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We consider the KPZ equation in space dimension 2 driven by space-
time white noise. We showed in previous work that if the noise is mollified
in space on scale ¢ and its strength is scaled as 8/+/[Toge], then a transition
occurs with explicit critical point Be=+27. Recently Chatterjee and Dunlap
showed that the solution admits subsequential scaling limits as ¢ | 0, for suf-
ficiently small /§ We prove here that the limit exists in the entire subcritical
regime B € (0, Bc) and we identify it as the solution of an additive stochastic
heat equation, establishing so-called Edwards—Wilkinson fluctuations. The
same result holds for the directed polymer model in random environment in
space dimension 2.

1. Introduction and main results. We present first our results for the two-dimensional
KPZ equation, and then similar results for its discrete analogue, the directed polymer model
in random environment in dimension 2 + 1. We close the Introduction with an outline of the
rest of the paper.

1.1. KPZ in two dimensions. The KPZ equation is a stochastic PDE, formally written as

I 1
(1.1) dih(t.x) = S Ah(t.x) + 5|Vh(z,x)|2 +BE(t,x), t>0,xeR?

where £(¢, x) is the space-time white noise, and 8 > 0 governs the strength of the noise. It
was introduced by Kardar, Parisi and Zhang [31] as a model for random interface growth, and
has since been an extremely active area of research for both physicists and mathematicians.
The equation is ill-posed due to the singular term |VA|> which is undefined, because V# is
expected to be a distribution (generalized function).

In spatial dimension d = 1, these difficulties can be bypassed by considering the so-
called Cole—Hopf solution h :=logu, where u is defined as the solution of the multiplica-
tive stochastic heat equation d;u = %Au + B&u, which is linear and well-posed in dimension
d =1, by classical It6 theory. On large space-time scales, the Cole—Hopf solution exhibits
the same fluctuations as many exactly solvable one-dimensional interface growth models, all
belonging to the so-called KPZ universality class. See the surveys [14, 42] for reviews on the
extensive literature. Few results are known in higher dimensions (see below).

Along a different line, intense research has been carried out in recent years to make sense
of the solutions of the KPZ equation and other singular stochastic PDEs. A robust theory
was lacking until the seminal work by Hairer [27] and his subsequent theory of regularity
structures [28]. Since then, a few alternative approaches have been developed, including the
theory of paracontrolled distributions by Gubinelli, Imkeller and Perkowski [26], the theory
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of energy solutions by Gongalves and Jara [23] and the renormalization approach by Kupi-
ainen [32]. All of these approaches are only applicable to KPZ in space dimension d =1,
where the equation is so-called subcritical, in the sense that the nonlinearity vanishes in the
small scale limit with a scaling that preserves the linear and the noise terms in the equation. In
the language of renormalization groups, the KPZ equation in d =1 is super-renormalizable
(see, e.g., [32]), while regarded as a disordered system, it would be called disorder relevant
(see, e.g., [22, 29] and [6, 7]).

In this paper, we focus on d = 2, which for KPZ is the critical dimension (the renormaliz-
able or disorder marginal case). To define a solution to (1.1), we follow the standard approach
and consider a spatially mollified version £° := j * & of the noise, where ¢ > 0, j € C, (R?)
is a probability density on R? with jx)=j(—x),and j.(x) := g2 j(x/¢e). The key question
is whether it is possible to replace & in (1.1) by B.£° — C,, for suitable constants S, Ce,
such that the corresponding solution 4° converges to a nontrivial limit as ¢ |, 0.

It turns out that in space dimension d = 2 the right way to tune the noise strength is

A

(1.2) Be =P

oge T for some,@ € (0, 00),
oge

and to consider the following mollified KPZ equation (with || j |13 := [g2 j(x)*dx):
1 1
(1.3) ahe = EAhg + 5|Vh*3y2 + B:£° — C.  where C, 1= B2 2||jI3.

For simplicity, we take 4°(0, -) = 0 as initial datum. If we define
(1.4) u(t, x) 1= e )
then, by 1t6’s formula, u® solves the mollified multiplicative Stochastic Heat Equation (SHE):

1
(1.5) ouf = EAME + BeufE®, uf(0,)=1.

In [7], we investigated the finite-dimensional distributions of the mollified KPZ solution
h®ase ] 0. In particular,Awe discovered in [7], Sectign 2.3, that there is a transition in the
one-point distribution as B varies, with critical value 8. := 1: For any ¢ > 0,

1 , .. x
(1.6) R - 1977 2% TP<L i 62 . 10g L N0,
0 | _oo iff>1 ‘ 1—p?

(Note that the limiting distribution does not depend on ¢ > 0.) This can be viewed as a weak
disorder to stronger disorder transition, where we borrow terminology from the directed
polymer model (see Section 1.2). It was also shown in [7] that in the subcritical regime ,é <
Be:=1 the k-point distribution of 4° asymptotically factorizes: for any finite set of distinct
points (x;)1<i<k, the random variables (h°(z, x;))1<i<x converge as ¢ |, 0 to independent
Gaussians.

It is natural to investigate the fluctuations of /¢, regarded as a random field, as ¢ | 0. This
is what Chatterjee and Dunlap recently addressed in [10]. They actually considered a variant
of the mollified KPZ equation (1.3), where S, is placed in front of the nonlinearity instead of
the noise, namely,

~ 1 ~ 1 ~
(1.7) atheziAh8+§ﬁ£]Vhe}2+§8.
However, there is a simple relation between h® in (1.7) and A? in (1.3) (see Appendix A):
~ ~ 1
(1.8) he(t,x) —E[h®(t,x)] = ﬁ—(hg(t,x) — E[h®(z, x)]),
&€

therefore, working with i€ or h? is equivalent.
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The main result in [10] is that for any fixed ¢ > 0, when ,3 is sufficiently small, the cen-
tered solution /¢ (t,)— IE[ES (1, )], viewed as a random distributions on R?, admits nontrivial
weak subsequential limits as ¢ | 0 (in a negative Holder space). As a matter of fact, [10] con-
sidered the KPZ equation (1.7) on the two-dimensional torus T2, for technical reasons, but it
is reasonable to believe that their results should also hold on R?.

The perturbative approach followed by Chatterjee and Dunlap [10] is limited to ,3 suffi-
ciently small, and it does not prove the existence of a unique limiting random field. Our main
result shows that such a limit indeed exists, in the entire subcritical regime B € (0, 1), and
identifies it as the solution of an additive SHE with a nontrivial noise strength (that depends
explicitly on ,3 ). This is commonly called Edwards—Wilkinson fluctuations [18].

THEOREM 1.1 (Edwards-Wilkinson fluctuations for 2-dimensional KPZ).  Let h® be the
solution of the mollified KPZ equation (1.3), with B, as in (1.2) and B € (0, 1). Denote

R, x) —E[R°(t,0)] loge—!
- B: - Vanp

where the centering satisfies E[h® (¢, x)] = —%O’é 4+ o(1) as g ] 0; see (1.6).

(1.9 bt x): (h®(t, x) — E[h* (1, x)]),

Forany t > 0 and ¢ € C.(R?), the following convergence in law holds:

d o
(1.10) (b (2,0, 6 () = fR 090 dr o (D), 0)),
where v\ (¢, x) is the solution of the two-dimensional additive stochastic heat equation
1
(© — _Ap© 1
(111 v (1, x) 2Av (t,x)+c&(t, x), where ¢ ¢ji= .
v(©(0, x) =0, =5

REMARK 1.2.  For the version (1.7) of KPZ, Chatterjee and Dunlap showed in [10] that
any subsequential limit of h® — E[h®] as ¢ | 0 does not coincide with the solution of the
additive SHE obtained by simply dropping the nonlinearity ,B£|VES | in (1.7). Here, we show
that the limit of 7€ — E[Es ] actually coincides with the solution of the additive SHE with a
strictly larger noise strength ¢ = ¢ 5> 1. In other words, the nonlinearity in (1.7) produces
an independent nonzero noise term in the limit, even though its strength 8, — O.

Our proof of Theorem 1.1 is based on an analogous fluctuation result we proved in [7] for
the solution of the SHE (1.5). The independent noise can be seen to arise from the second
and higher order chaos expansions of the solution, supported on microscopic scales.

REMARK 1.3. We can view h®(¢, ) as a random distribution on R2, that is, a random
element of the space of distributions 7', the dual space of D = C2° (R2). Our results show that

hé(t,-) converges in law to o (t,-) as random distributions. This is because convergence
in law on D’ is equivalent to the pointwise convergence of the characteristic functional [20],
Th. I11.6.5 (see also [4], Corollary 2.4, for an analogue for tempered distributions):

. L (ep
Vo e D=C®(R?): FE[HC).¢0) E[ei v 7 .).60)
6eD=CT(E): Ele | —E[e )
and this clearly follows by (1.10).

REMARK 1.4. For simplicity, we only formulated the convergence of h®(z,-) to
v(cﬁ)(t, -) as a random distribution in space for each fixed . However, our proof can be

easily adapted to prove the convergence of h(-, ) to v )(-, -) as a random distribution in
space and time.
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REMARK 1.5. The solution v(©(z, ) of the additive SHE (1.11), also known as the
Edwards—Wilkinson equation [18], is the random distribution on R? formally given by

! 1
(1.12) v, x) = c/ / gr—s(x —2)&(s,z)dsdz  with g;(x) = —e™ 2.
0 JR2 2wt
For any ¢ € C.(R?), we have that (v(©(z, -), ¢) : = Jp2 v (t, x)¢ (x) dx is a Gaussian random
variable with zero mean and variance

(1.13) Var[(v(C)(t, ), ¢)] = c2g£, cr(% = (¢, K;¢) = /(Rz)z P (xX)K(x, y)p(y)dxdy,

where the covariance kernel is given by

(1.14) KiGowi= [ e qu= /oo ‘4
. (X, y) = ) e "= J2 2.

In [7], we also proved Edwards—Wilkinson fluctuations for the solution u® of the 2-
dimensional multiplicative SHE (1.5). More precisely, if similarly to (1.9) we set

1 -1
(1.15) wi(t, x) = é(ug(t,x) —E[u®(t,x)]) = %

then as ¢ | 0 we have the convergence in law (u(z, ), ¢ (-)) — (v(cﬁ)(t, ), ¢ () asin (1.10)
in the entire subcritical regime ﬁ € (0, 1); see [7], Theorem 2.17 (which is formulated for
space-time fluctuations, but its proof is easily adapted to space fluctuations).

Since u®(t, x) = exp(h®(z, x)), it is tempting to relate (1.15) and (1.9) via Taylor expan-
sion. This is nonobvious, because the one-point distributions of 4% (¢, x) do not vanish as ¢ |, 0
(see (1.6)), so we cannot approximate h° (¢, x) ~ u®(t, x) — 1. We will show in Section 2 that
the approximation of i (¢, x) is highly nontrivial, and the main contribution actually comes
from specific parts of the expansion of u(t, x) which are negligible relative to u(t, x).

For future work, the goal will be to understand the scaling limit of the KPZ solution
h(t, x) at or above the critical point Be = 1. To our best knowledge, this remains a mys-
tery also for physicists (even the weak to strong disorder transition (1.6) discovered in [7]
seems not to have been noted previously in the physics literature). Also the scaling limit of
the SHE solution u°® (¢, x) at or above the critical point is not completely known, even though
we recently made some progress at the critical point [8], improving the study initiated in [3]
(where the regime (1.2), with ,3 close to 1, was first studied).

We conclude this subsection with an overview of related results. In space dimensiond =1,
the Cole—Hopf solution A (¢, x) := logu(t, x) of the KPZ equation (1.1) is well defined as
a random function, for any B € (0, 00), and there is no phase transition in the one-point
distribution as § varies. Edwards—Wilkinson fluctuations for A(¢, x) and u(¢, x) are easily
established as 8 | 0, combining Wiener chaos and Taylor expansion (because u (¢, x) — 1).

(u®(t,x) —1),

In space dimensions d > 3, the right way to scale the disorder strength is §; = Bsd_gz. It
was shown in [12, 39] that the mollified SHE solution u®(¢, x) of (1.5) undergoes a weak
to stronger disorder transition, similar to the directed polymer model [13]: there is a critical
value ,BC € (0, 00) such that u® (¢, x) converges in law as ¢ |, 0 to a strictly positive limit when
,B < /SC, while it converges to zero if /3 > 6c The KPZ solution /°(¢, x) = logu®(z, x) is thus
qualitatively similar to the 2-dimensional case (1.6): h°(t, x) converges in law to a finite limit
for B < ,36, while it converges to —oo for B > ,50. The value of ,30 is unknown.

Edwards—Wilkinson fluctuations for the KPZ solution /4%(¢, x) in dimension d > 3 have
been established recently by Magnen and Unterberger [36], assuming that the noise strength
B is sufficiently small. The corresponding result for the SHE solution u°® (¢, x) was proved in
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[12, 25]. The approaches in these papers do not allow to cover the entire subcritical regime,
as we do in dimension 2.

We should also mention that in space dimension d = 2, Edwards—Wilkinson fluctuations
are believed to hold (and verified in some cases; see, e.g., [43]) also for models in the
anisotropic KPZ class, where anysotropy means that the term |Vk|? in the KPZ equation
(1.1) is replaced by (Vh, AVh) for some matrix A with det(A) <O0.

Shortly after we posted our paper, Dunlap et al. [17] gave an alternative proof (to [36]) of
Edwards—Wilkinson fluctuations for the KPZ equation in dimension d > 3 when ,é is suffi-
ciently small. Using the same techniques (Clark—Ocone formula and second-order Poincaré
inequality), Gu [24] proved the same Edwards—Wilkinson fluctuation as in our Theorem 1.1
for the KPZ equation in dimension d = 2, except his result is restricted to ,3 small instead of
covering the entire subcritical regime.

1.2. The directed polymer model. In this subsection, we state our result for the partition
function of the directed polymer model in dimension 2 + 1. See [11] for an overview of the
directed polymer model. In the language of disordered systems, space dimension 2 is critical
for this model, where disorder is marginally relevant. For further background on the notion
of disorder relevance/irrelevance (which corresponds to subcriticality/supercriticality in the
context of singular SPDEs); see, for example, [6, 22, 29].

The directed polymer model is defined as a change of measure for a random walk, depend-
ing on a random environment (disorder). Let S be the simple symmetric random walk on Z2.
If S starts at x € Z2, then we denote its law by P, with expectation E,, and we omit x when
x =0. We set

(1.16) gn(x) :==P(S, =x).
Denoting by S an independent copy of S, we define the expected overlap by
N
(1.17) Ry:=) P(S,= Z Y ax)? = Zqzn((» PEN L o).
n=1 n=1xe72
We fix B € (0, 00) and define (By)yen by
B =B (1+ 0<1)>
VRy /logN logN )

Disorder is given by i.i.d. random variables (@ (n, X)), cn 72 With law [P, such that

(1.18) By =

(1.19) Elw]=0, E[o*]=1, A(B) :=1ogE[eP?] < oo VB > 0 small enough.

For technical reasons, we require that the law of w satisfies a concentration inequality. Recall
that a function f : R” — R is called 1-Lipschitz if | f(x) — f(y)| < |x — y| forall x, y € R",
with | - | the Euclidean norm. We assume the following:

Jy >1,C1,Cr€(0,00) :foralln € Nand f : R" — R convex and 1-Lipschitz

(1.20) 1Y
P(|f(w1,...,oN) — Ms| >1) < C) exp(—c—2>,
where My denotes a median of f(wi,...,wy). (By changing C;, C3, one can equivalently

replace M ¢ by E[ f (w1, ..., wn)]; see [35], Proposition 1.8.) Condition (1.20) is satisfied if
o is bounded, or if it is Gaussian, or more generally if it has a density exp(—V (-) + U(+)),
with V uniformly strictly convex and U bounded. See [35] for more details.
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Given w, N € N, and By as defined in (1.18), we define the Hamiltonian by
N

N
(121)  Hy:=) (Bvo®, S) —iBn)=Y_ > (Bveor,y) — 1(Bn))1s,=y)-

n=1 n=1ye7?
We will be interested in the family of partition functions

Zn(x) = Zy gy (x) =Ex[eV], NeN,xeZ?
(1.22)
Zy(x) :=Zn(lx]), N €[0,00),x € R%,

We will write Zy := Zy(0) for simplicity. Note that the law of Zy (x) does not depend on
x € Z?, and we have E[Zy (x)] = E[Zy] = 1.

The partition function Zy (x) is a discrete analogue (modulo a time reversal) of the SHE
solution u® (¢, x) in (1.5), as can be seen from its Feynman—Kac formula (5.1) below (see also
[1]). Then log Zy (x) is a discrete analogue of the KPZ solution 4°(z, x) in (1.3). In fact, we
proved in [7], Theorem 2.8, that for Sy as in (1.18), the random variable log Z y (x) converges
in distribution to the same limit as in (1.6), with critical value ,éc = 1. It is not surprising that
here we can also prove the following analogue of Theorem 1.1.

THEOREM 1.6 (Edwards—Wilkinson fluctuations for directed polymer). Let Zy g, (x)
be the family of partition functions defined as in (1.22), with By as in (1.18) with ,é e (0,1,
and the disorder w satisfying assumptions (1.19) and (1.20). Denote

_log Z,y(xv/N) — E[log Z;y]

bN(t,X)Z ,BN

(1.23)

Jlog N
- \/‘;_gﬁ (log Zin (x~/N) — E[log Z;y ).

Foranyt >0and ¢ € CX (R?), the following convergence in law holds, with cjas in (1.11):

(124 (ot 0.00) = [y 08 dx — o012, 60),

where v\ (s, x) is the solution of the two-dimensional additive SHE as in (1.11).

REMARK 1.7. Here, the limit v% (1 /2, -) differs from v’ (¢, -) in Theorem 1.1 be-
cause the increment of the simple symmetric random walk on Z? has covariance matrix %I .

We will in fact prove Theorem 1.6 first, since the structure is more transparent in the
discrete setting, and then outline the changes needed to prove Theorem 1.1 for KPZ.

1.3. Outline. The rest of the paper is organized as follows:

e In Section 2, we present the proof steps and describe the main ideas.

e In Section 3, we give bounds on positive and negative moments for the directed polymer
partition function, based on concentration inequalities and hypercontractivity.

e In Section 4, we prove our main result Theorem 1.6 for directed polymer.

e In Section 5, we explain how the proof for directed polymer can be adapted to prove our
main result Theorem 1.1 for KPZ.

We will conclude with a few appendices which might be of independent interest, where we
prove some results needed in the proofs.
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e Appendix A establishes scaling relations for KPZ with different parameters.

e Appendix B recalls and refines known hypercontractivity results for suitable functions
(polynomial chaos) of i.i.d. random variables.

e Appendix C formulates a concentration of measure result for the left tail of convex func-
tions that are not globally Lipschitz, defined on general Gaussian spaces.

e Lastly, in Appendix D, we discuss linearity and measurability properties of stochastic in-
tegrals, which are needed in the proof in Section 5.

2. Outline of proof steps and main ideas. In this section, we outline the proof steps for
Theorems 1.1 and 1.6 and describe the basic setup. We focus on the directed polymer partition
function (the case of KPZ follows the same steps). The two main ideas are a decomposition
of the partition function Zx which allows us to “linearize” log Zx (see Section 2.1), and a
representation of Zy as a polynomial chaos expansion in the disorder (see Section 2.2). The
“linearization” of log Zy essentially reduces Theorem 1.6 to an analogous result for Zy
which we proved in [7], Theorem 2.13.

2.1. Decomposition and linearization. Given a subset A € N x Z2, we denote by
Z n,p(x) the partition function where disorder is only sampled from within A, that is,

(2.1) Zap(x):= Ex[eHA’ﬂ] where Hp g := Z (Bwn.x — A(B))1Lis,=x)-
(n,x)eA

The original partition function Zy g(x) in (1.21)—(1.22) corresponds to A = {1, ..., N} x Z2.
In our previous study in [7], a key observation was that for ,3 € (0, 1) the partition function
Zn gy (x) essentially depends only on disorder in a space-time window around the starting

point (0, x) that is negligible on the diffusive scale (N, V/N). This motivates us to approxi-
mate Zy g, (x) by a partition function Z 1‘3,’ By (x) with disorder present only in such a space-
time window A?,. More precisely, we define a scale parameter ay tending to zero as

1
(2.2) ay:

where y* > 0 depends only on p in Theorem 1.6 and its choice will be clear from the estimate
in (4.4) later on. We now introduce the space-time window
(2.3) Afv::{(n,z)eNxZZ:anl_“N,lz—x|<N%_aTN},
and define Z f\‘,’ B (x) as the partition function which only samples disorder in A%}, that is,
(2.4) Zy p(x):=Zp p(x) with A= A}.

We then decompose the original partition function Zy g(x) as follows:
(2.5) Znp(x)=ZN g(x)+ Zpy 4(x),

where Z f\‘,’ 5 (%), defined by the previous relation, is a “remainder.” In a sense that we will
make precise later (see (3.4)), it holds that for any fixed x, Z ]’\4,7 By <Kz ;\‘,7 B (x), and thus

2;3,’ By (x)>
z;@, gy @)

Zf\\,’ﬂN (x)
z,e, gy (X)

log Zy gy (x) =log Z,/\‘,ﬁN (x)+ 10g<1 +
(2.6)
~log Ziy g, (x) +
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More precisely, if we define the error Oy (x) via

Z3y gy )

+ On(x),
Z RO

.7 log Zn gy (x) _logZN ﬂN(x)—l-
then we will show the following.

PROPOSITION 2.1. Let Oy (-) be defined as in (2.7), then for any ¢ € C.(R?)

X LX(P)
(2.8) ,/logN gzjz On(x) — oN(x)])¢(ﬁ) mo.

Remarkably, even though log Z 1‘:‘,’ gy (X gives the dominant contribution to log Zy g, (x)
for any fixed x, it does not contribute to the fluctuations of log Zy g, (x) when averaged over
x, that is, we have the following.

PROPOSITION 2.2.  Let Z, gy () be defined as in (2.4), then for any ¢ € C.(R?)

2
2.9) ,/logN > (logZy g, (x) = [10ngfﬁN(x)])¢(%) T

erz

As a consequence, the fluctuations of log Zy g, (-) are determined by the “normalized
remainder” Z f\‘, B )/ Z 1/\4, By (+). To determine the fluctuations of this term, we define the set

(2.10) By = (N0 NTAN) x 72,

and we let Z 113,2/31\/ (x) be the partition function where disorder is sampled only from Bf,, that
18,
(2.11) NﬂN(x) =Zppy(x) with A= B—

Note that E[Z f\;,‘ﬁ x)]=1,s0(Z ff, By (x) — 1) is a centered random variable. The key point,
and the more involved step, will be to show that

(2.12) Zy gy (O R ZY 5 (0(ZE 5, (1) = 1),

in the following sense.

PROPOSITION 2.3, Let Zjy 5 (), 2§y 5 (), ZE 4 () be defined as in (2.4), (2.5), (2.11).
Then for any ¢ € C, (R?)

ez JloeN Z( o g - D)o( ) 0

VAPMED

It remains to identify the fluctuations of Z 11\3, B - This falls within the scope of Theo-
rem 2. 13 in [7], which we will recall in Section 4.4 and which will show that the fluctuations
of Z ( ) converges to the solution v(fcﬂ (1/2, -) of the two-dimensional additive SHE, as
in Theorem 1.6. The proof is based on polynomial chaos expansions of the partition function,
which we will recall in the next subsection.
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PROPOSITION 2.4. Let foﬂN () be defined as in (2.11). Then

Jlog N 1 X d (V2cp)
2.14 —— — 1/2,), ¢),
a1 T () 5 00

where v(© (s, x) is the solution of the two-dimensional additive SHE as in (1.11).

Theorem 1.6 is a direct corollary of the decomposition (2.7) and Propositions 2.1—
2.4. Regarding the centering, it suffices to note that E[log Zy g, (x)] = E[log ZA N.Bn )]+

E[Opn (x)], because the random variable Z N.By x)/ Z{\‘, B (x) has zero mean, which follows
from the polynomial chaos expansions of partition functions that we now present.

2 2. Polynomial chaos expansions. Our analysis of the partition functions Z}é/, B ),

zZy. ﬁN( 9, Z ~.py () 1s based on multilinear expansions, known as polynomial chaos expan-
sions, which have also been used extensively in [6, 7].
Recall the definition (1.18) of By and our assumptions (1.19) on the disorder, and note that
by (1.19) and Taylor expansion, A(28) — 2A(8) ~ 8% as  — 0. We introduce the sequence

(2.15) oy = /B2 1 ~ By,

N—o0
where we agree that ay ~ by means limy_, o ay/by = 1, and we define the random vari-
ables

(2.16) M) = o (PHomD—ABN) _ ).

We will suppress the dependence of E(N) on N, for notational simplicity. Note that
(&n X)neN xez? are iid. with ]E[%_n x]=0and ]E[SZ ]1=1.

Recall the definition (1.21)—(1.22) of the partition function Zy g, (x) of the polymer that
starts at time zero from location x. This can be written as

ZN, gy (x) =Ex|: H (1 +O—Nén,y]l{5,,:y})i|
1<n<N,yeZ?

N k
=14+ ZO’K, Z qufni_l(xi _xifl)Sni,x,-,
k=1

O=ng<n;<--<ng<Ni=I1
XO=X,X] ..., X EZ?

2.17)

where g (x) := P(S, = x). Note that the terms in the sum are orthogonal to each other in
L?, and when ﬂ € (0,1) the dominant contribution to Zy g, (x) comes from disorder &. .
in a space-time window that is negligible on the diffusive scale. More precisely, a second
moment calculation (see (3.4) below) shows that Zy g, (x) is close in L? to the partition
function Z N. By (x) which only samples disorder from within A%, (recall (2.3)).

It will be convenient to introduce a concise representation for the expansion (2.17) as
follows: given a point (ng, xo) and a finite subset 7 := {(n1, x1), ..., (7], X|¢|)} of No X 72
with ng < ny <--- <n|¢|, we introduce the notation

|| 7|

q" (1) i= [ [ qnymny, (i —xi—1)  and  &(v) =[] &nyox; -

i=1 i=1

For t = @, we define q(”o’x)(t) = &(7) := 1. In this way, we can write concisely the chaos
expansion of Zy g, (x) as

(2.18) Zvgy@ = Y oNg®V@Ew).
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Nl-an

(0,) 1/\(\/.\

(A) Partition function Z](‘,,BN (z). _
(B) Partition function Zﬁ/ﬁ ().
PN

F1G. 1. The above figures depict the chaos expansions of Zf\‘, By (x) and Z ﬁlzﬂN (x). The disorder sampled by

>
Z ]‘é, By (x) is restricted to the set A%;, while that of Z g:ﬁN (x) is restricted to B}%,.

Similarly, for the partition functions Z 1‘:‘,’ 8 x), Z f,?ﬁ (x)in (2.4), (2.11) we can write

219 Zyg =Y oy ¢"V@E@,  Zhs 0= Y oy "V ).

x
TCA TCBN

A graphical illustration of Z X‘,’ 8 (x) and Z ]lf,?ﬂ (x) appears in Figure 1.

These polynomial chaos expansions are discrete analogues of Wiener—Itd6 chaos expan-
sions. They are especially suited for variance calculations and provide important insight. For
instance, the partition function 74 ﬂ(x) =Znp(x) — Z,‘:‘,’ ﬂ(x) (see (2.5)) is obtained by
restricting the sum in (2.18) to Wthh include space-time points outside the set A}, and
hence Z 1’\4,7 By x)/Z f\‘,’ B (x) has zero mean due to the independence between the disorder in-
side and outside A7},. Similarly, the centered partition function (Z f,ig (x) — 1), which appears
in (2.13)—(2.14), is the contribution to (2.19) given by configurations t that contain only
points (and at least one point) in Bﬁ.

3. Moment bounds. In this section, we collect some moment bounds that will be used
in the proof.

3.1. Second moment. We bound the second moment of Zy g, (x), Z f\‘,’ B (%), 7 g‘,’ By (x).
We start from Zy g, (x). It follows by (2.17) and (1.17) that

ElZype @Y= Y. (o) qg"" (1)

rc{l,..,N}xZ?

k
(UI%’)k Z l_[qnifni_l(xi _xifl)2

1 O=:ng<ni<---<ng<Ni=Il
XO=1X,X1,.-- xkeZZ

N
+ Z(Ul%)k Z qz(”i_ni—l)(o)‘
k=1

O=:ng<ni<--<ny<N

M=

1+
3.1) h
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If we let each increment n; — n;_ vary freely in {1,2, ..., N}, by (1.17) we get the bound
E[ZN gy (0)*] < Yi=o(0f Ry)F = (1 — 0 Ry) ™! Recalling (1.18) and (2.15), we obtain

(3.2) VB €(0,1) 3C; < oo such that VN € N: E[Zy gy ()] < Cs,

where C i will denote a generic constant depending on B.
Next, we look at Z;‘,, By (x). The polynomial chaos expansion for Z f\‘,’ By (x) is a subset of
the one for Zy g, (x), hence the same bound (3.2) applies:
2 . A 2
(3.3) VB e(,1) 3C,§<oo such that VN e N : ]E[ZN,/SN(x) ]§C/§.

We turn to ZA N.py X). The bound (3.2) can again be applied, but it is quite poor. In fact,
the following much better bound holds (recall that ay is defined in (2.2)):

(3.4) Vﬂ €(0,1) EIC/§ < oo such that VN e N: E[ZN,ﬁN (x) ] < CéaN.

The proof, given below, is elementary but slightly technical (see Section 3.4). _
We conclude with an alternative viewpoint on the bound (3.2). If we denote by S and S
two independent copies of the random walk, by (1.21)—(1.22) we can compute

(3.5) E[ZIZV p ] — EE[eHN,ﬂN(S)'f‘HN,BN(E)] — E[e(A(ZﬂN)—%(ﬁN))ﬁN(Sj)]
BN ’

where Ly (S, S) is the overlap of the two copies S, S up to time N, defined by

(3.6) Ly(S, S) _Zn =|SNSN({L,..., N} x Z%)].

n=1

Since A(B) ~ %,82 as B8 | 0, see (1.19), we get

(3.7) E[Z} 4, ] = E[e(+emPREN S, 9] where lim ey =0.

N—oo
Note that -+ Ln (S, S) converges in law to a mean 1 exponential random variable; see, for

example, [19]. This matches with lIimy_, o0 E[Z N,ﬂzv] =(1- ,32) ! for B asin (1.18).

3.2. Positive moments via hypercontractivity. We will bound higher positive moments
of our partition functions using the hypercontractivity of polynomial chaos [38], which we
recall (with some strengthening) in Appendix B. .

By (2.17), each partition function Zy g, (x), Zf\‘,,ﬁN (%), Zﬁ‘,,ﬁN (x) can be expressed as a
series

(3.8) Z xM

(actually a finite sum) where X ,(CN) is a multilinear polynomial of degree k in the i.i.d. ran-
dom variables (S,Eﬁ))(n’x)eNx 72, which have zero mean and unit variance; see (2.16). These
random variables have uniformly bounded higher moments,

(3.9) Ypeoo): sup E[|&V[7] <

as one can check directly from (2.16) and (1.19) (see [6], equation (6.7)).
Under these conditions, hypercontractivity ensures that, for every p € (2, 00), the pth
moment of the series (3.8) can be bounded in terms of second moments,

(3.10) E[ g&im ,,} < (li( LE[(xM)? ])p/z,
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where ¢, € (1, 00) is a constant, uniform in N, which only depends on the laws of the E(N).

This is proved in [38], Section 3.2 (extending [30]), where a nonoptimal value of ¢, is given.
We will recall these results in Appendix B, where we will prove that the optimal ¢, satisfies

(3.11) limc, = 1.
pi2?
This result, which is of mdependent interest, is crucial in order to apply (3.10) to our
partition functions Zy g, (x), z4 N. By (x), Z (x) because for any subcritical ,B < 1 we can

fix p > 2 such that c, B <1 is still subcrmcal. More precisely, note that multiplying X,((N)
by c’l‘j amounts to replacing oy by c,on (see (2.17)), and this corresponds asymptotically to

replacing ,é by cp,é; see (2.15) and (1.18). Then, by (3.2)—(3.4), we obtain
VB e (0,1)3p= pj€ (2, 00) EIC < oo such that VN € N

(3.12)
E[Znp @] <Cf E[Zj 5, 0P]<Cj E[IZ 5, 0]"] = Clam)".

3.3. Negative moments via concentration. We give bounds on the negative moments of
partition functions Zy g, (x) and Z;‘,’ﬁN (x) (see (1.22), (2.17) and (2.3),(2.19)). We work
with the general partition function Z g(x) defined in (2.1), which coincides with Zy g, (x),
respectively, Zf,ﬁN (x),for A={1,...,N} x 72, respectively, A = A’fv.

For fixed (say bounded) A € N x Z2, it is not difficult to show that the log partition func-
tion log Z g is a convex and Lipschitz function of the random variables (v (n, y) : (n,y) €
A). However, if 8 = By and the subset A grows with N, its Lipschitz constant can diverge
as N — oo, hence we cannot directly apply the concentration inequality (1.20). However, it
turns out that, forany A = Ay C {1, ..., N} x Z?, the Lipschitz constant is tight as N — 00.
This yields the following estimate for the left tail of log Z g, » proved below.

PROPOSITION 3.1 (Left tail). For any /‘3 € (0, 1), there exists c5 € (0, o) with the fol-
lowing property: for every N € N and for every choice of A C {1, ..., N} x Z?, one has
—tY A
(3.13) Vi >0: PogZapy <—1)<cze ' /b,

where y > 1 is the same exponent appearing in assumption (1.20).

As a corollary, for every p € (0, co0) we can estimate, uniformly in A C{1,..., N} x 72,
o
E[(Za.py) "] =E[e P12 00 ] = p/ e B[Lj<—log Zy 5,11 dt
—0oQ0

o0
Pt P 2SR PR .
§1+p/0 ePcpexp(—t” [cp)dt =:C, 5 < 00.

Choosing A ={1,...,N} x Z? or A = A%, we finally obtain the bounds

(3.14) VB (0,1)Vpe(0,00)3C, 5 <o0: sup E[Znpy () P <C, 5 < o0,

(3.15) supEZ xX)7P|<C »<o0.
NeN [ NPy ] P-p

For later use, let us also state the following consequence:

A
(3.16) VBe(0,1)¥pe(0,00)3C, s <o0: :’lé%EHlog Zy @[] <C, 5 <0,
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The proof of this fact is simple: we can bound |log y| < Cp(yl/p +y~V/P) for all y > 0 and
for suitable C), < 0o (just distinguish y > 1 and y < 1). This leads to E[|log Zile/,ﬁN )P <
CpEIZy g, (O +EIZY 5, (0)7') = Cp(1 +E[Z} 5 (x)7']), 50 (3.16) follows by (3.15).

It remains to prove Proposition 3.1. To this goal, we follow the strategy developed in [9]
for the pinning model, which generalizes [37]. We need the following result, which is [9],
Proposition 3.4, inspired by [35], Proposition 1.6.

PROPOSITION 3.2. Assume that disorder w has the concentration property (1.20). There

exist constants cy, ¢z € (0, 00) such that, for every n € N and for every differentiable convex
function f: R" — R, the following bound holds for all a € R and t, ¢ € (0, 00):

(t/C))’)’

2

317 P(f(@) <a—1)P(f(@) > a,

Vi) <c)<c exp(—

where w = (w1, ..., w,) and |V f(w)] :==/>7_, (3; f ())? is the norm of the gradient.

We can deduce the bound (3.13) from (3.17) applied to the function f = fx given by

(3.18) In(w)=log Zx gy .

We only need to bound from below the second probability in the left-hand side of (3.17). This
is provided by the next lemma, which completes the proof of Proposition 3.1.

LEMMA 3.3. For any B € (0, 1), there exist cj € (0, 00) and 193 € (0, 1) such that

3.19 inf  inf  P(fy(o)>—log2,
(3.19) A A L (fn(@) = —log

VfN(a))| < CB) > ﬂB > 0.

PROOF. We set a = —log?2. For any ¢ > 0, we have
(320) P(fn(w)>a,|Viv()| <c)=P(fn(@)>a) —P(fn(®)>a,|Vfy(@)|>c).
The first probability can be estimated using the Paley—Zygmund inequality:

_ _ElZap P
~AE[(Zp)]

321) P(fy(@)=a) :IP(ZA,,SN > %) — P(zA,ﬂN > %E[ZA,,SN])

Note that E[Z4 gy]1=1. For A C{1,..., N} x Z? we have E[(Za py)?]1 < E[(Zn py)?] <
Cf; (see (3.2)), hence

1
3.22 P >a) > —— =120,
(3.22) (fn(@) > a) > ic; ;
We now proceed to estimate the second term in (3.20). First, we compute forn € N, x € 72,

Ay 1
dwp x ZA, By

E['BN]l(n,x)eSmAeHAvﬂN (S)] and

3 2 1 ~ -
Viv@l’ = ) ( fN) T (Zng )2E[512V|SnSmAWHA‘ﬂN(SHHA"SN(S)]a
sPN

dw,
(n,x)eNxZ2 n.x

where S and S are two independent copies of the random walk, and with some abuse of
notation, we also denote by S the random subset {(#, S;) },en € N x 72,
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For A C{l,...,N} x Z?, we have [SN SN A| < Ly(S, S) (see (3.6)), where Ly (S, S)
denotes the overlap up to time N of the two trajectories S and S. On the event that fy(w) >
a=—log2, thatis, Z, g, > 1/2, we can thus bound

[V fyv(@)* < 4E[BF LN (S, By inon O Hnn )],
and note that, arguing as in (3.5)—(3.7), for every 6 > 0 we have, for all N large enough,

EE[B2 L (S, S)enon ST sy O] < B2 Ly (S, §)e I TOAENS.D)]

IA

E
1o (142882 £y (5.5
gE[e( )ﬁN N (S, )]’

where we used the bound x < % . Thus, for all N large enough we have

1 41 2 S
> C) = C—ZEHVJCN(C())}Z]l{fN(w)za}] < 23 [ (1+28)ﬂNﬁN(S’S)].

P(fn(w) > a,

Let us now define g/ := 1—’3 so that B < B < 1, and define By = B’ /Ry see (1.18).
Then we can fix § = 8/§ >0 small enough so that (1 + 28),8N < A(2ﬁN) ZA(;SN) (note that
A(2B) —21(B) ~ B% as B — 0), hence by (3.5) and (3.2),

4
2

P(fn(w) > a, C

1
> C) S 5— B/.
Choosing ¢ =c¢ i large enough, we can make the right-hand side smaller than 4 see (3.22).
Looking back at (3.20), we see that (3.19) is proved. [

3.4. Proof of equation (3.4). The quantity IE[Z f\‘,’ By (x)z] admits a representation similar
to the first line of (3.1), without the constant term 1 and with the inner sum restricted to

space-time points such that (n;, x;) ¢ Aj‘v forsomei =1, ..., k, thatis, eithern; > N I=an or
1_4N . . . .
|x; —x| > N2~ 4 . Since there are k space-time points, for some j =1, ..., k we must have
. 1_ 4N

eithern; —nj_1 > %Nl_“N or [x; —xj_1| > %NZ_T (we recall that ng = 0 and xo = x).
Defining the new variables ¢; :=n; — n;—1 and z; :== x; — x;_1, and enlarging the range
O<ni<---<ng<Ntoly,...,0ref{l,..., N}, we can then bound

N ' k

5 A 2 2
E[ZN,ﬂN(x) 1= Z(GN) Z Z(ﬂ{ep%Nl*aN}

k=1 ly,..., lre{l,...,N} j=1

(323) Z],...,szZZ

1
+ 10;<} | yi-ay 12 |> Nj__)HQZ (Zt

We now switch the sum over j with the double sum over ¢;, z;’s. We can sum over all
variables z;’s with i # j, replacing each kernel g, (zi)? by g2¢; (0) (see (1.17)), and then sum
q2¢;(0) for all £;’s with i # j, which gives (Ry)*~! (see again (1.17)). This yields

Y k
5 A 2 2 k—1
E[Z}y g, (x) ]5;(%) Ry kk{lz N}(ﬂ{b%zvl*w} T inton s i q0(2)”.

772

We now consider separately the contributions of the two indicator functions.
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e Recalling (1.17), (1.18), (2.15), the contribution of {£ > %Nl_“N} is controlled by

N B N . 1 1
Z(Uz%r)lefv e > gquO=cC Zk(ﬂz)k@ > 7

k=1 Lyl=an <¢<N k=1 N1 <t<N

<C/Zk kaNlogN+logk
log N

<’ (CﬁaN+Cﬂl gN)

where 53 = Z,filk(,@z)k and éB = Z}:ilk(logk)(ﬁz)k are finite, ,B—dependent con-
stants. This contribution is consistent with (3.4) (recall (2.2)).
1 a
e The contribution of {£ < %Nl_‘”\’, |z] > %NTTN} is given by

N

(3.24) YR Y Y a”

k=1 1yl-a 1_ay
ISESEN'ZN |y 3=

Note that we can enlarge the range of the last sum to |z| > 19\/2, with? = N & / Jk. Note
that sup, 2 g¢(z) < ¢/, by Gnedenko’s local limit theorem. Then, by Gaussian estimates
for the simple random walk on Z?2, there is n > 0 such that

Y g’ < %P(|Sg| > 9/0) < %e—"’ﬂ VEeN, Vo > 0.
lz|>0/¢€

Then we can bound (3.24) by a constant multiple of

an

N N aN
(3.25) SO S e <0 (B ke
RN 1 k=1

k=1 <{<N
We split the sum according to k < (NT)I/2 and k > (NaTN)l/z, getting the bound
S (32 g b v 2 S g | g3
> (B kte +1> BB .
k=1 k=1

Both brackets are finite, /§ -dependent constants, while the other factors are both o(ay) as
N — 00, by (2.2), because ,é <land N7 = exp(%(log N)Y)>logN.

This completes the proof of (3.4).

4. Edwards—Wilkinson fluctuations for directed polymer. In this section, we prove
Theorem 1.6, which consists of proving Propositions 2.1, 2.2, 2.3 and 2.4 as described in
Section 2. The proofs are given in the following subsections.

4.1. Proof of Proposition 2.1. Recalling (2.8), we need to show that

10gN > Cov[On (), ON(y)]¢<jﬁ>¢<jﬁ> N—o0 0

x,yeZ?

By translation invariance and Cauchy—Schwarz, it suffices to show that for any x € Z2,

4.1) (log N)E[ON(x) ] = 0.
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We recall that Oy (x) is defined in (2.7), and in view of (2.5) we can write

Z;‘,’ﬁN(x)) B 211?/,/3N(x)
VAMED

Opn(x) =1og<1 + .
VAMED

‘We can bound, for a suitable constant C < oo,

[yl

if —1<y<0,
4.2) [log(1 ) |<C by 1 1
. og(l+y)—y =C-
( BTYTIEE if —~<y<-,
2 2
|v] if 0 <y < oo0.
The three domains are chosen to overlap on purpose: in fact, we will apply these inequalities
in the domains (—1, — 2/7) [—a ]2\,/7, a12\’/7] and (alzvﬂ, 00) (recall ay from (2.2)). We define
748 4 (%) Z4y g ()
DE = {172‘/”3” >a12v/7}, Dy := D}, UDy = Hi’x’ﬂ’v af\,ﬂ},
Zy gy () Zy gy )

and we bound

P(Dy) < P(Zy g, () <ay’) + (124 5, (0)] > ai])

1/7
<aN/

4.3)
E[ZN,ﬁN(x)_ ]+0N6/7E[ZN,9 (x) ]< (CZﬁ +C )a1/7’

thanks to (3.15) and (3.4). Then by (4.2),

Z{ 5 ()4 ANEIN:
L rron? SE[ INay N (,]HE[ NN ]
[ NX ] ( NﬂN( )> DY ( NﬂN(X)> D},
E[ |ZN,3N(X)/ZN,3N(X)| ]
L+ 2§ 5.0/ Zay 5, (x)

and given that

N ay ) Zy gy (x)
N ﬁN(x) Z]é/’ﬂN (x)’

1+

we can choose p = ps> 2 close to 2 as in (3.12) such that
Zy gy N Z3y gy (2 23 gy @)
~E[0Nn ()] SEK%) leyv} -HE[(%) ]1D+} —HEH%
ZN,ﬂN(x) ZN,ﬂN(x) N ZN, gy (X)

+E[2f 5, (0)"]

1y, ]

(B[Z3} 5y )7 1D+] P+ E[Zn py ()21 -1})

A TS

IA
S}
N

~Jjco

<aj + Chan (B[Zy 4, (x) PP TIR(DY)

+E[Zy gy (1) TP(Dy) )

1+ G-
<aN+C anP(Dy) ¥ '<Cha :

where the second last inequality holds by (3.12), (3.14) and (3.15); ip the last inequality, we
applied (4.3), and Cl’é < 00 is a generic constant depending only on . Recall from (2.2) that
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ay = (log N)?~!. We can then choose y € (0, y*) with y* > 0 small enough such that
1+33-1 - Ll 1

44)  E[On()’]=Chay T Clylog N)" T IH1C75) — o((log N) ™).

Therefore, (4.1) holds.

4.2. Proof of Proposition 2.2. 'We need to show that

log N A A x Y
(4.5) 3 > (Cov[logZN’ﬂN(x),logZN,ﬂN(y)]qﬁ(ﬁ)(ﬁ(\/N) =0

x,yeZ?

We recall that Z 1‘:‘,’ B (x) depends only on the disorder within set A}, defined in (2.3), hence

Zf\‘,’ﬁN (x) and Z;‘,’ﬁN (y) are independent for |x — y| > 2N%_HTN. By Cauchy—Schwarz and
(3.16), we can bound the left-hand side of (4.5) as follows:

log N ( X > ( y )
C. —° = 7
2.8 N2 Z 1“N¢ \/ﬁ ¢ \/N
X,yeZ2:|y—x|<2N2~ 4
logN _ay X
<cCy o N gl X Jo( )
2,8 2
N xeZ? ﬁ

_9N 1 1 Y
<y 5I0g NN [Bloold| 1) = ¢'C, el B2 RN 1| o[ 1 2y —— 0,
where ¢, ¢’ are generic constants, and the last equality holds by definition of ay in (2.2).

4.3. Proof of Proposition 2.3. 'We need to show that

VIoEN 5 2$,ﬂN<x>¢( x )

A
(4 6) N xeZ2 ZN,ﬂN(x) \/N
J1og N B= x O\ L'(®
N D Ew - 0e(75) 50
xeZ?
We recall that B; = ((N179anv/%0 N1 N) x Z2; see (2.10). We define new subsets
(4.7) By = ((N'79% N]NN) x 72,
4.8) CLi={(n,2) eNx 72 n < N |z — x| > N2~ 4),
and we introduce new “partition functions”:
4.9) Zys ()= 3 o' ¢V (E(D),
tc{l,..., N}XZz:rﬂCj{,;«éQ
(4.10) Zyh ()= 3 ax'q 0¥ (D),

TCANUBNTNBN#D

similar to the polynomial chaos expansions for Zy g, Z X‘/, By and Z 5}]\/ in (2.18)—(2.19).
See Figure 2 for a graphical representation of the chaos expansions.
Recall that A}, was defined in (2.3), and note that ({1,..., N} x Z2)\ A% = Cy U By.

We can then decompose 7 f\‘,’ By (x), defined in (2.5), as follows:

(4.11) Zy gy ) = Zy )+ ZyG ().
We split the sequel in three steps. The first step is:
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! T T

| |

(0, 2) '// | (0,z) /\/_\/ :
N : \ :

| |

By

A,

N\ ! |
| |
| |
| l
| - I —>

o% ‘ B% % ! By
(A) Partition function ZﬁjgN (z). (B) Partition function ZﬁaBBN.

FI1G. 2. The figures depict the chaos expansions of Z]/\‘/’EN (x), Z;‘,’SN (x). Each term in the expansion for

Z;?,’/%N (x) must include disorder from C;‘V; while each term in the expansion for Z;‘/’EN (x) contain only dis-

order from A;‘V U By, with at least some disorder from By .

(1) We will show that the contribution of the term Zf\\,”gN is negligible for (4.6).

To treat the term Z;‘,ZII;N (x), we decompose its chaos expansion (4.10) according to the last
point (¢, w) of 7 that lies in A}, and the first point (r, z) of T that lies in By:

@12)  Zyp = Y Z§ g ow) gz — W) onkrz - Zrnpy (2),
(t,w)e{(0,x)}UAY,
(r,z2)eBN
where Zé‘t By (x, w) is the “point-to-point” partition function from (0, x) to (¢, w), defined

by Zg!, g, (x, w) := Lif (¢, w) = (0, x) and by

@13)  Z{,p (ow) = 3 anlgOV (k@) ifr >0,
TCANN(0,1]1xZ2):T5(1,w)

while Z, n g, () is the “point-to-plane” partition function starting at (r, z) and running until

time N:

(4.14) Ze N py(2) = 3 ollg" 9 () (T).
tC{r+1,..,N}xZ?

The next steps are:

(2) We will show that in (4.12) the contribution from r < N17948/40 jg negligible for
(4.6).

(3) We will show that in (4.12) we can replace the kernel g,_;(z — w) by ¢,(z — x), that
is, the transition kernel from (0, x) to (r, z), because their difference is negligible for (4.6).

Finally, note that when we restrict the sum in (4.12) tor > N 1=9an/40 that is, to (r, z) €
Bﬁ (recall (2.10)), and we replace g,—_;(z — w) by q,(z — x), the right-hand side of (4.12)
becomes exactly Z ]’i‘,’ By x)(Z 5}1\/ (x) — 1) (recall (2.19)). This completes the proof of (4.6).

It remains to prove the three steps stated above.

Step (1). We show that the contribution of Zjy'; in (4.11) to (4.6) is negligible, that is,

0.

JIog N Z Z;‘/ZEN(X) ( x ) L2(P)

4.15
1> N Zy @ \VN

N—oo
xeZ?
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Since the chaos expansion of Z;‘,’g (x) in (4.9) contains disorder & outside A%,, not con-

tained in the expansion of ZA (x) we have that IE[Z N ﬁ (x)/ Z N.Bx (x)] =0 thus L%(P)
and variance computations are equlvalent We then have

(w2 (5)

- o B Gl )
v x.ye Zy gy @ Zi g WIT\YN/T\YN )

72
By Cauchy—Schwarz, we can further bound this as follows, for some constant c:
(5] S MGk
v zg 00 1 2 PN IPAVN
Zy5y O
z3 B (0)) ]

(4.16) <clogN - |¢|L1(R2) [(

1 1/q

7A.C 1

<clogN - I¢|L1(R2) [Z N,ﬂN(O)Zp] mE[W] ’
N.Bn

Where in the last step we used Holder inequality with parameters (p,q) with p~! +
g~ =1, and p will be chosen sufficiently close to 1, to be determined below. The term
E[Z4 N.By (0)_2‘1 114 can be uniformly bounded by the negative moment estimate (3.15).

We can use hypercontractivity (see (3.10)) to bound

1
E[Zy 5, (0]'7 < > (c2p0n)”"1g O (1),
tc{l,...N}xZ2:1NCY #£2

The right-hand side is the second moment of the partition function (see (3 1)) except that oN
is replaced by c2,0n (which corresponds asymptotically to replacing ,B by ,B = ﬂ see
(2.15) and (1.18)) and the random walk § must satisfy max{|S,|: n < Nl-av) > Nl/g an/4,
In particular, recalling (3.7) and (3.6), this can be bounded by

2 1 ¢@2) aN
(@17)  E[e! o bytay (TS gy |50 > N3 fori = 1,2],

I’l<N1 ay
where S, @ are two independent random walk copies. This is bounded via Holder by

2 M 5@ 2
Bl P b L ytoay SO SEUrp( g s, > N3H) T, /4
nSleu

We can now choose p > 1 sufficiently close to 1 so that ,/pcz, ,3 < 1, that is, still subcrit-
ical, which is possible because lim, .| ¢z, = 1; see (3.11). Hence the expectation above is
uniformly bounded in N as shown in Section 3.1. On the other hand, standard moderate
deviation estimates for the simple symmetric random walk show that

P( max |S,| > N%_QTN) < exp(—cN/?) = exp(—cel0eN/2),

I’lSNl_aN
where we recall that ay = (log N =1 see (2.2). Inserting these estimates in (4.16), we get

(«/logN Z NﬁN(X)

N BN (x)

Va

X
0 ) = cloeN 1017 oy expl—ee ™) S0
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Step (2). We show that in the chaos expansion (4.12) for Zf\x,”gN (x), the contribution from
(r,z) withr < N 1-9an /40 g negligible for (4.6). The contribution we are after is

A,B<
(4.18) Zy g, (x) = > Z&,,,gN (x, w) - gr—1(z —w) - oN&rz - Zr N gy (2)s
(t,w)eA%,
(r,2)€By: r<N17%an/40

and we want to show that

«/lOgN ( X )Z?/’g;(x)>2:|
4.19 E ; 0
) (5 LNF) 25, o) 7=
The left-hand side of (4.19) equals
ZA,B< ZA’B<
v E MR )
VN VN Zn gy X)) Zy gy ()

. . L_an .
We can restrict the summation over x, y to |[x — y| > N2~ 10. Indeed, in the complementary
regime, we first bound the expectation in (4.20) by Cauchy—Schwarz and obtain the bound

A,B<
GRS ] £ (FE)

lx—y|<NZ" 10
A.B<
_ay logN Zy g, (0)\2
-4 E[( b )}|¢|M|¢|L1<Rz)

Zf\‘,’ﬂN (©)

<N
- N

A,B<
1 Zy 5y (02
= Qog e~V B[ (2 ) N1l e,
Zy gy 0
which goes to zero as N — 00, since expectation can be bounded via Holder with an exponent

p for Z); A’B ) (O)2 chosen sufficiently close to one, so that the hypecontractivity bound (3.12)

can be apphed while the negative moment E[Z; 4 N, By (0)~24] can be bounded by (3.15). The
argument is the same as that for (4.16) and we omit the details.

To deal with (4 20) when (x,y) eI~ :={x,ye€ Z2: |x — y| > Né 1 }, we use the chaos
expansion for za N ﬂ , (4.18) and write (4.20) in this case as follows (recall that E[g =1):

aNlogN y [Zé*,z,m(x’w)] [Zé*,s,m@’v)}
E E
2 ‘p(«/—) («/_N) 2 Zy gy (X) Zi gy )

x,yel> (t,w)eAy,
4.21) (s,v)€AY
x > Gr—1(z — w)gr—s(z — VE[Z1 gy (2)?],

(r,2)€BN : r<N1=%N/40

where the first point (7, z) € By in the expansion for ZX‘,? By (x) and Zf\‘,, B (y) must match
because an unmatched (r, z) gives E[&, ;] = 0, and we used the independence between

ZA . (x,w) Z&, 5 (y,v)
Ofﬂzv—, O‘L, and  Z, n gy (2),
N ﬂN(x) N ﬂN(Y)

because they depend on disorder in the disjoint regions A%}, Afv and By.
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We can simplify (4.21) by noticing that E[Z, y g, (z)?] is independent of z and that
> qr—1(z2 — w)qr—s(z — v) = g2r——s(w — v). Thus we can write it as

IOgN y thﬁ (X,U)) Z(I)4Yﬂ (y,v)
() 5), = e o]
yZ, VN \JYN (,,UJ)ZGA% Zy gy @) VANE))

(4.22) (s.v)edy
x 3 G2r—i—s(w — VE[Z v gy (0)%].

N1=aN <y < N1-9ay /40

Note that E[Z, n g, (0)°] < E[Zw gy (0)*] < Cj uniformly in N by (3.2). Moreover,

1

’E[Zg‘, py (W)
N BN (x)Z

12 n
} = Cz,,éE[ZOtﬁN(x w)?]
ZN .y )

” E[Z§), gy, (x. w)*]/*E [

where the constant C, j comes from the negative moment bound (3.15). The same bound
holds with (x, ¢, w) replaced by (y, s, v). Therefore, (4.22) can be bounded by

= ()

125 172

X Z E[ZOZﬁN(x w) ] / [Zés7ﬂN(y,v)2] /
(t,w)eA%,
(s,v)eA)

X Z q2r—t—s(W — v).

Nl—aN <r<N1—9aN/40

2
oy logN
CpCrp=ar— 2

By our definitions of oy and By in (2.15) and (1.18), we have 01%, log N = O(1). Applying
Cauchy—Schwarz for the sum over (¢, w) and (s, v), we obtain the bound

& 5 bk 5 bt 5 st )

yel> (t,w)eAy, (s,v)eAY

12
S Z ( Z qor—t1—s(w — U)2> .

N1=aN <p < N1-9an /40 (l,w)eAj‘v,(s,v)eAi,

We next observe that Z(r,w)eA;‘v E[Zét,ﬂ/v (x, w)?] = E[ZX‘MBN (x)?] < Ct? (see (4.13), (2.18)
and (3.3)), and similarly for the sum over (s, v). This leads to the bound

W (G k(R

B
SR
NZ
X Z ( Z qQ2r—t—s(W —v) ) .

x,yel>
N'=N <r <N179N /40 2t ) e AT, (s,v) €AY,

(4.23)

ﬂ
10

. L_ay 1_ay 1_
Since |[x — y| > N2710 and |x —w]|, |y —v| < N27 4, we have |lw — v| > %N2 . Given

r < N179av/40 e then have

jw —vf?

m> = CCXp(—CNaN/4O) — eXp(_Ce(logN)V/40)‘

Gor—1—s(w —v)* < ceXp(—
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The sums over (¢, w), (s, v) and r give only a polynomial factor in N, and hence (4.23) can
be bounded by

< AN VY A DY _ -, (I0g N)? /40
Nzx;;)qb(ﬁ)(p(ﬁ) N7 exp(—ce )—>N_)oo 0.

This proves (4.19) and completes the step.
Step (3). Let Z,‘:‘,zg]; (x) be defined as in (4.18) but with the constraint r > N1 =9an/40
instead of r < N1794N/40 that is, with the sum over (r, z) € Bf, instead of By (recall (2.10)):

424) Zyg (x):= 3 Zity gy @ W) - Gr—i (2 — W) - ONErz - Zroy gy (2).

(t.w)eAy.(r2)eBy

In view of (4.6), we focus on the averaged quantity

(4.25)

JIogN 3 Z;‘/’,ENZ(X) ( x )
N = Zj gy \VN
We will show that replacing in (4.24) the kernel ¢,_;(z — w) by ¢»(z — x) has a negligible

effect on (4.25), in the sense that the difference tends to zero in L' (P).
We introduce the notation (recall (2.10))

B5(x):={(rz)€By: |lz—x| < r%%’},

Recall that g;(-) denotes the heat kernel on R?; see (1.12). By a refined local limit theorem
for the simple random walk (see Theorem 2.3.11 in [33]), we have that for (r, z) € Bf, (%),

a

1 _ 14
e =) =282 =0 exp( 0+ EE ) ) =200 — mexp(0( 4,

and similarly for (t, w) € A}, (see (2.3)),

-2 o ! |Z—U)|4
Gr—1(@ =) =28¢—/2(2 = w)exp< (r i (r—1)3 ))

=28¢-1,2(z —w) GXP(O(r_HTIg)),

1oy 1_ay
because |z —w| < |z — x|+ |w —x| <r27% 4+ N2~ 4

bound

, and hence, for large N, we can

; |
426) |z—w|<2r2t® and |r—t|> Srfors < N'T p = N1/,

By a straightforward but tedious computation, there exists a positive constant ¢ such that

9apn ay

_ay _ 1_an
cr>N'"TH0 <N jw—x|<NI "%,

Sup{’ grp—x) !

8r—n/2(z — w)

4.27)
lz —x| < r%"‘as](\)]} — O(e—C(logN)V)

as N tends to infinity, and by the local limit theorem, this bound can be transferred to the
ratio q,(z — x)/qr—1(z — w).
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We are ready to estimate the error of replacing g, _;(z — w) by ¢, (z — x) in (4.24). We first
restrict the sum on (r, 7) € Bf, (x). Then the contribution to (4.25) is

JIogN Z¢( x ) 3 /PN ERT)

A
(4.28) N \WN tayeat, Ny ()
. (r,2)€B(x)

X (Qr—t(z —w) —¢q,r(z— x)) : UNgr,z : Zr,N,,BN (2),
whose L!(P) norm is bounded by

Jlog N ( X )‘ [ 1
E
2Nz,
A 1 — qr(z2 —x) }
’ (z,u%e:Afv Zo’t’ﬂN(x’w){ Gr—1(z — w)

(r,z)er,(x)

}

X qr—1(z—w)-on&r ;- Zr N gy (2)

(4.29)
= JIZJVWXEXZ:Z ¢(jﬁ)‘E[z;3,;N(x)2]l/2

XE[( Z Zét,ﬁN(wi){l_M}

(tw)eAy Gr—1(z = w)

(r,2)€By(x)

24172
X i (z — W) - ONErs - Zrn py (z)) } .

We recall that E[Z ;‘,, By (x)"2]is uniformly bounded by the negative moment estimate (3.15),
while by orthogonality of terms in the chaos expansion and applying (4.27), the last expecta-
tion can be bounded as

A 2 qr(z —x) > 2 2 2
Yo E[Z gy o w) = = g (2 — w) o E[Zn gy ()]
(t,w)eA} r—1(z = w)

; N

(r,2)eBx(x)

= 0(e®eM"y N E[Z, 5. (. ) ]gr— (2 — w) 0N E[Zr v, gy (2)7].

(t,w)eAy
(r,2)eBx (x)

By (4.24), this last sum is bounded by E[z;;;/‘j; (00’1 < E[Zw gy (0)*] < C; uniformly in
N; see (3.2). These estimates show that (4.29) is O (y/log N exp(—c(log N)?)), and hence
converges to zero, thus the L'(P) norm of (4.28) converges to zero, too.

To complete the step, it remains to check that in the chaos expansion (4.24) for Z If\,’,gNZ (x),
the contribution of the complementary regime (r,z) € B; \ Bf,(x), that is, |z — x| >

r1/24+an/80  vanishes in Ll(]P’) as N — oo, and the same is true if we replace the kernel

qr—1(z — w) by ¢g,(z — x). Note that in this regime, by moderate deviation estimates,
|z — x|?

(4.30) gr(z—x) < exp{—c } < exp{—crov/40} < exp{—cec1oeM)" )
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and the same bound holds for g, _;(z — w), because |w — x| < N%JTN =o(r'/?)as N - 00
(since r > N1794N/40) and hence |w — x| = o(|z — x|) in this regime. These bounds can then
be used to show that

JIogN Sy (L 3 Zpy (0 w)
N JN . Z4 (x)
72 (r,w)eAy,,(r,2)eBy N-By

|z—x|>r1/2+an /80

L'(P)
X Gr—i(Z—w) - O'N%_r,z : Zr,N,ﬂN (z) —— 0,
N—o0

and the same holds when ¢,_;(z — w) is replaced by ¢,(z — x). Indeed, we can argue as in
(4.29) and then use the fact that the number of terms in the sums over x, (¢, w), (r, z) is only
polynomial in N, while (4.30) decays faster.

4.4. Proof of Proposition 2.4. Recalling (2.14), we want to prove that

J1ogN 1 Bz X d (V2¢2)
4.31 —— Z —1 — F(1/2,-), @),
(4.31) N Nxe22:2( Ny %) W(m)?:;?(” (1/2,4), ¢)

where v(“) (s, x) is the solution of the two-dimensional additive SHE as in (1.11).

The proof of (4.31) follows the same line as the proof of Theorem 2.13 in [7], which
proved the convergence of the fluctuations of the polymer partition function Zy g, (x) as
a space-time random field to the solution of the additive SHE. To see heuristically why
the limit in (4.31) should be Gaussian, we can write the LHS of (4.31) as a polyno-
mial chaos expansion (see (4.35)) where the dqminant contribution (in L?) comes from
terms of finite order in the expansion because B € (0, 1). Each such term is of the form
allf, ]_[f?:l Gni—n;_ (xi —xi—1)&n; x;» which due to the random walk transition kernels ¢g.(-), de-
pends only on disorder &. . in a neighborhood of (ng, x¢) := (0, x) that is negligible on the
diffusive scale. Given such local dependence on the disorder, it is then not surprising that
when averaged over (0,x) on the diffusive scale with weight ¢(x/+/N), we should get a
Gaussian limit. The proof in [7] also shows that terms of order two and higher in the chaos
expansion leads to an independent white noise in the limit, which leads to a noise coefficient
cp> Lin (1.11).

We now recall the key element in the proof of Theorem 2.13 in [7] and show how it can
be adapted to our setting. The key technical tool is the following variant of Proposition 8.1
in [7], specialized to the simple random walk on Z? (where we average in space, rather than
in space-time). It will show that, in the polynomial chaos expansion of the left-hand side
of (4.31), there are “building blocks” that converge in distribution to independent Gaussian
random variables.

PROPOSITION 4.1. For integer M and i € {1, ..., M}, define intervals I; := (N%,
Nlﬁ]. A k-tuple (i1, ...,ix) € {1,...,M}k is said to belong to {1, ...,M}’uc iflij—ij]l =2
forall j#j'.

For N eN,let§ = (§,§{YC))(”’X)6NX22 be i.i.d. with zero mean and unit variance.

Given N,M € N, a k-tuple (i1,...,i) € {1,...,M}§ and a point x € 72, we define a
random variable ®f\17 Mlk (x), a multilinear polynomial of degree k in the variables &’s, as
follows:

k—1

N;M . M 2
®i1 ----- ik(x) = (R ) Z anj_n-/_l(xj _xj_l)nsni’xi’
N nlelil,l’lzfnleliz ----- nkfnk—IEIik Jj=1 i=1
no:=0,x0:=x,x1,..., XkEZd
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where q,(x) is the transition kernel of the simple symmetric random walk on 7*, and Ry is
the expected overlap, defined in (1.17). For ¢ € C.(R?), we define the space-averaged version

Let Dy denote the subset of (i, ...,ix) € {1,..., M}§ that satisfy i) > max{io, ..., g},
called dominated sequences Then, for any fixed M € N and ¢ € C.(R?), the family of

random variables (®(11,... lk))(,l ,,,,, iveD, converges in distribution as N — 00 to a family
@(11 tk))(il ,,,,, iveDy of independent Gaussian random variables with
(4.32) E[¢? . ]=0, Var[¢? . ]=2021-

. (i1yeee, ir) ’ (i1yennsif) ¢ Hi1=M}>

that is, the variance is nonzero only if iy = M, and is given by

1

1 1 I

@33 of=[ WK eI drdy wirh K (= [T du
(RZ)Z 2 2 0 du

The proof of Proposition 4.1 in [7] is based on a variant of the fourth-moment theorem for
polynomial chaos expansions, as formulated in [7], Theorem 4.2, which was obtained in [40]
building on [15, 16, 41]. To check the variance, note that

Var[® N’fl"p N2 Z Z ¢<%>¢<«/Lﬁ)qm()€1—ﬂqm()€1 -y

X, eZznlel ,x1€Z2
(4.34)

M k—1 k 5
(=) 5> [T -y G = x50,
nz—n]€[[2 ..... nk—nk,]EI,'k j=2
X2yuens xkeZZ

where the second line tends to 1 as N — oo by the definition of Ry and I;. We can write

1
> Gy (X1 = X)Gn, (X1 — ¥) = qon, (x — ¥) = <gn1(x -+ 0<n—1>)2ﬂ (=Y €D}

XIEZZ

by the local limit theorem, where Zeven ={(a,b) € R%Z:a+bis even}, g;(x) is as in (1.12),
the factor 2 is due to random walk periodicity and we have g,, (-) instead of g2, (-) because
the random walk S, has covariance matrix 5/. Then, by a Riemann sum approximation, as
N — oo the first line in (4.34) is close to the integral

f(Rz)z<t>(x’)¢(y')</N’Vi1i:1l gu(x' =y )du)dx dy —

N—o00

0 ifii <M,
205 ifii=M,

with oq% defined in (4.33). Also note that for i1 = M, the dominant contribution comes from

n1 € [eN, N] for ¢ small, and hence restricting to ny € [1, N],orny € Iy = (N1 7 ,N], or
ny > N'7948/40 makes no difference as N — oo (for any fixed M € N).
Let us show how Proposition 4.1 can be applied to prove (4.31). Recall from (2.19) that

N k
B= k
435  Zjg 0 —1=3) oy > [T am—niy (i = i) -
k= N1_9“N/40<n1<---<nk§Ni=1
10:=0,x0:=X,X1 ..., X €Z>
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For fixed M € N, grouping each n; — n;_| according to which interval /; := (N % N ﬁ.] it
belongs to, and recalling (2.15) and (1.18), we have the following approximation:

VBN LS~ (282 (o - D)

JTh N &, N
(436) N M ,Bk 1 @N;M;d)
Z M(k /2 Z i1,..r ip”
(G ik)E{l,...,M}§
=M

where ~ means that the difference of the two sides vanishes in LZ(P) as N — oo followed
by M — oo. The restriction i = M in (4.36) is due to ny > N 1-9an /40 which gives rise to
a dominated sequence. The error from relaxing n; > N 1=9an/40 46 € Iy = (N %, N]is
negligible in L2, as noted above, while the error from restricting to (i1, ...,ixp) €{l,...,. M }§

(rather than the whole {1, ..., M}¥) is also negligible in L?(P), when we first send N — oo
and then M — o0, as shown in [7], Lemma 6.2.
We can then apply Proposition 4.1 to conclude that, as we let N — oo for fixed M € N,

the right-hand side of (4.36) converges in distribution to the same expression with ®N’.%f
replaced by g“i] ..ip> that is, to a Gaussian random variable with zero mean and with variance
(4.37) Z(ﬂ 2l ]2 [ i) € {1 MYt i) = M|
. v % i, ..., 0k s Mt = .
k=1

If we let M — o0, since |{(i1, ....ix) € {1,..., M} : iy = M}| = M*"' (1 + o(1)), the sum
in (4.37) converges to the following explicit expression, with ¢ 5 as in (1.11):

2 p2(k—1) __ 2 _ 2.2
2c7¢l;,3 =20 5= («/Ecﬂ) o

(ﬁclé)

This agrees with the variance of (v (1/2,-), @) (see (1.13)), which proves (4.31).

5. Edwards—Wilkinson fluctuations for KPZ. In this section, we prove Theorem 1.1,
which gives Edwards—Wilkinson fluctuations for the Hopf-Cole solution h.(t,z) =
logu,(t, z) of the mollified KPZ (where u, (¢, z) solves the mollified SHE; see (1.5)).

The proof follows the same lines as in the directed polymer case. This is possible because
uf(t, z) admits a Feynman—Kac representation, which casts it in a form close to the directed
polymer partition function of size N = ¢2¢. Indeed, by [2], Section 3 (see also [7], equa-
tion (2.27)), for fixed (¢, z) we have the following equality in law:

u(t,z) %Eslz[exp{//(o - (581'(35 — x)&(s, x)dsdx — %ﬂfj(Bs —x)%ds dx) ”

—E [ /8_%/ (B dsdx — SB2(e21) /2 ]
=E,-1, exp{ A RZ,BSJ( s — x)&(s, x)ds x—§55(8 )”J”Ll(Rl)} )

where B = (By)sc[0,00) under Py is a standard Brownian motion on R? started at x.

We first perform a decomposition of u®(¢, z) similar to that described described in Sec-
tion 2, which reduces Theorem 1.1 to the four Propositions 5.1-5.4 (see Section 5.1). These
are proved later (see Section 5.3) in analogy with the corresponding results for directed poly-
mer (see Section 4), exploiting moment bounds analogous to those in Section 3 (see Sec-
tion 5.2).

Henceforth, we set t = 1 and we focus on u®(z) :=u®(l1, z).
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5.1. Decomposition, linearization and Wiener chaos. By (5.1) and (1.21)—(1.22), u®(z)
is comparable to Zy (x), provided we identify N =&, x =&~ 2.

As in (2.2)—(2.3), we define (for a y* small enough, depending only on ,é as in (2.2))

1

(52) ag .= W

for fixed y € (0, y™),

x—e 1z < (8_2)%_%8},

and we introduce a modified partition function u%(z), obtained by restricting the double
integral in the first line of (5.1) to the set (s, x) € AZ. This yields the decomposition

(5.4) u®(z) = uy (2) + 1% (2),

(5.3) AZi={(s,x):0 <5 < (e72)' 7%,

where 1% (z), defined by this relation, is a “remainder” which, for fixed z, can be shown to be
much smaller than u% (z). More precisely, as in (2.6)-(2.7), we define O®(z) by

1% (2)
uy(2)

and we have the following analogues of Propositions 2.1-2.2.

+ 0%(2),

(5.5) logu®(z) =logu’(z) +

PROPOSITION 5.1. Let O%(-) be defined as above, then for any ¢ € C, (R?),
P
Joge! /Rz(of(z) ~E[0°(2)])$(2) dz LT(L 0.

PROPOSITION 5.2. Let ui‘(-) be defined as above, then for any ¢ € C.(R?),
-1 & e L2(P)
V]oge A‘Rz(loguA(z) — E[logu’y (2)])¢(z) dz 8_w> 0.

Next, in analogy with (2.10)—(2.11), we introduce the subset
(5.6) BZ = ((e72)!7%%/% £72) x R?,

&

and we introduce u%: (z), obtained by restricting the double integral in the first line of (5.1)
to the set (s, x) € BZ. We have the following analogues of Propositions 2.3-2.4.

PROPOSITION 5.3.  Let u’(-), u(-), u%=(-) be defined as above, then for any ¢ €
Cc(R?),

(5.7) Jioge ! [ (”Ag (5= = 1) )p@rdz =0

PROPOSITION 5.4.  Let uy- (-) be defined as above, then for any ¢ € C, (R?),

5:8) ,/logs 1 f

(=) = 9@~ (pP' (1., 9).

Theorem 1.1 is a direct consequence of Propositions 5.1-5.4. Regarding the centering, by
(5.5) we have E[logu®(z)] = E[log u (z)] + E[O®(2)], because i (z) /u’j (z) has zero mean,
as we show in a moment.
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By (5.1) and the definition of Wick exponential [30], Section 3.2, we have the following

Wiener chaos representation for u?(z), where we set fo := 0 and yg := e 1z

k
W () L1+ Zﬂf/ : "ﬁ)<t1<-~<zk<e—2 (/( [ 18— Gi = yic0)Jj i —xz')di)

z R2)k
k=1 R?)k i=1
(5.9 el

k
x T8, x) di dxi,
i=1
where g;(-) is the transition kernel of the Brownian motion.

The modified partition function 1% (z) admits a similar Wiener chaos expansions, with the
outer integrals restricted to the set {(#1, x1), ..., (fx, xx)} € AZ. It follows that the Wiener
chaos expansion of % (z) := u®(z) — u% (z) contains at least one factor £(¢;, x;) with (#;, x;)
outside A%, which is not present in u% (z), hence E[i% (z)/u’ (2)] =0.

Similarly, the Wiener chaos expansions of u%- (z) is obtained by restricting the outer inte-
grals in (5.9) to the set {(#1, x1), ..., (tk, xx)} BSZ, that is, imposing #; > (e72)1-9a:/40,

5.2. Moment bounds. We estimate positive and negative moments of u°(z).
We start with the second moment. We prove below the following bounds for u®(z), u (z)
and i (z), which are close analogues of (3.2), (3.3), (3.4):

Vﬁ’ €(0,1)3C; < oo such that Ve > 0 :
(5.10) P
Eu* ()] <Cs  E[ui?]<Cs  E[i5(°] < Chae.

We can now easily deduce bounds for higher positive moments. By hypercontractivity
[30], Theorem 5.1, the L? norm of a Wiener chaos expansion like (5.9) is bounded by the L?
norm of a modified expansion, with the kth order term multiplied by (c p)k (.e., B replaced
by c,,ﬁ), with ¢, :=4/p — 1. For ,3 € (0, 1), we can choose p > 2 such that 3cp < 1,s0as
to apply the bounds in (5.10). This yields an analogue of (3.12):

VB e (0,1) 3p=pj € (2,00) ac}’é < 0o such that Ve > 0:

(5.11)
Efu®(z)"] < C:é, E[u%(z)?] < c:é, E[|a5 (2)|"] < Cé(ag)p/z.

PROOF OF (5.10). We compute E[u®(z)?] by using (5.9), applying the identity g, (y) x

8:(y") =4g2(y —y")g2u(y+ '), and switching to new variables z; := y; — y/, w; :=y; +y;.
This leads to the following expression (see [8], Section 8.2, for details):

k
B @ =1+ X8 [ oo (1‘[ 82041 — )T @)

k>1 = 2k = 27k \i=1
(5.12) Ze®HF we(R?)
k
- 82(t—t;—p) (Wi — wi—l)) l_[ ds; dz; dwy,
i=1

where J := j % j and we set zg := 0, wo := 2¢~!z. Integrating out wy, wi_1, ..., wi, we get

k k

k

]E[MS(Z)Q] =1 + 2(183) / . '/(;<t1<"'<fk<872 (1_[ g2(ti—tl'_1)(Zi - Zi—l)J(Zi)> 1_[ dtl le‘.

k=1 Ze(R2) i=1 bl

We recall that j, hence J, has compact support. If we define

F(t):= sup gu(z —7)J(2)dz,
2 esupp(J) Y R?
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we can bound
k

E[uf (%] < 1 + Z(ﬂf)k/---/o 17 —tion)ds

-2
k>1 < <<l <e& i=1
2

k
r(t) dt} .

-
<1+ Z{ﬂ?/
k=1 0

Note that 7(-) is bounded for ¢ > 0 and it satisfies ¥ (¢) = # 4+ O(1) ast — oo, by (1.12). Re-

calling (1.2), we see that the bracket converges to ,32 as ¢ — 0, hence the series is uniformly
bounded for ,3 < 1. This proves the first bound in (5.10).

The second bound in (5.10) follows because E[ui‘(z)Z] < E[u®(z)?], since the Wiener
chaos expansion for u (z) is a subset of the expansion for u®(z).

Finally, the third bound in (5.10) can be proved similarly to (3.4) (see Section 3.4), because
Elu A(z)z] can be bounded by an expression analogous to (.12).' O

‘We next estimate negative moments, establishing the following analogues of (3.14)—(3.16):

VB € (0,1) Vp € (0, 00) 3C, 4 < oo such that Ve > 0:

(5.13) E[ug(z)fp] < Cp,g < 00,
(5.14) E[uy(2) "] <C, 4 < oo,
(5.15) E[[logu% (2)|"] < C, j<oo.

Since (5.15) follows easily from (5.14), it suffices to prove (5.13)—(5.14). These are direct
corollaries of the following result, analogous to Proposition 3.1.

PROPOSITION 5.5 (Left tail for KPZ). For A C (0, &72) x R?, denote by u’, (z) what we
obtain by restricting the double integral in the first line of (5.1) to (s, x) € A, that is,

uy (z) == Eglz[exp{// A('BEj(BS —x)&(s, x)ds dx
(5.16) e

~ SBB, -ndsdr) ||

For any /§ € (0, 1) there is cp € (0, 00) with the following property: for any & > 0 and for any
choice of subset A C (0, 8_2) x RZ2, one has

12/,
(5.17) Vi=0: P(loguf(z) < —1) <cze /ep

It remains to prove Proposition 5.5. We first need to recall concentration inequalities for
white noise (see Appendix C for more details).
The white noise & = (§(s, ¥)) 5, y)e[0,00) xR2 €an be viewed as a random element of a sepa-

rable Banach space E of distributions on [0, 00) x R2 (e.g., anegative Holder space; see [10]).

INote that 7 % (z) contains at least one point (7;, x;) outside A% in the Wiener chaos representation (5.9). Since
Jj () has compact support, say included in the ball B, := {x € R2 : |x| < r}, the corresponding point (¢;, y;) in
(5.9) must be close to (i.e., at distance at most r from) the point (¢, x;). Then ]E[zi‘f4 (z)2] can be bounded by
an expression analogous to (5.12), with the integrals restricted to the set where at least one point (¢;, %wi) =
(t, %(yi + y{)) is close to (AZ)“. This allows us to follow the proof in Section 3.4.
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Its law p is the Gaussian measure on E with Cameron-Martin space H = L2([0, 00) x R?),
and the triple (H, E, () is a so-called abstract Wiener space. In this setting, sharp concentra-
tion inequalities are known to hold for (not necessarily convex) functions f : E — R that are
Lipschitz in the directions of H, see [34], equations (4.7) and (4.8).

We need to work with convex functions f : E — R U {—o00, 400} that are not globally
Lipschitz. Remarkably, such functions still enjoy concentration inequalities for the left tail
(but not, in general, for the right tail). For x € E with | f(x)| < oo, denote by |V f(x)| €
[0, oc] the maximal gradient of f in the directions of H, defined by

(5.18) V()= sup 1im|f(x+8h)—f(x)|’

heH:|h| <1840 )

where the limit exists by convexity. Then the following inequality holds (see Theorem C.1):

(5.1  u(f<a-Dp(fza,|Vfl<c)<e 19 VaeR, Vi, ce(0,00),

where ©* is the outer measure (to avoid the issue of measurability of |V f]).
Note that, if we fix a, ¢ such that u*(f >a, |V f| < ¢) > 0, relation (5.19) gives a bound
on the left tail u(f <a —1t) forall r > 0.

PROOF OF PROPOSITION 5.5.  We can set z = 0, since the law of uf (z) in (5.16) does
not depend on z, and we write u% := uf (0). We denote by ’Hg (B) the argument of the expo-
nential in (5.16), so that u%, = E[exp(?—lg (B))]. We also introduce the shorthand

(5.20) .= [[ B -0ee0dsr
(s,x)eA
We start with a second moment computation:
(5.21) E[(u4)] = E[E[e™ B4 )] < B[ BB

where B, B are independent Brownian motions, and £ (B, B ) is their overlap on A:
(5.22) LA(B,B):= // j(Bs —x)j(Bs —x)dsdx.
(s,x)eEA

Note that 1% is a function of the white noise £, so we can define
(5.23) he (&) :=logu’y.

The function A, (-) is convex by Holder’s inequality, because & — (j(B), &) is linear (more
precisely, we can ensure that /. (-) is convex by choosing a suitable version of the stochastic
integral (j(B), &); see Appendix D). Then (5.17) follows by (5.19) if we show that p*(h, >
a,|Vhg| <c) is uniformly bounded from below, for a = —log?2 and for suitable ¢ = c;.

We need to evaluate the maximal gradient |Vh(§)[; see (5.18). We define a Gibbs change
of measure P¥ on the Brownian path B = (B;)s=>0 by

dpé oM (B)
—(B) =
dp

ué‘
A
Let us fix f € H = L%([0, 00) x R?). Recalling (5.20) and (5.23), we have

 he(E+8f) —h, 1 . ,
im § J;) (g)=%1¢r{)1310gE5[e’35<](B)’5f>]=,88E§[<](B),f>]

=B, ./-/(‘s,x)eA Es[j(Bs —x)] f (s, x)ds dx.
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Taking f with || f||;2 <1 and recalling (5.22), it follows by Cauchy—Schwarz that

E[B2LA(B, B)eHs(B)+7-ls(B)]
Vhe @) <ﬁgff B[ (B, — y)J ds dy — FPZEN - .
(uA)
Then, on the event /1.(£§) > a = —log2, that is, u%, > %, recalling (5.21), we can bound

E[|Vhe (&)L ih ¢)-a)] < SEE[B2LA (B, B)etle B +H(B)]
(5.24)

4;

< 4E[/32£A(B B)eﬂgﬁA(B B)] “E[e (14+8)B2LA (B, B)]

(=2

for any § > 0 (by x < 1e5)C ). For any subcritical ,3 €(0,1), we can fix § = 5 > (0 small, so

that ,B = ,B«/l + 8 < 1 is still subcritical. By (5.21), the last expected Value in (5.24) is the
second moment of u‘ with ,8 instead of ,3 hence it is uniformly bounded by some constant
C < 00, by (5.10), uniformly over all subsets A C (0, e %) x R?. Summarizing,

(5.25) SupEHVh (S)’ Il{h (&)>a) ] < C < 00.
e>0
We can continue as in the directed polymer case (see Proposition 3.1), noting that
M(hs >a,|Vhe| < C) = u(he > a) — M(hs >a,|Vhe| > C)

(5.26) 1 )
> p(he > @) = SE[|[Vhe®) L0 )]

Since a := —log2, we have u(h, > a) = pu(uf > 2) > (4C )~ ! as in (3.21). Plugging this
bound together with (5.25) into (5.26), we are done by choosmg c=cp large enough. [

5.3. Proof of Propositions 5.1-5.4. Propositions 5.1 and 5.2 are proved repeating almost
verbatim the proofs of Propositions 2.1 and 2.2, which are the corresponding results for di-
rected polymers. We omit the details and refer to Sections 4.1 and 4.2.

PROOF OF PROPOSITION 5.3.. We follow closely the proof of Proposition 2.3 in Sec-
tion 4.3. Recall the decomposition u®(z) = u% (z) + % (2); see (5.4). Then we further decom-
pose

(5.27) 1 (2) =uy ¢ (2) +uy p(2),

where u% (2), u% p(z) are defined in analogy with Zlf,:gN (x), Zf,:gN (x) from (4.9), (4.10):

Wac@):= Zﬂf/ ' ﬁ)<t1< <t <e72 Fe®D)F (/( 2k1_[1gti—z,~_1(yi = Yi-1)J i —Xi)d§>

k=1 {(t1,x1), s (T, x0)INCEF£D

k
x [ 1€ xi) di; dx

i=1

uy p(2) = Zﬂef /(;<t1< <tp<e 2 Te®RD) (f(R”ng, —i, (i — yi—l)j(yi—xi)@)

k=1 {(t1,x1), 00, (1, %) } CAZUBE
{(t1,x1),.... (tk X)) INBE#2

k
x [ T&, xi) dt; dx;

i=1



THE 2D KPZ EQUATION IN THE SUBCRITICAL REGIME 1117

where we set 75 := 0, yp := e~ 1z, we recall that A% was defined in (5.3), while B, C; are
defined similarly to By, Cy, from (4.7), (4.8) with N = e 2 and x = ¢ !z: more precisely,
recalling a. from (5.2), we set

By = ((e7%)' ", &72,

ag

Ci={(t,x) eR?:0<t< (8—2)1*%, x —8_lz| > (8_2)177}.

The proof of Proposition 5.3, similarly to Proposition 2.3, proceeds in three steps.
The first step is to show that u’, ~(x) in (5.27) gives a negligible contribution, that is,

uy o(2) L2(P)
5.28 J1 —1/ “AC h(z)d 0.
( ) 0gée R2 ui‘(z) ¢ ZE)

The proof is identical to the case for directed polymer; see (4.15) and the following lines. The
only difference is that (4.17) will be replaced by its continuum analogue, which is

—2(1—ag)

& . dag
E[exp{(czpﬁg)z/ J(BY — B®) ds}; sup  |[BO(s)|>e 177 fori=1, 2},
0

s<g—2(-ag)

where ¢, := 4/2p — 1 is the hypercontractivity constant for white noise, BM, B@ are two
independent Brownian motions and we recall that J(-) = (j * j)(-). The rest of the estimates
follow the same lines as in the polymer case.

In view of (5.27) and (5.28), to complete the proof it remains to show that

loge~! ufy 5(2) . L'(P)
(5.29) = {/Rz e ¢(z)dz—fRz(uBz(z)—1)¢(z,)dz,}ﬁo.

For u; p(2), we can give an expression analogous to (4.12), integrating over the last point
(t, w) € AZ and the first point (7, v) € B:

/
ui,B(Z)Z/H'/(.t,w)eAg,w/e]Rz uy (0, z; df, dw, dw’)
(r,v)€B;, v €R?

g (V = w")j (v — v)Be&(r, v) dr dvd’

u®(r, v'ie72,),

(5.30)

where 1% (0, z; df, dw, dw’) is the “point-to-point” partition function from (0, z) to (r, w, w’),

similar to (4.13) (the extra space variable w’ is due to the convolution with j(-)), which is

defined as follows, where we set ¢ty := 0 and yg := ez

uy (0, z; dr, dw, dw’)

k—1
— k v )i (v —
= Zﬂg{// Oty <oo<ty_j <62 (/(Rz)k_l l_llgz[—zl-,l()’z — Yi-1)J i — xi)
1=

k=1 (1w Xk 1) ERZF!
{(t1,x1), .0y (tk—1,Xk—1) }CAL

k-1
i (W — yk—1) dﬁ) H (1, x;) dt; dx; }

i=1
W —w)E(r, w) dr dw dw’,

while u®(r, v'; €72, ) is the “point-to-plane” partition from (r, v’) until time £72, defined by
(5.9) where we set tg :=r, yg:= v’ and wereplace 0 <] <--- byr <ty <---.
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In order to prove (5.29), as in the polymer case, we need two more steps: the second
step is to prove that the contribution from r < (¢72)!7%4/40 to the decomposition (5.30) is
negligible; the third step is to show that we can replace g,_;(z’ — w’) by g,(z' — &~ !z) in
(5.30), because their difference is negligible for (5.29). These steps are proved using exactly
the same analysis as in the polymer case; see Section 4.3.

Finally, when we restrict the integral in (5.30) to r > (e72)1794:/40 that is, to (r, z) € BZ
(recall (5.6)), and we replace g,_,(z’ — w’) by g,(z’ — e 'z), the right-hand side of (5.30)
becomes exactly u (z) (u%= (z) — 1), which proves (5.29). [

PROOF OF PROPOSITION 5.4. In principle, also this last result could be proved as in the
polymer case (see Section 4.4), using a continuum analogue of Proposition 4.1. However, it
is simpler to deduce it from Proposition 2.4, approximating u%z (z) in L2(P) by a directed
polymer partition function Zy B= NpyX) With N =7 x =¢~ Iz built on the same probability
space. The details are described in Section 9 in [7 (where the space-time fluctuations of

u® (-, -) are shown to converge to the solution of the additive SHE). [J

APPENDIX A: SCALING RELATIONS FOR KPZ

We prove a scaling relation between the solutions of the mollified KPZ equations with
different parameters; see also [10], Section 2. In particular, we will verify the identity (1.8)
which relates the solution of the mollified KPZ equation with the small parameter g, either
in front of the noise or in front of the nonlinearity.

Given v, A, D > 0, let ¢ := y*""*»P denote the solution of the mollified KPZ equation

A
(A.1) e = gAwa +5IVye P+ VD, xR 1= 0.and y*(0.) =0

where £¢(z, x) is the mollification of the space-time white noise & in space with j.(x) =
8_2j (x/e),and j € C.(R?»)isa probability density on R2 with jx)=j(—x).

PROPOSITION A.1. Let y&V"*P be defined as above. Then for any a > 0, we have

(A.2) (WP, X)), 20 ceme st <AW8 LLE g2y, ax))

b
1>0,xeR2

where 52 k D , known as the effective coupling constant; see [5].

REMARK A.2. In (A2), settinga=1,v=1, A:= 8, =,é /logz’;_l and D =1 gives

(1.8), since the constant term C; in (1.3) only shifts the solution deterministically.
We need the following scaling relation for the mollified white noise &°.

LEMMA A.3. Let & be the space-time white noise on R x R? and let £¢ := £ % j,, where
je(x)=e72j(x/e). Then for any a > 0 and v > 0, we have

dist

(A.3) £ (va*, a) =

f

in the sense that for all ¢ € C°(R x R?),

dist

1 e
(A4) f(l)(t,x)é va’t, ax)dtdx = zﬁ/qb(t,x)éu (t,x)dtdx.
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PROOF. Since both sides of (A.4) are centered normal random variables, it suffices to
check that their variances equal. Note that

X:= ¢ (a?
/RXRZd)(t,x)S (a“vt,ax)drdx

ax —

0. y
= | qu&(z‘,x}s 2}( )S(azvt,y)dtdxdy
X X

- TR\ D\ ew o s
_a4v82/R><R2</Rz¢<a2v’a)J( c )dx>§(l,y)dtdy.

&

Therefore,
1 TR\ (T=F\ N\~
Var(X) = ——— —,—J dx) drd
ar(X) adv2et /n‘gxw(/m@d)(a% a>J( & ) x) Y
1 _ 2
— o607 (2“2 dr ) drdy.
vet Jrxr2 \JRr2 &
On the other hand,
1 e
Y i=—— t a(t,x)drdx
25 o #E 0
1 a? a(x —y)
= t,x)—=j| ——== )&, y)drdxdy.
o [ x)gzj( } )s< ¥) dr dx dy
Therefore,

Var(Y) = % RxRZ( - (,b(t,x)j(@) dx)Zdt dy.

Ve

Note that the two variances agree, so we are done. [

PROOF OF PROPOSITION A.1. Fora, b, %, 8 > 0 to be chosen later, define
g(t,x) 1= by =LA (a®vt, ax).
By (A.1), we have

~. 2 1 ~. | ~ 2 ~
atwé‘,l,],ﬂ :EAwé‘,l,],IB +_|v,‘//8,1,1,ﬂ |2+ﬂ§8

2
Therefore,
~ 2
g N
E(I,x)_a vb Py (a”vt, ax)
2 2
b b =

A5) =a2v valal,ﬁz(azw,ax)-i—a; (VY& L (a?vr, ax)

+ a?vbBE® (a*vt, ax)

dist V v :
= A8t x) + gIVga,x)l2 +bB/vE« (1, x),

where we used (A.3).
To find a, b, € and B such that g solves (A.1) with parameters v, A, D, they should satisfy

(A.6) e=2  a=2  D=bpp.
a b
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Therefore, we must have

D)\?
— = 2 _
(A7) b—x, & =ae, ,8 —7

while we are free to choose a > 0. This proves (A.2). [

’

APPENDIX B: HYPERCONTRACTIVITY OF POLYNOMIAL CHAOS

We recall and refine the hypercontractivity property of polynomial chaos established in
[38]. Let (&;);eT be i.i.d. random variables, labeled by a countable set T, with

E[51=0,  E[§]=1.
For every k € N, let X be a multilinear homogeneous polynomial of degree k in the &;’s, that
is,
(B.1) Xe= ) fiD]]&.
ICT:|I|=k iel

where fi([) are real coefficients. For k =0, let X¢o = fp € R be a constant. Then for £ > 1,

(B.2) E[X,]=0, E[X{= Y fiD™
ICT:|I|=k

If we assume that

(B.3) Yo Y fll)? < oo,

keN ICT:|T|=k

then the series X := Y32, X is easily seen to define an L? random variable. The next key
result allows us to control higher moments of X in terms of second moments.

It is useful to allow the law of the &; = Si(N) to depend on a parameter N € N.
THEOREM B.1 (Hypercontractivity). For N € N, let (§; = fi(N))ieT be i.i.d. such that

B.4) E[V]=0, E[EV)]=1,  3Fppoe@ 00): supE[IEN 7] < cc.
NeN

Then, for every p € (2, po), there exists a constant c;, € (1, 00) with the following property:
for any choice of coefficients { fix (I)}reN, 1T, 1=k satisfying (B.3), if we define Xy by (B.1),
then the pth moment of the random variable X =72y Xy can be bounded as

o] p o] a2 p/2
2
(B.5) E[ } < (Z(cp) E[Xk]> ;
= k=0
with E[X ,%] given in (B.2). The constant c), only depends on the laws of (Ei(N)) and satisfies
B.6 limc, = 1.
(5.0 pl2 P

Except for relation (B.6), which we prove below, this theorem was proved in [38] as an
extension of the corresponding result in the Gaussian framework; see [30]. In fact, [38],
Proposition 3.16, gave the following explicit bound on c):

N p11/p
p<Cp=2,/p—1sup S(N)l ] =2,/p—1lsup E[‘Si(N)V]l/p’
[1&] |2]1/2 NeN

NNE
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and note that lim, > ¢, = 2. This extra factor 2 is the byproduct of a nonoptimal symmetriza-
tion argument in the proof in [38]. We now prove (B.6).

PROOF OF EQUATION (B.6). By [38], Section 3.2, relation (B.5) holds with constant ¢,
if the law of the random vairable § = §; in (B.1) is (2, p, 1/c))-hypercontractive, that is,

1
VaeR: |a+—§&| <lla+E§l2,
Cp lp
where || - ||, ;== E[| - |P11/P denotes the L? norm. Since we allow the law of & = &™) to

depend on N € N, it follows that we can characterize ¢, as follows:

1
B.7) szinf{c> 1: a+—§(N)
C

<la+&N|,VaeR,V¥N e N}.
)4
For simplicity, we split the proof in two steps.
Step 1. We first consider the case of a fixed law for the random variable £ (independent of
N € N) satisfying (B.4). In view of (B.7), we can rephrase our goal lim, > ¢, = 1 as follows:

(B.8) Ve>13p>2: <l|lla+£&|l2 VaeR.

1
a+-§
¢ lp

We will first show that given ¢ > 1, we can find p = p. p, > 2 and K = K, ;, > 0, such that
forall p € (2, p] and |a| > K, the inequality in (B.8) holds. We will then find p € (2, p] such
that the inequality in (B.8) also holds for all |a| < K.

We first need an elementary estimate: for any pg € (2, o0) there exists C = C), < 00 such
that, for all p € [2, po] and x € R,

b p(p—1 , : 3 Po

(B.9) [1T+x|P =1+ px+ X + R(x) with |R(x)| < C(|x]° A |x|P0).
This follows by Taylor’s formula for |x| < % (say) and by the triangle inequality for |x| > %

We may assume that pg € (2, 3] in (B.4) (just replace pg by po A 3). Then for every § € R
with |§| < 1 we can bound

|R(8&)| < C(IE]> A [E]70)8170 < C(1 + |£]70)]8]7.
Since E[£] = 0, it follows by (B.4) and (B.9) that for every 6 € R with |§] <1,

p(p—1)
2

E[|148¢1P]=1+ S’E[£2] +r(8) with |r(8)| < C'sP,

(B.10)
where C' = C}, = C(1 +E[|£|]).
Then, as || — O,
—1
11+l = 1+ F5—=8E[£*] + O (1517).

uniformly for p € [2, pol. This implies that as |a| — oo

(p—DE[?] 1
la+ 260, I+ 26, 1+ F5ap + Ogm)
a -+ - 1 o E[£2] 1
(B.11) latslzi+gglz 14+ 50+ O

B p—1 E[g% 1
=17 1 g+ 0am)

Given ¢ > 1, we can take p = p p, :=min{l +c, po} > 2 so that uniformly in p € (2, p], the
term in bracket is bounded by ¢~! — 1 < 0. Then the RHS of (B.11) is < 1 for large |a|, say
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for |a| > K, where K = K, - < 00 only depends on ¢ and py. This proves the inequality in
(B.8) forall p € (2, pland |a| > K.

To complete the proof, we now show that there exists p € (2, p] such that the inequality
in (B.8) holds for |a| < K. If this is false, then for any sequence p,, € (2, po] with p, | 2, we
can find a,, € [— K, K] such that
(B.12)

1
an+ &) > llan+ &l Vn eN.

Pn

Extracting subsequences, we may assume that a, — a € [—K, K]. Since f(p,a) :=|a +
%5 |, is a continuous function of (p, a) € [2, po] X [-K, K] (by dominated convergence),
we may take the limit of (B.12) as n — oo and get

(B.13) > lla +&ll2,

1
a+-§
c 2

which is a contradiction, since ||a + %5 2 =,/a?+ C%E[éz] < |la +&||2 (recall that ¢ > 1).

Step 2. Next, we allow the law of £ = £™) to depend on N € N. In view of (B.7), our goal
lim > ¢, =1 can be rephrased as follows:
(B.14) Ve>13p>2: <la+£M|, VaeR,VNeN.
p
We follow the same proof as in Step 1. We just need to check the uniformity in N € N.
Relation (B.10) still holds with & replaced by £ V), where we stress that C’ = Cly <00

because we assume that sup E[1E™M)|P0] < o00; see (B.4). Then (B.11) holds as |a| — oo,
uniformly for p € [2, po] and also for N € N. This proves that (B.14) holds if we restrict
la] < K, for a suitable K = K, . depending only on ¢ > 1 and py.

It remains to fix ¢ > 1, K < oo and prove that (B.14) holds, for some p > 2 and for every
la| < K. Arguing again by contradiction, assume now that there are sequences p, € (2, pol,
a, € [—K, K], N, € N, with p, | 2, such that

1
at+—&™
c

1
(B.15) an + -
C

> ||an +§(N”)H2 Vn € N.

Pn

Extracting subsequences, we may assume that a, — a € [—K, K], and also that ’;‘(N") con-
verges in law to a random variable £ (the sequence is tight, by (B.4)). Since |ay + %S (Nn)|Pn
are uniformly integrable, again by (B.4), we can take the limit of relation (B.15) and we get
precisely (B.13), which we already showed to be a contradiction. [

APPENDIX C: GAUSSIAN CONCENTRATION IN THE CONTINUUM

We prove a Gaussian concentration result, based on [34, 35], which can be viewed as a
“one-sided version” of [21], Theorem 2 (cf. (C.6) below with equation (4) in [21]).

Given a probability measure 1 on a measurable space (E, £), we denote by u, and u* the
inner and outer measures: (4(A) :=sup{u(A’): A’ C B, A’ € £} and u*(A) =1 — pu,(A°).

THEOREM C.1. Let u be a Gaussian measure on a separable Banach space E, with
Cameron—Martin space H.?> Let f : E — R U {—oc0, +00} be convex. For x € E with

2This means that H is a separable Hilbert space, continuously embedded as a dense subset of the separable
Banach space E, and p is a probability on E that can be described as follows: given any complete orthonormal
set (hp)pen in H and given i.i.d. N(0, 1) random variables (Z;), N, the sequence of random elements X y :=
> =1 Znhn converges a.s. in the space E, and p is the law on E of the limit X := 3, cn Znhy. The triple
(H, E, w) is called an abstract Wiener space. We refer to [34] for more details.
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| f(x)| < oo, define the maximal gradient |V f(x)| € [0, 00] in the directions of H by (5.18).
Then

(C.1) w(f <a—nDu*(f =a,|Vfl<c) <e 349" VaeR. Vi, ce (0, 00).
(The outer measure p* appears in (C.1) to avoid the issue of measurability of |V f].)
Let us denote by K :={h € H : ||h||g < 1} the unit ball in the Cameron—Martin space H.

Given a subset A C E, we define its enlargement A +rK :={x +rh:x € A, h € K}. We

recall the classical concentration property established by Borell [34], Theorem 4.3:
2 VA C E with 0 < u(A) < 1, setting a := &~ (1u(A)),
' pe(A+7K) = Bla+r) Vr=0,

2 . . e .
where @ (x) = [* . %ﬂe" /2 dt is the standard Gaussian distribution function.

The proof of Theorem C.1 is based on the following lemma of independent interest, which
follows from (C.2). It is close to [35], Corollary 1.4 (see also [9], Appendix B.1).

LEMMA C.2. For any measurable subset A C E, the following inequality holds:
(C3) WAl = (A +rK)) <e 47 Vr >0

PROOF. We may assume 0 < u(A) < 1 (otherwise (C.3) holds trivially) and we apply
(C.2):
(C.4) | = ua(A47K) <1 =D +a) <e 2+’ yp >,

where xT := max{x, 0} and we used the basic bound 1 — ®(x) < e_xz/2 for x > 0.
Consider first the case u(A) > %: then a = ®~ 1 (u(A)) > 0 and (r +a)t > r, so (C.3)
follows by (C.4) (just bound i (A) < 1). Henceforth, we take u(A) < %, so a < 0. Note that

(C.5) (A = D(a) =1 — (la]) < e 219",
Fix r > 0. If |a| > r, then (C.3) follows by (C.5) (justbound 1 — u,(A+rK) < 1).If |a| <r,
then (r +a)™ = (r — |a|)™ =r — |a| and relations (C.4)—(C.5) yield

(A (1 — (A +rK)) < e 2llal+r=laD?) < qup g3 (=) _ p=3r?
xeR O

PROOF OF THEOREM C.1. Fix x,x’ € E such that h :=x" — x € H. The function g :
[0, 1] — R defined by g(s) := f((1 —s)x +sx’) = f(x + sh) is convex (since f is convex),

hence
FO) = f00 = g(1) — g(@) = g/ (1) i= lim 8D 8L =8 JOD = T = 0R)
el0 e el0 &

Recalling (5.18), we have shown that
(C.6) fE) = f@) = [V 5" —x]p.
Let us now set
Ai={f<a-1t}, B:={fza|Vfl=<c}
In view of Lemma C.2, to prove (C.1) it suffices to show that for any r < % we have B C
(A+rK)¢, thatis, A+ rK C B.Sowe fix x € A, h € H with ||h||g < % and we show that
x":=x + h € BC. Either f(x’) <a, and then x" ¢ B, or f(x") > a, and then (by x € A)
f(x/)—f(X)>a—(a—t) t
p > > — =g,
lx" —xll Al a t/c

hence again x” ¢ B. This completes the proof. [J

V()] =
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APPENDIX D: STOCHASTIC INTEGRAL AS A LINEAR FUNCTION

We formulate a linearity result for the stochastic integral with respect to the white noise
& = (§(2)),cre ON R4, which is needed in the proof of Proposition 5.5. Recall that the white
noise can be realized as a random element of a separable Banach space E of distributions on
R? (e.g., a negative Holder space), equipped with its Borel o -algebra. Denoting by 1 the law
of the white noise on E, we will use the probability space (E, 1) as a canonical construction
of £. We also set H = L2(R%).

For any h € H, the stochastic integral (h, &) := [pa h(2)§(z)dz ~ N (O, ||h ||12L1) is arandom
variable in L*(E, i), so it is not canonically defined for any given & € E. The following
results guarantees the existence of a convenient version of (&, £).

THEOREM D.1. [t is possible to define (h, &) as a jointly measurable of (h,§) €e H X E,
with the following properties:

e (h, &) is a version of the stochastic integral [pa h(z)&(z)dz, for every h € H.
e For any probability measure v on H, there is a measurable vector space V,, C E with

uVy) =1, i+ H=1V,,
such that the following property holds:
VE.E e Vy: (hat +a'E)=alhE)+a(h§) < oo

D.1)
forv-a.e.h € H,Va, o' € R.

REMARK D.2. Given any probability v on H, we can define f : E — R U {+o00} by
(D.2) (&) := log/ 8y (dh).
H

This function is convex when restricted to the vector space V,, of Theorem D.1, by (D.1) and
Holder’s inequality. If we redefine f(§) := +oo for & ¢ V,,, we obtain a version of f (recall
that (V) = 1) which is convex on the whole space E.

This applies, in particular, to the function /. (&) :=logu®, in the proof of Proposition 5.5
(see (5.23)), with u’y = u‘j\,g (0) defined in (5.16). In this case, RY = R!'*2 and v is the law of

the process (Bej (Bs — X)) s oyef0.e-2xr2 € L2RT2).

PROOF OF THEOREM D.1. Fix a probability density o € Cfo(]Rd) and set g.(z) :=
8_dg(8_1z). Also fix a smooth cutoff function x ‘R = [0, 1] with x(x)=1for |x| <1
and x(x) =0 for |x| > 2, and set x.(z) := x(ez). For any h € H = L3(R%), we define
he € C°(RY) by

he(z) == xe(2)(0e % h)(2).
Since limg g |he — hllg =0, we can find (¢, = SZ),,EN such that ||he, — hllg <27". (We
can ensure that SZ is measurable in &, for example, SZ :=max{e € {% tkeN}:|lhe —h|lg <
27"
For every n € N, we have h,, € C° (R9); hence the map

(D.3) (h,&) = (h, &)n = (he,, §)

is canonically defined for any distribution £ € E, and is jointly measurable in (h,&) € H X E.
By the It isometry of the stochastic integral and Borel-Cantelli, for any fixed 7 € H we have
lim,_ o (h, &)y = (h, &) for n-a.e. &£ € E. We can finally define the measurable map

lim (h, &), if the limit exists in R,
(h,&):= (7> .
400 otherwise.
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For every n € N, the maps & — (h, &), are linear, hence the limit map & — (h, &) is linear,
too, whenever it is finite. More precisely, for every 7 € H and &, ¢ € E:

(h,§) < o0, (h,)<o0o =

D.4)

(h,aE +BC)=ah, &)+ B(h,l) <00 Va,peR.

By construction, for every h € H we have (h,&) € L>(E, i), so (h,&) < oo for u-a.e.
& € E. If we now fix a probability v on H, and we define the measurable subset V,, C E by

Vy:={§ € E:(h,§) <ooforv-ae heH},

it follows by Fubini’s theorem that 1 (V,) = 1. Note that V,, + H = V,,, because (h, g) < 00
for all 4, g € H. Finally, relation (D.4) implies (D.1), which shows that V,, is a vector space.

0
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