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Abstract. Linear temporal logic on finite time (LTLf ) has been suc-
cessfully employed as a declarative language to represent and reason
about business processes. However, in their classical form they are
unable to handle the uncertainty inherent to many application do-
mains and model learning methods. To alleviate this, we propose a
possibilistic extension of LTLf designed to deal with qualitative un-
certainty, first in a restricted form where uncertainty refers to full
formulas, and then in a more expressive formalism with possibility
as a full formula constructor. We present effective automata-based
reasoning methods for this new language and show that it behaves
computationally better than recently proposed probabilistic temporal
logics.

1 Introduction

Linear temporal logic (LTL) [3, 28] is one of the main formalisms
used for describing temporal and process specifications and be-
haviour. Its variant LTLf [9], which restricts timelines to a finite ex-
ecution has recently gained attention from the community dealing
with declarative process modelling as, in contrast to verification or
model checking where executions are assumed to run forever, busi-
ness processes are considered to have an end point. In particular,
LTLf is the formalism underlying the declarative process modelling
language Declare [27].

Uncertainty is an unavoidable feature of real-world domains, in
particular when dealing with industrial applications and temporal ex-
ecutions. When an industrial process is set in motion, there are poten-
tial variations on the output which may be caused by limited knowl-
edge (e.g., is the raw material of adequate quality?; has it been stored
properly?) or by the randomness of the world (e.g., a shipment con-
tainer may be lost at a sea storm, or an electronic device may suffer
from a bit-flip). Classical logics are unable to characterise this uncer-
tainty and, if used improperly—for instance, by considering unlikely
scenarios as impossible—may lead to erroneous specifications and
conclusions. Hence the need to extend LTLf to handle uncertainty.

Probability theory [12] provides an effective and well-understood
approach to deal with uncertainty in a quantitative manner. Indeed,
many probabilistic temporal logics (typically over infinite time) have
been proposed over the years [16, 10, 26, 25, 17]. A different strat-
egy is to use Markov chains [24], like in PCTL [14] which asso-
ciates to each state of a Markov chain a propositional valuation ex-
pressing the observable behaviour of the system at that state. To our
knowledge, finite-time variants of PCTL have not been studied; how-
ever, the problem of finding out whether a PCTL formula has a finite
model was shown to be undecidable [6]. The closest work to ours

is PLTLf [23] and its restriction PLTL0
f , which was proposed as the

backbone of ProbDeclare [22].
Probabilities, while technically well-understood, are cognitively

and computationally very expensive. On the one hand, it has been
observed that humans are not well adapted to reason probabilisti-
cally, making the construction of a probabilistic specification from
expert knowledge much harder. On the other hand, adequate prob-
abilistic reasoning requires knowledge about joint distributions and
independence between events, which is not easy to obtain, and hard
to manipulate numerically once it is available.

Possibility theory [11] provides an alternative, more qualitative
method for managing uncertainty. In their most typical form, possi-
bility measures simply consider the maximum possibility of the out-
comes in an event, thus making the computation much simpler. In
addition, the actual values of the possibility degrees take a second
place behind their order—hence the idea that this measure is more
qualitative than quantitative. This is helpful from the modelling point
of view because variations in possibility degrees do not affect the
overall results, as long as their ordering remains unchanged. Thus,
a modeller only needs to specify what is more (or less) possible be-
tween two events, without worrying about assigning a precise value.

Possibilistic (infinite time) temporal logics have been studied in
the context of model checking [18, 19], but to the best of our knowl-
edge, never for finite-time temporal logics or for logical reasoning.
In this paper, we cover that gap by proposing two possibilistic exten-
sions of LTLf . After a few preliminaries needed to understand the
details of the paper, we first present the very simple ΠLTL0

f , where
possibilistic statements can only be made to classical LTLf formu-
las. We show that deciding consistency of ΠLTL0

f KBs is compu-
tationally as expensive as for classical LTLf , and present methods
for finding inconsistency degrees and decide more complex entail-
ments. Afterwards, we study the more expressive ΠLTLf in which
possibilistic statements can be recursively nested within other tem-
poral expressions. We use the insights from ΠLTL0

f to construct an
automata-based decision procedure for full ΠLTLf .

These formalisms should provide the basis for a possibilistic ex-
tension of Declare and effectively managing more complex uncer-
tainty statements in declarative process modelling.

2 Preliminaries

We start providing the background knowledge necessary for under-
standing our formalism; namely, the temporal logic LTLf and the
basics of possibility theory.
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2.1 LTLf

LTLf [9] is a (discrete) linear temporal logic over finite traces.
Syntactically, it looks exactly like the better known (infinite time)
LTL [3, 28]. LTLf formulas are constructed from a class P of propo-
sitional variables through the syntactic rule

ϕ ::= x | ¬ϕ | ϕ ∧ ϕ | ©ϕ | ϕU ϕ,

where x ∈ P. Briefly, ©ϕ expresses that ϕ should hold in the next
point in time, andϕU ψ expresses thatϕ holds from the current time-
point onwards until ψ is observed. The main difference with (classi-
cal) LTL is that time does not run infinitely, but eventually stops; that
is, there is a final point in time, but no specific bound on when this
point will be reached. All this is formalised through temporal models.

A temporal model is a finite sequence of propositional valuations,
where as usual a propositional valuation is represented as a set of
propositional variables. A valuation V ⊆ P expresses which vari-
ables are true in it. LetM = V0V1 · · · Vn be a temporal model. The
satisfiability relation of a formula ϕ w.r.t. M at time k, 0 ≤ k ≤ n
is defined inductively as follows:

• M, k |= x (where x ∈ P) iff x ∈ Vk;
• M, k |= ¬ϕ iffM, k �|= ϕ;
• M, k |= ϕ ∧ ψ iffM, k |= ϕ andM, k |= ψ;
• M, k |=©ϕ iff k < n andM, k + 1 |= ϕ; and
• M, k |= ϕU ψ iff there exists �, k ≤ � ≤ n such thatM, � |= ψ

and for all m, k ≤ m < �, it holds thatM,m |= ϕ.

Intuitively, ©ϕ is satisfied if ϕ is observed in the next timepoint,
while the until operator is satisfied if there is a point in the future
(up to the last timepoint) where ψ holds and in between ϕ is al-
ways satisfied. Note that this view on the until operator requires one
to foresee the behaviour of the interpretation far into the future. To
manage formulas of the form ϕU ψ locally, one often considers the
equivalent characterisation where M, k |= ϕU ψ iff (i) M, k |= ψ
or (ii) M, k |= ϕ and M, k |= ©(ϕU ψ). Despite the apparent re-
cursion on the last point, this semantics of ϕU ψ is well defined and
in particularM, n |= ϕU ψ holds wheneverM, n |= ψ.

The temporal model M satisfies the formula ϕ (M |= ϕ) iff
M, 0 |= ϕ. A formula is satisfiable if there exists a temporal model
that satisfies it. A set of formulas Γ is consistent iff there is a tempo-
ral model that satisfies all the formulas in Γ. From now on, we will
often refer to temporal models simply as models, for brevity, and as
traces in accordance to the terminology of process modelling [30].

LTLf has been successfully used to represent processes, by intro-
ducing constraints on the traces which can be observed during the
execution of the process [27]. Usually, these process models are con-
structed as a set of LTLf formulas, although to improve readabil-
ity and aid development, these formulas are often limited to a small
class of general patterns, as is the case for the well known language
Declare [27]. For complex, live, processes, constructing such a spec-
ification is far from obvious. One common approach, in this case,
is to mine the trace logs for repeating patterns [29, 5]. Yet, due to
the uncertainty of the real world and potential writing mistakes, it is
not uncommon to produce inconsistent models in this manner. For
instance, a constraint may allow for a limited number of exceptions
(such as product defects) to happen randomly, but these exceptions
will not be included in the mined process. Hence, there is an interest
in developing extensions of LTLf which can handle uncertainty.

2.2 Possibility Theory

Possibility theory [11] is an alternative to probability theory [4] de-
veloped for handling some kinds of uncertainty by measuring the
possibility and necessity of events. Similarly to probability theory,
each event is assigned a degree in [0, 1], but possibility measures are
typically easier to manipulate mainly because they represent a more
qualitative, and less quantitative, notion of uncertainty. Indeed, the
specific numbers assigned are less important than their relative or-
dering.

Formally, given a (possibly infinite) set Ω of outcomes, a possibil-
ity measure is a function π : 2Ω → [0, 1] which satisfies the follow-
ing three properties:

1. π(∅) = 0;
2. π(Ω) = 1; and
3. if U, V ⊆ Ω are disjoint, then π(U ∪ V ) = max{π(U), π(V )}.

Subsets of Ω (i.e., sets of outcomes) are called events. Equivalently,
one can define a possibility measure as a function π : Ω → [0, 1],
which is later extended to events by setting π(U) = supω∈U π(ω)
for all U ⊆ Ω. That is, possibility measures can be fully specified
through a possibility value on the outcomes.

From this definition, one can immediately see the main difference
between possibility and probability measures: for any set U ⊆ Ω
a possibility measure π is such that max{π(U), π(Ω \ U)} = 1.
This has two important implications. First, it could be the case that
both, an event and its complement, have possibility 1, representing
a situation where both situations are considered as equally possible.
Second, whenever an event has a possibility strictly smaller than 1,
its complement must have possibility 1. Intuitively, if one hesitates
about the possibility of an event, it means that its opposite (i.e., its
complement) is possible.

To emphasise the dissimilarity between the two kinds of measures
of uncertainty, we also note that the constant function that maps ev-
ery non-empty event to 1 (that is, π(U) = 1 for all U ⊆ Ω \ {∅})
is a possibility measure. This refers to a completely agnostic situa-
tion, where anything (except not observing any outcome) is possible.
Moreover, if an event U is finite, one can verify that π(U) ≥ p for
some p ∈ [0, 1] simply by finding an outcome ω ∈ U such that
π(ω) ≥ p.

Possibility measures implicitly define a dual necessity measure
N : 2Ω → [0, 1] given byN(U) = 1−π(Ω\U) for all U ⊆ Ω. The
idea behind this measure is that if an event is more necessary, then
its complement must be less possible; e.g., if it is necessary that it
rains, then it must be impossible for it not to rain. We introduce this
function here for completeness, but focus on possibility measures for
the rest of the paper, for reasons that will become clear later.

In the next section we will combine the two notions of LTLf and
possibility theory to introduce a new temporal logic capable of deal-
ing with (qualitative) uncertainty; but first, we briefly recall tree au-
tomata.

2.3 Tree Automata

A finite tree is a finite non-empty set of words of (positive) natural
numbers T ⊆ N

∗ which is closed under prefixes and preceding sib-
lings; that is, if wi ∈ T , then w ∈ T and for all 1 ≤ j ≤ i, wj ∈ T .
Each finite tree T has a maximum number k ∈ N (called the width)
such that wk ∈ T for some w ∈ N

∗. The empty word ε is the root,
and a leaf is a nodew ∈ T such thatw1 /∈ T . We will often consider
full k-ary trees, where every non-leaf node has k successors.
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A labelling of the tree T on a set Σ is a mapping T → Σ. A tree
which has been associated to a labelling is called a labelled tree.
A branch of the tree T is a sequence w1, . . . , wn of nodes of T
such that w1 = ε, wn is a leaf node, and for every i, 1 ≤ i < n,
wi+1 = wim for some m ∈ N. With a slight abuse of terminology,
whenever a tree T is labelled, we call branch also the sequence of
labels of a branch.

Definition 1. Let k be a positive natural number. A k-ary tree au-
tomaton is a tuple A = (Q,Δ, I, F ) where Q is a finite set of
states, I, F ⊆ Q are sets of initial and final states, respectively, and
Δ ⊆ Qk+1 is the transition relation. A run of A on the (full) tree T
of width k is a labelling ρ : T → Q such that ρ(ε) ∈ I and for ev-
ery w ∈ T , if w is not a leaf, then (ρ(w), ρ(w1), . . . , ρ(wk)) ∈ Δ.
Such a run is called successful if for every leaf node w ∈ T , it holds
that ρ(w) ∈ F . In that case, we say that A accepts the tree T . The
language accepted by A is the set L(A) of finite trees for which
there is a successful run of A. The emptiness problem asks whether
L(A) = ∅.

This definition focuses on a limited class of automata, known as
looping automata, where transitions are not labelled but depend only
on the current state [15]. This suffices for the purposes of this paper.

The emptiness problem of k-ary tree automata can be decided in
time O(|Q|k+2) [31]. However, the automata constructed for rea-
soning within different logics often require an exponential number
of states on the size of the input formulas (see Section 4), which
yields an EXPTIME reasoning method. Under some conditions—in
essence, polynomial arity, a polynomial description of each state, and
a guarantee of polynomial depth on accepting runs—this bound can
be improved to PSPACE [2]

3 ΠLTL0
f

Taking inspiration from the simple probabilistic PLTL0
f [21, 23]

(which is a special case of the more general PLTLf ), we define
the possibilistic temporal logic on finite traces ΠLTL0

f . Through this
logic, one can introduce a set of constraints over the possibility of ob-
serving certain types of behaviours (called a knowledge base), which
in turn defines a possibility measure over the class of all temporal
models.

Definition 2. A ΠLTL0
f knowledge base (KB) is a finite set of con-

straints of the form 〈ϕ ≥ p〉 or 〈ϕ ≤ p〉 where ϕ is an LTLf formula
and p ∈ [0, 1]. A possibilistic model is a pair I = (M, π) where M
is a set of temporal models and π is a possibility measure over M.
We say that the possibilistic model I is finite iff M is finite.

The possibility of an LTLf formula ϕ w.r.t. the possibilistic model
I = (M, π) is π(ϕ) := π({M ∈ M | M |= ϕ}). I satisfies
the KB K (I |= K) iff for every constraint 〈ϕ 	
 p〉 ∈ K (with
	
 ∈ {≤,≥}), it holds that π(ϕ) 	
 p. K is consistent iff there is at
least one possibilistic model that satisfies it.

We note first that this definition slightly differs from standard ap-
proaches in possibilistic logics where formulas in a KB are typically
interpreted as lower bounds for necessity degrees. By definition, we
have that, if N(ϕ) ≥ p then π(¬ϕ) ≤ 1 − p. Hence, we decided
to focus on interpreting KBs using possibility degrees only, but al-
lowing both lower and upper bounds. This allows us also to include
“weak” restrictions 〈ϕ ≥ p〉 requiring at least one (but not necessar-
ily all) temporal model in M satisfying ϕ to have possibility degree
at least p.

From now on, we will denote as Φ(K) := {ϕ | 〈ϕ 	
 p〉 ∈ K}
be the set of all (classical) LTLf formulas appearing in K and as
Π(K) := {p | 〈ϕ 	
 p〉 ∈ K} the set of all possibility degrees
appearing in K.

According to Definition 2, a model I may contain infinitely many
traces (with an adequate possibility measure over them). Yet, if one
is interested in KB consistency, it is only important how these traces
behave over the formulas that appear in the KB. This yields our first
result: ΠLTL0

f has the finite model property.

Theorem 3. Let K be a ΠLTL0
f KB. K is consistent iff there is a

finite possibilistic model that satisfies K.

Proof. For the “if” direction, the result is trivial: if there is a finite
possibilistic model satisfying K, then K is consistent by definition.

Conversely, if K is consistent, then there is a possibilistic model
I = (M, π) that satisfies K. We construct an equivalence relation
∼ over M as follows: for M,M′ ∈ M we have that M ∼ M′

iff for every ϕ ∈ Φ(K) it holds that M |= ϕ iff M′ |= ϕ; i.e.,
two temporal models are equivalent if they satisfy the same class
of formulas in Φ(K). This equivalence relation induces a new pos-
sibilistic model I∼ = (M/∼, π∼) where M/∼ is the quotient set
of M w.r.t. ∼,1 and for every equivalence class [M]∼ we define
π∼([M]∼) := supM′∼M π(M′). Note that ∼ has at most 2n

equivalence classes, where n is the cardinality of Φ(K); hence I∼
is a finite model. It remains to be shown that I∼ |= K. Consider a
constraint 〈ϕ 	
 p〉 ∈ K. By construction,2

π∼(ϕ) = π∼({[M]∼ ∈M/∼| M |= ϕ)

= sup
M′∼M,M|=ϕ

π(M′) = sup
M|=ϕ

π(M′)

= π({M ∈M | M |= ϕ})
= π(ϕ).

This means that I |= 〈ϕ 	
 p〉 iff I∼ |= 〈ϕ 	
 p〉. Since I is a model
of K, so is I∼.

The construction used to prove this theorem suggests also a way to
effectively decide consistency: one can try to construct a temporal in-
terpretation satisfying each of the 2n combinations of formulas in K
and assign an adequate possibility degree according to the constraints
whenever this sub-KB is (classically) consistent. Thus, we can con-
clude that ΠLTL0

f KB consistency is decidable in exponential time:
it requires at most exponentially many LTLf consistency tests, each
of which runs in PSPACE [9]. However, this approach requires us to
verify many unnecessary cases.

As a first step, note that by definition, all constraints of the form
〈ϕ ≥ p〉 can be treated independently, since they can be satisfied
with different temporal models associated to a high possibility de-
gree. Consider for instance the KB K = {〈x ≥ 0.9〉 , 〈¬x ≥ 0.9〉},
which is consistent although there is no trace that satisfies both for-
mulas. A possibilistic model satisfying this KB will have (at least)
two temporal modelsM1,M2 such thatM1 |= x,M2 |= ¬x, and
both models have possibility degree at least 0.9 (in fact, one of them
will have possibility 1). Thus, lower possibility bounds may only be
problematic when combined with upper bounds.

On the other hand, upper bounds have a very different behaviour.
For example, the KB K = {〈x ≤ 0.9〉 , 〈¬x ≤ 0.9〉}, which looks

1 That is, the set of all equivalence classes of M w.r.t. ∼.
2 The choice of the representative for a class is irrelevant, as all models in
[M]∼ are indistinguishable from the point of view of Φ(K).
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very similar to the previous example, is inconsistent, because it con-
straints all traces to have a possibility degree strictly smaller than
1, which is impossible–recall the definition of a possibility measure.
This means that, contrary to lower bounds, upper possibility bounds
alone can lead to inconsistencies. To make this more clear, we em-
phasise once again that the axiom 〈ϕ ≤ p〉 also implicitly requires
the existence of a temporal model satisfying ¬ϕ with possibility 1.
Yet, note that the conflict observed may require more than two formu-
las to appear. These insights will allow us to reduce the complexity
of KB consistency from the previously mentioned exponential time
to “only” polynomial space.

We partition the KB K into two classes: K+which contains all the
constraints of the form 〈ϕ ≥ p〉 with p > 0 (from now on called
positive constraints) and K− containing the constraints of the form
〈ϕ ≤ p〉 with p < 1 (called negative constraints). Note that positive
constraints with p = 0 and negative constraints with p = 1 are unin-
formative; for that reason we do not consider them in the following
analysis. As previously explained, a positive constraint requires the
existence of a trace (satisfying a formula) with a possibility larger
or equal to some value; dually, negative constraints express that all
traces satisfying the associated formula must have a possibility de-
gree under a given threshold.

Note first that if any positive constraint with p > 0 is given by
a contradictory formula, then K is inconsistent. For example, the
KB with the constraint 〈x ∧ ¬x ≥ 0.5〉 is inconsistent, because its
satisfaction requires the existence of a trace which satisfies the con-
tradiction x ∧ ¬x, which is impossible. Similarly, if any negative
constraint with p < 1 uses a tautology, then K is inconsistent. For
example, the constraint 〈x ∨ ¬x ≤ 0.5〉 cannot be satisfied by any
possibilistic model because every trace satisfies x ∨ ¬x and the con-
straint requires that all such traces have possibility at most 0.5, which
is not allowed in a possibility measure. These situations can be easily
verified during the construction of the KB, and hence disregard them
as trivial cases as formalised next.

Definition 4. The KB K is called trivial iff Φ(K+) contains a con-
tradiction or Φ(K−) contains a tautology.

For non-trivial KBs, it suffices to consider some simple combina-
tions of formulas to decide consistency, as characterised in the next
theorem. But first, we introduce some useful notation. Given a set L
of negative constraints, we denote as Lp := {〈ϕ ≤ q〉 ∈ L | q < p}
the subset of L containing only constraints with a possibility degree
smaller than p and as ψL

p :=
∨

ϕ∈Φ(Lp)
ϕ the disjunction of all for-

mulas appearing in this set. For brevity, ψL will denote ψL
1 ; that is,

the disjunction of all formulas in L. If L is a set of positive con-
straints, then Lp := {〈ϕ ≥ q〉 ∈ L | p < q} is the subset of L
containing only constraints with a possibility degree greater than p.

Theorem 5. Let K be a non-trivial ΠLTL0
f KB. K is inconsistent iff

1. ψK−
is a tautology; or

2. there exist 〈ϕ ≥ p〉 ∈ K+ such that ϕ ∧ ¬ψK−
p is a contradiction.

Proof. [⇐] Consider first the second point. If 〈ϕ ≥ p〉 ∈ K+ then
any model satisfying the KB K = K+∪ K− must have a temporal
modelM such thatM |= ϕ and π(M) ≥ p. For this model to also
satisfy K−

p it must hold that, for every 〈ϕ2 ≤ p2〉 ∈ K−
p , M �|= ϕ2

(recall that if M |= ϕ2 then π(ϕ2) ≥ π(M) > p2). This means
that M |= ∧

ψ∈K−
p
¬ψ = ¬ψK−

p . But that is impossible because

the formula ϕ ∧ ¬ψK−
p is a contradiction. Hence, K is inconsistent.

For the first point, if a possibilistic model I = (M, π) satisfies K−,
then every temporal model M ∈ M such that M |= ψK−

must
be such that π(M) ≤ minp∈Π(K−) p < 1. Since π is a possibility
measure, there must exist someM0 ∈M with π(M0) = 1 and, by
the previous argument M0 �|= ψK−

. But that is impossible because
ψK−

is a tautology by assumption. Hence K is inconsistent.
[⇒] For the converse, assume that none of the two conditions hold;
we will show that K must be consistent by building a satisfying pos-
sibilistic model. If K−= ∅, then for each 〈ϕ ≥ p〉 ∈ K+ construct a
temporal model satisfying ϕ and assign to all these temporal models
possibility degree 1. This clearly defines a possibilistic model satis-
fying K. If K− �= ∅, then for each 〈ϕ ≥ p〉 ∈ K+ we construct a
temporal model which satisfies ϕ ∧ ¬ψK−

p (which must exist by as-
sumption) and assign it possibility p. We also construct a temporal
model satisfying ¬ψK−

(which again, exists because the first con-
dition does not hold) and assign it possibility 1. To show that this
is indeed a model of K we only need to verify that it does not vio-
late any negative constraint (all positive constraints are satisfied by
construction). Suppose that there is some 〈ψ ≤ q〉 ∈ K− and some
temporal model M such that M |= ψ and π(M) > q. By con-
struction, M was generated by a positive constraint 〈ϕ ≥ p〉 ∈ K+

with p > q. But then 〈ψ ≤ q〉 ∈ K−
p but then M �|= ψ because

M |= ¬ψK−
p . Thus, no negative constraint can be violated.

The consequence of this theorem is that ΠLTL0
f KB consistency

can be decided quite efficiently, simply by making a linear number
of calls to a standard LTLf reasoner. Indeed, if K has at m positive
constraints and n negative constraints, then one needs to check satis-
fiability of m+ n formulas (to guarantee non-triviality) and at most
m + 1 formulas to verify the conditions of Theorem 5. Since each
such check can be made using only polynomial space, we overall
obtain that ΠLTL0

f KB consistency is PSPACE-complete (just as in
classical LTLf ).

Interestingly, this idea is not only parallelisable but, if the LTLf

satisfiability algorithm is modular (as in the case of automata-based
procedures; see Section 4) the consistency method can be imple-
mented quite efficiently, as it is based on mixing and matching for-
mulas which are fixed at the input. Moreover, as can be seen from
Theorem 5 and its proof, one can often reduce the number of tests
further.

Corollary 6. Let K be a nontrivial KB and nK := minp∈Π(K−) p.
K is consistent iff K−∪ K+

nK is consistent.

Overall, this means that one needs to do at most |K+
nK | + 1

satisfiability checks to decide KB consistency and, in particular, if
maxp∈Π(K+) p ≤ minp∈Π(K−) p it is only necessary to check that

ψK−
is not a tautology.

3.1 Inconsistency Degrees

As usual in possibilistic logics, when a KB is inconsistent, we can
provide a measure of the uncertainty level at which inconsistencies
happen. Since we have both, positive and negative constraints which
interact with each other, we compute a class of pairs of inconsistency
degrees, rather than a single value, as defined next.

Definition 7. Given a KB K and p, q ∈ [0, 1], define the sub-KB
Kp,q := K\ (K+

p ∪K−
q ) which contains all positive constraints with

degree up to p and all negative constraints with degree at least q.
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Algorithm 1: Enumeration of optimal inconsistency degrees

Data: K inconsistent ΠLTL0
f KB

Result: Optimal inconsistency degrees of K
1 p0 ← 0; pmax ← max{p ∈ Π(K+)}
2 q0 ← 0
3 for q ∈ Π(K−) do

4 if Kp0,q is consistent then

5 return (p0, q0)
6 q0 ← q
7 while Kp0,q0 is consistent and p0 < pmax do

8 p0 ← next(Π(K+))
9 end

10 end

11 end

The pair (p, q) is called an inconsistency degree for K iff Kp,q is
inconsistent. It is an optimal inconsistency degree if for all p′, q′ such
that p′ < p and q < q′, Kp′,q and Kp,q′ are consistent.

Note that there can be many optimal inconsistency degrees. In fact,
the definition uses a Pareto condition which commonly yields a full
class of optimal elements.

Example 8. Consider the inconsistent KB

K = {〈x ≥ 0.4〉, 〈©y ≥ 0.9〉, 〈¬©y ≤ 0.7〉, 〈¬©¬y ≤ 0.8〉}.

Clearly, K0.9,0.7 = K is inconsistent, and hence (0.9, 0.7) is an in-
consistency degree. However, it is not optimal. Indeed, K0.9,0.8 and
K0,0.7 are also inconsistent. It is easy to verify using Corollary 6 that
(0.9, 0.8) and (0, 0.7) are the optimal inconsistency degrees.

One interesting insight which arises from the definition (and is
visible in the example) is that if (p, q) is an optimal consistency de-
gree, then p ∈ Π(K+) ∪ {0} and q ∈ Π(K−). Moreover, by Corol-
lary 6, if p �= 0, then p > q. Using this information, we can conclude
that (i) there are at most |Π(K−)| different optimal inconsistency de-
grees, and (ii) they can be efficiently enumerated as described in Al-
gorithm 1.

The algorithm starts with an empty set of positive constraints and
all negative constraints. While the subKB remains inconsistent, it
tries to further remove negative constraints until an optimal incon-
sistency degree is found. The next possible optimal inconsistency de-
gree will need to include some positive constraints; the exact value at
which to continue the search for optimality is found in the while loop
(line 7). The correctness of this algorithm is guaranteed by the previ-
ously described insights. As with deciding consistency, enumerating
all optimal inconsistency degrees consumes only polynomial space
(although it may require an exponential execution time).

The importance of optimal inconsistency degrees is that they com-
pactly express the uncertainty required to observe an inconsistency
in the KB. Note that for positive constraints 〈ϕ ≥ p〉, the larger the
p the more restrictive the constraint is: it requires a higher degree
for some temporal models. Conversely, negative constraints 〈ϕ ≤ p〉
are more restrictive when p is smaller: all temporal models of a cer-
tain kind must have a lower possibility degree. When dealing with
uncertainty, a more restrictive clause refers to a higher certainty on
its correctness. Thus, optimal inconsistency degrees refer to the min-
imal certainty a user needs to require to observe the inconsistency;
remaining at a “lower” level of uncertainty recovers consistency of
the knowledge.

3.2 Entailments

As usual in logical languages, and in particular in the context of
knowledge representation and reasoning, consistency is but one of
the many reasoning problems that can be considered. Another im-
portant problem, which is helpful also for managing process models,
is that of entailment. We say that the KB K entails the constraint
〈ϕ 	
 p〉 (denoted by K |= 〈ϕ 	
 p〉) iff every possibilistic model
that satisfies K is such that π(ϕ) 	
 p. This problem can be reduced
to consistency using standard techniques, and hence is decidable in
PSPACE as well.

Theorem 9. Let K be a ΠLTL0
f KB, ϕ an LTLf formula, and

p ∈ [0, 1]. (i) K |= 〈ϕ ≥ p〉 iff K ∪ {〈ϕ < p〉} is inconsistent and
(ii) K |= 〈ϕ ≤ p〉 iff K ∪ {〈ϕ > p〉} is inconsistent.

Note that in this theorem we use strict lower and upper bounds—
〈ϕ < p〉 and 〈ϕ > p〉—for the constraints introduced to KBs, but
these are not allowed in the language of ΠLTL0

f as given in Defini-
tion 2. However, given the results on consistency checking, and in
particular Corollary 6, we can actually rewrite the condition of The-
orem 9 without strict inequalities. The proof of the following propo-
sition is straightforward.

Proposition 10. Let K be a KB, ϕ an LTLf formula, and p ∈ [0, 1].
Let q be the smallest element in Π(K−) such that p < q (or 1 if
there is none). Then K ∪ {〈ϕ < p〉} is consistent iff K ∪ {〈ϕ ≤ q〉}
is consistent. Analogously, if q is the biggest element in Π(K+) such
that q < p (or 0 if there is none), then K ∪ {〈ϕ > p〉} is consistent
iff K ∪ {〈ϕ ≥ q〉}.

This concludes our analysis of the simple ΠLTL0
f based on a pos-

sibility distribution over temporal models, which is only measured
from the beginning of the execution. In the next section, we will
use the insights gained from this language to study a more expres-
sive logic, which allows for a possibilistic constructor which can be
nested with other expressions.

4 Full ΠLTLf

We now extend ΠLTL0
f to a possibilistic variant of the probabilistic

temporal logic PLTLf . As mentioned already, in this logic we allow
for a constructor constraining the possibility degrees of the future
observations of the execution.

Syntactically, ΠLTLf formulas are built through the grammar rule

ϕ ::= x | ¬ϕ | ϕ ∧ ϕ | ©ϕ | ϕU ϕ | ���pϕ,

where x ∈ P , p ∈ [0, 1], and 	
∈ {≤,≥, <,>}. A ΠLTLf KB is a
finite set of ΠLTLf formulas.

Thus, the syntax of ΠLTLf extends LTLf with expressions of the
form ���pϕ which intuitively express that in the next point in time
the possibility of ϕ is 	
 p. Importantly, recall that if 	
∈ {≤, <}
this also provides some knowledge about the possibility of ¬ϕ. The
formal semantics of this logic is based on finite trees, whose nodes
are associated with propositional valuations and a possibility mea-
sure through two labelling functions.

Definition 11. A ΠLTLf interpretation is a triple I = (T, ·I , P ),
where T is a finite tree, ·I : T →P(P) is a labelling of T on the set
of propositional valuations,3 and P : T \ {ε} → [0, 1] is such that

3 As usual, we describe a propositional valuation by the set of variables it
makes true.
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for each non-leaf node w ∈ T , maxwi∈T P (wi) = 1. Satisfiability
of a formula in a tree node is defined inductively, extending the LTLf

semantics. For an interpretation I = (T, ·I , P ) and w ∈ T :

• I, w |= x iff x ∈ wI ;
• I, w |= ¬ϕ iff I, w �|= ϕ;
• I, w |= ϕ ∧ ψ iff I, w |= ϕ and I, w |= ψ;
• I, w |= ©ϕ iff w is not a leaf node and for all i ∈ N, if wi ∈ T

then I, wi |= ϕ;
• I, w |= ϕU ψ iff one of the following holds: (i) I, w |= ψ or

(ii) I, w |= ϕ and I, w |=©(ϕU ψ); and
• I, w |= ���pϕ iff maxwi∈T ;I,wi|=ϕ P (wi) 	
 p.4

I is a model of φ (I |= ϕ) if I, ε |= ϕ; it is a model of the KB K
(denoted I |= K) iff I |= ϕ for all ϕ ∈ K. K is consistent if it has a
model.

As it can be seen, ΠLTL0
f is a special case of ΠLTLf where the

constructor � is only applied to LTLf formulas and strict inequal-
ities < and > are never used. The idea of the function P is that it
assigns the possibility measure for the remaining of the execution of
the traces (and hence there must be one of them that is assigned possi-
bility 1). Note that these degrees refer to the future of the execution,
regardless of what has happened before in time. This is consistent
with the usual assumptions from LTLf .

The insights obtained in the previous section will be helpful for
building an automaton which can be used to decide consistency
of ΠLTLf KBs. This automaton adapts the ideas developed for
LTLf [9], but most handle the tree structures and the possibility mea-
sure of the semantics of ΠLTLf .

Given a ΠLTLf KBK, let csub(K) be the smallest set of formulas
such that: K ⊆ csub(K); is closed under subformulas and negation
(modulo removal of double negations); and if ϕU ψ ∈ csub(K),
then ©(ϕU ψ) ∈ csub(K). We rewrite all possibilistic formulas
appearing in csub(K) to have the form �≥pϕ or �≤pϕ. This can
be done without loss of generality because ¬�≥pϕ ≡ �<pϕ and,
as seen in the previous section, once K is fixed, the latter formula
can be equivalently written to the form �≤p′ϕ for some p′ < p (and
analogously for negations of upper bounds).

As we will see, the formulas in csub(K) are the only ones that
need to be taken into account when trying to construct a model of
K. We need to identify which sets of these formulas can be satisfied
together in a node, forming what are known as types.

Definition 12. A subset τ ⊆ csub(K) is a type iff (i) for every
¬ϕ ∈ csub(K), ϕ ∈ τ iff ¬ϕ /∈ τ ; (ii) for every ϕ ∧ ψ ∈ csub(K),
ϕ ∧ ψ ∈ τ iff {ϕ,ψ} ⊆ τ ; and (iii) for every ϕU ψ ∈ csub(K),
ϕU ψ ∈ τ iff ψ ∈ τ or {ϕ,©(ϕU ψ)} ⊆ τ .

We use type(K) to denote the set of all types of K.

In words, a type is a maximally consistent subset of csub(K)
which in addition is consistent with the temporal interpretation of
the until operator. This yields a local view on a possible model of
K, but still does not show how to deal with © or �. For these we
will need to find a way to deal with the branching of the trees. Re-
call from Section 3 that finding a satisfying model in the presence of
n positive constraints requires constructing at most n + 1 different
temporal models. We use the same idea, but adapted to the branches
in the tree-shaped model.

4 If w has no successor node that satisfies ϕ—in particular if w is a leaf
node—then maxwi∈T ;I,wi|=ϕ P (wi) = 0 as standard in recursive oper-
ations.

Consider the sets P (K) := {�≥pϕ ∈ csub(K)} of positive
constraints and N(K) := {�≤pϕ ∈ csub(K)} of negative con-
straints, and let nK := |P (K)|. We assume that the elements of
P (K) are enumerated in some arbitrary (but fixed) manner so that
P (K) = {ψ1, . . . , ψnK}; abusing the notation, we will also call
p1, . . . , pnK the possibility degrees of these positive constraints and
χi, 1 ≤ i ≤ nk their associated formulas. That is, each ψi is of the
form �≥piχi. For a given value p ∈ [0, 1], and a set σ ⊆ csub(K),
we define Ξ(σ, p) := {¬ϕ | �≤qϕ ∈ σ, q < p} the set of the
negated formulas associated to negative contraints to a degree below
p. We set Ξ(σ) := Ξ(σ, 1) for brevity.

With this notation, we can now define compatible tuples of types,
which will serve as the transition relation in the automaton.

Definition 13. Let τ, τ1, . . . , τnK+1 ∈ type(K). We say that the
tuple (τ1, . . . , τnK+1) is compatible with τ iff

1. for every©ϕ ∈ csub(K),©ϕ ∈ τ iff for every i, 1 ≤ i ≤ nK+1
ϕ ∈ τi

2. for every i, 1 ≤ i ≤ nK, ψi ∈ τ iff {χi} ∪ Ξ(τ, pi) ⊆ τi; and
3. Ξ(τ) ⊆ τnK+1

The idea is that the type τi is used to satisfy the positive constraint
ψi while not violating any relevant negative constraint (hence the re-
quirement that Ξ(τ, pi) ⊆ τi. The information of© is propagated to
all successors in the tree. Finally, one last successor makes sure that
a possibility distribution is built (adding a new branch which will
intuitively have possibility 1) without violating any of the negative
constraints. With all these notions, we can now construct an automa-
ton for deciding KB consistency.

Given a KB K, we define the automaton AK = (Q,Δ, I, F ) of
arity nK + 1 where Q = type(K); Δ ⊆ QnK+2 contains all tuples
(τ, τ1, . . . , τnK) such that (τ1, . . . , τnK) is compatible with the type
τ ; I = {τ ∈ type(K) | K ⊆ τ}; and F is the set of all types that do
not contain any formula of the form ©ϕ ∈ csub(K) or �≥pϕ. We
thus get the main result of this section.

Theorem 14. The ΠLTLf KB K is consistent iff the automaton AK
is not empty.

Proof (sketch). [⇐] Let ρ : T → Q be a successful run of AK. We
construct an interpretation I = (T, ·I , P ) over the same tree T as
follows: (i) for each node w ∈ T , wI = ρ(w) ∩ P; (ii) for each
node wi ∈ T with i ≤ nK, if ψi ∈ ρ(w), then P (wi) = pi;
otherwise, P (wi) = 0; and (iii) for each node w(nK + 1) ∈ T ,
P (w(nK + 1)) = 1. It can be shown by a double induction (on
the structure of the formula and the structure of the tree) that for
every node w ∈ T and every formula ϕ ∈ csub(K), I, w |= ϕ iff
ϕ ∈ ρ(w). Since ρ is a successful run, we know that K ⊆ ρ(ε) and
hence I |= ϕ for all ϕ ∈ K, showing that K is consistent.
[⇒] Conversely, let I = (T, ·I , P ) be a model of K. We recursively
construct a successful run ρ : T ′ → Q of AK as follows. First
we set ρ(ε) := {ϕ ∈ csub(K) | I |= ϕ} and initialise a func-
tion f : T ′ → T as f(ε) = ε. This function keeps the invariant
ϕ ∈ ρ(w) iff I, f(w) |= ϕ. For the recursion, given a node w for
which ρ and f are already defined, if f(w) is not a leaf node, then
for every i, 1 ≤ i ≤ nK such that ψi ∈ ρ(w), find a successor v
of f(w) in T such that I, v |= χi and P (v) ≥ pi (which must exist
since I is a model) and set ρ(wi) := {ϕ ∈ csub(K) | I, v |= ϕ}
and f(wi) := v. For all other indices j, 1 ≤ j ≤ nK + 1, find a
successor u of f(w) in T such that P (u) = 1 (which must also exist
since I is a model) and set ρ(wj) := {ϕ ∈ csub(K) | I, u |= ϕ}
and f(wj) := u. It can be checked that every node of the tree T ′
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constructed in this way is labelled with a type, and that all transitions
are compatible. Moreover, K ⊆ ρ(ε) because I satisfies all formulas
in K and leaf nodes cannot contain any formula of the form©ϕ be-
cause then I would not satisfy it. Hence ρ is a successful run of AK
and the automaton is not empty.

This theorem shows that KB consistency is reducible to an empti-
ness test of tree automata. As mentioned in the preliminaries, au-
tomata emptiness can be decided in time O(|Q|k+2). In our case, Q
is the set of all types, and its cardinality is bounded exponentially on
the number of formulas inK. Perhaps more problematic is that the ar-
ity of the automaton also depends on the input KB (it is given by the
number of positive constraints in csub(K)). However, this does not
mean that we end up with a double exponential procedure. In fact, the
linear exponent based on nK does not affect the overall complexity.

Corollary 15. ΠLTLf KB consistency is in EXPTIME.

On the other hand, although the arity of the automaton nK + 1
and the representation of each state are polynomial on the size of
K, we cannot bound the depth of successful runs polynomially on
this same measure. Note that this is already true for classical LTLf ,
where formulas may be only satisfiable in temporal models of expo-
nential length. Thus, AK is not a candidate for a PSPACE on-the-fly
construction as proposed in [2]. To the best of our efforts, we have
been unable to show that ΠLTLf consistency is EXPTIME-hard, but
given the characteristics of ΠLTLf models, it would be surprising if
the complexity was lower.

Before concluding, we provide some remarks about the expressiv-
ity of ΠLTLf . First note that LTLf is a special case of both ΠLTL0

f

and ΠLTLf not only in syntactic but also in semantic terms. Specifi-
cally, an LTLf formula is also a ΠLTLf formula where the construc-
tor � is not used, and can be seen as the ΠLTL0

f KB {〈ϕ ≥ 1〉}. By
Theorems 5 and 14, such a formula has a satisfying temporal model
iff it is consistent as a ΠLTL0

f KB iff it has a ΠLTLf model with
branching one (that is, a degenerate tree where nodes have at most
one successor)—which is exactly the semantics of LTLf .

Given the tree-shaped semantics of ΠLTLf , one could be tempted
to believe that there is a connection with CTL [8] or its variant on
finite time. However, the previous observation shows that ΠLTLf

cannot be contained in CTL: there exist LTLf formulas (expressible
in ΠLTLf ), which cannot be expressed in CTL [7, 13]. Conversely,
since the only way to guarantee that something holds in all succes-
sors is through the “next” operator (©), not all CTL formulas are
expressible in ΠLTLf either.

5 Conclusions

In this paper, we have studied possibilistic extensions of the linear
temporal logic over finite time LTLf as a way to effectively manage
qualitative uncertainty in temporal KBs. Although the work focuses
on the logical backbone of the formalism and its reasoning problems
and methods, our motivation is not only theoretical. We are also mo-
tivated by applications in declarative process modelling.

Indeed, LTLf is one of the main languages used for process mod-
elling, with the well-known Declare [27] being a simplified syntac-
tic variant of it. Specifically, a Declare specification—given as a set
of Declare constraints—is, in its back-end, nothing more than a set
of LTLf formulas. Recent attention has been given to the question
of dealing with uncertainty in specifications over real domains. One
hardly needs to argue that real-world processes are surrounded by
uncertainty, from potential manufacturing flaws, to delays, to losses,

to mere natural randomness. Hence, extending Declare (and by ex-
tension LTLf ) with uncertainty expressions is necessary.

While probabilities are a natural candidate formalism for deal-
ing with uncertainty, they are notoriously difficult to manage both
in terms of modelling—since the lack of truth functionality requires
the specification of a joint probability distribution or independence
assumptions—and in terms of computational cost arising from the
need to find all possible outcomes that define an event. Possibility
measures thus arise as an alternative way to handle uncertainty. The
main difference between possibilities and probabilities is that the for-
mer focuses more on a qualitative approach, where the specific de-
grees are less important than their ordering.

Our first proposal, ΠLTL0
f , can be seen as a backbone for a pos-

sibilistic variant of Declare. If we think of a possibilistic Declare
specification as a set of Declare constraints associated to possibility
bounds, then it is equivalent to a ΠLTL0

f KB. Thus, our proposal is,
to-date, the only formalism dealing with possibilistic Declare speci-
fications. The limitation of this formalism is that it can only specify
uncertainty about a full trace: the uncertainty is given, and managed,
at the beginning of the execution.

In reality, however, uncertainty may depend on other events which
have already been observed. For instance, in an online shop specifica-
tion, the uncertainty of a product being delivered changes depending
on whether it was already bought, packaged, or given to the courier.
With full ΠLTLf it is possible to specify these distinctions, along
many other complex constraints.

In this paper, we focused on the main reasoning task of deciding
consistency of ΠLTLf and ΠLTL0

f KBs. In terms of process mod-
elling, this corresponds to deciding whether a specification is realis-
able. We provided effective algorithms for answering this question.
In the process modeling community it is also important to consider
monitoring; that is, controlling that a current execution of a process
does not lead to an unwanted scenario or a violation of the specifi-
cation [20]. In future work, we plan to study this problem also for
ΠLTLf , following the approach proposed in [1]. We will also try to
close the complexity gap for ΠLTLf consistency.
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