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Abstract

This paper presents a generalization of principal component analysis aimed at reducing the
risk of any given benchmark portfolio. Taking the benchmark investment as the starting
point, we propose a method to iteratively construct an orthogonal basis of the return space.
These orthogonal vectors, called pseudo-principal portfolios after suitable normalization,
are combined with the benchmark through an allocation rule to achieve risk reduction.
From a theoretical perspective, we connect this construction to the mean—variance frame-
work and derive geometric properties with meaningful financial implications. From an
empirical perspective, we provide in-sample and out-of-sample experiments on different
datasets of real financial data to support the effectiveness of the strategy, which combines
the original benchmark with the pseudo-principal portfolios to lower risk, measured in
terms of return volatility.
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1 Introduction

Modern Portfolio Theory dates back to the seminal work of Markowitz (1952), which intro-
duced the well-known mean-variance model. Despite the popularity of Markowitz’s frame-
work and its intuitive interpretation in terms of risk and return, it is important to emphasize
the central role of risk management relative to return forecasting. Indeed, if an investor
could reliably predict even the sign of future returns, there would be no need to hedge
against risk, as losses could be avoided. Consequently, when constructing investment port-
folios, the primary focus should be on risk control, given the difficulty of forecasting returns
accurately, both in terms of magnitude and sign Lee (2011).

In practice, portfolio risk is often evaluated relative to a given benchmark, while absolute
risk is usually not considered. As noted in Basak et al. (2006), “Portfolio theory must address
the fact that, in reality, portfolio managers are evaluated relative to a benchmark, and there-
fore adopt risk management practices to account for the benchmark performance.” The
importance of benchmark comparison in evaluating portfolio performance has been widely
discussed, see, for example, Strongin et al. (2000); Basak et al. (2006). The benchmark can
be another portfolio strategy or, as is common for fund managers, a financial index that also
defines the universe of investment opportunities.

The well-known paper DeMiguel et al. (2009) compares the out-of-sample performance
of optimization-based approaches with the so-called naive diversification, i.e., the equally
weighted (EW) portfolio, which serves as the benchmark in that context. The out-of-sam-
ple empirical results highlight the difficulty of outperforming the EW portfolio in terms
of Sharpe ratio, turnover, and other measures within the mean-variance framework, espe-
cially when estimation windows are short and proportional transaction costs are considered.
This somewhat counterintuitive result has sparked extensive discussion in the literature.
Some researchers have investigated theoretical explanations for these findings Malladi and
Fabozzi (2017), with model uncertainty identified as a primary cause of the poor out-of-
sample performance of optimization-based approaches Pflug et al. (2012). Another stream
of research points to the numerical instability of the Markowitz model as the main fac-
tor behind its weak out-of-sample results Hirschberger et al. (2010); Best and Hlouskova
(2008). Additional studies have explored non-trivial portfolio strategies that can outperform
the equally weighted benchmark out-of-sample, either to justify the use of complex opti-
mization models Kritzman et al. (2010), or simply to beat a challenging benchmark, see,
among others, Kirby and Ostdiek (2012); Ackermann et al. (2017); Bessler et al. (2017);
Fugazza et al. (2015); Hanke et al. (2019); Jiang et al. (2019).

In line with the existing literature, we focus on the risk side of portfolio management.
The idea of reducing portfolio risk through the use of uncorrelated, orthogonal portfolios
composed of the original assets has been studied previously. On one hand, these approaches
exploit simplifications in calculating the efficient frontier when the covariance matrix is
diagonal Partovi and Caputo (2004). On the other hand, the potential of using uncorrelated,
orthogonal portfolios to enhance diversification has been investigated in the literature, see,
for example, Meucci (2009); Lohre et al. (2014). The study of principal component analysis
in this context remains an active area of research; see, among others, Lassance et al. (2022);
Kelly et al. (2023); Imajo et al. (2021); Bonaccolto and Caporin (2024); Liu et al. (2022),
and Giglio and Xiu (2021).
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In our proposal, we combine the idea of using orthogonal portfolios to reduce risk with
the practical need for portfolio managers to evaluate investments relative to a given bench-
mark. This combined approach leads to a generalization of principal component analysis.
The methodological contribution of the paper lies in introducing a benchmark component,
with a clear economic interpretation, as the starting point in the construction of a set of
uncorrelated factors. The logical structure of the proposal can be summarized as follows.
We consider the situation in which a portfolio manager holds a given portfolio or must refer
to a benchmark. We study the problem of modifying this starting position to improve its risk
profile and, where possible, its risk-adjusted performance relative to the benchmark. We
show how appropriate diversification can reduce the out-of-sample risk of any benchmark
portfolio. To achieve this, we propose a generalization of principal component analysis that
produces what we call pseudo-principal portfolios. Given n assets, the benchmark portfolio
defines one direction in the portfolio return space, a subspace of R™. Our pseudo-principal
component analysis takes the benchmark as the starting vector and constructs an ortho-
normal basis of R™; after appropriate scaling, each basis vector can be interpreted as a
portfolio. The pseudo-principal portfolios are computed iteratively: at each step, we solve a
constrained optimization problem that depends on the vectors (portfolios) found in previous
steps. The benchmark is then combined with a subset of these pseudo-principal portfolios to
capture diversification benefits.

In in-sample exercises, all pseudo-principal portfolios can be added to incrementally
increase diversification. In out-of-sample settings, however, only the first few pseudo-
principal portfolios contribute meaningfully to risk reduction. This parallels standard PCA
applications, where the leading components capture most of the signal, while later compo-
nents mostly contain noise (see, e.g., Peres-Neto et al. 2005).

We perform a comprehensive empirical analysis using different databases of real finan-
cial data. Both in-sample and out-of-sample experiments confirm the effectiveness of our
approach in reducing risk relative to the benchmark portfolio across all considered datasets.
To test the robustness of our findings, we evaluate risk reduction using multiple risk mea-
sures: standard deviation, value at risk, and conditional value at risk (both computed at the
5% level). Within the framework of risk measures, the positive impact of diversification
on risk reduction is reflected in the sub-additivity property (see, for example, Artzner et al.
(1999)). Given the generality of our approach, we present empirical results for two standard
benchmark portfolio strategies: the equally weighted (EW) portfolio and the equal risk con-
tribution (ERC) portfolio DeMiguel et al. (2009); Maillard et al. (2010).

The paper is organized as follows. Section 2 presents the formal definition of pseudo-
principal portfolios and the allocation rule based on their combination. The two subsections
of Sect. 3 report the in-sample and out-of-sample results, respectively, and Sect. 4 concludes
the paper.

2 Pseudo principal portfolios

Given n risky assets, let x; denote the percentage of wealth allocated to the ™ asset in the
portfolio x, and define the portfolio set as W,, = {x =[z1,...,2,) € R": Eg;l ;= 1}

. We denote by x° € W,, the benchmark portfolio. Let T > n be a positive integer, and let
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MatT x n(R) denote the set of T' x n full-rank real matrices. Moreover, let 1 € R™ be the
column vector with unit entries. Interpreting 7as the sample size,amatrix A € MatT' x n(R)
collects the returns: each column A7 represents the time series of T returns of asset j. The
full-rank assumption on 4 is standard in empirical applications and ensures that the return
of one asset cannot be replicated by a portfolio composed of the remaining n — 1 assets.
When T" > n, this assumption is typically satisfied in practice; consequently, the covari-
ance matrix of returns 7 is symmetric, positive definite, and non-singular. Using standard
notation, we denote transposition by the prime, while | - |2 indicates the Euclidean norm of
a vector. The principal notation used throughout the paper is summarized in the following
Table 1.

We now introduce the notion of pseudo-principal components and, consequently, pseudo-
principal portfolios.

Definition 1 Let x° € W, be the benchmark portfolio, then for i = 1,...,n — 1, the i
pseudo-principal component X' can be recursively obtained as the solution of the optimi-
zation problem

st [x0 % . ] vE =0 M

where [ x* %%~ ] is the matrix whose columns are x” and the pseudo-principal

components with k£ < ¢, i.e. the ones obtained at the previous steps of the recursion.

The orthogonality constraint in optimization problem (1) ensures that [x? X! ---x*"!]isa

full-rank matrix. Therefore, at the end of the n — 1 recursions, an orthogonal basis of R™
is obtained. This basis is an alternative to the PCA basis, since the first vector x° is the
given benchmark. While PCA can be defined in many different ways, the proposed iterative
optimization procedure, when implemented # times without fixing the first vector, produces
the standard PCA basis; see, for example, (Jolliffe, 2011, page 6). Therefore, our proposal
differs from standard principal component analysis because it is defined starting from a
given vector-the benchmark investment-which has a direct financial interpretation. From a
geometric perspective, pseudo-principal components share with PCA the property of pro-
viding an orthogonal basis for R”: PCA yields an optimal basis in terms of variance decom-
position, while pseudo-principal analysis focuses on variance decomposition relative to a
specific starting point. Figure 1 illustrates an example in a three-asset market, allowing for a
visual comparison of the basis vectors obtained with the two methods. Two benchmarks are
considered: the equally weighted (EW) portfolio and 2° = [1.1, —0.2,0.1]. As expected, the
pseudo-principal components change depending on the chosen starting portfolio.

Table 1 Principal notation used Notation
throughout the paper n Number of risky assets
X Vector of portfolio weights
X Share invested in asset j, with j = 1,...,n
x0 Benchmark portfolio
\%4 Covariance matrix of returns
T Sample size
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Fig. 1 Unit norm vectors collinear to the principal (red) and the pseudo-principal (blue) components.
The benchmark portfolio is 20 = zEW on the left plot, and z° = [1.1, —0.2,0.1] on the right plot. The
thicker lines indicate the first components

Definition 2 If 1'%’ # 0, then x* = X' € W, is the i pseudo-principal portfolio.

1'x"

The i pseudo-principal portfolio is obtained by rescaling the i pseudo-principal compo-
nent so that its elements sum to one. This is possible only when the sum of its elements is
non-zero.

Remark 1 Definitions 1 and 2 imply the following direct consequences.

1. By construction, the vectors x°,X!,..., X"~ ! constitute an orthonormal basis of R™.
This follows from the first condition of problem (1).

2. Definition 1 introduces the pseudo-principal components recursively. We observe that, if
x9 is proportional to one of the eigenvectors of A’A —i.e., if it is a principal component
—, then {xo7 x,. .. ,f”_l} is the basis of R™ identified by principal component analy-
sis. Indeed, given the covariance matrix V/, the direction of the ¢-th principal component
w is obtained by recursively solving for all kK = 2, ..., i the optimization problem

max (xF) VwF
wk

s.t. [ wl ... owhkl }/ka: [0] 2
[whll2 =1

where the first component (i = 1) solves

/
max (wl) Vwl,
wll2=1
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i.e, w! is the eigenvector of V corresponding to its largest eigenvalue. Therefore,
if x® = w?, for any i = 1,...n, the iterations defined in (1) yield the same solutions as
problem (2) (only the order of the components may differ). In this sense, the pseudo-princi-
pal components can be regarded as a generalization of the principal components.

3. While the assumption on the rank of 4 guarantees the existence of n pseudo-principal
components, the number of pseudo-principal portfolios is at most 77 < n. This is because,
if 1’x® = 0, the corresponding pseudo-principal portfolio is not defined. As will be noted
in the allocation rule proposed next (see Procedures 1 and 2), this situation does not
affect either the theoretical or the empirical results. As with standard PCA, the solution
of problem (1) is unique up to a change of sign; see Jolliffe (2011)." Therefore, if a vec-
tor x is a solution of problem (1), then so is —x. What is particularly interesting in our
application is that, in terms of pseudo-principal portfolios, the two solutions coincide,
since if 1'x # 0, then 5 = ==

x'1"

4. We also note that pseudo-principal portfolios can exhibit very extreme positive and nega-
tive weights. This suggests that these portfolios should be used judiciously to make diver-
sification practical, without compromising the economic interpretation of the results. For
further discussion, see Sect. 3.

5. Inproblem (1), each X' is the solution of a constrained optimization problem that requires
a numerical approach, as no closed-form solution is available.”.

In the context of portfolio management, pseudo-principal portfolios can serve as a use-
ful tool when combined with the benchmark portfolio x° according to a specified alloca-
tion rule. In the following, we distinguish between cases where short positions are allowed
(long-short portfolios) and cases where they are not (long-only portfolios). Define p?, for
i=0,...,7, as the portfolio obtained by combining the benchmark x° with the first i
pseudo-principal portfolios. For simplicity, we set p® = x°. We denote o2 as the variance
of the portfolio x. The entries of a vector are indicated with a subscript, so that, for example,
(x'), is the second component of x*.

Procedure 1 (Allocation Rule, Long-Short) Given the benchmark portfolio x° and its
pseudo-principal portfolios {x’}, withi = 1,...,7 < n — 1, the i combined portfolio is

p? = x°
pi=1—-a)p ™t +a;x, for i=1,...,7

where the weight «; is

((xi)/ in) o2,
. or equivalently a; = %
/ Opi-1 +oL

3)

)

!'Similarly, when calculating principal components through the eigenvalue-eigenvector problem, each unit-
norm eigenvector is unique up to a change of sign.

2In the empirical application, the solution of Problem 1 is computed using the MATLAB function fmincon
Since no particular numerical issues were encountered, we do not focus on this aspect.
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The two formulations in (3) are equivalent. Indeed, since o2, = (xi)/ Vx!, some algebra
yields

. N -1
((XZ)/ Vx’) (pi—l)/ Vpi-l . Uii_l
- = — : : - le. ————
S () Vi) () VR (x) Y Opi-1+ 0

The first formula in (3) is more intuitive, as it directly reflects the minimum-variance allo-
cation. Additionally, this formulation helps simplify the proof of Proposition 3. However,
from a computational perspective, the second formulation is preferable due to its faster
computation time.

In the case of a long-only requirement, we propose the following allocation rule (see
Procedure 2), designed to select the largest adjustment portfolio that is collinear with the
pseudo-principal component while avoiding short positions in the resulting allocation.

Procedure 2 (Allocation Rule, Long-Only) Given the benchmark portfolio x° and its
pseudo-principal portfolios {x’}, withi = 1,...,7 < n — 1, the i combined portfolio is
p? = x0
pi=1—-a)p" ' +a;xt, for i=1,...,7

(pL—l)'Vpi—l o
(pz—l)’Vpi—l_;’_(xi)’in b o

where «; = min{ 1}, where the value of @; is chosen to avoid

short positions as follows

a; = min L
‘ je{ilxt),; <0} (Xiil)j - (pi)j .

The allocation rules in Procedure 1 and 2 are intended for active management invest-
ment strategies. Nevertheless, the mathematical formulation permits the application of the
approach also in a passive context. The application (see Sect. 3) is performed in an active
framework. If we combine x° with all 7 pseudo-principal portfolios in the long-short case,
following the allocation rule provided in Procedure 1, we obtain the global minimum-vari-
ance portfolio, as proven in Proposition 3. Partovi and Caputo (2004) obtained this result for
the basis derived from standard principal component analysis.

Proposition 3 Given x’ € W, ifits n — 1 pseudo-principal portfolios {x*,...,x" "1}
are well defined, then p"~! in the long-short framework corresponds to the global mini-

mum variance portfolio.

Proof Let us assume that {XO, x!, ... 7x"‘l} are the available assets. The allocation rule
of Procedure 1 leads, by backward substitution, to
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n—1 ‘ <(Xi)/vxi)*l
pn—l — ZX‘]

=S () V)T

The covariance matrix W of the portfolios {XO, xt ... ,x’”_l} is equal to
0)2(0 0 0
0 0)2(1 o 0
W=XVX= . . . , 4)
0 (U 0,2(1,,71
where 02, = (xi)/ Vxi i=0,...,n—1,and X = [ x0...xi1 ] is the matrix whose

columns are the pseudo-principal portfolios. Then, since W is diagonal, the weights of the
global minimum variance portfolio are

- 1)\/y91) 1 n—1\/ n—1\—1 4
w 1]_ _ ((X)Vl) 1“.((x )Vx ) i
1W-11 Do () V)™ > () Vi)™

1

Considering that the assets {XO,X Yo 7X’“l} are portfolios of the original assets, the

global minimum variance portfolio is

((xl)lVll)—l ((xvn—l)/vxn—l)—l 0 11 el
Z;ZO((xj)/ij)fl E;:U((xj)/‘/xj)—1 [X ceeX ] =Pp .

The result in Proposition 3 is derived assuming that all n — 1 pseudo-principal portfolios
are well defined. The following corollary shows that the result remains valid forn <n — 1
; this situation arises when one or more pseudo-principal portfolios are not defined due to a
zero sum of the entries in the corresponding pseudo-principal components.

Remark 2 The result of Proposition 3 is essentially due to the orthogonality of the pseudo-
principal portfolios in the return space. Therefore, the proposed allocation rule produce the
same result (i.e., p"~! is the global minimum variance portfolio) as long as the set of con-
sidered portfolios {z°, !, ..., "1} span the return space and have non correlated returns.

Remark 3 In the long—short context, Procedure 1 can be applied to any given starting bench-
mark, with no significant consequences or limitations. By contrast, in a long-only context,
starting from a highly concentrated benchmark portfolio could drastically reduce the pos-
sibilities of diversification through Procedure 2. Indeed, a highly concentrated benchmark
is already close to the boundary of the simplex (the set of all long-only portfolios), thereby
geometrically reducing opportunities for diversification through combinations of orthogo-
nal portfolios with negative exposures to some assets. Nevertheless, in practice, investors’
standard reference benchmarks are broad financial indices, which represent the investment
universe.
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Corollary 4 If. for a given i € {1,n — 1}, limy,zi_,, 1K’ = 0, and 1S # 0 for j < i,
then the allocation rule of Procedure 1 yields a vanishing weight o.; — 0.

Proof Procedure 1 updates the portfolio by assigning to the pseudo portfolio x* the weight

() v)™

o = — , therefore
2o (G Vi)™
j=0
-1
1 —i\ 1%t
((Lxl)2 (X ) Vx )
lim a; = lim - — —
1'% =0 1x'—0 i=1 1 <) v L (giyys
=0 \ (V=) (X) * * (1x) E)v=

which is null since

1/'x =0 1'X* =0

lim ((1/;)2 (xi)/in>1= im (1%’ () v=) =0,

being lim, i ,, 1'%’ = 0 and the quadratic form positive definite. [

This shows that when the weights of the 7' pseudo-principal portfolio are very large—
because the sum of the elements of the corresponding pseudo-principal component is close
to zero—a! does not significantly affect the overall allocation.

Remark 4 In practical applications, a pseudo-principal component whose entries sum
exactly to zero is virtually impossible to obtain; typically, for some components, the sum
may be very close to zero. Although this can produce pseudo-principal portfolios with
impractically large absolute weights, they do not affect the proposed allocation for the rea-
son given in Corollary 4. The example below, as well as the empirical application in Sect. 3,
shows that only a small number of pseudo-principal portfolios meaningfully influence the
allocation. This occurs because the rule in Definition 1 assigns small weights to pseudo-
principal portfolios with large variance, and because the variances of the pseudo-principal
portfolios increase rapidly after the first few components. Motivated by this observation and
the empirical evidence, we introduce a heuristic (Sect. 3.3) to limit the number of pseudo-
principal portfolios added to the benchmark.

The peculiarity of our approach is that, unlike other proposals using principal portfolios
(see, among others, Meucci (2009); Lohre et al. (2014)), we specify a benchmark strategy
to outperform (or at least to compare with), so that the orthogonality and the resulting diver-
sification are tailored specifically to the benchmark. Compared to Markowitz’s standard
approach, we exploit the fact that the first few principal components efficiently capture the
majority of the variance in the data, and the same holds for pseudo-principal portfolios.
This can be interpreted in two ways. First, the pseudo-principal components are calculated
via a recursion analogous to that used for principal components. As a result, their ability to
capture return variability decreases with the index i. Consequently, the first pseudo-principal
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components describe a large portion of the information about return variability, whereas the
later components mainly reflect market noise.

Second, to provide an empirical interpretation, we perform the following exercise. Using
the 30-industry Fama—French dataset (see Sect. 3 for details), the pseudo-principal compo-
nents and portfolios are computed on 1,000 bootstrapped sub-samples of 1,000 observa-
tions, using the equally weighted portfolio as the benchmark.? For each simulated sample,
we compute: (i) the absolute value of the sum of the elements of the pseudo-principal com-
ponents and their variance; (ii) the leverage* of the pseudo-principal portfolios and their
variance. The median, as well as the 5™ and 95" percentiles of the bootstrapped values, are
reported in Fig. 2. It is evident that the first few pseudo-components (approximately 3 to 4
out of 30) have a fairly large sum of weights, resulting in corresponding pseudo-principal
portfolios with practically reasonable leverage and variance. As the index i increases, the
leverage and variance of the pseudo-principal portfolios rise rapidly. Nevertheless, we note
that the allocation rule of Procedure 1 effectively manages this behavior: when large vari-
ances are input into formula (3), the resulting weights are negligible, keeping the overall
portfolio risk under control. This behavior motivates the introduction of a heuristic rule
(see Sect. 3.3) to limit the number of pseudo-components effectively employed. Reducing

sum of pseudo-principal component elements x 1073 variance of pseudo-principal components
2 —
O median 1 O median
. ©  0.05-0.95 quantiles + 0.05-0.95 quantiles
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Fig. 2 Absolute value of the sum of the components of the pseudo-principal components (top left) and
their variance (top right); leverage of the pseudo-principal portfolios (bottom left) and their variance
(bottom right). The results are based on 1,000 bootstrapped subsets of 1,000 observations drawn from the
30-industry Fama—French dataset. The equally weighted portfolio is used as the benchmark. The median,
5% and 95" percentiles of the bootstrapped values are shown. Note the use of a log scale for the two
bottom plots

3The bootstrap procedure was applied to generate a large number of covariance matrices with varying corre-
lation structures. Since the selected period includes significant crises, recoveries, and price surges, it exhibits
diverse correlation scenarios. This approach allows us to evaluate the robustness of our findings.

4We use the definition of leverage of a portfolio z € R™ by Jacobs and Levy (2013): A = (Z;Lzl | \) -1

@ Springer



Pseudo-principal portfolios: a risk-reduction framework for benchmark...

the number of considered pseudo-components allows for a practical use of the information
contained in the covariance matrix, while avoiding noise in the data. As will become evident
in the application, a small number of pseudo-principal portfolios is sufficient to diversify the
original strategy, effectively reducing risk and often improving risk-adjusted performance.

Even though the proposed approach is closely related to principal component analysis,
it is more effective at reducing risk than portfolios formed from principal components (i.e.,
portfolios obtained by normalizing the principal components to unit sum). This is due to
the anchoring of pseudo-principal components to a starting portfolio, and the subsequent
optimization procedure that finds orthogonal components best describing the residual vari-
ability. Moreover, PCA portfolios are not tied to a starting benchmark, resulting in the same
portfolio set for all investors. It is also possible to use PCA portfolios to adjust a given
benchmark, but in this case, the orthogonality is lost. To better illustrate the comparison, we
consider the following example. Using the 10-sector Fama-French portfolios introduced in
the next section, we compute both PCA and pseudo-principal portfolios for 1,000 random
starting benchmarks. We then construct the combined portfolios using the allocation rule
in Procedure 1, modifying it when the PCA portfolios lose orthogonality. The sequence of
portfolios obtained from pseudo-principal components is compared to the PCA-based port-
folios in three possible cases: (i) PCA portfolios without a benchmark starting portfolio; (ii)
PCA portfolios with indices from 1 to 9 (i.e., from 1 to n — 1) are used in the allocation rule
of Procedure 1; (iii) PCA portfolios with indices from 2 to 10 (i.e., from 2 to n) are used in
the allocation rule of Procedure 1.

As Fig. 3 shows, in all cases the pseudo-principal method is more effective at reducing
risk. The higher risk of PCA-based allocations in cases (i) and (ii) may arise from the fact
that PCA aims to decompose variance optimally rather than to minimize it. Consequently,
the first principal-component portfolio can be relatively risky, producing — in case (ii) — an
increase in risk when combined with the starting portfolio (see the hump at i = 2 in the sec-
ond plot of Fig. 3). The slightly higher risk in case (7ii) may result from PCA portfolios not
being orthogonal to the random starting portfolio. We also note that in approach (i) the PCA
allocation is determined independently of any benchmark, whereas in approaches (ii) and
(iii) the application of PCA may appear arbitrary, as it is imposed on a benchmark without
being inherently related to it.

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn adjusted porfol index

Fig. 3 Comparison of combined portfolios computed using Procedure 1. The horizontal axes indicate the
adjusted portfolio index, and the vertical axes show portfolio variances: PCA (red) and pseudo-principal
(blue) portfolios. Results are based on 1,000 random starting long portfolios. Continuous lines represent
the average variance, while dotted lines indicate the 90% bounds. Left: case (i) PCA portfolios without
a benchmark starting portfolio. Center: case (i7) PCA portfolios with indices 1-9 (1 to n — 1) used in
the allocation rule. Right: case (7ii) PCA portfolios with indices 2—10 (2 to n) used in the allocation rule
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3 Application

This section illustrates how to apply the results described above. These results can be used
in risk management. Since pseudo-principal portfolios are uncorrelated with the benchmark
portfolio, they are natural candidates to enhance the diversification of the starting position.
As benchmarks x°, we consider the equally weighted (EW) and equal risk contribution
(ERC) portfolios. Nevertheless, we emphasize that the procedure is very general and that,
qualitatively, the results do not depend on the chosen benchmark. The section is organized
in three subsections. Section 3.1 provides a description of the databases used in the empiri-
cal application. Section 3.2 presents a simple toy example with a real data portfolio and a
small number of constituents (n = 5), allowing us to highlight the main features of pseudo-
principal portfolios. This example is performed in-sample to show the theoretical properties
of the approach. Section 3.3 presents a more detailed empirical application, highlighting
the benefits of the proposed strategy in an out-of-sample framework. We test our results on
different real financial datasets to investigate if and how portfolio size affects diversifica-
tion. This latter application provides relevant insights into the feasibility of applying the
proposed methodology in a real-world investment context.

3.1 Data description

For this analysis, we consider the Fama—French US industry portfolios as individual assets.
This choice follows the common practice of allocating portfolios across asset classes.
Moreover, the number of assets remains relatively small while still providing adequate
diversification.

The complete dataset consists of 5 samples, with the number of sectors ranging from 5
to 30. Stock prices are available on Kenneth French’s website’, and are labeled as “Industry
Portfolios.” The risk-free rate used to compute risk-adjusted performance measures is the
US 3-month Treasury rate, available from the Federal Reserve Bank of St. Louis.® Daily
data span from January 2000 to May 2023. We note that this period includes various market
phases, including two of the most severe recent financial crises: the 2008 subprime crisis
and the 2020 COVID-19 pandemic.

3.2 In-sample application

This section presents an example highlighting the main features of pseudo-principal portfo-
lios. The assets are the five Fama—French US industry sectors described in Sect. 3.1, sam-
pled from January 2, 2013, to April 1, 2013, with the equally weighted portfolio used as the
benchmark.

The covariance matrix of the returns is

3See https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html#Research, accessed July 7,
2023.

®See https:/fred.stlouisfed.org, accessed July 7, 2023.
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0.1740 0.1782 0.1630 0.1630 0.1893
0.1782 0.2905 0.2215 0.1976 0.2758
V=10"% | 0.1630 0.2215 0.3305 0.1749 0.2450
0.1630 0.1976 0.1749 0.2594 0.1975
0.1893 0.2758 0.2450 0.1975 0.3200

The pseudo-principal components are given by the columns of X, while the matrix X con-
tains the corresponding pseudo-principal portfolios. When translating principal compo-
nents, which have a purely geometrical meaning, into principal portfolios, it is possible to
obtain extreme weights that are difficult to interpret economically and to implement in prac-
tice. We address this point below. We emphasize that this issue is common to all approaches
based on PCA and arises from two main aspects. First, it frequently occurs that a principal
component has an almost vanishing sum of entries, causing numerical issues when rescal-
ing to form a portfolio. Portfolios with a zero sum of weights are known in the literature as
arbitrage portfolios. Second, from a geometrical perspective, since the first few principal
components inherently capture the majority of the variability in the data, the later principal
components—restricted to be orthogonal to the others—often identify particular directions
in R™ characterized by extreme weights.

0.4472 0.2080 0.0573 0.8954 —0.0436
B 0.4472 0.0349 —0.5407 —0.0569 0.7116
X = 04472 —-0.6664 0.5355 —0.0313 0.0977 | |
0.4472 0.7028 0.4911 —-0.3514 —0.0514
| 0.4472 —0.1323 —0.4200 —0.2658 —0.6925

[ 0.2000 1.4142 0.4650 4.7132 —1.9993
0.2000 0.2376 —4.3910 —0.2993 32.6090
X = 0.2000 —4.5298 4.3487 —0.1649 4.4777

0.2000 4.7774 3.9886 —1.8499  —2.3569
| 0.2000 —0.8994 -3.4113 —1.3991 —31.7306

®)

The variances of the pseudo-principal portfolios are

02y =215x107°, 02, =5.66 x107%, o2, =598 x 107"

x0 — x2 —

02, =1.03x107%, 02, =589 x 1073,

Procedure 1 produces the following sequences of weights a; (%) and the corresponding
combined portfolios.

ap a1 s a3 ay
100.0000 3.6664 3.3546 16.2692 0.2845
p=x0 p! p2 p3 p?

0.2000 0.2445 0.2519 0.9777 0.9693
0.2000 0.2014 0.0473 -0.0091 0.0837
0.2000 0.0266 0.1716 0.1168 0.1292
0.2000 0.3678 0.4893 0.1087 0.1017
0.2000 0.1597 0.0399 -0.1942 -0.2839

Despite its simplicity, this example highlights several interesting aspects of our proposal.
First, we note that the weights in (5) of the pseudo-principal portfolios are large in absolute
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value, requiring substantial short positions. This behavior generally increases with i, so the
pseudo-principal portfolios would rarely be of practical interest if considered as standalone
investment portfolios: in addition to the high leverage they imply, their variance is extremely
large. In this case, Procedure 1 generates small weights, resulting in combined portfolios
p’ that appear less extreme. It is evident that the sequence {p’}i—1,.. ,—1 converges to the
global minimum variance portfolio, as shown in Fig. 4 (left), confirming the findings of
Proposition 3. As i increases, the behavior of the pseudo-principal portfolios indicates that
the first ones are more manageable in terms of leverage and provide the most significant risk
reduction, quickly closing the gap with the efficient frontier. As will become clearer in the
application to real data, the perspective of iteratively combining additional orthogonal fac-
tors highlights the need to use the information content of the covariance matrix efficiently.
As is common in principal component applications, the first few components capture most
of the data’s volatility, leaving mainly noise in the remaining components. This suggests
that only part of the covariance matrix’s information content is useful for risk reduction.
This intuition is confirmed by the out-of-sample experiment in the next section, which
shows that only the first pseudo-principal portfolios contribute meaningfully to risk reduc-
tion. Moreover, for practical asset management, the update rule in Procedure 2, under the
short-sales restriction, offers an attractive strategy that does not require leverage, achieving

ap (o %1 (e as Qg

100.0000 3.6664 3.3546 2.7727 0.0000
Po = o pP1 P2 P3 P4

0.2000 0.2445 0.2519 0.3756 0.3756
0.2000 0.2014 0.0473 0.0377 0.0377
0.2000 0.0266 0.1716 0.1622 0.1622
0.2000 0.3678 0.4893 0.4244 0.4244
0.2000 0.1597 0.0399 0.0000 0.0000

The long-only restriction does not allow the full application of the pseudo-principal
portfolio adjustment. Consequently, the sequence of portfolios does not reach the global
minimum variance portfolio nor the efficient frontier. However, the combined portfolios still
reduce risk and, in this example, also improve returns relative to the benchmark portfolio

x10”

efficient frontier efficient frontier
O adjusted portfolios [ 24r O adjusted portfolios

251 ® benchmark portfolio ® benchmark portfolio

average

0.5

17 18 19 2 21 22 23 24 17 18 19 2 21 22 23 24
variance %107 variance «107°

Fig. 4 Representation in the mean—variance plane of the sequence of portfolios obtained by adjusting

the benchmark allocation with the pseudo-principal portfolios, following Procedures 1 and 2: no restric-

tions (left), long-only (right). Continuous lines indicate the portfolio frontiers, and circles represent the
individual portfolios
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(see Fig. 4, right). In both the long-short and long-only cases, the sequence of combined
portfolios moves toward the northwest direction in the mean-variance plane, indicating that
risk reduction is accompanied by an increase in return.

3.3 Out-of-sample application

This section presents an empirical application of the pseudo-principal portfolios, consistent
with the findings of the previous section. The analysis is conducted in an out-of-sample
framework to assess the practical implications for risk management. We implement a long-
only rolling investment strategy, using as starting benchmarks x° alternatively the equally
weighted (EW) and equal risk contribution (ERC) portfolios DeMiguel et al. (2009); Mail-
lard et al. (2010). The means and covariance matrix of asset returns are computed over a
sliding window of length w. Portfolios are then constructed and held for a period d, after
which they are rebalanced based on the updated data.

We repeat the analysis for each group of industry indices, i.e., for n € {5,10,12,17,30}
, using sliding windows of length w € {5n, 10n} and holding periods d € {5, 20} working
days. With daily data, holding periods of 5 and 20 working days correspond to weekly and
monthly portfolio rebalancing frequencies, respectively, which are commonly used in prac-
tice by investors. Although all combinations of sliding windows and holding periods have
been implemented, only a subset is reported here for clarity and brevity.

Remark 5 The study of rebalancing frequencies in the application of the investment strategy
is beyond the scope of the present paper. For this reason, the experiment is implemented with
periodic rebalancing at fixed intervals of one week and one month. We remark that monthly
rebalancing represents one of the most frequent scenarios in asset allocation, particularly
for medium- to long-term investment horizons. Nevertheless, more active strategies often
entail higher frequency portfolio adjustments; consequently, we have also examined weekly
rebalancing. Higher frequencies are appropriate for dynamic strategies characterized by
more speculative management. Although the proposed instrument could be applied in such
cases, we consider its base philosophy to be essentially different and less consistent with
such management styles. For this reasons, we think that the analyzed rebalancing frequen-
cies present an acceptable and consistent picture of the potential use of the proposed tool.
For general results on the effects of rebalancing strategies on overall performance, we refer
to Dichtl et al. (2014) and Dichtl et al. (2016). In the present framework, rebalancing is used
primarily for risk reduction. We recognize that the application of an optimization approach
(see, among others, Sun et al. (2006); Donohue and Yip (2003), and Antar (2026)) could
further improve the performance of the investment strategy, also in terms of returns. The
introduction of an endogenous portfolio rebalancing strategy induced by the computation
of pseudo-principal portfolios represents a potentially interesting topic for future research.

Given that the contribution of the pseudo-principal portfolios generally decreases with ¢
, we propose to apply Procedures 1 and 2, considering two combined portfolios: (i) p* the
benchmark + the first pseudo-principal portfolio; (ii) p* the benchmark + a variable number
of pseudo-principal portfolios obtained by stopping the recursion when a; < 0.01. This last
heuristic rule is justified by the fact that the last pseudo portfolio as are often negligible.
To illustrate this, Fig. 5 shows the number of selected pseudo-principal portfolios, for the
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EW ERC
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Fig. 5 Frequency distribution of the number of selected pseudo-principal portfolios for the rolling out-
of-sample strategy. In the considered case n = 10, w = 5,d = 5, the heuristic stopping rule is applied
with a threshold of 0.01

case where n = 10, w = 5, and d = 5 (the other cases are omitted for the sake of concise-
ness). The choice of «; is arbitrary in our application. We expect investors to set the value
of «; according to their individual preferences and sensitivity when rebalancing portfolio
weights.

The overall results of the application are reported in Tables 2 and 3, using the EW and
ERC portfolios, respectively, as 2°. For each combination of holding and training periods,
we report the return, standard deviation, value at risk, conditional value at risk (both at the
5% significance level), Sharpe ratio, and turnover for the benchmark x° and of p! and p*.

Moreover, for each case, we compute the standard deviations and Sharpe ratios over a
one-year sliding window. This allows us to measure the frequency of periods in which the
combined portfolios p! and p* outperform the benchmark in terms of both standard devia-
tion and Sharpe ratio. These frequencies are reported in Tables 2 and 3.

Figures 6 and 7 illustrate the impact of the proposed allocation strategy. Notably, for each
benchmark and for every combination of training window length and holding period, both
p' and p* reduce risk in nearly 100% of cases, regardless of the risk measure considered.
Examining the returns, it is evident that the proposed strategies do not exhibit any sys-
tematic positive or negative effect. This is expected, as the strategy focuses solely on risk.
Nevertheless, in terms of risk-adjusted performance, measured here by the Sharpe ratio, the
results appear promising.

In the majority of scenarios, the proposed strategies improve the Sharpe ratio with a fre-
quency of around 60% or more. Moreover, in the out-of-sample framework, it is confirmed
that the most relevant effect is obtained with p*, which combines only the first pseudo-
principal portfolio with the benchmark. While the proposed strategies (p! and p*) consis-
tently outperform the benchmarks in terms of standard deviation, an analysis of higher-order
moments reveals a trade-off. In the majority of scenarios, the adjusted portfolios exhibit
higher excess kurtosis than the benchmark x°, indicating a distribution with fatter tails
relative to its variance. This increase in kurtosis is likely a mathematical artifact of the sig-
nificant reduction in the denominator (variance) achieved by the strategies, rather than an
increase in absolute tail risk, as confirmed by the improvement of the VaR and C-VaR. The
behavior of skewness is more heterogeneous: while it deteriorates (becomes more negative)
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15 return standard deviation est w 5n, holding 5days portfolios 25 Sharpe ratio est w 5n, holding 5days
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Fig.6 Standard deviation (left) and Sharpe ratio (right) of the benchmark portfolio x° (blue), and the two
adjusted portfolios p! (orange) and p* (yellow), when x© is the equally weighted portfolio. Bars are
grouped by the number of sectors (indicated on the horizontal axis). Each plot concerns a given combina-
tion of estimation window w and holding period d, as indicated in its title

in specific EW configurations (e.g., Table 2), n = 30), the proposed strategies frequently
demonstrate improved asymmetry (less negative skewness) compared to the ERC bench-
mark (see Table 3), particularly for n > 10.

In Figs. 6 and 7 (left column), it is evident that there is a substantial jump when mov-
ing from 20 to p*, while the difference between p' and p* is usually small. This indicates
that the contribution of subsequent pseudo-principal portfolios to risk reduction quickly

@ Springer



M. Maggi, P. Uberti

15 return standard deviation est w 5n, holding 5days portfolios 35 Sharpe ratio est w 5n, holding 5days
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Fig. 7 Standard deviation (left) and Sharpe ratio (right) of the benchmark portfolio x° (blue), and the
two adjusted portfolios p! (orange) and p* (yellow), when x° is the equal risk contribution portfolio.
Bars are grouped by the number of sectors (indicated on the horizontal axis). Each plot concerns a given
combination of estimation window w and holding period d, as indicated in its title

becomes negligible. Moreover, comparing p' with p*, adding further pseudo-principal
portfolios appears to only marginally reduce risk while negatively affecting returns,
often resulting in lower Sharpe ratios. This evidence is in line with standard applica-
tions of principal component analysis. When applying PCA or similar techniques, such
as the one described in the present paper, the main practical issue concerns the choice
of how many components should be considered, since the contribution of each addi-
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tional component is, by construction, smaller than that of the previous one. Within our
experiment and for the specific benchmarks used in the application, the empirical evi-
dence strongly supports combining the benchmark with only the first pseudo-principal
portfolio. It appears that the majority of the useful information is captured by the first
pseudo-principal portfolio. Tables 2 and 3 also report the turnovers of the strategies, to
provide a direct indication of the potential impact of transaction costs. Let us emphasize
that transaction costs mainly affect expected returns. Naturally, the magnitude of these
costs is a key factor when choosing between a passive and an active investment strat-
egy. As expected, the level of turnover is small for the two selected benchmarks, which
represent very classical, stable, and almost passive investments, while it is significantly
higher for p® and p!. Owing to the generality of the proposed approach, if an active
investment strategy is chosen as the benchmark °, for example, an optimization-based
strategy, then transaction costs would be comparable for both the benchmark strategy
and the combined portfolios. To provide a more precise picture of the effects of transac-
tion costs, Table 4 presents an example in which proportional transaction costs of 10
basis points are applied to the proposed strategies, in the case of EW starting portfoli-
os.” Table 4 confirms the limited impact of transaction costs on risk reduction.

One empirical consideration emerging from our experiment is that the proposed
approach seems to work better for portfolios with a small number of constituents. This
may depend on the allocation rule itself or on the data; we recall that, although standard
in this context, the assets considered are portfolios themselves. As a consequence, when
n is large, the EW and the ERC portfolios, which by construction include all available
assets, are already strongly diversified. A further possible explanation of the empirical
evidence is that portfolios with a large number of assets are already well diversified
simply because of their size. Therefore, the proposed procedures yield weaker results—
although still consistently present—in terms of risk reduction. Conversely, when the
number of assets n is small, the diversification effect due to portfolio size is less pro-
nounced, leaving more room to increase diversification through the proposed geometric
procedure.

3.3.1 Computation time

The computation time, as reported in Table 5, is reasonable and does not constitute
a significant barrier to practical applications. Moreover, it should be noted that this
method is intended for strategic or medium-frequency portfolio allocation performed
offline, rather than for high-frequency trading. Therefore, the computational require-
ments are appropriate for its intended purpose.® However, it is worth noting that the
computation time increases more rapidly than the problem size, with the exception of
the CPU time for the entire back-test, which scales approximately linearly with size.
Interestingly, for portfolios involving 10 to 12 assets, the computation time remains
relatively constant. We hypothesize that this behavior stems from inherent variability in
computational performance.

7For the sake of conciseness, we omit other cases (different levels of transaction costs and different bench-
marks), which are available upon request.

8In some cases, the CPU time is larger than the clock time because MATLAB sums CPU time across parallel
threads.
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Table 5 Computation times in seconds measured on a PC equipped with an AMD Ryzen 5 5500U with 16 GB
RAM, Debian 13, and running MATLAB R2023a, parallel computing with 6 processes. No GPU was used

Portfolio size Single run Complete backtest

clock time cpu time Clock time cpu time
5 0.0607 0.2200 3.7417 0.4520
10 0.1658 0.2080 12.2586 1.0030
12 0.2105 0.2860 12.6826 0.7940
17 0.4132 0.6070 41.4097 1.6720
30 3.7100 12.5620 112.4984 2.7790

For each number of assets, we report the time for a single run (computation of pseudo principal portfolios)
and for the complete backtest using the settings described in Sect. 3.3. To reduce the impact of the
computation time variability, the reported values are the average times over 10 repetitions of the same
task. The CPU times are larger because the time for each parallel process is aggregated

4 Conclusions

In this paper, we define the pseudo-principal portfolios as a suitable generalization of princi-
pal portfolios, which can be calculated through principal component analysis. The advantage
of our definition is that, given any benchmark portfolio, the pseudo-principal portfolios con-
stitute an orthogonal basis of the return space. This geometric property allows us to define a
general strategy that combines the benchmark portfolio with its pseudo-principal portfolios
in order to exploit orthogonality and, consequently, achieve risk reduction through diversifi-
cation. The theoretical section of the paper presents the formalization of the idea, the proofs
of several relevant properties, and some economic interpretations that translate the geo-
metric intuition underlying the approach. The empirical evidence from experiments on real
financial data supports the effectiveness of the proposed strategy in systematically reducing
the risk of a benchmark portfolio for all the considered risk measures: standard deviation,
Value at Risk (VaR), and expected shortfall. The results in terms of return improvement
are ambiguous, but this outcome was predictable, since a diversification-based strategy is
expected to primarily affect the risk dimension. Nevertheless, in the majority of the out-of-
sample experiments, the composed portfolios outperform the benchmark also in terms of
risk-adjusted performance. In our opinion, this research indirectly highlights one of the pos-
sible reasons behind the poor out-of-sample performance of the mean—variance approach.
As shown in the paper, only the first few pseudo-principal portfolios contain useful informa-
tion to achieve effective risk reduction in practice, while the last pseudo-principal portfolios
mainly capture noise. Classical mean—variance optimization, instead, relies on the entire
covariance matrix, thereby incorporating all the noise present in the data into the optimiza-
tion process. Future research will focus on an extensive application of the procedure across
diverse benchmarks, while more thoroughly incorporating transaction costs—which are
currently only briefly outlined—to assess the overall reliability of the proposed method.
To this extent, the comparison between different rebalancing policies, including a passive
allocation, could be interesting. It is also worth noting that, from an operational perspective,
the computational times do not pose a significant barrier to the application of the proposed
procedures. Future research will investigate the applicability of the proposed approach to
multi-asset class allocation problems and dynamic allocation models. Furthermore, the pos-
sibility of mechanically implementing the allocation procedure suggests potential interest in
integration within robo-advisory and smart beta frameworks.
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