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Abstract

In 1939, H. Zassenhaus introduced the dimension subgroups D,,(G) over a field of char-
acteristic p, a specific type of composition series for a group G connected to the lower
central series, along with the associated p-restricted graded Lie algebra L(G). Jennings
and Lazard later demonstrated that for any group G, this series coincides with the fastest
descending series starting at G and closed under commutators and p-powers.

M. Lazard significantly contributed to elucidating the connection between pro-p groups
and p-restricted Lie algebras. He established that a free pro-p group G, is finitely gener-
ated and free if and only if L(G) shares these properties. Furthermore, he proved that G
is p-adic analytic if and only if L(G) is nilpotent.

In 1966, J. P. May introduced a trigraded spectral sequence linking the homology
of a locally finite, connected, filtered algebra to that of its associated graded algebra.
A subsequent contribution came in 1980 when A. I. Lichtman demonstrated that the
Zassenhaus p-restricted Lie algebra functor preserves free products.

This thesis investigates the potent tool represented by this functor, consolidating
existing knowledge and introducing new results. May’s technique is employed to construct
a spectral sequence that establishes a relationship between the cohomology ring of L(G)
for a finitely generated pro-p group G and that of G. This construction defines a class of
pro-p groups whose spectral sequence collapses on the first page. We characterize such
groups in terms of the lifting of minimal graded free resolutions of IF as a gr(F[[G]])-module
to minimal filtered free resolutions of F as an F[[G]], providing examples such as uniform
or mild pro-p groups and proving closure under direct products and free products.

The main result extends the pro-p version of Lichtman’s Theorem to the amalgamated
free pro-p product of finitely generated pro-p groups with strongly embedded amalgam.
This tool is applied to partially answer a question posed by S. Blumer, C. Quadrelli, and
T. Weigel regarding the Zassenhaus p-restricted Lie algebra associated with an oriented
right-angled Artin pro-p group.



Abstract

Nel 1939, H. Zassenhaus introdusse i sottogruppi dimensionali D,,(G) su un campo
di caratteristica p, un tipo specifico di serie di composizione per un gruppo G legato alla
serie centrale inferiore, e insieme l'algebra di Lie p-ristretta graduata associata L(G). In
seguito, Jennings e Lazard dimostrarono che per qualsiasi gruppo G, questa serie coincide
con la serie discendente piu veloce chi inizia da G e chiusa per commutatori e potenze di
p.

Lazard contribui significativamente a chiarire la connessione tra gruppi pro-p e algebre
di Lie p-ristrette. Stabili che un gruppo pro-p libero G e finitamente generato e libero
se e solo se L(G) condivide queste proprieta. Inoltre, dimostrd che G & p-adicamente
analitico se e solo se L(G) ¢ nilpotente.

Nel 1966, J. P. May introdusse una successione spettrale trigradata che collega I’omologia
di un’algebra localmente finita, connessa e filtrata a quella della sua algebra graduata as-
sociata. Un contributo successivo avvenne nel 1980 quando A. I. Lichtman dimostro che
il funtore algebra di Lie p-ristretta di Zassenhaus preserva i prodotti liberi.

Questa tesi investiga lo strumento potente rappresentato da questo funtore, consol-
idando le conoscenze esistenti e introducendo nuovi risultati. La tecnica di May viene
utilizzata per costruire una successione spettrale che stabilisce una relazione tra ’anello
di coomologia di L(G) per un gruppo pro-p finitamente generato G e quello di G. Questa
costruzione definisce una classe di gruppi pro-p la cui successione spettrale collassa alla
prima pagina. Caratterizziamo tali gruppi in termini di sollevamento di risoluzioni libere
gradate minimali di F come modulo gr(F[[G]]) a risoluzioni libere filtrate minimali di F
come F[[G]], fornendo esempi come gruppi pro-p uniformi o miti e dimostrando la chiusura
sotto prodotti diretti e prodotti liberi.

Il risultato principale estende la versione pro-p del Teorema di Lichtman al prodotto
libero pro-p amalgamato di gruppi pro-p finitamente generati con un amalgama stretta-
mente incluso. Questo strumento e utilizzato per fornire una risposta, parziale ma pos-
itiva, a una domanda posta da S. Blumer, C. Quadrelli e T. Weigel riguardo all’algebra
di Lie p-ristretta associata a un gruppo pro-p di Artin ad angolo retto orientato.



Introduction

Lie algebras from groups

Lie algebras, introduced by Marius Sophus Lie in the 1870s to explore infinitesimal trans-
formations, have played a pivotal role in understanding the interplay between algebraic
structures and groups. Initially termed ”infinitesimal groups,” Lie algebras revealed their
significance by providing a more manageable framework compared to groups.

This intrinsic property led to a natural interest in studying Lie algebras derived
from groups. One purely algebraic construction, studied by W. Magnus in the 1930s
and further developed by E. Witt and P. Hall, was the Ny-graded Lie algebra L7(G) =
D,, 1(G)/¥n+1(G)®Q, whose homogeneous components are quotients of successive terms
of the lower central series {7,(G)},, of G, and whose Lie bracket is induced from the group
commutator. Among its applications, in the context of rational homotopy theory, it was
used by A. I. Suciu and H. Wang to characterize 1-formal groups, i.e. finitely generated
groups whose classifying space K(G, 1) is 1-formal in the sense of D. Sullivan.

Theorem 1 (Suciu, Wang, [20],[22]). A finitely generated group G is 1-formal (over Q)
if and only if the following hold.

1. G is graded-formal, i.e. L7(G) is quadratic.

2. G is filtered-formal, i.e. the completion of the universal enveloping algebra of L7 (G)
is isomorphic to the completion of the group algebra Q[G], which induces the identity
on their graded objects.

Meanwhile, their usefulness in many fields gained them the right to a study on their
own. By mimicking the behavior of derivations of algebras, N. Jacobson in 1937 intro-
duced the concept of p-restricted Lie algebras. Not long after, this twisted version found
a use in the hands of H. Zassenhaus [1], who, using the dimension subgroups D,,(G) over
a field of characteristic p, a particular type of composition series over a group G related
to the lower central series, introduced the p-restricted graded Lie algebra L(G), which
is the subject of this thesis. Later Jennings provided a characterization of Zassenhaus’
series.

Theorem 2 (Jennings, [2]). Let G be a finite p-group. The dimension subgroup series
{D,(G)}, is the fastest descending series satisfying

1. D1<G) - G,
2. [Dn(G), Di(G)] < Dy (G) for every n,m.
3. Dp(G)P < Dy, (G) for every n.



But it was M. Lazard who showed the power of this connection. He extended Jennings’
result to any group, and applied in particular the construction of Zassenhaus to pro-p
groups, establishing several results connecting a pro-p group G to and its Zassenhaus
p-restricted Lie algebra L(G).

Theorem 3 (Lazard, [3]). G is a free pro-p group over n generators, if and only if L(G)
1s the graded free p-restricted Lie algebra over n generators.

Theorem 4 (Lazard, [5]). Let G be a finitely generated pro-p group, the following are
equivalent.

1. G 1is p-adic analytic.
2. L(G) is nilpotent.

In an effort to compute the cohomology of the Steenrod algebra, which appears as the
E5 page of the Adams Spectral Sequence to calculate the mod-p stable homotopy groups
of spheres, J. P. May constructed a trigraded spectral sequence that links the homology
of a locally finite, connected, filtered algebra, to that of its associated graded algebra.
The same construction can be used to relate the cohomology ring of L(G) for a finitely
generated pro-p group GG with that of G.

Some progress has been made on investigating the Zassenhaus functor G — L(G).
For example, A. I. Lichtman proved in 1980 that apart from direct product it preserves
also free products.

Theorem 5 (Lichtman, [8]). Let G be a free product of groups Gy and Go. Then L(QG)
is isomorphic to the free product of p-restricted Lie algebras L(G;) and L(Gs).

For an arbitrary pro-p group G, it is quite difficult to determine the isomophism type
of L(G). For example, the following question, asked by A. Shalev in a discussion with T.
Weigel in 1994 in Istanbul is, to the author’s knowledge, still open.

Question 6. Let L be a 1-generated Ny-graded finite dimensional p-restricted Lie algebra
L. Is it always possible to find a finite p-group G for which L(G) is isomorphic to L?

Structure of the thesis and main results

Chapter 1 deals with filtered, profinite, augmented algebras, and with modules and min-
imal resolutions, outlining a suitable algebraic framework to deal with filtrations over
finitely generated pro-p groups.

Chapter 2 introduces the tools from the theory of spectral sequences necessary to
restate May’s result in more suitable terms.

In Chapter 3 we define the concept of strongly collapsing pro-p groups, provide several
examples and prove that such class is closed under direct products and free products.

In Chapter 4 we extend the pro-p version of Lichtman’s result to amalgamated free
pro-p product of groups, under the minimal additional requirement that the amalgam is
strictly embedded in each factor, i.e. the inclusion of the amalgam in each factor induces
an inclusion of the corresponding restricted Lie algebras.



Theorem 7. Let H, G and G5 be finitely generated pro-p groups such that H is strictly
embedded in G and Go, and let G = G1 gy Gy be their amalgamated free pro-p product.
Then the natural morphism of p-restricted Lie algebras

18 an isomorphism.

In Chapter 5 we restrict our attention to a particular subclass of strongly collapsing
pro-p groups which, in accordance with the terminology of Suciu and Wang will be called
filtered-formal. We will provide several examples, and use our previous result to prove
that this subclass is closed under free product with amalgamation with strongly embedded
amalgam.

In order to investigate on Shalev’s question it will be useful to introduce the concept
of genus of a finitely generated pro-p group G, as

gen (G) = {¢ | L(G) ~ L(G)}.

Finally, using again Theorem 7, we give a partial answer to a question posed by Blumer,
Quadrelli and Weigel ([25]) about oriented right-angled Artin pro-p groups.

Question 8 (Blumer, Quadrelli, Weigel). Let T be a specially oriented graph, let X\ :
Ly — 7, be a continuous homomorphism and let Gr x be the oriented pro-p right-angled
Artin group associated to I' and X. Is it true that L(Gr ) is quadratic?

We prove that L(Gr ») >~ L(G}), where Gy denotes the right-angled Artin pro-p group
associated Gr .

An affermative answer to Question 8 shows that in general gen (Gr ) contains more
than one isomorphism class of pro-p groups when A is not trivial, i.e. Gj. Note however
that G is not filtered formal. We are then lead to asking the following question.

Question 9. Let G be a finitely generated pro-p group G. Is it true that gen (G) contains
at most one isomorphism class of filtered formal pro-p groups?



Chapter 1

Algebras and modules

In this chapter, we will develop the concept of complete profinite augmented algebras and
modules that are entirely free over such algebras. The context created allows us, on the
one hand, to employ tools such as Pontryagin duality, connected to the realm of profinite
groups, and Serre’s Lemma (Proposition 1.3.10), linked to that of complete filtrations.
On the other hand, it enables us to defer the use of pro-p groups to another chapter
(specifically, the third one).

1.1 Filtered modules

1.1.1 Filtered abelian groups

Definition 1.1.1. We say that an abelian group E is filtered if it has a (decreasing)
filtration, that is a function vy : B — Z = Z U {£oo} such vg(0) = +oo and such that,
for any v,y € E,

vp(x —y) = inf(ve(), ve(y)).
Example 1.1.2. The constant map vg(x) =0 defines the trivial filtration on E.
If F is filtered, for any n consider the set
F'E={rxe€ FE|vg(x)>n}.

It is nonempty, as it contains 0. If z and y are elements of F™E, so is x — y, therefore
F"E is a subgroup of E, and clearly F"*'E < F"E. Viceversa, if {F"E} is a decreasing
series of subgroups, then vg(x) :=sup{n € Z | x € F"E} is a filtration.

Definition 1.1.3. Given filtered abelian groups E and E', we say that a morphism ¢ :
E — E'is

o filtered, if and only if for all x € F,
ve (¢(z)) = vp(z),

o strictly filtered, or strict, if for allx € E, there is an elementy € E with ¢(y) = ¢(x)
such that

v (6(x)) = ve(y).
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Remark 1.1.4. In particular, if ¢ : E — E' is injective, it is strict if and only if for all
r ek,

v (p(z)) = ve(z).

Lemma 1.1.5. If ¢ : E — E' and ¢ : E' — E" are strict morphisms of filtered abelian
groups and either ¢ is surjective or 1 is injective, then 1) o ¢ is strict.

Proof. Take z € E. By strictness of ¢, there is an element 3’ € E’ such that ¢ (¢(z)) =

¥(y') and ve: (Y(6(2))) = v (y).
If ¢ is surjective, there is an element y € E such that ¢(y) = y'. By strictness of ¢,
there is an element z € E such that ¢(y) = ¢(z) and ve/(¢(2)) = vr(z). Therefore,

b(o(x)) = () = b(by) = P(6(2),
vir(Y(¢(x))) = ver () = ve (¢(y)) = ver(¢(2)) = vi(2).

If ¢ is injective, ¢(z) = y'. By strictness of ¢, there is an element y € E such that
d(x) = ¢(y) and vp/(¢(x)) = vi(y). Therefore

(o(x)) = P(e(y),
ver(V(9(2)) = ve(y) = ve (6(z)) = vE(Y).

Definition 1.1.6. We say that a filtered abelian group E is
e bounded from above, if vg(x) > n for all x € E for some n € Z;
e crhaustive, if vy ' (—00) = ();
e separated, if vy (+00) = {0}.

Example 1.1.7. Let E be a filtered abelian group and ¢ : E — E’ be a surjective
morphism. Then we can induce a filtration on E' with respect to which ¢ is strict, as

ve(y) = sup (vg(z)) Vye E.
y=¢(x)

If v is another filtration on E' for which ¢ is filtered, then ve:(y) > v(y) for everyy € E.

Example 1.1.8. Let ({Ei};,{¢i;};5;) be an inverse system of filtered abelian groups

whose morphisms ¢;j : E; — E; are filtered. Then their inverse limit {E, (bi} is filtered,
with filtration

V() = inf(v,(6:(2)).

Let E be a filtered abelian group. The quotients w, : E — E/F"E form an inverse
system of filtered abelian groups and the natural morphism « : £ — E induced that
sends an element x € E into (m,(z)), € F is strict.

Definition 1.1.9. We say that E is complete if o is an isomorphism.

Remark 1.1.10. Let E be a filtered abelian group.
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o [f E is complete, it is also separated.

o E can be endowed with a topological group structure, with the subgroups F'E forming
a local basis of neighborhoods of 0. As a topological group, E is complete.

For any filtered morphism of abelian groups ¢ : E — E', there is a unique filtered mor-
phism ¢+ E — E' such that the following diagram commutes.

1.1.2 Filtered modules
Definition 1.1.11. We say that a ring R s a filtered ring if it has a filtration such that

1. vg(rr') > vg(r) + vr(r') ¥r,r' € R
2. vgp(1) = 0.
We say that an R-module M 1is a filtered R-module if it has filtration such that
vap(rm) > vg(r) +vr(m) Vr e R, Ym e M.

If F is a field, we say that an F-algebra is a filtered algebra if it has filtration such that
it is a filtered ring and a filtered F-module, where we consider F as a filtered ring with
trivial filtration.

As before, a filtered ring R is a ring which is filtered as an abelian group and
(F"R)(F™R) C F"™™R for all n,m € Z.

Similarly, a filtered R-module is an R-module which is is filtered as an abelian group
and (F"R)(F™M) C F"*™M for all n,m € Z.

Definition 1.1.12. Let R be a filtered ring and M an R-module. Then M can be endowed
with a filtered structure by F*M = (F'R)M. We call it the filtration induced by R.

Example 1.1.13. If R is a ring and I an ideal of R, then I induces a filtration on R by
vr(r) =sup{n|rel"}.
Such filtration is bounded from above and it is separated if and only if (), I* equals 0.

Example 1.1.14. If M and M’ are a right and a left filtered R-module respectively, then
we can define a filtration on their tensor product as

F"(M®@rM')= Y F'MerF'M.

i+j=n



Filtered free modules

Definition 1.1.15. Let R be a separated filtered ring and M a separated filtered R-
module. We say that a set of elements (;)ic;r of M is a filtered R-basis if for any family
(ri)ier of elements of R where almost all r;’s are zero,

Ut (Z Ti.l’i> = inf(vg(r;) + va(x;)).
icl
A module that is generated by a filtered basis is called filtered free.
Remark 1.1.16. A filtered basis is linearly independent. Indeed,
Zrixi =0 = v (Zrm) =400 = v(r;) +v(x;) =400 Viel.
iel i€l

Since R is separated, if r; # 0 for some i then v(r;) < +oo. It follows that v(x;) = +o0.
But as M is also separated, x; = 0.

Remark 1.1.17. If R is a separated filtered ring and M is a free R-module with basis
(x)icr, we may endow M with a filtered R-module structure by assigning to vy (z;) a
nonnegative integer for every i € I, and defining for any m € M, with m =Y. r;x;,

vy (m) = inf(vg(r;) + v (x;)).

With such filtration, (x;)er is a filtered R-basis for M and M is separated.
If additionally M = A is an algebra and, for any i and j,

va(zir;) > va(w;) + va(z;)
then A is a filtered algebra.

Remark 1.1.18. A morphism of filtered algebras ¢ : C — A induces a filtered C'-module
structure on A by a - ¢ = ap(c).

va(a-c) =va(ap(c)) > va(a) +va(o(c)) > vala) + va(c).

Definition 1.1.19. We say that morphism of filtered algebras ¢ : C' — A is filtered free
if A s filtered free as a filtered C-module.

Remark 1.1.20. If ¢ : C' — A is filtered free, it is injective and strict.

e ¢ is injective. Let ¢ € C' such that ¢(c) = 0 and take any element a; of the basis.
In particular v4(a;) < +00.

+oo = v(a;p(c)) = v(a; - ¢) = va(a;) + vel(c),
so ve(c) = 400 and therefore ¢ = 0.

e ¢ is strict. Let c € C' and take any element a; of the basis. By comparing

vala; - ¢) = va(a;) + ve(e),
va(a; - ¢) = valaid(c)) = vala:) +va(o(c)),

it follows that v4(¢(c)) < ve(c).



Completely free modules

Definition 1.1.21. Let R be a completely filtered ring and M a separated filtered module.
We say that a family of elements of M is a topological basis if it is a filtered basis and if
M is the completion of the submodule generated by such family.

A module that admits a topological basis is called completely free.

Lemma 1.1.22. Let R be a completely filtered ring and I a set, and N the filtered R-

module
N=]]Rr

i€l

Then the completion N of N is contained in the product [[,.; R and consists of the
elements (r;)i € I such that

VR(TZ‘) — — 00
with respect to the cofinite topology.

Proof. By definition of completion, an element of N is m = (m,, + F"N),ecz such that
for every n, the element m,, + F"™'N = m,, 1 + F"N and m,, is a element (7, ;);c; of N.
Therefore,

1. for every n and i we have r,; + F"™' R =r,; + F""'R;
2. for every n, the elements r,; are zero for almost all i.

Since R is complete, by 1) it follows that for every ¢ there is a unique r; in R such that
ri+ F'"R =r,,; + F"R for every n. So we may write m as m = (r;);e;. Also, for any n,
the element r; + F"R = r,; + F"R is zero for almost all ¢, i.e. 7, € "R for almost all i
or, equivalently, vg(r;) < n for almost all i. So (v(r;));e; converges to —oo in the cofinite
topology.

Viceversa, let m be an element (7;);c; of [[,., R such that r; € F" R for almost all 1.
Then m can be written as

m = (mn + FnN)nEZa
where m,, == (r;)ier. O

Proposition 1.1.23. Let R be a complete filtered ring and M a completely free R-module
with topological basis (x;);e;. Then the elements of M can be uniquely written as

E riZ;

iel
where the family (r;)ier is such that
vr(r;) + var () — —o0
with respect to the cofinite topology.

Proof. Let N be the the filtered free R-module generated by (z;);c; and apply the Lemma
1.1.22 using the fact that vy, (rz;) = ve(r:) + var, (). O
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1.2 Graded modules

1.2.1 Graded abelian groups

Definition 1.2.1. We say that an abelian group E is graded if it can be written as a
direct sum over the integers of abelian groups

E=@E..
nez
If v € E,, we say that x is a homogeneous element of degree n, and we write degy () = n.

Example 1.2.2. Any group E may be endowed with the trivial grading E = Ej.

Definition 1.2.3. Given graded abelian groups E = @, E,, and E' = @, E), we say that
a family of morphisms ¢, : E, — E! is morphism of graded abelian groups ¢ : E — E'.

Definition 1.2.4. We say that a graded abelian group E = @, E,, is
e bounded from above, if there is some k for which E, =0 for all k > n;

e bounded from below, if there is some k for which E, =0 for all k < n.

1.2.2 Graded modules

Definition 1.2.5. A graded ring R = @, R, is a ring which is graded as an abelian
group, 1 € Ry, and R"R™ C R"*™ for any n,m € Z.

A graded R-module M = &, M, is an R-module which is graded as an abelian group
and R"M™ C M"™™ for any

If F is a field, we say that an F-algebra is a graded algebra if is graded as a filtered
ring and as a graded F-module, where we consider F as a graded ring with trivial graded
structure.

Definition 1.2.6. If R is a graded ring and M a graded R-module, we say that M is
graded free over R if it admits an R-basis of homogeneous elements.

Definition 1.2.7. We say that morphism of graded algebras ¢ : C' — A is graded free if
A is graded free as a graded C-module.

1.3 The functor gr

Definition 1.3.1. Let E be a filtered abelian group. For every i € Ny define the abelian
group
F'E
8 b= g
We denote by gr E = D, gr; E the graded abelian group induced by the filtered abelian
group E.

If 9 - E — E' is a filtered morphism of filtered abelian groups, we denote by gr ¢ :
gr E — gr E' the morphism of graded abelian groups induced by ¢.



If x is an element of E, we denote by T the corresponding element in gr E.
Note, that since F is separated, x = 0 if and only Z = 0, and that if x is a non zero
element, deg(Z) = vg(z).

Remark 1.3.2. If R s a filtered ring, gr R is a graded ring.
If M is a filtered R-module, gr M is a graded gr R-module.
If A is a filtered algebra, gr A is a graded algebra.

Lemma 1.3.3. Let be R is a filtered ring, M a filtered R-module and X a set of elements
of M. Then X is a filtered R-basis for M if and only if X is a homogeneous gr R-basis
for gr M.

As a consequence, a morphism ¢ : C — A of filtered algebras is filtered free if and
only if gro : grC' — gr A is graded free.

Proof. Suppose that X = (x;);es is a filtered R-basis for M. Let (r;);e; be a family of
elements of R where almost all r;’s are zero, such that

Sormem= > i+ FUR) (g + FM) = Y (rya; + F4m+10) = 0

i % %

We may assume that 7; - T; are homogeneous elements of the same degree k. Then

Zr_i-x_,-:() — ZrixieFHlM — vy (an,) >k+1

% % %

But since (z;);es is a filtered basis, for every ¢ € [

VM (Z ria:i> = vg(ri) + vu () = deg(7;) + deg(7;) = degT; - 77 = K,

)

against the hypothesis. Viceversa, suppose that (7;);cr is a homogeneous gr R-basis for
gr M. Let (r;)icr be a family of elements of R where almost all r;’s are zero, such that

Ui (Z ri:pi) > miin {vr(r)) + vu(zy)} = k.

%

Let J C I the subset of indexes ¢ such that vg(r;) + va(x;) = deg(r)k, i.e. the set of
indexes corresponding for which the elements 7; - Z; are homogeneous of degree k.

(Zr_l‘_) = T = i+ FPM =0,
i K ied ieJ

against the hypothesis. O

1.3.1 The Lifting Lemma

In the following we prove a Lemma to lift graded free resolutions to completely free
resolutions. The idea is due to Lazard, who attributes it to Serre ([3], Lemma 2.1.1), but
the proof follows P. Day’s approach ([10], Theorem 1).
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Definition 1.3.4. We say that an exact sequence of groups
0 ESE S E 0.
18 strict exact if the maps ¢ and 1 are strict.
The following result can be easily verified.
Lemma 1.3.5. If the sequence
0ESE S E 0.
1s strict exact, then for every n the sequence
0— F"ES FrE' Y FPE" — 0.
is exact. If the filtrations are exhaustive, the converse also holds.
Lemma 1.3.6. If
0-ESE S E S0
is a strict exact sequence of filtered abelian groups, then
0= g B E% o B &% or B 50
is an exact sequence of graded abelian groups.
Proof. By Lemma 1.3.5, the first two rows of the following diagram are exact:

0 0 0

The columns are exact by definition. By the 3 x 3-lemma, it follows that the bottom row
is exact too. O

Lemma 1.3.7. Let ¢ : E — E" and v : E' — E” be morphisms of filtered abelian groups,
and assume that the sequence

0—grFE LN grE' By, grE" — 0
18 exact.

11



e [f E is separated, then ¢ : F"E — F™E' is a monomorphism;
o [f E' is separated and E" is complete, then 1 : F"E — F"E’ is an epimorphism.
o [fE, E' and E" are complete and exhaustive, then the sequence
0-ESE S E S0
18 strict ezact.

Proof. By Lemma 1.3.6 the sequence

0—gr, E LEEN gr, E' LEEN gr, B =0
is exact for every n. We show that, for any 7 > 1, the sequence

FnE ¢j FnE/ d’j FnE// O
- Fr+i B - Fn+iE — Fn+i B -

is exact. We proceed by induction. The case 7 = 1 is true by hypothesis.

0 0 0
/ F"E’ FE’
O E— grn+j,1 E > Fnti g/ ” Fnti—1pr > 0
8ppj_1® ?; $j—1
F"E F"E
0—— grn—i—j—l E ” FntiE ” Fnt+i-1Ep > 0
grnﬂ;lw pj hi—1
1 FnEll FnEv//
0 ——gr, ;1 b ? Frtign ? Fnti-1gn > 0
0 0 0

If 7 > 1, in the above diagram
e the rows are exact;
e the first column is exact by hypothesis
e the the third column is exact by inductive hypothesis.

By the 3 x 3-lemma, it follows that the second column is exact too. Passing to the limit,
we obtain that the following sequence is exact

0= F'"E — F"E' — F"E" 0

12



Consider the following commutative diagram.

0 0 0 0

~
2 < ~

0 —— (), F"E s F"E —2" s F"E — coker(a,) — 0

¢

~
v ~ N

[e%

0 —— (), F"E —— F"E' —2 P B’ — coker(a!

n

) —— 0

2 ~ ” he ~
«

0 —— (), F"HE" —— F"E" —" F"E' —— coker(a/,

n

) —— 0

v v v v

0 0 0 0

If the first and fourth column are exact, so is the second.

The result follows from the 4-lemma and the second part of Lemma 1.3.6.
O

Lemma 1.3.8. Let S be bounded from below graded free gr A-module. Then there is a
bounded from above, completely free A-module M such that gr M = S.

Proof. Let (w;);er be a homogeneous gr A-basis for S. Consider the formal A-module M’
over free a basis (z;);es for i € I. We can endow M with a filtered module structure by
defining

v (@) = deg(w;).

Clearly M’ is bounded from below. Since gr M’ = S is graded free, M’ is filtered free by
Lemma 1.3.3. We conclude by taking M as the completion of M’. O]

Lemma 1.3.9. Let M be a completely free A-module, N a completely filtered A-module
and ¢ : gr M — gr N a graded morphism. Then there is a filtered morphism ¢ : M — N
such that gr ¢ = ¢.

Proof. Let (x;);cr be a topological basis for M, so that (7;);cs is a homogeneous basis for
gr M by Lemma 1.3.3. For every ¢ € I, with vy, (z;) = n,

O(T) = yi + F™'N
for some y; in N with vy (y;) = n. Define ¢ : M — N by
o(xi) = yi-
O

Proposition 1.3.10. Let M be a complete filtered A-module and (Qa, ) a bounded from
below graded free gr A-resolution for gr M. Then there exists a bounded from above com-
pletely free strict A-resolution (P,,0) for M such that gr P, = Qe and gro = 0.

13



Proof. For every n, Lemma 1.3.8 provides a bounded from above, completely free A-
module P, such that gr P, = Q,. By Lemma 1.3.9, each 0, lifts to some morphism
Opn : P, — P,_1. Since 0y : Py — M induces an epimorphism 9y : gr(Qo) — gr(M), it
must be strict by Lemma 1.3.7. Therefore the sequence

O—>ker80—>P0@>M—>0

is strict exact. Hence, by Lemma 1.3.6,

O—>ker50—>Q05—°>ng—>O

is exact, and we may identify ker(dy) with gr(ker dp). Iterating, we see that P must be
strict and exact. O

1.4 Complete profinite augmented algebras

1.4.1 Profinite augmented algebras

Let A be a profinite F-algebra. Then there is a direct set I and an inverse system
({Ai}icr - {9ij}icjes) an inverse system of finite dimensional algebras such that

T

Proposition 1.4.1. The following are equivalent.
1. There is a continuous map € : A — F.

2. For any i the algebra A; is augmented and for any i < j the morphism ¢;; : A; — A;
s augmented.

Definition 1.4.2. In either case we call A a profinite augmented algebra.

Proof.

1= 2. Ife: A— Fis a continuous morphism and F is finite, there is k € I such that
€ = €, 0 ¢p. In particular Ay is augmented. If k¥ < j, the algebra A; is also augmented,
with augmentation €; = ¢, o ¢y;. Since the subset {j € I | k < j} is cofinal in I,

A=1limA,.

J

A5

2= 1 1Ifiel and¢; : A; — F is the augmentation map of A;, define e : A — F as
€ = €; o0 ¢;. Such morphism doesn’t depend on the choice of 7. O

Consider the filtration on A induced by the augmentation ideal A*. Since I is discrete,
AT is open in A.

Definition 1.4.3. If the topology on A is induced by such filtration induced by AT we
say that A is a complete profinite augmented algebra.

Proposition 1.4.4. Let A be a profinite augmented algebra. Assume the following.

1. (AT)™ is open for every n.

14



2. A} is milpotent for every i € I.
Then A is a complete profinite augmented algebra.

Proof. We need to prove that the powers of the augmentation ideal form a basis for
A. This is true if and only if for any ¢ € [ there is a natural number n for which
(AT)™ C ker ¢;, where ¢; : A — A; is a natural projection. But A} is nilpotent if and
only if there exist some n for which (A;])" = 0, i.e. for which precisely (AT)" C ker ¢;. [

Example 1.4.5. If G is a finitely generated pro-p group, its complete group algebra F[[G]]
1s a complete profinite augmented algebra.
By definition

F[[G]] = lim F[G/N].

<G

The augmentation ideal of the group algebra of a finite p-group over a field over charac-
teristic p is nilpotent.

Lemma 1.4.6. Let A be a complete profinite augmented algebra and M a completely
filtered A-module. Let X be a subset of elements of M. The following are equivalent.

1. M 1s a free profinite A-module, with profinite basis X.

2. M is a completely free A-module, with topological basis X .

Proof. We only need to prove that if it is completely free, then it is free profinite. By
definition of complete module, we can write

. M
M =T =

and it is enough to show that, for any k, the A-module M/F*M is finitely generated.
But M/F*M is generated by those elements of X = {x;},_; for which z; + F* # 0. By
definition of topological basis, vy/(x;) tends to —oo in the cofinite topology of I, i.e. the
set

{iel|vm(z;)>k}={i€l|x;+F'M+#0}
is finite. ]

1.5 Minimal resolutions

The filtered case

Definition 1.5.1. Let A be a completely filtered algebra. A surjective morphism of com-
plete augmented A-modules ¢ : P — M, with P completely free (graded free) is minimal
iof the induced map

P R M
AtP  ATM

is bijective. A completely free A-resolution (P,,0) for M is minimal if the morphisms

P, = K, :=Imd,

are minimal for all p.
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Lemma 1.5.2. IfF considered as an A-module, then Py ~ A. To see this, write Py = V&
A, for some completely filtered F-vector space V. Then there is a chain of isomorphisms

Py M

V ~ AP, ~ Tl ~

F.

Lemma 1.5.3. Let A be a complete augmented algebra. Then F admits a minimal com-
pletely free A-resolution if and only if A* does.

Proof. Let (P,,0) be a minimal completely free A-resolution for F. Then Fy = A and
P. —» kel‘do = AT,

Viceversa, let (P.,0") be a minimal completely free A-resolution for A*. Combine the
two exact sequences

o= Py— AT =0,
0> AT 5 A F—0.

to get a completely free A-resolution for F.
= P A= TF—0.
To see that it is minimal, it is enough to note that the map
PoosaF— A®aF
splits through A* ® 4 F = 0, so it is zero. ]

Lemma 1.5.4. Let A be an augmented algebra, M a complete A-module and (P,,0) a
completely free A-resolution for M. The following are equivalent.

1. (P,,0) is minimal.
2. For every p, (P,) C ATP,_;.
3. For every p, the induced map O @4 1: P, @4 F — P,_1 ®4F is zero.
Proof.
(1) = (2): For every p, the composition
P3P, %K,
is zero, and so is

P P K.

p p—1 p—1

— — :
AYP, AP, | AYK,,

As the second map is an isomorphism, the first one is zero, so 9(P,) C AT P,_;.

(2) = (1): We need to show that, for every p, the map

P K

p p

A+P, | ATK,

16



is injective. Let © € P, and assume that d(x) € ATK,. We need to prove that z € ATP,.
We can write

Ix) = Zaia(yi) = Za(aiyi)a
for some a; € A" and y; € P,. Since, by hypothesis, K,1 C ATP,,
x — Zaiyl- € K,;1 CA'P,
we conclude that

r=(r=) ay)+) ay € AP,

(2) <= (3): For any p, in the commuting diagram

Py \ Py
AtP, ’ AtTPy,_1

P,oaF 225 P @uF

the left and right ones are strict isomorphisms. So the top map is zero if and only if the
bottom one is zero. O

Lemma 1.5.5. Let (P),0') be a minimal completely free A-resolution for M’ and C a
complete augmented algebra which is also a completely free A-module. Then (P,,0) is a
manimal completely free C'-resolution for M, where

Py :=P,®,C,
M =M &4C,
0=0 1.

Proof.
e (P,,0) is a C-resolution for M. It follows from the flatness of C.
e (P,,0) is completely free. For all n, we can write P, ~V, ® A. Therefore,
PV, @ A®,C ~V,®C,
which is a completely free C-module.

e (P,,0) is minimal. For any p, in the commuting diagram

P,@cF ——— PL@,F

lZ)@ 1 o® 1l

prl ®CF ? P;,1 ®AF7

the top and bottom maps are strict isomorphisms, while the right one is zero. It
follows that 0 ® 1 : P, ®c F — P,,_1 ®¢ F is zero as well.

17



In an analogous way we can prove the following.

Lemma 1.5.6. Fori = 1,2, let (P!,0") be a completely free minimal A-resolution for
M;. Then (Pe,0) is a a completely free minimal A-resolution for M, where

P, = P! @ P?,
M = M, ® M,
0= 0"+ 0°.

Lemma 1.5.7. Let A be a profinite augmented algebra, M a completely filtered profinite
A-module and (P,,0) a completely free A-resolution for M. The following additional
condition 1s equivalent to the others of Lemma 1.5.4.

4. For every p, the induced map d : Homy(P,,F) — Homy(P,1,F) is zero.

Proof. By Lemma 1.4.6, for every p the A-module P, is free profinite. The induced map
d: Homy(P,,F) — Homy(P,1,F) is the compositon of the natural morphisms

Hom(P,, F) ~ Homg(P, ®4 F, F) 2“2 Homg(P, ., ®4 F,F) ~ Hom(Pys1, F),

so by Pontryagin duality ([12], Theorem 2.9.6) it is zero if and only if the map
(0@1)": (B ®aF)" = (Ppr1 ®4F)"
is zero. Since P, ®4 F is profinite abelian group, it is equivalent to the induced map
@©1): (P, ®aF) = (P @4 F)

being zero. n

The graded case

Definition 1.5.8. Let A be a graded algebra. A surjective morphism of graded augmented
A-modules ¢ : P — M, with P graded free is minimal if the induced map

P . M
ATP  ATM

is bijective. A completely free A-resolution (P,,0) for M is minimal if the morphisms
P,— K, =Imo,
are minimal for all p.
We state, without proof, the analogous results for the graded case.

Lemma 1.5.9. Let A be an graded augmented algebra. Then F admits a minimal graded
free A-resolution if and only if AT does.

Lemma 1.5.10. Let A be an augmented graded algebra, M a graded A-module and (P, 0)
a graded free A-resolution for M. The following are equivalent.
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1. (P,,0) is minimal.
2. For every p, K, C ATP, ;.
3. For every p, the induced map O @41 : P, @4 F — P,_1 ®4 F is zero.

Lemma 1.5.11. Let A be a locally finite graded augmented algebra, M a locally finite
graded A-module and (P,,0) a locally finite graded free augmented A-resolution for M.
The following additional condition is equivalent to the others.

4. For every p, the induced map d : Homy(P,,F) — Homy (P41, F) is zero.

Lemma 1.5.12. Let (P.,0") be a minimal graded free A-resolution for M’ and C an
algebra which is also a graded free A-module. Then (P,,0) is a minimal graded free
C-resolution for M, where

P, =P . ®4C,
M= M ®4C,
0:=0®1.

Lemma 1.5.13. Fori = 1,2, let (P!, ") be a minimal graded free A-resolution for M;.
Then (P,,0) is a minimal graded free A-resolution for M, where

.::P}@Pf,
M = M, ® M,
0= 0"+ 9%
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Chapter 2

May-type spectral sequences

2.1 Basic definitions

Definition 2.1.1. A May-type spectral sequence (E,,d,) consists of
1. A family of abelian groups {EP1}, with p,q,r € Z and r > 0,
2. For all p,q,r, morphisms dP4 : EP9 — EPYL47T sych that dP? o dP~14%" = (),

3. For all p,q,r, an isomorphism

Pq
pg . Tr+l Pq
fa% L pp —>ET+1,

r—+1

where ZP | = ker(d®) and BY?, = Im(dP~1417).

Definition 2.1.2. A morphism of May-type spectral sequences f : (E,.,d,) — (E. d.)
is a family of morphisms fP1 . EPY — E1 such that, for any p, q and r, the following
diagrams commute

Pq
db? Pq r+1 1pq
Era Ty prtla-r E E"7
[ R
d'Pe _ 7P4 (E) Pq ZPd (E’)
1Dq r 1p+1,q—r r+1 T Zrtl
Er E— Er , BP? (E) " B (B

r+1 r+1

2.1.1 Convergence

Definition 2.1.3. We say that a May-type spectral sequence is reqular if, fived p and q,
there exist a t such that d? =0 for r > t.

Under such hypothesis, the morphism

N Pq Pa
obl . Ere E_r — Z”"“l ~ P4
ro RBP4 BPe r+1-
r+1 r+1

is surjective. It follows that

({Efq}Qt ) {O‘_gq}rzt)

is a direct system of abelian groups. We define

Pq . 1im EP?
EL = lim EY
r>t
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Definition 2.1.4. Let H* = {H?} _, be a family of filtered groups. We say that a
reqular May-type spectral sequence (E,.,d,.) converges to H® if, for every p,q, there are
1somorphisms

B e, (H?) — B2

and the filtration of H? is exhaustive and complete for all p.

2.2 May-type spectral sequence associated to an ex-

act couple
Definition 2.2.1. An ezxact couple £ = (D, E, i, j, k) is a couple of abelian groups (D, E)

with morphisms v : D — D, j: D — E and k : E — D such that the following diagram
15 exact.

D L s D
E

Proposition 2.2.2. Given an exact couple € = (D, E,i,j, k), then & = (D', E',i',j', k)
1 an exact couple,

D’ s D'
El

where

and
i =ilp, j(i(d) =[i(d)], K([e]) = k(e).
Proof. We first note that, if we set d .= j o k, then
dod=jo(koj)ok=0

and E' is well defined.

Also k(j(d)) =0, so d € ker(j o k). In addition, if i(d) = i(d'), then d — d' = k(e) for
some e € E, and [j(d)] = [j(d')], so 7" is well defined.

To show that k" is well defined too, consider ¢’ € ker(j o k) such that [e] = [¢/], i.e.
¢ =e+ j(k(f) for some f € E. Then k'(¢/) = k(e + j(k(f)) = k(e).
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Now we will prove that the diagram is exact.

keri' = keri N Imi¢ = Imk Nker j
= k(E)Nkerj = k(k™*(kerj)) = k(ker(j o k))

=Imk,

kerk' = {le] € E' |e € kerk} ={le] € E' |e € Imj} ={[j(d)] € E' | d € D}
=1Imj’,

ker j' = {i(d) € D | j(d) € Im(j o k)}

={i(d) € D |d € Imi}

d)
={i(d)e D |d—k(e) € kerj =1Imi}
d)
=TIm7.
We may iterate this process.

Definition 2.2.3. Given an exact couple € = (D, E,i,j, k), we define the r-th derived
couple Sr = (Dra Era imjr; kr) as

& =€,
ngrl = 57"/~

Lemma 2.2.4. Forr > 2, we have E, ~ Z,./B,, where Z., B, C E are defined as

Z, =k (i""Y(D)), B, = j(keri" ")

Proof. If r =2,
Zy =k '(i(D)) = k™' (Im3) = k™" (ker j)
= ker(j o k) = kerd,
By = j(keri) = j(Imk) = Im(j o k) = Imd
Therefore
kerd Z,

where
Z, = (K) ' (Imi" ") = (k)" (Im1")
={le] € E'|3d € Ds. t. k(e) =i"(d)}
= r—l—l/Im d7
By = j(keri"") = j'{i(d) € i(D) | ' (d) = 0}

={li(d)] € E" | i"(d) = 0}
= BT_H/IITld.
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We conclude that

Zr—i—l
Br—i—l

Er+1 =

Notice that

Zy =k (i"(D)) S kT (D)) =2,
B, = j(keri"') C j(keri") = B,,
B, = j(keri" ') CImj =kerk Ck~'(i" (D)) = Z,.

Lemma 2.2.5. Given an exact couple € = (D, E, 1, j, k) in which D = DP? and E = EP
are bigraded abelian groups, and i, j and k have bidegrees (a,d’), (b,b') and (¢,c’), the
induced maps i', j' and k' have bidegrees (a,d’), (b — a,b — a') and (c,c).

Proof. Let d' € D" ie. d = i(d), for some d € DP~*9~%_ Since inclusions have bidegree
(0,0), it follows that #'(d') = i(i(d)) € D'"™™™ so i’ has bidegree (a,d’).

Let d' € D™, with d’ = i(d) as before, then j'(d') = [j(d)], and j(d) € EP+b-aatV'—d"
Since quotients have bidegree (0,0), then j" has bidegree (b — a,t’ — d').

Let [e] = e+ Im(j o k) € E™ where j(k(e)) = 0, for some e € EPY. Then k'([e]) =
k(e) € D'P~1¢ C pr-ea— and k' has degree (c,c). O

Definition 2.2.6. A morphism of exact couples (¢,) : € — F is a couple of morphisms
of abelian groups ¢ : D — D and v : E — E that make the following diagram commute.

Proposition 2.2.7. An ezact couple £ = (D, E, i, j,k) in which D = D1 and E = EP
are bigraded, and i, j and k have bidegrees (0,1), (0,0) and (1, —1) determines a May-type
spectral sequence { EP1} starting with EY? = EPY. A morphism of exact couples induces a
morphism of May-type spectral sequences.

Proof. By the previous lemma and induction, we see that i,, j. and k, have bidegree
(0,1), (0,—(r — 1)) and (1,—1), so the map d, : E. — E, defined as d, := j,. o k, has
bidegree (0,—r+ 1)+ (1,-1) = (1, —r).

Let (¢,%) : € — F be a morphism of exact couples. Then

. . 1 . 1
¢p+l,q ° d?q _ ¢p+l,q O]p-i-l,q o kP4 = ]/P-‘r 4 ¢p+1,q o kP4 — ]/IH- 4 k,/pq ° 77bpq
_ upq Pq
- dl © ¢ )

therefore there exist a map 1y : Ey — Ey such that ¢, o dy = d,, 0 1hy. Iterating we get a
morphism (¢,.) : (E,,d,) — (E.,d.) of spectral sequences. O

Ty
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In the graded case, for r > 2, EPY ~ ZP1/BP1 where ZP1, BP? C EP? are, according to
their grading,

Pa — (}P0) Y (Im (P92 0 - oo PR

BP = j#9(ker ("1 2 o - - 0 P7))

2.3 May-type spectral sequence associated to a fil-
tered complex

Proposition 2.3.1. Given an ascending filtration on a complez (A®, ), there is an ezxact
couple € = (D, E,i,7,k) whose maps i, j and k have bidegrees (0,1), (0,0) and (1,—1).

Proof. The short exact sequence
0— FItA* B paas 5 gr,(A®) =0
induces a long exact sequence
o HP(FO'A%) 5 HP(F14%) S HP(gr,(A®)) L HPY(F A% -

where ¢ = H(m), j = H(e) and k is the connecting morphism. Define the bigraded
objects D and E as

DM = HP(FIA*),
EP = HP(FIA®/FT ' A*).

We then have the exact sequence

1 pa—1 jPa kP4 _
— ppa-l Dpra y FPa y pptha-l _

(0,1) (0,0) (1,-1)
[

We can write each term of our spectral sequence EP? in a more explitic way (cfr. [11]
Section 3.2).

In this case, #T1720- .. 0PT147" s the map HPT(F7"A®) — HPT(F7 ' A*) induced
by the short exact sequence

0— FTTA* — FT 1A — FI7TAS /P77 A — 0.
It follows that

P~ Im(HPP (FIA®) — HPP (P71 A)))

kP1) ! (ker (H“l(Fq*lA’) — HPPH(FI T A JFTT A%)))

= ker(HP(FIA®/FT 1 A%) 22 grtl(Fo-14%) — HPYL(FT1 A/ FOT A%))
= ker(HP(FIA®/FT1A®) — HPTH(FI1 A/ FI77 A®))

= Im(HP(F9A°/F1"A®) — HP(FIA®/F17A%)),
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where the last two maps are induced by the exact sequence
0— FU 1 /FT" — FI/FI" — F1/FT — 0.
In an analogous way, »77" "2 0. .. 07 is the map HP(F9A®) — HP(F1T"1A®), so
BP1 = jPi(ker(HP (F1A®) — HP(FI1T1A®)))
= jP(Im(HPH(FIT 1A% JFIA%) — HP(F1A°%)))
= Im(HP H(FIT" 1A JF1A%) — HP(F1A°/FT 1 A%))
= ker(HP(F9A*/FI71A%) — HP(FTT 1A/ FI71A®)).

The following lemma is an immediate application of the first theorem of isomomor-
phism of groups.

Lemma 2.3.2. If the first line of the commutative diagram

D
/7\
A “>£ LENYe

1s exact, then B induces an isomorphism

Imy —2— Im(B o)

l A
- B

Im~ ~
Im o

It follows that

Proposition 2.3.3.
EP? ~ Im(HP(FIA®/F1"A®) — HP(FIT 1A /P71 A%)).

Proof. 1t follows from the previous lemma applied to the diagram

HP(FiA®JFrT A%)

HP= (Fatr=1A® [FIA%) —y HP(FIA®/Fi-1A%) —y Hp(Fatr—1As/Fa-14%),

2.3.1 Convergence

Remark 2.3.4. If F*A* = 0 for some s, then d?? = 0 for allv > q— s — 1, and the
induced spectral sequence is reqular.
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Proposition 2.3.5. The filtration over a chain complex (A®,0), induces, for every p, a
filtration over its p-th cohomology group HP(A®,0) as

FIHP(A®,0) = (Fiker & +Im 0P 1)/ Im 0P~! = Im(HP(F1A®) — HP(A®)).
Moreover, such filtration is exhaustive if that on A® is, and it is bounded from below if
that on A® 1is.

Proof. The inclusions ker(9P : F1AP — F1APT!) C ker O and Im(F1AP~! — F1AP) C
Im 0*~! induce a well defined map

ker(9P : F1AP — F9APTT) . ker 0P
Im(op—1: FaAP—1 — F9Ar)  Imor—!
whose image is (F'7ker 97 4+ Im 997') / Tm 9P*1. If the filtration over AP is exhaustive,
U, (F9ker &%) + Tm P!

Im or—1

HP(F(]A°) —

= Hp(A.)7

| JFia?(A%) =
q
Finally, if F9A® = 0 for some ¢,

— H7(A°),

(Fiker o +Imor~')
Im op—! B

FIHP(A%) =

[]

Proposition 2.3.6. Let (A°®,d) be a filtered complex, with exhaustive and bounded from
below filtration. Then its associated spectral sequence converges to H®(A®).

Proof.
EP? = lim EP?
=
= h_:}n(Im(Hp(FqAVFq”"A') — HP(FTT7 1A JFT71A%)))
= Im(lim H?(F9A*/FI7"A*) — lim HP(FTT =LA [ P11 A®))
= Im(HP(F1A®*) — HP(A*/F1'A%)).
By applying the preceding lemma to the diagram

HP(F9A*)

e

HP(F171A®) ——— HP(A®) ——— HP(A*/FT1A*),
we obtain the isomorphism
Fi1HP(A®)
Fa—1HP(A*)
We proved that the associated spectral sequence weakly converges to H®*(A*), which by
Proposition 2.3.5 is exhaustive and bounded from below, so it converges to H*(A®). O

Remark 2.3.7. Note that EPY ~ ZP9/BP4  where

[oop)

20— Yim 79 — T | P (FIA%) — HP | o
0o = o Fa—1Ae ’

. FiA® A°
BPI = h%anq = ker (Hp (Fq_lA.) — HP (Fq_lA.)) .
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2.4 May-type spectral sequence associated to a dif-
ferential graded algebra

2.4.1 Differential algebras

Definition 2.4.1. A differential algebra (E,m,d,¢€) is an algebra (E, m) together with
maps d,e : E — E such that

1. d* =0 (derivation)
2. € =1g (involution);
3. dim(z ®@y)) = m(d(z) @ y) + m(e(x) @ d(y)) (Leibniz rule).

Lemma 2.4.2. Let (E,d,m,€) be a differential algebra. Then H(A) = kerd/Imd is an
algebra, with multiplication induced by m.

Proof. Application of the Leibniz rule. n

Definition 2.4.3. A differential graded algebra A* = (A®,0%,ma.), or DGA, is a graded
complex equipped with a homogeneous map mee : A*®@A* — A® such that, for any a € A"
and b e A",

Ot (M (@ @ b)) = My 100 (On(@) @ b) + (=1)" My 4 1(a @ O ().

2.4.2 Involutions of exact couples

Typically, multiplicative structures existing within exact couples may not be extended
to their derived couples. W. S. Massey, in [4], introduced a condition that serves as a
criterion for determining when such extensions are possible.

Definition 2.4.4. An involution (6,€) of an exact couple £ = (D, E,i,j,k) is a couple
of maps 6 : D — D and e : E — E such that 6> = 1p, €2 = 15 and

1. i0d=001;
2. jod =¢€0y;
3. koe=—dok.

Lemma 2.4.5. If an exact couple € = (D, E, i, j, k) has an involution, so does its derived
couple &' = (D', E' i, j' k)

Proof. Let (§,¢) be an involution for &€ = (D, E,i,j, k). Consider the restriction ¢ :
i(D) — D. As a consequence of 1), the image of such map is contained in i(D) = D'.
We may define a map ¢’ : D' — D’.

Similarly the image of the restriction of € to kerd is contained in kerd by 2) and 3),
and therefore it induces a map kerd — E’. Again by 2), this in turn induces a map
¢ . E' — E'. Explicitly, €([e]) = [e(e)].

1 [i7 e 0'](i(d)) = i(d(i(d))) = [0 0 '] (i(d)).
2. [j" 0 d(i(d)) = 5'(i(6(d))) = [1(0(d))] = [e(i(d))] = €'([H(D)]) = [¢" o 5'](i(d)).



]

Definition 2.4.6. Consider an ezact couple € = (D, E,i,j, k) with involution (J,¢€),
together with a map m : E® E — E. We say that £ satisfies u, if, for any v € E such
that k(z) = i"(a) for some a € D and y € E such that k(y) = i"(b) for some b € D,
there exists ¢ € D such that

1. k(m(z ®y)) =i"(c);
2. j(e) = m(j(a) @ y) +m(e(z) @ j(b)).
We say that £ satisfies p if it satisfies p, for every n > 0.

Lemma 2.4.7. In the previous notation, £ satisfies po if and only if (E,d,m,¢€) is a
differential algebra.

Proof. Tt follows by noticing that ¢ = i%(c) = k(m(x®y)) and the following two equations.

Lemma 2.4.8. Let £ = (D, E,i,j,k) an ezxact couple with involution (0,€) such that
(E,d,m,e€) is a differential algebra. Then £ satisfies pu,, if and only if £ satisfies fi,_1.

Proof. Suppose £ satisfies p,,. Take elements 2’,y' € E' and a/,1/ € D' such that k'(x) =
()" 1( ') and k;'( ) = (i’)”*l(b’). It means that there are z,y € kerd and a,b € D such
that 2’ = [z], v = [y], ' =i(a) and O’ = i(b). Therefore

By assumption, there is ¢ € D such that k(m(z ® y)) = i"(c) and j(c¢) = m(j(a) @ y) +
m(e(z) ® b). Define ¢ = i(c). By construction

K(m(z'®@y)) =K (m([z] @ [y])) = K([m(z @ y)]) = k(m(z @ y))
=i"(c) ()" (),
7'(¢) = [i(c)] = [m(j(a) @ y)] + [m(e(z) @ j(b))]
= m([j(a)] @ [y]) + m([e(x)] @ [j(a)])
=m(j'(a) ®y) +m((z') @ j'(a)).
The converse follows reversing the equalities, noticing that if k(x) = i"(a), then = €
kerd. ]

Corollary 2.4.9. If & satisfies p, then E" is a differential graded algebra for every n > 0.
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2.4.3 May-type spectral sequences of algebras

Definition 2.4.10. A differential graded algebra (E,m,d) is a differential algebra which
is a (bi-)graded object, and whose involution map € : E — E is e(e) = (—1)lle.

Definition 2.4.11. A May-type spectral sequence of algebras is a May-type spectral se-
quence {EP?,dP} together with graded maps m, : EP? @ EP'Y — EPtPa+d" sych that, for
every r > 0, we have that (E.,m,d) is a differential graded algebra and m,yq is induced
by m, as

EP, ql ® Efﬁ = H(EM Ef/’q/) M H(Ef*p/’qﬂl) _ Efif/,quq’
where H(EP* @ EFY) = H(EP?) @ H(EY).

Definition 2.4.12. A we say that a differential graded algebra A®* = (A®,0,m) is fil-
tered if it is endowed with a filtration, as a filtered complex {F1A*}, that agrees with the
differential and the multiplication, i.e. for any p,q

o OP(FIAP) C FIAPH,
o m(FIAP ® Fq’Ap’) C patd Apte

Theorem 2.4.13. Let A* = (A®,0,m) be a filtered differential graded algebra. Then its
associated spectral sequence is a spectral sequence of algebras.

Proof. Recall the following.

F1A®
Pd _ [P (9 A® pg _ [P
DM — HP (FiA®), E H(Fq_lA,),
and j : DP? — EPis j([z]) = [7], for x € FIAP, while kP4 : EP1 — DPtha—l g k([7]) =
[0x]. Also dP1 = kPtha=1 o 474 With the previous notation, the following diagram
commutes,

Erd @ EPd

oL 1®1T \ (2.1)

Drtla—1 o pr'd _> Fptp+1latd -1

9 D »E

where the maps "“m” and "®m” are induced by m.
Consider the following diagram.

Ertla—l @ pr'd

Drtla-1 g pr'd Em
W &
Epag EPd ™ privete 27T ot Eptp +la+d ~1

lm /

EPd @ DP'+ld—1

. N

EPd @ pptld—1
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Let x € FIAP, y € F? AP, Then

(@7 o m)([7] @ [g]) = &P ([m(z @ y))]

= UL (P ((m(z @ y))))
= e D(m(e @ y)))
=J ([m(0z @ y)] + (=1)"[m(x ® dy)])
= [(m(0z @ y))] + (=1)"([m(z @ dy)]).

-1
p+p'+1,q+¢ -1

On the other hand,

(“mod®1)([7 ® [g]) = ("mo (" @ 1) o (" ® 1))([7] @ [7])
Pmo (k" ®1))([7 ® 7))
= "m([02] @ [g]) = [m(0z ® y)].

Similarly, (m” o (1® &'7))([7] ® []) = m"([7] ® [9y]) = [m(z ® Oy)].

We proved that m : EP @ EP'Y — EPHP.4td gatisfies the Leibniz rule. We need to
show that the induced exact couple satisfies p.

Let ¥ € HP(FIA®/FI171A%), y € HP'(F‘?'A'/F‘?'—lA'), a € HH (FT"=1A%) and b €
HP'+Y(F7—=1 A% such that k(z) = i"(a) and k(y) = i*(b). Let H(i) =i and H(j) = j.
Choose representatives & € FIAP, §j € FLAY 4 € Fq n=lAptl and b € F9n14P+1
Then Oz € FI1APTL gy € FY=14P+1 93 = 0 and 9b = 0. Moreover,

[02] = k(z) = i"(a) = [1"(a)].

So there is z € F~' AP such that 87 = i"(a) + dz. Similarly, 8§ = i"(b) + dw for some
w € FI1AY . Consider

k(m(x @ y)) = k(m([Z] @ [9])) = k(Im(z @ §)]) = [0m(z © g)].

Define

= m("(a) @ §) + Om(z @) — (—=1)Pm(z @ 1"(b)) — dm(z @ w)
(
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where, in the last passage, we used the commutativity of the diagram

Fq/+1Ap/ ® Fq/Ap/

%@J m

FIAP @ F9 AP — fatd Ap+p' - 5 patd'+1 gAp+p’

1@% /

Fq/Ap/ ® Fq/+1Ap/

Define ¢ = [¢]. Then

A

k(m(z ©y)) = ["(¢)] = "([¢]) = i"(c).
By the commutativity of the diagram

Fqu ’ /
Foa O A

AN

j®1
Fatd AP

q AP q AP’ q+q' Ap+p __ - -
FIiAPQ FT AP — o F A j— Fard 1 qpip

! / Fq .Ap
FTAP ® T
we have
jm(a®g)) =m(j(a) ®y),
j(m(& @ b)) = m(& ® j(b))

Since m(z ® b) and m(a @ w) lie in Fata—1-2 AP0 +1 thep

Jj(m(z®b)) = j(m(a®@w)) = 0.

We conclude that

and we may apply Corollary 2.4.9.

2.4.4 Convergence

If a May-type spectral sequence of algebras (E,,d,) is regular, for any p, q

B @ BYY = lim (B 0 EY7).
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It follows that there is a unique morphism me, : E24 @ B2 — EPFPa+d that makes, for
all r, the following diagram commute

Pq g ™, ppt+patd

lﬁpq wpr'd l

pq p'q _TMr p+p’,q+q’
EPT @ EPY —— EP .

Definition 2.4.14. Let H* = {H"} _; be a family of filtered groups. We say that a
reqular May-type spectral sequence of algebras (E,,d,.) converges to H® as an algebra if it
converges to H® and

grq(Hp) ® grq’(Hp/) —m> grq+q’<Hp+pl (A.))

lﬁpq ®Bp/l1/ l

Pq plg Mo . potpatd
EP1 @ EP E7] .

Lemma 2.4.15. Fori=1,2,3, consider the commuting diagrams

D;
A; “— B;

L)

Suppose the following hold.

1. The sequences

are exact for1=1,2,3.

2. there are maps mp : B1 ® By — Bz, mp : D1 ® Dy — D3 and m¢ : C7 ® Cy — Cs
that make the following diagram commute.

D ® Dy —24 D,

l’h 72 l’m

Bl®Bgﬂ>Bg °

lﬁl ®B2 lﬂa’

C,®Cy, 2 (.

Then, there is a morphism

I I I
- myy m 72 - nm7y3

"Ima;  Imay,  Imag

that makes the following diagram commute.

Imvy;  Immy . Imns

7
Ima; — Imasy Im as

lﬁl ®652 l@.‘s

Im(f3; 0 71) ® Im(Ba 0 v2) — Im(fB5 0 73)
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where, for v = 1,2,3, the isomorphism ﬂAZ 1s the unique map that makes the following
diagram commute.

Im ~; L Im(B; o 7;)

¢
_ .
T, //
// ~
B

Im ~; ’

-

Im o

Proof. For ¢+ = 1,2,3, the morphisms BZ are well defined as the maps that satisfy the
following equality.

A ~

Biomi = f. (@)

Condition (2) reads
y30mp =mpgo (11 ®72), (7)
fzomp =me o (1 ® Pa). (B)

The image of the the restriction of mg to
Im~y; ® Im~y — B3

is in Im~3 by (7). We will denote again by mpg such restriction. We have to prove that
mp(Ima; ® Imys + Imy; ® Imay) € Im ag = ker f;.
Since 1 0 a; = 0,

Bs(mp(Imay @ Im,)) = Im(B3 0 mp o (1 @ 72))

= Im(mec o (81 ® Pa) o (a1 ® ¥2))
= Im(mg o ((B1oa1) @ (B2072)) =0,

—~
=

Analogously, S3(mp(Imy; ® Im as)) = 0.
So there is a unique map 7 that makes the following diagram commute.

Im~y; ® Im s 2 5 Im Y3

[em [ 22)

Imvy _Imy 5  Imys

7 .
Ima;  Imay Im as

We need to prove that m¢ o (Bl ® Bg) = Bg om.

3 a B1,B2 B
[mco(ﬁ1®ﬁ2)]o(m®w2)( = )mCO(ﬁ1®62) (:)ﬁSOmB
B3) 2 22) -~ .
(:3) B3 0m30me (:) [53 o m] o (7r1 ® 7r2),

Since m; ® 7y is an epimorphism, we are done. O

Proposition 2.4.16. Let (A®,d) be a filtered differential algebra, with exhaustive and
bounded from below filtration. Then its associated May-type spectral sequence converges
to H*(A®) as an algebra.

33



Proof. Apply Lemma 2.4.15 to following commuting diagrams.

HP(FIA®)

e

HP(FT1A%) — HP(A®) —— HP(A®/F1-14%),

HY (F A

/l\

HP (FY=14%) — s HY(A*) — HP'(A*/F7-14%),

Hrt+r ( Fatd A®)

HoHv (Frd=14%) — ge+v'(A%) 5 gr+v/(As/Fatd—14%),

and
HP(F1A®) @ HY (F4 A®) s HpH (Fatd A®)
HP(A*) @ HY' (A®) » HPHP'(A®)

| |

HP(A®/FI1A%) @ HY (A®/F9"1A%) —— HPHP (A% Fatd—1A®).
Then Lemma 2.4.15 produces a map

i gr,(HP(A®) @ gr, (HY (A%)) = gr ., (H7 (A%))

q+q

that makes the following diagram commute.

gr,(HP(A%)) @ gry (HY (A%)) —"= gry, (H7TV/(A°))

| |

0 m / /
Pq P q PP ,9Tq
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Chapter 3

Strongly collapsing pro-p groups

3.1 Strongly collapsing modules

Let A be a complete ring and M a complete A-module. Let (P,,d) be a completely free
bounded from above strict A-resolution for M.

For n > 0 we will denote the n-th group of continuous cohomology ([12], Chapter 6)
by

Ext’y(M,F) = H"(Hom(PF,, F)).
Define the (increasing) discrete bounded from below filtered F-complex (C*®,d) as
C* = Homyu (P, TF),

with the filtration

FIC? = F'Homy(P,,F) = {¢ € Hom(P,,F) | ¢(F*'P,) =0} .
The following Lemma provides the requirements of Theorem 2.3.6.

Lemma 3.1.1. For every p the filtration on C? is bounded from below and exhaustive,
and gr CP is isomorphic to Homg, 4(Q,, F).

Proof. For any p, the filtration on C? is bounded from below, as that on P, is bounded
from above. To show that it is exhaustive, take a morphism of A-modules f : P, — F.
Since f is continuous and F is finite, f factorizes through an element of the basis F4t1 P,
i.e. there is a morphism

. P

frmt

Fori D, —F

that makes the following diagram commute

p,—L > F
P



Since f € F1C?, we established an isomorphism

| JFce,
q

Consider now a morphism f : B, — F whose image F7™' P, is zero. It induces a morphism
of gr A-modules from gr, C? to IF by

Fip, pr g

Fa+ip, - Fatlpp —

F.

All elements of Homg]r 4(@p,F) may be obtained this way, so we defined a surjective
morphism of F-vector spaces whose kernel consists of those morphisms of A-modules that
send F9CP to zero, i.e. those that belong to F7~1CP. O

By Proposition 2.3.6 we obtain the following.

Proposition 3.1.2. Let A be a complete profinite augmented algebra over F, and M be
a complete A-module. Then there is a May-type spectral sequence (EP? dP9) starting with

BV = Exty, 4(gr, M, T)
that converges to Ext?) (M, F).
Definition 3.1.3. We say that M is a strongly collapsing A-module if the maps
diloq . Eﬁloq N E{)Jrl,qfl
are zero for all p,q.

Remark 3.1.4. M is a strongly collapsing A-module if and only if ExtgrA(grq M,F) is
isomorphic to Ext’y (M, F) as F-vector spaces.

Proposition 3.1.5. Let A be a complete profinite augmented algebra over F, and M be
a complete A-module. The following are equivalent.

1. M is strongly collapsing.

2. If (Qa, 0) is a bounded from below locally finite graded free minimal gr A-resolution
for gr M, there is a bounded from above completely free minimal A-resolution (P,, 0)

for M such that (gr P,,grd) = (Q.,0).

3. If (P.,0) is a bounded from above completely free minimal A-resolution for M,
the complex (gr P,,grd) is a bounded from below locally finite graded free minimal
gr A-resolution for gr M.

Proof. 3 = 1. Consider the complex (C*,d). If we assume that (F,, ) is minimal, so is

(gr P,, gr0) by hypothesis. By Lemma 1.5.4, that is equivalent to d and gr d being zero.
Therefore HPT(F971C*) = 0 for p > 0. It follows that k¥? = 0 for all p, ¢ and so

-p+1,q—1
&= ok =0,
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1 = 2. Let (Q.,0) be a resolution as above. By Proposition 1.3.10 there exists a
bounded from above completely free A-resolution (P,,d) for M such that

(gr Pa, gr0) = (Q, 9).

We need to prove that (P,,d) is minimal. Denote by (C*,d) the filtered complex
Homy (P, F), so that gr C* = Homy, 4(Q,,F). We need to prove that d = 0. Consider

the exact couple
D1 “ > D1
Ey

that induced the spectral sequence. By hypothesis, d; = j; o k; = 0. For all n, it follows
that d,, = j, o k, = 0 in the n-th derived exact couple

D, s D,
E,

Jnok, =0 < Imk, C kerj, < keri, C Imi,.

By exactness,

Since the map i; : HP(FIC*®) — HP(F?'C*) is induced by the inclusion F1C® <
Fat1C® ) the map i, : HP(FC*) — HP(F9™(C®) is induced by the inclusion FIC*® —
FatnCe.

In the diagram below,

Faner=l 4 pangp 4y pa-ncpl

|

Facr-1 — 4 pacp 4 pacptl

l

patnor=l 4, patnce 4, patncptl
take x € FICP with dx = 0, so that [z] € HP(F?C*®). Then
e [7] € keri, if Iy € F©™CP~! such that dy = z,
o [z] € Imi, if x € FI~"CP.
From the inclusion keri, C Imz1,, for any n and for any p, ¢ it follows that
y € FI™CP~ 1 and dy € FICP? — dy € F1T"CP,
or, equivalently, that

Yy < qup_l and dy c I " — dy c Fq—QnCrp.
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By iterating, we obtain that, for any p, g

y € FICP " and dy € FI7'CP = dy e (| F7*"C”,

m>1
and since the filtration is separated, dy = 0. But as the map

gr C? = HomgrA(va ]F) - HomgrA(Qp—l’ F) = ar C’P_l

is zero, by minimality of (Q., 0), we obtain that d(F?C) = 0 for any ¢. By exhaustivity
of the filtration, d = 0.

2 = 3. Let (P,,0) be a bounded from above completely free minimal A-resolution
for M. Consider a bounded from below locally finite graded free minimal gr A-resolution
(Q.,0) for gr M. By hypothesis there is a bounded from above completely free minimal
A-resolution (P!, d') for M such that (gr P,,grd) = (Q.,0). By minimality, P, and P!
are isomorphic, and so are gr P, and gr P.. Since gr P’ is minimal, gr P, is minimal as
well.

]

Lemma 3.1.6. Let Ay, As and C' be complete profinite augmented algebras such that C,
fori=1,2, is a completely free A;-module.

Fori=1,2, let M; be a strongly collapsing A;-module.

Then M = M; @4, C ® M, ®4, C is strongly collapsing as a C-module.

Proof. Fori=1,2, let ( ’.,ﬁ) be bounded from below locally finite graded free minimal
gr A;-resolution gr M;. For i = 1,2, grC' is a bounded from below locally finite graded
free gr A;-module. By Lemma 1.5.12, the complex

(Qlo ®grA¢ gr C>§® 1)

is bounded from below locally finite graded free minimal gr C-resolution for gr M; ®g; 4,
grC'. Set

Q- = Qi ®grA:l gr Co Q% ®grA2 gr C7

and 0 = 0'®1+92®1. By Lemma 1.5.13, (Q,, 9) is a minimal graded free gr C-resolution
for gr M.

For i = 1,2, by hypothesis, there exists a bounded from above completely free minimal
Aj-resolution (P}, 0%) for M; such that (gr P!, grd’) = (Q%,0;). Therefore, by Lemma

o)

1.5.5, the complex (P! ®4, C,0" ® 1) is a bounded from above completely free minimal
C-resolution M; ®4, C. Define
Po:P.1®A10@P.2®AQC.

and 0 = 0' ® 14 0* ® 1. By Lemma 1.5.6, (P,,d) is a bounded from above completely
free minimal C-resolution M. We conclude noticing that gr P, = ), and grod = 0. m

Lemma 3.1.7. T is a strongly collapsing A-module if and only if AT is.

Proof. It is the immediate consequence of Lemma 1.5.3 and Lemma 1.5.9. [
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3.1.1 Multiplicative structure

For a completely filtered F-algebra A, we denote by (Bare(A, M), d,) the complete unre-
duced bar complex

Bar, (A, M)=ARA® - ® AOM
—
p times

with differentials d, : Bar, (A) — Bar,_; (A) defined as
dp(ag® a1 ® -+ ®a, ®m) = apa; ® -+ ® a, ® m+

P
Z(_l)iﬂao @ ®ai—10; Q-+ @ apt
i=1

(—DPay®@a ® -+ - ® a,m.

It is a completely free bounded from above A-resolution for M, and
C* = Homu(Bare (A, F),F))

is a filtered differential graded algebra.
Therefore as an immediate application of Theorem 2.4.16 we obtain the following.

Proposition 3.1.8. Let A be a complete profinite augmented algebra over F. Then there
is a May-type spectral sequence of algebras (EP?, dP?) starting with

BV = Exty 4 (F,F)
that converges, as an algebra, to Ext’y (F,F).
We obtain the following immediate corollary.
Corollary 3.1.9. The following are equivalent.

1. F is a strongly collapsing A-module.

2. Exty ,(F,F) is isomorphic to Ext!(F, ) as an algebra.

3.2 Strongly collapsing pro-p groups
Definition 3.2.1. We say that a finitely generated pro-p group G is strongly collapsing
if F is strongly collapsing as an F[[G]]-module.

The previous discussions shows that a finitely generated pro-p group G is strongly
collapsing if and only if H*(G) is isomorphic as an algebra to H*(L(G)).

Definition 3.2.2. A graded algebra A is called Koszul if
Ext"{(F,F) =0 forp,q>1 andp #q.

Proposition 3.2.3. Let G be a finitely generated pro-p group. If gr(F[[G]]) is Koszul,
then G is strongly collapsing.
Proof. For all p,q > 1, either Extg 3(1F[[G]])(]F ,IF) or Extg j(]lF’['[zgﬁ) (F,TF) is zero. In either case,
the map
g . Pq p+1,4-1
di" : Exty ey (F, F) = Exty i) (F, F)

is zero. OJ
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3.3 Examples

3.3.1 Uniform pro-p groups
Definition 3.3.1. A finite p-group G is powerful if

o G'<GH ifp=2;
o G'<GP,ifp>3.
A subgroup N < G powerfully embeds in G, or simply p.e. G, if
o [NG]< N ifp=2;
e [N,G] < NP, ifp>3.
Remark 3.3.2. G is powerful iff it p.e. itself.
Proposition 3.3.3. If N p.e. GG, so does NP.
Proof. See [16], Proposition 2.3. O
Corollary 3.3.4. If G is powerful, then lels p.e. G for any k > 0.

Proposition 3.3.5. If G is powerful,

k

D.(G) =Dy (G) =G, p1t<n<ph

p

Proof. We assume that p is odd. The case p = 2 is analogous.

We first show that D, (G) = G**. Since D, = D’fﬂ [D,_1, G, clearly GF* < D,

For the converse, we proceed by induction on k.
e k=0. Trivial.
o k> 0.

Dyt = D¥ [Dyei_y, G = G" [Dyrs 1, G) < G Dy, G
=" e, Gl < 6P

k+1
[

where in the last passage we used the fact that Gt pe. G.

For p* < n < p", we have D,(G) < Dyi(G) = G Viceversa, by induction,

G = (ka)p = (Dype-141(G))? < Dy p(G) < Dy (G).

Definition 3.3.6. A pro-p group G is powerful if
o« <G ifp=2;
o G' <GP, ifp>3.

A subgroup N <. G is powerfully embedded in G if
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.[N>G]§ 7Z.fp:2;

N4
e [N,G] < N7, ifp>3.
Remark 3.3.7.

o G is powerful if and only if it p.e. itself.

e N<.G pe inGiff NU/U p.e. in G/U for every U <, G.

Lemma 3.3.8. Let G be a pro-p group. For anyn € N,
G
D,(G)=1lm D, | —=].
= . (7)
Proof. Tt follows from the fact that, for any N <. G and any n € N,
N7 = lim {&}
fa.c L U
and that, for any N, H <. G,

[N, H] = lim
<G

NU HU
v’ U |

As a consequence,

Proposition 3.3.9. If G is powerful pro-p group,
D, (G) =D (G) = G, Pl <n < ph

p

Remark 3.3.10. The restricted F-Lie algebra associated to G has shape

G

k>0
In particular, it is abelian.

Proposition 3.3.11. For any k, i, the map x > 2P induces an epimorphism

Di(G)  Dyui(G)

p p

Doi(G)  Dyrinn (G)

p p

Definition 3.3.12. A powerful pro-p group is uniform if such map is an isomorphism.

Remark 3.3.13. As a consequence, for a uniform pro-p group G, the p-restricted Lie
algebra power map —?! : L;y(G) — L,i(G) is an isomorfism.

It follows that

Proposition 3.3.14. The graded algebra gr(F[[G]]) associated to a uniform pro-p group
G is graded free and commutative.

Since any graded free and commutative algebra is Koszul, we achieve the following.

Corollary 3.3.15. If G is a uniform pro-p group, it is strongly collapsing.
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3.3.2 Mild pro-p groups

Let V' be an F-vector space of finite dimension and consider the tensor algebra A = T'(V).
It is a locally finite graded algebra. Let R C A be a homogeneous ideal.

Lemma 3.3.16. The following is an exact sequence of locally finite graded A/R-modules.

AT A
R — = F—0. (3.1)

0= %47 " Rar R

Proof. Consider the short exact sequence of A-modules 0 -+ AT - A — F — 0 and
apply the functor — ®4 A/R. We obtain the long exact sequence

Tort (A, A/R) — Tori(F,A/R) = AT @4 A/R - A@4, A/R - F @4 A/R — 0,
for which the following hold:
e Tor(A, A/R) = 0, by definition;

F®4 A/R =T,

A®s AR = AJR;

AT @4 AJR = ATJATR:
Tort (A, A/R) = ker(A* JA*R — A/R) = RJATR.

]

Definition 3.3.17. We say that R is strongly freely generated by A if R/ATR is a graded
free-A/R module.

Remark 3.3.18. If R is strongly freely generated by A, then (3.1) is an A/R-free reso-
lution for IF.

Let G be a finitely generated pro-p group with minimal presentation
1-R—-F—>G—1,

i.e. such that R < ®(F). Consider the filtration R, = RN D,(F) on R, and define L'(R)
as the locally finite graded restricted Lie algebra induced by the filtration. It induces a
short exact sequence of locally finite graded restricted Lie algebras

0— L'(R) = L(F) = L(G) — 0.

Applying the universal enveloping algebra functor, we get a a short exact sequence of
locally finite graded algebras

0 =R — gr(F[[F]]) — er(F[G]]) =0,

where R is the ideal generated by the image of L'(R) in u(L(F)) = gr(F,[[F]]) = A.
Since A is 1-generated and R < ®(F) = Dy(F), it follows that R is 2-generated as an
A-module.

Definition 3.3.19. We say that G is mild if R is strongly freely generated by A.
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Proposition 3.3.20. If G is muld, it is strongly collapsing.

Proof. Since AT is 1-generated as an A-module, so is AT /ATR as an A/R-module. Anal-
ogously, R/ATR is 2-generated. In addition, AT /ATR is graded free over A/R, for A* is
free over A, while R/ATR is graded free over A/R by hypothesis. Therefore (3.1) is an

A/R-graded free resolution for F, and we can use it to compute the cohomology groups
of the A/R-module F, where A/R = gr(F[[G]]). Since the resolution has length 2,

Ext??

gr(]F[[G}])(E F) =0 for p > 3.

Since L(G) is 1-generated,

1,

It follows that for all p, ¢

I pa

p+1,g—1
an [ F) = Exty i) (F, F)

1s zero. O

3.3.3 Powerful p-central p-groups

In the following, p is an odd prime.
Definition 3.3.21. A group G is p-central if G < Z(G).

Definition 3.3.22. We say that a p-central p-group has the )-extension property, or
QFEP, if there exists a p-central group K such that K/K? = G.

Remark 3.3.23. Clearly an abelian p-group G is both powerful and p-central. Moreover,
if G 1s p-elementary abelian, it has the QEP, with K = G.

Lemma 3.3.24. Let G be a powerful p-group, with rank n and exponent s. Then L(QG)
has a presentation

L(G) = (z1,..., 2, | xgp]%, [z, 2] fori,j=1,...,n).

for some s; < s.

Proof. By definition,

Since p is odd, it is abelian. n
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Lemma 3.3.25. Consider the Fy-algebra

= Fylz1, ..., 2,
T, Py
(] ..., zn )

Then
Exts(Fp, F,) = Alzy, ... 2] @ Fplyr, ..o, vl

where the x;’s have degree 1 and the y;’s have degree 2.
Proof. It follows by noticing that A corresponds to the F,-group algebra of the group

G=7/p"Z x ---xZL|p*Z,
which has the required cohomology. O
Proposition 3.3.26. Let G be a powerful p-group. Then

H*(L(G@)) = Az, ..o, 20 @ Fplyn, - -+, Unl,

where the x;’s have degree 1 and the y;’s have degree 2.

Proof. By Lemma 3.3.24,

Fylz1,. .., @)

(a:fsl,..., %f")‘

u(L(G)) =

Therefore, we conclude applying Lemma 3.3.25. O]

T. Weigel provided of classification of finite groups with mod p cohomology isomorphic
to that of an abelian group ([14], Theorem A), from which, we can deduce the following
result.

Corollary 3.3.27. Let G be a p-group with p > 2, and n = dim(Q,(G)), where
W(G)=(9eCG|g"=1).
The following are equivalent.

1. H*(G) = Az, ...,z @ Fplyr, ..., yn], where the z;’s have degree 1 and the y;’s
have degree 2.

2. G has the QEP.

Since G is strongly collapsing if and only if H*(G) ~ H*(L(G)), we get the following.
Corollary 3.3.28. Let G be a powerful p-group. The following are equivalent.

1. G has the QEP.

2. G s strongly collapsing.
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3.4 Constructions

Proposition 3.4.1. If G| and G4 are are strongly collapsing pro-p groups, then G1 X Gs
and Gy I1 Gy are strongly collapsing pro-p groups.

Proof. By definition of strongly collapsing pro-p group, F is strongly collapsing as an
F[[G1]]-module and as an F[[G5]]-module. By Lemma 3.1.7, that is equivalent to saying
that 7((G4)) is strongly collapsing as an F[[G}]]-module and I((G3)) is strongly collapsing
as an F[[G3]]-module.

If G = G 1 Gy, its group algebra is F[[G]] = F[[G1]] LIF[[G3]]. Its augmentation ideal
is

I(G)) = I(G1) ®eyiey FIIG) & 1(G2) S FIGI].

If G = G x Gy, its group algebra is F[[G]] = F[[G1]] ® F[[G2]] and its augmentation ideal
1s

(G1) ®F([Go]] ® F[G1]] © I(G2))

I(G) =1
= I(G1)) ®r(ic) FIG]] ® I(G2)) @rye.) FIGI)-

In either case, F[[G]] is completely free as a F[[G1]]-module and as a F[[Gs]]-module,
and we fall under the hypotheses of by Lemma 3.1.6 I((G)) is strongly collapsing as a
F[[G]]-module. We conclude applying again Lemma 3.1.7. O
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Chapter 4

A pro-p generalization of a result by
Lichtman

If Gy and G5 are pro-p groups, and H is a common (closed) subgroup, their amalgamated
free pro-p product with amalgamation G = G114, G4 is the universal object that fits the
commuting diagram

H—— G1

L

G2—>G.

It corresponds to the pro-p completion of their amalgamated free product as abstract
groups. Unlike with abstract groups, the induced maps G; — G and G5 — G may not
be injective, as was shown by L. Ribes ([7]). We say that G is a proper amalgamated free
product otherwise.

When H is the trivial subgroup, G is called the free pro-p product of G; and G5. Using
the fact that for a finitely generated pro-p group G the graded algebras gr(F[[G]]) and
gr(IF[G]) are isomorphic (cfr. [16], chapter 12), Theorem 5 may be immediately adapted
to the category of pro-p groups.

Theorem 4.0.1. Let Gy and G2 be finitely generated pro-p groups and let G be free
product in the category of pro-p groups. Then L(G) is isomorphic to the free product of
p-restricted Lie algebras L(Gy) and L(Gs).

In this chapter we extend this result to amalgamated free pro-p product under the
mild and reasonable condition that the inclusion of the filtration on the amalgam fits
those on the factors.

To state this assumption, we introduce the notion of strict embedding, both for ab-
stract groups and for pro-p groups

Definition 4.0.2. A (closed) subgroup H of G is strictly embedded in G if, for all n,
D,(H)=D,(G)NH.

For finitely generated pro-p groups, that is equivalent to requiring that the inclusion
of H in G induces an inclusion of L(H) in L(G).
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Theorem 4.0.3. Let H, G; and G5 be finitely generated pro-p groups such that H is
strictly embedded in Gy and G, and let G = Gy 11}, Gy be their amalgamated free pro-p
product. Then the natural morphism of p-restricted Lie algebras

18 an isomorphism.

An immediate consequence is that amalgamated free pro-p product is proper.

4.1 Amalgamated free products of algebras

Definition 4.1.1. Let Ay, Ay and C be F-algebras, with morphisms A\ : C' — A; and
Ao i C'— Ay. Consider the algebra

T(Al, AQ) - @ Tn(A17 A2)7

where
T, (A1, Ay) = sum of tensor products of n terms over A; and As,

and multiplication s linearly defined by juzrtaposition of terms.
Let I CT(Aq, Ay) be the ideal generated by the elements

{a®@b—ab, M\(c)— Xac)|a,be A, i=1,2, ceC}
We define the amalgamated free product of Ay, As with respect to C as the F-algebra
Ayl Ay =T(Ay, As) /1.
If we denote by 9, : Ay = A; g Ay and v, : Ay — A; llg Ay the natural morphisms

Ay = T (A1, Ay) —» Ay Lo Ay,
Ay = T(A1, Ag) - Ay Lo Ay,

there is a commuting diagram

o — A

bk

A2 L Al HC AQ.

As an algebra, A = A; llo A, is characterized by the following universal property.
If D is an F-algebra and ¢; : Ay — D and ¢y : Ay — D are morphisms such that
¢1 011 = ¢ 0 19, there exists a unique morphism ¢ : A — D such that ¢; = ¢ o 91 and
P2 = ¢ o 1s.

In general, the sole condition that C' is a subalgebra of A; and Ay does not guarantee
that their amalgamated free product is proper, i.e. that both A; and A, are subalgebras
of A, as the following example shows.
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Example 4.1.2. Consider the algebras C, Ay and Ay, with C' C Ay and C C A,, defined
by the following presentations.

C = {c),
Ay = (c,x | zc = cx = 0),

Ay = {(c,y |yc=cy =1).
Their amalgamated free product
A e Ay = (c,z,y | ze = cx =0, yc = cy = 1).
is isomorphic to As, because
r = x(cy) = (zc)y = 0.
In particular, Ay is not a subalgebra of Ay g As.

However, that is true when both A; and A, are free over C, as we can establish a
normal form-type result.

Proposition 4.1.3. Let C, Ay and As be F-algebras, and Ay : C' — Ay and Ay : C — A,
injective morphisms. Suppose, fori = 1,2, that A; is free as a right C-module, with basis
B;, with 1 € B;. Consider the tuples

(U1, ..., 0p)

where n € N and v, € B;,, with i, € {1,2} and v, # 1, for 1l =1,...,n. We say that the
tuple (vy,...,v,) is reduced if iy # i1 forl=1,...,n— 1. We denote by W the set of
reduced tuples together with 1 and define a map ¥ : W — A; o Ay by

\P(Ul, e ,Un) = wil (’01) Ce ’l/}ln<’Un)
Then A11l¢ As is a free C-right module, and the image of ¥ forms a C'-basis for Ay1c As.

Proof of the Proposition. If we denote by W the free right C-module generated by the
reduced words W, we may extend ¥ to a monomorphism of right C-modules ¥ : W —
A; e Ay. We need to prove that such morphism is bijective.

First note that, by definition,

W((vr, o vn)e) = i (v1) - iy ()1 (A (€)).

By induction on n it can be shown that W : W — A; 1 A, is surjective, so we need only
to prove that it is injective.
We define
Wl :{(vb"'avn) EW‘/LTLZQ}

and Wy = span, {W;}. Consider the map 6; : W; @ By — W defined as

O1((v1, ..., 0p1) Q) = {(U17---7Un1,’u) v#1,

(U1, Vp1) v=1.
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It is invertible, with inverse ¢, : W — W; ® B; defined as

(Ulw'-avnfl) RUp Iy = 17
Vi, ..., Up) = .
vr(vn ) {(Ul,...,vn)@)l Ip = 2.

Then 6; extends to an invertible map of right C-modules ¢, : W; ® A; — W. For any
a € A; we may then construct a linear map fi, : W — W in the following way: any
element reduced word w has shape w = 6;(w’ ® v), for some w' € Wy and v € ;. We
then define

Jr.a(we) = 61 (w' @ viby(c)a).

Also, for any ¢ € C' we define f.: W — W as f.(wd) = wc'c.
Such maps satisfy the following properties.

1. fia(Oi(w'®d")) =01 (w' ®d'a). It is a consequence of A; being a free right C-module
and of the linearity of 6.
2. finge = fe fw=0(w®v),
S0 (wc) = 01(w" @ vA(dc)) = 0(w' @ v)dec = wd'c = f(wc)
3. fi1 = lw. Obvious.
4. firaw = fra © fie. It follows from 1).

5. firatras = Tf1.a + 7" fra. It follows again by linearity of 6;.
Similarly, for any a € Ay we may define maps fo, : W — W enjoying the same properties.
Consider B = Endg(W). It is an F-algebra, with operations
(rofi +rafa)(w) = rifi(w) + rafo(w),
Ji-fa = fao f1.

For given ¢ and a € A; we may define 0, : A; — B as 6;(a) = fi . By 3), 4) and 5) every
0; is a F-algebra homomorphism. By 2) the following diagram commutes,

C 24
l)\z l@l
AQ L B.
So by the universal property of the pushout, there is a unique morphism of F-algebras
p: A1l Ay — B such that 6; = pot); for i = 1,2. Take a reduced word w = (vy, ..., v,).
For any c € C
we = (vy,...,v)c= fe(vr,...;0n) = fe(0;, ((V1, ..., 0p1) @ vy)
= fc(fin,vn(vla o avnfl)) == (fc o fin,vn 0---0 fil,m)(l)
= (fivon =+ Siwwn - J) (1) = p(iy (01) - i, (vn) 11 (Aa(€))) (1)
= p(¥(w)c)(1).
Take now x € W such that W(z) = 0. Write x = >, wcy,.
0= p(W()(1) = > p(T(w)e,)(1) = ) we, =,
wew weW

and W is injective. O
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Corollary 4.1.4. Under the previous hypotheses, the maps ¥y and 1) are injective.
Proof. Let i = 1. Take a € Ay such that ¢1(a) =0. Ifa =} 5 ve,,
0=1i(a) =Y i(w)i(M(e) = > T(v)e,

vEB vEB
Therefore ¢, = 0 for any v € By, and so a = 0. O
As another immediate corollary, we retrieve a known result by Shirshov ([18]).

Corollary 4.1.5. In the pushout of p-restricted Lie algebras

Lo — 2 1,

\[)\1 l’d}z
Ly L Ly 1y, Lo,
the morphisms 11 and 1y are injective.

Proof. By the p-restricted PBW Theorem,

1. a Lie algebra L is contained in its universal enveloping algebra u(L),

2. for any subalgebra L' C L, the algebra u(L) is free as a u(L')-module.

The functor L — u(L) has a right adjoint, therefore it preserves pushouts, and by 1)
it is faithful, so it reflects monomorphisms. By 2) we may apply Corollary 4.1.4 to the
diagram of algebras

u(Lo) — L)

lu(m l““”?)
u(e1
s (L) () (L),

u(Lg) —
to obtain that u(¢y) and u(¢y) are injective, and so are ¥; and . O

4.1.1 Amalgamated free product of filtered algebras

Let C', A; and A, be filtered algebras, and A\; : C' — A; and Ay : C' — A, filtered free
morphisms, with filtered basis B;, with 1 € B;. By Proposition 4.1.3 the image of ¥ form
a basis for A; lI¢ As. By Lemma 1.1.17, if we set

V(Wi (v1) - i, () = va, (V1) + -+ va,, (va).

we can endow A; I Ay with an algebra filtration in such a way that ¢ o Ay = g0 Ay :
C — Ay llg Ay is filtered free, with filtered basis formed by the image of .
We call v the standard filtration on A; Il As.

Lemma 4.1.6. With the standard filtration, 11 and ¥y are strict

Proof. For ¢ = 1,2, take an element a € A;, with a = 20631 ve,. Then
v(¥i(a)) =v (Z %(@M@v@))) =v (Z ‘I’(v)cv>
veEB; veB;

= inf(va,(v) + ve(cy)) = va,(a).

20



4.1.2 Amalgamated free product of graded algebras

Let C, A; and A, be graded algebras, and A\ : C' — A; and Ay : C — A, graded free
morphisms, with homogeneous basis B;, with 1 € B;. By Proposition 4.1.3 the image of
U form a basis for A; I1c As. We can endow it with a grading

deg (i, (v1) - i, (vn)) = degy, (v1) + -+ degy, (vn).

so that ¥y o A\ =Yg 0 Xy : C — A; g Ay is graded free, with homogeneous basis formed
by the image of W.

4.2 Proof of Theorem 7

Proposition 4.2.1. Let C', Ay and As be filtered algebras, and Ay : C — Ay and Ay :
C — As filtered free morphisms. If B .= Ay g As is filtered with the standard filtration,
the natural map 7 : gr Ay g, o gr Ay — gr B is an isomorphism of graded algebras.

Proof. Consider, for i = 1,2, the set B; is a filtered C-basis for \;.

Proposition 4.1.3 produces a filtered C-basis V for 110 \; = 990Xy, where B is filtered
by the standard filtration.

On the other hand, by Lemma 1.3.3 the set B; is a graded gr C-basis for gr \;, and
Proposition 4.1.3 produces a graded gr C-basis for gr\; o ] = grAs o ¢, W. Since
P10 A\ = 19 0 Ay is strict, gr C-basis of gri; o grA\; = grapy o gr Ay is graded free, by
Lemma 1.3.3, with graded gr C-basis V. Since 7 induces a bijection between W and V,
it is an isomorphism. O

Lemma 4.2.2. Let ¢ : C'— A be a morphism of augmented algebras. If ¢ is surjective,
1t 18 strict.

Proof. Since e = £4 0 ¢,
Ct =kereg =ker(cao0p) = ¢ '(kerey) = ¢ 1(AT) = ¢(CT) = AT,
Since ¢ is surjective, ¢(Ct) = ¢(¢~1(AT)) = AT and, for every n,
G(F"C) = o((CT)") = o(CT)" = (AT)" = F"A.
[

Proposition 4.2.3. Consider \; : C' — Ay and \y : C — As be morphisms of augmented
algebras and B = A; g As. Then B is an augmented algebra and v, and vy are maps
of augmented algebras. If, in addition,

1. A\ and Xy are filtered free,
2. 1 (AT) and 1o(A3) generate BT,
then the augmented filtration on B coincides with the standard filtration.

Proof. Since €4, 0 \; = ¢ = €4, © Ay, by the universal property of the pushout there
is a unique map of algebras ¢ : B — R such that e o1y = €4, and €01y = €4,. So B
is augmented and v; and vy are augmented. Denote by v/ the filtration induced by the
augmentation ideal.

Let us assume now that 1) holds. Denote by v/ the filtration induced by the augmen-
tation ideal and by {F"B}, ., the subalgebras induced by the standard filtration v, so
that, for any b € B -
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e v(b) >n <= be F"B, and
e V(b)>n < be (B

Since 17 and and v, are augmented, by Lemma 4.2.2 they are filtered with respect to v/'.
Moreover, by Lemma 4.1.6 they are strict with respect to v. It follows so both ) (A])
and 1y(A3) are contained in F'B. By 2) then BT C F'B, and

)" C (F'B)" C F"B,
V'(b) for any b € B. Combining this fact with
V(@i (1) - i, (0n) = vag, (v1) + -+ vag, (vn),
i, (v

V(@i (v1) - ) 2V (i (01))) + -V (@i, (vn))
> va, (V1) + -+ va, ().

(B
from which it follows that v(b) >

TL

)
)

Chaining the inequalities, we obtain that

V(@i (v1) - tbi, (vn)) = va, (1) + -+ va,, (va),
therefore v = /. ]

Proposition 4.2.4. Let G be a residually p group and H a subgroup of G. The following
are equivalent.

1. H is strictly embedded in G.

2. The inclusion map F[H] — F[G] is filtered free.

Proof. 1) holds if and only if the induced map L(H) — L(G) is injective. By the p-
restricted Poincaré-Birchoff-Witt Theorem ([9], Theorem 2.5.5.1) and Quillen’s Theorem
([6], Theorem 1), that is equivalent to the map gr(F[H]|) — gr(F[G]) being graded free,
which by Lemma 1.3.3 is in turn equivalent to 2). O

Proof of Theorem 7. Let G' be the abstract amalgamated free product of G; and Go
with respect to H, so that G is the pro-p completion of G’; and gr(F[G']) is isomorphic
to gr(F[[G]]). Set

C=TF[H], A =F[Gi], A,=F|[Gs], B=F[G].

and let \; : C — A; and \y : C — A, be the inclusions, which are filtered free by
Proposition 4.2.4, while B is the pushout of A; and Ay with respect to C.

For any element g € G’, by the normal form theorem, g = ¢; ... g for some ¢, € G,
where i; # ;41 for [ =1,...,k — 1, and possibly g, € H. Therefore

l1-9)=0-g)+A—=g2...9r) —(1—=g1)(1—9g2...9x)

By induction it follows that BT = I(G") is generated by I(G,) = A and I(Gy) = AS. By
Proposition 4.2.3 the augmented filtration on F[G] coincides with the standard filtration,
and by applying Proposition 4.2.1 we establish that the natural map of graded algebras

gr(FIGh] Uygeim gr(FGa]) — gr(FIGT).
is an isomorphism. It follows that also that the map

gr(F[[G]] Hgeeany) gr(F[[G]]) — r(F[IGT))-

is an isomorphism. O
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Chapter 5

Filtered formality and genus of a
pro-p group

5.1 Filtered formal pro-p groups

Strongly collapsing pro-p groups are characterized by having cohomology isomorphic to
that of their p-restricted Lie algebra L(G). Perhaps the simplest case in which this
happens is represented by the following class of pro-p groups.

Definition 5.1.1. A finitely generated pro-p group G is said to be filtered formal if it
admits a strict isomorphism of filtered algebras ¢ : F[[G]] — gr(F[[G]]).

Filtered formal groups were introduced by A. I. Suciu and H. Wang to describe a
property of 1-formal groups related to its Malcev Lie algebra (details in [20]).

Proposition 5.1.2. Let H, G1 and G5 be filtered formal pro-p groups such that H is
strictly embedded in G1 and G4, and let G = G111y Gy be their amalgamated free product.
Then G is filtered-formal.

Lemma 5.1.3. Consider, in a category, the following commuting diagram

BléBQ

N
D A —2 4 D,.

U

01%02

If the left side is a pushout, then there is a unique map d : Di — Dy that makes the
diagram commoute.

If, in addition, the right side is a pushout and a, b and c are isomorphisms, then d is
an isomorphism.

Proof. Diagram chasing. O]

Proof of Proposition 5.1.2. The functor that sends a filtered algebra to its completion,
being left adjoint to the forgetful functor, preserves pushouts. Therefore the previous
morphism induces an isomorphism of F-algebras

Fl[G]] Wy F([Go]] — F[G]).
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Similarly, 7 induces an isomorphism of complete algebras
gr(F[G1]) Ugim) 8r(F[G]) — gr(F[G]).
By hypothesis, there are also isomorphisms
¢1 : Fl[G1]] — gr(F[G1]),
¢z : Fl[Go]] — g1 (F[Ga)),
¢ - Fl[H]] — gr(F[H]).
We conclude applying Lemma 5.1.3 to the diagram

gt (F[G1])
F[[G gr(F[H]) gr(F[G])

And noticing that the isomorphism it produces IF[[G]] — gr(F[[G]]) induces the identity
on gr(F[[G]]) by construction. O

5.1.1 Free pro-p groups

The simplest class of filtered formal pro-p groups is formed by finitely free pro-p groups.
Proposition 5.1.4. Finitely generated free pro-p group are filtered formal.

Lemma 5.1.5 (([10], Lemma 25)). Let A be an algebra F(Xy,..., X,,)/J # 0, where J is
generated by homogeneous polynomial in the x;’s, and I = (Xy,...,X,)/J. With respect
to the filtration induced by I, the map x +— T defines a strict isomorphism of filtered
algebras.

A —grA

Proof. of the Proposition Let F' be a finitely generated pro-p group and rk(F') = n. Then
F' is the pro-p completion of the free group F” generated over n elements.

Clearly gr(F[[F]]) ~ gr(F[F']) ~ F(Xy,...,X,), and Lemma 5.1.5 for J = 0 shows
that gr(F[F']) ~ F[F']. Passing to the completions we obtain that F[[F]] is isomorphic to
r(FI[F). .

5.1.2 Uniform abelian pro-p groups

Proposition 5.1.6. Let G be a finitely generated pro-p group. Then G is uniform and
filtered formal if and only if it is abelian and torsion free.

Proof. If G is abelian and torsion free, G ~ Z7 where n = 9(G), and
F[[G]] ~ F[[ X1, ..., X,]],
And clearly F[[G]] ~ gr(F[[G]]). Viceversa, if G is uniform, from 3.3.14 it follows that
gr(F[[G]]) = F[[ X4, ..., X))

Since G is filtered free, F[[G]] is isomorphic to gr(F[[G]]), therefore F[[G]] is commutative
and torsion free, and so is G. O
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5.1.3 Right-angled Artin pro-p groups
Undirected graphs

A undirected graph I' = (V, E) consists of a non-empty set of vertices V and a set of edges
E C Py(V), where Py(V') denotes the set of subsets of V' of cardinality 2. If &2 = Py(V)
we say that I' is complete.

Subgraphs are defined in the obvious way, and we say that a subgraph "= (V' E)
of an undirected graph I' = (V| E) is induced if

E =EnPy (V).

We say that such a subgraph is proper if V! C V.
A finite complete, and therefore induced, subgraph with n vertices is called an n-clique.

LetT; = (V1, El) and F2 = (V4, E’Q) be two undirected graphs, with a common induced
proper subgraph A = (V' E’). The patching of I'; and I'y along A is the graph T' = (V, E)
with

V=VUW,
E:E1UE2,

where we identify the vertices lying in V3 N V" and in V5 N V', and the edges lying in
EyNE and in E; N E.

A finite undirected graph I = (V, E) is chordal if there are no induced subgraphs of
I which are circuits of length at least 4.
Chordal graphs are characterized by the following property ([17], Prop. 5.5.1).

Proposition 5.1.7. A finite undirected graph T is chordal if and only if one of the two
0CCUTS.

o I' is complete

ol decomposes as patching of two induced proper subgraphs Iy and f‘2, along with a
common clique A.

We will always assume graphs to be finite.
Pro-p right-angled Artin groups
Associated to an undirected graph I = (V, E) we can define the following objects:

e the right-angled Artin group Gj

Gf‘ = <V | [va]v {U>w} S E>7

e the right-angled Artin pro-p group Gf, as the pro-p completion of G},

o the right-angled Artin p-restricted Lie algebra Ly

Lf‘ = <V | [U’w]v {U,’LU} € E>7
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o the right-angled Artin associative algebra Ay
Ap = {V | vw = wv, {v,w} € E}
Inclusions of induced subgraphs induce split monomorphisms in each category.

We quote some results from [21].

Theorem 5.1.8 (Theorem 1.4i). Ay is a Hopf algebra, and the identity V- — V induces
a natural isomorphism of Hopf algebras Ay — u(Ly).

The powers of the augmentation ideal define a filtration on Aj.

Theorem 5.1.9 (Tl}eorem 1.3ii). The map v — 1+v defines a strict morphism of filtered
algebras F[|Gy]] — Ag.

Theorem 5.1.10 (Theorem 1.4ii). The identity V' — V induces a natural morphism of
p-restricted Lie algebras Ly — L(Gy).

Proposition 5.1.11. [ff = (V, E) 15 an undirected graph, the pro-p group Gf is filtered
formal.

Proof. Theorem 5.1.8 and Theorem 5.1.10 tell us that A; id the p-restricted enveloping
algebra of L(Gy). Quillen’s isomorphism u(L(Gy)) — gr(F[[Gy]]) provides a strict iso-
morfism of filtered algebras gr(F[[G]]) — Aj, which induced an isomorphism on their
completions

Ay — gr(F[[Gy])).

Combining such isomorphism with that of Theorem 5.1.9, we obtain a strict isomorphism
of filtered algebras

FI[G]] = gr(FIG)

5.2 Genus of a pro-p group

Definition 5.2.1. Given an Ny-graded locally finite p-restricted Lie algebra L we define
its genus as the set

gen (L) = {G pro-p group | L(G) is isomorphic to L} .

Given a finitely generated pro-p group G, we define its genus as the set of pro-p groups
gen (G) = gen (L(G)).

Question 6 can be rephrased in the following way:.

Question 5.2.2. [s it true that for any Ng-graded finite dimensional p-restricted Lie
algebra L the set gen (L) is non-empty?

Definition 5.2.3. A pro-p group G is said to be rigid when |gen (G) | = 1.

26



Proposition 5.2.4. Free pro-p groups are rigid.

Proof. Let F' be the free pro-p group over n generators. It was shown by Lazard that
L(F) is a free p-restricted Lie algebra on n generators (details in [19], Theorem 1.3.8).
Viceversa, let G be a finitely generated pro-p group whose associated p-restricted Lie
algebra L(G) is free. In particular, L(G), so G is strongly collapsing and G has cohomo-
logical dimension 1. By a characterization of free pro-p groups ([15], Theorem 4.12), G
is free. O

Rigidity is a strong property of a pro-p group, as generally some information is lost
in the linearization G +— L(G). In other cases, we are still able to characterize elements
of the genus of a pro-p group in in terms of other properties, such as cohomology.

Proposition 5.2.5. Let G be a uniform pro-p group. Then
gen (G) 2 {G"| G" is uniform and d(G) = d(G")}
Y {G" | G" is uniform and H*(G) ~ H*(G")}.
Proof. We first prove a). Let G’ be a uniform pro-p group with
dim(L;(@)) = d(G) = d(G') = dim(L{(G")).

By Proposition 3.3.11 it follows that L(G’) is isomorphic to L(G). Viceversa, let G’ be a
pro-p group and « : L(G") — L(G) an isomorphism of graded p-restricted Lie algebras.
For every ¢ > 0 the following diagram

Li(G) —— Li(G")

l, [p] l, [p]

Lip(G) — Liy(G)
commutes, and the power map —P : L;(G") — L;,(G’) is an isomorphism. We conclude

that G’ is uniform.
To prove b), we recall that G’ is uniform if and only if H*(G') = A\, H'(G") ([13],
Theorem 5.1.5), and that dim H'(G’) = d(G’), and use part a). O

Corollary 5.2.6. Let G be a uniform pro-p group and let G1,Go € gen (G). If G1 and
G are filtered formal, they are isomorphic.

Proof. By Proposition 5.1.6, we know that G; and G, are uniform and 9(G1) = 9(G2) =
n = 0(G) =: n. Since they are filtered formal, by Proposition 5.1.6 they are abelian and
torsion free, so they are isomorphic. O

Note that Corollary 5.2.6 gives a positive answer to Question 9 when G is a uniform
pro-p group.
Proposition 5.2.7. Let G be a mild pro-p group with quadratic cohomology. Then
gen (G) = {G" | G" is mild and H*(G) ~ H*(G")}.

Proof. If G is mild and H*(G) is quadratic, H*(G) is Koszul and u(L(G)) is isomorphic
to the quadratic dual of H*(G) (23], Theorem 1.3). Since G’ is a finitely generated pro-p
group of cohomological dimension 2 and H*(G’) is Koszul, G’ is mild (][23], Proposition
1.4). Therefore u(L(G")), being isomorphic to quadratic dual of H*(G') ~ H*(G), is
isomorphic to u(L(G)). O
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5.3 Oriented right-angled Artin pro-p groups

5.3.1 Oriented graphs

An oriented graph I' = (V| E) consists of a non-empty set of vertices V', which again
we assume finite, partitioned as a disjoint union V' = V, UV, and a set of edges E C
V x V\ A(V), where

A(V)={(v,0) EV xV |veEV}.

The projections onto the first and the second coordinate define two maps, the origin
o: F — V and the terminus t : E — V. The set E can be partitioned as £ = F, U F,,
where the set

Es={ec E|(t(e),0e)) & E}

is called the set of special edges, while E, is the set of ordinary edges. The partition on
the vertices has to satisfy the following condition: if e € E, then o(e) € V.

We say that an oriented graph I' is special if the terminus of every special edge is a
special vertex.

For every oriented graph I' = (E, V) there is an undirected graph I = (V, E), where

E= {{o(e),v(e)} | e € E}.

An oriented graph I is said to be chordal if T' is chordal.

5.3.2 Oriented pro-p groups
Definition 5.3.1. An oriented pro-p group is a couple (G,0), where G is a pro-p group

and 0 : G — Z; is a morphism, called the orientation of G.
A morphism of oriented pro-p groups ¢ : (G,0) — (G',0") is a morphism of pro-p
groups such that 6 = 6 o ¢.

Amalgamated free pro-p product of oriented pro-p groups

Let (G1,0:;) and (Gs,05) be oriented pro-p groups with a common subgroup H on which
the orientations agree. The amalgamated free pro-p product G; Il G5 can be endowed
with the structure of a pro-p oriented group, whose orientation is induced by the universal

property.
H

G1 E— GlﬂHGg — GQ
X L 6
10
+
A

We say that
(G’ 9) = (le 91) Iy (G27 92)

is the amalgamated free pro-p product of (G1,6;) and (Gs, 02) with respect to H.
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5.3.3 Oriented pro-p right-angled Artin groups

Given an oriented graph I' = (£, V) and a continuous morphism A : Z, — Z, , called
linear orientation, we call the pro-p defined by the pro-p presentation

1 if@GEQ,

Ve = (v,w) € E).
M) ife e By (v, w) )

Gra=(veV| [v,w]:{

the oriented right-angled Arting pro-p group associated to I and A (cfr. [24]). It naturally
carries the structure of oriented pro-p group, with orientation 6r \ : Grx — Z, given by

brr(0) 1 ifvel,
v =
A A1) ifv eV

Proposition 5.3.2 ([25], Proposition 4.11). Let I' = (V| E) be a specially oriented graph
and X : Z, — Z) a linear orientation. If A = (V(A), E(A)) is a clique of ', then the
inclusion V(A) — V induces a monomorphism of oriented pro-p groups

(Gax,0ax) = (Groy, 0 )).

Lemma 5.3.3 ([25], Fact 4.1). IfT" is the patching of two induced subgraphs I'1, I'y along
a common induced subgraph A and X : Z, — 7, any linear orienteation, the associated
oriented pro-p group Gr  decomposes as an oriented free product of with amalgamation

of pro-p groups
(Gra, Orx) = (Grox, O, 0) ey, (Grgas Or,,0)-

Proposition 5.3.4. If a special oriented graph I' is chordal, for any linear orientation
A

Gra € gen (Gy)

Proof. We consider the two cases of Proposition 5.1.7. If I' is complete, it has at most
one special vertex, say v. For any vertex w € V,

[v,w] = 1A ¢ DP(Gr,)

as Im(\) C 1+ pZ, (or Im(X\) C 14 4Z, if p = 2). Then the image of [v,w] in L(Gr,) is
zero, and L(Gr,) =~ Lj.

Otherwise the graph I" decomposes as the patching of two induced proper subgraphs
I'; and I's, along a common clique A. By Lemma 5.3.3

(G, Orpn) = (Grya, 0r,0) ey, (Grgoa, Or,,0).

By Proposition 5.3.2 the inclusions A < I'y and A < TI'y induce monomorphisms of
oriented pro-p groups pt1 : Gax — Gp, x and pg : Gax — Gr, x. By inductive hypothesis



As a consequence, L(m;) and L(ms) are injective, and Ga , is strictly embedded in Gr, »
and in G, ».
By theorem 7,

L(G,\) ~ L(GFl,)\) HL(GA A) L(GF%A) ~ Lf1 HLA. Lfg ~ Ll'a ~ L(GF)
) A

We are now able to provide a partial answer to Question 8.

Corollary 5.3.5. Let I' be a specially oriented chordal graph, let \ : Z, — Z; be a
continuous homomorphism and let Gr x be the oriented pro-p right-angled Artin group
associated to I' and A\. Then L(Gr.) is quadratic.
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