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The energy dependency (running) of the strength of electromagnetic interactions 𝛼 plays an
important role in precision tests of the Standard Model. The running of the former to the 𝑍 pole is
an input quantity for global electroweak fits, while the running of the mixing angle is susceptible
to the effects of Beyond Standard Model physics, particularly at low energies. We present a
computation of the hadronic vacuum polarization (HVP) contribution to the running of these
electroweak couplings at the non-perturbative level in lattice QCD, in the space-like regime up to
𝑄2 momentum transfers of 7 GeV2. This quantity is also closely related to the HVP contribution to
the muon 𝑔 − 2. We observe a tension of up to 3.5 standard deviation between our lattice results
for Δ𝛼 (5)

had (−𝑄
2) and estimates based on the 𝑅-ratio for 𝑄2 in the 3 to 7 GeV2 range. The tension is,

however, strongly diminished when translating our result to the 𝑍 pole, by employing the Euclidean
split technique and perturbative QCD, which yields Δ𝛼 (5)

had (𝑀
2
𝑍
) = 0.027 73(15). This value agrees

with results based on the 𝑅-ratio within the quoted uncertainties, and can be used as an alternative
to the latter in global electroweak fits.
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1. Introduction

In the Standard Model (SM) of particle physics, the strength of electromagnetic interactions is
represented by the quantum electrodynamics (QED) coupling 𝛼 that depends on the energy at which
electromagnetism is probed. At low energies the value of 𝛼−1 = 137.035 999 139(31) is known
experimentally to better than a part per billion. At higher energies, such as at the 𝑍 pole, the most
precise determination is obtained by applying the renormalization group running. Choosing to work
in the on-shell scheme, one has

𝛼(𝑞2) = 𝛼

1 − Δ𝛼(𝑞2)
, (1)

where the major contribution to the error on the running Δ𝛼(𝑞2) comes from the low-energy hadronic
component Δ𝛼had(𝑞2), which is proportional to the subtracted hadronic vacuum polarization (HVP)
function of an off-shell photon propagator

Δ𝛼had(𝑞2) = 4π𝛼Re Π̄(𝑞2) Π̄(𝑞2) = Π(𝑞2) − Π(0). (2)

A precise determination of the HVP function and in turn of Δ𝛼had(𝑞2) can be obtained from
experimental hadronic cross-section data encoded in the well-known ratio 𝑅(𝑠) [1–3]. Alternatively,
the HVP function Π̄(−𝑄2) at space-like 𝑄2 > 0 momentum transfers can be computed on the
lattice [4–7]. In combination with the Euclidean split technique [8], this can be used to provide a
value of Δ𝛼had(𝑀2

𝑍
) independent of 𝑅(𝑠) data, which is the main result presented here [7].

The interests in computing Π̄(−𝑄2) on the lattice is further motivated by the connection with the
anomalous magnetic moment (𝑔 − 2) of the muon, and the long-standing tension between the muon
𝑔−2 theory prediction and experimental results [9]. In particular, the leading-order muon 𝑔−2 HVP
contribution can be expressed as an integral over Π̄(−𝑄2) at space-like 𝑄2 with a positive-definite
integration kernel

𝑎HVP,LO
` = 4𝛼2

∫ 1

0
d𝑥 (1 − 𝑥)Π̄(−𝑄2), 𝑄2 =

𝑥2𝑚2
`

1 − 𝑥
, (3)

a fact that is at the core of the MUonE experiment proposal for an independent measurement of
𝑎

HVP,LO
` in 𝑡-channel scattering experiments [10]. The precise lattice determination of 𝑎HVP,LO

` by
the Budapest-Marseille-Wuppertal collaboration (BMWc) [11] points to a larger value—in tension
with the data-driven determination and closer to solving the 𝑔 − 2 puzzle—that according to eq. (3)
has to be correlated with an increase of Π̄(−𝑄2) and Δ𝛼had(−𝑄2). The evidence is even stronger
when lattice data for the so-called HVP window is considered [12, 13]. At the same time, this
increase implies an increase of 𝑅(𝑠) that puts these lattice results in tension with the experimental
measurements of the hadronic cross-section.

Computing Π̄(−𝑄2) from first principles on the lattice can help shed light on this tension,
albeit with limited energy resolution on 𝑅(𝑠) due to the lattice data being limited to space-like
𝑄2. Moreover, the lattice determination of Δ𝛼had(𝑀2

𝑍
) can be used as an alternative input to the

data-driven estimate in global EW fits.
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2. Lattice calculation

The lattice computation is performed using the time-momentum representation (TMR)
method [14]. For each selected value of 𝑄2 up to 7 GeV2, we compute the integral

Π̄(−𝑄2) =
∫ ∞

0
d𝑡 𝐺 (𝑡)

[
𝑡2 − 4

𝑄2 sin2
(
𝑄𝑡

2

)]
, (4)

where the continuum expression for the kernel is used and 𝐺 (𝑡) is the Euclidean-space correlator of
two electromagnetic currents at imaginary time separation 𝑡 computed on the lattice

𝐺 (𝑡) = −1
3

∫
d3𝑥

3∑︁
𝑘=1

〈 𝑗𝑘 (𝑡, ®𝑥) 𝑗𝑘 (0)〉 , 𝑗` =
2
3
�̄�𝛾`𝑢 − 1

3
𝑑𝛾`𝑑 − 1

3
𝑠𝛾`𝑠 +

2
3
𝑐𝛾`𝑐 + . . . . (5)

We use a set of 𝑁f = 2 + 1 dynamical quark ensembles of gauge field configurations from
the Coordinated Lattice Simulations (CLS) effort [15]. On these ensembles, the up and down
quarks are mass degenerate and the charm quark contribution is present in the valence sector only.
The lattice current is renormalized and both the action and the observables are non-perturbatively
O(𝑎)-improved to ensure discretization effects starting at O(𝑎2), where 𝑎 is the lattice spacing. We
refer the reader to ref. [7] for more details.

Our set of ensembles covers four lattice spacings from 𝑎 ≈ 0.086 fm to ≈ 0.050 fm and a range
of pion and kaon masses from the SU(3)-flavour-symmetric point at 𝑚𝜋 = 𝑚𝐾 ≈ 415 MeV to
physical ones along a trajectory that keeps 𝑚2

𝐾
+ 𝑚2

𝜋/2 approximately constant. This allow us to
reliably extrapolate Δ𝛼had(−𝑄2) = 4π𝛼Π̄(−𝑄2) for a set of values of 𝑄2 to the “physical” point
corresponding to an isospin-symmetric world.

At 𝑄2 = 5 GeV2, the result at the physical point is

Δ𝛼had(−5 GeV2) = 0.007 16(9). (6)

On top of the statistical error on the lattice data, we include in the final error budget a systematic
uncertainty. This is composed of the systematic error from varying the fit model, the scale-setting
error, the systematics from missing charm sea-quark loops, and the one from missing isospin-breaking
effects.

3. Comparison with phenomenology

In figure 1 our lattice results are compared to other lattice results from BMWc (upper part) [6, 11],
as well as with three data-driven estimates (lower part) [1–3]. We observe a small tension with
the BMWc results, especially in the 𝐼 = 1 component at small value of 𝑄2, while at larger 𝑄2 the
results are mostly compatible. The tension is instead significant when our result is compared with
the data-driven estimates, up to 3.5 standard deviations.

To estimate Δ𝛼
(5)
had(𝑀

2
𝑍
) we employ the so-called Euclidean split technique (or Adler function

approach) [8], which consists in splitting the contribution to the running to 𝑀𝑍 as

Δ𝛼
(5)
had(𝑀

2
𝑍 ) = Δ𝛼

(5)
had(−𝑄

2
0) + [Δ𝛼 (5)

had(−𝑀
2
𝑍 ) − Δ𝛼

(5)
had(−𝑄

2
0)] + [Δ𝛼 (5)

had(𝑀
2
𝑍 ) − Δ𝛼

(5)
had(−𝑀

2
𝑍 )] . (7)

In the r.h.s., the first term is evaluated on the lattice and it is the main result presented in the previous
section. The result at 𝑄2

0 = 5 GeV2 is given in eq. (6). The second term involves the running at
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Figure 1: Left, upper panel: ratio of the hadronic running Δ𝛼had computed by BMWc [6] divided by
our results, for five different momenta. Left, lower panel: the total hadronic running Δ𝛼

(5)
had from various

phenomenological estimates [1–3] and the lattice result of ref. [6], normalized by the result of this work.
Right: Compilation of results for the four-flavor Δ𝛼had lattice computations [6, 11] (above) and the five-flavor
Δ𝛼

(5)
had phenomenological estimates (below) at selected values of 𝑄2.

space-like momenta up to the 𝑍 pole. This can either be estimated using the data-driven method
from the hadronic cross section [1–3], or for large enough 𝑄2

0 it can be computed in perturbative
QCD (pQCD). The result based on pQCD is our preferred choice since it allows us to be independent
of experimental 𝑅(𝑠) input. Choosing the threshold energy 𝑄2

0 = 5 GeV2, the estimate obtained
using the pQCDAdler code1 is [Δ𝛼 (5)

had(−𝑀
2
𝑍
) − Δ𝛼

(5)
had(−𝑄

2
0)]pQCD = 0.020 528(107). Finally, the

third term in the r.h.s. of eq. (7) has been estimated in pQCD in ref. [3] and amounts to a small and
precise contribution, [Δ𝛼 (5)

had(𝑀
2
𝑍
) − Δ𝛼

(5)
had(−𝑀

2
𝑍
)]pQCD = 0.000 045(2).

Combining these results, the hadronic contribution to the running of the electromagnetic
coupling 𝛼 at the 𝑍 pole is

Δ𝛼
(5)
had(𝑀

2
𝑍 ) |lat. + pQCD = 0.027 73(9)lat(2)𝑏 (12)pQCD = 0.027 73(15), (8)

where the first error is the uncertainty of our lattice estimate, while the second error accounts for the
neglected contribution form bottom quark effects, and the third error is the one on the second term
in the r.h.s. of eq. (7). The total error is augmented by the maximum deviation obtained by varying
the threshold energy 𝑄2

0 in the interval (5 ± 2) GeV2, which has a negligible effect.
Our results are compared in figure 2 with other estimates using the standard dispersive

approach [1–3] and global EW fits [17–21]. We observe that the tension with the data-driven results
is strongly diminished, mostly due to the major contribution to the error of the running from 𝑄2

0 to
the 𝑍 pole. Of course, this contribution is fully correlated between lattice and data-driven results,
and the tension in the 𝑄2 . 5 GeV2 contribution is only hidden. However, the results from global
EW fits show a pull of a bit more than one standard deviation between the indirect determination
of Δ𝛼 (5)

had(𝑀
2
𝑍
) and our result in eq. (8), indicating no inconsistency between lattice results and the

global EW fits, as also observed in ref. [21].

1http://www-com.physik.hu-berlin.de/~fjeger/software.html
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Gfitter 18

Crivellin et al. 20
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Figure 2: Compilation of results for Δ𝛼 (5)
had (𝑀

2
𝑍
). The first two data points (red symbols) are the lattice results

of ref. [7]. Green circles denote results based the data-driven method in, from top to bottom, refs. [1, 16], [2],
and [3]. The estimate based on the Adler function in ref. [3] is shown as a green diamond. Blue symbols
represent the results from global EW fits, published in refs. [17–21]. The upper triangle point from ref. [20]
does not use the Higgs mass. The gray band represents our final result quoted in eq. (8).

4. Conclusions

We presented a computation of the hadronic contribution to the running of the electromagnetic
coupling 𝛼. Our result is obtained on the lattice for space-like 𝑄2 up to ≈ 7 GeV2 and it is slightly
larger but still compatible with an earlier calculation by BMWc. However, there is a significant
tension with the predictions based on the data driven method.

Combining our result obtained in the 𝑄2 = (5 ± 2) GeV2 range with pQCD, we obtain an
estimate for Δ𝛼 (5)

had(𝑀
2
𝑍
) that does not rely on experimental hadronic cross section data as input. This

result is consistent with and of similar precision as estimates employing the data-driven approach.
Moreover, we observe no significant tensions between our lattice result and global EW fits.
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