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Abstract
We extend the generalised hodograph method to non-diagonalisable integrable systems of hydro-
dynamic type coming from F-manifolds. The method allows the construction of solutions start-
ing from the symmetries of the system. In the diagonal case, the completeness of the symmetries
follows from the integrability conditions that ensure the applicability of a Darboux’s theorem on
Pfaffian systems. In the regular non-diagonalisable case the validity of this theorem relies on some
further assumptions that we discuss in detail. Under these assumptions, the method provides the
general solution as in Tsarev’s diagonal case.

1. Introduction

The present paper is devoted to extending the generalised hodograph method to non-diagonalisable sys-
tems of hydrodynamic type. Such systems appear naturally in a range of different contexts. By virtue of
the techniques provided by the geometry of F-manifolds, the complexity typically portrayed by integ-
rability in the non-diagonalisable setting is here partially tamed.

The generalised hodograph method was introduced by Tsarev in [21] as a technique to solve diagon-
alisable integrable systems of hydrodynamic type:

ut = V(u) ux.

The diagonalisability of such a system entails the existence of a set of coordinates, called Riemann invari-
ants, by means of which the system can be reduced to the diagonal form


u1t
u2t
...
unt

=


v1 0 . . . 0
0 v2 . . . 0
...

. . .
. . .

...
0 . . . 0 vn



u1x
u2x
...
unx

 . (0.1)

The functions {vi(u1, . . .,un)}i∈{1,...,n} are called characteristic velocities, and are assumed to be pair-
wise distinct. By considering a vector field X having such characteristic velocities as components in the
Riemann invariants Xi = vi, i ∈ {1, . . . ,n}, and by introducing the commutative and associative product
◦ defined by the structure constants

cijk = δijδ
i
k, i, j,k ∈ {1, . . . ,n} ,
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the system (0.1) can be written in the equivalent form

uit = cijkX
jukx, i ∈ {1, . . . ,n} . (0.2)

The generalised hodograph method allows one to construct solutions

u(x, t) =
(
u1 (x, t) , . . .,un (x, t)

)
of the system (0.1), in the implicit form

x+ vi (u(x, t)) t= wi (u(x, t)) , i ∈ {1, . . . ,n} , (0.3)

in terms of the characteristic velocities {wi(u1, . . .,un)}i∈{1,...,n} of the symmetries,
u1τ
u2τ
...
unτ

=


w1 0 . . . 0
0 w2 . . . 0
...

. . .
. . .

...
0 . . . 0 wn



u1x
u2x
...
unx

 , (0.4)

of the system (0.1), where by symmetry we mean a system of the form (0.4) commuting with (0.1).
Since the role of the systems (0.1) and (0.4) can be inverted one may write the hodograph formula
for solutions of (0.4) exchanging vi and wi and replacing t with τ in the hodograph formula (0.3).
Alternatively one can also write the common solutions u(x, t, τ) of both systems in implicit form as

x+ vi (u(x, t, τ)) t+wi (u(x, t, τ))τ = 0, i ∈ {1, . . . ,n} . (0.5)

In the present paper, we extend the generalised hodograph method to non-diagonalisable systems of
hydrodynamic type of the form

uit = Vi
j (u)u

j
x, i ∈ {1, . . . ,n} , (0.6)

defined by a block-diagonal matrix V= diag(V(1), . . .,V(r)), r⩽ n, whose generic αth block, of size mα, is
of the lower-triangular Toeplitz form

V(α) =


v1(α) 0 . . . 0
v2(α) v1(α) . . . 0
...

. . .
. . .

...
vmα(α) . . . v2(α) v1(α)

 . (0.7)

As far as we know, the problem of extending the theory to the non-diagonalisable case was first raised in
[7]. Analogously to the semisimple setting, block-diagonal systems can be written in the form (0.2), by
introducing the commutative and associative product ◦ defined by the structure constants

ci(α)j(β)k(γ) = δαβ δ
α
γ δ

i
j+k−1, (0.8)

for all α,β,γ ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ}, k ∈ {1, . . . ,mγ}. These products appear
in the theory of F-manifolds with Euler vector fields. More precisely, coordinates realising (0.2), called
canonical coordinates, were provided in [5] when the product defined by (0.8) induces the structure of an
F-manifold with Euler vector field and satisfies the regularity requirement. That is, the operator of multi-
plication by the Euler vector field admits a canonical decomposition such that to each Jordan block there
corresponds a distinct eigenvalue. It will be convenient to relabel the coordinates (u1, . . . ,un) according
to the following rule. For each α ∈ {2, . . . , r} and for each j ∈ {1, . . . ,mα} we write

j(α) =m1 + · · ·+mα−1 + j, (0.9)

so that uj(α) denotes the j-th coordinate associated to the Jordan block with label α (for α= 1 we set
j(α) = j). The regular setting reduces to the semisimple one when r= n, in which case one retrieves sys-
tems of hydrodynamic type admitting a diagonal representation.

Integrable systems of hydrodynamic type appear in particular as related to a class of F-manifolds
introduced in [15] (see also [16]) under the name of F-manifolds with compatible connection (and flat
unit). These were extensively studied in [19]. This relation is pivotal in generalising Tsarev’s approach
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to the non-diagonalisable setting, as in the semisimple case the quantities (0.14) can be identified with
part of the Christoffel symbols of a torsionless connection ∇ (called in [16] the natural connection)
and Tsarev’s integrability conditions coincide with the vanishing of some components of the associated
Riemann tensor. As shown in [15], Tsarev’s condition (0.16) can be written in one of the two equivalent
forms

Rs
lmic

j
ks +Rs

likc
j
ms +Rs

lkmc
j
is = 0, Rj

sklc
s
mi +Rj

smkc
s
li +Rj

slmc
s
ki = 0. (0.10)

In [19], it was proved that, under the regularity assumption, the existence of n commuting flows of the
form (0.2) allows one to introduce a connection ∇ satisfying the conditions (0.10). As a consequence,
in the regular case, an integrable system of hydrodynamic type locally defines the structure of an F-
manifold with compatible connection (and flat unit). By exploiting this relation, it is possible to gener-
alise Tsarev’s integrability method to the non-semisimple regular setting. In accordance with the double-
index notation (0.9), let us introduce the n-dimensional vector(

v1, . . . ,vn
)
=
(
v1(1), . . . ,vm1(1), . . . ,v1(r), . . . ,vmr(r)

)
,

where n=m1 + · · ·+mr. A key point is the following.

Main observation I.The matrix with entries

Mi
j = t∂jv

i − ∂jw
i, i, j ∈ {1, . . . ,n} ,

evaluated at the solution u(x, t) of the algebraic system

xδi1 + t vi(α) = wi(α), α ∈ {1, . . ., r} , i ∈ {1, . . .,mα} ,

has precisely the same form as the matrix V defining the system (0.6), meaning that there exists a vector
valued function Z such that M(u(x, t)) = Z◦. For instance, in the regular case and in canonical coordin-
ates, M(u(x, t)) has a block-diagonal form, each block being as in (0.7)

Using this crucial observation, it is not difficult to prove that the solution of the same algebraic sys-
tem is also a solution of the system (0.6).

In the diagonal Tsarev’s case, the linear system of PDEs for the symmetries has the form studied by
Darboux in Leçons sur les systemes orthogonaux et les coordonées curvilignes and the integrability condi-
tion (0.10) ensures the applicability of theorem III (p 335 of [4]).

Darboux considered systems of first order PDEs of the form

∂ωi

∂uj
= fij (ω,u) . (0.11)

Not all first order partial derivatives of the unknown functions ωi must appear in the system and
the computation of the compatibility conditions below (0.12) should not introduce the missing ones.
Darboux proved that the validity of the conditions

∂fij
∂uk

=
∂fik
∂uj

, (0.12)

on the solutions of the system (0.11), implies the existence of a family of solutions. In particular, in the
general case where not all first order partial derivatives of the unknown functions are present, this family
contains functional parameters. For instance, in the context of Tsarev, the missing partial derivatives are
∂ωi

∂ui (i = 1, . . . ,n), and n functions of a single variable f1(u1), . . . , fn(un) appear in the general solution.
Applying this result to the linear system for symmetries

∂jw
i = Γi

ij

(
wj −wi

)
, i ̸= j, (0.13)

where

Γi
ij :=

∂jvi

vj − vi
, i ̸= j, (0.14)

one obtains Tsarev’s integrability condition

∂jΓ
i
ik = ∂kΓ

i
ij, i ̸= j ̸= k ̸= i. (0.15)

3
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This integrability condition may be equivalently formulated as

∂iΓ
k
kj +Γk

kiΓ
k
kj −Γk

kjΓ
j
ji −Γk

kiΓ
i
ij = 0, (0.16)

due to the identity

∂iΓ
k
kj +Γk

kiΓ
k
kj −Γk

kjΓ
j
ji −Γk

kiΓ
i
ij =

vi − vk

vj − vi

(
∂jΓ

k
ki − ∂iΓ

k
kj

)
, (0.17)

proved in [21]. As a consequence of Darboux’s theorem III, conditions (0.15) and (0.16) ensure the
existence of a family of symmetries (0.4), parametrised by n arbitrary functions of a single variable, one
for each Riemann invariant of the system.

Tsarev used also a slight extension of this theorem (proposition 1 in [21]) to prove that, in a neigh-
bourhood of a point (x0, t0), any solution can be obtained applying the generalised hodograph method.

The non-diagonal case is more involved. Another key point is the following.

Main observation II. In the non-diagonal regular case which we study in this paper, Darboux’s theorem
III cannot be directly applied, since the linear system for the symmetries does not in general have the
form considered by Darboux. This requires some further assumptions. Under these additional assump-
tions, in a neighbourhood of a point, any solution can be obtained applying the generalised hodograph
method.

In the case of a single Jordan block, for instance, where

V=


v1 0 . . . 0
v2 v1 . . . 0
...

. . .
. . .

...
vn . . . v2 v1

 ,

one has to assume that vi = vi(u1, . . . ,ui), i ∈ {1, . . . ,n}.
The extension of the generalised hodograph method to non-diagonalisable systems of hydrodynamic

type finds application in many areas. Among them, we mention generalised Lenard–Magri chains asso-
ciated with the Frölicher-Nijenhuis bicomplex, non-semisimple (bi-)flat F-manifolds and Dubrovin–
Frobenius manifolds (see, for instance, [15–18] and references therein), non-diagonalisable systems of
hydrodynamic type related to integrable geodesic flows (see [2, 3]) and Hamiltonian and bihamilto-
nian structures of hydrodynamic type and their deformations (see [6]). It is also worth mentioning [12,
13]. Some generalisation of the hodograph method appeared in the literature in the study of some spe-
cific examples (for instance in the study of reductions of the soliton gas kinetic equation [9, 22]) but as
far as we know a general proof of this method has never been given before. Remarkably the case of a
single Jordan block of arbitrary size is related to the mKP hierarchy (see [23]). We think that the under-
standing of integrability in the non-diagonalisable case will be also important in the study of dispersive
deformations of systems of hydrodynamic type [8]. The general results obtained so far require the exist-
ence of Riemann invariants for the dispersionless limit. Without this assumption only a few preliminary
results are available (see for instance [6] for the bihamiltonian case).

The paper is organised as follows. In section 1.1, we recall the definition of an F-manifold, the
notion of regularity, and the additional structure induced by a compatible connection. In section 2, we
extend the generalised hodograph method for such systems, adapting the original construction provided
by Tsarev in [21]. In order to do this it is necessary to fully exploit the correspondence between such
systems and F-manifolds with compatible connection. Section 3 consists of a discussion of the symmet-
ries for non-diagonalisable integrable systems of hydrodynamic type admitting a block-diagonal Toeplitz
form as introduced above. In particular, we consider the compatibility of the system of symmetries in
the wake of the results obtained in [19] in relation with integrable hierarchies. Section 4 is devoted to a
further study of the symmetries. Here, we prove necessary and sufficient conditions for the applicability
of Darboux’s theorem III to the linear systems for the symmetries. We call this property completeness.
This implies that the general solution of the system depends on n arbitrary functions of a single vari-
able. The main difference with respect to the diagonal case is that not all the variables appear in these
arbitrary functions: each block contributes with a number of functions equal to the size of the block and
depending on the main variable of the block, i.e. u1(α) for the αth block. Remarkably it turns out that, as
in Tsarev’s diagonal case, the completeness of the symmetries allows one to obtain any solution using the
generalised hodograph method.

4
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1. Preliminaries

1.1. Regular F-manifolds with compatible connection
1.1.1. F-manifolds
F-manifolds were introduced by Hertling and Manin in [11] and are defined as follows.

Definition 1.1. An F-manifold is a manifoldM equipped with

(i) a commutative associative bilinear product ◦ on the module of (local) vector fields, satisfying the follow-
ing identity:

LX◦Y◦= X ◦ (LY◦)+Y ◦ (LX◦) , (1.1)

for all local vector fields X,Y;

(ii) a distinguished vector field e onM such that

e ◦X= X

for all local vector fields X.

Condition (1.1) is known as the Hertling-Manin condition and can be shown to be equivalent to

[X ◦Y,W ◦Z]− [X ◦Y,Z] ◦W− [X ◦Y,W] ◦Z
−X ◦ [Y,Z ◦W] +X ◦ [Y,Z] ◦W+X ◦ [Y,W] ◦Z
−Y ◦ [X,Z ◦W] +Y ◦ [X,Z] ◦W+Y ◦ [X,W] ◦Z= 0, (1.2)

for all local vector fields X,Y,W,Z, where [X,Y] is the Lie bracket.

Remark 1.2. The manifold in the above definitions is a real or complex manifold. For the former, all the
geometric data are to be smooth. For the latter, TM is to be taken as the holomorphic tangent bundle and all
the geometric data are to be holomorphic.

1.1.2. F-manifolds with compatible connection
F-manifolds are usually equipped with additional structures.

Definition 1.3. An F-manifold with Euler vector field is an F-manifoldM equipped with a vector field E
satisfying

LE◦= ◦. (1.3)

One can easily observe that (1.3) implies that

[e,E] = e.

Following [15], we now introduce the notion of F-manifold with compatible connection (and flat unit).

Definition 1.4. An F-manifold with compatible connection and flat unit is a manifoldM equipped with a
product

◦ : TM×TM→ TM,

with structure functions cijk, a connection∇ with Christoffel symbols Γi
jk and a distinguished vector field e

such that

(i) the one-parameter family of connections {∇λ}λ with Christoffel symbols

Γi
jk −λcijk,

gives a torsionless connection for any choice of λ for which the Riemann tensor coincides with the
Riemann tensor of∇≡∇0

Rλ (X,Y)(Z) = R(X,Y)(Z) , (1.4)

5
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and satisfies the condition

Z ◦R(W,Y)(X)+W ◦R(Y,Z)(X)+Y ◦R(Z,W)(X) = 0, (1.5)

for all local vector fields X, Y, Z,W ;

(ii) e is the unit of the product;

(iii) e is flat:∇e= 0.

Let us discuss some consequences of condition (1.4). For a given λ, the torsion and curvature are
respectively given by

T(λ)k
ij = Γk

ij −Γk
ji +λ

(
ckij − ckji

)
,

R(λ)k
ijl = Rk

ijl +λ
(
∇i c

k
jl −∇jc

k
il

)
+λ2

(
ckimc

m
jl − ckjmc

m
il

)
,

where Rk
ijl is the Riemann tensor of ∇. Thus, condition (i) without (1.5) is equivalent to

(1) the vanishing of the torsion of ∇;

(2) the commutativity of the product ◦;

(3) the symmetry in the lower indices of the tensor field ∇lckij;

(4) the associativity of the product ◦.

Remark 1.5. Since the Hertling-Manin condition (1.2) follows from the symmetry in the lower indices of
the tensor field∇lckij, as shown in [10], F-manifolds with compatible connection and flat unit constitute a
broad class of F-manifolds.

Remark 1.6. The operator of multiplication by the Euler vector field has vanishing Nijenhuis torsion:

NE◦ (X,Y) := [E ◦X,E ◦Y] + E ◦ E ◦ [X,Y]− E ◦ [X,E ◦Y]− E ◦ [E ◦X,Y] = 0.

By virtue of this property, families of examples were constructed in [18, 19].

Remark 1.7. Condition (1.5) can be written in the equivalent form

R(Y,Z)(X ◦W)+R(X,Y)(Z ◦W)+R(Z,X)(Y ◦W) = 0, (1.6)

for all local vector fields X, Y, Z,W (see [15] for details).

In local coordinates conditions (1.5) and (1.6) read (0.10).

1.1.3. Regularity
Following [5], we present the notion of a regular F-manifold.

Definition 1.8 ([5]). An F-manifold with Euler vector field (M,◦,e,E) is called regular if for each p ∈M the
matrix representing the endomorphism

Lp := Ep◦ : TpM→ TpM

has exactly one Jordan block for each distinct eigenvalue.

In this paper, we will use the following important result of [5] regarding the existence of non-
semisimple canonical coordinates for regular F-manifolds with Euler vector field.

Theorem 1.9 ([5]). Let (M,◦,e,E) be a regular F-manifold of dimension n⩾ 2 with an Euler vector field E.
Furthermore, assume that locally around a point p ∈M, the Jordan canonical form of the operator L has r Jordan
blocks of sizes m1, . . .,mr with distinct eigenvalues. Then there exists locally around p a distinguished system of
coordinates {u1, . . . ,um1+···+mr} such that

ei(α) = δi1, Ei(α) = ui(α), ci(α)j(β)k(γ) = δαβ δ
α
γ δ

i
j+k−1,

for all α,β,γ ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ}, k ∈ {1, . . . ,mγ}.

6
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The coordinates defining this special system are called David-Hertling coordinates, and in such
coordinates the operator of multiplication by the Euler vector field takes the lower-triangular Toeplitz
form (0.7) mentioned in the introduction with vi(α) = ui(α). We will also often refer to David-Hertling
coordinates as canonical coordinates.

1.1.4. Integrable hierarchies and F-manifolds with compatible connection
According to the results of [19], given an n-dimensional regular F-manifold with Euler vector field
(M,◦,e,E) and n commuting flows of the form

uit = cijkX
j
(s)u

k
x, i, s ∈ {1, . . . ,n} , (1.7)

defined by a frame of vector fields (X(1), . . .,X(n)), under mild technical assumptions, a unique torsion-
less connection ∇ is defined by the conditions

∇je
i = 0, i, j ∈ {1, . . . ,n} , (1.8)

(d∇V)ijk = 0, i, j,k ∈ {1, . . . ,n} , (1.9)

where V= X◦, defines on M the structure of an F-manifold with compatible connection and flat unit.
More precisely, we recall the following.

Proposition 1.10 ([19]). For (M,◦,e,E) being an n-dimensional regular F-manifold and X being a local vector
field realising
• X1(α) ̸= X1(β) for α ̸= β, α,β ∈ {1, . . . , r},

• X2(α) ̸= 0 for any α ∈ {1, . . . , r} with mα ⩾ 2,
there exists a unique torsionless connection∇ such that d∇(X◦) = 0 and∇e= 0.

Remark 1.11. The proof of proposition 1.10 provides explicit formulas for the Christoffel symbols
{Γi

jk}i,j,k∈{1,...,n} of∇, in terms of {∂jXi}i,j∈{1,...,n}, which we shall now recall. Let us fix α,β,γ ∈ {1, . . . , r},
α ̸= β ̸= γ ̸= α, and i ∈ {1, . . . ,mα}. The Christoffel symbols of the unique torsionless connection satisfying
∇e= 0 and d∇V= 0, for V= X◦, are determined by the following formulas:

Γ
i(α)
j(β)k(γ) = 0, j ∈ {1, . . . ,mβ} , k ∈ {1, . . . ,mγ} ; (1.10)

Γ
i(α)
j(β)k(α) =− 1

X1(α) −X1(β)

(
∂j(β)X

(i−k+1)(α) +

mα∑
s=k+1

Γ
i(α)
j(β)s(α)X

(s−k+1)(α) (1.11)

−
mβ∑

s=j+1

Γ
i(α)
k(α)s(β)X

(s−j+1)(β)

)
, k ∈ {1, . . . ,mα} , j ∈ {1, . . . ,mβ} ;

Γ
i(α)
j(β)1(β) =−Γ

i(α)
j(β)1(α), j ∈ {1, . . . ,mβ} , (1.12)

Γ
i(α)
j(α)1(α) =−

∑
σ ̸=α

Γ
i(α)
j(α)1(σ), j ∈ {1, . . . ,mα} ; (1.13)

Γ
i(α)
k(α)j(α) =

1

X2(α)

(
∂( j−1)(α)X

(i−k+1)(α) +

mα∑
s=k+1

Γ
i(α)
( j−1)(α)s(α)X

(s−k+1)(α) (1.14)

− ∂k(α)X
(i−j+2)(α) −

mα∑
s=j+1

Γ
i(α)
k(α)s(α)X

(s−j+2)(α)

)
,

for j,k ∈ {2, . . . ,mα} ,where j ⩽ k;

Γ
i(α)
k(β)j(β) =

1

X2(β)

( mβ∑
s=k+1

Γ
i(α)
( j−1)(β)s(β)X

(s−k+1)(β) −
mβ∑

s=j+1

Γ
i(α)
k(β)s(β)X

(s−j+2)(β)

)
,

for k, j ∈ {2, . . . ,mβ} ,where j ⩽ k. (1.15)

In remark 1.11, a quantity of the form X(i−k+1)(α) is intended to vanish whenever the Latin index
i− k+ 1 sits outside the range {1, . . . ,mα}. The same holds everywhere else such a notation appears.

Remark 1.12. As observed in [19], thanks to the identity∇ecijk = 0, for any local vector field Y, the
condition

(d∇ (Y◦))ijk = cijs∇kY
s − ciks∇jY

s +
(
∇kc

i
js −∇jc

i
ks

)
Y s = 0

7
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implies separately the condition

cijs∇kY
s − ciks∇jY

s = 0 (1.16)

and the condition (
∇kc

i
js −∇jc

i
ks

)
Y s = 0. (1.17)

An F-manifold with compatible connection and flat unit can be constructed by means of such a con-
nection, when the local vector field X meeting the assumptions of proposition 1.10 belongs to a set of n
linearly independent local vector fields defining pairwise commuting flows.

Theorem 1.13 ([19]). Let {X(0), . . . ,X(n−1)} be a set of linearly independent local vector fields on an
n-dimensional regular F-manifold (M,◦,e). Let us assume that the corresponding flows

uti = X(i) ◦ ux, i ∈ {0, . . . ,n− 1} ,

pairwise commute, and that there exists a local vector field X ∈ {X(0), . . . ,X(n−1)} such that X1(α) ̸= X1(β) for
α ̸= β, α,β ∈ {1, . . . , r}, and X2(α) ̸= 0 for each α ∈ {1, . . . , r} with mα ⩾ 2. Then an F-manifold (M,◦,e,∇)
with compatible connection and flat unit is defined by the unique torsionless connection∇ realising∇e= 0 and
d∇(X◦) = 0.

In particular, the condition d∇(X◦) = 0 implies that d∇(Y◦) = 0 for any other local vector field
Y defining a flow which commutes with the flow defined by X (in particular, d∇(X◦) = 0 guarantees
that d∇(Y◦) = 0 for any other Y ∈ {X(0), . . . ,X(n−1)}). The proof that an F-manifold with compatible
connection and flat unit can be so defined is based on the fact that if Z is a local vector field realising
d∇(Z◦) = 0 then (

Rk
lmic

h
pk +Rk

lipc
h
mk +Rk

lpmc
h
ik

)
Zl = 0, i,p,m,h ∈ {1, . . . ,n} , (1.18)

for any Z ∈ {X(0), . . . ,X(n−1)}. The assumption of {X(i)}i∈{0,...,n−1} providing a basis allows one to con-
clude that (1.18) must hold for any arbitrary local vector field Z, implying (0.10).

1.2. Symmetries
We now consider symmetries for a system of hydrodynamic type of the form

uit = Vi
j (u)u

j
x, i ∈ {1, . . . ,n} ,

defined by a block-diagonal matrix V= diag(V(1), . . .,V(r)), r⩽ n, whose generic αth block, of size mα, is
of the lower-triangular Toeplitz form (0.7). Recall that such a system can be written as

uit = cijkX
jukx, i ∈ {1, . . . ,n} , (1.19)

where V= X◦ with respect to the commutative and associative product ◦, defined by the structure con-
stants

ci(α)j(β)k(γ) = δαβ δ
α
γ δ

i
j+k−1,

for all α,β,γ ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ}, k ∈ {1, . . . ,mγ}, and associated to an F-
manifold structure (◦,e,∇) with compatible connection and flat unit. By symmetry, we mean a vector
field Y defining a flow

uiτ = cijkY
jukx, i ∈ {1, . . . ,n} , (1.20)

which commutes with (1.19).

Remark 1.14. If d∇(X◦) = 0, then (1.19) and (1.20) define commuting flows if and only if d∇(Y◦) = 0. We
refer to [19] for details.

8
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2. The generalised hodographmethod

We consider systems of hydrodynamic type of the form

ut = V(u) ux,

for functions u(x, t) = (u1(x, t), . . .,un(x, t)) taking values in an n-dimensional regular F-manifold
(M,◦,e,E), where the (1, 1)-type tensor V is the operator of multiplication by some vector field X on
M. Let r be the number of Jordan blocks of E◦, and let mα denote the size of the αth block. In canonical
coordinates, such a system reads

uit = Vi
ku

k
x = cijkX

jukx, i ∈ {1, . . . ,n} , (2.1)

where

ci(α)j(β)k(γ) = δαβ δ
α
γ δ

i
j+k−1, (2.2)

for all α,β,γ ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ}, k ∈ {1, . . . ,mγ}. The matrix representing
V assumes a block-diagonal form V= diag(V(1), . . .,V(r)), where the generic α

th block is of the lower-
triangular Toeplitz form (0.7).

In order to prove the first main result of the paper we need two technical lemmas.

Lemma 2.1. Let cijk be the structure functions of an F-manifold. A matrix valued function M := (Mi
j) satisfies

cijsM
s
k = ciksM

s
j , i, j,k ∈ {1, . . . ,n} , (2.3)

if and only if M has the form Mi
j = cijkY

k for some vector Y. In particular, in the regular case and in canonical
coordinates, M is a block-diagonal lower-triangular matrix of Toeplitz type, namely

Mi(α)
j(β) = δαβ M(i−j+1)(α)

1(α) 1{i⩾j}. (2.4)

Proof. Firstly we observe that anyM of the formMi
k = ciksY

s satisfies cijsM
s
k = ciksM

s
j (by associativity).

Multiplying both sides of (2.3) by ej we obtain

Mi
k = ciksY

s

with Y s =Ms
je
j. For instance, in the regular case

Mi(α)
j(β) = ci(α)j(β)s(σ)Y

s(σ) = δαβY
(i+1−j)(β)1{i⩾j}.

For α ̸= β we haveMi(α)
j(β) = 0. This means that

Yi(α) =Mi(α)
s(σ)e

s(σ) =Mi(α)
1(α),

and therefore

Mi(α)
j(α) = Y(i+1−j)(α)1{i⩾j} =M(i+1−j)(α)

1(α) 1{i⩾j}.

Lemma 2.2. Any invertible matrix valued function of the form Vi
j = cijsX

s where cijs are the structure functions of

an F-manifold has inverse Wi
j = cijk(X

−1)k where Y= X−1 is the unique solution of the system Vi
jY

j = ei. In
particular, if an invertible matrix valued function is of block-diagonal lower-triangular Toeplitz type, then its
inverse is as well.

Proof. The proof is a straightforward computation:

Vi
mW

m
j = cimsX

scmjk
(
X−1

)k
= cimjX

scmsk
(
X−1

)k
= cimj

(
X ◦X−1

)m
= cimje

m = δij .

Any matrix valued function of block-diagonal lower-triangular Toeplitz type can be written as Vi
j = cijsX

s,

where cijs are David-Hertling structure constants. Conversely if c
i
js are David-Hertling structure constants

then Vi
j = cijsX

s has block-diagonal lower-triangular Toeplitz form. In this case, from the above computation,

it follows that also the inverseWi
j = cijk(X

−1)k has block-diagonal lower-triangular Toeplitz form.

We can now state our first main result about a block diagonal system of hydrodynamic type.

9
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Theorem 2.3. Let

ut = X ◦ ux (2.5)

be a system of hydrodynamic type defined by a regular F-manifold structure (with product ◦ and unit e) and by
a vector field X satisfying the non-vanishing conditions:

X1(α) ̸= X1(β) for α ̸= β, X2(α) ̸= 0 whenevermα ⩾ 2.

Let∇ be the torsionless connection uniquely defined by the conditions

∇e= 0, d∇ (X◦) = 0,

and let the vector-valued function u(x, t) = (u1(x, t), . . .,un(x, t)) satisfy the algebraic system

xei + tXi (u(x, t)) = Yi (u(x, t)) , i ∈ {1, . . . ,n} , (2.6)

where the vector field Y satisfies the condition

(d∇ (Y◦))ijk = cijs∇kY
s − ciks∇jY

s = 0, i, j,k ∈ {1, . . . ,n} , (2.7)

and thus defines a flow

uτ = Y ◦ ux (2.8)

commuting with (2.5). Then, u(x, t) is a solution of the system (2.5).

Proof. By differentiating (2.6) with respect to x and t respectively, we get

ei +Mi
j (u(x, t))u

j
x = 0, Xi +Mi

j (u(x, t))u
j
t = 0, i ∈ {1, . . . ,n} , (2.9)

where

Mi
j := t∂jX

i − ∂jY
i, i, j ∈ {1, . . . ,n} . (2.10)

The function u(x, t) is implicitly defined by the algebraic system (2.6) and thus we can assume thatM is
non-degenerate when restricted to u(x, t). In the diagonal case, Tsarev’s proof revolves around the obser-
vation that, on the solution u(x, t) of the algebraic system (2.6) defined by the vector field Y which is associ-
ated with the symmetries (2.8) of (2.5), the matrixM is diagonal. By using this fact, and taking into account
that in the diagonal case ei = 1 for each i ∈ {1, . . . ,n}, equations (2.9) immediately reduce to

1+Mi
i (u(x, t))u

i
x = 0, Xi +Mi

i (u(x, t))u
i
t = 0, i ∈ {1, . . . ,n} , (2.11)

implying the result.
It turns out that a similar idea proves successful in the non-diagonal regular case as well. Firstly, observe

that on the solution u(x, t) of the algebraic system (2.6) we have

Mi
j (u(x, t)) = t∇jX

i −∇jY
i, i, j ∈ {1, . . . ,n} , (2.12)

as

t∇jX
i −∇jY

i = t∂jX
i − ∂jY

i +Γi
js (tX

s −Y s)

(2.6)
= t∂jX

i − ∂jY
i − xΓi

jse
s

(1.8)
= t∂jX

i − ∂jY
i,

for all i, j ∈ {1, . . . ,n}. Moreover, by using (1.9) and (2.7) and taking into account remark 1.12, one obtains
the condition (2.3). In turn, by lemma 2.1,M(u(x, t)) has precisely the formMi

j(u(x, t)) = cijkZ
k for some

vector valued function Z and from lemma 2.2 it follows that (M(u(x, t))−1)ij = cijk(Z
−1)k. Using these facts,

we obtain from (2.9)

ukx =−ckis
(
Z−1

)s
ei =−

(
Z−1

)k
,

and

ukt =−ckis
(
Z−1

)s
Xi = ckisX

iusx.

10
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Remark 2.4. Notice that if we start from an F-manifold with compatible connection and flat unit
(M,∇,◦,e) and we assume that the vector field X defining the flow (2.5) and the vector field Y defining the
symmetry (2.8) satisfy d∇(X◦) = 0 and d∇(Y◦) = 0 respectively, then the proof of theorem 2.3 does not
require the regularity assumption.

3. Integrability

In this section we discuss the compatibility of the system for the symmetries

(d∇W)
i
jk = cijs∇kY

s − ciks∇jY
s = 0, i, j,k ∈ {1, . . . ,n} , (3.1)

of equation (2.5) where ∇ is the unique torsionless connection determined by ∇e= 0 and d∇(X◦) = 0
(whose Christoffel symbols are given in remark 1.11 in canonical coordinates). By multiplying (3.1) by ej

and summing over j, we get

∇kY
i = ciks∇eY

s, i,k ∈ {1, . . . ,n} , (3.2)

or equivalently

∂kY
i =−Γi

ksY
s + ciks∇eY

s i,k ∈ {1, . . . ,n} . (3.3)

Remark 3.1. Equation (3.2) is equivalent to equation (3.1). In fact, while it was already shown above
that (3.1) implies (3.2), the converse implication can be proved by observing that

cijs∇kY
s − ciks∇jY

s =
(
cijsc

s
kt − ciksc

s
jt

)
∇eY

t = 0, i, j,k ∈ {1, . . . ,n} ,

by means of (3.2) and the associativity of the product.

Let us now compute the compatibility conditions,(
∂j∂k − ∂k∂j

)
Yi = 0,

of the system (3.3). We have

∂j∂kY
i =−

(
∂jΓ

i
ks

)
Y s −Γi

ks

(
∂jY

s
)
+
(
∂jc

i
ks

)
∇eY

s + ciks
(
∂j∇eY

s
)

=−
(
∂jΓ

i
ks

)
Y s +Γi

ks

(
Γs
jtY

t − csjt∇eY
t
)
+
(
∂jc

i
ks

)
∇eY

s + ciks
(
∂j∇eY

s
)
, (3.4)

implying (
∂j∂k − ∂k∂j

)
Yi =

(
∂kΓ

i
js − ∂jΓ

i
ks +Γi

ktΓ
t
js −Γi

jtΓ
t
ks

)
Y s

+
(
∂jc

i
kt − ∂kc

i
jt +Γi

jsc
s
kt −Γi

ksc
s
jt

)
∇eY

t

+ ciks
(
∂j∇eY

s
)
− cijs (∂k∇eY

s)

= Ri
sjkY

s +
(
∂jc

i
kt − ∂kc

i
jt +Γi

jsc
s
kt −Γi

ksc
s
jt

)
∇eY

t

+ ciks
(
∂j∇eY

s
)
− cijs (∂k∇eY

s) .

Taking into account the symmetry of ∇c, we obtain(
∂j∂k − ∂k∂j

)
Yi = Ri

sjkY
s +
(
Γs
jtc

i
ks −Γs

ktc
i
js

)
∇eY

t + ciks
(
∂j∇eY

s
)
− cijs (∂k∇eY

s)

= Ri
sjkY

s + ciks

(
Γs
jt∇eY

t + ∂j∇eY
s
)
− cijs (Γ

s
kt∇eY

t + ∂k∇eY
s)

= Ri
sjkY

s + ciks∇j∇eY
s − cijs∇k∇eY

s

= Ri
sjkY

s + cikse
m∇j∇mY

s − cijse
m∇k∇mY

s

which, since ∇j∇mY s =∇m∇jY s +Rs
tmjY

t, becomes(
∂j∂k − ∂k∂j

)
Yi = Ri

sjkY
s + cikse

mRs
tmjY

t − cijse
mRs

tmkY
t

+ cikse
m∇m∇jY

s − cijse
m∇m∇kY

s.

11
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In particular, by (3.3), ∇jY s = csjt∇eYt and ∇kY s = cskt∇eYt, giving

cikse
m∇m∇jY

s − cijse
m∇m∇kY

s = cikse
m∇m

(
csjt∇eY

t
)
− cijse

m∇m (c
s
kt∇eY

t)

= ciks

(
em∇mc

s
jt

)
∇eY

t − cijs (e
m∇mc

s
kt)∇eY

t

= ciks

(
∇ec

s
jt

)
∇eY

t − cijs (∇ec
s
kt)∇eY

t,

due to the associativity of the product. Since ∇ecsjt = 0 as a consequence of (1.2) (see [19] for details),
we get

cikse
m∇m∇jY

s − cijse
m∇m∇kY

s = 0,

yielding (
∂j∂k − ∂k∂j

)
Xi = Ri

sjkY
s + cikse

mRs
tmjY

t − cijse
mRs

tmkY
t

=
(
Ri
tjk + ciksR

s
tmje

m + cijsR
s
tkme

m
)
Yt

=
[(

cismR
s
tjk + ciksR

s
tmj + cijsR

s
tkm

)
em
]
Yt. (3.5)

Thus, the compatibility conditions follow from(
Rs
lmic

j
ks +Rs

likc
j
ms +Rs

lkmc
j
is

)
em = 0. (3.6)

Remark 3.2. Condition (3.6) amounts to condition (1.6), or equivalently to its local formulations (0.10).
In fact, while recovering (3.6) from (0.10) is immediate, the opposite implication can be proved by first
observing that (3.6) can be written as

Ri
tjk + ciksR

s
tmje

m + cijsR
s
tkme

m = 0

and by then noticing that this implies that

cismR
s
tjk + ciksR

s
tmj + cijsR

s
tkm = cims

(
cskhR

h
tjr − csjhR

h
tkr

)
er + ciks

(
csjhR

h
tmr − csmhR

h
tjr

)
er + cijs

(
csmhR

h
tkr − cskhR

h
tmr

)
er

= Rh
tjre

r
(
cimsc

s
kh − ciksc

s
mh

)
+Rh

tkre
r
(
cijsc

s
mh − cimsc

s
jh

)
+Rh

tmre
r
(
ciksc

s
jh − cijsc

s
kh

)
= 0,

due to the associativity of the product. Thus, the condition of compatibility of the system (3.3) is equivalent
to the condition (1.6).

In the semisimple case, the system (3.2) for Y becomes

∇kY
i = δik∇eY

i, i,k ∈ {1, . . . ,n} ,

which gives

∇kY
i = 0, k ̸= i, (3.7)

or, by taking into account that Γi
jk = 0 for pairwise distinct indices and Γi

jj =−Γi
ij for i ̸= j,

∂kY
i =−Γi

ksY
s = Γi

ik

(
Yk −Yi

)
, k ̸= i. (3.8)

Notice that for k= i, due to (3.7), the two sides trivially coincide. In particular, the system (3.8) can be
explicitly written in terms of X, as

∂kY
i =

Yk −Yi

Xk −Xi
∂kX

i, k ̸= i. (3.9)

Due to theorem III in [4], the compatibility of the system (3.8) implies that the general solution of (3.8)
depends on n arbitrary functions of a single variable. Tsarev proved that this family of solutions allows
one to solve the Cauchy problem (i.e. the problem of finding the solution of the system satisfying
ui(x, t0) = ui0(x)) for the system defined by Y (proposition 1 in [21]). Using this result, he proved that,
in a neighbourhood of a point P= (x0, t0) where

uix (P) ̸= 0, ∀i ∈ {1, . . . ,n} , (3.10)

12
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any solution to the system (0.6) can be obtained by the generalised hodograph method (theorem 10
in [21]).

In the non-diagonalisable setting, this is no longer the case. For instance, when the operator of
multiplication by the Euler vector field is associated with a single Jordan block, the system (3.2) for Y
reduces to an identity for k= 1, while for k ̸= 1 it reduces to

∂kY
i =−Γi

ksY
s + ciks∂1Y

s, (3.11)

since Γs
1t = 0 by the flatness of the unit vector field. In this case, due to the presence of the partial deriv-

atives ∂1Y s, we cannot straightforwardly apply Darboux’s theorem III. Nevertheless, in section 4, we will
show that, under suitable assumptions on X, such a system can be carefully recomposed into a family of
subsystems, to each of which Darboux’s theorem III can be applied. When this is the case, in the gen-
eric regular setting, the general solution to the system for the symmetries depends, as in the semisimple
case, on n arbitrary functions of a single variable. Unlike the semisimple setting, however, such arbitrary
functions {{

fi(α)
(
u1(α)

)}
i∈{1,...,mα}

}
α∈{1,...,r}

, (3.12)

only depend on the main variable of each block. This behaviour lead us to formulate the following.

Definition 3.3. We say that the set of symmetries for the system (1.19) is complete if the generic solution to
d∇(Y◦) = 0 depends on n arbitrary functions of a single variable, of the form (3.12).

4. Completeness of symmetries

The present section is devoted to providing necessary and sufficient conditions for the applicability of
Darboux’s theorem III to the linear systems for the symmetries. This leads naturally to the notion of
completeness of the set of symmetries. As pointed out above, such symmetries are determined as solu-
tions to d∇(Y◦) = 0, where ∇ is uniquely expressed in terms of X.

We first observe some properties of ∇, involving its Christoffel symbols {Γi
jk} in canonical coordin-

ates. In particular, we notice that some vanish by construction. Then, we prove some technical results
which allows one to phrase the vanishing of an additional subset of Christoffel symbols in terms of the
requirement for X to be independent of some canonical coordinates. More precisely, we get the condi-
tion ∂i(β)X

j(α) = 0 for i> j. We show that the vanishing of such an additional subset of Christoffel sym-
bols, or equivalently the independence of X on some canonical coordinates, is a necessary condition in
order for Darboux’s theorem to be applied to the system for the symmetries. Finally, we prove that the
assumption that X does not depend on such subset of canonical coordinates is also sufficient to apply
Darboux’s theorem to the system for the symmetries. Under such an assumption, since the system for
the symmetries is compatible, the set of symmetries is complete. In this setting, the symmetries exist and
are determined in terms of n functions of a single variable, in analogy with the semisimple case, with
these variables being the main variables of the blocks, {u1(α)}α∈{1,...,r}.

For the convenience of the reader, we split the discussion into two subsections, starting with V con-
sisting of a single Jordan block and then treating the case of an arbitrary number of Jordan blocks. First,
however, we prove three useful lemmas.

Lemma 4.1. Let α ≠ β. Then,

Γ
i(α)
j(β)k(α) =

{
Γ
(i−k+1)(α)
j(β)1(α) , if i ⩾ k,

0, otherwise;
(4.1a)

Γ
i(α)
j(β)k(β) =

{
Γ
i(α)
( j+k−1)(β)1(β), if j+ k⩽mβ + 1

0, otherwise.
(4.1b)

Proof. Lemma 4.1 follows as a consequence of the symmetry of (∇c)mijk in i, j, which reads

Γ
m(ν)
i(α)s(σ)δ

σ
βδ

σ
γ δ

s
j+k−1 −Γ

s(σ)
i(α)k(γ)δ

ν
βδ

ν
σδ

m
j+s−1 −Γ

m(ν)
j(β)s(σ)δ

σ
αδ

σ
γ δ

s
i+k−1 +Γ

s(σ)
j(β)k(γ)δ

ν
αδ

ν
σδ

m
i+s−1 = 0, (4.2)

by using (2.2).

13
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Firstly, let α= γ = ν ̸= β, and let k= 1. Then (4.2) reads

Γ
m(α)
j(β)i(α) = Γ

(m−i+1)(α)
j(β)1(α) .

Ifm< i the right-hand side is undefined and we get

Γ
m(α)
i(α)j(β) = 0,

proving (4.1a).
Now, let α= β = γ ̸= ν, and let i= 1. Then (4.2) reads

Γ
m(ν)
1(α)( j+k−1)(α) = Γ

m(ν)
j(α)k(α).

If j+ k− 1>mα the left-hand side is undefined and we get

Γ
m(ν)
j(α)k(α) = 0,

proving (4.1b).

Lemma 4.2. The following are equivalent:

Γ
i(α)
j(α)k(α) = 0, for k⩾ 2, j⩾ i+ 1; (4.3a)

Γ
i(α)
j(α)k(α) = 0, for j,k⩾ 2, i− j− k⩽−3. (4.3b)

Proof. Assume that (4.3b) holds. Since for j⩾ i+ 1 we have j⩾ 2, then

k⩾ 2 =⇒ i− j− k⩽−3.

Thus (4.3a) holds.
For the converse direction, let us assume (4.3a). We proceed by induction over the upper index. Firstly,

suppose i= 1, then the conditions in (4.3a) becomes k⩾ 2, j⩾ i+ 1= 2, and the non-trivial condition
in (4.3b) reads i− j− k⩽−3 ⇐⇒ j+ k⩾ 4, which is equivalent to j,k⩾ 2. Thus (4.3a) and (4.3b) are

equivalent for i= 1. Now, we want to show that Γm(α)
j(α)h(α) = 0 form− h− j ⩽−3 assuming Γt(α)

s(α)r(α) = 0 for
t− s− r=m− h− j ⩽−3 with t<m. We do so by considering (4.2) for α= β = γ = ν, with i= 2, j,k⩾ 2,
and substitute h := k+ 1. This gives

Γ
m(α)
j(α)h(α) = Γ

m(α)
2(α)( j+h−2)(α) −Γ

(m−j+1)(α)
2(α)(h−1)(α) +Γ

(m−1)(α)
j(α)(h−1)(α). (4.4)

Lettingm− j− h⩽−3, we have that the second and third terms of the right-hand side of (4.4) vanish by the
induction hypothesis, and we are left with

Γ
m(α)
j(α)h(α) = Γ

m(α)
2(α)( j+h−2)(α). (4.5)

Finally notice that, sincem+ 1⩽ j+ h− 2 ⇐⇒ m− j− h⩽−3, the right-hand side of (4.5) vanishes
by (4.3a) which proves (4.3b).

Lemma 4.3. Let α ≠ β. Then the following are equivalent:

Γ
i(α)
j(β)s(β) = 0, for s> i; (4.6a)

Γ
i(α)
1(β)k(β) = 0, for k> i; (4.6b)

Γ
i(α)
1(α)k(β) = 0, for k> i. (4.6c)

Proof. Let us first observe that (4.6a) implies (4.6b). As for the converse implication, let us assume (4.6b).
For s> i and any j⩾ 1 we have

Γ
i(α)
j(β)s(β)

(4.1b)
= Γ

i(α)
1(β)( j+s−1)(β)

(4.6b)
= 0.

Finally, by (1.12), we have

Γ
i(α)
1(β)k(β) =−Γ

i(α)
k(β)1(α),

which implies the equivalence with (4.6c).

14
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4.1. One Jordan block
Let V, as in (0.6), be given by

V=


X1 0 . . . 0
X2 X1 . . . 0
...

. . .
. . .

...
Xn . . . X2 X1

 . (4.7)

In this subsection we show that the set of symmetries is complete if Xi, for any i ∈ {1, . . . ,n}, is a func-
tion of u1, . . . ,ui only and that such a requirement is necessary for the applicability of Darboux’s the-
orem III. This is accomplished by first showing that Xi depends only on u1, . . . ,ui if and only if Γi

jk is
zero whenever i− j− k⩽−3.

Lemma 4.4. The following are equivalent:

∂jX
i = 0, ∀i, j ∈ {1, . . . ,n} such that j > i; (4.8a)

Γi
jk = 0, ∀i, j,k ∈ {1, . . . ,n} such that i− j− k⩽−3. (4.8b)

Proof. Let us first show that (4.8b) implies (4.8a). Considering (3.3) for X, and relabelling i ↔ k, for k< i,
gives

∂iX
k =−

n∑
l=2

Γk
ilX

l

which vanishes due to (4.8b) as k− i− l⩽ k− i− 2⩽−3 since k< i =⇒ k− i ⩽−1.
We now prove the converse direction. That is, we assume that the ith component of X depends on the

first i canonical coordinates only, and show that we must have Γk
i l = 0 for k− i− l⩽−3. By (1.14) we have

Γi
jk =

1

X2

∂j−1X
i−k+1 − ∂kX

i−j+2 +
n∑

s=k+1

Γi
j−1,sX

s−k+1 −
n∑

j+1

Γi
ksX

s−j+2

 . (4.9)

Notice that if n= 1 we cannot have i− j− k⩽−3. Moreover, if n= 2, the only possibility is i = 1, j = k= 2.
However, by (4.9), Γ1

22 is proportional to ∂2X
1 which is zero by assumption. Thus we may assume that n> 2.

Since setting either j or k to 1 gives zero by∇e= 0, it is sufficient to prove (4.8b) for j,k⩾ 2. We shall now
prove the proposition by showing that Γi

jk = 0 whenever j⩾ 2, and i< k which is equivalent by lemma 4.2.
We continue the proof by induction over the lower indices, and without loss of generality we assume that
j ⩽ k. Notice that the first two terms in (4.9) vanish as Xi−k+1 is undefined and i− j+ 2< k− j+ 2⩽ k
since j ⩾ 2. Hence,

Γi
jk =

1

X2

 n∑
s=k+1

Γi
j−1,sX

s−k+1 −
n∑

s=j+1

Γi
ksX

s−j+2

 . (4.10)

By letting j = k= n, we directly obtain zero by (4.10), as the sums are undefined. Thus, let k= n and fix j ∈
{2, . . . ,n}, and assume that Γi

hn = 0, i< h, for h> j. By (4.10) we have

Γi
j n =− 1

X2

 n∑
s=j+1

Γi
ksX

s−j+2

 ,

which equals zero as each term in the sum vanishes by the inductive assumption.
Now let us fix k ∈ {2, . . . ,n}, and assume that Γi

jh = 0 for i< h, for each h> k. By this assumption, (4.10)
reads

Γi
jk =− 1

X2

n∑
s=j+1

Γi
ksX

s−j+2. (4.11)

Finally we perform strong induction over j with base j= k. From (4.11) it is clear that setting j= k gives 0
by the above, as we already assumed that Γi

ks = 0 for s> k. Thus let us fix j ∈ {2, . . . ,k− 1} and assume
that Γi

hk = 0 for h> j. Then, the terms in the sum on the right-hand side of (4.11) vanish by the inductive
assumption, which concludes the proof.
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Lemma 4.5. Let j,k ∈ {1, . . . ,n}. If Xi is a function of u1, . . . ,ui only, for all i ∈ {1, . . . ,n}, then Γi
jk is a

function of u1, . . . ,ui only, for any i ∈ {1, . . . ,n}.

Proof. Without loss of generality we assume that j ⩽ k. By lemma 4.4, it is sufficient to consider Γi
jk when

i− j− k⩾−2, or equivalently i⩾ j,k with j,k⩾ 2 by lemma 4.2. Notice that since i− k+ 1< i, and
i− j+ 2⩽ i, we already have that the first and the third term in (1.14) satisfy the required property. Thus,
it remains to consider the u−dependence of

i∑
s=k+1

Γi
j−1,sX

s−k+1 −
i∑

s=j+1

Γi
ksX

s−j+2. (4.12)

Furthermore, by lemma 4.4, s⩽ i− j+ 3⩽ i+ 1 in the first sum, implying s− k+ 1⩽ i− k+ 2⩽ i, while
s⩽ i− k+ 2⩽ i in the second sum, implying s− j+ 2⩽ i− j+ 2⩽ i. Thus, we only need to prove the
required property for the Christoffel symbols involved in (4.12). Let us proceed by induction over j+ k.
Let j+ k= 2n, which implies j = k= n. In this case both the sums in (4.12) are undefined and we get the
required result. Thus, assume the statement holds true for any sum of lower indices strictly greater than
j+ k. Here, the only term not directly satisfying the criteria by the inductive assumption is Γi

j−1,k+1.

We have now proved that the u-dependence of Γi
jk follows from the u-dependence of Γi

j−1,k+1. However,

this allows us to apply the same argument to Γi
j−1,k+1 and so on. There are two possible end-points to this

path. The first, which is valid for k+ j− 1⩽ n, gives Γi
1,k+j−1, which is zero by∇e= 0, and thus trivially

satisfies the statement. The second, which is valid for k+ j− 1> n gives Γi
j−n+k,n. This is zero by lemma 4.2

unless i= n. However, if i= n, lemma 4.5 is automatically satisfied. This concludes the proof.

Remark 4.6. Under the assumption that ∂kXi = 0 for k> i, the formulas for compatibility (3.4), (3.5)
depend on u1, . . . ,ui only. By using lemma 4.4, (3.4) gives

∂j∂kY
i =−

i∑
s=1

(
∂jΓ

i
ks

)
Y s −

i∑
s=1

Γi
ks∂jY

s + ∂j∇eY
i−k+1,

and so the statement follows from the u-dependence of the Christoffel symbols (lemma 4.5). In fact, Ri
sj k

vanishes whenever s⩾ i+ 1, and when non-vanishing it depends on u1, . . . ,ui only. This can be seen as fol-
lows. The Riemann tensor is given by

Ri
sjk = ∂kΓ

i
js − ∂jΓ

i
ks +Γi

ktΓ
t
js −Γi

jtΓ
t
ks.

Let s> i, then,
• the first two terms vanish by lemmas 4.2 and 4.4;

• for the third or fourth term not to vanish we must have i ⩾ t and t⩾ s, but this implies i ⩾ s which is
false by assumption.

Thus, Ri
sjk = 0 for any i, j,k ∈ {1, . . . ,n} and s ∈ {i+ 1, . . . ,n}. For s⩽ i it is clear from the u−dependence of

the Christoffel symbols (lemma 4.5) that the u-dependence of the Riemann tensor is as stated, since the last
two terms vanish whenever t> i by lemmas 4.2 and 4.4.

We have already pointed out that in general it is not possible to apply Darboux’s theorem to the sys-
tem for the symmetries (3.3) due to the presence of partial derivatives of the unknown functions on the
right-hand side of the system. However, we observe that Darboux’s theorem can be applied to the sub-
system for Y1 provided that it is closed, in the sense that it only depends on the arguments of Y1 (in
this case, solely on u1) and does not include any of the unknown elements {Ys | s> 1}. Assuming that
the system (3.3) admits n linearly independent solutions {YA}A∈{1,...,n}, this implies some additional
conditions on the Christoffel symbols appearing on the right-hand side of (3.3). If these conditions are
satisfied, the function Y1 is determined up to an arbitrary function of u1. At this stage, the right-hand
side of the subsystem for Y2 does not contain any partial derivatives of unknown functions and, reas-
oning in a similar manner, it can be determined up to an arbitrary function of u1. The same can be
done for all the remaining components of Y leading to the following results. Let us call Si the subsys-
tem of (3.3) containing partial derivatives of Yi in the left-hand side.

Proposition 4.7. Let i, j,k ∈ {1, . . . ,n}. In order to iteratively apply Darboux’s theorem to the the subsystems
S1,S2, . . .,Sn of the system of symmetries (3.3), we must have that Γi

jk = 0 whenever i− j− k⩽−3.
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Proof. In the case of a single Jordan block the system (3.3) reads

∂kY
i =−Γi

ksY
s + ciks∇eY

s = ∂1Y
i−k+1 −Γi

ksY
s, k⩾ 2. (4.13)

In particular, the subsystem for i= 1 reads

∂kY
1 =−

n∑
s=2

Γ1
ksY

s, k⩾ 2. (4.14)

Since we want that the subsystem is closed, the components Ys for s> 1 cannot be present in the right-hand
side of (4.14). By linear independence of the elements of {YA}A∈{1,...,n}, we must have that

Γ1
ks = 0, s⩾ 2,

which by lemma 4.2 is the desired result for i= 1. Analogously, as we increase i step by step, it is clear
from (4.13) that in order to have a closed subsystem, we must impose that

n∑
s=2

Γi
ksY

s

does not depend on Ys for s> i. However, by linear independence of the elements of {YA}A∈{1,...,n}, the only
way for this to occur is that

n∑
s=i+1

Γi
ksY

s = 0 =⇒ Γi
ks = 0, for s> i.

Thus, by lemma 4.2, we obtained the statement.

Proposition 4.8. Let i, j ∈ {1, . . . ,n}. If ∂iXj = 0 for i> j, then the set of symmetries is complete.

Proof. The system for the symmetries (3.3) reads

∂kY
i = ∂1Y

i−k+1 −
n∑

s=2

Γi
ksY

s, i ∈ {1, . . . ,n} , k ∈ {2, . . . ,n} ,

which, by lemma 4.4, amounts to

∂kY
i = ∂1Y

i−k+1 −
i−k+2∑
s=2

Γi
ksY

s, i ∈ {1, . . . ,n} , k ∈ {2, . . . ,n} . (4.15)

In particular, we have

∂kY
i = 0, k> i.

In turn, the system (4.15) for {Yi(u1, . . . ,un)}i∈{1,...,n} can be rewritten as n systems{
∂kY

i = ∂1Y
i−k+1 −

i−k+2∑
s=2

Γi
ksY

s, k ∈ {2, . . . , i}

}
i∈{1,...,n}

, (4.16)

for the functions {Yi(u1, . . . ,ui)}i∈{1,...,n}. When looking at each of these systems separately, Darboux’s
theorem III from [4] can indeed be applied. More precisely, let us start by observing that for i= 1 the sys-
tem (4.16) is trivially satisfied, determining Y1(u1) as an arbitrary function of u1. As for i= 2, (4.16) gives

∂2Y
2 = ∂1Y

1 −Γ2
22Y

2,

the right-hand side of which only involves the unknown function Y2 and the known quantities Γ2
22, ∂1Y

1,
where Γ2

22 only depends on u1,u2 by lemma 4.5. It follows that Y2(u1,u2) is uniquely determined, having
fixed Y1(u1), up to another arbitrary function of u1. Let us fix some h⩽ n and inductively assume that, for
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each i⩽ h− 1, the function Yi(u1, . . . ,ui) is uniquely determined up to i arbitrary functions of u1. For i= h,
the system (4.16) reads

∂kY
h = ∂1Y

h−k+1 −
h−k+2∑
s=2

Γh
ksY

s, k ∈ {2, . . . ,h} ,

the right-hand side of which only involve the unknown function Yh and the known quantities Γh
ks for

s ∈ {2, . . . ,h− k+ 2}, k ∈ {2, . . . ,h}, Yj for j ∈ {2, . . . ,h− 1}, and ∂1Yt with t ∈ {1, . . . ,h− 1}. Thus,
the system for {∂kYh}k∈{2,...,h} only contains the function Yh itself and known quantities, i.e. the func-
tions {Yj}j∈{1,...,h−1} which have been determined in the previous steps, and none of the functions
{Yj}j∈{h+1,...,n} which are still to be determined. Moreover, by lemma 4.5, the system depends on u1, . . . ,uh

only. The compatibility of such a system follows as a consequence of (1.5), as pointed out in remark 3.2
with the aid of remark 4.6. By Darboux’s theorem, Yh(u1, . . . ,uh) is uniquely determined up to one more
arbitrary function of u1, as ∂1Yh appears nowhere in the system. This proves that the complete solution
{Yi(u1, . . . ,ui)}i∈{1,...,n} is uniquely determined up to n arbitrary functions of u1.

Thus, from propositions 4.7 and 4.8 together with lemmas 4.4 and remark 4.6, we have the main
result of this subsection.

Theorem 4.9. In order to iteratively apply Darboux’s theorem to the the subsystems S1,S2, . . .,Sn of the system
of symmetries (3.3), we must have that Xi in (4.7) depends on u1, . . . ,ui only. Furthermore, if Xi depends only on
u1, . . . ,ui then the set of symmetries is complete.

4.2. Arbitrary Jordan block structure
In this subsection, we treat the general case where the matrix V defining the system (0.6) consists of r
blocks, its generic αth block being of the form (0.7). We show that a necessary condition for Darboux’s
theorem III to be applicable to a sequence of subsystems of (3.3) is that, for α ∈ {1, . . . , r} and i ∈
{1, . . . ,mα}, Xi(α) does not depend on {uj(σ) | j > i}σ∈{1,...,r}. Under this requirement, we prove com-
pleteness of the symmetries, i.e. that the general solution to the associated system depends on n func-
tions of a single variable, of the form (3.12).

By virtue of lemma 4.1, the system for the symmetries (3.3) reads

∂k(α)Y
i(α) = ∂1(α)Y

(i−k+1)(α) +

mα∑
s=2

(
Γ
(i−k+1)(α)
1(α)s(α) −Γ

i(α)
k(α)s(α)

)
Ys(α), k ∈ {2, . . . ,mα} , (4.17)

∂j(β)Y
i(α) =−

i∑
s=1

Γ
i(α)
j(β)s(α)Y

s(α) −
mβ−j+1∑

s=1

Γ
i(α)
j(β)s(β)Y

s(β), α ̸= β, j ∈ {1, . . . ,mβ} , (4.18)

for all α ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}. Let us denote

U i :=
{
uj(σ) | j⩽ i

}
σ∈{1,...,r}

=
{
u1(σ), . . . ,umin{i,mσ}(σ)

}
σ∈{1,...,r}

.

Thus, the condition for Xi(α) to not depend on {uj(σ) | j > i}σ∈{1,...,r} for any α ∈ {1, . . . , r} and
i ∈ {1, . . . ,mα}, translates to the requirement that Xi(α) depends only on U i. Under this assumption,
completeness of the symmetries follows as a consequence of rearranging the system (4.17) and (4.18)
into appropriate subsystems, to each of which Darboux’s theorem applies. We begin our discussion by
presenting the two following technical results.

Lemma 4.10. Let α ∈ {1, . . . , r}. The requirement

Γ
i(α)
j(α)k(α) = 0, j,k⩾ 2, i− j− k⩽−3, i ∈ {1, . . . ,mα} , (4.19)

is equivalent to

∂k(α)X
i(α) = 0, k> i, i ∈ {1, . . . ,mα} . (4.20)

Proof. Firstly, we assume (4.19). By replacing Y with X in (4.17), for k> i we get

∂k(α)X
i(α) =−

mα∑
s=2

Γ
i(α)
k(α)s(α)Y

s(α) (4.19)
= 0.
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The proof of the converse direction is identical to the one-block case, i.e. lemma 4.4 so we omit the details
here. The attentive reader might however notice that in the proof of lemma 4.4 we use the fact that∇e=
0 =⇒ Γi

1j = 0, which only holds in the case of a single Jordan block. Nevertheless, this is used solely to
remove the j,k⩾ 2 requirement, which we keep here.

Lemma 4.11. Let α,β ∈ {1, . . . , r} with β ̸= α. The requirement

Γ
i(α)
1(α)s(β) = 0, s> i, i ∈ {1, . . . ,mα} , (4.21)

is equivalent to

∂j(β)X
i(α) = 0, j > i, i ∈ {1, . . . ,mα} . (4.22)

Proof. Let us first assume (4.21). By choosing k= 1 in (1.11), we have

Γ
i(α)
j(β)1(α)

(4.1a)
= − 1

X1(α) −X1(β)

(
∂j(β)X

i(α) +
i∑

s=2

Γ
(i−s+1)(α)
j(β)1(α) Xs(α)

−
mβ∑

s=j+1

Γ
i(α)
1(α)s(β)X

(s−j+1)(β)

)
, (4.23)

yielding ∂j(β)X
i(α) = 0 when j> i, since i− s+ 1⩽ i− 1< j for s⩾ 2.

Let us now assume (4.22). Without loss of generality we may letmβ > 1. Condition (4.23) for i < j =
mβ reads

Γ
i(α)
mβ(β)1(α)

=− 1

X1(α) −X1(β)

i∑
s=2

Γ
(i−s+1)(α)
mβ(β)1(α)

Xs(α), (4.24)

which yields Γ1(α)
mβ(β)1(α)

= 0 for i= 1. Thus it is clear from (4.24) that assuming the statement for any h< i

proves that Γi(α)
mβ(β)1(α)

= 0 for a generic i ∈ {2, . . . ,mβ − 1}, by the method of induction. Let us fix now

j ∈ {2, . . . ,mβ − 1}, and inductively assume that Γi(α)
h(β)1(α) = 0 for i< h, for each h ∈ {j+ 1, . . . ,mβ}. Then,

for i< j, condition (4.23) reads

Γ
i(α)
j(β)1(α) =− 1

X1(α) −X1(β)

i∑
s=2

Γ
(i−s+1)(α)
j(β)1(α) Xs(α). (4.25)

Performing strong induction over i with base i= 1 on (4.25) concludes the proof.

Remark 4.12. Let Xs(ρ) depend on U s only, for all ρ ∈ {1, . . . , r} and s ∈ {1, . . . ,mρ}. Then

Γ
i(α)
j(β)k(γ) = 0,

for any α,β,γ ∈ {1, . . . , r}, i ∈ {1, . . . ,max( j,k)− 1}, j ∈ {1, . . . ,mβ}, k ∈ {1, . . . ,mγ}. This follows from
lemmas 4.2, 4.3, 4.10, and 4.11 together with (1.10), (1.13), and (4.1a).

Lemma 4.13. If, for all α ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, Xi(α) depends on U i only, then Γ
i(α)
j(β)k(γ) depends

only on U i as well, for any α,β,γ ∈ {1, . . . , r}, i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ}, and k ∈ {1, . . . ,mγ}.

Proof. The lemma follows from remark 1.11, and we give a sketch-proof in the following. Let us assume
that, for all α ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, Xi(α) depends on U i only. In other words, (4.20) and (4.22)
hold for all α ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}. By (1.10), the non-trivial Christoffel symbols to be con-

sidered are {Γi(α)
j(β)k(γ)}α=β=γ∨γ=α ̸=β∨γ=β ̸=α.

Let us first set α= β = γ. Without loss of generality, by lemma 4.10, we consider i⩾ j+ k− 2.
Moreover, we may assume that j,k⩾ 2 since the symbols where j= 1 or k= 1 are included in the consider-
ation γ = α ̸= β due to (1.13). By (1.14) and lemma 4.10, we have

Γ
i(α)
k(α)j(α) =

1

X2(α)

(
∂( j−1)(α)X

(i−k+1)(α) +

i−j+3∑
s=k+1

Γ
i(α)
( j−1)(α)s(α)X

(s−k+1)(α)

− ∂k(α)X
(i−j+2)(α) −

i−k+2∑
s=j+1

Γ
i(α)
k(α)s(α)X

(s−j+2)(α)

)
,
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where the first and third terms depend on U i only, since i− k+ 1⩽ i and i− j+ 2⩽ i. As for the second
and fourth terms, we have that {X(s−k+1)(α)}s∈{k+1,...,i−j+3} and {X(s−j+2)(α)}s∈{j+1,...,i−k+2} depend on
U i only, as s− k+ 1⩽ i− j− k+ 4⩽ i and s− j+ 2⩽ i− j− k+ 4⩽ i since j,k⩾ 2. Hence, the property

of Γi(α)
k(α)j(α) to depend solely on U i reduces to the analogous property of {Γi(α)

( j−1)(α)s(α)}s∈{k+1,...,i−j+3} and

{Γi(α)
k(α)s(α)}s∈{j+1,...,i−k+2}, and thus follows from a double inductive argument over j and k.
Let us now set γ = α ̸= β. Without loss of generality, by (4.1a), we consider i⩾ k. By (1.11), we have

Γ
i(α)
j(β)k(α)

(4.1a)
=

(4.21)
− 1

X1(α) −X1(β)

(
∂j(β)X

(i−k+1)(α) +
i∑

s=k+1

Γ
(i−s+1)(α)
j(β)1(α) X(s−k+1)(α)

−
i−k+1∑
s=j+1

Γ
(i−k+1)(α)
1(α)s(β) X(s−j+1)(β)

)
. (4.26)

The proof that all of the quantities appearing on the right-hand side of (4.26) depend on U i only develops
analogously to the previous case.

Let us finally set γ = β ̸= α. By lemma 4.1b, when Γ
i(α)
k(β)j(β) ̸= 0, we have

Γ
i(α)
k(β)j(β) = Γ

i(α)
1(β)( j+k−1)(β) =−Γ

i(α)
1(α)( j+k−1)(β),

whose dependence on U i only follows from the previous part of the proof.

Remark 4.14. Under the assumptions (4.20) and (4.22), the formulas for compatibility (3.4), (3.5) depend
on U i only when considering Yi(α). This follows from lemmas 4.10, 4.11 and 4.13, and from the observation

that Ri(α)
s(σ)j(β)k(γ) vanishes when s> i, while when non-vanishing it depends on U i only.

For all m ∈ {1, . . . , max
σ∈{1,...,r}

mσ}, let us denote Am := {α ∈ {1, . . . , r}|mα ⩾m}. Let us call Si the

subsystem of (4.17) and (4.18) for {Yi(α)}α∈Ai .

Proposition 4.15. In order for the assumptions of Darboux’s theorem to be valid for the subsystems S1,S2, . . . ,
for all α ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, Xi(α) must depend on U i only.

Proof. In order to apply Darboux’s theorem to some subsystem of (4.17) and (4.18), such subsystem must
not include terms of the form ∂1(α)Y

s(α) for unknown Ys(α). Since such terms appear in the system as
∂1(α)Y

(i−k+1)(α) for k⩾ 2, one must start from considering the subsystem S1, as it is the broadest subsys-
tem where these terms do not appear for any k⩾ 2. It reads

∂k(α)Y
1(α) =−

mα∑
s=2

Γ
1(α)
k(α)s(α)Y

s(α), k ∈ {2, . . . ,mα} , (4.27)

∂j(β)Y
1(α) =−Γ

1(α)
j(β)1(α)

(
Y1(α) −Y1(β)

)
−

mβ−j+1∑
s=2

Γ
1(α)
j(β)s(β)Y

s(β), α ̸= β, j ∈ {1, . . . ,mβ} , (4.28)

for all α ∈ {1, . . . , r}. In order for the system (4.27) and (4.28) to be closed, it must not include any of the
elements {Ys(α) | s> 1}α∈{1,...,r}, which means we require

mα∑
s=2

Γ
1(α)
k(α)s(α)Y

s(α) = 0, k⩾ 2,

and

mβ−j+1∑
s=2

Γ
1(α)
j(β)s(β)Y

s(β) = 0, j⩾ 1, β ̸= α.

By linear independence of the elements of {YA}A∈{1,...,n}, this implies

Γ
1(α)
k(α)s(α) = 0, s> 1, k⩾ 2,

and

Γ
1(α)
j(β)s(β) = 0, s> 1, j⩾ 1, β ̸= α.
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In this way, one may determine {Y1(α)}α∈{1,...,r}. Then, the broadest system to which Darboux’s theorem
may be applied is S2, as the only terms of the form ∂1(α)Y

s(α) are the ones for s= 1, which are known. The
same holds at a generic step. More precisely, for i ∈

{
2, . . . , max

σ∈{1,...,r}
mσ

}
, the subsystem Si is such that the

only terms of the form ∂1(α)Y
s(α) are the ones for s⩽ i− 1, which are retrieved in the previous steps. Such

system reads (4.17) and (4.18). In order for it not to include any of the terms {Ys(α) | s> i}α∈{1,...,r}, one
must require that

mα∑
s=i+1

(
Γ
(i−k+1)(α)
1(α)s(α) −Γ

i(α)
k(α)s(α)

)
Ys(α) = 0, k⩾ 2,

and

mβ−j+1∑
s=i+1

Γ
i(α)
j(β)s(β)Y

s(β) = 0, j⩾ 1, β ̸= α,

which implies

Γ
(i−k+1)(α)
1(α)s(α) −Γ

i(α)
k(α)s(α) = 0, s> i, k⩾ 2, (4.29)

and

Γ
i(α)
j(β)s(β) = 0, s> i, j⩾ 1, β ̸= α. (4.30)

by linear independence of the elements of {YA}A∈{1,...,n}. In particular, (4.29) amounts to

Γ
i(α)
k(α)s(α) = 0, s> i, k⩾ 2, (4.31)

as for s> i we have Γ(i−k+1)(α)
1(α)s(α) =−

∑
σ ̸=α

Γ
(i−k+1)(α)
1(σ)s(α) = 0 by lemma 4.1 as s> i > i− k+ 1. By lemma 4.2,

(4.31) amounts to (4.19), which is equivalent to (4.20) by lemma 4.10. By lemma 4.3, (4.30) amounts
to (4.21), which is equivalent to (4.22) by lemma 4.11. By (4.20) and (4.22), for all α ∈ {1, . . . , r} and
i ∈ {1, . . . ,mα}, Xi(α) depends on U i only.

Proposition 4.16. If, for all α ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, the component Xi(α) depends on the
coordinates U i only, then the system (4.17) and (4.18) is complete.

Proof. Let us assume that, for all α ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, the component Xi(α) depends on the
coordinates U i only, that is

∂j(σ)X
i(α) = 0, j > i, σ ∈ {1, . . . , r} .

By remark 4.12 and lemma 4.2, the system (4.17) and (4.18) becomes

∂k(α)Y
i(α) = ∂1(α)Y

(i−k+1)(α) +
i−k+2∑
s=2

(
Γ
(i−k+1)(α)
1(α)s(α) −Γ

i(α)
k(α)s(α)

)
Ys(α), k ∈ {2, . . . ,mα} , (4.32)

∂j(β)Y
i(α) =−

i∑
s=1

Γ
i(α)
j(β)s(α)Y

s(α) −
i∑

s=1

Γ
i(α)
j(β)s(β)Y

s(β), α ̸= β, j ∈ {1, . . . ,mβ} , (4.33)

for all α ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}. In particular, (4.32) trivially vanishes for k> i and, by
remark 4.12, (4.33) vanishes for j> i. Then, a solution Y to (4.32) and (4.33) must be such that for all
α ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, Yi(α) depends on U i only. The system (4.32) and (4.33) reads

∂k(α)Y
i(α) = ∂1(α)Y

(i−k+1)(α) +
i−k+2∑
s=2

(
Γ
(i−k+1)(α)
1(α)s(α) −Γ

i(α)
k(α)s(α)

)
Ys(α), k ∈ {2, . . . , i} , (4.34)

∂j(β)Y
i(α) =−

i∑
s=1

Γ
i(α)
j(β)s(α)Y

s(α) −
i∑

s=1

Γ
i(α)
j(β)s(β)Y

s(β), α ̸= β, j ∈ {1, . . . , i} , (4.35)
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for all α ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}. In particular, for each α ∈ {1, . . . , r}, Y1(α) only depends on
u1(1), . . . ,u1(r), and, by lemma 4.13, so does the subsystem

∂1(β)Y
1(α) =−Γ

1(α)
1(β)1(α)

(
Y1(α) −Y1(β)

)
, β ̸= α, (4.36)

to which (4.32) and (4.33) reduces when letting i= 1. As Darboux’s theorem applies to such a subsystem,
whose compatibility follows as a consequence of (1.5), as pointed out in remark 3.2 with the aid of remark
4.14, its general solution depends on r arbitrary functions of a single variable{

f1(α)
(
u1(α)

)}
α∈{1,...,r}

.

Once in possession of {Y1(α)}α∈{1,...,r}, let us consider the subsystem for {Y2(α)}α∈A2 :

∂2(α)Y
2(α) = ∂1(α)Y

1(α) +
(
Γ
1(α)
1(α)2(α) −Γ

2(α)
2(α)2(α)

)
Y2(α), (4.37)

∂j(β)Y
2(α) =−

2∑
s=1

Γ
2(α)
j(β)s(α)Y

s(α) −
2∑

s=1

Γ
2(α)
j(β)s(β)Y

s(β), α ̸= β, j ∈ {1,2} , (4.38)

for all α ∈ {1, . . . , r}. By lemma 4.13, it only depends on U2. As ∂1(α)Y
1(α) is known, Darboux’s theorem

applies to this subsystem, whose compatibility follows as a consequence of (1.5). Then its general solution
depends on |A2| arbitrary functions of a single variable{

f2(α)
(
u1(α)

)}
α∈A2

.

Let us assume that, for a fixed i ∈ {2, . . . , max
σ∈{1,...,r}

mσ}, for each h⩽ i− 1 the generic solution of the

subsystem

∂k(α)Y
h(α) = ∂1(α)Y

(h−k+1)(α) +
h−k+2∑
s=2

(
Γ
(h−k+1)(α)
1(α)s(α) −Γ

h(α)
k(α)s(α)

)
Ys(α), k ∈ {2, . . . ,h} , (4.39)

∂j(β)Y
h(α) =−

h∑
s=1

Γ
h(α)
j(β)s(α)Y

s(α) −
h∑

s=1

Γ
h(α)
j(β)s(β)Y

s(β), α ̸= β, j ∈ {1, . . . ,h} , (4.40)

for all α ∈ {1, . . . , r}, depends on |Ah| arbitrary functions of a single variable{
fh(α)

(
u1(α)

)}
α∈Ah

.

Once in possession of
{
{Yh(α)}α∈Ah

}
h∈{1,...,i−1}, by lemma 4.13, the subsystem (4.34) and (4.35) for

{Yi(α)}α∈Ai depends on U i only. As ∂1(α)Y
(i−k+1)(α) is known for k ∈ {2, . . . , i}, Darboux’s theorem applies

to such a subsystem, whose compatibility follows as a consequence of (1.5), guaranteeing that its general
solution depends on |Ai| arbitrary functions of a single variable{

fi(α)
(
u1(α)

)}
α∈Ai

.

Therefore, in total, the general solution to the system (4.32) and (4.33) depends on

max
σ∈{1,...,r}

mσ∑
i=1

|Ai|=
r∑

σ=1

mσ = n

arbitrary functions of a single variable{{
fi(α)

(
u1(α)

)}
α∈Ai

}
i∈

{
1,..., max

σ∈{1,...,r}
mσ

} =

{{
fi(α)

(
u1(α)

)}
i∈{1,...,mα}

}
α∈{1,...,r}

.

We have proved the following, which is the second main result of the paper.
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Theorem 4.17. In order to apply Darboux’s theorem to the subsystems S1,S2, . . . of (4.17) and (4.18), we must
have that, for all α ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, Xi(α) depends on U i only. Furthermore, if, for all
α ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}, Xi(α) depends on U i only, then the set of symmetries for the system (4.17)
and (4.18) is complete.

Corollary 4.18. Let V, determining the system (0.6), be of the form V= X◦ where ◦ is given by the structure
constants (2.2) and Xi(α) depends on U i only, for all α ∈ {1, . . . , r} and i ∈ {1, . . . ,mα}. Then, in a
neighbourhood of a point P= (x0, t0) where

u1(α)x (P) ̸= 0, ∀α ∈ {1, . . . , r} , (4.41)

any solution to the system (0.6) can be obtained by the generalised hodograph method.

Proof. Mutatis mutandis, the proof is analogous to the diagonal case (theorem 10 in [21]), due to the
fact that the system of symmetries satisfies the criteria for the use of Darboux’s theorem by theorem 4.17
and that the block-diagonal matrixM, defined by (2.10), is invertible. Moreover, like in Tsarev’s case and
precisely in the same way, Darboux’s theorem III needs to be slightly extended in order to guarantee the
uniqueness of the solution to the system of symmetries specified by its value the curve ui(x, t0) = ui0(x) satis-
fying pointwise the transversality condition (4.41).

5. Examples

The family of F-manifolds with compatible connection and flat unit studied in [18] does indeed satisfy
the Darboux’s condition on V. Such F-manifolds are obtained by considering V= X◦ with X= E− a0 e,
where a0 =

∑r
α=1 ϵα u

1(α) (where ϵα are complex parameters), and go by the name of Lauricella bi-flat
F-manifolds.

5.1. Examples in dimension 2
Let us consider the Lauricella example in the case of a single Jordan block of size 2. Let X=
(X1(u1,u2),X2(u1,u2)), with

X1
(
u1,u2

)
= u1 − ϵ1u

1, X2
(
u1,u2

)
= u2, (ϵ1 ̸= 1) .

This choice corresponds to the system

[
u1t
u2t

]
=

[
u1 − ϵ1u1 0

u2 u1 − ϵ1u1

][
u1x
u2x

]
.

The non-vanishing Christoffel symbol of the associated connection ∇ is

Γ2
22 =− ϵ1

u2
.

Then d∇(Y◦) = 0 gives the system

∂2Y
1
(
u1,u2

)
= 0, (5.1a)

∂2Y
2
(
u1,u2

)
=

ϵ1Y2
(
u1,u2

)
u2

+ ∂1Y
1
(
u1,u2

)
, (5.1b)

for which a solution Y= (Y1(u1,u2),Y2(u1,u2)) is given by

Y1
(
u1,u2

)
= f1 (u1) , (5.2a)

Y2
(
u1,u2

)
=

u2

1− ϵ1
f ′1
(
u1
)
+
(
u2
)ϵ1 f2 (u1) , (5.2b)

where f 1 and f 2 are arbitrary functions depending only on the main variable u1. This is indeed the gen-
eral solution by Darboux’s theorem III.
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5.2. Example in dimension 3
In the case of a single Jordan block of size 3 the equation d∇(Y◦) = 0 gives

∂3Y
1 = ∂3Y

2 = ∂2Y
1 = 0, ∂2Y

2 = ∂1Y
1 +

ϵ1
u2

Y2, (5.3a)

∂2Y
3 = ∂1Y

2 +
ϵ1
u2

Y3 − ϵ1

(u2)2
Y2, ∂3Y

3 = ∂1Y
1 +

ϵ1
u2

Y2. (5.3b)

Let us apply the procedure explained in proposition 4.8. We start from the closed subsystem for Y1:

∂2Y
1 = ∂3Y

1 = 0,

whose general solution is Y1 = f1(u1). Using this information we obtain a closed subsystem for Y2:

∂3Y
2 = 0, ∂2Y

2 = ∂1f1 +
ϵ1
u2

Y2,

whose general solution is given by

Y1 = f1
(
u1
)
, Y2 =

u2f ′1
(
u1
)

1− ϵ1
+
(
u2
)ϵ1 f2 (u1) ,

where f 2 is a new arbitrary function of u1. Substituting Y1 and Y2 in the remaining equations for Y3 we
finally get

Y3 =
1

(1− ϵ1)(2− ϵ1)

(
(u2)2f ′′1 (u

1)+ (ϵ1 − 2)
(
(u2)ϵ1+1(ϵ1 − 1)f ′2(u

1)− u3f ′1(u
1)

+ (u2)ϵ1−1(ϵ1 − 1)(u3f2(u
1)ϵ1 + f3(u

1)u2)
))

,

where f1, f2, and f 3 are arbitrary functions depending only on the main variable u1. Moreover, by
Darboux’s theorem III, this is the general solution of (5.3).

As shown in [19], for general linear functions a0 =
∑n

i=1 ϵi u
i the construction of [18] still works.

However, Darboux’s condition is no longer satisfied. For instance, in the case of a single Jordan block of
size 3, with the choice a0 = ϵ3u3, the equation d∇(Y◦) = 0 reduces to

∂1Y
1 = ∂3Y

3, ∂1Y
2 = ∂2Y

3, ∂2Y
1 = ∂3Y

2 =
ϵ3
u2

(
u3

u2
Y2 −Y3

)
, (5.4a)

∂3Y
1 =− ϵ3

u2
Y2, ∂2Y

2 = ∂1Y
1 −

ϵ3
(
u3
)2

(u2)3
Y2 +

ϵ3u3

(u2)2
Y3. (5.4b)

Consider the one-form defined by α :=
∑3

i=1αi dui, where α1 = Y3, α2 = Y2, and α3 = Y1. By (5.4a)
α is closed and thus there exists locally a function U(u1,u2,u3) such that αi = ∂iU for i = 1,2,3.
Rewriting the system (5.4) in terms of U gives

∂2
3U+

ϵ3
u2

∂2U= 0= u2∂2
2U− u2∂1∂3U+ u3∂2∂3U,

where we substituted the expression for ∂2U arising from the third equation of (5.4a) into the second
of (5.4b). Special solutions of this system may, for instance, be obtained using the method of separation
of variables. However, comparing with the previous example, we see how the method becomes much less
efficient in this case.

This example shows that when the first order linear system for the symmetries does not satisfy the
hypothesis of Darboux’s theorem III some higher order linear PDEs come into play. Based on this and
similar examples, we suspect that to further extend the results of section 4 beyond Tsarev-Darboux’s
framework might be extremely difficult.
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6. Conclusions

In this paper we have introduced the generalised hodograph method for block-diagonal integrable sys-
tems of hydrodynamic type

uit = Vi
j (u)u

j
x, i ∈ {1, . . . ,n} ,

where V= diag(V(1), . . .,V(r)) and any block, labelled by α ∈ {1, . . . , r}, has the lower-triangular Toeplitz
form

V(α) =


v1(α) 0 . . . 0
v2(α) v1(α) . . . 0
...

. . .
. . .

...
vmα(α) . . . v2(α) v1(α)

 .
These systems can be written in the form

ut = X ◦ux, (6.1)

where ◦ is the commutative associative product of a regular F-manifold. The relation with the theory of
F-manifolds was crucial for our purposes as it allowed us to study the problem by framing it in a geo-
metric setting.

Thanks to the results of [19], we knew that integrable systems of the form (6.1) define on the asso-
ciated F-manifold a geometric structure (a torsionless connection ∇) compatible with the product of the
F-manifold structure. In particular, compatibility implies condition (0.10). Moreover, according to the
results of [15], in the semisimple case and in canonical coordinates, condition (0.10) reduces to Tsarev’s
integrability condition (systems satisfying this condition are sometimes called semihamiltonian systems,
and sometimes rich systems [20]). This condition coincides with the compatibility condition (in the sense
of Darboux) of the linear system providing the symmetries. Due to Darboux compatibility, the general
solution of the system depends on n (n being the number of components of the system) arbitrary func-
tions of a single variable. The same condition ensures the existence of a family of densities of conserva-
tion laws depending on the same number of arbitrary functions.

The generalised hodograph method allows the use of any symmetry of the system to define a solu-
tion which is given, in implicit form, as (x, t)-depending critical points of the vector field

xe+ tX−Y

obtained as a linear combination of the unit vector field and the vector fields X and Y defining the sys-
tem and its symmetry, respectively.

The results of the present paper show that the above integration method carries forth to regular non-
semisimple hydrodynamic systems. The main difference between the semisimple and the non-semisimple
case is the fact that in the latter the integrability condition (0.10) seems not sufficient to guarantee that
the solutions obtained applying the method provide the general solution of the system. The reason being
that, in general, the linear system for the symmetries cannot be reduced to Darboux’s form. However,
Tsarev’s theory can be fully extended considering the additional restrictions arising from the request of
reducibility to Darboux’s form. In particular, we have shown that the possibility of applying Darboux’s
theorem on compatible systems relies on the dependence of the components of the vector fields defining
the system on a subset of the variables.
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