201 1.534 4.477
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TABLE B11. - Conditional Poisson sampling: N = 800, v = 1, n = 40

nominal coverage left tail error right tail error
confidence interval 0.90 0.95 0.99 0.05 0.025 0.005 0.05 0.025 0.005

ci for 1 based on ﬁHa 0.866 0911 0.965 0.1 0.072 0.033 0.034 0.017 0.002
ci for p based on F.a 0884 0937 098 0051 0033 0008 0065 003 0.008
ci for b, based on Fuye 0953 0974 0989 0016 0011 0008 0.031 0015 0.003
ci for b, based on Fly 0964 098 0996 0.013 0008 0.002 0.023 0012 0.002
ci for by based on Fr, 095 0971 0993 0011  0.003 0 0.039 0.026 0.007
ci for by based on oy 0.95 0972 0992 0015 001 0.002 0.035 0.018 0.006

estimator bias rmse  bias’/mse avg(V..) rel.bias(V2,) rel.stab.(ﬁfo)
VHa 0.066 0.378 0.03 0.342 -0.147 0.432
Veal 0.006 0.252 0.001 0.238 -0.097 0.266
Bz,Hu 0.014 0314 0.002 0.659 7.174 25.094
527(,u1 0.011 0.323 0.001 0.585 5.207 71.55
1;3,1{,1 0.011 0.162 0.004 0.247 3.538 7.831
1/7\3,6‘11 0.005 0.177 0.001 0.217 0.573 0.905

percentiles of relative estimation errors of variance estimates
estimator  min 0.05 0.10 0.25 0.50 0.75 0.90 0.95 max

7(Fg)  -0726  -0.559 -0.506 -0393 -0232 0004 0287 0506 4.87
72(3,,,) -0.685 -0441 -0374 -0267 -0.115 0037 0189 031 24

Iz -1 0533 -038F -0.086 0909 519 18457 30.902 395.177
72, -1 031 -0.122 0208 1.003 3254 9548 17.407 63.205
V3 0783 -0.469 -0.317 -0.023 0568 1705 3.667 6.163 1823.474

I73»2.,cal -0.622  -0.282 -0.169 0.061 0435 0939 1459 1912 4.056
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TABLE B12. - Conditional Poisson sampling: N = 800, v = 1, n = 80

nominal coverage left tail error right tail error
confidence interval 0.90 0.95 0.99 0.05 0.025 0.005 0.05 0.025 0.005

ci for p based on Fu. 0887 0938 0981 0082 0049 0016 0031 0013 0.003
ci for 1 based on F. 0898 0954 099 0048 0021 0003 0054 0025 0.007
ci for by based on Fy, 093 0967 0992 0031 0014 0002 0039 0019 0.006
ci for by based on F,; 0912 0966 099 0049 0022 0006 0039 0012 0.004
ci for by based on Fy, 0932 0963 0989 0.013  0.003 0 0.055 0.034 0.011
ci for by based on F,; 0921 0963 0991 0038 0015 0001 0041 0022 0.008

estimator bias rmse  bias’/mse avg(V..) rel.bias( f/\.z ,)  relstab.( I//\f N
Vha 0.007 0.247 0.001 0.24 -0.022 0.372
Veal 0.003 0.154 0 0.16 0.093 0.223
EZ,Ha 0.015 0.221 0.004 0.32 2.638 12.141
l;z,w; 0.021 0.225 0.008 0.253 0.874 2952
1;37;1“ 0.007 0.117 0.004 0.149 0.498 2.933
53760] 0.01 0.129 0.006 0.146 0.321 0.641
percentiles of relative estimation errors of variance estimates
estimator min 005 0.10 025 050 075 090 095 max
V2 (V) -0.615 -0.428 -0.364 -0.251 -0.096 0.105 0.372 0.597 2.491
V2(our) -0.369 -0.211 -0.152 -0.037 0.074 0216 0.361 0433 1.038
@Ha -0.788 -0.461 -0.359 -0.123 0222 1.044 3.815 10.055 187.483
172(,“, -0.812 -0.432 -0.341 -0.165 0.107 0.501 1.013 1.589 55.124
1732,1-1(1 -0.671 -0.425 -0.298 -0.025 038 1.088 1.967 2.612 58.781

Vicu, -0.619 -0.362 -0.27 -0.083 0.208 0.596 1.069 1312 4.289
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TABLE B13. - Stratified simple random sampling: N = 9641, v = SHIW , n = 200

nominal coverage left tail error right tail error
confidence interval 0.90 0.95 0.99 0.05 0.025 0.005 0.05 0.025 0.005
ci for p based on Fra 0874 0913 0956  0.002 0 0 0.124  0.087 0.044

ci for 1 based on F., 083 088 0948 0.34 009 0043 0036 0026 0.009
ci for b, based on Fua 0957 0983 1 0.014  0.007 0 0.029  0.01 0
ci for by based on F,; 0956 0984 0999 0.023 0.0l 0.001  0.021  0.006 0
ci for by based on Fy, 0.885 0933 0985 0.024 0015 0003 0091 0052 0.012
ci for by based on F,; 0916 0956 0981 0.043 0028 0015 0041 0016 0.004

estimator bias rmse  bias’/mse avg(V..) rel.bias(V2,) rel.stab.(ﬁfo)
VHa 1.557 9.848 0.025 8.656 0.518 438
Veal 4232 8.435 0.252 6.013 -0.225 2.114
l?LHa -0.024 0.094 0.065 0.111 04 0.538
gz,m -0.01 0.092 0.011 0.11 0.243 0.718
1;3,1{,1 -0.03 0.099 0.089 0.108 0.442 0.6
1;3,6“1 -0.008 0.082 0.01 0.093 0.376 0.951
percentiles of relative estimation errors of variance estimates
estimator min 005 010 025 050 075 090 095 max
2 ra) -0.954 -0.896 -0.873 -0.799 -0.654 0.088 1.223 3.014 25.933
172@&,1) -0.959 -0.908 -0.889 -0.833 -0.715 -0.353 0.699 1.616 50.534
1722.11(1 -0.366 -0.094 -0.017 0.143 0355 0.592 0.855 1.053 2413
1722”, -0.403 -0.078 0.014 0.17 0384 0.625 0972 1.181 3.284
@Ha -0.552 -0.381 -0.321 -0.205 0.014 0.476 1.194 1.641 4.223

I%%wl -0.73  -0.365 -0.285 -0.109 0.138 0.521 1386 195 8.576
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TABLE B14. - Stratified simple random sampling: N = 9641, v = SHIW , n = 400

nominal coverage left tail error right tail error
confidence interval 0.90 0.95 0.99 0.05 0.025 0.005 0.05 0.025 0.005
ci for p based on ﬁHa 0905 0933 0975 0.003 0 0 0.092 0.067 0.025

ci for 1 based on F. 085 0904 0968 0101 0071 0025 0045 0025 0.007
ci for by based on Fy, 0924 0966 0998  0.014  0.006 0 0.062  0.028  0.002
ci for by based on F,; 0932 0973 0996 0018 0009 0002 005 0018 0.002
ci for by based on Fy, 088 0935  0.981 0.01 0.002 0 0.11 0.063  0.019
ci for by based on F,; 0908 0948 0991 0025 0012 0003 0067 004  0.006

estimator bias rmse  bias’/mse avg(V..) rel.bias(l?o) rel.stab.(l//\i N
Vha 1.86 7.499 0.062 6.704 0.385 2.837
Veal 3.082 5.746 0.288 4521 -0.233 0.813
EZ,Ha -0.032 0.067 0.222 0.075 0.272 0.392
l;z,w; -0.019 0.064 0.091 0.074 0.105 0.709
1;37;1“ -0.025 0.081 0.097 0.082 0.344 0.455
53760] -0.012 0.058 0.043 0.069 0.49 0.885
percentiles of relative estimation errors of variance estimates

estimator min 005 010 025 050 075 090 095 max
V2 (V) -0.941 -0.874 -0.851 -0.788 -0.619 -0.072 0.957 9.142 11.945
V2(our) -0.919 -0.857 -0.831 -0.768 -0.592 -0.001 0.822 1.482 4.477
@Ha -0.334 -0.108 -0.048 0.071 0237 041 0.645 0.752 1.868
172(,“, -0.245 -0.055 0.002 0.132 0309 0.509 0.755 0.891 1.98
1732,1-1(1 -0.627 -0.523 -0.462 -0.369 -0.145 0325 1.07 1.669 3.535

Vicu, -0.566 -0.275 -0.196 -0.029 0.274 0.834 1.429 1.869 5.085
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TABLE B15. - Two stage stratified cluster sampling: N = 9641, v = SHIW , n = 200

nominal coverage left tail error right tail error
confidence interval 0.90 0.95 0.99 0.05 0.025 0.005 0.05 0.025 0.005

ci for 1 based on Fra 0782 0833 0914 0.003 0.001 0 0215  0.166  0.086
ci for 1 based on F.s 076 0825 0912 0.44 0.102 0053 009 0073 0.035
ci for b, based on Fua 0932 097 0998 004 0017 0002 0028 0013 0

ci for by based on F,y 0.9 0954 0989 0.068 0.031 0.008 0.032 0015 0.003
ci for by based on Fy, 088 0927 0988 0.019 0012 0 0.101  0.061 0.012
ci for by based on F,; 0871 0919 0968 0.054 0035 0018 0075 0046 0.014

estimator bias rmse  bias’/mse avg(V..) rel.bias(V2,) rel.stab.(ﬁfo)
VHa -1.153 7.958 0.021 5.835 -0.015 4377

Veal 2.028 5.865 0.12 4.013 -0.439 0.762
l?LHa -0.001 0.099 0 0.115 0.362 0.521
gz,m 0.008 0.102 0.006 0.106 -0.043 0.324
1;3,1{,1 -0.039 0.097 0.16 0.094 0.102 0.346
1;3,6“1 -0.015 0.079 0.037 0.08 0.044 0.387

percentiles of relative estimation errors of variance estimates

estimator min 005 010 025 050 075 090 095 max
2 ra) -0.934 -0.868 -0.844 -0.782 -0.66 -0.295 0.225 0.662 42.568
172@&,1) -0.913 -0.853 -0.824 -0.766 -0.653 -0.392 0.208 0.754 7.419
1722.11(1 -0.467 -0.14 -0.057 0.103 0301 0.583 0.854 1.044 1.927
1722”, -0.666 -0.353 -0.26 -0.123 0.045 0274 0.528 0.693 1.834
@Ha -0.66 -0.427 -0.389 -0.27 -0.095 0.103 0.344 0.533 2.132

I%%wl -0.699 -0.418 -0.352 -0.214 -0.02 0.213 051 0.78 3.282
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TABLE B16. - Two stage stratified cluster sampling: N = 9641, v = SHIW , n = 400

nominal coverage left tail error right tail error
confidence interval 0.90 0.95 0.99 0.05 0.025 0.005 0.05 0.025 0.005

ci for p based on ﬁHa 0.767 0.816 0.907 0.001 0.001 0 0.232 0.183  0.093
ci for p based on F.y 0775 0831 0928 009 0072 0.023 0.129 0097 0.049
ci for by based on Fr, 092 0956 0994 0.047 0.029 0.005 0033 0015 0.001
ci for b, based on Fy 0906 094 098 0.061 0.042 0013 0033 0018 0.001
ci for b based on Fy, 0.877 0926 0982 0016 0.005 0 0.107  0.069 0.018
ci for by based on F; 0.881 0942 0985 0045 0024 0011 0074 0034 0.004

estimator bias rmse  bias’/mse avg(V..) rel.bias( f/\.z ,)  relstab.( I//\f N
Vha -1.317 5.675 0.054 4.536 0.23 3.907
Veal 0.713 4.844 0.022 3.049 -0.542 0.691
EZ,Ha 0.001 0.071 0 0.079 0.238 0.378
l;z,w; 0.009 0.071 0.015 0.073 -0.064 0.519
1;37;1“ -0.031 0.073 0.184 0.069 0.083 0.277
53760] -0.01 0.061 0.029 0.058 -0.067 0.304
percentiles of relative estimation errors of variance estimates
estimator min 005 010 025 050 075 090 095 max
V2 (Va) -0.896 -0.837 -0.807 -0.75 -0.623 -0.374 0.062 0.412 26.15
V2(our) -0.908 -0.858 -0.841 -0.792 -0.697 -0.438 -0.084 0.214 2.575
@Ha -0.428 -0.161 -0.093 0.022 0.192 0415 0.629 0.762 1.536
172(,“, -0.517 -0.277 -0.217 -0.111 0.042 0232 0446 0.582 1.365
1732,1-1(1 -0.615 -0.461 -0.406 -0.313 -0.182 0.008 0255 0518 3.99

-0.714 -0.463 -0.389 -0.268 -0.113 0.087 0.289 0446 2.15
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