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ABSTRACT 

A machine-learning framework is designed to tackle the spinodal decomposition of coherently strained alloy microstructures, 
with cubic anisotropy in elastic constants. A database of phase-field simulations, leveraging a Green’s function approximation of 
the elastic field, is constructed for randomly chosen composition fields and widely variable misfit strain, producing a continuum 

variation in the phase morphology from smooth to strongly anisotropic domains. A convolutional recurrent neural network is 
then trained to accurately predict the full time-evolution sequence under the explicit conditioning of the known misfit parameter, 
at a reduced computational cost. Extensive error analysis at the pixel level and for global descriptors is used to assess the model 
accuracy and evaluate its generalization capability on longer timescales and larger computational domains. The model returns a 
one-to-one match of the ground-truth simulations over the temporal range of training sequences. Moreover, it can reliably predict 
average behaviors for sequences several times longer the training ones, albeit losing one-to-one accordance. As a proof, the NN 

trained model is used for reconstructing the full phase diagram of the system, achieving a 98% degree of accuracy. The proposed 
framework is general and can be applied beyond the specific, prototypical system here considered, enabling high-throughput 
parametric studies. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1 Introduction 

Modeling microstructural features and their dynamics is key
for materials science and engineering due to their fundamen-
tal impact on functional and mechanical properties [ 1, 2 ].
A full characterization of these aspects is generally demand-
ing from an experimental point of view, especially when
time-dependent properties are involved, making computational
methods particularly useful. Indeed, a plethora of simulation
approaches have been developed for decades on this topic,
with phase-field (PF) methods being particularly successful
[ 3 ]. Still, the problem remains challenging for several reasons.
First, high-accuracy methods usually bring with them also high
computational costs. Second, the connection between models
and experiments often requires difficult, indirect comparisons.
This is an open access article under the terms of the Creative Commons Attribution License, which perm
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Finally, understanding microstructure properties is inherently 
a multi-scale and multi-physics problem, thus involving many 
parameters and conditions that are hard to control and iden-
tify. 

In recent years, ML and, most prominently, Neural Networks
(NN), have revolutionized materials science, opening new ways 
for materials discovery [ 4 ], design [ 5–7 ], and property predic-
tion [ 8–11 ]. ML-driven interatomic potentials changed the rules
of atomistic modeling, delivering accuracy on par with first-
principle approaches at a fraction of the computational costs
[ 12–14 ]. Recent studies have also highlighted the potential for
optimizing material fabrication processes through real-time feed- 
back control [ 15 ], showcasing the potential synergy between ML
and experimental techniques. 
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FIGURE 1 (a) Phase diagram and examples of the different mor- 
phologies of the spinodal decomposition of a binary alloy with cubic 
elastic anisotropy, as a function of mean composition ⟨𝜑⟩ and misfit strain 
𝜂. The reported images correspond to representative evolution stages 
obtained by the numerical integration of the Cahn–Hilliard Equation 
( 8 ) starting from the homogeneous phase slightly perturbed by Perlin 
noise around the average composition ⟨𝜑⟩. (b) Example of a phase-field 
evolution from the dataset, starting from a Perlin noise initial condition 
and corresponding to a misfit strain of 𝜂 ≈ 0 . 48% . 
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Concerning mesoscale dynamics of materials, NNs have demon-
strated exceptional power for accelerating or fully surrogating
conventional numerical approaches (for a recent review see
Ref. [ 16 ]). This has been possible using tools imported from mod-
ern deep learning, e.g., based on dimensionality reduction [ 17–19 ],
convolutional NNs [ 20–22 ], and time-series specific architectures
such as recurrent networks [ 23–26 ]. Moreover, physics-specific
novel methods such as Physics Informed Neural Networks [ 27,
28 ] have been developed. Once trained, these models allow for the
prediction of time-evolutions of microstructures without resort-
ing to the explicit solution of the underlying partial differential
equations. Substantial speed-ups in the solution time, frequently
reported in the order of 100 − 1000 × [ 16, 21, 23 ], can be achieved,
thus promising the feasibility of high-throughput studies, eventu-
ally giving access to large-scale domains or long-times [ 23, 26, 29 ]
that exceed the training dataset characteristics. 

The typical workflow in these studies has been to train a NN
model, capable of recognizing spatial- and time-correlations
within suitably processed time-series of data, either pixelated
images of the relevant fields or some latent-space representation
of them, and then predict the evolution frames starting from
a known state/microstructure. In the simplest approaches, the
NN model is trained to learn the solution for an assigned
parameter set and to predict the specific evolution sequence when
changing the initial configuration only. More advanced studies
extended the training over more varied datasets, comprising
cases generated by the same dynamics but sampling a “broad”
range of values of some constitutive parameters, responsible
for qualitatively different outcomes. In such a case, the NN
is expected to implicitly identify the leading parameters by
processing a short initial evolution sequence and then continuing
it at later stages [ 18, 23 ]. Importantly, the NN does not provide
any estimation of the actual value of the conditioning parameters
as they remain encoded in the latent representation of the
input data in these approaches. A few recent works in fluid
dynamics [ 30 ] and in materials growth from physical vapor
deposition [ 31 ] implemented explicit conditioning by external
parameters (or boundary conditions [ 21 ]) within different NN
architectures to control the predictive process by supplying them
in input along with the initial configuration. Our work fits
into this trend, adapting a previously established Convolutional
Recurrent Neural Networks (CRNN) method [ 26, 32 ] to explicitly
include a conditioning parameter as an input for the network
while leaving other factors implicitly inferred from the system
configuration itself. 

We here consider the phenomenon of spinodal decomposition, a
second-order phase transition by which a homogeneous mixture
spontaneously separates into two distinct phases after cooling
below a critical temperature [ 33–35 ]. This mechanism plays a
critical role in various systems of metallurgical interest, such as
Al-Zn alloys [ 36, 37 ], Ni-based superalloys [ 38 ], in certain oxides
[ 39, 40 ], and also in polymer blends [ 41 ]. Recent interest in
spinodal behavior has also been reignited for the design and study
of spinodoid metamaterials [ 42–44 ]. In crystalline materials, the
two emerging phases typically differ in molar volume, leading
to the development of elastic strain during the transformation.
This strain can give rise to characteristic microstructural patterns,
particularly in systems with anisotropic or spatially inhomoge-
neous elastic properties [ 35, 45–47 ]. Representative examples of
2 of 14
microstructural evolutions, obtained from our simulations using 
the standard PF approach discussed in the Methods section,
for a binary mixture with cubic elastic constants [ 46, 48 ], are
shown for different mean composition and misfit 𝜂 in Figure 1a .
A continuum variation from rounded to elongated and clearly
anisotropic domains is found for increasing misfit. 

Several machine learning approaches have taken spinodal 
decomposition as a prototypical case study, although neglecting 
strain effects, either resorting to latent-space dynamics [ 17, 18,
49 ] or exploiting architectures sensitive to spatial and time
correlations directly in pixel space (see e.g. Refs. [ 31, 50, 51 ]),
among which CRNN proved very convenient [ 23–26 ]. 

Developing a NN model able to cope with the broad variability
of morphologies for strained systems is clearly a more demand-
ing task compared to the reported studies, as a standard NN
setup would hardly be usable unless providing a huge amount
of examples. Additionally, the resulting NN architecture may 
require a very large number of parameters, making the approach
inefficient from a computational standpoint and failing to provide
an acceleration with respect to traditional schemes. The here
developed CRNN architecture tackles such complexity by taking 
𝜂 as an explicit conditioning parameter. Dependencies from 

composition and geometry are instead implicitly learned from the
evolving concentration field, encoded as an image. In addition,
we introduce physics-based information as inductive biases and 
regularization [ 16 ]. In particular, we specifically enforce physical
consistency by mimicking the underlying evolution laws with 
Advanced Theory and Simulations, 2026
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specialized NN layers and physics-inspired regularization terms
in the training objective. This way, we show that the NN model
yields accurate predictions, capturing the typical features set
by the misfit parameter. Moreover, the trained model shows
good generalization capabilities on both temporal and spatial
scales, thus giving the possibility of scouting cases beyond the
training conditions. 

The paper is structured as follows. In Section 2 , we first define
the physical model for the microstructure, based on a Phase-Field
(PF) description ( 2.1 ), detail the dataset preparation process ( 2.2 ),
and then outline the CRNN architecture, training methodology,
and evaluation framework ( 2.3 ). The results are then discussed
in Section 3 , inspecting the reliability of the NN with respect to
the ground truth numerical simulations, both from a pixel-level
perspective ( 3.1 ) and with respect to the reproduction of mean
global properties ( 3.2 ). The analysis is meant to assess the nature
of prediction errors and the NN generalization performances for
longer time and larger domain sizes (this latter inspected in 3.3 ).
Finally, the trained model is applied to numerically reconstruct
the phase diagram ( 3.4 ). In the Conclusions section, we review
the work achievements and their potential uses. 

2 Methods 

2.1 Phase Field Model of Coherently Strained 

Spinodal Decomposition 

The standard way for modeling spinodal decomposition dynam-
ics is by the PF approach [ 3 ]. For isothermal conditions, the
system configuration is specified by an order parameter 𝜑, tracing
the local composition of the binary mixture, and by the total
strain tensor field 𝜺( 𝑥) . Linear elasticity is considered throughout
the paper. The system free energy 𝐹 is then expressed by the
Ginzburg–Landau functional [ 52 ]: 

𝐹[ 𝜑, 𝜺] = ∫ 

( 𝜖
2 
|∇⃗ 𝜑|2 + 𝑤( 𝜑) + 𝜌( 𝜑, 𝜺)

)
𝑑𝑥⃗ (1)

where  is the physical domain and 𝜖 sets the width of the
interface between the two phases. The |∇⃗ 𝜑|2 term accounts for
the energy cost of such interfaces, while the remaining “bulk”
contribution divides into a double-well potential 

𝑤( 𝜑 ) = 18 
𝜖
𝜑2 (1 − 𝜑)2 (2)

with minima at 𝜑 = 0 and 𝜑 = 1 , corresponding to the equilib-
rium compositions of the two separated phases in the absence of
strain [ 53 ], and an elastic energy density 𝜌( 𝜑 , 𝜺) : 

𝜌( 𝜑 , 𝜺) = 1 
2 
𝐶𝑖 𝑗 𝑘𝑙 ( 𝜀𝑘𝑙 − 𝜀∗ 𝑘𝑙 ( 𝜑 ))( 𝜀𝑖𝑗 − 𝜀∗ 𝑖𝑗 ( 𝜑 )) (3)

where 𝐶𝑖 𝑗 𝑘𝑙 is the fourth-order tensor of elastic constants, and 𝜺∗ 
is the eigenstrain tensor, i.e. the zero-stress strain [ 54 ]. Einstein
notation, implying summation of repeated indices, is adopted.
The 𝜌 term accounts for the different lattice parameters of
the pure materials composing the alloy. Due to this additional
energy cost, the bulk energy minima tend to move inward of the
[0,1] range. 
Advanced Theory and Simulations, 2026
In the present study, we consider (elastically) homogeneous 
materials, i.e. with 𝐶𝑖 𝑗 𝑘𝑙 independent of 𝜑, and purely dilational
eigenstrain: 

𝜀∗ 𝑖𝑗 ( 𝜑) = 𝜂 ( 𝜑 − ⟨𝜑⟩) 𝛿𝑖𝑗 (4) 

where 𝜂 is the lattice mismatch between the two phases, and a
simple linear approximation for the dependence of 𝜀∗ 𝑖𝑗 from 𝜑 has
been used, taking the homogeneous phase at mean composition
⟨𝜑⟩ as reference state. Notice, also, that this choice explicitly
disregards the possible presence of other elastic contributions,
such as dislocations and grain boundaries, which are therefore
not considered in the present study. Since the time-scale of
strain relaxation is much faster than the diffusive one of the
phase separation, it is customary [ 55 ] to assume that mechanical
equilibrium holds at any time, so that the strain field 𝜺 can be
directly computed by solving the (static) equilibrium condition. 
For a periodic and elastically homogeneous material, this can
be conveniently achieved in Fourier space. Following Refs. [ 35,
54, 55 ], the Fourier transform of the equilibrium stress 𝝈̂ field
can be directly obtained from the Fourier transform of the order
parameter 𝜑 as: 

𝝈̂ = − 𝜂𝑩 (𝑞 )𝜑 (5) 

𝐵𝑖𝑗 (𝑞 ) = 𝐶𝑖 𝑗 𝑘𝑙 ( 𝛿𝑘𝑙 − Ω𝑘𝑚 

𝐶𝑚 𝑛 𝑜𝑝 𝛿𝑜𝑝 𝑞𝑛 𝑞𝑙 ) (6) 

where 𝑞 is the wavevector and Ω𝑘𝑛 (𝑞 ) is the inverse of the Green
tensor for acoustic displacement, i.e., Ω− 1 

𝑘𝑛 = 𝐶𝑘𝑚 𝑛 𝑜 𝑞𝑚 

𝑞𝑜 . 

Thanks to the quasi-equilibrium assumption, the free-energy 
functional ( 1 ) just depends parametrically on strain, so that the
dynamics of spinodal decomposition can be fully described by the
well-known Cahn–Hilliard equation [ 52 ] as 

𝜕𝜑 

𝜕𝑡 
= 𝑀∇2 𝜇 = 𝑀∇2 

(
− 𝜖∇2 𝜑 + 𝑤′( 𝜑) + 𝜌′( 𝜑, 𝜺)

)
(7) 

where 𝜇 = 𝛿𝐹∕𝛿𝜑 is the local chemical potential, 𝑀 is a mobility
constant and the ′ symbol indicates derivation with respect to
𝜑. From Equations ( 3 ) and ( 4 ), for elastically homogeneous
materials, it can be found that 𝜌′( 𝜑, 𝜺) = − 𝜂tr ( 𝝈) , being tr ( 𝝈) the
trace of the stress tensor set from Equation ( 5 ). Numerically, the
time-integration of Equation ( 7 ) is here conveniently achieved by
using a semi-implicit spectral scheme [ 56 ] as 

𝜑𝑡 + 𝛿𝑡 =
𝜑𝑡 − 𝛿𝑡 𝑀 𝑞2 𝑤′( 𝜑𝑡 ) 

1 + 𝛿𝑡 𝑀( 𝜖𝑞4 + 𝜂2 tr ( 𝑩 ) 𝑞2 ) 
(8) 

where 𝑤′ indicates the Fourier transform of the first derivative
of the double-well potential and 𝛿𝑡 is the integration time-step.
Spatial discretization is instead set on a uniform 2D square grid. 

From a linear-stability analysis, it can be demonstrated [ 35 ] that
the mixed phase is unstable and undergoes spontaneous phase
separation when the following criterion is met: 

𝑤′′( 𝜑) + 𝜂2 min 
𝑞 

(
tr ( 𝑩 (𝑞 ))

)
< 0 (9) 
3 of 14
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FIGURE 2 Schematic representation of the Convolutional Recur- 
rent NN model for evolution prediction. At each time step, the model 
predicts the time-evolved state 𝜑̃𝑡+ 𝜏 from the previous state 𝜑𝑡 , the hidden 
states ℎ𝑖 

𝑡 and ( 𝑖 enumerating the convolutional GRU submodule), and 
the parameter 𝜂 provided as a constant field. Rather than predicting 𝜑̃𝑡+ 𝜏
directly, the network outputs an auxiliary scalar field ̃𝜇𝑡 , from which the 
updated state is computed. Green boxes represent fixed operations, while 
orange ones are learnable transformations. 
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In the strain-free case, the stability of the homogeneous mixture
is determined by the curvature of 𝑤( 𝜑) , which indeed defines
the spinodal lines in the ( 𝜑, 𝑇) -phase diagram. Elastic strain, on
the other hand, always penalizes decomposition, thus stabilizing
the homogeneous phase and extending the metastability within a
part of the spinodal region. Moreover, by considering anisotropic
materials, 𝑩 (𝑞 ) changes according to the crystallographic ori-
entation, thus making phase separation direction-dependent. In
particular, this can lead to a suppression of the phenomenon
along hard crystallographic directions and to an enhancement
along soft ones, thus resulting in anisotropic phase patterns. 

In this work, we focus on the case of cubic symmetry and
consider an arbitrary material with a high Zener anisotropy ratio
𝑍 = 2 𝐶44 ∕( 𝐶11 − 𝐶12 ) = 4 and a wide misfit range 𝜂 ∈ [0 , 1 . 2%] .
Elastic constants are fixed as 𝐶11 = 𝐶44 = 2 𝐶12 = 3 × 104 in the
arbitrary units of the double-well potential and interface term.
All values have been chosen to maximize the variability in the
phase-separation patterns. By this choice, softer directions are
aligned with the ⟨10 ⟩ and ⟨01 ⟩ axes so that, for high strains,
striped domains are expected to form along them [ 46, 57 ]. 

A collection of representative microstructures, obtained by per-
forming PF evolutions for varying combinations of ⟨𝜑⟩ and
𝜂, is shown in Figure 1a . Consistently with theory and other
simulation studies [ 46 ], configurations having ( ⟨𝜑⟩, 𝜂) values
outside of the spinodal region (orange region) are stable against
small fluctuations around the mean composition, thus remaining
in the homogeneous single-phase state. An example of a PF time-
evolution sequence for a case of moderate misfit 𝜂 ≈ 0 . 482% ,
serving to visually illustrate the type of microstructural trans-
formation considered in this work, is shown in Figure 1b . As
discussed, domains aligned with the ⟨10 ⟩ and ⟨01 ⟩ elastically soft
directions rapidly emerge from the initial random configuration,
although in this case the elastic contributions are not strong
enough to prevent the formation of more rounded inclusions. 

2.2 Dataset Generation 

A dataset of 2000 time-sequences of spinodal decomposition has
been constructed by the numerical integration of Equation ( 8 )
for different initial random configurations, average composition
⟨𝜑⟩, and misfit strain 𝜂. All simulations have been performed
on a 128 × 128 uniform square grid of collocation points with
periodic boundary conditions naturally enforced by the spectral
description. To ensure a smooth resolution of the PF interface,
we set 𝜖 = 5 , using grid point distance as the unit for length. Since
the mobility 𝑀 just acts as a scaling factor for the time scale (see
Equation ( 7 )), we take it unitary and use a time-step 𝛿𝑡 = 0 . 01
to achieve a stable numerical solution. Each sequence in the
dataset comprises 100 snapshots, taken at fixed time intervals 𝜏,
corresponding to 100 integration time-steps 𝛿𝑡 , in such a way that
consecutive frames are sufficiently different to provide effective
information for the NN training. In the following, we use 𝜏 as the
unit of time. 

The initial configuration for each simulation is designed to
represent a homogeneous mixed phase with local composition
fluctuations, eventually seeding the phase separation process
and resulting in the typical microstructural evolution patterns of
4 of 14
Figure 1a . This is obtained by initializing the composition field
in the form of Perlin noise [ 58 ], a gradient noise algorithm that
generates structured correlated random profiles. Unlike white 
noise, Perlin noise consists of smoother patterns with features
that the NN can properly distinguish from actual numerical noise.

To achieve robust generalization during model training, a suffi-
ciently diverse set of initial configurations is needed. To this goal,
a randomized shifting and rescaling of the Perlin noise profiles is
implemented to vary the average composition ⟨𝜑⟩ in the range
[0.2,0.8]. Since with the present parameters 𝜑 ≈ 0 . 21 and 𝜑 ≈
0 . 79 are the limiting compositions for spinodal decomposition at
zero misfit (see also Figure 1a ), this ensures the presence of both
homogeneous and phase-separated configurations. The extent of 
the fluctuations in the Perlin noise profile is instead randomly
sampled from a normal distribution with a standard deviation
equal to 0.1 

2.3 CRNN Architecture 

In this work, we extend the CRNN architecture proposed in
Refs. [ 26, 32 ] to achieve explicit conditioning to an assigned
parameter, as sketched in the scheme of Figure 2 . The goal of the
CRNN is to predict the entire time evolution of the composition
field 𝜑 solely based on an initial configuration 𝜑0 and the known
value of the misfit parameter 𝜂. 

The NN takes as input the composition field at each time step
𝜑𝑡 , in the form of a 128 × 128 pixel image. Due to the recurrent
nature of the NN, in principle the prediction may be based
Advanced Theory and Simulations, 2026
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on a short subsequence; however, we focus here on the more
challenging possibility of providing the model with the initial
condition 𝜑0 only. To condition the evolution on the misfit
parameter, the 𝜑𝑡 map is concatenated to 𝜂 at each timestep. The
pair ( 𝜑𝑡 , 𝜂) is then internally represented as a single 128 × 128
image with two channels, one of which is uniform and equal to
𝜂. Despite its simplicity, this approach is particularly convenient
for its ease of implementation and can be straightforwardly
extended to include additional parameters and, possibly, non-
uniform fields too. At variance with other approaches in the
literature [ 25 ], the used architecture does not employ pooling
and flattening operations, so to preserve the fully-convolutional
character of the CRNN enabling direct generalization to arbitrary
domain sizes [ 26 ]. Circular padding [ 59 ] is used to enforce
periodic boundary conditions by construction, consistently with
the dataset examples. 

Input data are processed through two stacked convolutional
gated recurrent unit (convGRU in Figure 2 ) blocks [ 60 ]. Each
convGRU block employs 24 channels and 5 × 5 convolutional
kernels, chosen according to a preliminary hyperparameters scan
to ensure the best performance and stability of the model. This
choice, moreover, guarantees a fairly contained number of NN
parameters ≈ 150000 , which translates into lower computational
costs both at training and evaluation time. 

As a performance figure of merit, we measured the ratio in wall
time for evaluating a time frame 𝜏 by the NN trained model with
respect to the semi-implicit numerical scheme used to generate
the dataset. The former takes full-profit of CUDA acceleration
on a NVIDIA RTX A5000 GPU while the latter were executed
on a Xeon W-2133 CPU on the same workstation. Speed-ups
of approximately 40 × on a 128 × 128 domain, 90 × on a 256 ×
256 domain, and 145 × on a 512 × 512 domain are estimated.
A substantially linear scaling with the number of collocation
points [ 26 ] is found for the NN approach, making it especially
well-suited for simulations on large domains. It must be however
noted that the previous comparison represents the best-case
scenario, as the speed-up just reduces to a factor 3–4 × if evaluating
the NN model on the aforementioned CPU or exploiting GPU
acceleration of the numerical solver. Nonetheless, we remark that
the model formulation here considered is particularly convenient
for numerical evaluations, first because of the use of a Green’s
function approximation for elasticity, and easily transferable to
GPU thanks to the availability of efficient Fast-Fourier-Transform
algorithms. This would not be the case if considering more quan-
titative approaches, e.g. Finite-Element Method computations of
the elastic field, or tackling more complex, highly non-linear
problems for which the largest speed-ups first reported are
expected to be well representative. 

In principle, the CRNN could be devised to directly produce the
next system state 𝜑𝑡+ 𝜏 (tilde distinguishing predicted quantities
from dataset ones), as typically done in the literature studies [ 23–
25 ]. As already discussed in Ref. [ 26 ], however, this approach
lacks any constraint on the conservation of 𝜑, which is inherent
to the Cahn–Hilliard dynamics. A significant improvement in
the consistency of the NN predictions with the conservative
flow dynamics prescribed by Equation ( 7 ), especially for time-
extrapolation, is achieved by introducing an additional physics-
inspired output layer. The network is indeed designed to output
Advanced Theory and Simulations, 2026
the scalar field ̃𝜇𝑡 , taking the role of the local chemical potential
(multiplied by 𝑀) in Equation ( 7 ) so that the new frame can be
generated as (see Figure 2 ): 

𝜑𝑡+ 𝜏 = 𝜑𝑡 + ∇2 𝜇𝑡 (10) 

This is an alternative version of the approach implemented in
Ref. [ 26 ], where the flow current 𝐽 = − 𝑀∇ 𝜇 was evaluated to
enforce exact conservation of 𝜑 by construction and is here
found to provide superior results, as detailed below and in the
Supporting Information. From a NN perspective, the presence 
of this physics-inspired layer acts as a strong regularizer, e.g. by
making it impossible for the model to produce non-conservative
dynamics, mitigating extrapolation errors when the generated 
sequences exceed the length of those used in training. 

We define the loss function used to train the model as the spatial
and temporal average of the weighted sum of three components:
the mean squared error (MSE) between the PF ground truth
and NN predicted sequences ( 𝐿𝜑 ), the MSE between the squared
gradients of these sequences ( 𝐿∇ ), and the MSE on the mean free-
energy density ⟨𝑓⟩ ≈ 2 ⟨𝑤⟩ + ⟨𝜌⟩ (set from Equation ( 1 ) with the
approximation 𝜖|∇⃗ 𝜑 |2 ≈ 𝑤( 𝜑 ) , see e.g. in Ref. [ 61 ]) predicted by
NN with respect to its true PF value ( 𝐿𝑓 ): 

𝐿 ( 𝜃) = 1 
𝑁ts 𝑇 

𝑁ts ∑
𝑖= 1 

𝑇 ∑
𝑡 = 1 

(
𝐿𝜑 ( 𝜃) + 𝜆∇ 𝐿∇ ( 𝜃) + 𝜆𝑓 𝐿𝑓 ( 𝜃)

)
(11) 

with 

𝐿𝜑 ( 𝜃) = ⟨[ 𝜑𝑖 ( 𝑡) − 𝜑𝑖 ( 𝑡|𝜃)] 2 ⟩
𝐿∇ ( 𝜃) = ⟨[|∇ 𝜑𝑖 ( 𝑡 ) |2 − |∇𝜑𝑖 ( 𝑡 |𝜃) |2 ]2 ⟩
𝐿𝑓 ( 𝜃) = ⟨𝑓( 𝜑𝑖 ( 𝑡)) − 𝑓(𝜑𝑖 ( 𝑡 |𝜃)) ⟩2 

(12) 

Here, 𝜃 represents the set of NN parameters, 𝑖 indexes the 𝑁ts 
elements of the training set, 𝑡 is the time step, ranging from one to
the total sequence length 𝑇, and ⟨ . ⟩ indicates the spatial average.
The parameters 𝜆∇ and 𝜆𝑓 are the two weights controlling 
the relative importance of the gradient and free-energy terms,
respectively. Based on preliminary analysis, which evaluated the 
impact of these terms in the loss function on the temporally
evolved profiles predicted by the model, they were set to 60 and
150, respectively. 

While the 𝐿𝜑 ( 𝜃) term, evaluating the pixel-by-pixel correspon-
dence between the predicted and true fields, provides a generic
definition of loss function, the additional two terms 𝐿∇ ( 𝜃) and
𝐿𝑓 ( 𝜃) introduce physics-inspired regularizations tailored for the 
model at hand. 𝐿∇ ( 𝜃) penalizes local gradients in the com-
position field 𝜑, thus suppressing spurious oscillations within 
the segregated domains. 𝐿𝑓 ( 𝜃) instead compares the free ener-
gies of predicted and true configurations, thus enforcing their
match in terms of such a thermodynamic global quantity. As
shown in Figures S1 –S3 , the addition of these two loss terms
significantly enhances the NN model performances, improving 
both the stability and quality of the prediction, especially in
extrapolation conditions. 
5 of 14
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FIGURE 3 (a) Training and validation losses during training. The 
spike in the first 10 epochs is due to the curriculum learning procedure. (b, 
c) Comparison between NN predicted and PF true evolutions for two cases 
from the validation cases, with low ( 𝜂 ≈ 0 . 07% ) and high ( 𝜂 ≈ 0 . 76% ) 
misfit, respectively. 
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The full dataset of 2000 simulations is used for the training of
the NN, with a 4:1 random partitioning between training and
validation. Data augmentation techniques, including reflections,
90◦ rotations, and the ℤ2 symmetry transformation 𝜑 → (1 − 𝜑) ,
are employed to further improve the robustness and diversity of
the training dataset, encoding symmetries not already present
by construction into the model architecture. Additionally, to
enhance the model’s generalization capabilities, noise injection
regularization is applied during training by introducing small
random perturbations such that 𝜑 → 𝜑 + 𝛿, where 𝛿 is sampled
from a Gaussian white noise, as in our previous work in Ref. [ 26 ]
( 𝛿 standard deviation is 1 × 10− 3 ). 

The training of the NN parameters is performed using the
standard implementation of the Adam optimizer [ 62 ]. Thanks to
the recurrent character of the model, the so-called curriculum
learning technique [ 63 ] has been exploited. In practice, at the first
epoch, the model is provided with 99 snapshots from a sequence
and tasked with predicting only the final step, with the loss
evaluated solely on that last prediction. As training progresses,
the number of input snapshots is gradually reduced, which
requires the model to predict increasingly longer portions of the
sequence. By the end of the ramp, the model has only the initial
snapshot and must predict the remaining sequence, with the loss
evaluated on all of its predictions. Although this procedure may
lead to an apparent initial increase in loss, it facilitates more stable
and efficient learning by progressively introducing the complexity
of the task. 

3 Results 

3.1 Training, Validation and Testing 

As a first assessment of the NN model, we inspect its training
and validation performances. Figure 3a reports the decay of the
loss 𝐿 as a function of the number of training epochs. In about
100 epochs, the value of 𝐿 settles, albeit with some fluctuations,
as expected because of the stochastic nature of the optimization
procedure (see, e.g., previous work in Ref. [ 26 ]). The spike in
the training loss (blue line) in the initial epochs is instead
associated with the curriculum learning procedure discussed in
the previous section. 

The model returning the best performance on the validation
set was then selected for all subsequent analysis. To get a
visual confirmation that it properly predicts the phase separation
dynamics, in Figure 3b and Figure 3c we compare true and
predicted evolutions from the validation set for low 𝜂 ≈ 0 . 07%
( ⟨𝜑⟩ ≈ 0 . 396 ) and relatively high 𝜂 ≈ 0 . 76% ( ⟨𝜑⟩ ≈ 0 . 388 ) misfit
conditions. As shown, a nearly one-to-one match between the
sequences is achieved, but for minor local differences in the
connectivity of the segregated domains. 

We next check the NN model’s predictive capability on an
independent test set to ensure robustness and generalizability.
The test set comprises 500 sequences generated with the same
characteristics as the training dataset but reaching a longer time
of 500 𝜏, i.e. 5 times longer than the sequences used during
training, allowing us to assess the model’s temporal general-
ization capability. As an illustrative example, in Figure 4a we
6 of 14
report a comparison between the NN predicted and ground truth
dynamics for a sequence with 𝜂 ≈ 0 . 45% taken at random from
the test set. As far as considering interpolation within the 100 𝜏
range of training, the same almost one-to-one match found on
the validation cases (Figure 3b,c ) is still achieved. However, due
to the accumulation of small prediction errors across the time
steps and to critical bifurcation events, such as domain splitting
and coalescence, the pixel-level match progressively degrades, 
and local discrepancies in the morphologies are observed. At
time 𝑡 = 500 𝜏, the predicted profile still looks plausible from a
qualitative point of view, but fails in reproducing several features
of the ground truth as highlighted by the mapping of absolute
error |Δ𝜑| = |𝜑 − 𝜑 |. 
To provide a quantitative evaluation of the accuracy of the model
predictions, we consider the Mean Absolute Error (MAE), i.e.
⟨|Δ𝜑|⟩, at each evolution time step. These metrics provides a
measure of the degree of pixel-to-pixel overlap between predicted
and true frames. 

In Figure 4b , we report the statistical distribution of the MAE
evaluated on the whole test set sequences. The median MAE
and the inter-quartile range (IQR) indicate a sublinear error
accumulation, which remains as low as 0.025 within the full
[0 , 100 𝜏] range of time interpolation, growing up to a median
value of ≈ 0 . 09 when extrapolating to 500 𝜏. These limits of confi-
dence are in line with the typical extrapolation errors reported
by other works in the literature [ 16, 21 ] and are inherently
bound to the numerical stability against bifurcations in the
Advanced Theory and Simulations, 2026
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FIGURE 4 (a) Test sequence of spinodal decomposition for misfit 𝜂 ≈ 0 . 45% , comparing the NN prediction with the ground-truth PF evolution, 
initiated from a Perlin noise profile with ⟨𝜑⟩ = 0 . 5 . The map of absolute error, evaluated as the point-wise difference between the two profiles |Δ𝜑| = 

|𝜑 − 𝜑 |, is reported for 𝑡 = 100 𝜏 and 500 𝜏. Time evolution (b) of the mean absolute error (MAE) and (c) of the relative error on the interface length, 
measured by ⟨𝑤( 𝜑) ⟩, between NN and true PF simulations evaluated on a test set of 500 sequences, up to 500 𝜏. The median value (solid line) and 
inter-quartile range (IQR, shaded region) are shown. 
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time-dependent dynamics, also affecting the PF simulations (e.g.
when varying spatial and temporal discretizations or introducing
noise). Indeed, even small discrepancies injected at some time
during the evolution sequence may progressively amplify as time
advances and eventually lead to distinct morphological outcomes.
Other error metrics, evaluating the model predictions beyond the
pixel-level, are hence to be considered in order to assess how the
trained NN complies with the underlying physical model. 

Among these, a key global quantity that can serve the purpose
is the total interface length, which can be estimated, normalized
on the domain size, as 2 ⟨𝑤( 𝜑) ⟩ [ 61 ]. In Figure 4c , we show the
trend of the relative error on the prediction of interface length
on the same test set, highlighting the median and inter-quartile
range. With respect to MAE, the error for this metric grows
more slowly, remaining well below 2% for the first 100 𝜏, and
still under ≈ 5% even at 500 𝜏 for most of the considered cases,
as shown by the inter-quartile range. These quantities are of the
same order of magnitude as reported in previous studies [ 25, 26,
51 ], where the relative errors in characteristic lengths is reported
to be in the order of few percent. Notice, however, that in the
present case the interface length only serves as a geometric
characterization, as the evolution of the system is also driven
by elastic contribution. Still, the results indicate that the NN
model provides a reasonable representation of the overall domain
evolution even in the extrapolation regime where pixel-level
match is lost. 
 

Advanced Theory and Simulations, 2026

iv
3.2 Time Evolution of Mean Properties 

In the previous section, we concluded that the NN model is
capable of producing pixel-wise accurate predictions within the 
training time range, while at longer stages, larger errors were
obtained. This section, instead, aims at assessing to what extent
such long-time predictions remain overall physically meaningful, 
despite abandoning the claim of reproducing the exact sequence.
For this purpose, we then focus here on the time trends of global
descriptors, representative of the system state and hence less
affected by local bifurcation effects. 

Since global behaviors differ according to the average compo-
sition ⟨𝜑⟩ and misfit parameter 𝜂, a dedicated test set of 50
independent evolutions for fixed ⟨𝜑⟩ = 0 . 5 and 𝜂 = 0 . 6% is here
devised (an analogous analysis for a case with ⟨𝜑⟩ = 0 . 5 and 𝜂 =
0 . 3% is reported in Figure S6 ). Each sequence extends up to a time
of 1000 𝜏, i.e. 10 times longer than the sequences used in training.

As the Cahn–Hilliard equation drives the system evolution 
toward minimization of the free energy defined in Equation ( 1 ),
this quantity can be taken as a primary descriptor to assess
how well the NN predicted evolution obeys the underlying
thermodynamics [ 26 ]. Figure 5a reports the time evolution of
the mean free-energy density ⟨𝑓⟩, also used as a regularizing
parameter in the loss. Solid lines represent ensemble medians,
while shaded areas correspond to the inter-quartile range (IQR).
7 of 14
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FIGURE 5 Time evolution of (a) mean free energy density ⟨𝑓⟩, (b) mean interface energy density ⟨𝑤⟩, (c) mean elastic energy density ⟨𝜌⟩; (d) 
isotropy degree 𝐼 and (e) boundary fractal dimension 𝐷𝑏 , obtained from 50 independent simulations for fixed ⟨𝜑⟩ = 0 . 5 and 𝜂 = 0 . 6% and different 
initial Perlin noise configurations. The median value is traced by a solid line while shaded areas represent the inter-quartile range (IQR). NN predictions 
are shown in red while the corresponding PF ground-truth ones are in blue. 
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Overall accordance is achieved, with median values falling within
the IQR of each other for most time. Deviations become more
evident only at the later stages, at ≈ 900 𝜏, marking the loss
of model reliability also for global properties, even if not yet
corresponding to an actual breakdown in the model predictions. 

For a more in-depth analysis, in Figure 5b,c , we consider
separately the two contributions to 𝑓, i.e. the mean interface
energy density ≈ 2 ⟨𝑤( 𝜑) ⟩ and the mean elastic energy density
⟨𝜌⟩. Despite the NN model slightly underestimating the decay
rate of the first and overestimating the rise of the second, NN
predictions and PF ground truth values still fall within the IQR
of each other. Importantly, the relative errors on the medians for
the two contributions are similar, showing that the model is not
biased toward one of the two. 

Two additional descriptors, sensitive to the geometrical features
of the segregated domains, are also inspected in Figure 5d,e . The
first, in panel (d), is the isotropy degree 𝐼, defined as a measure of
the directional balance of the domain boundary profile, evaluated
from the histogram of oriented gradients [ 64 ] computed on each
snapshot. In detail, each image is divided into local cells of
4 × 4 pixels, grouped into 2 × 2 blocks for local normalization,
and gradient orientations are binned into 10 angular intervals
between 0◦ and 180◦. The average gradient magnitude in each
orientation bin, obtained after spatial averaging, reflects the
relative abundance of interfaces aligned along that direction. 𝐼 is
then defined as the ratio between the mean magnitude of non-
axial orientations ⟨𝑀⟨¬10 ⟩⟩ and that along the ⟨10 ⟩ horizontal and
vertical directions ⟨𝑀⟨10 ⟩⟩: 

𝐼 =
⟨𝑀⟨¬10 ⟩⟩
⟨𝑀⟨10 ⟩⟩ (13)
8 of 14
Values close to unity indicate isotropic patterns, whereas values
close to zero reflect the preferential alignment of structures along
the horizontal and vertical directions. 

The second descriptor, in Figure 5e , is the boundary fractal
dimension [ 65 ] 𝐷𝑏 , which instead characterizes the complexity
of the domain interfaces by estimating how the number of edge
pixels scales with the observation length scale in a box-counting
sense, computed as the (negative) slope of the log–log relationship
between the number of occupied boxes 𝑁( 𝐿) and the box size 𝐿: 

𝐷𝑏 = −
𝑑 log 𝑁( 𝐿) 

𝑑 log 𝐿 
(14) 

Higher values correspond to more irregular boundaries. Both 
metrics are well reproduced by the NN predictions, despite
not being included in the loss function, thus giving further
confirmation about the model’s ability to capture the geometrical
features of the evolving microstructures. 

According to the previous analyses, the NN model is capable
of producing physically appropriate global behaviors even for 
extrapolation up to ≈ 8 − 9 times the training sequence length. 

We find it interesting to rationalize the amplitude of the observed
prediction error by comparing it to the effects of random perturba-
tions in the PF dynamics. To this purpose, the integration scheme
of Equation ( 8 ) is modified so that at each time step a random
Gaussian noise is added to the value of 𝜑𝑡 . Exact conservation
of mass is enforced by subtracting the noise’s mean value over
all pixels. We then inspect the variability of the solution profiles
induced by such noise by comparing the profiles obtained from
PF simulations with noise with the corresponding ground truth
Advanced Theory and Simulations, 2026
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FIGURE 6 (a) Time evolution of MAE between PF simulations with 
noise and ground truth deterministic ones from the test set of Figure 4 , 
MAE = ⟨|𝜑noise − 𝜑|⟩. (b) Time Evolution of the mean free energy 
density ⟨𝑓⟩ comparing PF simulations with noise and corresponding NN 

predictions from the test set of Figure 5 . Solid curves report median values, 
while shaded areas are inter-quartile ranges. Blue is used for ground-truth 
and red for the perturbed dynamics. 
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ones from the deterministic PF evolution (see Figure S4 ). For a
quantitative comparison, we consider as ground truth the same
500 PF sequences from the testing set used for Figure 4 and
for each one, perform a new PF simulation starting from the
same initial configuration but including noise. Figure 6a shows
the MAE trend computed on this statistical ensemble as MAE =
⟨|𝜑noise − 𝜑|⟩. Given the accumulation of deviations introduced by
noise, the MAE grows over time and, as shown in Figure S5 , it
also increases with the standard deviation of the injected noise.
By comparing the observed trends with those of Figure 4b , it is
found that a noise with standard deviation of 7 . 5 × 10− 4 returns a
variability range very similar to the prediction error of the trained
NN model. Notably, the inter-quartile range for the perturbed
PF dynamics is quite wider, meaning that the NN model has a
narrower error distribution for the same median value. 

As discussed in the previous sections, the MAE only measures
pixel-level similarity between two evolutions, and cannot show
consistency between more coarse properties, such as the free
energy decay. For a direct comparison with the NN error analysis
of Figure 5 , the same set of 50 independent evolutions with ⟨𝜑⟩ =

Advanced Theory and Simulations, 2026
0 . 5 and 𝜂 = 0 . 6% was considered and compared with perturbed
dynamics as discussed in the previous paragraph. Figure 6b shows
the evolution of the mean free energy density ⟨𝑓⟩ for the PF noisy
ensemble and for the NN test set already reported in Figure 4a .
The compelling match of the two curves, both for median values
and IQR range, clearly indicates how the NN error accumulation
is indeed equivalent to having a random error, or possibly physical
fluctuations, in the PF solution. Since these do not compromise
the ensemble thermodynamic behavior, the comparison proves 
the physical consistency of the NN trajectories, even when they
miss the one-to-one correspondence with the ground-truth due 
to bifurcations in topological events (e.g., domain pinching and
merging). 

3.3 Domain-Size Generalization Tests 

A major advantage of using a fully-convolutional architecture 
is its independence from the domain size. In this section, we
then apply the trained NN model to 512 × 512 domains, i.e.
with an area 16 times larger than those used during training,
and test its robustness and generalization capabilities beyond 
the training domain size. Figure 7a,b compares NN predictions
and PF ground truth morphologies obtained after evolution for
100 𝜏 for two representative cases with ⟨𝜑⟩ = 0 . 45 and 𝜂 = 0 . 4%
and 0 . 8% , respectively. Aside from local discrepancies related
once again to domain pinching or coalescence, the predicted
profiles are in excellent agreement with the true ones, accurately
capturing the dominant morphological features and large-scale 
evolution trends. 

As an additional test, we analyze the NN performances in
predicting the evolution of peculiar configurations that differ 
qualitatively from the Perlin noise ones of the training set, while
also considering domain-size and sequence-length generaliza- 
tion. In Figure 7c , we consider an initial condition featuring a
spatially varying average composition, which is higher in the
center and lower toward the edges of the domain. A 512 × 512
large domain and a long sequence reaching a total time of 1000 𝜏
( 10 × the training set) are considered. Despite the deviations
from the training distribution, the model accurately captures the
overall morphological evolution. 

Both analyses demonstrate generalization capabilities and 
the effectiveness of the learning framework in scaling to
larger domains. 

3.4 NN Reconstruction of the Phase Diagram 

In this section, we aim to demonstrate the potential of the
previously tested model as a fast and reliable surrogate of the
ground-truth PF approach to infer physical insights into the sys-
tem. For this purpose, we here consider the task of reconstructing
the phase diagram theoretically provided in Figure 1a . To this end,
we use the same test set of 500 sequences, randomly sampling
( ⟨𝜑⟩, 𝜂) pairs, as exploited in the analysis of Figure 4 . Here
we establish whether each one corresponds to phase separation
or to a single homogeneous phase by evaluating the difference
between the maximum and minimum values of 𝜑 at 100 𝜏 and
classify the system as single phase whenever it is below an
9 of 14
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FIGURE 7 (a,b) Comparison between predicted and true profiles for spinodal decomposition at 𝑡 = 100 𝜏, starting from initial Perlin noise profile 
on large 512 × 512 domains, for (a) 𝜂 = 0 . 4% , and (b) 𝜂 = 0 . 8% . The absolute error map over the domain is also reported. (c) Example of a 1000 𝜏-long 
evolution sequence on a 512 × 512 domain with 𝜂 = 0% and starting from a spatially varying initial composition: higher in the center and lower at the 
edges. Despite local differences, the NN prediction is in accordance with the ground truth up to 1000 𝜏, demonstrating generalization capabilities beyond 
the training distribution. 
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arbitrary threshold of 0.05. This classification is performed on
both NN and PF profiles so that the model predictions can be
directly compared with the ground truth PF behavior under
the same conditions. Results are reported in Figure 8a , along
with the analytical spinodal line. In the large majority of cases,
the NN output matches the PF one, distinguishing in the same
way between single and two-phase conditions. Only for a few
configurations (9 out of 500), the model was unable to correctly
predict the outcome of the dynamics (black crosses). Figure 8b
reports three representative examples where the NN fails to
reproduce the correct behavior at time 100 𝜏. In these cases, the
true evolutions remain uniform, whereas the model incorrectly
predicts phase separation or introduces spurious artifacts and
unphysical features. Such artifacts are not observed in other
examples, except in critical conditions where the system lies near
the threshold between phase separation and uniform mixing.
No cases in which the NN wrongly predicts a final uniform
composition state are observed. 

It must be, however, noticed that ⟨𝜑⟩ and 𝜂 alone are insufficient
to unambiguously determine the onset of phase separation even
in the PF simulations, as the amplitude of the initial perturbations
also plays a significant role. This is the reason why in the
simulated phase diagram, both from NN and PF, it is not possible
to find a perfectly sharp boundary between the two conditions
as expected by the theory. To further illustrate the effect of the
initial conditions, Figure 8c presents two evolutions starting from
the same Perlin noise profile but with different perturbation
amplitudes. While the configuration with larger perturbations
undergoes spinodal decomposition, the other evolves to a uni-
form field. The NN model is found to accurately capture both
outcomes, highlighting its sensitivity to the initial perturbation
even for borderline conditions between phase separation and
homogeneous phase. 

We stress once again that the NN model has no explicit informa-
tion on the stability condition of Equation ( 9 ), hence we conclude
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that the model implicitly learned the role that elastic strain plays
in penalizing spinodal decomposition. This suggests the potential 
application of this approach to more complex systems where
corresponding analytical expressions are not available, possibly 
requiring a high number of calculations. 

4 Conclusion 

Based on a suitable convolutional recurrent NN architecture, 
we proposed a model able to predict the temporal evolution of
alloy microstructures during coherent spinodal decomposition 
encompassing, the whole morphological variability of the ( ⟨𝜑⟩,
𝜂) phase-diagram, at a reduced computational cost. 

Testing demonstrated high accuracy in sequence prediction as 
far as considering interpolation within the training sequence 
length, even if considering a very wide range of lattice misfit and
average compositions. Generalization to long evolutions (up to 
five times the sampled one in training), on the other hand, leads
to deviations which cause the loss of pixel-by-pixel match but still
retain a good description of global properties in terms of ensemble
averages, thus making the model useful also for sequences as long
as 9 times the training one. Notably, the NN prediction errors
have been found equivalent to noise injection into the true PF
dynamics, showing that the deep learning model is consistent
with moderate levels of perturbations, responsible for bifurcation 
events (e.g. domain pinching or coalescence), altering the specific
connectivity of segregated domains but not global properties.
The reliability of the NN as a surrogate of the generating PF
simulations has been demonstrated by recovering the theoretical 
phase diagram. 

The proposed framework is versatile and applicable to the broader
class of continuum models beyond the specific Cahn–Hilliard 
equation, which was chosen since as particularly well-suited 
to generate complex and diverse patterns as a function of a
Advanced Theory and Simulations, 2026
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FIGURE 8 (a) Phase diagram reconstruction using the trained NN. Each point corresponds to a ( ⟨𝜑⟩, 𝜂) combination sampled by a NN simulation 
starting from a random Perlin noise configuration and evolving up to 100. The analytical spinodal line is reported as a solid black line for reference, 
and points are categorized according to the match of the NN prediction with the corresponding PF ground truth. (b) Representative failure cases at 
200 𝜏 where the model incorrectly predicts phase separation or introduces artifacts (marked by black crosses in (a)). (c) Comparison between NN and 
PF profiles at 200 𝜏 for two evolutions starting from the same Perlin noise profile but with different amplitudes. The one with larger perturbations (left) 
undergoes phase separation while the other (right) remains mixed. Both cases are captured by the NN model. Simulations are performed on 128 × 128 

domains. 
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governing parameter and, as such, the optimal testing ground
for severely assessing the NN architecture properties. The low-
computational cost of the NN, combined with the possibility of
training the NN model on a less demanding small-size domain
while still applying it to larger regions, here demonstrated for
a 16 × upscaling, could enable the study of systems where
no analytical approach exists and/or conventional numerical
simulations are highly demanding. 

Finally, a potential application of this workflow lies in its
use on real experimental images, offering a pathway to bridge
the gap between simulation and experiment. By incorporating
measurements, this approach could further refine predictions,
enabling targeted design and optimization in materials science
and semiconductor physics. In fact, the direct, on-the-fly applica-
tion of ML techniques to experimental data has already begun to
emerge [ 15 ] and is likely to become relevant in the coming years. 
Advanced Theory and Simulations, 2026
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