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1 Introduction

In this paper, we consider singular Finsler double phase problems with nonlinear boundary condition. The
Finsler double phase operator is defined by

div(A(u)) := div(FP~1(Vu)VF(Vu) + u(x)F4"1(Vu)VF(Vu)) (1.1)

for u e WH7(Q) with WH7(Q) being the Musielak-Orlicz-Sobolev space and F being a positive homoge-
neous function such that F € C®°(R" \ {0}) and the Hessian matrix VZ(F?/2)(x) is positive definite for all
x # 0. Furthermore, y is a nonnegative hounded functionand 1 < p < g < N.If F coincides with the Euclidean
norm, that is, F(§) = (Y ,|&12)1/2 for & € RY, then (1.1) reduces to the usual double phase operator given by

div(|VulP~2Vu + u(x)|Vu|92vu). (1.2)

Also, if y = 0 or infg u > 0, then (1.2) (similarly (1.1)) reduces to the (Finsler) p-Laplacian or the (Finsler)
(g, p)-Laplacian, respectively. The study of such operators and corresponding energy functionals are moti-
vated by physical phenomena; see, for example, the work of Zhikov [59] (see also the monograph of Zhikov,
Kozlov and Oleinik [37]) in order to describe models for strongly anisotropic materials. Related functionals
to (1.2) have been studied intensively with respect to regularity properties of local minimizers; see the works
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of Baroni, Colombo and Mingione [4-6], Baroni, Kuusi and Mingione [7], Byun and Oh [10], Colombo and
Mingione [14, 15], De Filippis and Palatucci [18], Marcellini [41, 42], Ok [43, 44], Ragusa and Tachikawa [52]
and the references therein.

On the other hand, the minimization of the functional Ef: H(l)(Q) — R defined by

Ep(u) = IFz(Vu)dx foru € H(Q),
Q

under certain constraints on perimeter or volume occurs in many subjects of mathematical physics. Here the
minimizer corresponds to an optimal shape (or configuration) of anisotropic tension-surface. The minimiza-
tion of the functional Er describes, for example, the specific polyhedral shape of crystal structures in solid
crystals with sufficiently small grains, as shown by Dinghas [22] and Taylor [54]. It is clear that Ef is the
energy functional to the Finsler Laplacian given by

Aru = div(F(Vu)VF(Vu)). (1.3)

The Finsler Laplacian, given in (1.3), has been studied by several authors in the last decade. We refer, for
example, to the papers of Cianchi and Salani [12] and Wang and Xia [55], both dealing with the Serrin-type
overdetermined anisotropic problem, or to Farkas, Fodor and Kristaly [27] who studied a sublinear Dirichlet
problem of this type. Related works concerning anisotropic phenomena can be found in the works of Bellettini
and Paolini [8], Belloni, Ferone and Kawohl [9], Della Pietra and Gavitone [20], Della Pietra, di Blasio and
Gavitone [19], Della Pietra, Gavitone and Piscitelli [21], Farkas [26], Farkas, Kristaly and Varga [28], Ferone
and Kawohl [30] and the references therein.

In this paper, we combine the effect of a Finsler manifold and a double phase operator along with a sin-
gular term and a nonlinear boundary condition. More precisely, we study the following problem:

—div(AW) + uP+ uxud Tt = uP T AW+ g1(x,u))  inQ,
AW -v=uP"1+g(x,u) on 0Q, (1.4)

u>0 in Q,

where Q ¢ RN, N > 2, is a bounded domain with Lipschitz boundary 0Q, v(x) is the outer unit normal of Q
at the point x € 0Q, 11is a positive parameter and the following assumptions hold true:
(H1) 0<y<1land

1<p<q<N, q<p*, 0<u(-)elL>®WQ). (1.5)

(H2) g1: QxR — Randg;: 0Q x R — R are Carathéodory functions and there exist 1 < 6; < p < vy < p*,
p <V, < p. as well as nonnegative constants a;, a,, b, such that

-1

g1(x,8) < a1 + bys?! fora.a.x € Qandforalls >0,

1

g2(x,s) < as’*” fora.a. x € 0Qand forall s > 0,

where p* and p.. are the critical exponents to p given by

«._ Np

_ _(N-Dp
=N_p —=

and p. := . (1.6)

p Np

(H3) The function F: RN — [0, co) is a positively homogeneous Minkowski norm with finite reversibility

rrp = max M
wz0 F(w)
Because we are looking for positive solutions and hypothesis (H2) concerns the positive semiaxis
R, = [0, c0), without any loss of generality, we may assume that g;(x, s) = g2(x, s) = 0 for all s < 0 and for
a.a.x € Qorx € 0Q, respectively. Moreover, note that we always have rr > 1; see for example Farkas, Kristaly
and Varga [28]. It is clear that the Euclidean norm has finite reversibility. Finally, we observe that (1.5) implies
that WH7(Q) — L9(Q) compactly, as shown in Section 2.
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Definition 1.1. A function u e W7 (Q) is called a weak solution of problem (1.4) if u*"1¢ € L'(Q), u > 0 for
a.a. x € Q and if

J(Fp‘l(Vu)VF(Vu) + u(X)FI"Y(Vu)VF(Vu)) - Vo dx + J uP Lo dx + Jy(x)uq‘l(p dx
Q Q Q

= I u? lodx+ A j(u’“1 +g10x,u))@dx + j WP+ gr(x,u))pdo
Q Q Y
is satisfied for all ¢ € WH74(Q).

From hypotheses (H1)-(H3), we know that the definition of a weak solution is well defined.
The main result in this paper is the following theorem.

Theorem 1.2. Let hypotheses (H1)—(H3) be satisfied. Then there exists A, > O such that for every A € (0, A,.)
problem (1.4) has a nontrivial weak solution.

To the best of our knowledge, this is the first work on a singular double phase problem with nonlinear bound-
ary condition even in the Euclidean case, that is, when F(¢) = (YN, |&[2)/2 for & € RN, The novelty of our
paper is not only due to the combination of the Finsler double phase operator with a singular term and nonlin-
ear boundary condition. Indeed, in (1.4) we also deal with a type of critical Sobolev nonlinearities, even on the
boundary, related to the lower exponent p, as explained in (1.6). Such critical terms make the study of com-
pactness of the energy functional related to (1.4) more intriguing, since the embeddings W%?(Q) < LP"(Q)
and WH7((Q) — LP-(0Q) are not compact. We overcome these difficulties with a local analysis on a suitable
closed convex subset of W!7((Q) combined with a truncation argument.

We point out that p* and p, are not the critical exponents to the space W7t(Q). Indeed, from Fan [24]
we know that WH7(Q) «— L7 (Q) is continuous while 3, is the Sobolev conjugate function of H; see also
Crespo-Blanco, Gasifiski, Harjulehto and Winkert [16, Definition 2.18 and Proposition 2.18]. So far it is not
known how ., explicitly looks like in the double phase setting. For the moment, p* and p. seem to be
the best exponents (probably not optimal) and only continuous (in general noncompact) embeddings from
WHH(Q) — LP"(Q) and W7 (Q) < LP+(0Q) are available. So we call it “types of critical growth”.

For singular double phase problems with Dirichlet boundary condition there exists only a few works.
Recently, Liu, Dai, Papageorgiou and Winkert [40] studied the singular problem

{— div(|VulP~2Vu + u()|Vul??Vu) = a()u™ + Au"!  inQ, L.7)

u=0 on 0Q.

Based on the fibering method along with the Nehari manifold, the existence of at least two weak solutions
with different energy sign is shown; see also [17] for the corresponding Neumann problem. Furthermore,
under a different treatment, Chen, Ge, Wen and Cao [11] considered problems of type (1.7) and proved the
existence of a weak solution having negative energy. Finally, the existence of at least one weak solution to
the singular problem

—div(A@)) =P P+ AW+ gw) inQ,
u>0 in Q,
u=0 on o0Q,

has been shown by the first and the third author in [29]. The current paper can be seen as a nontrivial exten-
sion of the one in [29] to the case of a nonlinear boundary condition including type of critical growth. In
particular, we are able to cover the situationwhen 1 < p < 2 and/or 1 < g < 2, which has not been considered
in[29] where2 < p < g.

Also, for the p-Laplacian or the (g, p)-Laplacian only a few works exist involving singular terms and
Neumann/Robin boundary conditions. We refer to Papageorgiou, Radulescu and Repovs [47, 48] for singular
homogeneous Neumann p-Laplace problems and for singular Robin (g, p)-Laplacian problems, respectively.
Existence results for singular Neumann-Laplace problems have been obtained by Lei [38] based on varia-
tional and perturbation methods.
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Finally, the reader can find existence results for double phase problems without singular term in the
papers of Colasuonno and Squassina [13], El Manouni, Marino and Winkert [23], Fiscella [31], Fiscella
and Pinamonti [32], Gasinski and Papageorgiou [33], Gasinski and Winkert [34-36], Liu and Dai [39],
Papageorgiou, Radulescu and Repovs$ [46], Perera and Squassina [51], Zeng, Bai, Gasifiski and Winkert
[56, 58] and the references therein. For related works dealing with certain types of double phase prob-
lems, we refer to the works of Bahrouni, Radulescu and Winkert [1], Barletta and Tornatore [3], Faraci
and Farkas [25], Papageorgiou, Radulescu and Repovs [45], Papageorgiou and Winkert [50] and Zeng, Bai,
Gasinski and Winkert [57].

2 Preliminaries

In this section, we are going to mention the main facts about the Minkowski space (RN, F) and the properties
about Musielak-Orlicz-Sobolev spaces.

To this end, let F: R¥N — [0, c0) be a positively homogeneous Minkowski norm, that is, F is a positive
homogeneous function such that F € C®(RN \ {0}) and the Hessian matrix V2(F2/2)(x) is positive definite
for all x # 0. We point out that the pair (RV, F) is the simplest not necessarily reversible Finsler manifold
whose flag curvature is identically zero, the geodesics are straight lines and the intrinsic distance between
two points x, y € RY is given by

dr(x,y) = F(y - x).

The pair (RN, dr) is a quasi-metric space and in general it holds dr(x, y) # dr(y, X).
The so-called Randers metric is a typical example for a Minkowski norm with finite reversibility, which

is given by
F(x) = V(Ax, x) + (b, X),

where A is a positive definite and symmetric (N x N)-type matrix and b = (b;) € RY is a fixed vector such that
V(A~1b, b) < 1. Note that
. 1+ V(A1b,b)
F= —F—-
1-+(A"1b, b)
The pair (RY, F) is often called Randers space which describes the electromagnetic field of the physical
space-time in general relativity; see Randers [53]. They are deduced as the solution of the Zermelo navigation

problem.
In the next proposition we recall some basic properties of F; see Bao, Chern and Shen [2, Section 1.2].

Proposition 2.1. Let F: RY — [0, co) be a positively homogeneous Minkowski norm. Then the following asser-
tions hold true:

(i) Positivity: F(x) > O forall x + 0.

(i) Convexity: F and F? are strictly convex.

(iii) Euler’s theorem: x - VF(x) = F(x) and

V2(F?/2)(x)x - x = F>(x) forall x € RN \ {0}.
(iv) Homogeneity: VF(tx) = VF(x) and
V2F%(tx) = V2F%(x) forallx € RN \ {0} and forall t > 0.

Furthermore, L(Q) and L’(Q; RN) stand for the usual Lebesgue spaces endowed with the norm |- |, for
1 < r < oo. The corresponding Sobolev spaces are denoted by W' (Q) and Wé"(Q) equipped with the norms

lully,r,r = IFCVWly + llull,  and |ull1,ro,F = IF(VWIr,

respectively.
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On the boundary 0Q of Q, we consider the (N - 1)-dimensional Hausdorff (surface) measure ¢ and denote
by L"(0Q) the boundary Lebesgue space with norm | - ||;,5q. We know that the trace mapping

Wb (Q) — LT(0Q)

is compact for 7 < r, and continuous for ¥ = r,., where r,. is the critical exponent of r on the boundary given
by
(N-1r
Te = N-r
any £ € (r,00) ifr > N.

if r <N,

For simplification, we will avoid the notation of the trace operator throughout the paper.
Let us now introduce the Musielak—Orlicz—Sobolev spaces. For this purpose, let H: Q x [0, co) — [0, c0)
be the function defined by
(X, t) = 2+ u(0)t,

where (1.5) is satisfied. Then the Musielak-Orlicz space L7 (Q) is defined by
L7(Q) = {u | u: Q — Ris measurable and ps(u) < oo}
equipped with the Luxemburg norm
. u
lullsc = inf{z > 0 .p%(?) <1},
where the modular function ps : L7(Q) — R is given by

poctu) = | 30, lu dx = [(uP + peoful?) d.
Q Q
From Colasuonno and Squassina [13, Proposition 2.14], we know that the space L?¢(Q) is a reflexive Banach
space.
Furthermore, we define the seminormed space

LiQ) = {u | u: Q > Ris measurable and Jy(x)lulq dx < oo},
Q

which is endowed with the seminorm

lullg,y = (j pu(0)ul? dx)é.

Q

Similarly, we define LZ(Q; RYM) with the seminorm ||F(- Mq,u-
The Musielak-Orlicz-Sobolev space W7{(Q) is defined by

W (Q) = {u € L7(Q) : F(Vu) € L7Y(Q)}

equipped with the norm
lully,5¢,F = IF(VWllgc + lullo.

Finally, we mention the main embedding results between Musielak—-Orlicz—Sobolev spaces and usual
Lebesgue and Sobolev spaces. We refer to Gasifiski and Winkert [36, Proposition 2.2] or Crespo-Blanco,
Gasinski, Harjulehto and Winkert [16, Proposition 2.17].

Proposition 2.2. Let (1.5) be satisfied and let p* and p. be the critical exponents to p; see (1.6). Then the
following embeddings hold:

@) L7Q) — L'(Q) and W-7(Q) — W(Q) are continuous for all r € [1, p].

(i) Wb (Q) — L"(Q) is continuous for all r € [1, p*] and compact for allr € [1, p*).

(iii) WH7(Q) — L"(0Q) is continuous for all r € [1, p..] and compact for allr € [1, p..).

(iv) L7(Q) — L}(Q) is continuous.

(v) L1Q) — LTY(Q) is continuous.
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Let B: WH7(Q) — W57 (Q)* be the nonlinear operator defined by

(B(u), @)g¢.F := J(Fp"l(Vu)VF(Vu) + u(X)FI"Y(Vu)VF(Vu)) - Vo dx, (2.1)
Q

where (-, - )9 F is the duality pairing between W7(Q) and its dual space W'7C(Q)*. The operator
B: wH7(Q) - wh7H(Q)*

has the following properties (see Crespo-Blanco, Gasiniski, Harjulehto and Winkert [16, Proposition 3.4 (ii)])
by taking the properties of F into account.

Proposition 2.3. The operator B defined by (2.1) is bounded, continuous and monotone (hence maximal
monotone).

3 Proof of the Main Result

Let Jp: W57((Q) — R be the functional given by

1 1 1 1 1 *
@) = =IFVWIp + = IFVwd , + = lul + =lulld , - —lul?.
P Pty aou T WHlp g WWlg = Tt

-3 oy ac-Af Gron ) ax= il 0 [ G20 u)do,
Q o) 20
where u, = max(+u, 0) and
S S
G1(x,s) = Jg1(x, t)ydt aswellas Gy(x,s) = ng(x, t) dt.
0 0
Due to the presence of the singular term, it is easy to see that J is not C*.
Throughout the paper, we denote by cp- and cp, the inverses of the Sobolev embedding constants of
WLP(Q) — LP*(Q) and WHP(Q) — LP+(0Q), respectively. This means, in particular,

u u
G = Wlnr oy [4lpr G
uewtr(@), [lullp uewtr(@), [ullp, 00
u#0 u#0
Moreover, we define the function ¥: (0, co) — R given by

1 P 2ps~1cPe

Y(s) := - - Prgp'p_—  P:ropup (3.2)
p2r-1ry p ps

where rr = maxy o F}E(;vt‘;) is finite by (H3). Since V¥ is strictly decreasing, we know there exists a unique g* > 0
such that W(p*) = 0. In addition, W(s) > O for all s € (0, o*).
We start with the study of the functional I: W7{(Q) — R given by

1 1 1 1 1 * 1
Iw) = = IFVWIb + = IFVWI, + = lulh + = luld - —lulh. - —Ilulf” -
p p q q,u p p q a.u p* p D D,0Q

The next proposition shows the sequentially weakly lower semicontinuity of the functional
I: whQ) - R
on closed convex subsets of W1-7((Q).

Proposition 3.1. Let hypotheses (H1)-(H3) be satisfied. For every g € (0, o*) the restriction of I to the closed
convex set By, which is given by
By :={u e W"7(Q) : [lully,p,r <0},

is sequentially weakly lower semicontinuous.
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Proof. Let g € (0, 0*) and let {un}nenw < B, be such that u, — uin W7(Q). We are going to prove that
lim inf(I(uy,) — I(u)) > 0.
n—.,oo

For x > 1 we consider the truncation functions Ty, Rx: R — R given by

-x ifs < -k, s+x ifs < —x,
Tx(s)=4s if —x<s<k, Rx(s)=40 if —x<s<xk,
xk ifs>«k, s—x ifs>«k.

Note that T, (s) + Rx(s) = s forall s € R.
First, we observe that

||F(Vu)||§= J FP(Vu)dx + J FP(Vu)dx

{lul<k} {lul>k}
- | Po@w@yas | PERw@)) dx
{lul<k} {lul>k}
= IF(V(Te @)} + [F(VR @) (3.3)
The same argument leads to
IF(VWIE = IFV(Tc DI + IF(VR@)IE - (3.4)

Since || - ||, is sequentially weakly lower semicontinuous and considering that
F(V(T«(un))) = F(V(Tx(w))) inL}(Q),

due to the weak convergence of u, — u in WH7(Q), for every x > 1 we have

1 1
lim inf( IFOV (Tl - - IFO(T)IR) = 0,
. . (3.5)
Jim (2 VFO TG = 2 IFT@)p) = 0.

Applying the triangle inequality for the Minkowski norm F (see Bao, Chern and Shen [2, Theorem 1.2.2])
along with the convexity of the function s — s, r > 1, we get the following inequality:
1
—2’*1r’ Fr(Wl -wz) - 2Fr(W2) < Fr(Wl) = Fr(Wz) forallwi, w; € ]RN. (36)
F
From (3.6), by taking w; = V(R,(uy)) and w, = V(R (u)), respectively, we get
1

20717,

1
IF(V(Ry(un)Dg = IF(V (R )Nl = W"F(V(Rk(un)) ~ V(R ()G = 2IF(V(Rye ()G -
F

IF(V(Re(un))llp = IF(V(Re )l = IF(V(Re(un)) = V(Rx ()l = 21F(V(Rx (),

(3.7)

On the other hand, by the Brezis—Lieb lemma (see, e.g., Papageorgiou and Winkert [49, Lemma 4.1.22], we
have

{ tim inf(lunly. ~ fuly.) = lim influy - ull., -
liminf(lunlh oo = lul: ,0) = liminflu, - ul}’ 5.
Claim. ||hll) > [Rc(R)|} forall h € W¥(Q) and for all x > 1.
First, we have
Iklp = IT(h) + Re(R)I1p
= j |-k + R (h)|P dx + J |u + R (h)|P dx + J |x + R, (h)P dx
{h<—x} {|h|<K} {h>K}
> I |-k + Ry()IP dx + J IR dx. (3.9)

{h<-x} {h>k}
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Applying the inequality
[WalP > (w1 lP + plw1P2wi(wy —wy) forall wi, w, € RV,
with wy = Ry(h) — x and w1 = R, (h), we get
|=x + Ry(R)IP dx > J [IRc(R)P + pIR ()P~ Ry (h) - (-K)] dx

{h<-x} {h<-x}

> j IR (WP dx (3.10)
{h<—x}

since Rx(h) < 0if h < —k. Combining (3.9) and (3.10) leads to
hulf j IRe(W)IP dx + j IR()IP dx = [R(B)I
{h<-x} {h>x}

because Ry(h) = 0 if |h| < k. This proves the claim.
Thus, we may apply the Brezis—Lieb lemma along with the claim in order to obtain

. D P\ _ Yimn s 1P
lim inf(funllp — llullp) = 1im infllu, - ull

> lim inf|| Ry (un) — Re()Il;
n—-oo

r
2 i lim inf| R (un) ~ Re(Wllp (3.11)
since rp > 1, and so 2P~ 1rp > 1.
Note that
IF(V(Rx(w))llp — 0 as k — oo,
IF(V(Ru)lg — O as Kk — o, (3.12)

q q
lunllg,u — llullg,u asn — oo.

The last convergence in (3.12) follows from Proposition 2.2 (ii) since g < p* and due to the boundedness
of u(-), as given in (1.5).
Hence, for x large enough, taking (3.3)-(3.5), (3.7), (3.8), (3.11) and (3.12) into account, we have that

lim inf(I(uy) — I(w)) = lim inf(
n—,oo n—.oo

TR IRk (un) = ReI ,
F

1 * 1
T e ul?” 50)- (3.13)

We observe that

lun = ull. < 22" Toe(un) = Ty + 22" [Re(un) - Rl (3.14)
It =l 5 < 27 I T(un) = Te@IP’ 50 + 2P~ IRk () = Re@IP” -
By Lebesgue’s dominated convergence theorem, we get that
B p* : D
nll»nc}o” Ty(un) - Tx(u)"p* =0 and HIHEO"TK(un) - Tx(u)”p*,ag =0. (3.15)

Finally, combining (3.13)—(3.15), we arrive at

I - 1
lim inf(I(uy) - I(w)) > liminf( a1y Rxttn) = ReCl]

pr-1 b op.-1 »
IRk (un) = R+ — > IRk (un) = Rye(W)I"

. p*,aﬂ)'

*
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By using this along with (3.1) and the fact that 1)(s) > O for all s € (0, p*) (see (3.2)), it follows that

1 p Py P’
11r{g})rc)lf(1(un) - I(w)) 2 llr{g})glf(pzp_lr? [Rx(un) = Ry, = p—*"RK(un) - Rkl ¢
2p-ich
- IR - R, )
> lirpliorgf(llRK(un) - RK(u)”Il)yp,F\P(Q)) >0,
which proves the assertion of the proposition. O

Taking into account assumption (H2) together with the compact embeddings W7¢(Q) — L™ (Q) for r; < p*
and WHH(Q) < L2(0Q) for r, < p. (see Proposition 2.2 (ii) and (iii)), it is quite standard to prove that the
functional

u— 4 J(u+)y dx+AjG(x, u,)dx + J Gy(x,u,)do
yQ Q 20

is sequentially weakly lower semicontinuous on W7 (Q) for every A > 0. This fact along with Proposition 3.1
leads to the following corollary.

Corollary 3.2. Let hypotheses (H1)-(H3) be satisfied. For every A > 0 and for every g € (0, p*), the restriction
of Ja to the closed convex set B, is sequentially weakly lower semicontinuous.

Now we are going to prove Theorem 1.2. For this purpose, we introduce the functionals I; : W»7((Q) —» R
and I, : L7¢(Q) — R given by

(uy)Y dx

1 1 1 < A
Liw) = == |FOVWIdu = =llulld, + = ludb. + =
1 q q,u q ‘a2 p* +lip %

—_— o

1
+A J Ga(x, uy) dx + p—llmllﬁ:,aQ + | Ga(x, us)do

Q 0

o

and
1 p A 1 D
B = s+ [ deed [ 60w des o+ [ 606w do.
p* % D+ D>
Q Q 0Q

Proof of Theorem 1.2. Let A > 0 and let g € (0, p*) be as in Corollary 3.2. First, we define

supg, Iy — I1(v)

par(p) := inf > and Ya(p) :=supl;.
lullipr<e QP — ||u||1’p’F B,
Claim. There exist A, p > 0 small enough such that
1
pae) < > (3.16)

In order to prove (3.16), it is enough to find A, g > 0 such that

inf PYa(o) - Pa(d) B

1
= 3.17
ig QP —&P p (3:17)

Taking & = p — € for some ¢ € (0, p), we easily see that

Yale) - Pald) _ Yale) —ale-¢)

o - &b P -(e-ep
&

_Yale) -Yale-¢) "o
B £ o -2y -11
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Therefore, if we pass to the limit as € — 0, then (3.17) holds if

lim sup w <pP! (3.18)

e—0*

is satisfied.
Thus we have to verify (3.18) to get our claim. First, note that

(@ - e - e)|——|sup11(gv)—sup11((g )|

€ veB, veEB;

IA

%supul(gv) L@ -ew)

veEB,

q
sup| €= RV, + VG, + L(ew) - La((e - )|

I/\

8 veBl

The growth conditions in (H2), along with the continuous embeddings W'?(Q) — LP"(Q) as well as
WLP(Q) — LP+(0Q), yield

ov+(x)
- - 1 .
Ya@) ~ale-¢) <= sup ” I [P+ A1+ Aga(x, B)] dt’ dx
€ € Wlhprst o oehvala)
1 ov+(x)
+= sup ” j [P~ + ga(x, t)]dtlda
€ Wllypr<1 50
(@—€)v+(x)
S . Iy i
0" —(@-¢) |+Afp*|9| ’ |9V—(@—e)y'
- p* £ y £
AT v (e |Q| > 0,
a2 " — (o - &M + Ab; Cp- |9 (e-¢9)
Vi € €
P P _ (p — g)P- c210Q Bt v (p_ ey
L0 —(e-9) ‘a p. 100 " -(e-9"
p. € V2 €

Hence, we obtain

limsupw<cpgp —1+ACY |Q| Qy 1+/\a1c1|Q| > V1—1
£e—0*

p*-61 px—vy B
+Ab1CH QI T 0+ P+ aacpiloQl T "

Now, we consider the function A: (0, co) — R given by

* « Px-v)
SPY — cp sPTY - Cp*sp**y —axc2|oQ sy

A(s) = y =
|Q| » +a1c1|Q| 7 svi- Y+ bic, lIQI e sbi-y

We easily see that lims_,g A(s) = 0, and from L’'Hospital’s rule we verify that lims_,, A(S) = —co. Moreover,
since v, > p (see (H2)) and due to the continuity of A, we know that there exists so > 0 small enough such
that A(s) > O forall s € (0, sp). Hence, we find spax > O such that

A(Smax) = max A(s).
s>0
Let us set
Ay = A(min{Spax, 0*})-

If we now take A < A, and p < min{syax, 0*}, then (3.18) is satisfied, and so (3.16). This proves the claim.
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From the claim we know that there exists an element & € Wb7¢(Q) with ||it];, p,F < o such that

1
Ja() < I;gp —Ii(uy) forallu; € B,. (3.19)

From Corollary 3.2 we know that J;|p, is sequentially weakly lower semicontinuous. Therefore,
Ja: WHHQ) - R

restricted to B, has a global minimizer u € whI(Q) with lull1,p,r < 0. Suppose that |Jull1,p,r = 0. Then we
have from (3.19) that

Jaw) = I%gf’ S > @),

which is a contradiction. We conclude that u € B, is a local minimizer for J; with [ull1,p,F < o for A < A..
We claim that u # 0. Let v € WL%(Q) be such that v > 0 and let ¢t > 0. Then we have

*

tP tP tP N
) = S1FemIE + ||F(Vv>|| AV R L
p p q,1 p p q q,H p* )
tY 1 vy bltel 0, aj
- A;! ARSI - A= - VB! - ||v||v2 o>

which implies Jj(tv) < 0 for t > 0 sufficiently small. Thus, u # 0.
Let us now prove that u € WH7{(Q) is nonnegative a.e. in Q. First, we observe that u + tu_ € B, and
(u + tu_); = u, for t > 0 sufficiently small. Using this fact, we have

s tu) - i)
B t

J FP(V(u + tu_)) - Fp(Vu)
= p .

q _F4
JV( )F (V(u+tut)) F (Vu)

1
q
1J|u+tu Ip—lulp 1J |u+tu Iq—|u|q
+ = = dx
b t q
Q

From this, we conclude

Jalu + tu_) = Ja(u)

0= tlir(r)1+ t
= J FPYVu)VF(Vu) - Vu_dx + J U(X)FI~Y(Vu)VF(Vu) - Vu_ dx
Q Q
+ Jlulp‘zuu_ dx + J,u(x)lulq‘zuu_ dx.
Q Q

However, from Proposition 2.1 (iii) we know that

J F(Vu?~'VF(Vu) - Vu_dx = - J FP~Y(Vu_)VF(Vu_) - Vu_ dx

Q Q
= ~IF(Vu)li,
and
Jy(x)Fq‘l(Vu)VF(Vu) Vu_dx = -[|F(Vu)|3 ,..
Q
This leads to
0 < Jim JAM+ ) = JaQw)

t—0 t
= —IF(Vu)llp = IF(Vu ), — lu-lip = lu-l1g . < 0.

Therefore, u_ = 0, and sou > O a.e. in Q.
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Let us now show that u is positive in Q. We argue indirectly and suppose there is a set C with positive
measure such that u = 0 in C. Let ¢ € WH7(Q) with ¢ > 0 and let t > 0 small enough such that u + tg € B,

and (u + tp)Y > u¥ a.e. in Q. We obtain

< Jalu + te) - Ja(u)

0
t
_LIE(V(u+ te))lp = IF(VWlp L LIF(VQu+ t@)g, — IF(VW)lg
p t q t
L Ll tply —hulp 1 bl - Il 1t tpl. — lull.
p t q t p* t
B )1l J(pydx—/—l j (u+ tp) —u¥ dx—/lj G1(x, u +te) - G1(x, u) dx
yti-y y t t
C Q\c Q
1 el on — Ul 00 J Ga(x, u +t9) = Gao,w)
ps t t
oQ
o LIF(V(u+ te))lp - IF(Vwll, L LIF(VQu+ t)gp — IF(VW)lg
p t q t
L Ll tolp —lulp 1 fu+ (G — NGy 1 Tu+tolp. — uly.
p t q t p* t
- Jgoydx—/lJ. G1(x, u +te) — G1(x, u) dx
ytv t
C Q
1 Il a0 — Ul 00 J Ga(%, U +t9) - Galx,u)
De t t )
oQ
This yields
0 < JAMEt9) Jaw) tq;) I ast o 0",

a contradiction. Hence, u > 0 a.e. in Q.
Next we want to show that
W e e LY(Q) forall p e W-7((Q)

and
J(F(Vu)l"‘1 + u(X)F(Vu)d 1 )\VF(Vu) - Ve dx + J wPlodx + Jy(x)uq‘l(p dx - J uwP lpdx
Q Q Q Q

—)ljuy‘l(pdx—}ljgl(x, u)pdx - J u’lodo - ng(x, u)pdo >0

Q Q 0Q 0Q

(3.20)

(3.21)

forall p € WH7((Q) with ¢ > 0.
Now, we choose ¢ € whI(Q) with ¢ >0 and fix a decreasing sequence {t,}nen < (0, 1] such that

limy,_, tn = 0. It is clear that the functions

Y _ y

hy () = MO0+ tnfpt(X)) U’ e,
n

are measurable and nonnegative. Moreover, we have

lim hy(x) = yu(x)*p(x) fora.a.x e Q.

Applying Fatou’s lemma gives

_ 1. .
Iuy lpdx < ;lgrlg)lfjhndx.
Q Q

(3.22)
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Then, for n € N large enough, we obtain

< Ja(u + te) - Ja(u)

0 t
_ LIFGV@t ta@)llp ~ IFVWlp | 1 IEV W+ o))l = IF(V0IG,,
b tn q ty

L LIt tagly —uly 10+ gy = Nl 1 1+ Enply. — luly.
p tn q tn p* tn
A G ) t - G )

__Jhndx—}lj 106U "t"’) 1064 gy

n

1 IIu+tn§0I|§:,aQ— IIullﬁj,aQ ~ j Gy (X, u + thp) — Ga2(x, u) do

D« tn ty
0Q

Passing to the limit as n — oo in the inequality above and using (3.22), we derive (3.20) and have

A I wtpdx < J(F(Vu)lf’*1 + u(X)F(Vu)? 1 )\VF(Vu) - Voo dx
Q Q
+ j uP~lpdx + Jy(x)uq‘lqi dx - J uP "o dx
Q Q Q
-A J wlpdx-A I g1(x, u)p dx - J u’lopdo - J g2(x, u)pdo,
Q Q 20 20
which shows (3.21). Note that it is sufficient to prove the integrability in (3.20) for nonnegative test functions
@ € WHINQ).
Now, let € € (0, 1) be such that (1 + t)u € B, for all ¢ € [-¢, €]. Note that the function B(¢) := Ja((1 + t)u)

has a local minimum in zero. We apply again Proposition 2.1 (iii) in order to get

m JA((1 + u) = Ja(u)

p— , j— 3
0=510= }Lo t
= [F(Vwlh + IIF(Vu)IIZ,y + llully + IIuIIZ,y - ||ll||§i
-A J udx-A I g1(x, wudx - ||u||§:’aQ - J g (x,u)udo. (3.23)
Q Q 20

Finally, we need to show that u is a positive weak solution of (1.4). To this end, let v € W7((Q) and take the
test function ¢ = (u + ev), € WH7(Q) in (3.21). Taking (3.23) into account, we have

0< J (FP~Y(Vu) + u(x)FT"1(Vu))VF(Vu) - V(u + ev) dx

{u+ev=>0}

+ J WP+ u)ud ) (u + ev) dx - J P Yy + ev)dx

{u+ev=0} Q

yl j Wl u+ev)ydx-A2A I g10x, w)(u + ev)dx — J WP+ go(x, w)(u + ev)do
Q o 00

= IFVWlip + IF(VWIG, . + Nullp + lullg , = luly. - A J u? dx
Q

- A | 8106 wudx - ull 5o - I g2 (x, wyudo

0Q

+e | FP"Y(VWVF(Vu) - Vvdx + € J U(X)FI~Y(Vu)VF(Vu) - Vv dx

Q

Dt D,
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+e J uP "ty dx + SJ-H(X)uqflvdX -€ J uP tvdx - €A J W lvdx
Q Q Q Q

-eA j g1(x, u)vdx —¢ J wlydo-¢ J g2(x,u)vdo
Q 00 00

- j FP(Vu)dx - & I FP~Y(Vu)VF(Vu) - Vv dx

{u+ev<0} {u+ev<0}

- J U(X)FI(Vu)dx - € J U()FI~L(Vu)VF(Vu) - Vv dx

{u+ev<0} {u+ev<0}
- wWl(u+ev)dx - j uOud(u + ev)dx
{u+ev<0} {u+ev<0}

+ J wWP N u+ev)dx + A j W (u +ev)dx

{u+ev<0} {u+ev<0}

+A J g1, u)(u+ev)dx + J wW N u+ev)do + J g2(x, u)(u +ev)do
{u+ev<0} 0Q 0Q

DE GRUYTER

< e[ J(Fp‘l(Vu) + u(X)FI"Y(Vu))VF(Vu) - Vvdx + J uP 1y dx
Q

Q

+ Jy(x)uq‘lv dx - J w’ lydx - A j wlvdx - Ajgl(x, wyvdx - J P tydo - J g(x, u)v do]

Q Q Q 0Q 0Q

.y J FP~Y(Vu)VF(Vu) - Vvdx - € J U(X)FTY(Vu)VF(Vu) - Vvdx

{u+ev<0} {u+ev<0}

iy J wWlvdx -¢ I u(x)u?tvdx.

{u+ev<0} {u+ev<0}

Note that the measure of the set {u + v < 0} goes to 0 as € — 0. Hence,

FP~Y(Vu)VF(Vu)Vvdx - 0 ase — 0,

{u+ev<0}

U(X)FT Y (Vu)VF(Vu)Vvdx - 0 ase — 0,

{u+ev<0}

wWlvdx -0 ase — 0,

{u+ev<0}

u(x)udlvdx -0 ase— 0.

{u+ev<0}

Therefore, dividing the inequality (3.24) by € and passing to the limit as € — 0, we conclude that

J(F(Vu)p*1 + u(X)F(Vu)? 1 )\VF(Vu) - Vvdx + J wPlydx + Jy(x)uqflv dx

Q

Q Q

- J up*‘lvdx—)ljuy‘lvdx—/\ng(x, wyvdx - J wtyde - J g(x,u)vdo > 0.

Q Q Q 0Q 0Q

(3.24)

Since v e W7 (Q) was arbitrary chosen, we see from the last inequality that equality must hold. Therefore,
u € WH7(Q) is a weak solution of problem (1.4) in the sense of Definition 1.1.

O
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