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1 Introduction

The landscape of non-supersymmetric vacua in string theory remains largely unexplored. Two
issues are to blame: without spacetime supersymmetry, one loses both systematic methods
to engineer vacua and a physical principle to argue for stability. In this work, we focus
on the former aspect.

We shall consider specific non-supersymmetric models: ten-dimensional superstrings
that are non-supersymmetric and free of tachyons in the spectrum. These are the heterotic
SO(16) x SO(16) string [1, 2], type 0’B string theory [3, 4], and the Sugimoto orientifold of
type IIB [5]; see [6] for a recent review. Their worldsheet description allows us to capture the
effects of the absence of supersymmetry within the formalism of string perturbation theory.
These effects enter the equations of motion for the massless string modes as string-loop
corrections [7—10]. However, some of these are not corrections at all because their tree-level
counterparts vanish. One such term is the cosmological constant, which vanishes at tree level.
For non-supersymmetric strings, the string-loop corrections to the cosmological constant
term come from non-canceling worldsheet tadpoles and generate a scalar potential for the
dilaton, the only uncharged massless scalar in the three models. Finding flux vacua of
non-supersymmetric strings means solving the equations with the additional deformation
of this scalar tadpole potential.

Lacking supergravity equations, the main approach has been to solve the system of
coupled partial differential equations with sufficiently simple Freund-Rubin-like metrics [11-
16] or cohomogeneity-one backgrounds [17, 18]. In this work, we first identify new AdS vacua
by generalizing the former type. We then proceed to present a strategy for vacuum engineering
that applies to the heterotic SO(16) x SO(16) string. This is based on the properties of
Kaluza-Klein reductions and is somewhat similar to that of [19, 20].



In the supersymmetric case, one of the key early strategies for solving the supergravity
equations was to reduce the equations of motion to algebraic conditions; this will be one of our
ingredients. To achieve this in the non-supersymmetric cases, one needs to somehow control
both the Ricci and the stress-energy tensors. For the Ricci tensor, there are several options
available, such as Einstein manifolds, products or fibrations involving them, and homogeneous
manifolds. For the stress-energy tensor, we focus on solutions with constant dilaton profiles,
so that e® acts as the small parameter granting control.! We must then take care of the
fluxes, in particular of the contractions ¢y, F'- t, F'. We know very little about these in general,
with some exceptions when F' defines a G-structure, and again for homogeneous manifolds.

In the non-supersymmetric theories, we face an additional complication: fluxes are
scarce and are usually harmonic forms. Neglecting the contribution of gauge fields, the three
non-supersymmetric strings of interest have a harmonic three-form. If we take this to be
proportional to the real part of an SU(3)-structure, we then need a complex manifold (not
necessarily Kéhler) with a trivial canonical bundle, and in particular ¢; = 0. At the same
time, the Einstein equations require an Einstein metric with a positive curvature; therefore,
this direction does not show promise.

At first sight, homogeneous manifolds do not seem to fare much better: harmonic three-
forms appear rarely [21], especially in low dimensions. We are thus led to include gauge fields.

With gauge fields, the universal three-form is no longer harmonic, and the techniques
above to control the Ricci and the stress-energy tensors can succeed. This is the setup
that we explore in this work, employing in particular homogeneous manifolds G/H as
internal spaces. We introduce gauge fields in the same way as they would enter Kaluza-
Klein reductions; the gauge curvature F' takes values in H, which thus must be a subgroup
of SO(16) x SO(16). This generates the three-form and the gauge fields from a fictitious
higher-dimensional three-form, automatically solving the Bianchi identity dH = —%trF ANF
and some of the flux equations [19, 20]. The Einstein equations become algebraic, but
they must still be addressed separately. They only allow AdS vacua, but these do exist on
several coset spaces. In particular, for AdSs we find that F(1,2;3) = SU(3)/U(1) x U(1),
CP? = Sp(2)/Sp(1) x U(1), and S® = G5/SU(3) admit solutions that are under control, with
gauge groups H = U(1) x U(1), Sp(1) x U(1), and SU(3), respectively.

Our solutions are not scale separated: the Kaluza-Klein and AdS scales are comparable.
In fact, one can argue this for solutions with a product metric and constant dilaton, with
the assumption that m%(K ~ R(q), the internal curvature; we present this argument (similar
to that of [22]) in section A. Thus, in this respect, the tadpole term does not improve
the situation relative to supersymmetric strings, just as it does not for the existence of
de Sitter solutions [23].

This paper is organized as follows. Section 2 contains the new vacua of the three non-
supersymmetric ten-dimensional strings that we obtain with the universal three-form field
strength. The heterotic string and the two orientifolds are treated separately because the
supersymmetry-breaking term is different in the two cases. Then, in section 3, we explain our
Kaluza-Klein-inspired approach to include gauge fields by compactifying on homogeneous

'For open strings, this is not necessarily the case. See [15] for an example where e®® is small but
higher-derivative corrections can become relevant.



spaces. After schematically explaining the idea in section 3.1, we set our conventions and
define the building blocks in section 3.2. In section 3.3, we outline the general procedure.
Section 3.4 contains explicit examples of AdSy vacua for the SO(16) x SO(16) string. We
conclude with section 3.5, providing some observations on the formalism and on the open
questions that remain.

2 Three-form vacua: old and new

For ten-dimensional non-supersymmetric strings, the leading terms in the two-derivative
string-frame action for the massless modes are

1
—2¢ ZePrdp2 _

27% /\/ [ (R+4(00)?) - §k: SR~V (9)| (2.1)
with model-dependent values of & and i, and with the scalar potential arising at one loop,
V(¢) = Ty, or at half loop, V(¢) = T1e~?. We use the parameterization

2

V(g) =Te?, (2.2)

with model-dependent 7y, to address both cases with unified notation. Note that T is
positive for the three ten-dimensional tachyon-free strings. In eq. (2.1) we have neglected
the contributions from gauge fields. These will appear in section 3.

Demanding a constant dilaton profile, ¢ = ¢g, the equations of motion read

1 k 2
2 8(2y + 5) 0
TeVP0 — Z k—2B =5 /Bk¢OF2 '
~ 2(27+5)

We now separately analyze the heterotic string with one-loop vacuum energy and the
two orientifolds with half-loop tadpole potentials.

2.1 One-loop heterotic

The only form field in the heterotic SO(16)xSO(16) string is the Kalb-Ramond By with
field strength Hj, which has g3 = —2. Eq. (2.3) become

1
Te*?0 = 5H§,
(2.4)

1
Ryn = ibMHS ~uvHs — 10H39MN7

and the positive sign of T requires at least a magnetic Hg flux. In fact, the simplest possibility
is a spacetime of the form MS7 x X3, with a maximally symmetric seven-dimensional external
spacetime MS7, an Einstein manifold X3, and with a three-form flux proportional to the
internal volume form. This solution is already known [12, 13]. We review it here to introduce
our conventions in the simplest available setup.



We consider the ten-dimensional metric
ds® = L*dsyyg, + Ry dsk, (2.5)

and we normalize the scalar curvatures of MS; and X3 as

6

k RO = —
Y R%{

R = kx, (2.6)

L2

with k,kx € {—1,0,1}. We denote by volx the volume form of X3 and by Volx the volume
of X3 measured in the metric dsgc, so that

/ volx = Volx . (2.7)
X
In our conventions, flux quantization for a k-form F}, is
/ Fl, = (2nl)f ny, (2.8)
X
with nx € Z. For the MS7 x X3 solution, the three-form flux is
Hs = fxvolx, (2.9)

and the quantization condition in eq. (2.8) reads

Vol X
= ) 2.10
nx (27765)2 fX ( )
The equations are only compatible with
E=-1 and kx =1. (2.11)

Spacetime is therefore AdS7 x X3, where X3 is an Einstein manifold with positive curvature.
The dilaton and the two radii from eq. (2.4) are

e = 51 (Volyx)? (2mls) T~ 2ny?

1 2.12)
(2n6,)? 5% ) @nt)? 1 ) (
o = EvoanX1 , wo - 52Volxny!,

where we recast the flux contribution in terms of the magnetic flux number nx. This is the
AdS7 x S3 of [12, 13]. Analogous solutions are obtained by splitting AdS7 as AdS, x M7_,,
where M is an Einstein manifold with the appropriate negative curvature.

2.1.1 AdS4 X X3 X Y3

The first new class of vacua that we explore is a generalization of AdS7 x X3. Instead of a single
internal space threaded by flux, the internal sector consists of two Einstein spaces with two
different fluxes. The ten-dimensional spacetime spits into MS4 x X3 x Y3, with a three-form flux

Hs = fxvolx + fyvoly . (2.13)



A feature of this class is the selection of a four-dimensional external spacetime. Normalizing
curvatures as in eq. (2.6), the equations of motion from eq. (2.4) become

Ry Ry L 10 \ R}, Ry (2.14)
2k 2% 1S 2y 20 1%
R% 5R§ 10RS’ R:. 5RY 10RS "
These are only compatible with £ = —1, and the last two are equivalent to
kx | ky 9 kx  ky 1 (f% 3
=+ o =5 — =l = -5 (2.15)
R Ry 2L Ry Ry 4\ RY Ry

The first of eq. (2.15) shows that kx and ky cannot both be negative. Three cases remain.
The first case corresponds to?

,ICX =1 and ky = 1, (2.16)

and thus the first of eq. (2.15) is equivalent to setting
1 3

3
Rx V2L Ry V2L

in terms of an angle 0. ¢y and L are determined by the first two of eq. (2.14). The remaining

1
cosf and

sin 6, (2.17)

equation, the second of eq. (2.15), is equivalent to

<fx)2 _ 5—3(sin?0 — cos?0)
fy/) — 5+3(sin?0 — cos?0)

in which fxy can be replaced with the quantized fluxes nxy o fxy. For any choice of

tan®4 (2.18)

fluxes, there is an angle § € (0, ) that solves eq. (2.18), thus providing a complete solution
with X and Y of positive curvature. The special case with internal spheres and equal fluxes,
fx = fy, will be relevant in section 3.4.

The second case corresponds to

kx =1 and ky =—1. (2.19)

Letting

1 1
3 cosh 6 and 3

Rx V2L Ry V2L
analogous manipulations link the parameter 6 to the ratio of the two fluxes,

sinh 0, (2.20)

2 54 3(sinh?6 + cosh?#
(fX) = ( ) tanh® g . (2.21)

) 5—-3 (sinh2 0 + cosh? 9)

For any choice of quantized fluxes nxy « fx,y, there is a value of 6 € (0, 1053) that solves
eq. (2.21), thus providing a solution with a four-dimensional AdS spacetime and two internal
spaces with curvatures of opposite signs.

>This case already appears in [24].



The third case corresponds to
/{?X =1 and ky = O, (2.22)

and takes the explicit form

1

32
Ry ="fx, Ry=

w
N[

35 4 1
gfx, e — gT_%fXZ . (2.23)

(1), 2=

ol

2

To show that these solutions are reliable — small string coupling and large radii — it
suffices to show that the AdS radius L grows parametrically with the flux numbers. For
generic values of 6, this is an immediate consequence of the second of eq. (2.14). For the

special limits of 6, 6 ~ 0 in the first case and § ~ 0 or 6 ~ 1053 in the second case, reliability

follows from expanding eqs. (2.18) and (2.21), respectively.

A similar AdSs x X3 x Yy solution exists by turning on the dual seven-form flux, with
H; = fxvolx and H; = fxyvolx Avoly. It is only compatible with kx = 1 and ky = —1.
We refrain from displaying it explicitly because the expressions would be more complex and
yet would add little more to the overall picture.

2.1.2 AdSs X Ty

The Freund-Rubin vacua of [12] and the generalized version of section 2.1.1 balance the
contribution of the tadpole potential with those of the curvatures and fluxes. These are not
the only options that follow this strategy. More complex internal manifolds can be employed,
provided they admit a harmonic three-form. For instance, one can consider fibrations in
which the harmonic three-form is not entirely parallel to the base. Here, we consider one
such case, which is a generalization of T}, manifolds.

Take an S' fibration over two Riemann surfaces X and Y with the metric

ds® = L2dsyg, + R2(di + A)? + R ds% + Ry dst . (2.24)

The connection A controls the S' fibration. We choose R so that the coordinate 1 along the
circle has period 47 to make the intermediate expressions cleaner. Similar to the previous
examples, we denote the curvatures of the two surfaces by kxy € {—1,0,1}, and we also
introduce the Euler characteristics xxy of X and Y. The curvature F' = dA takes the
general form F = Fioe! A e + Fzue® A e* in terms of the vielbein,

eh? = Ryéh?, At = Ryt e’ = R(dy + A), (2.25)

where é denotes the vielbeins of the two surfaces with metrics dsﬁf’y. The quantization® of
the curvature, which computes the first Chern class of the U(1) bundle, leads to

2k 2k
F = 28XD el/\62+7yq

3 4 4
= e’ Ne”, 2.26
xxR% xy B3 (2.26)

3The period of 1 is 4r; therefore, the quantization condition has an additional factor of 2 when compared
to the usual one. We use the same conventions as those of [25] for the T}, 1 case.



with p,q € Z. Eq. (2.26) is valid provided that y # 0 for the two Riemann surfaces. When
with an arbitrary positive value proportional to the volume of

X

X = 0, one can replace §

the torus.
The harmonic three-form on this S! fibration is
2k 2k
Hs3=nh QXP e® Nel ne? — QYQ e ANeSNet| (2.27)
RxXX RyXY
and flux quantization from eq. (2.8) demands
4hR
o =nn €L, (2.28)
S
From eq. (2.4), one finds an AdSs vacuum with radius L such that
2 2
L—2 — z62¢0 R2 — éh? h2 4p 4q — 5T62¢0
8 5 KRy X Ry " a)
kx ky 9 o 4p? 4q> .
ARy xRy )

kx kY:ZTGQ(bO, X~
R2 RZ 10

R, " RY 2
The first equation of the second line implies that kx and ky cannot both be negative. Three

separate cases remain.
(2.30)

The first case is when
ky =1.

kx =1 and

One can parameterize Ry with an angle 6 € (0, ), letting?
1 T
\/ 76‘% sin 6.

1 [7r
Y B 1) 0 i
Rx 5 € cost, Ry
The two remaining equations fix ¢¢ and the angle 6 in terms of p, q, the flux ng, and the

(2.31)

two Euler characteristics:
-1
8V5 1 2 2
2¢0:—f— P cos'0+ L sin0 nyt,
72 T2 X2 X2 H
s \ XX Y (2.32)
(p)2 <><x>2 9 4 7 cos(26) ot 0
=] =& an~ 6.
q Xy / 9— Tcos(20)
For any p,q # 0 there exists a 6 that solves the second of eq. (2.32). Hence, these vacua
with an internal T}, , space always exist, and the complete solution in terms of the free
(integer) parameters p,q, and ny reads
1 !
R ni h  (20)3ing 7 9 4 9 . aNs 1
& 7 o L_H = = cos 0+ qg°sin“6) nz,
s (ZO)i s 4 Ly 2- 5% (p 1 ) "
5 1
22 - 51 1 1
e?0 — 2ot (Téi)_% (p2 cos 0 + ¢? sin? 9) : ng’,
4 (2.33)
R 72 ;3 2
Ef = ﬁ ( 2 cos* 0 + ¢? sin* 9) ? nj;(cos 9)_1 ,
1o
*n3(sing) !,

Ry T2

S <p2 cos @ + ¢? sin? 9)

s 4.51
Y x,y = 2 in this case, but we leave them implicit for ease of comparison with later expressions




where 6 is determined by

94 7cos(20) 4 <p)2

— 0=1(-] . 2.34

9 — 7cos(20) an q (2.34)
The second case is when

kX =1 and /Cy =-—1. (2.35)

Here, one can parameterize Ry y as

1 T 1 T
Bx = \/%ed’o cosh @, By = U%e‘ﬁo sinh 6. (2.36)

The two remaining equations fix ¢y and 6 in terms of p, ¢, and the flux number. The complete
solution is an S fibration over a two-sphere and a Riemann surface of genus g > 0. It reads

1 ;1L 1
R 2 h 20)4n? L 7 4 21
Y nHl ) *:7( )4nH, — = i p2005h49+TqQSinh40 ni,
ls (20)1 ls 4 ls  9.51 Xy
5 1 _1
22 - 51 4 21
e® — ’ - : (Tﬁg)_% <p2 cosh* 0 + X—Qq2 sinh* 9) ny’,
Y (2.37)
R 73 4 o
X 2 2 4 2. 14 3 -1
= cosh® 0 + —-¢“sinh®0 | n%(coshf)™ ",
Es 4. 5% (p X%/ q > H( )
1 =
Ry 72 9 4 4 5 4\ L. -1
= p-cosh™ 0 + —-¢“sinh® 6 | n#(sinh@) ",
(s 4.5 ( Xy i1 (b )
where 0 is determined by
9 + 7 cosh(26) i, X (p)2
—————— ~tanh™0 ==~ (= | . 2.38
9 — 7 cosh(20) an 4 \q (2:38)
This has a solution for any choice of non-zero p and ¢, with 6 € (0, % arccosh %)
The third case is
kEx =1 and ky =0. (2.39)

One can still use eq. (2.29) by normalizing the volume of the torus to 1. Formally, one
replaces 2mxyy — ky and then takes the ky — 0 limit. The solution is

Rx 1 N> R
H Y
~ngp, e®0 ~

1
~ n\/Pq . 2.40

~

nefSIEs

9

o =

L
2

S|~

We omit numerical factors because this case can be obtained from the T}, , vacua after
expanding the expressions as 6 — 0, rescaling Ry by a factor v/47, and taking into account
that the relation between p,q, and 6 becomes (p/q)? ~ 86*.

The three cases are thus parameterized by three integers, p, ¢, and ng, and by the genera
of the Riemann surfaces. The AdS spacetime is five-dimensional.



One could try to extend the setup in this section by including an additional S' fibration,
but we will not explore this possibility in this paper.

Looking more broadly at the problem, the main obstacle to obtaining new solutions
is the necessity of having a harmonic 3-form. Inspired by 7}, ,, one could consider more
general homogeneous spaces as internal manifolds. However, a classification along the lines
of [21, 26, 27] leaves only a few possibilities for an internal space with H? = Z of sufficiently
low dimension. Other examples of the type G/H, with G semisimple and compact, are SU(2)
for n = 3, and SU(3) for n = 8. This leaves no ingredients to build a four-dimensional
external space, except for the product of two three-dimensional manifolds that we have already
explored. Motivated by this, in section 3 we include gauge fields, opening new possibilities
and obtaining four-dimensional vacua with tadpole potentials.

Before delving into this aspect, in section 2.2, we comment on the analogous solutions
of the ten-dimensional non-supersymmetric orientifolds.

2.2 Half-loop orientifold

Similar solutions are possible for the two non-supersymmetric orientifolds, Sugimoto’s USp(32)
model, and the type 0'B string. All fluxes come from Ramond-Ramond fields, and the tadpole
potential has a half-loop origin, so that

Br=0, ~y=-1. (2.41)

The allowed values of k are k = 3 for the Sugimoto model and k& = 1, 3, and 5 for the
type 0'B theory. In this section, we replace some of the fluxes with their duals, so that
they are always internal.

Eq. (2.3) are equivalent to

k—5

Te =" o i
K
oo 1 kel (2:42)
e RMN:Z§LMFk'LNFk— o1 Figmn -
k

We choose to focus on F3 and its dual F7 because these are the universal contributions that
both orientifolds have. At the end of this section, we will comment on further options in
type 0’B when one includes the self-dual F5.

The positive sign of T" requires the presence of some Fr magnetic flux. The maximum
value for the dimension of the external spacetime is therefore D = 3. The simplest possibility
is to take a three-dimensional maximally symmetric space, MS3, and a single internal seven-
dimensional Einstein manifold. As in the heterotic case, this solution has already been found
in [11, 12]. Tt consists of the ten-dimensional metric

ds® = L*ds}qg, + Rxdsk. , (2.43)
with F7 flux

F7 = vaOIX s (244)



and with a seven-dimensional internal space of positive curvature, kx = 1. In terms of the
flux number, the complete solution is

1

e =273 (4n%3T) * (Voly) i ny*,
4 2€2 1 _1
7;2 s =2t .3 (4n22T)" (Volx )T nyt , (2.45)
47202 1 i r 1
S =271 (47%2T) " (Volx)T ny?
R% ( ) X

2.2.1 AdS3 X X3 XY,

A generalization, consistent with the first of eq. (2.42), is to consider the product MS3 x X3 x Yy,
with metric and fluxes

ds* = L*dsyyg, + Rxds%, + Rydsy,
F3 = vaolx y (2.46)

F7 = fxyvolx A voly .
In this case, the equations are only compatible with
k=-1, kx =1, ky =1, (2.47)

and lead to the curvature radii

1 2%y (Iedm) + fX
=—e¢

2

L= fXY( 6%) _fX
1
3T e~ %0 ’ (2.48)

Rx fXY( ed)o) - I%
i — Ze% )
R 6

The dilaton ¢q is obtained by solving
2 (T ¢0)* 2 1°
[fXY (Ee%) + 2fx] 72
192
{fXY ( ed)O) - fx}

One can then replace fxy and fx with the flux numbers, given by

et =1, (2.49)

Vol x Vol Vol
nxy = fxyi(Q;_( KS)GY : = Ix o X) (2.50)

Note that the denominators in eq. (2.48) must be positive, and thus the flux numbers are

constrained by the sign of T'. Consequently, determining the range of nx xy in which the
solution is reliable is more delicate than in the previous examples. One option is to work

,10,



in a regime where these denominators are small, which lead to an approximate solution
to eq. (2.49),

T . 4 f2 27 f2
<6e¢ ) - % (1 n 2fo);> : (2.51)

The vacuum is then reliable in the window n§( <K nxy < ng(

2.2.2 AdS3 X X3 X Y5

Type 0’B string theory has further options available by turning on F5 and F; fluxes. The
former is the simplest because the first of eq. (2.42) does not change. The most basic type
of vacuum with F5 and Fj3 is of the form MS3 x Xs x Y5, with

F; = fxyvolx A voly

3p2 (2.52)
5 = fy |voly + R75XVOIMS3 A volx
Y

The five-form must be self-dual, and therefore one must take into account the presence of
additional factors of 2 in the equations of motion. These are found to be consistent with

k=—1, ky=1, (2.53)

and the sign of the curvature of X5 depends on the two fluxes. The complete solution
can be obtained from

_ 1%y 1 T 3 f2
3Te %0 — , et |14+ 2 Y pi 7
¢ RY R} 272 | AR, N
kx T 4 3 1% 4 1 _ T, 3 JY
X e |1-SoY R =M |14 22X R
RZ ~ 2° 272, | RZ3° |'Tap,
b

R% < 1, which leads

where the third equation determines Ryx. An option is to take 72
XY
to a reliable vacuum with kx = 1 when ng(y > n‘%/.

3 Kaluza-Klein approach to the SO(16) x SO(16) heterotic string

From now on, we focus on the heterotic SO(16) x SO(16) string. We have already found an
AdS4 vacuum for it in section 2.1.1, but we now expand our scope and add a background
for the gauge field. We will comment below on the issues that arise when trying to extend
the results of this section to the orientifold theories.

To simplify the equations, we introduce the notation

62
trF? = — STyrp? 3.1
r 50 , (3.1)

where Tr denotes the trace in the adjoint. We include the minus sign in eq. (3.1) because we
use the mathematical convention for the gauge algebra generators, in which the structure
constants are real. This causes the Killing form Tr(7777) = —k1607s to be negative definite,

— 11 —



and would make wrong-looking signs appear in the action and equations of motion. In this
language, the two-derivative action is

271_5 /F[ 2 (R+4(3¢) — *Hz ;trF2> —T} ) (3.2)

The equations motion and Bianchi identities read
T 5, 1 1
RMN+2VMVN¢+§€ gMN_§LMH'LNH_§trLMF'LNF:07

R+ 4V2%¢ — 4(8¢)* — %HQ — %trFQ =0,

X (3.3)
dH =~ trF A F, d(e_2¢*H) =0,
AuF =0, e2dy (e_2¢*F)+F/\*H:0,
where 1
H =dB — tiM . (34)

The heterotic equations are often given with Riemann-squared terms, especially in the three-
form Bianchi identity. In fact, there is an infinite series of higher-derivative corrections; the
Riemann-squared terms are singled out when F'is taken to be small, so that its contribution
can cancel with them. This leads to the standard embedding. In contrast, here we take F
to be large, and the higher-derivative corrections are negligible, as is more often the case
in flux compactifications.

We consider direct products AdSig_q x My, with a direct (unwarped) product metric

ds* = dsigs,, , +dsg- (3.5)

As in the previous section, we take the dilaton to be constant. The form fields are purely
internal. In this situation, the last two lines in eq. (3.3) remain formally identical, with
the understanding that the forms and the Hodge star are purely internal, and e® = g,.
The first two in eq. (3.3) become

Tg 2 2 1 2
R, = — 25 G » Tg 5H + 1—OtrF (3.6a)
1 1 1
Ry = StmH - 10 H — TOHngn + S trim i F = 2—0trF Gmn - (3.6b)

Eq. (3.6a) fix the values of gs and of the cosmological constant A. The latter is negative,
thus explaining our previously declared focus on AdS. Note that for the orientifold theories,
the right-hand side of the second of eq. (3.6a) is negative if the form fields are internal (see
eq. (2.3)). This would require an AdS space of dimension at most three, with at least an
external H-flux. We will not explore this possibility in this work.

Our strategy to solve the system in eq. (3.6) is to generate a gauge field with a gauge group
H < SO(16) x SO(16) by a formal dimensional reduction on a H-principal fibration. Similar
ideas have been used in the literature before, both in physics and in mathematics [19, 20, 28].
We explain the idea in general and schematic terms in section 3.1; in section 3.2, we spell
it out in detail when the internal space is My = G/H, which is the case where we found
explicit solutions.
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3.1 Reductions and Bianchi identities

Consider a fiber bundle F' — E — M with fiber F, with a metric that is invariant under
Killing vectors K,, with commutators [K,, Kg] = —f7,3K,. A natural class of metrics
on the total space E of the bundle is

ds% = g2 da™da™ + gb Dy Dy, (3.7)

with Dy* = dy" + K A®. The A are connection forms on the base M, with field strength
F=dA+AnNA=dA+ }[A A], F* = dA® + Jf*3,A% A A7, In this situation, the Ricci
scalar reduces as

1
RE:RBJrRF—QKa-KgFa»FB, (3.8)

where the dots denote the usual pointwise inner products: F¢ - F8 = %FSF P13 while
K, Kg = K}Kg,.

In eq. (3.8) we see one of the most remarkable aspects of dimensional reductions: the
Einstein-Hilbert term generates an extra gauge field. The Yang-Mills equations of motion,
dx F + [A,«F] = 0, appear as the Einstein equations Rﬁ = 0. However, the Einstein
equations Rg =0 are Rf\]/-[ — %Ka - Ky 1, F*- Lij = 0. In general K, - K; are not constant
on F, so these equations do not really reduce to M.

One possibility to avoid this issue is to take F' = H, a group; in other words, to take
the bundle to be principal. Taking the Killing vectors to be the generators 7, of the right
multiplication action on H, the index « has the same range as © — namely 1,...,dimH

— and ggvDy“Dy“ = trA\?, where

A=h"tdh +h AR, (3.9)
This satisfies
d\+ X2 =h"'Fh. (3.10)

The heterotic theory also has a three-form H. A natural Ansatz similar to the metric
in eq. (3.7) involves a Chern-Simons term:

1 2
Hp = Hp + Str ()\ AdA+ 3)\3) . (3.11)

By eq. (3.10), the Bianchi identity dHp = 0 now reduces to dHg = —3trF A F, as in eq. (3.3).
More generally, it was shown in [19] that with egs. (3.7) and (3.11), the equations of motion
of the bosonic string in d = 506 dimensions with H = Eg x Eg or SO(32) reduce to the
bosonic equations of heterotic supergravity with gauge group H.

Our equations (3.3) are slightly different from those of the ordinary heterotic supergravity
because of the one-loop tadpole T, as well as the different gauge group. However, we will
show below that a similar strategy as in [19] works in our case, and we will use it to find AdS
vacua. Indeed, eq. (3.6a) show that with 7' = 0 such vacua would not exist.

Since the Bianchi identity for H on the base M becomes the closure of a three-form on F,
it is natural to look for spaces with simple metrics that have a natural harmonic three-form.
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This suggests taking E = G, another group. The bundle becomes H — G — G/H and
the internal space for our AdS vacua is M = G/H. Of course, H is now a subgroup of

SO(16) x SO(16).
In the next sections, we will show in detail how the strategy works.

3.2 Homogeneous spaces
3.2.1 Invariant forms

Let T7 be the generators of G, with [T}, T;] = B TK. The structure constants satisfy
the Jacobi identities:

Frt o =0. (3.12)

The one-forms ¢~ 'dg = MT; = AN'T; + A*T,, are left-invariant: they do not change under
the left-multiplication maps Ly, : g — gog, for any go. They satisfy

1
d\ = —iffJKx’ ANE (3.13)

They are not invariant under right-multiplications Ry, : g = ggo. Their Lie derivative under
the infinitesimal generators r; of such maps reads

Lo N = —fT e\ (3.14)
The Killing quadratic form is defined by
Tr (T;Ty) = fY i 5o = ks - (3.15)

From now on, we denote by Tr the trace in the adjoint of G. For simple compact groups G,
the Killing form is negative definite; by a change of basis, one may then set

kg = —kér; (3.16)

for some k > 0. It would be natural to use the Killing form to raise and lower indices, but
we find it easier to define fUK = (51LfLJK.
For cleaner formulas, we introduce the shorthand notation

Mo = XA AN (3.17)

We now introduce a subgroup H < G, and the coset space G/H. We divide the generators
into T, that generate h < g, and 7; that generate its complement £, which we take to be
orthogonal to h with respect to the Killing form; moreover, it can be chosen to satisfy [h, €] C ¢
when H is compact or semisimple. In other words, f*;3 = 0.

Specializing the indices of eq. (3.12), one finds several consequences; the following will
be useful later:

fip[jfpk‘l] + fia[jfakl} = 07 flakfkij - 2flk:[szj]a ’ fji’yf’yaﬁ = 2f]k[afkﬂ]z s (3183,)
Fol’oy =0, /5 =2 i f 5, FOfn = 0. (3.18b)
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Moreover, in terms of ¢ and b, (3.13) reduces to
. 1. , ‘
A" = =5 FRX A A= Flag A AN, (3.19a)
1 , 1
AN = =3 N AN = S AT AN (3.190)

Not all of the Al make sense as forms on G/H. Recall that a tensor with lower indices
(such as a form) on a bundle is the pullback of a tensor on the base if it is horizontal and
invariant, namely annihilated by ¢, and L, for v a vector along the fiber. In our case,
horizontality means selecting the A\’ and their tensor products. The vertical vectors are the
right-multiplication generators r,; by eq. (3.14), their invariance would require fiaj =0,
which is rarely the case. Therefore, the A\! are usually not the pullback of forms on G/H.
However, consider a higher-rank form A; = %Az‘l...ik Aitik - This is horizontal, by A = 0;
it is invariant if L, A = t,,dA; = 0. In other words, dAy should have no A*. In view of
eq. (3.19a), this becomes the concrete condition

This more general condition often admits solutions, as we will see in the examples below.
For more details on invariant forms on coset spaces, see [29, section 3] or [30, section 4.4].

3.2.2 Three-form

We now show how to solve the three-form Bianchi equation.

It is possible to parameterize the general element g € G as g = kh, where k and h are
the exponentials of elements of £ h. Then, g~ 'dg = h~'dh + h~!(k~'dk)h; in particular,
NT; = h=Y(k=tdk)eh, and eq. (3.9) becomes

AT, =h~'dh +h 1 Ah, (3.21)

with A = (k~!dk)p; this is by construction a connection on the principal bundle H < G —
G/H. Using eq. (3.10), one sees that dA\* = _%fa/%)\,b’ A XY + (h~1Fh)®. By comparing
with eq. (3.19b), we obtain

1 .
h™1Fh = —ifajk)\JkTa. (3.22)

This F' is now a curvature on the principal bundle, so its flux quantization properties are
automatically satisfied.
Using eq. (3.21) also gives

d(h™'Fh) + X*Ta, A~ Fh] = h™H(dF + [A, F])h. (3.23)
Moreover, using egs. (3.12) and (3.19a) — in particular, the last two of eq. (3.18b) — we obtain

A(F ) = 2F AN AN = = F (P NP 2707 AN AN

(3.24)
= f A AN
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Together with the two previous equations, this shows that the Bianchi identity,

dF +[A,F]=0, (3.25)
holds automatically. Note that each F'“ is horizontal and invariant, thus defining a form on M.
Now consider the three-form Tr(g~'dg)? = —%fUK)\”K on G. It is closed:
1
ngr(g_ldg)?’ = —Tr(g tdg)? = —Tx(T; Ty T T )N 7KL =0, (3.26)

where the last step follows from the cyclicity of the trace. We now investigate how this form
reduces to G/H. Splitting the indices and using again eq. (3.19b), we can write

1 — 1z ij a 1 Q
— 5 Te(g ldg)? = ik Tk _ XA dAg — 5 fagy) A, (3.27)

(We have lowered the index a with d,5; we will do so from now on.) We automatically get
an expression of the form of eq. (3.11), with its distinctive Chern-Simons-like term. The
latter does not yet define a form on G/H, since the \* are not horizontal. This is related
to the Chern-Simons form not being gauge invariant.

Taking the exterior differential of eq. (3.27) and recalling eq. (3.26), we see that

1

P d( ﬁ-jkwk) = dAg AdA® + fopsdA® AN (3.28)

1 1

= —Zfa,@yf“mﬁv& + (h"'FR)o A (W' FR)® = —ETr(h_th Ah™'Fh)
1

=~ T(EAF) = Fa AP

In the first step, we used eq. (3.19); in the second, the Jacobi identity fe(;[af‘sﬁy] = 0 from
the first of eq. (3.18b). Eq. (3.28) can also be obtained using eq. (3.19a) and two of eq. (3.18).
We already saw that F, are horizontal and invariant; eq. (3.28) now shows that the same
holds for fijp Ak,

For future reference, we also notice that the symmetric tensor

aij = firifi™ (3.29)
is invariant. Using eq. (3.18a) repeatedly,

FFaith; = Fraifumti™ = =2fuafFmati™ = =2FF fimif ko = F5 ™ 0 Fnik

(3.30)
= — " ajtin -
3.2.3 Riemann tensor

We now review a formula for the Riemann tensor of homogeneous spaces; see, for instance, [31,
section 7.C] and [32, (4.8)] for equivalent expressions in different formulations.
We introduce a metric and the corresponding vielbein:

ds? = gi; A"\, et = eI\, (3.31)

We call E! the inverse vielbein, Ele? = 4°.
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We use g;; to lower the 7 indices; 04, lowers the a indices, as usual. Imposing the
invariance of g;; (so that it makes sense on G/H) gives, recalling again eq. (3.14),

ki [ria + ik " jo = 2f 0 = 0. (3.32)

We also freely use the vielbein to convert indices from ¢ to a and vice versa; for example,
f%e = e¢E]EF fi,. With this notation, we can write

1
de® = = Fhee® A e — U0 A €. (3.33)

This is the action of d on G; the action of dj;, the exterior differential on M = G/H, can
be obtained by replacing A% — (h~'Ah)%, in view of (3.21). Recalling the first structure
equation, dpse® + w™ A e, = 0, this leads to an expression for the spin connection on M:

_ 1
wab = —Gabcec - faba(h lAh)a ) Gabc = §(ftlbc - fbac + fbca) . (334)
Using now the second structure equation, dyw® +w® Aw® = 0, a lengthy calculation leads to

Raped = Gabefecd + 2Gae[c\Geb|d] + fabocfacd . (335)

The Ricci tensor is then R, = eéeisz, with
R..__lfk.f.l_lfk,fl, — fk. fo Ly ki, ¢ 3.36
ij = =5 [Nk = Sl e = R ok + i+ e faan- (3.36)

3.3 Gauge fields from coset reductions

We now look for solutions to the heterotic SO(16) x SO(16) string on
AdSy9_q x G/H . (3.37)
To illustrate the general strategy, we take the internal metric as
gij = R*0;;. (3.38)

We have looked for more general solutions in the individual AdS4 examples below, but we
have found that they all reduce, in fact, to eq. (3.38).

The three-form and the gauge field can be taken proportional to those in egs. (3.22)
and (3.28),

1 5 _ 1 .
H= —ghR3fijk)\l]k, (h"1Fh)® = —iffajk)@k. (3.39)
The three-form Bianchi identity from eq. (3.3) is then satisfied with

k1602

hR? =
60

2 _
e, a=

g (3.40)

where k16 was introduced after eq. (3.1).

Before proceeding, we want to comment on eq. (3.38). Taking the metric proportional
to the identity, we consider only a subset of the possible vacua. One can try to approach
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the problem in its full generality, but the Einstein equations (section 3.3.1 below) become
less tractable. In fact, leaving the metric implicit results in substantially more complex
equations. These can be simplified because H acts on the coset, and therefore one can split
G/H into H-modules V.. Assuming that each V, appears with multiplicity 1, one can choose
a basis so that the most general left-invariant metric is proportional to the identity on each
Vi, gijlv, = Rféiﬂvr. This leads to a system of equations for the radii R, that, in principle,
fixes their values. However, we have not found a way to solve these equations for R, in
full generality: they contain different combinations of the structure constants with indices
restricted to different H-modules V,., and the analysis soon becomes dependent on the explicit
coset that one is considering. Since the metric of eq. (3.38) is sufficient for all the examples of
section 3.4, we focus on that case only, leaving the most general setup for future investigations.

3.3.1 Einstein equations
Recall that in our conventions we lower the 7 indices with the metric and the « indices

with d,3. The fijk = #fijk are totally antisymmetric; on the other hand, f;jo = RQﬁ-ja =
R? faij = R%f,i;. The Ricci tensor in eq. (3.36) simplifies to

1
Rij = zfiklfjkl — Fiaf - (3.41)
The form contributions are easily computed:

(hR)

2
LiH . LjH = Tfiklfjkl s LiFa : LjFa = ﬁfoﬂ‘kfajk . (342)

The two structures appearing in eq. (3.41) can be related using the Killing form in eq. (3.15):

kd 5 3
—kbij = fPuflin + 2 i fn = == FiiifF + 2 fija 9. (3.43)

Using egs. (3.41) and (3.42), the Einstein equations reduce to

vfirfi* + (@ + BR frum ™) 655 = 0, (3.44)
with
k d h2R?  hR 1 N

Combining eq. (3.44) with its trace gives

— @ s\
’Y(fzklf] + ’y—f—d,@él]) =0. (346)

Setting to zero the parenthesis requires that f;x; fjkl be proportional to the identity,
Fir i = kardij . (3.47)

This is a non-trivial requirement on G/H, but it is often realized. We saw in eq. (3.30)
that the left-hand side of eq. (3.47) is an invariant symmetric tensor. For several coset
spaces, there is only one such tensor up to rescaling, so eq. (3.47) is guaranteed to hold. We
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will see that other non-trivial examples exist, where there are several independent invariant
symmetric tensors, and yet eq. (3.47) is satisfied.
Combining eq. (3.47) with eq. (3.46) gives, assuming kjs # 0,

d —20)(k — kay) + /9K2(d — 20)2 + 3kp;d(40 — 3d)(2k — kny)

3(
hit = 4(15 — d)kyy

. (3.48)

For a fixed dimension d, this only depends on the ratio k/ky;. Moreover, eq. (3.43) implies
that k > kps, and the trace of eq. (3.47) shows that kj; > 0. Therefore, one and only one
solution from eq. (3.48) is positive and real (which is important in view of eq. (3.40)).

In principle, eq. (3.46) allows the second branch v = 0, which implies h = 1/R. Among
the spaces G/H with dimension d = 6, we did not find any example where v = 0; in fact,
this is inconsistent with eq. (3.47) and the inequality k& > kj;. Note that for this reason,
the two branches cannot possibly intersect.

The particular case kj; = 0 deserves a separate treatment. The trace of eq. (3.47) shows
that fi;r = 0, so that H = 0. Eq. (3.28) is still valid, and now Fy A F'* = 0. The rescaling
parameter f is no longer fixed by the three-form Bianchi identity as in eq. (3.40). Repeating
the analysis above for eq. (3.46) gives

af 40
R2  20-—d’

(3.49)

Formally, these are valid solutions to our original system of eq. (3.3). However, the fact that
trF' A F = 0 means that we can no longer ignore the Riemann? contributions to the three-form
Bianchi identity. Therefore, we cannot trust the solutions in eq. (3.49). Another perspective
is that flux quantization in such solutions typically fails to fix all continuous parameters,
thus leaving some free moduli; the latter are not protected by supersymmetry, so they are
expected to be lifted by string corrections. Thus, we refrain from discussing eq. (3.49) further.

3.3.2 Form equations of motion

We first consider d * H = 0. We provide two arguments to show that this is automatically
satisfied for the three-form of eq. (3.39). The first relies on rewriting *d * H = dTH =
—%VkH kl-j/\ij . In terms of the vielbein and the spin connection, in general V,Hp.q = 0y Hpeq +
Bw[bﬁeEfLH ledle- For coset spaces, we can take w from eq. (3.34). The terms containing A
in V,Hypeq are proportional to f[i‘laH”jk], which vanishes because H from eq. (3.39) is an
invariant form. The remaining terms in Vkaij = 0 give

fapfy™ =0, (3.50)

which is automatically satisfied.
Alternatively, we can use the definition of the Hodge star on G/H, which in our case
gives s A1tk = %eikﬂ,_,id“'“ik Aik+1--id  When evaluating d * H, eq. (3.19a) generates two

terms; the term containing A“ is proportional to

fijkei4[i5...idijkfi4l}a . (351)
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Contracting this with a further ei5"'idlj1j2j3, we obtain f%;, fl]éjg}, which vanishes by
eq. (3.18).° The remaining term in d x H gives

—1)¢ - g
xdx H = (2>hR3 FinfiI AR =0, (3.52)

which agrees with our previous computation in eq. (3.50).
We now consider the equation of motion for the gauge field. We rewrite it using a
trick similar to eq. (3.23):

W (dx F + [A+F) + F A cH)h = d(h™ % Fh) + [\*To, k™"« Fh] + h™'Fh A <H . (3.53)

The computation now follows the same steps as the one above, which led to eq. (3.52). Recalling
eq. (3.39), the first term on the right-hand side of eq. (3.53), d(h™! * Fh), generates two sub-
terms from eq. (3.19a); one of these cancels with [ABTﬁ, h='x Fh] = Tafo‘gv)\ﬂ Ah~ls F7h
using the identity

(d—2eniy i) f 5 o+ €tig iy 5,55 =0, (3.54)

which can be obtained by contracting with e/ j1jo and using one of the Jacobi identities

in eq. (3.18b). The remaining terms assemble into

#(A(h™ % FR) + \To, ™ % Fh] + B Fh A <H ) = 532(1 + hR) fo9 f i N Ty . (3.55)
The Killing form is diagonal by assumption; therefore, 0 = /o x fXiy = fjakfkij. It then

follows that eq. (3.53) vanishes.

3.3.3 Corrections

We promised at the beginning of this section that we would work in a regime where the gauge
curvature is large, so that the often quoted curvature corrections to the heterotic equations
of motion and Bianchi identities would be negligible. We now argue that this is indeed the
case for the solutions that we have just found. Recall that this is unlike the usual regime
for Minkowski compactifications of the supersymmetric heterotic string, where the gauge
field terms are small and comparable to the first curvature corrections.

The A are dimensionless; they can be expressed in terms of coordinates 6 with a fixed
range. The physical coordinates ™, which have dimensions of length, have a different index
m. The metric is ds? = gp,dz™da™ = gij)\i)\j; therefore, g, is dimensionless while g;; has
dimensions of length?, as we saw in eq. (3.38).

With this clarification, in terms of the overall radius R, we see from eq. (3.36) that
Ri; ~ R°. From eq. (3.39), both ¢;H - 1;H and H?g;; carry dimensions of (hR3)2R™* = h2R2.
Finally, both tr(¢;F;F) and trF?g;; have dimensions of ¢2 f2R~2. Using eqgs. (3.40) and (3.48),
we see that all the terms in eq. (3.6b) — after converting the indices to i, j — are of the
same order (as they should), namely R°.

5We have obtained that *H is an invariant form, eq. (3.20): d *x H does not contain a \* term. This was
expected, given that both H and the metric are invariant.
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The leading correction to eq. (3.6b) is proportional to

R} L RIPIT (3.56)

mpqgr

where R}, 0 = Runnpq =V pHgjmn — 5 HinrlpHg)" is the curvature of (I'+ 5 H)™,y,. Converting
the a indices to i in eq. (3.35) gives Rijr ~ R?. S0 Rijyiyig R ~ R™2. The terms of the
form RVH and HH in eq. (3.56) are of the same order. Therefore, these are parametrically
smaller than the terms already present in eq. (3.6b).

The parameter R is not a modulus: it is quantized by demanding that the gauge
field Chern classes c; be integers. Control is achieved when the ¢j are large: for example,
[tr(FAF) ~ f? ~ (72R?. As we anticipated, this regime is quite different from the standard
embedding used in Minkowski compactifications of the supersymmetric heterotic string, where
famously the Chern classes of the gauge bundle are fixed to be equal to those of T'M; in
other words, in that case the FF A F' and R A R terms are of the same order and must both

be taken into account, whereas in our situation F' A F' dominates over the R A R terms.

3.4 Examples of AdS4 vacua

We now provide more details for some particular G/H of dimension six, with external space
AdS,. This is both to make our strategy more concrete, to work out flux quantization, and
to check that there are no solutions beyond the Ansatz of eq. (3.38).

Compact, simply connected coset spaces G/H with G simple were classified in [33].% In
six dimensions, denoting homeomorphisms by = (see also [26]), we have

e SU(3)/U(1)? = the flag manifold F(1,2; 3);

* Sp(2)/(Sp(1) x U(1)) = CP?;

« Go/SU(3) = S

« SO(7)/S0(6) = S,

« SU(4)/U(3) = CP?;

« S0(5)/(SO(3) x SO(2)) = the real Grassmannian Go5 (= a complex quadric in CP?).

Note that none of these has H3 # 0, in agreement with our comments at the end of
section 2.1.2.

3.4.1 AdS4 x F(1,2;3)

The flag manifold F(1,2;3) is the space of nested lines and planes in C3. It is the coset
SU(3)/U(1)2, so that the Kaluza-Klein approach involves two U(1) gauge fields embedded
in SO(16) x SO(16).

Rather than applying the procedure of section 3.3 step by step, we construct the solution
directly from the left-invariant fields on the coset, which may, in principle, yield a more

6 Another natural option might have been solvmanifolds, but by [34, Cor. 4.4] and [35, Thm. A] they do
not admit metrics of positive scalar curvature, which is required by eq. (3.6b).
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general result. We will find that even considering the most general left-invariant metric
on the coset and the most general form fields compatible with their equations of motion
and Bianchi identities, the equations will uniquely select the solution of section 3.3. We
will comment on this result in section 3.5.

We chose the structure constants of SU(3) as

floa=Fflag=frus=rs5=Fum=Ffrns=1, flor=2,

3.57
s = fPes = V3, and cyclic. (3:57)

These are obtained by taking the usual Gell-Mann matrices, divided by a factor of ¢ and
reordered so that the U(1)? subgroup corresponds to the 7 and 8 directions. A basis of
left-invariant two-forms and three-forms is given by

=20 o= g =2 (3.58)

and
?,Z) — )\135 + )\146 . )\236 + )\2457 1[] — _)\136 + )\145 . A235 . )\246 ) (359)
These satisfy

—p+ih = (A HiIND) A (A3 FiIXH A (W 40N,

é(]& +jo +j3)? = é(—¢+“/~1) A (=1 + iv) dj; = v, (3.60)
JiN=ji A =0, dp = 4(j1 A jo + j1 A gz + G2 A js) -

We will use these as building blocks for H and F. The most general left-invariant metric
on the flag manifold is, in the coframe basis,

ds? = a?(AIAT + X202 + @233 + M) + a2(APA° + \605). (3.61)
We use it to define the following two combinations J and €2:

J=J1+ o+ J3 = aij + a3je + adjs,

- (3.62)
Q= ajagas(—y + ).

The most general choice of gauge fields F*=!2? in the U(1)? subgroup that solves the
Bianchi identities is

F* = A%(j1 — j2) + B*(j2 — j3) (3.63)

where A® and B® are constants written in vector notation, and j; are the left-invariant
two-forms of eq. (3.58). Similarly, imposing the equations of motion of the three-form leads
to an expression for H in terms of the left-invariant form :

H = hImQ = hajosazi), (3.64)
where h is a constant. The equations of motion of the forms are equivalent to

4
EalaQagh:AQ—A-B:BQ—A-B:A-B, (3.65)
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where a is defined in eq. (3.40). Eq. (3.65) are solved by

A=f <_02> , B=7f <\_/%> , where af? = 2a1as0a3h. (3.66)

In fact, egs. (3.63) and (3.64) match the gauge fields in eq. (3.39), when written in terms of the
structure constants, together with the condition in eq. (3.40). Note that F' can be consistently
quantized because the lengths of the two U(1) fibers are unequal. For both a = 1,2 and both
two-cycles Cr, we need to impose AL% fcl F* € Z; the generators are T7; = %diag(l, -1,0)
and Tg = ﬁdiag(l, 1,—2), from which we see that Ay = 27 and Ay = 2v/37. We keep
the parameter f instead of the flux number n € Z to avoid cumbersome expressions, but we
replace it with n, using f o n, in the final expressions. There is no quantization condition
on H because there are no closed three-cycles.

The metric equations are

§h2 + gh (9a2a3 _ Gzan a1a2> n —0/11 +o/21 +0z§ _ Ga%ag
5 5 o o3 o 2agal ) (367)

and cyclic.

After taking linear combinations, one can show that this system admits 8 solutions, of which
4 are compatible with the positive sign of ajasash required by eq. (3.66). The solutions
can be expressed as

(a1, 9,03) = (R,R,R),(R,—R,—R),(—R,—R,R),(—R, R, —R) (3.68)
where R satisfies
231 -7

3
Therefore, up to signs that do not affect any physical quantities, there is only one solution

hR = (3.69)

with all the parameters «; equal to R > 0. We have collapsed on the type of solutions
of section 3.3. An interesting consequence is that J and 2 now define a nearly-Kéahler
structure on the flag manifold:

1 ) _
JAQ=0, 6J3:§QAQ, dJ = —3ReQ,  dImQ = 2J2. (3.70)

We will comment on this in section 3.5.
The equations with «; = R are the same as in section 3.3.1. The metric and the dilaton
equations become

14 h 2v/31 —
i_§h2_77:0 ﬁhR:ﬂ,

R?2 5 5 R 3 (3.71)
1 h

ZR2 4 0 e2do 2¢0 TR2)"!

z +10R e = e x (TR") ",

thus reproducing eq. (3.48) with d = 6 and k/kj; = 3; this is, in fact, the correct value
for SU(3)/U(1)2.

The complete solution depends on the single free parameter n, the quantized flux number,
and the relevant quantities scale as

L~R~T 2% g, (3.72)

ensuring that the solution is reliable for large values of the quantized flux.
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3.4.2 AdSy4 x CP3

The second example uses the complex projective space CPP? as the internal component, realized
as the coset Sp(2)/(Sp(1)xU(1)) in which su(2)®u(1) is embedded into an su(2)@®su(2) = so(4)
subalgebra of sp(2) = s0(5). The approach of section 3.3 thus involves gauge fluxes in an
SU(2) x U(1) subgroup of SO(16) x SO(16).

We choose the structure constants so that SU(2) x U(1) is included in the last 4 indices,

1
f541:f532:f613:f642:§7 f756:f1089:_17
. (3.73)
f721 = f743 = f814 = f832 = f913 = f924 = f1034 = f1021 = 97 and cyclic.
We define a basis of left-invariant two-forms,
1
jp =g, e =N, (3.74)

and a basis of left-invariant three-forms,

1 ~ 1
¢ — g(_)\135 _ )\146 _ )\236 + )\245)’ d} _ g(

which satisfy

_)\136 + )\145 + )\235 + )\246)’ (375)

) 1. ~ ) ) . )
dJB:ZdJF:lD, dy =0, dy =85 AN jp +2jr N jB,

- (3.76)
YAY =2 NjB A jF, d(jp,r ANjBr)=0.
The most general left-invariant metric in the coframe basis is
2
1
ds? = RT [(/\1)\1 F AZAZ B3N NI 4 APA° 4 AONE (3.77)
o
We use it to define the following two combinations J and €2:
2 1. R3 =
J=Jg+Jr=R? (U;B+4;F> , 9:7(—1/;“@. (3.78)

Again, the most general gauge fields that are compatible with the Bianchi identities are
those that are generated by the strategy in section 3.3. In our conventions, the generators of
SU(2) x U(1) are identified with A®%19 and A7, so that the gauge fields of eq. (3.39) are

Fyay = f14jB — jF)

(3.79)
FSU(Q) = % (_)\14 + A237 _)\13 _ )\24’)\12 - A34) '
Similarly, the Kalb-Ramond field strength is
Im® R3 -
2 2 ¥ (3.80)

The equations of motion of the gauge fields and the Bianchi identity of the three-form flux
are all satisfied provided that
R3
fi=fo=f and af?="-h,
4o

where a is defined in eq. (3.40).

(3.81)
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The Einstein equations are then equivalent to

(6—0)c 3 5 4h <2 9 1)

A e 2
R? 20" TRe \37 30>

2(0—1)
" R20

(3.82)
[0(c —2) + hR(o +1)] = 0.

The only solution that is compatible with the positive sign of ¢ is ¢ = 1, in which case J
and () define a nearly-Kéhler structure and

hE 2\/;1’ =7 (3.83)

This matches eq. (3.48) with d = 6 and k/kp; = 3, which is the appropriate value for
Sp(2)/(Sp(1) x U(1)). The remaining dilaton equation fixes ¢, leading to the same scaling
as in the second of eq. (3.71). The physical parameters scale with the flux number n in
the same way as in eq. (3.72).

3.4.3 AdS, x SS

The last solution that we present in detail is based on the coset G2/SU(3), which is topo-
logically a six-sphere S®. We fix the structure constants of Gs,

1 f1443 — fl4 1 14

1
L e e L -t -
f63 f45 f53 f64 \/3? 56 2\/§7 21 \/ga
a6 =FTas= P53 =fPas = P56 = Paa = P16 =[5, (3.84)
1
=fls=fMea=fPu=fP=Ff"= J"n1324—2

together with a copy of SU(3) in the last 8 indices, with

fi+6j+6,k+6 _ f(SU(S))”jk7 (3.85)
where
1 1 2 2 4 6 1
FBUG) 6 = FSUG) 4= FUG) 57 = FSUG) 16 = FBUG) 53 = FSUE) =5
(3.86)
1 V3
f(SU(3)) by =1, f(SU( Nt _ f(SU 8 =5
We define a basis of left-invariant two- and three-forms,
j )\ )\34 )\56
= —\135 _ \146 | 236 _ 245 (3.87)
g = A136 _ \145 | 235 4 3246
which satisfy
- 2 ~ 2
dj = V3¢, dy =0, dyp = — 52 ANp=—=43. 3.88
j ¥ (0 V¥ Ned YA =3 (3.83)
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The most general left-invariant metric in the coframe basis is proportional to the identity,

ds? = R*> NN, (3.89)
i
so that the analysis of section 3.3 applies without any changes. As in the previous cases,
the forms
R? R3 =
J=—7J, (= +iv) (3.90)

0= _"=
3V3

define a nearly-Kéhler structure on the sphere.
Section 3.3 instructs us to turn on SU(3) gauge fields such that the SU(3) components
of the gauge connection are

A% = fAOTE (3.91)

For the Kalb-Ramond field strength, we must take

b
H=hR"=. 3.92
7 (3.92)
The equations of motion and the Bianchi identities for H and F' reduce to eq. (3.40), while
the Einstein equations become

_ Ni” (3.93)

— +—hR—-—-=0 =

This reproduces eq. (3.48) with d = 6 and k/ky = 3, which is again the appropriate
value for G2/SU(3). The dilaton equation fixes ¢¢ as in the other cases. The gauge flux is
quantized despite the absence of two-cycles, because the integral of the third Chern character
mtr (F'AF A F) on the six-manifold is non-trivial (SU(3) has a non-vanishing totally
symmetric invariant three-tensor, dgp. 7 0, which enters the cubic Casimir). The scaling of
all relevant quantities in terms of the flux number n is

L~R~T 3% ~n3 . (3.94)
3.4.4 The remaining cases

An analogous solution exists on % x 3, seen as the group SU(2) x SU(2) or as the coset
SU(2)3/SU(2), with the latter SU(2) diagonally embedded in SU(2)3. However, in this case,
the approach of section 3.3 leads to a solution with no gauge fields, and the final result is
identical to the one in section 2.1.1 with two internal spheres and equal fluxes, nx = ny.

Note that with this example, each of the four homogeneous six-manifolds that admit a
nearly-Kéhler structure, F(1,2;3), CP3, S and S® x S3, leads to a solution.

The remaining cosets, SO(7)/SO(6), SU(4)/U(3), and SO(5)/(SO(3) x SO(2)), have
no H field and fall into the kjy; = O class of section 3.3 (see eq. (3.47)).7 These cases
are vulnerable to higher-derivative corrections, as we explained after eq. (3.49), and their
ultimate fate is unclear.

7SO(7)/SO(6) is the round sphere S®, but the solution does not coincide with that of the previous section:
the gauge field is in SO(6) rather than SU(3). SU(4)/U(3) is topologically CP?, but with a Fubini-Study metric
rather than the nearly-Kéhler metric of section 3.4.2, as well as a gauge group U(3) rather than Sp(1) x U(1).
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3.5 Comments

The explicit examples that we have found with non-trivial gauge and three-form fluxes
share two features: the internal homogeneous spaces admit nearly-Kéhler structures, and
the metrics are proportional to the identity. In particular, while we explained the general
Kaluza-Klein approach to the SO(16) x SO(16) string starting with the metric in eq. (3.38),
in section 3.4 we assumed the most general left-invariant metric on the coset; yet, for each
example, we found the metric to take the form of eq. (3.38).

It remains unclear whether either of the two features — the nearly-Kéahler structure or
the metric proportional to the identity — follows from the Einstein equations after replacing
eq. (3.38) with the most general metric on G/H. Alternatively, this could be a consequence
of taking d = 6, which leaves only a limited number of choices for G and H that yield
non-supersymmetric string vacua.

Another point remains unsettled. Our Kaluza-Klein approach differs from that of [19].
They start from higher-dimensional equations (of the bosonic string) to derive lower-
dimensional ones (of the supersymmetric heterotic string). In contrast, we have no higher-
dimensional system to begin with. In fact, this explains the complexity of solving the Einstein
equations separately in section 3.3.1. With a higher-dimensional system, possibly adding
localized contributions, our approach would become completely systematic. This would open
up many more possibilities, fully exploiting the features of Kaluza-Klein reductions.
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A No scale separation

The solutions of sections 2 and 3 are not scale separated: mgk > |A|'/2. We present here an
argument against scale separation for ten-dimensional non-supersymmetric strings with a
product metric and constant dilaton, assuming that mggk scales with the internal curvature,
Mg ~ R(g). Consider eq. (2.3), where Fj, can also denote gauge fields by adding traces.
Taking partial traces of the Ricci tensor,

R0-aq) = —(10 — d) Z By +2) + B — /ye(ﬁk-i-?)(ﬁoF’? 7

- 8(2y +5)
4k(2y +5) — kd(y +2) — d(By — ) (A1)
= _ — Y\Pk (Br+2)¢o 72

k

For the types of internal spaces that we consider, the leading contribution to the internal
trace R(q) comes from the space with the smallest radius: R(g) ~ R~2. The external trace
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scales with the AdS length: R(jo_g) ~ L=2. Then, one can use the ratio of the two partial
traces as a proxy for scale separation, as in [22]. From eq. (A.1), we find

Ry _ Suld(B —7) + kd(y +2) — 4k(2y + 5)] 24D 2
R(10-a) (10 — d) S [Br — 7 + k(7 + 2)] e2ButDé0 F2

(A.2)

Since the combination Sy — v + k(v + 2) never vanishes for the ten-dimensional non-
supersymmetric strings, the numerator and denominator are of the same order, and it
is therefore impossible to achieve scale separation.
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