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Abstract

We compute general compatibility conditions between a weakly nonlocal homogeneous
Hamiltonian operator and a third-order homogeneous Hamiltonian operator. Such operators
determine a bi-Hamiltonian structure for many integrable PDEs (Korteweg—De Vries, Camassa—
Holm, dispersive water waves, Dym, WDVV and others). Remarkably, the full set of conditions is
purely algebraic and the first-order operator is completely determined by commuting systems of
conservation laws that are Hamiltonian with respect to the third-order operator. We illustrate the
above results with several examples, some of which, concerning WDVV equations, are new.

1. Introduction: formulation of the problem and main results

One of the most important ways to define integrable hierarchies of PDEs is through a compatible pair®
of Hamiltonian operators A, A,. Indeed, by Magri’s theorem [37] an integrable hierarchy of PDEs in
n dependent variables u' = u'(t,x), i = 1,...,n, of the form

i ij 5Hn
=AY ( S )

is defined by recursively solving the equation

SH,\ _, (6H,
Al( i )‘A2<6w‘>

for H,y1. That implies that all PDEs in the hierarchy are endowed with an infinite sequence of con-
served densities {H,} that commute with respect to the Poisson brackets defined by both Hamiltonian
operators as

SF
{ 7G}1 51/[}1 1

« 9G

S X, i=1,2.

That is the essence of the celebrated bi-Hamiltonian formalism for PDEs. In practice, the applicability
of the method, i.e. the well-posedness of the recursion relations, relies on some additional conditions
like the vanishing of certain cohomology groups ensuring the existence of solutions at each step of the
iteration.

6 We recall that two Hamiltonian operators Aj, A, are compatible if and only if any linear combination AA; + A, of them (‘pencil’) is
a Hamiltonian operator.

© 2026 The Author(s). Published by IOP Publishing Ltd
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If we have a closer look at bi-Hamiltonian equations that were found at the beginning of the
research work on integrable PDEs, we notice that many of them are determined by Hamiltonian oper-
ators that are homogeneous with respect to the grading given by the count of x-derivatives in their
expressions. The study of such operators was initiated by Dubrovin and Novikov [14, 15]. The list of
the above equations includes, but is not exhausted by, the KdV equation, the AKNS Equation [16, 31],
the Kaup—Broer system [30], the Dispersive Water Waves system [3, 30], the coupled Dym system [2],
the Monge—Ampere system7, the WDVYV first-order systems and others (see [33, 45, 51] for a more com-
plete discussion and an extensive list of references). Basing on remarks in [44], we introduced two types
of bi-Hamiltonian equations determined by the following types of bi-Hamiltonian pairs:

e bi-Hamiltonian pairs (A;,A,) of KdV-type [33, 36]:
Ay =P +Ry, Ay =Q

where P;, Q; are homogeneous first-order Hamiltonian operators, Ry is a homogeneous k-th order
Hamiltonian operator, and all operators are mutually compatible. Equations of this type include the
KdV, AKNS, Kaup—Broer, Dispersive Water Waves and Dym equations;

e bi-Hamiltonian pairs (A1,A;) of WDVV-type [45]:
Ay = Ry, Ay =Q

where Q; and Ry are compatible operators as above. Equations of this type include the WDVV and
Monge—Ampere equations, after rewriting them as first-order systems of conservation laws.

Conditions under which homogeneous operators of the first, second and third orders are Hamiltonian
are well known, see e.g. the review by Mokhov [39]. On the other hand, the compatibility of two opera-
tors is a way more complicated problem.

Compatibility of two homogeneous first-order operators, local and nonlocal, has been extensively
studied (see, for example, the review Paper [41] and [40] for the nonlocal case) as such pairs of opera-
tors define the dispersionless limit of dispersive integrable hierarchies [13]. Computing the conditions is
not extremely difficult, as they boil down to the Hamiltonian property for a first-order operator, which
depends linearly on one parameter.

The compatibility of homogeneous operators with different degrees of homogeneity is a relatively
simple matter only at low degrees of homogeneity. For instance, compatible operators of order 1 and
of order 0 can be found in [39]; they were used in [10] in order to study bi-Hamiltonian pairs of non-
homogeneous operators. Compatible operators of the first-order modified by means of a non-local term
defined by isometries were considered in [47].

However, conditions of compatibility of homogeneous operators with different degrees of homogene-
ity become much more difficult to compute as the order increases. In general, the only possibility is the
direct calculation of the Schouten bracket [P, Ri]. This is a natural operation on variational multivectors
(see [11, 25, 38, 42] for an introductory exposition), which involves an increasing amount of calcula-
tions for higher degrees of homogeneity. For more details on various possible approaches to compute
the Schouten bracket in case of weakly nonlocal operators, see [8, 9, 34].

Some initial attempts to the calculation of compatibility conditions between a first-order homoge-
neous operator P and a higher-order operator Ry of the simplest type can be found in [6, 28, 35] (where
k=3 and R} =f103, ( 71 is a constant non-degenerate symmetric matrix) and [36] (where k =2 and
R;j = w32, (W) is a constant non-degenerate skew-symmetric matrix).

The main difficulty in the above calculations is to be able to determine a ‘minimal’ set of conditions
that are necessary and sufficient to the vanishing of the Schouten bracket. Indeed, most of the coeffi-
cients are differential consequences of conditions that are ‘hidden’ inside a few selected coefficients.

In this paper, motivated by the study of bi-Hamiltonian pairs of KdV (see for instance [2, 3, 30])
and WDVV type (see [19, 46, 48, 51]), we compute a (possibly minimal) set of compatibility conditions
for a first-order weakly nonlocal homogeneous Hamiltonian operator and a third-order homogeneous
Hamiltonian operator.

It is well known that homogeneous operators are invariant with respect to the group of diffeomor-
phisms of the dependent variables. This suggests one to reduce one of the two considered operators to

7 It is a Monge—Ampere-type equation rewritten as a first-order quasilinear system of PDEs, see [39, 43].
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a canonical form with respect to this group. Such forms are known both for local first-order operators
(that can be reduced to constant form thanks to a classical result of Dubrovin and Novikov [15]) and
for general third-order operators. These can be reduced to the so-called canonical Doyle—Potémin form
[12, 49, 50]:

R) =D, (f7D, + &) D
As a consequence of the Hamiltonian property, f; is a Monge metric of the form

fi = bapti ) (1)

where ¢ is a constant non-degenerate symmetric square matrix of order n, and ¢} = ¢ v’ +w/, with
=7 ji» 1s a non-degenerate square matrix of dimension n, with the constants ¢4, ¢g and w,; sat-
1sfy1ng the relations

ban (VI +vfv L+ lw]) =0, (2a)

¢57(wf1/) +w%k,+wf ) 0. (2b)

The residual group that preserves the canonical forms of P and Rj is the group of affine transfor-
mations of the dependent variables. However, since the conditions that imply the Hamiltonian property
of third-order operators are known only in the Doyle—Potémin form it is natural to assume R3 to be of
such form. This choice simplifies a lot the computations, even if one has to pay the price that the differ-
ential geometry of the compatibility conditions is lost.

On the other hand, it is known that Doyle-Potémin form is preserved by an extended group, that of
the reciprocal projective transformations [21, 22], which are projective transformations of the dependent
variables coupled with a t-preserving reciprocal transformation of the independent variables:

T+ T,

N dx=Adx, dr=dr where A:T}?uf+737éo

Since reciprocal projective transformations do not preserve locality we will consider first-order operators
containing a weak nonlocality,

PI = gD, + T + P wh kD, Wy (3)

This choice, besides being natural from the point of view of the invariance group of the problem, is also
justified by the existence of several examples of systems whose bi-Hamiltonian pair contains one of such
commuting pairs (e.g. in [51]).

The main results of the paper are listed below.

1. We calculated the full set of compatibility conditions for the operators P and R; (this is a nontriv-
ial generalization of the results of [35]), theorems 2 and 5. In particular, we prove that the nonlocal
‘tail” coefficients 1vv"0£ju§C of the first-order operator are Hamiltonian systems of conservation laws of the
third-order operator for every a:

. ) . o [ OH
= (W), = Wty = R (614")’ Lk=1,....n (4)

Such systems are completely described in [23] (see also [53]) they have the form W w’ 7 where
(1/}’ ) is the inverse matrix of (¢]) in (1) and Z) =n],uf + &2 are linear functions such that the fol-
lowing linear algebraic equations hold:

QSﬁ’Y [wlfnlk + 'l;b knozz kazna]:| - 7 (561)
Do [V + el — ] =o0. (50)
So, the space of the above Hamiltonian systems is a finite-dimensional vector space.
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2. We integrated part of the remaining conditions of compatibility, and reduced all other conditions to
algebraic equations, theorem 14. In that process, we found the Structure Formula (corollary 12)

g =2+l 7 — Caﬁwzawiﬁ

for the components of the first-order operator (the metric and the nonlocal ‘tail’). The summands
wi/Z“fj are again Hamiltonian systems of conservation laws of the third-order operator for any j =
1,...,n, with 2 = n,jj uk + €77 where the coefficients n,:’j , €7 fulfil the same system of algebraic
equations of (5).

3. Finally, in theorem 17 we proved that the Hamiltonian property of the first-order operator implies
that the above Hamiltonian systems commute: VikM/"]- = WkV’} where ‘K’ stands for the derivative
with respect to uf and V', W' are any of the above Hamiltonian systems waZW' , W, = z/JEYZg

4. We describe the impact of our results on several examples, two of which are new: the first-order
Hamiltonian operators for first-order WDVV systems in dimensions N =4 and N = 5.

We remark that, years ago, it was found that a third-order homogeneous Hamiltonian operator Rj is
completely determined by a quadratic line complex, which is an algebraic variety in the Pliicker embed-
ding of the projective space with affine coordinates (u') [21, 22]. Moreover, it was found [23] that sys-
tems of conservation laws that are Hamiltonian with respect to R; can be identified with linear line con-
gruences, which are also a projective variety in the Pliicker embedding of a suitable projective space.

After a reciprocal transformation of projective type, all the above algebraic varieties are preserved. We
still do not have a direct proof that first-order operators P that are compatible with third-order opera-
tors R; are form-invariant with respect to such transformations, but it is very reasonable to conjecture it
(see also the discussion in [46]).

The paper is organized as follows. In section 2 we recall the main facts about first- and third-order
homogeneous Hamiltonian operators. These facts are used in section 3, that is devoted to the com-
putation of compatibility conditions and to their consequences. Section 4 contains examples of bi-
Hamiltonian structures of KdV- and WDVV-type. An appendix is devoted to specific, nontrivial parts
of the computation of compatibility conditions.

2. Hamiltonian structures and their compatibility

In this paper, the main problem is to determine the compatibility conditions between two Hamiltonian
operators belonging to two distinct classes: a first-order weakly nonlinear Hamiltonian operator P of
hydrodynamic type (see, e.g. [17]) and a third-order homogeneous Hamiltonian operator R := R3 [14].
In this Section we will summarize the main properties of operators in these two classes.

2.1. Weakly nonlinear Hamiltonian operator of hydrodynamic type
Weakly nonlinear Hamiltonian operators of hydrodynamic type P = (PY):

PI = ¢/D, + T + P wgku,]ﬁDflm/blui

are a direct nonlocal generalization of Dubrovin-Novikov homogeneous Hamiltonian operators of the
first order [15], and were first introduced by Ferapontov (see the review papers [17, 18]). Here g, FZ
and w;k are functions of the dependent variables u = ui(t, x), and indices 1, j, k, [ are in the range
{1,...,n}. The matrix (c*?) is square and constant; in principle, its dimension # is not related with 7.
The operator P reduces to the Dubrovin-Novikov case when ¢*? = 0. Throughout this paper, we assume
that the leading coefficient matrix (g/) is non-degenerate: det(g’) # 0. We set (g;) = (/).

We recall that, under the action of a transformation of the dependent variables i’ = U' (), i = 4
1,...,n, g" transform as the components of a contravariant 2-tensor, and the quantities Iy = fgjpf,fl
transform as the Christoffel symbols of a linear connection. Moreover, the quantities W, = (w,,;) trans-
form as the components of a (1,1) tensor, and when contracted with velocities as in v/, = w’éju; they
transform as the components of a vector field v, = Wfljuiﬁ/ ou'.

It is well-known that the operator P is Hamiltonian if and only if its associated bracket is Poisson,
i.e., it is skew-symmetric and satisfies the Jacobi identity. This is equivalent to the requirements that P
must be formally skew-adjoint and the Schouten bracket [P, P] vanishes. It was proved [18] (see
also [45]) that such requirements are equivalent to the following conditions:

4
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1. g = (g;) is a metric, and F]’:k are the Christoffel symbols of the Levi-Civita connection of g; the latter
property is equivalent to the conditions

g=ri+1} (6)
gzsl-szk — g]srzk (7)

where g,J = 9¢ /Quk;

2. the (1,1) tensors W, = (w! a]) are symmetric with respect to the metric gj:
8 Wy =8 W
3. the tensors W,, fulfil the further property
vkwiaj = ViWois (8)
4. the vector fields v, = wflku’;% are a commuting family:
[Va, V,g} =0
where [-,] is the Jacobi bracket [29]. When the components of v, and vg are total x-derivatives:

Wiajtfﬁc = (w,)x (and similarly for vs), the above condition reduces to the commutativity of the matrix
product: W,Wg = WgW,, or explicitly

i kK i
Wakwﬁj = W,Bka

aj*

When w de = (W), we will use the notation w' o = ;] = Owl, /0u;

5. the Riemannian curvature® of the Levi-Civita connection of g; fulfils
ij i AW
Ry =" (W;lwlﬂk - WlakW]ﬂl) ) 9)
6. the matrix (c*?) is symmetric and nondegenerate.
The above conditions have a nice geometric interpretation that is given in [17, 18].

2.2. Third-order Hamiltonian operator in canonical form
The most general form of a third-order homogeneous operator R = (R¥), in accordance with the defini-
tion given in [14], is
RV = 1D} + bjus D} + | s, + chus, f} D, + dl il + diuuily, + d i,

but in this generality a set of conditions that ensure the Hamiltonian property of R is unknown. (As
usual we assume that (f7) is a non-degenerate matrix, and we set ( i) = ')ii.) What is known though
is that, as in the first-order case, f;; transform as the components of a covariant metric. Moreover, the
quantities —%f}kdfi transform as the Christoffel symbols of a linear connection, which is symmetric and
flat as proved independently in [12] and [49, 50]. This result has also been generalized to higher-order
Hamiltonian operators [7].

On the other hand, there always exists a change of dependent variables that brings a Hamiltonian
operator of the above form into what we call Doyle—Potémin canonical form,

RV =D, (fiij + cijufc) D,.
This form has considerably less coefficients, and the Hamiltonian property is equivalent to

. —c,f—&—c (10a)

c;;jfkp = —cfjj']‘i, (10b)

8 We follow the Kobayashi-Nomizu convention for the Riemannian curvature; see [45] for more details.
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ij ip ki | pidj

Aff+ '+ =, (10¢)
i dp _ dp K _ pi ki piik _ ki
ckakp =g —cq o —clqg—cglqg. (10d)

It was proved [21] that, introducing the quantities ¢; = fiqﬁpc,fq the above system simplifies into

1
Cijk = 3 (fik,j *fij,k) ; (11a)
S+ fixi + frij = 0, (11b)
Gkt = —fPpircqjk- (11c)

A covariant 2-tensor f satisfying equations (110) must be a Monge metric of a quadratic line com-
plex (see [21] and reference therein). This is an algebraic variety that is a section of the Pliicker vari-
ety by means of a quadric. Here, the Pliicker embedding that we are considering is that of the projec-
tive space whose affine chart is (u). In particular, being Monge, f; is a quadratic polynomial in the field
variables u. It was further proved in [4, 12, 49, 50] that the tensor f;; can be factorized as

fi= ¢alg¢f‘1/)jﬂ (or, in a matrix form, f= \I/@\IJT)

where ¢ is a constant non-degenerate symmetric matrix of order n, and v = ¢ v’ +w/, with
g = —wjj, is a non-degenerate square matrix of dimension 7, with the constants ¢ g, ¢;{ and w, sat-
isfying the relations (2).
It is known [23] that a third-order Hamiltonian operator R is the Hamiltonian operator of a first-

order system of conservation laws of the form u! = (V),, i =1,...,n (see (4)) if
ﬁmVZl:f}mVT7 (1261)
ekt Vi + €mik V' + i Vi = 0, (12b)
ﬁcsvﬁ'j = Csmjvt? + Csmiv,r;'la (126)

where V’] =9V / O1f. Nevertheless, it turns out that this result can be improved.
Theorem 1. In the system (12) the conditions (12b) are a consequence of (12a) and (12c).

Proof. Let us take the difference of the condition (12¢) with the same condition with the indices s and j
exchanged:

y iV is T CskiVii T Cski Vi Gjks Vi T Giki Vs = V-
fisVi = figVise = e Vi = eV + Vi G Vi = 0 (13)
We have

sVl ~ Vi = (kaVkJ —fiji), (fkszvk; _fkj,ivﬁ)

-
= (ki + Cski) Vk] - (iji + Cjki) Vlfs’
where we used (12a). Then, (13) becomes
— Cskj Vf(,- — Cskin} =+ Ciks Vﬁ' + Ciki V{<s + (Cksi + Coki) Vk] - (iji + Cjki) Vf(s
= _Cskjvf(i + Cjksz‘,- + Cksivf(j — Ckji Vf(s
= (stk + ijs) Vﬁ + Ciks V{(i + CksiV{; - ijivfcs
= sV + ki VS + i Vi, = 0.
O

The interested reader can find in [23] the general expression of the Hamiltonian system of conserva-
tion laws of the above type.
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3. Conditions of compatibility

3.1. Variational Schouten bracket of operators

In what follows we will assume that 1) denotes a covector-valued density: 1) = 1;du’ @ (dt A dx) and

¢ = ¢'0/0u’ denotes a (generalized) vector field. Their coefficients depend on field variables (') and
their x-derivatives up to a finite (although unspecified) order. Such elements are dual in the geometric
theory of the calculus of variations; conservation laws are uniquely represented by their characteristic
vectors, which are covector-valued densities, and symmetries are generalized vector fields [5, 42].

A Hamiltonian operator A can be regarded as a variational bivector, i.e. a bi-differential operator tak-
ing two covectors as arguments, with values into densities: A(t!',1?) is a density, and it is defined up
to total x-derivatives. The variational Schouten bracket of two Hamiltonian operators [A;,A,] is a varia-
tional three-vector. We will use the following formula for the variational Schouten bracket (this formula
is used by Dubrovin and Zhang [13]):

(A Ao (V195 4°) = [ayu0 (A2 (07)) (07) + Lasgr (A1 (87)) (8) + eyelic (4,4%,07)].

See [5, 11, 24, 25, 38, 42] for a comprehensive theory. The square brackets in the right-hand side of the
above expression mean that the result is an equivalence class with respect to total x-derivatives. In what
follows we will drop the square brackets for ease of reading, although retaining the fact that computa-
tions hold up to total x-derivatives.

We recall the formula for the linearization of an operator A and its adjoint. If A(y)) = aij”Dgwj then

Oalic

da’
b4 ()= S DD, 0 (57) = (-7, (75 D ).

Hereafter, o is a multiindex that denotes with respect to which arguments the differentiation takes
place. We recall that if A, [J are two operators in total derivatives then (A oJ)* =[J* o A*. Note that
(D~1)* = —D~!. Moreover, we recall that linearization commutes with total derivatives also in case of nega-
tive exponent. There is a linearization formula for the composition of operators:

Caosy () = Lasy (p) +A0lpy (p).
In view of next computations we introduce the following notation:

R=D,0FoD, where F=fiD, —|—c1] k
P=L+c?N,; where L=g¢'D, +I"] K Nagzwuku’;Dxfleﬁhuﬁ

Then we have
[P.R] = [L,R] + c** [Nag, R]
where
[L,R] (¢",0%,0°) =Lp g0 (RY?) ¥ + Dy (L (L9?)) ¥° + cyelic (91,92, 4°)
and
[Nag, R] (¢",9%,9°) =tn g1 (RY?) 9 + Dx (Lrpoyr (Napt?) ) 9 + cyelic (41, 42,9°) .

The building blocks of our computation are the linearizations of L, F and N,g,

U (0) = gD o + (Fh (e +F"Dx<ph) W,

Cry () = filDatp} & + (c,jkuxw )wp

N (0) = (Wi i + W;kasO") D, (Wghuﬁw}) +whulD, ! (w’gh,luﬁso’ + Wgth@h) Wb}
Introducing the notation

¢ =D 71( akuxw])

7
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we can rewrite the nonlocal part of the linearization (up to total x-derivatives, or ‘integrating by parts’)
as

N () = ( Wak, ! + why Do )7/’5 ( Bh, z“x<P +W’5;,Dx90h> ol

In order to compute the components of the three-vector [P, R], we will use the algorithm devel-
oped in [9] (see also [8]). Then, we will gradually simplify the coefficients of the three-vector using the
Hamiltonian properties of P and R. It will leave us with a set of conditions whose vanishing is equivalent
to the compatibility of P and R.

Since the expressions of the coefficients of the three-vector are huge we limit ourselves to giving a
precise description on how to obtain them, describing the main points and issues of the simplification
process and presenting the conditions under which all coefficients of the three-vector vanish.

3.2. The algorithm

The three-vector [P, R] has coefficients that do not determine it uniquely, in view of the fact that [P,R] is
defined up to total x-derivatives. So, our aim is to obtain a unique, total x-derivative free representative
of [P,R]. The algorithm in [9] is divided in two parts.

First step: computing the nonlocal part. We bring all summands that are linear in t)’s to the form
Pyl D"y (14)

where ¢/ are coefficients depending on (v, ) and (a,b,c) € {(1,2,3),(3,1,2),(2,3,1)}. We will do this
by ‘integration by parts’; for example,

cib %wax”wﬁ =(-1)"D," (ij @wa) wf, + total x — derivative terms,

so that any summand which is not of the type of (14) is brought to that type up to total x-derivatives.
In the process, we will create new local terms that will be added to the local part of the three-vector.
Note that [P, R] does not contain, in this particular case, nonlocal terms that are quadratic in 9’ ’s.

Second step: computing the local part. We operate on the local part of the three-vector as usual. More
precisely, we bring the three-vector to a form that is of zero order with respect to the argument v° using
‘integration by parts’; this form is free from total x-derivatives. For example,

P D, Mapl D, wszx"“zps =(-1)" D™ (ij D, ! D™ wf) ¢; + total x — derivative terms.

3.3. Preparatory calculations
First of all, we need to compute the four summands in [P, R], after which we will apply a cyclic
permutation:

Cop (ROD)) (8°) = gl O} (FI0207 + ((F5 + 6l 3} + (gl tutd + 6ub, )07 ) 0
+ (Fﬁlkux(fkjaiwj + ( ]+Ch)ux)8§w‘ +(C ,luxux+cl}?u121x) ijz
+ LD (FI0207 + (£ + )O3t + (& whad: + udb ) o.02) )l
Oullr o, (L) () = O, (SR} (70, () + Tukas?)
+ (cfu (90,07 + Thuas?) + "0, (€0, (u) + TVulw?) ) ,(uh) ) 3,
Ot (REUD)(W) = (W ik (P0307 + () + )02} + (] kuxu,’: + b )97
O (FI0207 + (£ + )l o2} + (] whadh + k0,07 ) Bl
— (Wnatls (FP05} + (U + ey ozt + (cﬁiku +c§1u’;x6¢2)
+ Wi O (P02 + () + e k) 0267 + (i, + &k, )0,07) ) 0 2,
O, 0,01) (Nag (09))) (0°) = O, F'OR 0 wh il + (el ik il 0 + 0, (whypikh) ) 0,61 ) 5.
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Let us introduce the following notation:

TLR = [LvR] (11[}171;[}271;[}3) ) TNaﬁ [ afs ] (71}1 1/}2 1/}3) TNQQ = maﬁ +’804,3

where 91,4 contains only nonlocal terms and £,5 contains only local terms. We further split the above
expressions into the following summands:

Tip = T(1z3) I ng) Tﬁf”,
Ny = m(lZS) n m(m) I 91(231),
Sop = 2 123 £:Eju 2&2;1)’

where the superscript indicate the order of the arguments 1!, 1%, ©»* in the above four summands with
respect to the cyclic permutation.

3.4. Computing the nonlocal part
Applying the first step of the algorithm to ¢*?M,4 yields the nonlocal part T, of the three-vector [P,R]

in a canonical form. We will obtain all three of its components with respect to the three different order-

ings of the arguments !, 2, 1° that we chose in (14), and we write T, = T§1123) + TS,SU) + T,(1231). W

list only the (3,1,2) sector:
T = e (W =y f'9) 3D,
+2¢7 (—c?fwﬁp T+ whh + Py — W) W DAD 0l
+ P (Dx (( w’ﬁhcp +cf wﬁp i m/ép +wﬁhc’ ) up) + S’qpuxuﬁ) 42D ]
+c¢*? (D ( (Sjﬁqlp”x”‘g) + 7 ( Wk + Wakcp ﬂp,kfkq) uﬁxx) ¢3Dx¢j11/)§
(Wi = W) e U020} 02
where

iq . k iq ., k a ki
ﬁlp WlBlk ak,lwﬁp+4,kwﬁp_wﬁk,lcp'

Theorem 2. The nonlocal part T, of the three-vector [P, R] in a canonical form vanishes if and only if the
following conditions are satisfied:

Wapk = Wak s (15a)
Wqﬁkfkj = W/, (15b)
k ki ik

ap W 1= wakcp] - c,%’wap. (15¢)

Proof. Indeed, Sjglp + Sjgpl vanishes identically in view of the known conditions, see lemma 18 in the

appendix. In turn, the identity

kw’[;erwﬁk +ckw’ép cp =0 (16)
is a simple differential consequence of (15b). O

The condition (15a) implies that there exist w/, such that w!, = w"a,k = O, /Ou~.

Corollary 3. The potentials w', of the coefficients of the nonlocal part of P can be interpreted, for every index o,
as fluxes of systems of first-order conservation laws that are Hamiltonian with respect to R:

. . 0H
ult: (Wloc) _Wak X th (6”’1)

Moreover, we have wi,, = Y} Z] where (%) = (¢] ) =" and ¢} is a part of the decomposition of the Monge

metric fi; = Qap;* wB (see section 2.2), and 7} =n) ku + & are linear functions that solve the linear algebraic
system

¢5“/ {w;]gnlk + w knal wkzna]j| - 7
Ppy W €1+ wemy — i ng} =0.

9
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Proof. The conditions (15b) and (15¢) are exactly the conditions found in [23] for Hamiltonian systems
of R (see also section 2.2). O

Remark 4. Note that we proved in theorem 1 that one of the conditions in [23] is redundant, namely (12b);
that is the same as (16) after lowering the indices.

3.5. Computing the local part
We shall compute a canonical form of the local part of the three-vector [P, R], which is Tyg + ¢*? Lap-
Its expression can be easily obtained from T< 2) 4 B 2(123

computation yields the following expressions:

by means of a cyclic permutation. A long

10 =gl ouies + ol (£ +d)) ) ol 2w + o' (& wkad: + dud ) D0 0,003
+ (P Tl (£9) +Tf (1 + ) k) ) wio2ev
- (rpa (£ ) )+ 1o, (£ + ) ue) )+ (o s+ s, ) ) w0235
+ Df sty + (D fa (o o+ i) + T7'0, (o o + ) ) el 0,070
+ (0 (f) &+ 0, (29 +ﬁf’Tqu,’: g + "0, () + Tl ) O3l 0,07
+ (ax( 7 D+ AP0, (T ) + T+ o0, (Ul 02t )
V'gi0}y}0 wz)wp+ DTty ¢] vy + (f’gkwcp"ghf)a%’awfw;
( (¢, (chryuhg”) +Ch DU+ 0, (¢ 0,(87)) + ¢ 0T ) + O, (cf'TY 1)) 0,(¥}) 07,
+ (g + ' 0,(g") + O (c'g) + ¢ TV ul) D! D223
+ (Dleful T 1) + O,(cf O, (T)1))) D (b wuty + el D0 20 oy

and

2(123) = too0t; 1] ¥ + too1 ¥} V7 Dty + tooath] 7 Dby + too3thi 7 Db + tor00 Daapi oy
+ toso®); Dyzﬁ/)jz wp + o1} xdh‘z DX% +ti00Dt] w]’ 1/)17 +tion Dty wfz D"wp
+ t110Dxt)] wajz %2 + tlosz1/Ji11/’J'2 Dazcz/’; + oDty djjz 1/’; + tzOID’Zfdjilwfz wa; + 0D wjzw;

where the coefficients are:

tong = — Wi 07 (Wegtil) — 407 (Wi ") wh iz — 40, (winf™) 07 (Wogasl) — 607 (Wspf™) 0, (whiats)
+ (W,Bh,luxf’ +Wﬁh8 ( )+W,Bh<(fh]+ck> )) 2 (W10
+ 302 (w"ﬂh7luﬁf’j+wgh8 +wﬂh ((fhhrc ) ))wﬁmux
+ 30, (W%h tof? +wig, 0, () +wig, (fzfj + ij) ) (ot
(Wﬁh Uy ((fii +¢ ) fc) + W%hax ((ff] + CZj) ”i) + Wiﬁh(cﬁuﬁui + CZJM§x> )ax (nguf)
= 20, ((Won sl + e)utd) + Wil f*f+c,’:f' )+ W (sl + 6/u)) )
o (W 86 gt + )+ Wi Ot + 6 ) ) Wl
+ (O Wegl) + el uiwhut, + ' O (Wiguil)) Dy (W, 1)
+20, (O wh ) + e i wh ol + ¢ O (Whl) ) W,
ffpl "l 5 (W’ﬁku )— 382(fp' W )W]Bkuk
_3ax(f€11walux)ax(m,’5kux) 9 (Cﬁlk”ﬁwgz“ +Ch 0 (Wizui))w]ﬂm“f,
toor = 3wy f 07 (W 15) — 80, (i) O (W) — 607 (wignf ") wr,
+2(Wﬁh,1”;f +Wﬁh8x<fhj +W5h f;?"’ck )) (Wl 1)
+30, (W%h,luﬁfﬁ + Wiihax(fhj> + Wiﬁh(ffj + Ck )Wﬂm”x
— (Wt (] c0)1ak) + W O+ 6 Yuk) + Wi (s - ) !

10
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1Yy ))Wi uy

m

+2(8x( wh )+ch kuxwalul +cf d,(wh

(63

fofwgluxax(m/ﬁku ) 60 ( alu’)w]ﬁku’;,

too2 = —3W5hfhja ( akUx ) 40 (Wﬁhfh]) aku

+(Wﬁh,lu>cfﬁ+wﬁhax<fh +Wﬂh f;t’]"'ck ))Wl&m“x (fp ) Bkuia

S '
ooz = *nghfhjwikux,

k ! i 1 j
fo10 = (3x( ;fl Waillx )+Ch k”xWal“ +Cpla (ng“x)) 5m”;n

*zfﬁ,lwiz”xax(w’ﬁk” ) 30 (fpl Wally )Wjﬁk”];’

I
fo20 = fh alllx M/]ﬁk”xa

tOll = _3f,h aluijﬁkux,

tioo = — AWl f107 (WP uik) — 1207 (whyy ) wh ik — 120, (g fY) 0, (W k)

+ 3 (Why T+ Wiy O () + Wiy () + &) uk) O, (W)

+ 60, (Wiah,luﬁflj + Wiﬁhax(fjﬂj) + Wiah(ffj + CZj)u,’i)W‘&mu,T

— 2(w%h luh ij + clj uk) + wgha fJ’j + ch uk) + W"ﬁh(cﬁuﬁuf{ + czjulz‘x))wgmuf
—|—chkuw luw’ uy +c o, (wh ul )w’ uly —|—3(ch wh ol émux),

tio1 = —8wﬁ,tfh]('“) ok Ux ) 120 (Wﬁhfh])

+3(Wﬁh,1”f]+wﬁhax(fh +W6h f;f]+ck ”ﬁ)“%m“;”,

tioy = —4wlg, [l uf,
f110 = Ch WthIVV] ul'

« Bmx

tao0 = —6W VO, (Wh k) — 120, (Wi ) W) i

+3(Wﬂh7luxf]]+w,8hax(fh JrWBh f;i[]+fk YUk WP, 1ty +(fk az“lW]k” JFCh az“l“’]ﬂm“x)

o1 = _6Wiﬁhfhjwl;kux
1300 = —4W15hfh]Wl;kMx
Theorem 5. The Hamiltonian operators P and R are compatible if and only if

o for every o the coefficients w, u’ are total x-derivatives of functions ', which can be interpreted as fluxes of
systems of first-order conservatzon laws

= (Wo),, = Wo iy

that are Hamiltonian with respect to R;

o the following conditions hold:

F;szp _ Fijfki7 (17a)
(FL-r2) 7+ (-T2 o () + () 0. o
(Fg,z + P Wflkwlél) 1= Fijczki - ijczf " (17¢)

ki
_Ckzgkp_ gk]_ &7+ gkj"'clkgkp"‘cjp l
TRPL R o 2ckT’p+2cl’T]’ TP+ T (17d)
c,{iFka + c,{pffk + 8 (wlakfkfw%l — W';kakpwgl) =0.

11
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Proof. We recall that the second step consists in the ‘integration by parts’ with respect to the argument 1°
in the local three-vector T + ¢*5 £, g in order to obtain a local three-vector T}, which is of zero order with
respect to that argument. That amounts to quite a long computation, which yields the expression

> auD DY,

0<k+I<4

where most of the coefficients are too cumbersome to display. The simplest coefficients are a4, a2, and as;.
The vanishing of a4 (as well as of ags) immediately results in

i fkp prsz (18)
vanishing of a,; is equivalent to the condition
3(0) =) £ = =2 (c'e" — ') — g+l — o' + g (19)
The vanishing of as; is equivalent to the condition
(0} =) fir s+ (T =T ) 1+ (el — eflg) + (¢ — el ) 0. (20)

Equation (19) implies equation (20): it is enough to replace the differences of Christoffel symbols in (20)
with the help of (19) to realize that. On the other hand, equation (20) implies (19): subtracting from (20)
the same equation with i, j interchanged we get (19). So, the two conditions are equivalent and each of them
yields the vanishing of both a,, and as;. Moreover, the coefficient a;3 vanishes in view of these two condi-
tions as well.

Other coefficients are too cumbersome but we can deduce more from looking at their highest terms.
Thus, vanishing of the coefficient of u.__ in aj results in

(0h e Pwinly ) £ =Dl 1, (21)
and that of u¥__in ag reduces to

(03

FZ 1T Fz g =’ (Wi W — Wiykwiaz) : (22)
The latter condition is satisfied in view of (21), (18) and (105b). Indeed,
(FZ,I + CQBWiykWim) f kpﬁvs = (FP]Ck l k] pl)ﬁfs
FZ,I+CaﬂWixk ,éz = (F? A rl)frk
r] 4 Pyl — (T + e Pwiwly ) = (T =19 ) fu— (T = 1) f
— T — Teif + TV, — T =o0.

Differentiating (18) and killing the derivatives of Christoffel symbols there with the help of (21) yields a use-
ful identity

TicP* TPk 4Tl — Tl =0, (23)

which is equivalent to the vanishing of both asy and ag;. With the above identities at our disposal we can
proceed to simplifying the remaining coefficients. Thus, the coefficient a,; readily gives rise to the condition

—-q lgkp —cf lg"J —q ,gkp +¢ kgk] +¢ kgkp + cjpgk’ + clkTPj — cka"] chijp + ZCkaﬂ

— &P TP TP Pk o Gl —w] =0, -
14k 1 k ] T¢ kf kf Wﬁl =

the coefficient ay is
ka p1 FP] + zprkj Jrrlf pk\ 1 + ij kiil—ﬂj L k; p1 +ka pi
T Usx k,m€l k,1€m I Cmk
+Caﬂ <Wp kCl VVlﬁm akcl )) ,

12



10P Publishing J. Phys. A: Math. Theor. 59 (2026) 255202 P Lorenzoni et al

where the first term vanishes in view of (23), and the second one through symmetrization gives rise to the
condition

I“Z o ckp k] P' +Fk] p'k+Fklc —F,ﬂ cl Fch,f'l+kac
(25)
—I—caﬁ (kacl W] akcl Py — lakcnf 5l—|—wf;kcm’ ﬂl) =0.

m

The coeftficient a;; identically vanishes in view of the above conditions, while the coefficient ay, is equivalent
to the condition (25). The coefficient a, is still quite lengthy after preliminary simplifications, so we opt to
present it part-wise. First of all, the highest coefficient thereof (of u/,) vanishes identically; the coefficient
of uxxux is not symmetrical,

4I‘Z bk — SFk &P 43rd APy 4FZ ot Sij ek = F‘Z]lc ki
+4T{q? +ar]cfy — 4r;jc5fl — 4T — sr"fckp’m
+ 3Fk]cpl + ijclp,i + ijcpi + 4F‘chki - 4Fp]ck'
48 (5clkiwikw’ﬂ — 3¢k wl;kw’ + 3cl Wiy Bm WQkWI

_4cPkWBkw’ —4c§fjw};,m/ +4cf Wi, wﬁl+4cl w{;ku/ m),

and therefore it is better to write down its symmetrization and anti-symmetrization with respect to I, m. The
symmetrical part gives rise to the condition (25), and its antisymmetrical counterpart to

RN AR VINE-UES VNG A pFSu wFC T v
_|_F1]C;<I:n+1—\1] pk F” pk 1“’] kp I\k] pt FP]sz Fp} kll_’_l'\kjclfll

+ P (Cz wgkw’ﬁ —ciiwh W 51t Cl W] —ch Wikajﬁl +q 1“’I;kW] m= Cﬁw;kw’@) =0

m

which vanishes in view of lemma 21. The coefficient of ul.uu! in aj is

0 <7FZJCI$+Fi{ Fk]c,f;lJrFﬂcfliJrco‘ﬁ( kiyf w’ — 4w, )) +co‘ﬁ( sP w’ s wh )

ou" Cm ak anl anl

The first part thereof vanishes in view of (25), while the latter vanishes due to lemma 18. Finally, the most
lengthy coefficient ag simplifies marvelously to just

(’p " uumu“),

anl” Bm“%x"x Yx

Peaed)

X

which is identically zero due to lemma 18 as well. Finally, we can show that the coefficient ay; simplifies
to (22), and thus vanishes identically as well. O

An interesting corollary provides a new structure arising from the first-order operator P.

Corollary 6. The cotangent space of the space of dependent variables ( u') is endowed by the Christoffel symbols
'] with a structure of associative algebra (without unity):

rirsk - rkpy = o. (26)
Proof. Indeed, the equation (22) implies that the equation (9) is equivalently rewritten as (26). O]

3.6. The structure of g
We prove a Structure Formula for g with a series of lemmas. Our initial aim is to integrate the condi-
tions (21) and (22) out of all compatibility conditions of P and R.

Lemma 7. There exists a matrix of functions r'l such that
LY P akwjﬁ =, (27)
Proof. Indeed,
(FZ + Caﬁwiak'l/vjﬁ) | — (F;J + Caﬁwialﬁ/lllg) B =0
in view of the condition of compatibility (22). O
Hence, by introducing a matrix of functions r/ as above we integrate condition (22).

13
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Lemma 8. We have the identity
g+ co‘ﬁwgw’b =47 (28)
Proof. It is enough to symmetrize the equality (27) with respect to the indices i, j. O

The above lemma shows that the formula (28) integrates the equation (6).

Lemma 9. The system of equations (17a) and (17¢) is equivalent to the system:

f”‘r” fkrk, (29a)
f*pr = P kl—rk{c,fl (29b)

Proof. Indeed, the first equation follows from the identities
flkFZ =f"‘FZ, F Wk = P Woge
The second equation is obtained by rewriting the condition (21) using ¥ as a variable:
(rzcz c* Wklw’)fp—(rw—cﬂwp w’)ck’ ( e kw’)cp
Since
< Wak zfp+Walcpl fokck> ﬁ_o

and the arguments can be reversed, we have the result. O

Note that the above potential function 7/ is not a gradient with respect to any of the involved
pseudo-Riemannian metrics f;, g;j. However, there is the following interesting relation.

Proposition 10. We have the identity
(fu™) = (™), = (fkb,a —fka,b) M =3¢
Proof. Indeed, the lower indices version of (294) is Jf;,irf];, = fm'rl:jb, from which the result follows. O
Let us introduce the parametrization r/ = Q/JEYZWJ. The equation (29b) transforms into the equation
Vi
Z,hk =0,

and thus Z7" = 5)"uf + &7" for some constants )" and £7".
Proposition 11. The equation (29a) is equivalent to the two linear algebraic equations

by {w,] me + v+ n] } =0,

Py [wik@r + wk " — wﬁﬁzﬂ =0.
Proof. In [23] a closed form solution of the system

fHw J”"‘wi, (30)
Wiy f +whel' — Wi =0 (31)

is presented by means of the parametrization w# = 1// Z7. In particular, it is proved that the last equation
(31) is equivalent to Z"’ = 0, thus proving that Z¥ = 777 uF + &7 is a vector of linear functions. The
equation (30) is proved to be equivalent to the (linear) algebraic system

B [ + v + ] | = 0
b [WRE7 +wim =i} | = o0,
Here, repeating the above argument using the parametrization r/ = @[J;Z'”‘ we obtain the result. O

14
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In other words, the matrix (1) can be interpreted as a family of n systems of first-order conservation
laws, indexed by j, which is Hamiltonian with respect to the operator R:

ult _ (rzj) Rzk <5uk)

where H is the Hamiltonian density (see [20] for more details); the fluxes have the form = ngaj
described in the proof of the above theorem.

The following Structure Formula for the metric of the first-order operator P is a straightforward con-
sequence of (28).

Corollary 12 (Structure Formula). We have
g =20yl 20— Pl
where w', are potentials of the coefficients of the nonlocal part in the expression (3): W', = wi% I

The above results allow us to prove a conjecture that was made in [45].

Corollary 13. The metric g/ is of the form
i i ap
¢ =00y,
where Q®P is the matrix of quadratic functions defined by
QY =20yl 4y 20— 0 257)  with wl, =l Z)

Moreover, taking into account the results of this section the main result can be formulated as follows.

Theorem 14. Given the two Hamiltonian operators P, R as in sections 2.1 and 2.2, the compatibility conditions
[P,R] = 0 are equivalent to:

1. For every o the vector function (w',) is the vector of fluxes of a system of conservation laws, which are
Hamiltonian with respect to R.

g =20+ 2 — Pl

where 2V = n,jj uk + €Y1 are matrices of linear functions whose coefficients fulfill the (linear) algebraic system

b [y + o+ vin| =0

Py [wik(ﬂ Wy 777] Wﬂnlﬂ =0.
(FZ - rf) e (F’,jj - Fi") £l (c,figkj - c,{’fg“) + (c}f’g"j — g ) =0

— 8" — g — g+ i + e g
TV — PTT —2eM TR 4 24T — TP + T
Cl{il_‘lpk + C]PFI + C (Wixkf-kjwp 14/] kf WBZ) =0.
After having simplified the compatibility equations, we can now ask ourselves if it is possible to pro-

vide an interpretation of the Hamiltonian properties of P written down in section 2.1 in terms of the
above Hamiltonian systems of R. We have the following results.

Proposition 15. The equation (8) is equivalent to the requirement that the vector of fluxes {w',|i =1,...,n}
and {r"* | h=1,...,n} commute for every choice of e and k.
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Proof. The equation (8) is equivalent to

kia _ pai, k
Fp wo,, =1} Wep-

Then, in view of formula (27) and the commutativity of w!, with every other wiﬁ, we obtain the result. O

Proposition 16. The equation (9) is equivalent to the requirement that the vector of fluxes {r"* | h =1,...,n}
and {r" | h=1,...,n} commute for every choice of k and j.

Proof. As we have seen (corollary 6), the equation (22) implies the equation (26). By the formula (27), the
previous Proposition and the commutativity of the fluxes w!, we obtain the result. O

In view of our previous results, the structure possessed by P due to its compatibility with R allows to
reinterpret the Hamiltonian property of P itself, using the Hamiltonian systems of conservation laws of R
whose fluxes are {w!, |i =1,...,n} and {"* |h=1,...,n}.

Theorem 17 (Hamiltonian property). Let P, R be a pair of Hamiltonian operators described in sections 2.1
and 2.2, respectively. If P and R are compatible, then the Hamiltonian property of P is equivalent to the following
requirements:

4 .

1. g‘ 'l/VIak :g’ W;k:

2. g = gl

3. The two families of vector of fluxes {w' | i =1,...,n} and {"* | h =1,... ,n} are commuting, both between
elements of the same family and between elements of the two distinct families:

ik ph __ _ih_pk ik _ i _pk i i
r,p",bj =Tplio rypwg,j_wa-,pr,j ) Wa,pw%,j_wﬁvpmé-j'

4. Examples

In this section, we consider various examples of compatible pairs P, R and determine the structure of P,
according to the Structure Formula (corollary 12) by providing 27, ¢*# and !, with respect to a chosen
decomposition f; = qi)agw?%ﬁ .

Some of the examples can be found in the literature. In the past, compatibility was checked by pen
and paper (see, e.g. [2, 3, 19, 26, 27]); recently, new theoretical advances [9] and computer algebra pack-
ages [8] allowed large compatibility calculations, also when P is nonlocal [45, 48, 51, 52].

However, the results of this paper enable us to find the ‘fine structure’ of the metric of P, and to
check the compatibility by means of the simplified, purely algebraic equations to which we reduced the
problem. Indeed, we could not manage to compute compatibility for the new WDVV examples below
using the above computer algebra packages for Schouten bracket. On the other hand, the compatibility
conditions that we found in this paper are easy to program and enable us to compute in much higher
dimensions.

We will provide two categories of examples.

The dispersive examples come from the classification in [33], and are of KdV-type. Here we just con-
firm the Structure Formula by providing the expression of Z% for some examples in the classification.

The dispersionless examples are endowed by bi-Hamiltonian structures of WDV V-type [45]. Three
examples come from that paper, again we provide the expression of Z7. The expression of Z) was
already known; what was not known is the fact that such systems enter in the Structure Formula and
contribute to the definition of the metric of the first-order Hamiltonian operator.

Two further dispersionless examples are completely new. They arise in WDVV Equations in dimen-
sions four and five, after rewriting them as commuting quasilinear systems of first-order conservation
laws. It was recently proved in [46] that such systems are endowed with a third-order Hamiltonian struc-
ture, and it was conjectured that they are endowed also with a first-order Hamiltonian structure. Our
results below confirm the conjecture.

In all examples, we checked that commutativity mentioned in theorem 17 holds.

4.1. Bi-Hamiltonian structures of KdV-type
Dispersive water waves. The system

1 1
u} = Zuixx—l— 5“2“}: + ului,

16
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3
2 _ 1 2.2
ut—ux+5u U

is equivalent to dispersive water waves system up to a Miura transformation [3]. Among others, it is bi-
Hamiltonian with respect to operators R+ P; and P, where R is a third-order homogeneous operator

defined by the Monge metric with
1 0 1/1 0
d’_(o 1)’ ¢_4<0 1)’

and P; and P, are first-order local homogeneous Hamiltonian operators defined by the metrics through
the Structure Formula (corollary 12) with

1,2 1.1
“lyo1- 0 lul-
ZIZ 4 a ) ZZZ 1.1 4 1 ZM )

respectively. Here, u is an arbitrary parameter. Generally, a matrix Z is defined up to such inessential
constants in this construction.

Case R® from [33]: pencil gy 1. The pair of Hamiltonian operators R+ P; and P, where R is a third-
order homogeneous operator defined by the Monge metric with

1 0 1/0 1
7’Z)_(uz —ul)’ <ZS_4(1 0)’

and P; and P, are first-order homogeneous Hamiltonian operators defined by the metrics through the

Structure Formula with
Zy = (__:;1 _L;ju_;f 1) , L= (—2141 _3;1_2“> )
define the bi-Hamiltonian hierarchy
u, = (P +R)0C;, i=12,
where C, = [ u'dxand G, = [ Z—fdx are Casimirs of P,.

Case R® from [33]: pencil g ;3. The pair of Hamiltonian operators R+ P; and P, where R is a third-
order homogeneous operator defined the Monge metric with

1 0 1/0 1
1/1:(uz —ul)’ ¢:4(1 0)’

and P; and P, are first-order homogeneous local Hamiltonian operators defined by the metrics through
the Structure Formula with

w? up 0 U
L= <uu1 —uu* )’ %= —put =1 —pu?)’

define the bi-Hamiltonian hierarchy
u, = (P1+R)6C;, i=1,2,

where C; = [ %(ul)zdx and G, = [, u?dx are Casimirs of P,.

Case R®) from [33]: pencil g, 1. The pair of Hamiltonian operators R+ P; and P, where R is a third-
order homogeneous operator defined the Monge metric with

1 0 1/1 0
¢:(u2 —ul)’ ¢:4(0 1)7

and P; and P, are first-order homogeneous local Hamiltonian operators defined by the metrics through
the Structure Formula with metrics with

7 - u' - —u 4 7 - —1 i
P\ 11— ) T e =2 —(p42)u? )
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define the bi-Hamiltonian hierarchy
u, = (PL+R)SC;, i=1,2,
where C; = [ (u' —u*)dx and C, = [, \/(4?)? — 2u'u? dx are Casimirs of P,.

4.2. Bi-Hamiltonian structures of WDVV-type
Hyperbolic Monge—Ampére system. The hyperbolic Monge-Ampere equation uyiy, — u, = —1 is a
widely studied differential equation. We adopt the viewpoint in [39] where the equation is rewritten as

the hydrodynamic-type system
X

via the change of variables u' = u,,, u* = u,; (see also [45]). It admits a third-order homogeneous
Hamiltonian operator R determined by a Monge metric whose factors are

1 0 0 1
() )

It also admits four compatible local first-order Hamiltonian operators that are defined by

0 u? u 0 —u* 0 0 u!
2=(5 %) 2=(5 V) a=(3 o) 2=(5 5)

A four-component example from[1]. It is believed that there is a unique integrable case within the class
of systems of conservation laws that admits a Hamiltonian formulation through a third-order homoge-
neous Hamiltonian operator (see the discussion at the end of [20]),

uy = iy,
ul = u,
1,244 ,3 3)2 4\2 2)2
, uuu—i—u((u)—i—(u)—(u)—l)
Uy = W+ 2t ’ (32)
X
ulvtu® +ut ((u3)2 +(uh) — ()’ - 1)
ut =

Ml M3 + u2u4

X
The above system was first derived in [1] by means of projective-geometric considerations. In [23] a Lax
pair and a third-order homogeneous Hamiltonian operator R in canonical form were found for the sys-
tem. In [45] a compatible first-order homogeneous Hamiltonian operator P was also found. The opera-
tor R is parametrized by a Monge metric f;j = >, QM‘@D}‘ (¢ is the unit matrix),

- ut =t WP

-3 -t Wb WP

Y= 1 0 0 0
0 1 0 0

The metric defining its first-order Hamiltonian operator of Ferapontov type is parametrized by the two-
by-two unit matrix ¢ and Z = —214. From now on the omit inessential parameters in Z in view of their
number to avoid unnecessarily cumbersome expressions.

We recall that WDVYV in arbitrary dimension, when rewritten as a first-order quasilinear system of
conservation laws, is endowed with a third-order homogeneous Hamiltonian operator R [46]. In the
series of examples below we will construct what seems to be a reasonable candidate for a first-order
homogeneous operator of Ferapontov type for WDVV systems in arbitrary dimension.

WDVYV in dimension three. The WDVYV system that is associated with a Dubrovin normal form 1 = 77(2)
in dimension three,

@) _

=S
o = O

18
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takes the form

[frsifext — frot + Faxt — frcdit — e = 0,

which in the new dependent variables u! = f..\, u? = fyx, 4> = fx; can be rewritten as the hydrodynamic-
type system

where V' = ¢! w{,

and

=@M = 1 0 0
0 1 0

A third-order Hamiltonian operator is determined by the Monge metric fij = " ¢ag0]* with

— o O

no1
(65) =11 0
0 0

and the first-order operator P of Ferapontov type is defined through the Structure Formula (corol-
lary 12) by 2V = nluk + £,

%uz w0
(2= -3 - u' 27 ,
—pu ur 2u®

and the matrix c,

Cu(l o>
0 —u/’

Note that P becomes local when p =0, and it is equal to the operators obtained in [19] and [51].

WDVYV in dimension four: new example. The WDVV system that is associated with the Dubrovin nor-
mal form 7 =n® in dimension four takes the form

b (Fyfie = ) 2fon — e —fonfre =
/1’ (f;CZZf;/zz _fzzzf;cyz) +fmyﬁ/zz _fmzﬁ/yz +fzzz +f;cyyf;czz _f)ZCyZ = 0;
(f;,), xzz _f;cyzﬁ/zz) +fxxyf;/yz _fxxzf;/yy +ﬁ/ZZ - 0;

1%
M (fizz _fxxzfzzz) +fxxyfxzz - zfxxzf;cyz +]‘;cxxﬁ/zz =0,
/1, (fmzﬁ/zz _f;czzfxyz) +fxxzﬁcyy _ﬁ/yzfm +,ﬂczz - Oa

H (fxxzfyyz *feyz) + fepfay — foehyy + 2z =0

(only 4 equations here are functionally independent though, see [46]), which in the new dependent vari-
ables u' = fuxx, U* = frxys 1 = frnzs U* = fiyys 4 = fryzr U° = frzz can be rewritten as the system of two
hydrodynamic-type systems

where V' = ! wg, W' =} wS', w’s are determined to be
wi= (=20 —u® u* 0 u W), wm=(-u® 0 ¥ 0 ¥ u°),
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and
ut 0 —pu’ —ul i’ 0
W —wr—puu® 0 —u! o’
ey |1 0 0 0 0 0
v =)= 5 4 3 61 .2 5
0 —u u —uw  pu+u —pu 41
0 1 0 0 0 0
0 0 1 0 0 0

Both these systems admit two compatible Hamiltonian operators of the aforementioned form. In partic-
ular, the two systems admits a third-order homogeneous Hamiltonian operator R, which was found in
[51], defined by the Monge metric fij = ¢*¢apt;* with

1 0 0 0 o0 1
0 0 0 —pu —1 0
00 0 1 0 0
(das) = | —u 1 0 0 0
0 -1 0 0 0 0
1 0 0 0 0 2

and the new first-order Hamiltonian operator of Ferapontov type (of the system (u'), = (V'), only, for
brevity) defined by

2u! i 0 0 —2u —2ub
0 —u 0 0 —ut 0
. _ 3 1 2 2 3
(Z'”) _ 03 Msu u6 0 u u
2u u u 0 0 0
0 —uww—1 u*> 0 ut 2u°
0 —pu® w0 W 2u
and the matrix c,
0 1 0
c=p|l 0 0],
0 0 —u

where the columns are associated with the unit matrix wy, and the vectors w; and w,, respectively.
WDVYV in dimension five: new example. The WDVV system that is associated with a Dubrovin normal

form 77 =n®) in dimension five can be rewritten as the system of three hydrodynamic-type systems; one
of them is

where V! = 1)) wS', the dependent variables (here we switch to the notation (£2,#,#,#) for the indepen-
dent variables) are

u' =f2227 u* =f223, w =f233» ut =f2247 w =f2347 u® =f244, u’ =f2257 u® =f2357 W Zfz457 u'® =f255,

w’s are determined to be
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and

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
- - +ut P =i u! 0 pud —uu’ 0 0
0 0 0 1 0 0 0 0 0 0
v = () = —u® - 0 0 u? u' pu® —1 0 —pu’ 0
0 —u - v W —ut WP 0 und —1 —pud 0
0 0 0 0 0 1 0 0 0

-’ —ud 0 —u 0 pul®4ut u? ul S

0 —u’ —ut 0 —u’ 0 w w4+ u? u? —puu®

0 0 - —u® = u w uul® 4wt —p® 1

This system admits two compatible Hamiltonian operators of the aforementioned form. In particular, the
third-order Hamiltonian operator R (found in [51]) is defined by the Monge metric f;; = wf‘¢a51/1ja with

O 0 0 0 0 0 0 0 0 1
0O 0 0 0 0 0 0 0 -1 0
O 0 0 0 0 -1 0 0 0 0
O 0 0 0 0 0 0 -1 0 0
O 0 0 0 -1 0 0 0 0 0
(@s)=106 o 1 0 0o 0o 0 0 o0 o0
O 0 0 0 0 0 -1 0 0 0
0O 0 0 -1 0 0 0 0 0 -—pu
0 -1 0 0 0 0 0 0 —u 0
-1 0 0 0 0 0 0 —u 0 0

and a first-order Hamiltonian operator of Ferapontov type, which is new and is defined by the matrix

0 0 — i —pu’ 0 0 u W w2
0 0 —pu® —uu® 0 0 W W w2248
0 —u' =3 0 00 0 —u W 0
0 0 —pu’ —p’—=1 0 0 ut W w2
(27) = —2u' - 0 0 00 - 0 @ 0
-2 -4t 2 0 00 —u® W o0 o |’
0 0 —put® —pu® 0 0 W W W 2u
0 0 0 u’ 00 0 0o u' 0
0 u’ 2ub ub 00 0 ¥ o0 0
2u’ ub 0 u’ 00 « 0o 0 0
and the matrix c,
0 01 O
c= 01 0 O
1 0 0 O
000 —p

5. Discussion

So far, we have been able to derive a set of conditions whose vanishing is equivalent to the vanishing
of the Schouten bracket [P, R3]. The strength of our results lies in the fact that the Structure Formula in
corollary 12 allows to reduce the system [P,R;] = 0 to algebraic equations. The equations that determine
a third-order homogeneous operator in Doyle—Potémin canonical form (see section 2.2) are indeed alge-
braic, and by the Structure Formula, a compatible first-order homogeneous operator is determined by a
finite number of constants.

If we consider a third-order operator as given, the equations are partly linear (the equations (5) that
determine Hamiltonian systems), and partly algebraic of second degree (the symmetry of the Jacobian
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matrices of the vectors of fluxes of the systems with respect to the metric ¢ and the commutativity
relations).

In our computational experiments, the additional conditions (17b) and (17d) seem not to play any
role in the search for first-order operators P that are compatible with a given Rs, after having used all
other conditions. There exists the possibility that they vanish identically; we will address this problem in
future research work.

We are currently working on compatibility between second-order and first-order homogeneous
Hamiltonian operators [32]; the calculations that we did until now allow us to confirm that many of
the results of this Paper hold in a strikingly similar way also in that case.
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Appendix

Here we give the details of the proof of some results that we use to simplify the coefficients of [P, R].
iq iq

Lemma 18. Sy, + S5, = 0.

Proof. In order to get rid of derivatives with the help of (10d4) and (15¢), we multiply S 4

1¢ps
Blp S]gpl by F1f,

("’fﬁk,hczq — LWl Wy~ Whi k6 )fk "
+ <W]ﬂp o ‘J WBk+ Wg‘k Wﬁhpck )Jd(lfps
= Wlﬁh S hqus Clhqkfhpwffjpfkl + Clthklwgpfps - Wﬁh S jfp5
o P}@sc qfkl _ Clqpfhkw s 4 hﬂ) Wﬂkfkl _ W@h,fsczjfkl
(- ) — (== ()
+ (c’klc — ik e ( i +c’k)) wgpﬁ’s — ( o Wi, -+ Wi, ) s
+ (_ngph + Wsﬁpcﬁj) chfkl - (c’fchq - ckjc];q chq (cpj + cg'» w’ﬁkﬂ”
(c’sch - c;fc,fq c;,q (c,fj + cip)) w%kfkl - (—c;qw%h + Wsﬁpcﬁq) czjfkl.
Now, we collect the coefficients of w’/‘gh, WSB ,and wlB 4 (kis a dummy index, and s and [ are fixed),
(ng (c;(jfpl + chp) — c’;j (ciffsp + c;(qul)) wh Bh
(et e — e ) o (el ) o k) o,
((Czsck _ c;;’ qu C;q szj C;q cép> i ( hj & C;')h C;f) fkp _ cpqcipf"j) wlﬁ .-
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All three coefficients vanish. Indeed, in the coefficient of w’/‘;h we use (100) and rename the dummy indices to
get

( Sprl+CUfsp) ( qusp +C5qul)
ficfjfpl +¢ qcljfsp ¢ jcqu*sp _ ¢ jciqul
= (cll;,qcz + c;qcz - cgciq cgc;f)ﬂ’h

lgsi  sqali | slqg  lisq\ ph
(ckcp gl + ool +acl ) ! =

The coefficients of w;, and wlﬂh are the same up to permutation, so we consider only one of them. As a
preparatory step, we use again (10b) and redenote the dummy indices to yield,

k hj ih k h ki
(Czsck 763611? et b e ]P)fh ( ]C;cqft';C;(q)fp*Cqu;{pfj
(Gl =) = (it ) — gy
where the middle summand vanishes due to (10c¢), thus leaving us with
(et = cJef”) i — dhacpp*
ha ( isepk | ki ki
S (c}ffp +Cp]fps+fls)fp]) -

due to (10c) again. O
Lemma 19. szp + Rl]p = 0 where

RP .= fFU P +Fk ekl JrF;Cjc,fikJrcaﬂ (c,k’wp W — Pl 5m> :
Proof. First of all, we rewrite (21) as

FZ)Z + w’ ( i — ?ff) fie,
and simplify R + R to
— (00l =) e + (DY~ Tl fuct” = (U, — e e+ (T Tl ) fucy
DYl + Tl — Tef T,
In order to get rid of the remaining derivatives with the help of (10d), we multiply the above expression
by f*f™,
(TS — T oncl? — (L] — TP + (U0~ T fid? — (97 — T e
I‘;"c,f’m Fch I‘k]c +1";‘jc:;’;k>fb‘fmy
= (DY =7 cl)fo kck”f’xf’“y R e e
+ (thcn Fr] ”)fkctpflemy ( rp B Frjctp)fmkc kiflemy

— (e — e —clelh — diefTY 4 (e — ¢ — el — e T
(lemclkz _ mP kz sz CrmCPk)]_—\y] lx (prck CJn/IjC;;m _ Cyl ZIP C}/l C]fm)].—‘;(jflx,

where we use (100) and (18) to reduce the expression to the form with collectable coefficients of I'; Y and I‘m,
. | . I , .
(—clddnrm —ellesip™ — ciel™ "+ cLelif™ + chefif™ + e’ ) 17
< Ck Clpflx pm szlx + CmPC ktflx + le Pkflx C,%xClklfmk _ L)rcviclfl k> F)r/r';
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Both coefficients are the same up to permutation, and thus, we need to show that only one of them vanishes.
Again, we use (10b) to reduce the expression to the form, where the cyclic condition (10c¢) is evident,

— el — el — el — chalf — e + die
= At = e — i — e~ i + A
= —cdtf + k™ — chal ™ — dlenf +
= (A" + i + ) =0,

Lemma 20. The condition (23) can be rewritten in lower indices as
) + szkfal + il = 0. (33)
Lemma 21.

B - _—
T eht + Ty + T el — P — rk lckP+F

ij _kp ij_pk ij _pk ij kp kj pi b pj ki kj .pi
+TI clm—l—I‘ Clm_Fka,l_Fka,l_F ckm—l—l" c,m Fk cm7l+1"mck’l

c,ﬁ’w’,;w; +q w}cw’;n + cfkw}‘(w’;n —cP wkw; + c/“wiw’m - cf,é’w};w; =0.
Proof. We start by removing all derivatives from the LHS by using identities (104) and (17¢),

k k
T+ AT o+ L T — T — HPT Y + BT,
— Pk S]ferrclp G Tof+cf ci’ 9 for — P S]fs,—c c,:pl"sjﬁrJrc,k’c'pI‘sf -

(e + el + cldP) fuTh — (e + ety + 6leb) £l P + (ciefs — ) fulP
where we used the condition (104) in the form
CZ,I = (Cl Cl +¢ C; +Cpcl )frs,

which is achieved by using the conditions (10b) and (10¢) in (10d4). Now usmg the condition (10b) and
renaming dummy indices we can rewrite I'; 9 and '} in the second line as I Y and 'Y and sum up these terms
with the third line to get

PG — el T+ (e — ) £l
thus reducing the whole expression to
e (chTlf — e Tlfon — Ty ) — i (P T+ Tife — dfoTY). (34
Lowering indices in (34) by faifyifc, We get
(cdcml"d — gD — eI )caslf + (chZI‘ - cdckI‘ — Casm] ) Casmfr,

which vanishes in view of (33). O
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