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1. Introduction

The study of Szegd kernels on CR manifolds plays an important role in CR/Complex analysis and geometry. Boutet de
Monvel and Sjostrand [3] showed that the Szegd kernel on a strongly pseudo-convex CR manifold is a complex Fourier
integral operator. Boutet de Monvel and Sjostrand’s result has a profound impact in CR/Complex analysis and geometry. In
[16], the authors calculate the second coefficient of the asymptotic expansion of Boutet de Monvel and Sjéstrand. When X
is a CR orbifold, the study of the associated Szegd kernel on X is a very natural question and could have some application
in CR/Complex geometry and geometric quantization theory. For example, in [17] and [13], the authors studied quantization
commutes with reduction for strongly pseudo-convex CR manifolds under the assumption that the group action G is free
near ~1(0), u is the associated momentum map, see also [9]. When the group action G is locally free near p~1(0), we
need to understand the behavior of the Szegd kernels on CR orbifolds. Furthermore, there have been quite some interesting
works recently on the Hardy spaces and the Szeg6 projection on non-smooth domains, for example for quotient domains;
we refer to [5] and references therein. The main goal of this paper is to study the associated Szegd kernel on a CR orbifold
X with non-degenerate Levi form. As applications, we give a pure analytic proof of Kodaira-Bailey theorem and explain how
to generalize a CR version of quantization commutes with reduction to orbifolds.

We now formulate our main results. We refer the reader to Section 2 for some notations and terminology used here.
Let (X, T19X) be a compact orientable connected CR orbifold of dimension 2n 4+ 1, n > 1. In Section 2 we recall the basic
material concerning orbifolds, we give definitions for the spaces of (0, q)-forms with L2(X) coefficients and for the Kohn
Laplacian Dl(’q) on the orbifold X. We can then define abstractly the Szegd projector for X to be the projector

ne . 12 (X) - KerOy.

The main aim of this paper is to prove the following result, which is a generalization of Theorem 1.2 in [11].

Theorem 1.1. Assume that the Levi form is non-degenerate of constant signature (n_,n..) on X. Suppose Ellgq) has closed range. Then

N9 =rn_+r1,

where I+ = 0if q # n.. Thus we fix ¢ = n_ and we have WF (I1_) = diag(X~ x X ™) and furthermore WF'(I1,.) = diag(Z* x 1)
ifq=n_ =n4, where

2 = {(x Awo(x) € T*X : 220},

and
WF (Ma) = {(%, &, ¥, —m) € T*X x T*X; (x,£,y,1) € WE(I1)} ;

WEF(I1+) denotes the wave front set of I in the sense of Hormander. Moreover, I11 has the following micro-local expression: Let
Mi(x, y) € D' (X x X, T*IX K (T*04X)%)

be the distribution kernel of T1.. Consider an open set U C X and an orbifold chart (ﬁ, Gy) — U. We have

+o0
Moy = 3 ([ RV @ g Todo+ FaGg ) onUx U, (1)
geGy 0

wheremrX) =x,7(V)=y,7: U — U is the natural projection, F1 are Gy-invariant smoothing operators on U and
00 )
s+ XY, 0~ ) sL®E P
Jj=0

in ST (U x U xRy, TOIX R (T*00X)"),

s+(X,y,t)=0ifq#ny

and
0 ~ T n =~ 77
s2 (X0, Xo) = 57 |det Lz, |7y n_ X0 € U,
fg=n_=ny,

1 ~
0 v —n—1 - v3
sy (X0.X0) = 57" ldet Lyl Tion, Ko € U,
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the phase functions satisfy

@4, - €C®U x U), Imp+R,5) >0,

o_X% =0, o_X VA0 ifX#Y,

dxp- X Y)|z_y = w0 ®. dyo- X V)|z_y = w0,
-9, (X, y)—w x.y),

s+ and the phase functions @+ can be taken to be Gy -invariant which means s+(g-X, g- V) =s+(X,¥), o+(g-X, £-Y) = o+ (X, ¥),
forevery g € Gy.

Here, Lz, denotes the Levi form of X atXp, det Lz, = A1 (Xo) - - - A\n(X0), Aj(X0), j = 1, ..., n, are the eigenvalues of Lz, with respect
to the given Hermitian metric on CTX and t, n, are given by (16).

It should be mentioned that the phase ¢ is the same as the description of Szegd kernel for lower energy forms on U
in [15]. Furthermore, recall that if n_ =ny or [n_ —n4| > 2, then Dg‘” has closed range, where g =n_.

Remark 1.1. The phase ¢4 is not unique. For a better understanding, we explain the reason why the distributional kernel
is well-defined even if the phase function is not Gy-invariant. Suppose we define a distributional kernel A on U via an
oscillatory integral in the following way. For each Gy-invariant f € Q?’q(U) we write

ANHE = Z// et *®eVaR, g-§,t) f(F)dt dVy (F)

1Gul
geGy
where ¢ is a Gy-invariant phase function and

aeSh(UxU xRy, TOIX R (T*9X)")

is a Gy-invariant symbol. Now, we can always change variables t — h(x, y)t in t, where h € C®(U x ﬁ,R+) is a not
necessarily Gy-invariant function on U x U. Thus, we obtain the same distributional kernel A, which is a well-defined in
the sense of [19, (6.3)], but now the phase function h¢ is not Gy-invariant in general. Actually it is a non-trivial fact that
s+ and @4 can be taken to be Gy-invariant (see Theorem 2.5).

Remark 1.2. In general, we can take any equivalent phase ¢4 in (1). If the phase ¢4 and si are not Gy-invariant, we can
prove that there are

Fr® ), FL® 5 ec™U x U, T*IX R (T*%9X)")
such that

+oo
)3 ( eltv+® eV % g.5, t)dt+Fi(i,g-?))

(2)

“+00

1 ton(hF 27 U S
=y G—(/e’“"*(“""g'y’si(h-x,g-y,t)dt+Fi(hox,g~y)),
h,geGu| ul .

where F. are smoothing operators on U (F4 can be different from F1). From (2), the oscillatory integral

+00
3 ( / eitvxEeNs, % g7, t)dt + Fi(i,g?))
geGy 0

defines a well-defined operator in the sense of [19, (6.3)] even ¢4, s4 are not Gy-invariant.

The main idea of the proof is the following: on U, by using the approximate Szegd kernel S(X,y) constructed in [11],
we define a distributional kernel

geGy
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We then show that § is microlocally self-adjoint and it behaves as the identity when restricted to Ker 0w, up to smoothing
contributions. Moreover, we can prove that S is equal to the projector TI@ up to some smoothing operator, if Ell(jq) has

closed range. This is a consequence of the properties of s just mentioned and a theorem of functional analysis.

We assume that X admits a CR compact Lie group action G, dim G =d. We do not assume that X admits a transversal
and S! action. We will work with Assumption 2.1 below and suppose that X is strongly pseudoconvex. We refer the reader
to Section 2.3 and Section 3.1 for the notations and terminology used here. We will assume that 0 is a regular value of the
moment map p and thus p~1(0) is a suborbifold of X. Put Xg := 1 ~'(0)/G. Note that both X and X¢ are orbifolds. Let

D;(_);(G be the Kohn Laplacian on the orbifold X;. Let

(KerD;O))G = {u € KerDl(,O); gfu=u,vge G} .

As an application of Theorem 1.1, we generalize a CR version of quantization commutes with reduction to orbifolds. Note
that the following theorem is the orbifold version of [17, Theorem 1.2] (see also [13]).

Theorem 1.2. There is a map
o : (Keraf”)® c L*(X) — Ker oy € L2(Xc)

such that o is Fredholm, that is,

(i) Kero N (Ker DI(JO))G is a finite dimensional subspace of C* (X),

(ii) Cokero NKer DI()O;(C is a finite dimensional subspace of C*°(X¢).

We refer the reader to (34) for the explicit formula for o.

Let us recall prior literature. First there is the paper [24], which deals with the Szeg6 kernel on an orbifold circle bundle.
The semi-classical behavior of Bergman kernels on complex orbifolds was studied by Dai, Liu and Ma [6]. Our approach
is closer in spirit to [6] where an explicit expression for an operator on a local chart (U, Gy) — U is given. This is also
motivated by previous results concerning G-invariant Szegd kernel for locally free G-action on CR manifolds we obtained in
[8], in this case the CR reduction is an orbifold.

It is known that a compact connected strongly pseudoconvex CR orbifold X with a transversal CR S! action can be
identified with the circle orbibundle of a positive holomorphic orbifold line bundle (L,h) — M over a compact complex
Hodge orbifold M, see [4]. By this identification the k-th Fourier component of the Szegd kernel function and the Bergman
kernel function for the k-th tensor power of the line bundle L are equal up to a constant factor of 27r. Hence in Section 4
we obtained a phase function version of the Bergman kernels expansions on orbifolds (see [18, Theorems 5.4.10, 5.4.11] or
[6, Theorem 1.4] for another version).

2. Preliminaries
2.1. Orbifolds

We recall basic definitions we need about orbifolds, for a more precise discussion see [1], [18] and references therein.
Define M to be the category whose objects are pairs (M, G), where M is a connected smooth manifold and G is a finite
group acting smoothly and effectively on M. A morphism @ : (M, G) — (M’, G’) is family of open embeddings ¢ : M — M’
such that:

i) For each ¢ € ® there exists an injective group homomorphism A, : G — G’ satisfying

P(g-X) =1p(g) - 9, xeM, geG.

ii) For ge G, p € @, if (g@)(M) N (M) # @, then g € 1,(G).
iii) For ¢ € ®, we have ® ={g¢, g€ G'}.

Let X be a paracompact Hausdorff space and let ¢/ be a covering of X consisting of connected open subsets. We assume
U satisfies the condition: for any xe UNV, U, V €U, there is W € U such that xe W c U N V. Then we say that the
topological space X has an orbifold structure if

i) for each U e U there exists (G, Gy) € M, and a ramified covering (ﬁ, Gy) — U such that U is homeomorphic to U/GU,
where U /Gy is endowed with the quotient topology;

ii) for any U, V €U, U C V, there exists a morphism ¢y y : (5, Gy) — (V, Gy) which covers the inclusion U C V and
satisfies pwy = pwy opyy forany U, V, W eld suchthat UCV C W.

4
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Let us denote by 7y : @, Gy) — U the ramified covering. We recall that for each p € X one can always find local
coordinates x = (x1, ..., X;) on (U, Gy), U CR", and p with 7y (p) = p such that x(p) =0 € R" is a fixed point of Gy and
Gy acts linearly on R". We call these coordinates standard coordinates at p. If |Gy| > 1 then we say that p is a singular
point, otherwise we say that p is regular.

A vector orbibundle (E, p) on an orbifold X is an orbifold E together with a continuous projection p : E — X such that
for U € U there exists a Gy-equivariant lift p Ey—>U defining a trivial vector bundle such that the diagram

(Eu.Gf )—> (U. Gy)
\ \

Ey 2 U

commutes. As before, when we say that p :Ey—>Uis Gy-equivariant we mean that there exists an injective group homo-
morphism A, : Gf — Gy such that

P(g-e)=4p(g)-Ple) eckEy, geGh;

if Ap is a group isomorphism, we say that the vector orbibundle is proper.

A smooth section of a vector orbibundle (E, p) over X is a smooth map s: X — E such that p os = 1x, we denote
the space of smooth sections as C*° (X, E). We recall that a smooth map f : X — Y between orbifolds is a continuous map
between the underlying topological spaces such that for each U € I/ there exists a local lift (fU fU) such that fU -V
is smooth, fU : Gy — Gy is a group homomorphism, the diagram

~ Foo
(U,Gy) = (V,Gy)

\ !

U l) %4

commutes and fy is Tu—equivariant:

fugn=Tu@fu®. geGu.xel.
The tangent orbibundle T X is defined by gluing together the bundles defined over the charts

(TU, Gy) — (U, Gy),

where the action of Gy on TzU is induced by differentiating the action on U, dg. It has a natural structure of proper vector
orbibundle. The smooth sections of it are called vector fields.

We can then define the differential of a smooth map f : X — Y to be the smooth map df : TX — TY such that locally
for a given x € U, f(x) € V, and standard coordinates at x we have a commutative diagram

~ d;f ~
(TzU.Gy) — (Tyx V. Gy)
" =
dx
T 2L TV

where d~f is fy-equivariant. We ' say that f is an immersion at x € X if df is injective, so this means that there is a local
lift fU U — V such that both dxf and fU are injective.

There are different ways to construct new vector bundles out of old, see [21] p. 29 and also [1] p. 14. Given any
continuous functor F from vector spaces to vector spaces we obtain a new orbibundle F(T X) — X with fibers F(TzU)/Gy.
In particular, this allows us to construct the cotangent orbibundle T*X and exterior powers A9T*X. We recall the definition
of sub-orbibundle that we will require later to define T'-°X. A sub-orbibundle (F, p|r) of a vector orbibundle (E, p) is a
suborbifold of E being a vector bundle on X. We recall that a orbifold Y is a suborbifold of an orbifold X if there exists an
immersion ¢ : Y — X, we identify Y with its image in X.

Example 2.1. Consider an action of a finite group G on R2™1, A form on the orbifold R%"*1/G is a G-invariant form on
R2n+l.

At this point we can give the definition of exterior derivative. Consider a chart (ﬁ, Gy) — U of an orbifold X, a k-form
w defines a Gy-invariant k-form wy on U, locally this is given by

5
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wy = fydxt Adxi2 Ao A dxd onU CR",

where fy is a Gy-invariant function on U. The exterior derivative of @ is given locally by

3 fU ] n
doy ._; ™ —2dx' Adx onUCR
where ] is the multi-index | = (j1,...jn). It is easy to check that it defines a (k 4+ 1)-form which is invariant under the
action of Gy.
If X is an oriented n dimensional orbifold, we define the integral of a smooth section @ of the orbibundle A"T*X as
follows. Suppose that supp(w) is compactly supported on U € U/, we define

=]

w:=——1_ wy.
IGul J

u U

In the general case, for every open cover of X by positively oriented charts, (U;, Gy,), we have a partition of unity, (0;)ier
subordinate to this cover. We define,

1 ~~
/a)::Z|G ) pioy; - (3)

It remains to show that it does not depend on the choice of open cover and on the choice of partition of unity. Now, given
another open cover ((Vj, Gv;))je; and an associated partition of unity (o})je, since supp(piojw) € U; N V; we have

1 /~~ ~ 1 ~ o~
= | Pi0jiwy; = = [ Pi,jojwy;
Gu,l J "Gy, i

Ui V;

where G;; is defined on l~1i as the composition between o : U; — R and the covering L7i — Uj, in a similar way p; ; is
defined. Now,

1 ~~
gﬁf’w sz |/p"’“‘“”'
Ui

iel jej
— Di.iGiwy,
J
=Y e/
= jwov;
<16yl 7
Vj

where we use the fact that

Y Gi=1, Y pij=1.

jej iel
2.2. CR orbifolds

In this section, we recall the definition of CR orbifolds, we also refer the reader to [7, Section 5]. For background concern-
ing CR manifolds we refer to [11], and [17] and references therein. Moreover, the presentation here about CR geometry is
taken from [17, Section 2]. Let X be a compact, connected and orientable orbifold of dimension 2n+ 1, n > 1, a CR structure
on X is a sub-orbibundle T1-9X of rank n of the complexified orbifold tangent bundle TX ® C (which is defined locally for
each x € X by taking TzU ® C), satisfying T'-°X N T%1X = {0}, where T%1X = T1.0X, and [V, V] C V, where V is the space
of smooth sections of the orbibundle T%1X.

There is a unique sub-orbibundle HX of TX such that HXQ@ C =T9X @ T%1X, i.e. HX is the real part of TH0OX @ T%1X,
Let J: HX — HX be the complex structure map given by J(u + u) = :u — iU, for every u € T0X. By complex linear
extension of J to TX ® C, the :-eigenspace of J is T10X = {V eHX®C; JV = zV}. We shall also write (X, HX, J) to
denote a CR orbifold.

We fix a real non-vanishing 1-form wg € C*°(X, T*X) so that (wo(x), u) =0, for every u € HyX, for every x € X. For
each x € X, we define a quadratic form on HX by

1
Lx(U.V) = 2dwo(JU. V)., VUV €HyX.



A. Galasso and C.-Y. Hsiao Journal of Geometry and Physics 209 (2025) 105411

We extend £ to HX ® C by complex linear extension. Then, for U,V € T;’OX,
— 1 — 1 —
Lx(U, V)=§dwo(JU, V):—Zdwo(U,V). (4)

The Hermitian quadratic form Ly on T,}’OX is called Levi form at x. This means that for each local coordinate patch
(ﬁ, Gy) — U there exists a Gy-invariant Hermitian quadratic form on (T;ﬁ, Gy). In this paper, we always assume that
the Levi form £ on T1:%X is non-degenerate of constant signature (n_,ny) on X, where n_ denotes the number of negative
eigenvalues of the Levi form and n, denotes the number of positive eigenvalues of the Levi form. Let R € C*°(X, TX) be
the non-vanishing vector field determined by

wo(R)=—-1, dwo(R,-)=0 onTX. (5)

Note that X is a contact orbifold with contact form wp, contact plane HX and R is the Reeb vector field.

Here, a Hermitian metric (-|-) on TX ® C so that T1:0X 1 T%1X means that (-|-) is defined locally on each local chart
U as Gy-invariant Hermitian metric on T,;ﬂ ® C; from now on when it is clear how to define a geometric structure on an
orbibundle we will not always recall the definition. Furthermore, notice that every Hermitian metric h’ on 1] gives rise to a
Gy-invariant metric hy on U by averaging over the group:

hy(v, w):= ) W'(dzg(v), dzg(w)),  v,weT:U.
geGy

For u e TX® C, we write |u|? := (u|u). We always consider a Hermitian metric (-|-) on CTX so that T1:°X is orthogonal
to TO1X, (u|v) is real if u, v are real tangent vectors, (R|R)=1 and R is orthogonal to T19X @ TO1X.

Denote by T*''°X and T*%1X the dual bundles of T1:°X and T%!X, respectively. They can be identified with sub-
orbibundles of the complexified cotangent orbibundle T*X @ C. Define the vector orbibundle of (0, q)-forms by T*04X :=
AIT*0.1X  The Hermitian metric (-|-) on TX ® C induces, by duality, a Hermitian metric on T*X ® C and also on the
orbibundles of (0, q) forms T*%9X,q=0,1,---,n. We shall also denote all these induced metrics by (-|-). For u € T*%-9X,
we write [u]? := (u|u). Note that we have the point-wise orthogonal decompositions:

T*X®C=T"10Xa T*01X ® {Aw; L € C},
TXQC=T'"X@ T X & {AR; L C}.

Let U be an open set of X. Let Q%9(U) denote the space of smooth sections of T*%9X over U and let Q?’q(U) be
the subspace of Q%9(U) whose elements have compact support in U; more precisely an element u in Q?’q(U) has a lift
ie Qg’q(f]) which is Gy-invariant. The metric on TX ® C induces a metric on A9(T*X ® C), so we have a well-defined
orthogonal projector

7% AUT*X @ C) — T*0IX.
We can define the tangential Cauchy-Riemann operator d), by composing with the exterior differential
p=m"od: QX)) - Q%IT(X),

thus, on a local chart ([~J, Gy) — U, 9y acts on Gy-invariant functions on U and commutes with the action of Gy on U. Let
dVx(x) be the volume form on X induced by the Hermitian metric (-|-). For a local chart (17, Gy) — U, let dV(x) be the
volume form on U induced by the Hermitian metric (-|-). The natural global L? inner product (-|-) on ©%9(X) induced
by dVx(x) and (-|-) is given by

(u|v):=/(u(x)|v(x))dvx(x), u,veQO*q(X).
X

We denote by L%O’q)(X) the completion of £299(X) with respect to (-|-). It should be clear that the elements in L%O’q)(X) are

L? sections of the orbibundle A9(T*X ® C), the integral appearing in the definition of the L? inner product (-|-) is meant
to be interpreted as in the previous section, see (3). We extend (-|-) to L%O‘q)(X) in the standard way. For f € L%O q)(X), we

denote Hfll2 :=(f|f). We extend 9}, to L(Zo’r)(X), r=0,1,...,n, by

3y :Domdp C LY ) (X) — LY 1) (X).

2

where Domdj :={u € Lfo’r)(X); Apu € L3 r11)

also write

(X)} and, for any u € Lfo " (X), dpu is defined in the sense of distributions. We

3, :Domd, C L 1) (X) — LY 1 (X)
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to denote the Hilbert space adjoint of 3;, in the L? space with respect to (-|-). Let D,(Jq) denote the Gaffney extension of the
Kohn Laplacian given by

@ _

DomO, {s € L(o 9 X se Dom 3, N Dom 3, 3,5 € Dom 3y, 3,5 € Domgb} ,

Dl() )s = 30,5 + 0,0ps for s € Dom DI(JQ) )

(6)

2.3. Group actions on orbifolds

Consider a compact connected Lie group action G. A smooth action of G on an orbifold X is a continuous action -
between the underlying topological spaces such that for each g € G the map g- : X — X is smooth by mean of definition in
Section 2.1: this means that locally (Gy, ﬁ) — U, for each g € G, there exists a local lift (g, gy) such that g : U—Vis
smooth, g-; : Gy — Gy is a group homomorphism, the diagram

@.c0 % 7.6v)
! !

u £ v

commutes and g-; is g-y-equivariant:

Fulg0=gy@8uy®, gecGy,xel.

In this work, when X admits a compact Lie group action G, we suppose that

Assumption 2.1. We assume g*wo = wp on X and g, ] = Jg. on HX, for every g € G, where g* and g, denote the pull-back
map and push-forward map of G, respectively.

Let g denote the Lie algebra of G and e denotes the identity element in G. For a moment denote by f:G x X — X the
action, so that f(g,x) = g-x. Fix x € X, define

Ex(x) =de f(-,%) (§) -

For any & € g, £x is the so called vector field on X induced by &.

By the motivation explained in the introduction, in Theorem 4.1, we assume that X admits a CR and transversal S!-
action which is locally free, T € C*°(X, TX) denotes the global real vector field given by the infinitesimal circle action. In
this case, we will take T to be our Reeb vector field R. Note that in Theorem 1.1, we do not assume that X admits a group
action.

2.4. Operators on orbifolds

Let us recall the definitions of kernels and operators on orbifolds given in [19, Section 6]. By the formulas [19, (6.3) and
(6.6)] we have

Kxx)=7) (1,8 K& g-%)

getGy

where K : Cgo(ﬁ, E) — Cm(ﬁ, E) is an operator acting on sections of a proper orbifold vector bundle E. Here, (1, g~ 1)-
denotes the action on Ex x E;,. Now, in this paper we shall consider operators acting on smooth functions on the orbifold
X, thus the bundle E and the action (1, g~1)- are trivial. Now, we shall recall more precisely the definitions that we need.

Let U C X be an open set and let E be a vector orblbundle over U. As smooth case, let D' (U, E)GU denote the space of
Gy-invariant distribution sections over U and let & (U E)GU denote the space of Gy-invariant distribution sections over U
whose elements have compact support in U. Let (U, E)CY denote the ' space of Gy-invariant smooth sections over U and
let C°°(U E)Cu denote the space of Gy-invariant smooth sections over U whose elements have compact support in 4. For
selR, let Hgomp (U, E) denote the Sobolev space of Gy-invariant sections over U of order s whose elements have compact
support in U. Put

HS (0, F)Cv = {u e DU, B)U; xu € Higpmy U, BV, vy € ch(H)} .

Let HS(X, E) denote the Sobolev space of sections over X of order s. Let F be anther vector orbibundle over U. We write
EX F* to denote the vector orbibundle over U x U with fiber over U x U consisting of the linear maps from Fy to Ej.

8
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Let H:C(U, E) — D'(U, E) be a continuous operator and let
H(x,y) e D'(U x U, ER E*)
be the distribution kernel of H. We say that H is smoothing on U if
H(x,y)eC®(U x U, EK E").

When H is smoothing on U, we write H=0 (on U) or H(x, y) =0 (on U). More precisely, let (ﬁ, Gy) — U be an orbifold
chart. The notation H = 0 means that we can find a

Hx, y)ec®@U x U, ERE")
such that

Hxy) =) HRFg 5 =0,

geGy
for all (x, y) € U x U, where 7 (X) =x, 7(y) =y, 7 : U — U is the natural projection and E is the lifting of E. Let
Gx,y)eD'(U x U, ERE*).

We will write G to denote the continuous operator G : C°(U, E) — D'(U, E) with distribution kernel G(x, y).
Let

H:C®(X, T*%9X) — D'(X, T*%9X)

be a continuous operator. We say tat H is a complex Fourier integral operator if, let U, Gy) — U be any orbifold chart of
X, there is a complex Fourier integral operator Hy : %9(U) — ©%9(0) has a distribution kernel

Hy® 9 eD' U x U, T*%9IX X (T*>9X)*)
such that
Hx,y)= Y Hy® g-7)
geGy

for (x,y) eU x U, where t1X) =x, t1(y) =y, 7 : U — U is the natural projection. Furthermore, we shall often write the
distribution H as an oscillatory integral

+00
Hx, y):= Z ( / et YXEVX g7, t) dt) onU x U
geGy 0

where a is a symbol in the sense of Hérmander, to be described in the next paragraph, and ¢ is a Gy-invariant complex
phase function as in [20].

Let us recall the definition of Hormander symbol space. Let U c R?™*1 be a local coordinate patch with local coordinates
X=(X1,...,Xony1). We recall the following definition.

Definition 2.1. For m e R,
ST x U x Ry, T*OIX K (T*09X)%)

is the space of all smooth functions
aeC®WU x U x Ry, TOIX X (T*09X)*)

such that, for all compact K € U x U and all , B € Ng"‘“. y € Np, there is a constant Cy g, > 0 such that
0298 08) a®, F.t)| < Capy (1 +1tH™7, forevery X, 5,t) € K x Ry, t > 1.

Put

S™O(U x U x Ry, T*IXR(T*9X)*) := (1) ST(U x U x Ry, T*IX R (T*1X)").
meR

Let
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aj € S1hU x U x Ry, TOIX R (T*09X)%)
j=0,1,2,... with m; — —o0, as j — co. Then there exists
aeS™U x U x Ry, T*9X K (T*09X)*)
1,0 +

unique modulo S™°°, such that
k-1
a—Y a;eSThU x U xRy, TIX R (T*9X)%)
j=0
fork=0,1,2,....
If a and a; have the properties listed above, then we write

o0
a~Zaj (in the space ST (U x U x Ry, T**IX & (T**9X)*)) .
j=0
Furthermore, we write
S, J.t) € ST(U x U x Ry, TOIX R (T*09X)*)
if
SR Y. 6) € STo(U x U x Ry, T*IX X (T09X)*%)
and
SEY.0~ Y20 e M in ST (U x U x Ry, TOIX R (T04X)%)
sSIX,¥)eCc™®U x U, T**9X K (T*0-1X)*), j e No.

. -
We simply write STo to denote

Mo x U x Ry, T*OIX R (T*09X)*)

meRU{—oc0}.

The previous definition can be adapted in the setting of orbi-vector bundles as follows. Let E be a vector orbibundle over
X and let H:C*®(X, E) — D'(X, E) be a continuous operator with distribution kernel H(x, y) € D'(X x X, E X E*). Locally,
let E be the vector bundle over U. Let me R, 0 < p,§ <1, then Sm s(T*U, E) denotes the Hormander symbol space on

T*U with values in E of order m type (p, 8) and S"L(T*U E) denotes the space of classical symbols on T*U with values in
E of order m. Let LmB(U EX E*) (respectively LT (U, EX E* )) be the space of pseudodifferential operators on U of order

m from sections of E to sections of E with full symbol ae Sms(T*U E) (respectively a € W (T*U E)). Eventually, we write
H e Lmﬁ(X E ® E*) (respectively H € L (X, E® E™)) if for any orbifold chart (U Gy) — U, there is a HU € L'E,a(ﬁv EX E*)
(respectively Hye LY (U, EX E*)) such that

Hxy)y= ) Hy® gy
geGy

for (x, y) € U x U, where m(X) =x, w(y) =y, w : U — U is the natural projection and E is the lifting of E.
2.5. Microlocal Szeg6 kernel

On each open set U C X, we define operators 587) having the same microlocal structure described in our main results. We
call this operators approximate Szegé kernels. We shall review some results in [11] concerning the existence of a microlocal
Hodge decomposition of the Kohn Laplacian on an open set of a CR manifold where the Levi form is non-degenerate. Since
the proofs are local we can carry out the same analysis on the chart (Gy, U) for a given open set U. For the following
theorems we refer to Chapter 6, Chapter 7 and Chapter 8 of Part I in [11].

Theorem 2.1. We assume that the Gy-invariant Levi form is non- degenerate of constant signature (n—,ny) at each point of U. Let
q #n_,ny. Then, there is a properly supported operator Ay € LT ! (U T*0:4X ) (T*0-9X)*) such that D(C’)A~ =I+FgonU, Fyis

a smoothing operator on U.

10
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Until further notice, we assume that the Levi form is non-degenerate of constant signature (n_,n;) on X. Let po(x,&) €
C®(T*X) be the principal symbol of D}()q). Note that po(x, &) is a Gy-invariant polynomial of degree 2 in & when written

locally on U. Recall that the characteristic manifold of Dl(f) is given by ¥ = Xt U X, where % and X~ are given by
St={®x rwo(x) e T*X; >0}, =7 ={(x. Awo(x)) € T*X; 1 <0}, (7)

where wg € C*®° (X, T*X) is the uniquely determined global contact 1-form.

Theorem 2.2. With the same assumptions as in the previous theorem, let ¢ = n_ or n,.. Then, by adopting notation as in Section 2.4,
there exist properly supported continuous operators A € LTll (U, T*99X ® (T*99X)*), and operators S_, S, € L% , (U, T**IX K
22 23

(T*0-9X)*), such that
O A+S_+S,=IonU,
Dl(,q)s_ =0onU, Dl()q)5+ =0on0,
A=A* onU, S_A=0onU, SLA=0 onU,

~ (8)
S.=5*=5% onU,
S, =5 ESi onU,
S S,=S.S_=0onU,
where A*, S* and S* are the formal adjoints of A, S_ and S with respect to (- | -) respectively and S_(X, y) satisfies
o
S-G.)= [ e Fs & F.0dt on D (©)
0

with a symbol s_ € S, (U x U x Ry, T*09X ) (T**9X)*) such that

o0
SSEY.O~Y L@ in ST (U x U xRy, TOIXR(TH09X)%),
j=0 (10)

sl e (U x U, T*%9X R (T**9X)*), jeNo,
and phase function ¢_ such that ¢ = @_ satisfies
pec™Ux0), Imp®73) =0,
pERD=0. 9R F) 0 if X+T,
dxp(X, 37)|;:y =-wo(X), dyp®, 37)|;:y = wo(X),
PX.Y)=—9(¥.%).
Moreover, there is a function f € Coo(ﬁ X ﬁ) such that
PoX. ;X)) — fR. VR, V) (12)

vanishes to infinite order at X =y. Similarly,

(11)

o

$1G.)= [ e Fis, & 5.0 dt on (13)
0
with s, € ST, (U x U x Ry, T*09X ) (T*0-9X)*) satisfying

o0
Ry~ shE Y (14)
j=0
in ST (U x U x Ry, T*O9X 3 (T*0-9X)*)
1,0 + ’
shec™®(U x U, T"IX R (T*9X)*), jeNo,

and —¢ (X, y) satisfies (11) and (12). Moreover, if q # n,., then s (X,X,t) vanishes to infinite order at X =y. If q # n_, then
s_(X,y,t) vanishes to infinite order at X =5.

11
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The operators S, S_ are called approximate Szeg6 kernels.

Remark 2.1. With the notations and assumptlons used in Theorem 2.2, furthermore suppose that q =n_ # n,. Since
s. (%, y,t) vanishes to infinite order at X=7y, we have S, =0 on U. Similarly, if g = ny #n_, then S_ =0 on u.

We pause and introduce some notations. For a given point p € U, let {W]-};?:1 be an orthonormal frame of (Tlvoﬁ, 1)
near p, for which the Levi form is diagonal at p. Put
Lp(Wj,W¢)=pj(p)sje, j.€=1,....n
We will denote by

detLy=]]u;p). (15)
j=1

Let {e]} ; denote the basis of T*0.17, dual to {Wj}?:r We assume that pj(p) <0if 1<j<n_and puj(p)>0ifn_+1<
j<n Put

N(p,n-):={cer(p) A... nen_(p); c€C},

N(p.ny):={cen_y1(p) A... Aen(p); c€C}
and let

Tpn_ T;O’qﬁ - N(p,n2), Tpn,: T;O’"_qﬁ — N(p,ny), (16)

be the orthogonal projections onto N (p,n_) and N (p,ny) with respect to (-|-), respectively. For | = (j1,..., jg), 1 <j1 <
w<jg=nletey:=ej A---nej. For |I|=]]|=gq, I, ] are strictly increasing, let e; ® (ej)* be the linear transformation
from T*%9X to T*%9X given by

(er ® (e)")(ex) =8; k ey,

for every |K| =gq, K is strictly increasing, where §; x =1if ] =K, §; x =0 if J#K. For any f € T*0.4X K (T*0-9X)*, we
have

’
f= Z C[JC]@(C])*,
H=lJ1=q

c,;€C, for all |I| =|J|=gq, I, J are strictly increasing, where Y’ means that the summation is performed only over
strictly increasing multi-indices. We call ¢; je; ® (ej)* the component of f in the direction e; ® (e;)*. Let Ip =(1,2,...,q).
We can check that

Tp.n. =€l (P) @ (e, (p)*.
0

The following formula for the leading term s~

sg on the diagonal follows similarly.

on the diagonal follows from [11, §9]. The formula for the leading term

Theorem 2.3. Let q = n_. For the leading term s° of the expansion (10) of s_, we have

I S o~
s2 (o, %o) = o7 " [det Ly | T Ko € U.

Let q =n. For the leading term s?r of the expansion (14) of s, we have

1 ~
0 ~ — _‘1 ~
s+(>?o,x0):§n "1 |det Lz, | tion_, Xo€U.

Definition 2.2. With the assumptions and notations used in Theorem 2.2, let ¢, ¢, € Cw(ﬁ X 6) We assume that ¢7 and
@y satisfy (11). We say that @1 and ¢, are equivalent on U if for any by(x,y,t) € S} (U x U x R, T*09X X (T*09X)*) we
can find by(x, y,t) € S% (U x U x Ry, T*09X K (T*09X)*) such that

oo oo

/ei‘/’l(x'y)tbl(x, y, bt E/ei‘pZ(X'Y)tbz(x, y,tydt onU
0 0
and vice versa.

12
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Theorem 2.4. With the assumptions and notations used in Theorem 2.2, let ¢ = n_. There is a phase ¢ Xy e (U x U) satisfying
(11) such that _(g -X, g-¥) = ¢_ (X, y), forevery g € Gy and ¢_ is equivalent to ¢_ on U.

Proof. Fix g€ Gy, g #1. Let

S_g,Stg:Q290) - 2UD)

be the continuous operators with distribution kernels S_(g-%, g-¥), S+(g-%, g -y) respectively, where S_, S; are as in
Theorem 2.2. Let Sg:=S_ g+ Sy g, S:=S_+ 5. From the first equation in (8) and note that

Sgljl(,q) =0onU,

we have

SgoS=SgonU. (17)
Now,

(Sgo X, Y)

= [ ste-% g D@ Pavx@ as)

:/S(g-%,’a)S(g*1 U, 7)dVx@) =S®,5) onU.
From (17) and (18), we get

Sg=S5S-g+S+g=5-+5+. (19)

Since WF (S_ g) =WF (S_) = £~ (\T*U, WF (54 g) =WF (S;) ==+ (T*U,we have S_ o =S_, S, o =S,.From S_, =
S_, we can repeat the proof of [15, Theorem 5.4] and deduce that there is a f(X,¥) € C®°(U x U), f(X,%) =1, such that

- Y) — fRY)p-(g-%8-)
vanishes to infinite order at X = 7. From global theory of complex Fourier integral operators of Melin-Sjostrand [20], ¢ X, 9)
is equivalent to ¢_(g-X,g-y) on U. Let ¢_(X,y) := |GlT| > eccy ¥—(& X%, g Y). Then, ¢_(X,y) satisfies (11) such that
9_(g-%,2-7)=¢_Q&,7), for every g € Gy, and @_ is equivalent to ¢_ on U. O

Theorem 2.5. With the assumptions and notations used in Theorem 2.2, let ¢ = n_. We can take the phase ¢_ and symbol s_ in (9)
so that ¢_ and s_ are Gy-invariant.
Similarly, let ¢ = n4.. We can take the phase ¢ and symbol s in (13) so that ¢ and sy are Gy-invariant.

Proof. Let g =n_. From Theorem 2.5, we see that we can take ¢_ so that ¢_ is Gy-invariant. From the proof of Theo-
rem 2.5, we see that S_ =S_ 4, for every g € Gy. Hence, we can replace s_(X, ) by ﬁs,(g -X,g-y). When q =n,, the
proofs for ¢4 and s; are similar. O

2.6. Geometric conditions for the closed range property

We recall that, given q € {0,...,n}, the Levi form is said to satisfy condition Y(q) at p € X, if £, has at least either
min (q + 1,n — q) pairs of eigenvalues with opposite signs or max (q + 1,n — q) eigenvalues of the same sign.

Remark 2.2. Assume that the Levi form is non degenerate of constant signature (n_,n.). Given q € {0, ..., n}, then Y(q)
holds if q ¢ {n—, ny}. Furthermore, notice that if g=n_=n,, q—1¢{n_,n;} and g+ 1 ¢ {n_,n.}, then Y(g — 1) and
Y(q + 1) hold. Eventually, we remark that if g=n_ and |[n_- —ny| > 1, then Y(q— 1) and Y(qg + 1) hold. In particular if X
is a strongly pseudoconvex CR orbifold of dimension greater than 5, then Y (1) holds.

We can repeat the same proof as in manifold case with small modification and get the following:

Theorem 2.6. Let X be a compact CR orbifold and suppose that Y (q) holds. Then, Dl(,q) has closed range.

Furthermore, suppose that Y (q) fails but Y(q — 1) and Y (q + 1) hold, then ng) has closed range.

13
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In the following, we will give a proof of the first pat of Theorem 2.6 under the assumption that the Levi form is non-
degenerate of constant signature (n_, n.). Since the proof is related to the construction of parametrices for Kohn Laplacians
on orbifolds, therefore we think it is worth to give a proof under the assumption that the Levi form is non-degenerate of
constant signature (n_,n;). We suppose that Y(q) holds. Then, q ¢ {n_,n}. We shall prove:

3C>0 suchthat [Ou]>Cul VuLKerO; (20)

which is equivalent to prove that D,(Jq) has closed range, see Lemma C.1.1 in [18]. We need the following lemma.

Lemma 2.1. There exists a continuous operator
A:HS (X, T*09X) — HST1(X, T*%9X), VseR,

such that DE‘DA = I + F where F is smoothing on X.

Proof of Lemma 2.1. Fix an orbifold chart (Gy, U) — U. By Theorem 2.1, we can define on U,

A 1 - o - 1 ~ o~

Avx.y)y=— > Agth-X gy and Fyx.y)=— Y Fyh-Xg-9),

IGul, |Gyl
,8€Gy h,geGy
so that Ay : H Comp (U T*0.4X) — HS“(U T*0.9X) is continuous, for all s € R, Fy is smoothing and they satisfy the follow-
ing
oAy =1+Fy on U,

where Ay and Fy are as in Theorem 2.1. Now, since X is compact we can consider an open cover {U}je/, (ﬁj, Gy;) > Uj
orbifold chart, for every j, and a partition of unity x;j € C2°(U;) so that we have

o Au,xj=xj+Fu,x; on Uj.
Eventually, set A= 2 Ajxjand F = 2 Fix;, we can check
Dé‘”i\:l—kﬁ,
globally on X and we get the lemma. O

We are ready to prove (20). Suppose by the contrary that (20) does not hold. Then there exists a sequence of (0, q) forms
such that u; € L(zqu)(X), j=1,2,.., with Juj| =1 and uj L KerEIZq) such that ||Dl()q)uj|| < %HUjH for each j=1,2.... By
Lemma 2.1, we have

AOPuj=uj+ Fruj, j=1,2,...,

where A* and F* are adjoints of A and F respectively. Since A* : Lfo o X) = HY(X, T*91X) is continuous, we get

N A C
gl = gl < NA*OR ujll < CHOR ;) < <l
for all j=1,2,..., where |-|; denotes the Sobolev norm of order one and C > 0 is a constant independent of uj. Since

2 L%O X)) = H'(X, T*%9X) is continuous, we get

lujllh <C’, forallj=1,2,...,

where €’ > 0 is a constant independent of j. By Rellich’s Lemma, there is a subsequence 1 < j; < j <... such that uj, — u
in L% o (X) as s — 4o0. Since uj L I(erl:ll(zq) for each j, then u L I(erl:llgm: but D;‘”u = lim, Dl(f)ujs =0 and thus we get a

contradiction.
We can repeat the proof of [15, Theorem 6.24] with minor change and get the following

Theorem 2.7. Assume that the Levi form is non-degenerate of constant signature (n—,n,.) on X. Suppose that X admits a transversal
and CR R-action. Forany q € {0, 1, ...,n},

9 . @ ~
:DomO,” C (0 oX) — L(0 o X
has closed range.

14
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3. Proof of Theorem 1.1
Let

ne: 12, (X) - Kerof

be the orthogonal projection, the so called Szeg6 projection. Let us recall the following known global result.

Theorem 3.1. Suppose that the Kohn Laplacian D(q) Dom D(q) C L(0 q)(X y— L2 0.0 (X) has closed range, then there exists a bounded
operator N : L(0 q)(X) — Dom Dt()q) such that

NO® +19 =1 onDomO and OPN+NP =1 onl% (X).

Consider an orbifold chart (Gy, L~J) — U, let
S, S+, A:Q2Y0) — (D)

be as in Theorem 2.2. Recall that S_, S and A are properly supported on U. Define on U the following kernels

S_xy)=) S Rgy. Sixy=>) S;R®gy.
geGy gety
and
. 1 ~
A% = e > AMh-Xg).

g.heGy
It is not difficult to see that S_, §+ and A are properly supported. For every u € Q?’q(U), we have
hu=n 2 /A(h R U= 3 /A(h FPuE P dvg ),
g,heGy h ,8€Gy

-1

which is in Q q(U) because Ais proper and uo g~ is compactly supported. Similarly one can deal with S_ and §+. Thus,

we have S_ S+, A q(U) — Q “9(U). Moreover, from Theorem 2.5, we see that
S-EMN=re D /s (h-%.g-3) onl,
gheG

1 o
5+(”y)—m > /S+(h'x,g'y) onU.
Ug,hEGuﬁ

By the properties of S_, S, and A, we have

O@PA+S5_+5.=1 onl (21)
and
Dl(jq)é_EO onU. (22)

Now, apply T1@ to (21), for each u € 22%(U) we have
H(Q)(D(Q)A +5_ 4+ §+)u =9y, (23)

where M@y e L(0 )(X) and the left hand side is well-defined since we have already checked that S_, §+, A are prop-
erly supported. Now, notice that for each u,v € Qg’q(U) we have (H(Q)Dl()q);\wv) = (Au|DZQ)1‘[v) = 0 which implies
H(‘J)D,(;“A =0 on Q29(U). Thus, by (23), we also get the following desired property

N9G_+5,) =12 on>?W). (24)

Recall from Theorem 3.1 the existence of the operator N; since S_and §+ are properly supported we have
NOWPGS_+80)+T9GE_+5)=5_+35. onQXw).

15



A. Galasso and C.-Y. Hsiao Journal of Geometry and Physics 209 (2025) 105411

Now, we get that IZI,(Jq)(§_ + §+) is a smoothing operator on U, which we will denote by F. Thus, by (24) we write

NF+TI@=5_+5, =35 onQU). (25)

We recall that since F is smoothing and properly supported on U, it maps £'(U, T*®9X) to compactly supported smooth

sections, so F : &' (U, T*%4X) — Q39(U). Thus, by composition we get in (25) an operator NF : £'(U, T*%4X) — L%O X

Taking the adjoint in (25), we get §* — TI@ = F*N on Q?’q(U) and thus by making use again of (25) we obtain

(§* —TD)S§ — @) = F*N2F  on Q29(U) (26)
where it is easy to see that the right hand side is smoothing. Thus, the left hand side of (26) is also smoothing and we have

§5-5n@ @S+ n?=o0.
Eventually by (24) we have

ne = §*s. (27)
From (21) and §*D,§q) =0, we get

§*§=8. (28)
From (27) and (28), we get

ne=s_4+5§,. (29)
From Theorem 2.5 and (29), Theorem 1.1 follows.

3.1. Quantization commutes with reduction

In this section, we assume that X admits a CR compact Lie group action G, dim G =d. We will work Assumption 2.1 and
suppose that X is strongly pseudoconvex. We will use the same notations as in Section 2.3. The moment map associated to
wo is the map given by @ : X — g* such that for all x € X and & € g, we have

(UX), &) = wo(X)(Ex)- (30)

Let us recall the following theorem which is well-known in the setting of symplectic manifolds. Throughout this section we
will always assume that 0 is a regular value, and thus ;= (0) is a suborbifold of X.

Proposition 3.1. Suppose that 0 is a regular value, then the action of G on w~1(0) is locally free.

Proof. Since 0 is a regular value then for each p € u=1(0), dpu : TpX — g* is surjective. Let us identify g = g*, then for
every £ € g\ {0} there exists V € T, X such that d,u(V) =£&. Thus, we have

0# (dpu(V),§) =dpwo(§x(p), V) = —bp(Ex(p), JpV)
and we can conclude that &x(p) #0. O

Proposition 3.2. Suppose 0 is a regular value, then X = =" (0)/G is an orbifold.

Proof. By the previous proposition the action of G on 1 ~1(0) is locally free. From the proof of Corollary B.31 in [10] we
can conclude. O

Corollary B.31 in [10] is a consequence of the Slice Theorem which states that there exists a G-equivariant diffeo-
morphism ¢ between G xg, D and a tubular neighborhood of the orbit G - x, we refer to Appendix B in [10] for precise
definitions. More precisely, ¢ is induced by the exponential map E, : Ugp — U € M, where Ug is an open neighborhood of 0
in TyM. We have Gy equivariant decomposition

TxX=Tx(G-x) W

where W is the normal bundle to G - x. As a consequence of this, it is easy to see the CR orbifold structure on X descends
naturally to a CR orbifold structure on X and so the other G-invariant structures defined on X. Moreover, we can repeat the
proof of [17, Theorem 2.5] and deduce that X is a strongly pseudoconvex CR orbifold.
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We take the Hermitian metric (-|-) on CTX so that (-|-) is G-invariant. Let (-|-)x. be the Hermitian metric on

CTX¢ induced by (-|-) and let (-|-)x. be the inner product on L2(X¢) induced by (-]-)xc- Let Dg{c be the Kohn

0)
b,X¢

Let (ﬁ, Gy) — U be an orbifold chart of X, p € U. By the previous discussion we have that G- p =[p] € X and a sufficiently
small neighborhood Upp) of [p] in X¢ has a orbifold local chart (G, x Gy, W) — Upp;, where W/Gp = (ﬁ N //fl(O))/G,J
and Gp :={g € G; gp = p}. Thus, from Theorem 1.1, the Szeg6 kernel for the orbifold X¢ has the following expression in
the local chart (G, x Gy, W) — Urp

Laplacian on the orbifold X with respect to (-|-)x.. Let TIx, : L2(X¢) » O be the Szegd projection. Fix p € u~1(0).

+00

. X ~.
Mx )=y [ & CNXR g5 0d (31)
gEGp 0

where x,y € Upp) and (pi(c and s*¢ are respectively the complex phase function and the symbol of Sy, as described in
Theorem 1.1 for the CR orbifold Xg.
Let use recall that

(Ker Dl(,o))G = {u € Ker Dt()o); gu=u,vge G} .

Let Tl¢ : L%(X) — (Ker Dlgo))c be the orthogonal projection (G-invariant Szegd projection). In [13] and [8], we studied the
G-invariant Szeg6 kernel.
We pause and introduce some notations. Fix x € 1~ (0), consider the map

Ry:g* — g%,
u— Ryu, (Ryu|v)=(dwo(x), Junv), veg",
where J is the natural complex structure map on HX :=Re T1.0X. Let
detRy=A1(X) - Aq(x),
Aj(x), j=1,...,d, are the eigenvalues of Ry with respect to (-|-). Put
Yyi={gxeu'(0); geG}
and let dVy, be the volume form on Yy induced by the given Hermitian metric (-|-). Put

Vete :Z/dVyx.
Yx

We now come back to our situation. From Theorem 1.1, we can repeat the procedure in [8] and deduce the following:
Fix p € w=1(0). Let (U, Gy) — U be an orbifold chart of X, p € U. Then, the distributional kernel of IT¢ satisfies

o0
Mo y)= Y [ e ®&Va_® g-F. t)dt onU x U, (32)
ge6p
where
+00
@7 0~ > d @HPIesT 2T < T xR),
j=0

—_—~

al eC®@U x U), je Ny, and for every X w=1(0), ©=1(0y c U is the lifting of 1£=1(0) on U, we have
1
Vet (%)|Gx|

We refer to [13] or [8] for a precise description of the complex phase function ®_ and the symbol a_. Notice that x and y
can be assumed to be x =exp,(v) and y = exp,(w) for some v, w € W since SC is G-invariant.

Now we can introduce explicitly a map o : (Ker D,(JO))G — Ker DI()O;(G. Let C*®(u~1(0))¢ denote the set of all G-invariant

smooth functions on p~1(0). Let

a® &, %) =201 715 |det Ry~ 2 |det Lzl - (33)

L6 1 C®(U1(0)° — C®(Xc)
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be the natural identification. Let ¢ : ;#~1(0) — X be the natural inclusion and let ¢* : C®°(X) — C*®°(~1(0)) be the pull-back
of ¢. Let

f&) =/ Verr (x) |Gxl.

_d
Eventually, let E € Ld4 (X¢) be an elliptic pseudodifferential operator with principal symbol ag x,&) = |E|‘%, we define

0 :C™(X) — Kero'®), |
X) ke Ga4)
u>Tx,0Eotgo fot*ollgu.
Note that o is taken from [17, (1.20)]. Let o * : C*°(X¢) — D’'(X) be the formal adjoint of o. From (31) and (32), we can
use the same method developed in [17] with some modification and obtain
Theorem 3.2. Under the hypothesis of this section, suppose that D,(f;(c has closed range. Then, o * maps C*°(X¢) continuously to
C%°(X). Hence, c* o : C*(X) — C*(X) is a well-defined continuous operator whose distribution kernel satisfies

o*o=Tlg+T, (35)

where T' : C*®°(X) — C®(X) is a continuous map and satisfies the following: there exists & > 0 such that I" : HS(X) — H**¢(X) is
continuous for every s € R, H*(X) is the Sobolev space of functions over X order s.
Moreover,

oo*=TIlx, +1, (36)

where " : C®(X¢) — C™®(X¢) is a continuous map and satisfies the following: there exists 8 > 0 such that [ : HS(X¢) — HSP(X¢)
is continuous for every s € R, H%(X) is the Sobolev space of functions over X¢ order s.

It should be mentioned that Theorem 3.2 is the orbifold version of [17, Theorem 1.5].
From Theorem 3.2, we see that o can be extended by density to

.72 )
o:L(X)—~ I(eri:lb,xc. (37)
Corollary 3.1. Under the preceding assumptions and notations, the map o given by (34) and (37) has the following properties:

(i) Kero N (Ker D,(JO))G is a finite dimensional subspace of C*° (X).
(ii) Cokero N Ker DI()O;(G is a finite dimensional subspace of C*°(X¢).

0

Moreover, we have o : (KerO b )G — Ker D(O)

b.Xc is a Fredholm map.

Proof. Let u € Kero N (Ker DISO))G. From (35), we have

0=c*cu=Tlg+Du=u+Tlu. (38)

From the previous theorem and (38), we deduce that u € H(X). By applying again the previous theorem and (38), we get
u € H? (X). Continuing in this way, we conclude that u € C*°(X).

Suppose that Kero N (Ker DI()O))G is not a finite dimensional subspace of C*°(X). We can find u; € Kero N (Ker Dl()o))c'
j=1,2,..., (uj|ug) =3y, for every j,k=1,.... From the previous theorem and (38), we notice that {u;};cy is a bounded
set in H®(X). By Rellich’s lemma, there is a subsequence 1 < j; < j» <---, lims— 4o js = 400, such that u;, — u in L2(X)
as s — 400, for some u € L%(X). Since (ujlug) =24y, for every j,k=1,..., we have

lluj, — g, ll2 = v/2

and we get a contradiction since uj, and uy, converge to u as ks, js goes to infinity. Thus, Kero N (Ker Dl(,O))G is a finite
dimensional subspace of C*°(X).

We can repeat the procedure above with minor change and deduce that Cokero N KerO
subspace of C*(X;). O

(0)

is a finite dimensional
b.X¢

Recall that when X is a circle orbibundle, we have a natural circle action which commutes with the action of G on X
and it is transversal to the CR structure. This induces a decomposition of (Ker DISO))G into Fourier components (Ker DEO))E

and similarly Ker Dl()oi(c splits as a direct sum (Ker Dl(')[-);(c)k‘ k € Z. Now, we can take the limits as k goes to infinity in the

previous corollary and we get that quantization commutes with reduction for k large, X and X; may be orbifolds.
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4. Applications to complex geometry

Now, assume that X admits a transversal and CR locally free S! action e!. We take the Reeb vector field R to be the
vector field on X induced by the S! action. For every ¢ € N, put

. 27‘[ - 27
Xy = {xeX; e'Qx;«éx,Ge(O, 7),(3127)(:)(}. (39)

For every k € Z, set

Ker Dl(yqli = {” € Ker D;()q)i e¥yu= e”‘gu} .

Let

@ . ;2 (@
I L(O’q)(X) — KerOy,

be the orthogonal projection and let H,EQ)(X, y) € C®¥(X x X, T*%4X R (T**9X)*) be the distribution kernel of l'[,(f). From

Theorem 1.1, we can repeat the procedure in [8] and get

Theorem 4.1. With the assumptions and notations used above, assume that the Levi form is non-degenerate of constant signature
(n—,ny)on X and let g =n_. Fix p € X and assume that p € Xy, for some £ € N. Consider an open set U C X, p € U, and an orbifold
chart (U, Gy) — U. We have as k — +o0,

-1 ) 2mj . -1 :
2mkj . =5~ 21 ~ 21 ~
NP y)= Y Y et VE T eMpE T g Gl + Y Y REe T -g-F) (40)
geGy j=0 geGy j=0

where
Ve C®U x U),
WR,X) =0, forallXeU,

1 . - ) ) . 41
— inf {dist2(§, e'gy)} <ImW¥{X,y) <C inf {dlstz(i, e'éy)}, (41)
C eitest eifesl
VY&®,7)eU x U, C > 1is a constant,

and
bR, ¥, k)~ Y125 bi® )k in S"(1; U x U, TOIX R (T*04X)*),
bi®,9) eCc®U x U, T"*IX R (T**9X)"), j=0,1,..., (42)

1 -~
bo(X, %) = En‘”‘lldetﬁ%l%,n, XoeU,

WX, 3), b, 7, k) are Gy-invariant. Furthermore, Fy € C®°(U x U, T*9X X (T**9X)*), Fx(X, ) is Gy-invariant and satisfies the
following: for every N1, N € N, there is a constant Cy, n independent of k such that | Fy (X, J7)||CN1 @xi) < CNLNk*N, for every
k> 1.

We refer the reader to [15, Definition 8.1] for the meaning of semi-classical symbol spaces S"(1; UxU,T0X X
(T*%4X)").

Remark 4.1. Here, we compare our result with [18, Theorem 5.4.11]. Let (M, w) be an Hodge orbifold. Now, we will identify
HO(M, L¥) with Ker Dl(,?,)c and we write X for the circle bundle in L*. Now, X is a strictly pseudoconvex domain, for simplicity
we take (-|-) so that the eigenvalues of the Levi form are equal to one. For simplicity, we assume that the S! action on the
fiber of L* is free and hence we do not have the decomposition X, given by formula (39). Fix p € X and we work locally
on an orbifold chart gj, Gy) — U of X, U is an small open set of p in X and we assume that g-p =P for each g € Gy,

where 7 (p) =p, m : U — U is the natural projection. By our formula, we have as k — +oo,

NOxx =Y *YEEDbR g% k) + 0(k™). (43)

geGy
By [14, Theorem 3.8], we can take local coorcEnateAs X=(1,...,%n041), Zj = X2j-1 + i%25, ¥=01,....Yon+1), Wj =
V2j—1+1¥2j j=1,...,n, defined on an open set U =U x (—€,€), € > 0, near p, where U is an open set of 0 € C" in C",

so that p=0, R = 3/0X241 is the Reeb vector field and near p, we have
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WX, V) =Xont1 — Yont1 + Yo (@, W) + V1 (Z, W), (44)
WoZ, W) :==1[Z|* +i|W|* - 2i Z|W),

where
Ui EZ W) =0(Z-wP). (45)

Here, we identify Z and W with
.9 - 3
;‘T and WT inCT"X, F)\(l: 2,0.
j; Jazj ]—Zl J owj X @0

Let €9 K €, € > 0, sufficiently small and let Uo =0 x (—e€p, €9). We write

g-X=(g-Z Og +Xont1), 0g € R,
where 6 is small if Xpp41 is small. Note that 6, is the same as in the discussion before [18, Theorem 5.4.11].
Now, we need to choose ¥ = g -X in equation (44) to compare with [18, Theorem 5.4.11]. Furthermore, as in [18, pg.
241), let Uy ={Z € U; g-Z =7} be the fixed point-set of g € Gy. Inspired by the discussion before [18, Theorem 5.4.11], let
Ng be the normal bundle of U, in U and we identify Wg ={Y € Ng; |Y| < €}, where € > 0 is small, with a neighborhood
of Ug in U by the exponential map. For Ze W, we write Z = (Z1 g, Z2,4) where Z; g € Ug and Z g € Ng 7, ,, and we identify
Z1,g = (Z1,5.0), 72,4 = (0,72 ¢). It is not difficult to see that
g2=Z15+8 Zog+0(Z2gl,
Z-g- 2> = 0(Z24%, (46)
@I — 97) = Z2.g|( — 8)Z2.g) + 0([Z2g ),

where [ is the identity matrix. Now, by substituting (46) in (44), we get for (43)

Y (x, x)
—bF g % k) + Z e~ kO —2k(Zog | (1-0)Z2.g ) Hik RED (¥ o . %, k). (47)
1#geGy
From (45) and (46), we can check that

1 ~
kwl(i,g-%)=7koq&zlg|3). (48)

From (48) and Taylor expansion, ek¥1 ®&%) can be written as a polynomial in \/E'Zz,g. From this observation and (47), we
can deduce similar expansion as [18, Theorem 5.4.1].

Now, we take local coordinates X = (X1, ...,Xon41), Zj = X2j_1 + iX2j, j=1,...,n, so that (5% | 3—%) =3¢+ 0(Z)),
j,£=1,...,n. For every g € Gy, since g - p = p, we have
~ ~ ~ A~ ~ 2
(Zog| (I — 8)Zag) =(Zag | U — )22 g )cn + O(|Z2 g, (49)
where (-|-)cn denotes the flat Hermitian metric on C", that is (z|w)cn = Z’}:l Zjwj, z=(z21,...,z) € C", w =
(W1,...,wp) € C", and g € U(n) acting C-linearly and isometric on C" with respect to (-| -)cn. Put Gy := {g; ge GU}.

Then, Gy C U(n) is a finite subgroup acting C-linearly and isometric on C" with respect to {-| -)cn. From (47), (48) and
(49), we get

0
e (x, x)

3
KOk (% o | (8% o) oo L -
=bX.g-X.k) + E o OB 1m0 ) +ﬁo(’\/’&2‘g‘ )b(i,gw,k). (50)

I#£geGy

It should be noticed that all the calculations above work well for l'[,(f) (x,x), g>0.

It is good to mention that all the calculation in Remark 4.1 works well for the Szeg6 kernel l'Il({q) (x, x) of CR manifolds
endowed with a transversal locally free circle action.

As an easy consequence of the asymptotic expansion of the Szeg6 kernel along the diagonal we also have the following
theorem, that can be compared with Corollary 1.2 in [22]. In fact, in [22], a compact Hodge manifold M with quantizing
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circle bundle X is considered; X is a compact CR manifold with a natural built-in circle action. R. Paoletti considers a new
locally free Hamiltonian and holomorphic circle action on M which lifts to a new circle action on X satisfying the hypothesis
we are assuming in Theorem 4.2. The asymptotic of the dimensions of the k-th Fourier component Hy(X) := Ker Dt(;oli of the
Hardy space of X with respect to the new circle action is then given in terms of the geometric data of M. Moreover, let us
mention that the holomorphic Morse inequalities for orbifolds were obtained by M. Puchol in [23].

Theorem 4.2. Under the same assumptions and notations as in Theorem 4.1 above, assume that X = X, U X¢, U---U Xg,, 1 <{g <
by <<€y, jeN, j=0,1,...,u,u e N. Denote by p the least common multiple of lp, l1, ..., l,. We have

. . bo  _h_
k—l:Too (kp)ndlml(erml(f,)(p=?n n 1/|detﬁx|de.

We work with the same assumptions and notations as in Theorem 4.1 above and assume that X is strongly pseudoconvex.
Let M be the Hodge orbifold obtained by M = X/S!. There exists a complex proper line orbibundle (L, h%) such that X — M
is the circle orbibundle X c L*. For k € N, let H?(M, L¥) be the space of global holomorphic sections of M with values in
L. The space Ker Dl(’% is isomorphic to HO(M, L¥). Let {f]} C H%(M, L¥) be an orthonormal basis. The Kodaira-Bailey
map is given by

@y M — CP%!
x—=[f1(®),..., fo, ®].

As an application of Theorem 4.1, we will give an analytic proof of the following version of Kodaira-Bailey embedding
theorem. The original proof Kodaira-Bailey embedding theorem was given by Baily in [2]. It should be mentioned that
Ma and Marinescu, see [18, Theorem 5.4.20], gave a proof of Kodaira-Bailey embedding theorem and they also gave the
isomorphism of the local ring structure. Let Mgjye be the set of singular points of M.

(51)

Theorem 4.3. With the same assumptions and notations as in Theorem 4.1 and suppose that X is strongly pseudoconvex. There is a
No € N with £;|No, forevery j=1,...,u, where £; is as in Theorem 4.1, and ko € N, such that for every k > ko,

(i) the Kodaira-Bailey map Prng M — CP%vo~1 i injective,
(i) we can find orbifold charts (Uj, Gy;), j=1,..., ¢, such that

N
Msing C U Uj,
=1

U:=U0i/Gy.,, j=1,...,¢ and for every j, there is a ma d, Ui — CP%% 1 sych that
j j ] y ] p Pk j Uj

Dy () = Y Py j(g-x)

gEGuj

and dXCka,j is injective at every point of Uj,
(iii) dx®gn, is injective at every point of x € M and

N
X¢UUJ‘.
iz1

4.1. Proof of Theorem 4.2
We have the following formula

dimKer o) = f 1 (x, ) dVx (0.

X

As explained in the introduction, X can be written as a disjoint union based on the orbit type induced by the circle action
and X, is an open and dense subset of X. Moreover, from (40), we see that there is a constant C > 0 independent of k
such that

nn@um<& (52)
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for all x € X. From (52), we can apply Lebesgue’s dominated convergence theorem and get

lim k=" dimKer, 09 :/ lim k"Tr 19 (x, x) dVy (x). 53
k—+o0 b.kp k—+o0 kp( ) dVx () (53)

Xeg

From (40) and (53), Theorem 4.2 follows.
4.2. Proof of Theorem 4.3

In this section, we will identify H®(M, L¥) with Ker Dl(,o,)C and we write X for the circle bundle in L* We take (-|-) so that
the eigenvalues of the Levi form are equal to one and hence

~ 1 ~ ~
bo(X, %) = 571’”’], Xo €U, (54)

where bg is as in (42). For simplicity, we assume that the S! action on the fiber of L* is free, hence we do not have
decomposition X, given by (39). Fix p € X and we work locally on an orbifold chart (U, Gy) — U, U is an small open set
of p. By (40), we have as k — +o0,

MY y) =Y ek "EEVpE g 5. k) + 0 (k™).
geGy

From now on, we replace L by L™, me N, m > 1, so that §; =0 in (50) and we get
l'[,io) (x, X)

_ok(F _5YF nt L S 3 -
bR g X+ Y e 2k(Zo.g | (I=8)Z2,8)on+ 7 0(VkZa g bR g%k, (55)
I#geGy

where (-|-)cn denotes the flat Hermitian metric on C", Gy c U() is a finite subgroup acting C-linearly and isometric on
C™ with respect to (-|-)cn. From (54) and (55), we deduce

1 > o7 1

0 —n— - - n -1

NP0 =7 (14 Y e X Esl0BRacn )iy o), (56)
I#geCy

In order to show that the Kodaira map is well-defined, in [18, Theorem 5.4.18] the authors prove [18, Lemma 5.4.14],

which ensures the uniform positivity of the Bergman kernel near the singularity. In fact by (56) and [18, Lemma 5.4.14] we
get:

Lemma 4.1. With the assumptions and notations above, let p be a singular point and let (U, Gy) be a local chart of X with g - =P
for each g € Gy, where 7t (p) = p, w : U — U is the natural projection. There exists Cg n > 0 such that

H;EO)(X, x) > Cgnk", foreveryxeU.

If p is a regular point, it is not difficult to see that Lemma 4.1 holds. The Kodaira map is well-defined if

Bly:={xe M; s(x) =0foralls e HO(M, L*)} =¢.

Now, since the manifold is compact, from Lemma 4.1, the Kodaira map is well-defined if k > 1.

Here, the main goal is to give a pure analytic proof of the Kodaira embedding theorem for orbifolds by using Theorem 1.1.
Recall that we replace L by L™, m € N, m > 1, so that ; =0 in (50). From Lemma 4.1, there is a kg € N such that for every
k > ko, for every xg € X, there is a u, € HO(M, L¥) such that uy(xg) # 0. From now on, we replace L by L¥o. Hence, for every
Xo € X, there is a u € HO(M, L) such that u(xg) # 0.

Now, we are going to study the differential of the map ®yy, is injective, if k > 1, for some No € N. We will identify
x € M with (x,0) € X. Consider an open set U around a point xo € X and an orbifold chart (ﬁ, Gy) — U such that Xg is a
fix point of Gy. Let X= (X1, ..., X21+1) be local coordinates of U with X(Xp) =0 and R = 9/0%ons1. Let Z= (z1,...,2Zy) € CP,
zj=%pj 1 +i%j, j=1,...,n. Let x €C®U,Ry) with [ x =1 and x Z %ant1) = T([Z|,%ant1) for some T € C°(R?, R;).
For k € N, put

10 ~ A ~,
Xe®) = x K2Z, K" Xonp1)  and  p® = Y xu(g- %),
geGy

where ¢ > 0 is a small constant. For each j=1,...n, let
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fj:5—>(C, ?Hfj@):?j,
fi:U—cC, 'z‘n—>fj(zv)=2g.7j'
geGy

Note that fj is Gy-invariant and smooth and thus descends naturally to a continuous function f;:U — C on U. From
Theorem 4.1, we see that

P yy=> NP®g 9 (57)
gety

on U x U, where l:I,((O) ®,7) = ek YEVpR, 7. k) + 0(k—>), (X, ) and b(, 7, k) are as in Theorem 4.1. Let us set
0, ¢ 0
i) — k]+£+2n l-[l({ )(f]Xk) e Ker Dl(),l)c ,

ﬁ(]) — I<1+€+21112[(0)(},Xk) c COO(G, Lk).

)

Note that u,(j) is a global section but u(J is a local section. From (57), we have on U,

u@=>Y g% j=1...n (58)
geGy
From W(x,x) =0, (55), and Lemma 4.1 it is straightforward to check that

. d
lim <8 (J)>(~O)_3]ch’
Zq

k—+o00

(59)
kl1m ku,”(vo) =

for every j,q=1,...,n, where C; >0 is a constant, j =1,...,q. Recall that we replace L by ko, Hence, we can find
u e HO(M, L) such that u(xg) # 0. From (59), it is not difficult to see that the differential of the map

i@ 5’0 5 ®
@ Uk ® T Uk ®)

is injective at X if k> 1. Hence, there is a mg =mg(xo) € N and an open set V\N/;0 cU of Xo such that u(x) # 0, for every
?E&M@%,

XelU—

the differential of the map

- 20 @ ) (60)

UsX+—~ ( Zgg Z"‘og’ o uﬂgg) is injective at every point of Wx0
and u™(x), u(l)(x), u,(ﬂg (x) are linearly independent. For every k € N, consider sections gi,..., 8drymg—n—1 €
HO(M, L&+Dmoy such that

k+1 1 k

fuomo ykmoy Lo uk U g1, 8dg g1}

is a basis of HO(M, L*®+tDmo)_ As a consequence of (60), it is easy to see that the differential of the map
kmoﬁﬂ) ukmOQM) g4

~ mo mo 81 (k+1ymg—N—1

X (u(kH)mo ®), . » & Dmo X), & Dmo @), ..., G hm ®) (61)
is injective on WXO, for every k € N. Now, assume that Msing C Wy, U Wy, U--- U Wy, re N, Wy, = Wyj/Guj, (ﬁj, Gu;)
is an orbifold chart defined near x; € Mg, Wx C UJ, Xj € ij, is as above, j=0,1,...,7r. Let m; =m(x;) € N be as
above, j=0,1,...,r. Let No :=[mq,...,m;]. From (61), it is straightforward to see that the for k > 1, the Kodaira map

iy, satisfies (ii) in Theorem 4.3. From now on, we replace L by LNo. Thus, for k > 1, the Kodaira map & satisfies (ii) in
Theorem 4.3. The proof of (iii) in Theorem 4.3 is similar as smooth case.

We now need to prove that &; is globally injective. By absurd, up to passing to a subsequence, suppose that there
are X, Yy € M with x; # y, such that ®y(xx) = ®y(yk), for each k. We prove the theorem by showing that we get a
contradiction.

Assume that limy_, ;o0 Xx = X0, limg— 100 Yk = Yo. If X0 # Yo, we can repeat the procedure in [12] and find uy, vy €
HO(M, L¥) such that |u,<(xk)|iL,( > Ck", \vk(xk)|ilk < Skn, |uk(yk)|il,‘ < Sk, vy 2 2 = Ck", for all k>> 1, where C > 0 is a
constant independent of k. Thus, ®y(xx) # Ok (yk), for k large. We get a contradictlon and thus we must have xg = yp.
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For every k € N, put

Ap:={x,y) € M x M; ®(x) = Dr(y)}.
We need

Lemma 4.2. There is a constant kg such that for every j € N and every k € N with k > ko, we have
Ajyk CAj.

Proof. From Lemma 4.1, we see that there is a kg € N such that for every x € X and every k € N, k > ko, we can find
uy, € Ker |:Jl(70,)< such that |ug(x)| > % Fix jeN, let ke N with k> ko and let (x,y) ¢ A;. We claim that (x,y) ¢ Aj .

Since (x,y) ¢ Aj, we can find v; € l(erl]f,oj. so that vj(x) =1 and v;(y) =0. Let uj € l(erl:J[(JO,)< such that |ug(x)| > % Then,

ugv; € Ker Dg’;“{. |(uev )] = 3, [wevj)(y)| = 0. Thus, (x, y) ¢ Ajk. The lemma follows. O

We now have limy_, 4 X = limy_, 1, ¥x = 0. Consider an open set U around a given point xo € X, and an orbifold chart
(U, Gy) — U such that xg is a fix point of Gy. Let x = (X1, ..., X2p+1) be local coordinates of U with x(xo) = 0. For every
jeN, take k; € N with k; > ko such that

1
< R (62)

1
)Xj+kj = ].—3 and ‘J’ij
From Lemma 4.2, we see that Kjtkj> Yjrk;) C Aj. Thus, for every j, we replace (xj, yj) by Kjtkj> Y j+k;) and conclude that
there are xi, yx € M, xx # yi such that ®p(xy) = Ok (yx), for each k and
lim ‘kzxk‘ = lim ‘kzyk —0. (63)
k—+o0 k—+o0

Put

0
I (txk + (1 — Ok, Yo P

fr® =
I (tx + (1 — Oy I (i)

where we write HIEO) (x) = H,ﬁo) (x, x), for any x € X. From (63), we can check that

~ ~ 1.
fi(t) = Z e—2klmkll(tx:c-s-(l—t)yk,g-yk) . [1 + ERk(t) + Sk(t)] , (64)
geGy

where
)&Jﬁk(f)‘ <Cjlxx — vk’ and ’358k(f)‘ <Cn kN % — vl
for all j € N U {0} and every N € N, where Cj, Cy, j > 0 are constants independent of k. For ease of notation, pose Fi(t) :=

—2kImW(tX, + (1 — t)Vx, g - Vi) for given Xy, Vi and g € Gy. From (63), we have

, ~ _ o~ o~ |
|Fr ()] = [(—2kp ImW, (tx + (1 — )Yk, & - Vi), Xk — Vi) | < ﬂm — Yl
and

F{/(t) = (—2kp ImW} ((Ry + (1 — OV, & - Vi)» Xk — Vi) < —Cok [X — Y|
for the computation of the second derivative of (64), here cg is a positive constant. We get

"
t
limsup fi()z <0 (65)
ko Klxe— vkl
for each t.
By Cauchy-Schwartz inequality we have 0 < fi(t) <1, for any t € [0, 1]. From & (xx) = ®k(y), for each k, we can check
that fi(0) = fi(1) = 1. Thus, for each k, there is a t; € [0, 1] such that f”(t;) = 0. Hence,

lim sup o
ko kixe—yrl? ~

which contradicts (65).
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