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Abstract
We compute general compatibility conditions between a weakly nonlocal homogeneous
Hamiltonian operator and a third-order homogeneous Hamiltonian operator. Such operators
determine a bi-Hamiltonian structure for many integrable PDEs (Korteweg–De Vries, Camassa–
Holm, dispersive water waves, Dym, WDVV and others). Remarkably, the full set of conditions is
purely algebraic and the first-order operator is completely determined by commuting systems of
conservation laws that are Hamiltonian with respect to the third-order operator. We illustrate the
above results with several examples, some of which, concerning WDVV equations, are new.

1. Introduction: formulation of the problem andmain results

One of the most important ways to define integrable hierarchies of PDEs is through a compatible pair6

of Hamiltonian operators A1, A2. Indeed, by Magri’s theorem [37] an integrable hierarchy of PDEs in
n dependent variables ui = ui(t,x), i = 1, . . . ,n, of the form

uit = Aij
1

(
δHn

δuj

)
is defined by recursively solving the equation

A1

(
δHn+1

δui

)
= A2

(
δHn

δui

)
for Hn+1. That implies that all PDEs in the hierarchy are endowed with an infinite sequence of con-
served densities {Hn} that commute with respect to the Poisson brackets defined by both Hamiltonian
operators as

{F,G}i =
ˆ

δF

δuh
Ahk
i
δG

δuk
dx, i = 1,2.

That is the essence of the celebrated bi-Hamiltonian formalism for PDEs. In practice, the applicability
of the method, i.e. the well-posedness of the recursion relations, relies on some additional conditions
like the vanishing of certain cohomology groups ensuring the existence of solutions at each step of the
iteration.

6 We recall that two Hamiltonian operators A1, A2 are compatible if and only if any linear combination λA1 +µA2 of them (‘pencil’) is
a Hamiltonian operator.
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If we have a closer look at bi-Hamiltonian equations that were found at the beginning of the
research work on integrable PDEs, we notice that many of them are determined by Hamiltonian oper-
ators that are homogeneous with respect to the grading given by the count of x-derivatives in their
expressions. The study of such operators was initiated by Dubrovin and Novikov [14, 15]. The list of
the above equations includes, but is not exhausted by, the KdV equation, the AKNS Equation [16, 31],
the Kaup–Broer system [30], the Dispersive Water Waves system [3, 30], the coupled Dym system [2],
the Monge–Ampère system7, the WDVV first-order systems and others (see [33, 45, 51] for a more com-
plete discussion and an extensive list of references). Basing on remarks in [44], we introduced two types
of bi-Hamiltonian equations determined by the following types of bi-Hamiltonian pairs:

• bi-Hamiltonian pairs (A1,A2) of KdV-type [33, 36]:

A1 = P1 +Rk, A2 = Q1

where P1, Q1 are homogeneous first-order Hamiltonian operators, Rk is a homogeneous k-th order
Hamiltonian operator, and all operators are mutually compatible. Equations of this type include the
KdV, AKNS, Kaup–Broer, Dispersive Water Waves and Dym equations;

• bi-Hamiltonian pairs (A1,A2) of WDVV-type [45]:

A1 = Rk, A2 = Q1

where Q1 and Rk are compatible operators as above. Equations of this type include the WDVV and
Monge–Ampère equations, after rewriting them as first-order systems of conservation laws.

Conditions under which homogeneous operators of the first, second and third orders are Hamiltonian
are well known, see e.g. the review by Mokhov [39]. On the other hand, the compatibility of two opera-
tors is a way more complicated problem.

Compatibility of two homogeneous first-order operators, local and nonlocal, has been extensively
studied (see, for example, the review Paper [41] and [40] for the nonlocal case) as such pairs of opera-
tors define the dispersionless limit of dispersive integrable hierarchies [13]. Computing the conditions is
not extremely difficult, as they boil down to the Hamiltonian property for a first-order operator, which
depends linearly on one parameter.

The compatibility of homogeneous operators with different degrees of homogeneity is a relatively
simple matter only at low degrees of homogeneity. For instance, compatible operators of order 1 and
of order 0 can be found in [39]; they were used in [10] in order to study bi-Hamiltonian pairs of non-
homogeneous operators. Compatible operators of the first-order modified by means of a non-local term
defined by isometries were considered in [47].

However, conditions of compatibility of homogeneous operators with different degrees of homogene-
ity become much more difficult to compute as the order increases. In general, the only possibility is the
direct calculation of the Schouten bracket [P,Rk]. This is a natural operation on variational multivectors
(see [11, 25, 38, 42] for an introductory exposition), which involves an increasing amount of calcula-
tions for higher degrees of homogeneity. For more details on various possible approaches to compute
the Schouten bracket in case of weakly nonlocal operators, see [8, 9, 34].

Some initial attempts to the calculation of compatibility conditions between a first-order homoge-
neous operator P and a higher-order operator Rk of the simplest type can be found in [6, 28, 35] (where
k= 3 and Rij

3 = f ij∂3x , ( f
ij) is a constant non-degenerate symmetric matrix) and [36] (where k= 2 and

Rij
2 = ωij∂2x , (ω

ij) is a constant non-degenerate skew-symmetric matrix).
The main difficulty in the above calculations is to be able to determine a ‘minimal’ set of conditions

that are necessary and sufficient to the vanishing of the Schouten bracket. Indeed, most of the coeffi-
cients are differential consequences of conditions that are ‘hidden’ inside a few selected coefficients.

In this paper, motivated by the study of bi-Hamiltonian pairs of KdV (see for instance [2, 3, 30])
and WDVV type (see [19, 46, 48, 51]), we compute a (possibly minimal) set of compatibility conditions
for a first-order weakly nonlocal homogeneous Hamiltonian operator and a third-order homogeneous
Hamiltonian operator.

It is well known that homogeneous operators are invariant with respect to the group of diffeomor-
phisms of the dependent variables. This suggests one to reduce one of the two considered operators to

7 It is a Monge–Ampère-type equation rewritten as a first-order quasilinear system of PDEs, see [39, 43].
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a canonical form with respect to this group. Such forms are known both for local first-order operators
(that can be reduced to constant form thanks to a classical result of Dubrovin and Novikov [15]) and
for general third-order operators. These can be reduced to the so-called canonical Doyle–Potëmin form
[12, 49, 50]:

Rij
3 = Dx

(
f ijDx + cijs u

s
x

)
Dx.

As a consequence of the Hamiltonian property, fij is a Monge metric of the form

fij = ϕαβψ
α
i ψ

β
j (1)

where ϕ is a constant non-degenerate symmetric square matrix of order n, and ψ γk = ψ γksu
s +ωγk , with

ψ γij =−ψ γji , is a non-degenerate square matrix of dimension n, with the constants ϕαβ , ψ
γ
ij and ω

γ
k sat-

isfying the relations

ϕβγ

(
ψ βilψ

γ
jk +ψβjl ψ

γ
ki +ψ βklψ

γ
ij

)
= 0, (2a)

ϕβγ

(
ωβi ψ

γ
jk +ωβj ψ

γ
ki +ωβk ψ

γ
ij

)
= 0. (2b)

The residual group that preserves the canonical forms of P and R3 is the group of affine transfor-
mations of the dependent variables. However, since the conditions that imply the Hamiltonian property
of third-order operators are known only in the Doyle–Potëmin form it is natural to assume R3 to be of
such form. This choice simplifies a lot the computations, even if one has to pay the price that the differ-
ential geometry of the compatibility conditions is lost.

On the other hand, it is known that Doyle–Potëmin form is preserved by an extended group, that of
the reciprocal projective transformations [21, 22], which are projective transformations of the dependent
variables coupled with a t-preserving reciprocal transformation of the independent variables:

ũi =
Ti
ju

j +Ti
0

∆
, dx̃=∆dx, dt̃= dt where ∆= T0

j u
j +T0

0 ̸= 0.

Since reciprocal projective transformations do not preserve locality we will consider first-order operators
containing a weak nonlocality,

Pij = gijDx +Γij
s u

s
x + cαβwi

αku
k
xDx

−1wj
βlu

l
x. (3)

This choice, besides being natural from the point of view of the invariance group of the problem, is also
justified by the existence of several examples of systems whose bi-Hamiltonian pair contains one of such
commuting pairs (e.g. in [51]).

The main results of the paper are listed below.

1. We calculated the full set of compatibility conditions for the operators P and R3 (this is a nontriv-
ial generalization of the results of [35]), theorems 2 and 5. In particular, we prove that the nonlocal
‘tail’ coefficients wi

αju
j
x of the first-order operator are Hamiltonian systems of conservation laws of the

third-order operator for every α:

uit =
(
wi
α

)
x
= wi

αku
k
x = Rik

3

(
δH

δuk

)
, i,k= 1, . . . ,n. (4)

Such systems are completely described in [23] (see also [53]): they have the form wi
α = ψi

γZ
γ
α where

(ψi
γ) is the inverse matrix of (ψγi ) in (1) and Zγα = ηγαku

k + ξγα are linear functions such that the fol-
lowing linear algebraic equations hold:

ϕβγ

[
ψβij η

γ
αk +ψβjkη

γ
αi +ψβkiη

γ
αj

]
= 0, (5a)

ϕβγ

[
ψβikξ

γ
α+ωβk η

γ
αi −ωβi η

γ
αk

]
= 0. (5b)

So, the space of the above Hamiltonian systems is a finite-dimensional vector space.

3
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2. We integrated part of the remaining conditions of compatibility, and reduced all other conditions to
algebraic equations, theorem 14. In that process, we found the Structure Formula (corollary 12)

gij = ψi
γZ

γj +ψj
γZ

γi − cαβwi
αw

j
β

for the components of the first-order operator (the metric and the nonlocal ‘tail’). The summands
ψi
γZ

γj are again Hamiltonian systems of conservation laws of the third-order operator for any j =

1, . . . ,n, with Zγj = η
γj
k uk + ξγj where the coefficients ηγjk , ξγj fulfil the same system of algebraic

equations of (5).

3. Finally, in theorem 17 we proved that the Hamiltonian property of the first-order operator implies
that the above Hamiltonian systems commute: Vi

,kW
k
,j =Wi

,kV
k
,j where ‘,k’ stands for the derivative

with respect to uk and Vi, Wi are any of the above Hamiltonian systems ψi
γZ

γj, wi
α = ψi

γZ
γ
α.

4. We describe the impact of our results on several examples, two of which are new: the first-order
Hamiltonian operators for first-order WDVV systems in dimensions N= 4 and N= 5.

We remark that, years ago, it was found that a third-order homogeneous Hamiltonian operator R3 is
completely determined by a quadratic line complex, which is an algebraic variety in the Plücker embed-
ding of the projective space with affine coordinates (ui) [21, 22]. Moreover, it was found [23] that sys-
tems of conservation laws that are Hamiltonian with respect to R3 can be identified with linear line con-
gruences, which are also a projective variety in the Plücker embedding of a suitable projective space.

After a reciprocal transformation of projective type, all the above algebraic varieties are preserved. We
still do not have a direct proof that first-order operators P that are compatible with third-order opera-
tors R3 are form-invariant with respect to such transformations, but it is very reasonable to conjecture it
(see also the discussion in [46]).

The paper is organized as follows. In section 2 we recall the main facts about first- and third-order
homogeneous Hamiltonian operators. These facts are used in section 3, that is devoted to the com-
putation of compatibility conditions and to their consequences. Section 4 contains examples of bi-
Hamiltonian structures of KdV- and WDVV-type. An appendix is devoted to specific, nontrivial parts
of the computation of compatibility conditions.

2. Hamiltonian structures and their compatibility

In this paper, the main problem is to determine the compatibility conditions between two Hamiltonian
operators belonging to two distinct classes: a first-order weakly nonlinear Hamiltonian operator P of
hydrodynamic type (see, e.g. [17]) and a third-order homogeneous Hamiltonian operator R := R3 [14].
In this Section we will summarize the main properties of operators in these two classes.

2.1. Weakly nonlinear Hamiltonian operator of hydrodynamic type
Weakly nonlinear Hamiltonian operators of hydrodynamic type P= (Pij):

Pij = gijDx +Γij
s u

s
x + cαβwi

αku
k
xDx

−1wj
βlu

l
x

are a direct nonlocal generalization of Dubrovin–Novikov homogeneous Hamiltonian operators of the
first order [15], and were first introduced by Ferapontov (see the review papers [17, 18]). Here gij, Γij

k

and wi
αk are functions of the dependent variables ui = ui(t,x), and indices i, j, k, l are in the range

{1, . . . ,n}. The matrix (cαβ) is square and constant; in principle, its dimension m is not related with n.
The operator P reduces to the Dubrovin–Novikov case when cαβ = 0. Throughout this paper, we assume
that the leading coefficient matrix (gij) is non-degenerate: det(gij) ̸= 0. We set (gij) = (gij)−1.

We recall that, under the action of a transformation of the dependent variables ũi = Ui(uj), i =
1, . . . ,n, gij transform as the components of a contravariant 2-tensor, and the quantities Γi

jk =−gjpΓ
pi
k

transform as the Christoffel symbols of a linear connection. Moreover, the quantities Wα = (wi
αj) trans-

form as the components of a (1,1) tensor, and when contracted with velocities as in viα = wi
αju

j
x they

transform as the components of a vector field vα = wi
αju

j
x∂/∂ui.

It is well-known that the operator P is Hamiltonian if and only if its associated bracket is Poisson,
i.e., it is skew-symmetric and satisfies the Jacobi identity. This is equivalent to the requirements that P
must be formally skew-adjoint and the Schouten bracket [P,P] vanishes. It was proved [18] (see
also [45]) that such requirements are equivalent to the following conditions:

4
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1. g= (gij) is a metric, and Γi
jk are the Christoffel symbols of the Levi-Civita connection of g; the latter

property is equivalent to the conditions

gijk = Γ
ij
k +Γ

ji
k , (6)

g isΓjk
s = g jsΓik

s (7)

where g,ijk= ∂gij/∂uk;

2. the (1,1) tensors Wα = (wi
αj) are symmetric with respect to the metric gij:

g iswj
αs = g jswi

αs;

3. the tensors Wα fulfil the further property

∇kw
i
αj =∇jw

i
αk; (8)

4. the vector fields vα = wi
αku

k
x
∂
∂ui are a commuting family:

[vα,vβ ] = 0

where [·, ·] is the Jacobi bracket [29]. When the components of vα and vβ are total x-derivatives:

wi
αju

j
x = (wi

α)x (and similarly for vβ), the above condition reduces to the commutativity of the matrix
product: WαWβ =WβWα, or explicitly

wi
αkw

k
βj = wi

βkw
k
αj.

When wi
αju

j
x = (wi

α)x, we will use the notation wi
αj = wi

α,j = ∂wi
α/∂u

j;

5. the Riemannian curvature8 of the Levi-Civita connection of gij fulfils

Rij
kl = cαβ

(
wi
αlw

j
βk −wi

αkw
j
βl

)
; (9)

6. the matrix (cαβ) is symmetric and nondegenerate.

The above conditions have a nice geometric interpretation that is given in [17, 18].

2.2. Third-order Hamiltonian operator in canonical form
The most general form of a third-order homogeneous operator R= (Rij), in accordance with the defini-
tion given in [14], is

Rij = f ijD3
x + bijs u

s
xD

2
x +
[
cijs u

s
xx + cijstu

s
xu

t
x

]
Dx + dijs u

s
xxx + dijstu

s
xu

t
xx + dijsrtu

s
xu

r
xu

t
x,

but in this generality a set of conditions that ensure the Hamiltonian property of R is unknown. (As
usual we assume that ( f ij) is a non-degenerate matrix, and we set ( fij) = ( f−1)ij.) What is known though
is that, as in the first-order case, fij transform as the components of a covariant metric. Moreover, the
quantities − 1

3 fjkd
ki
s transform as the Christoffel symbols of a linear connection, which is symmetric and

flat as proved independently in [12] and [49, 50]. This result has also been generalized to higher-order
Hamiltonian operators [7].

On the other hand, there always exists a change of dependent variables that brings a Hamiltonian
operator of the above form into what we call Doyle–Poẗemin canonical form,

Rij = Dx

(
f ijDx + cijs u

s
x

)
Dx.

This form has considerably less coefficients, and the Hamiltonian property is equivalent to

f ijk = cijk + c jik , (10a)

cijk f
kp =−cpjk f

ki, (10b)

8 We follow the Kobayashi–Nomizu convention for the Riemannian curvature; see [45] for more details.

5
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cijk f
kp + c jpk fki + c pik fkj = 0, (10c)

cijk,l f
kp = cipk c

kj
l − c pik ckjl − cpjk c

ik
l − cpjk c

ki
l . (10d)

It was proved [21] that, introducing the quantities cijk = fiqfjpc
pq
k the above system simplifies into

cijk =
1

3

(
fik,j − fij,k

)
, (11a)

fij,k + fjk,i + fki,j = 0, (11b)

cijk,l =−f pqcpilcqjk. (11c)

A covariant 2-tensor f satisfying equations (11b) must be a Monge metric of a quadratic line com-
plex (see [21] and reference therein). This is an algebraic variety that is a section of the Plücker vari-
ety by means of a quadric. Here, the Plücker embedding that we are considering is that of the projec-
tive space whose affine chart is (ui). In particular, being Monge, fij is a quadratic polynomial in the field
variables u. It was further proved in [4, 12, 49, 50] that the tensor fij can be factorized as

fij = ϕαβψ
α
i ψ

β
j

(
or, in a matrix form, f =ΨΦΨ⊤

)
where ϕ is a constant non-degenerate symmetric matrix of order n, and ψ γk = ψ γksu

s +ωγk , with
ψ γij =−ψ γji , is a non-degenerate square matrix of dimension n, with the constants ϕβγ , ψ

γ
ij and ω

γ
k sat-

isfying the relations (2).
It is known [23] that a third-order Hamiltonian operator R is the Hamiltonian operator of a first-

order system of conservation laws of the form uit = (Vi)x, i = 1, . . . ,n (see (4)) if

fimV
m
,j = fjmV

m
,i , (12a)

cmklV
m
,i + cmikV

m
,l + cmliV

m
k = 0, (12b)

fksV
k
,ij = csmjV

m
,i + csmiV

m
,j , (12c)

where Vi
,j = ∂Vi/∂uj. Nevertheless, it turns out that this result can be improved.

Theorem 1. In the system (12) the conditions (12b) are a consequence of (12a) and (12c).

Proof. Let us take the difference of the condition (12c) with the same condition with the indices s and j
exchanged:

fksV
k
,ij − fkjV

k
,is − cskjV

k
,i − cskiV

k
,j + cjksV

k
,i + cjkiV

k
,s = 0. (13)

We have

fksV
k
,ij − fkjV

k
,is =

(
fksV

k
,j − fkjV

k
,s

)
,i
−
(
fks,iV

k
,j − fkj,iV

k
,s

)
= (cksi + cski)V

k
,j −
(
ckji + cjki

)
Vk
,s,

where we used (12a). Then, (13) becomes

− cskjV
k
,i − cskiV

k
,j + cjksV

k
,i + cjkiV

k
,s +(cksi + cski)V

k
,j −
(
ckji + cjki

)
Vk
,s

=−cskjV
k
,i + cjksV

k
,i + cksiV

k
,j − ckjiV

k
,s

=
(
cjsk + ckjs

)
Vk
,i + cjksV

k
,i + cksiV

k
,j − ckjiV

k
,s

= ckjsV
k
,i + cksiV

k
,j + ckijV

k
,s = 0.

The interested reader can find in [23] the general expression of the Hamiltonian system of conserva-
tion laws of the above type.

6
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3. Conditions of compatibility

3.1. Variational Schouten bracket of operators
In what follows we will assume that ψ denotes a covector-valued density: ψ = ψidui ⊗ (dt∧ dx) and
ϕ = ϕi∂/∂ui denotes a (generalized) vector field. Their coefficients depend on field variables (ui) and
their x-derivatives up to a finite (although unspecified) order. Such elements are dual in the geometric
theory of the calculus of variations; conservation laws are uniquely represented by their characteristic
vectors, which are covector-valued densities, and symmetries are generalized vector fields [5, 42].

A Hamiltonian operator A can be regarded as a variational bivector, i.e. a bi-differential operator tak-
ing two covectors as arguments, with values into densities: A(ψ1,ψ2) is a density, and it is defined up
to total x-derivatives. The variational Schouten bracket of two Hamiltonian operators [A1,A2] is a varia-
tional three-vector. We will use the following formula for the variational Schouten bracket (this formula
is used by Dubrovin and Zhang [13]):

[A1,A2]
(
ψ1,ψ2,ψ3

)
=
[
ℓA1,ψ1

(
A2

(
ψ2
))(

ψ3
)
+ ℓA2,ψ1

(
A1

(
ψ2
))(

ψ3
)
+ cyclic

(
ψ1,ψ2,ψ3

)]
.

See [5, 11, 24, 25, 38, 42] for a comprehensive theory. The square brackets in the right-hand side of the
above expression mean that the result is an equivalence class with respect to total x-derivatives. In what
follows we will drop the square brackets for ease of reading, although retaining the fact that computa-
tions hold up to total x-derivatives.

We recall the formula for the linearization of an operator A and its adjoint. If A(ψ) = aijσDσψj then

ℓA,ψ (ϕ) =
∂aijσ

∂ukτ
DσψjDτϕ

k, ℓ∗A,ψ1

(
ψ2
)
= (−1)|τ |Dτ

(
ψ2
i
∂aijσ

∂ukτ
Dσψ

1
j

)
.

Hereafter, σ is a multiindex that denotes with respect to which arguments the differentiation takes
place. We recall that if ∆, □ are two operators in total derivatives then (∆ ◦□)∗ =□∗ ◦∆∗. Note that
(D−1)∗ =−D−1. Moreover, we recall that linearization commutes with total derivatives also in case of nega-
tive exponent. There is a linearization formula for the composition of operators:

ℓA◦B,ψ (φ) = ℓA,Bψ (φ)+A ◦ ℓB,ψ (φ) .

In view of next computations we introduce the following notation:

R= Dx ◦ F ◦Dx where F= f ijDx + cijku
k
x,

P= L+ cαβNαβ where L= gijDx +Γ
ij
ku

k
x, Nαβ = wi

αku
k
xDx

−1wj
βhu

h
x

Then we have

[P,R] = [L,R] + cαβ [Nαβ ,R]

where

[L,R]
(
ψ1,ψ2,ψ3

)
=ℓL,ψ1

(
Rψ2

)
ψ3 +Dx

(
ℓF,Dxψ1

(
Lψ2

))
ψ3 + cyclic

(
ψ1,ψ2,ψ3

)
and

[Nαβ ,R]
(
ψ1,ψ2,ψ3

)
=ℓN,ψ1

(
Rψ2

)
ψ3 +Dx

(
ℓF,Dxψ1

(
Nαβψ

2
))
ψ3 + cyclic

(
ψ1,ψ2,ψ3

)
.

The building blocks of our computation are the linearizations of L, F and Nαβ ,

ℓL,ψ1 (φ) = gijkDxψ
1
j φ

k +
(
Γ
ij
h,ku

h
xφ

k +Γ
ij
hDxφ

h
)
ψ1
j ,

ℓF,ψ1 (φ) = f ijk Dxψ
1
j φ

k +
(
cijh,ku

h
xφ

k + cijhDxφ
h
)
ψ1
j ,

ℓNαβ ,ψ1 (φ) =
(
wi
αk,lu

k
xφ

l +wi
αkDxφ

k
)
Dx

−1
(
wj
βhu

h
xψ

1
j

)
+wi

αhu
h
xDx

−1
(
wj
βh,lu

h
xφ

l +wj
βhDxφ

h
)
ψ1
j .

Introducing the notation

ψ̃i
α = Dx

−1
(
wj
αku

k
xψ

i
j

)
,

7
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we can rewrite the nonlocal part of the linearization (up to total x-derivatives, or ‘integrating by parts’)
as

ℓNαβ ,ψ1 (φ) =
(
wi
αk,lu

k
xφ

l +wi
αkDxφ

k
)
ψ̃1
β −

(
wj
βh,lu

h
xφ

l +wj
βhDxφ

h
)
ψ̃1
α.

In order to compute the components of the three-vector [P,R], we will use the algorithm devel-
oped in [9] (see also [8]). Then, we will gradually simplify the coefficients of the three-vector using the
Hamiltonian properties of P and R. It will leave us with a set of conditions whose vanishing is equivalent
to the compatibility of P and R.

Since the expressions of the coefficients of the three-vector are huge we limit ourselves to giving a
precise description on how to obtain them, describing the main points and issues of the simplification
process and presenting the conditions under which all coefficients of the three-vector vanish.

3.2. The algorithm
The three-vector [P,R] has coefficients that do not determine it uniquely, in view of the fact that [P,R] is
defined up to total x-derivatives. So, our aim is to obtain a unique, total x-derivative free representative
of [P,R]. The algorithm in [9] is divided in two parts.

First step: computing the nonlocal part. We bring all summands that are linear in ψ̃i
α’s to the form

c jpψ̃a
αDx

nψb
j ψ

c
p (14)

where c jp are coefficients depending on (ui,uiσ) and (a,b, c) ∈ {(1,2,3),(3,1,2),(2,3,1)}. We will do this
by ‘integration by parts’; for example,

c jp ψ̃1
αψ

2
j Dx

nψ3
p = (−1)nDx

n
(
c jp ψ̃1

αψ
2
j

)
ψ3
p + total x− derivative terms,

so that any summand which is not of the type of (14) is brought to that type up to total x-derivatives.
In the process, we will create new local terms that will be added to the local part of the three-vector.

Note that [P,R] does not contain, in this particular case, nonlocal terms that are quadratic in ψ̃i
α’s.

Second step: computing the local part. We operate on the local part of the three-vector as usual. More
precisely, we bring the three-vector to a form that is of zero order with respect to the argument ψ3 using
‘integration by parts’; this form is free from total x-derivatives. For example,

cijpDx
m1ψ1

i Dx
m2ψ2

j Dx
m3ψ3

p = (−1)m3 Dx
m3

(
c jpDx

m1ψ1
i Dx

m2ψ2
j

)
ψ3
p + total x− derivative terms.

3.3. Preparatory calculations
First of all, we need to compute the four summands in [P,R], after which we will apply a cyclic
permutation:

ℓL,ψ1(R(ψ2))(ψ3) = g pi
k ∂xψ

1
i

(
f kj∂3xψ

2
j +(( fkj,h + ckjh )u

h
x)∂

2
xψ

2
j +(ckjh,lu

l
xu

h
x + ckjh u

h
2x)∂xψ

2
j

)
ψ3
p

+
(
Γ

pi
h,ku

h
x

(
fkj∂3xψ

2
j +(( f kj,h + ckjh )u

h
x)∂

2
xψ

2
j +(ckjh,lu

l
xu

h
x + ckjh u

h
2x)∂xψ

2
j

+Γ
pi
k ∂x
(
f kj∂3xψ

2
j +(( f kj,h + ckjh )u

h
x)∂

2
xψ

2
j +(ckjh,lu

l
xu

h
x + ckjh u

h
2x)∂xψ

2
j

))
ψ1
i ψ

3
p,

∂x(ℓF,∂x(ψ1)(L(ψ
2)))(ψ3) = ∂x

(
fpik ∂

2
xψ

1
i

(
gkj∂x(ψ

2
j )+Γ

kj
h u

h
xψ

2
j

)
+
(
c pih,ku

h
x

(
gkj∂x(ψ

2
j )+Γ

kj
h u

h
xψ

2
j

)
+ c pih ∂x

(
ghj∂x(ψ

2
j )+Γ

hj
l u

l
xψ

2
j

))
∂x(ψ

1
i )
)
ψ3
p,

ℓNαβ ,ψ1(R(ψ2))(ψ3) =
(
wp
αk,lu

k
x

(
f lj∂3xψ

2
j +(( f lj,h + cljh)u

h
x)∂

2
xψ

2
j +(cljh,ku

k
xu

h
x + cljhu

h
2x)∂xψ

2
j

)
+wp

αk∂x
(
f kj∂3xψ

2
j +(( f kj,h + ckjh )u

h
x)∂

2
xψ

2
j +(ckjh,lu

l
xu

h
x + ckjh u

h
2x)∂xψ

2
j

))
ψ̃1
βψ

3
p

−
(
wi
βh,lu

h
x

(
f lj∂3xψ

2
j +(( f ljk + cljk)u

k
x)∂

2
xψ

2
j +(cljh,ku

k
xu

h
x + cljhu

h
2x)∂xψ

2
j

)
+wi

βh∂x
(
fhj∂3xψ

2
j +(( fhjk + chjk )u

k
x)∂

2
xψ

2
j +(chjl,ku

k
xu

l
x + chjk u

k
2x)∂xψ

2
j

))
ψ1
i ψ̃

3
α,

∂x(ℓF,∂x(ψ1)(Nαβ(ψ
2)))(ψ3) = ∂x

(
f pik ∂

2
xψ

1
i w

k
αlu

l
xψ̃

2
β +

(
c pih,ku

h
xw

k
αlu

l
xψ̃

2
β + c pih ∂x

(
wh
αlu

l
xψ̃

2
β

))
∂xψ

1
i

)
ψ3
p.

8
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Let us introduce the following notation:

TLR = [L,R]
(
ψ1,ψ2,ψ3

)
, TNαβ

= [Nαβ ,R]
(
ψ1,ψ2,ψ3

)
, TNαβ

=Nαβ +Lαβ

where Nαβ contains only nonlocal terms and Lαβ contains only local terms. We further split the above
expressions into the following summands:

TLR = T(123)
LR +T(312)

LR +T(231)
LR ,

Nαβ =N
(123)
αβ +N

(312)
αβ +N

(231)
αβ ,

Lαβ = L
(123)
αβ +L

(312)
αβ +L

(231)
αβ ,

where the superscript indicate the order of the arguments ψ1, ψ2, ψ3 in the above four summands with
respect to the cyclic permutation.

3.4. Computing the nonlocal part
Applying the first step of the algorithm to cαβNαβ yields the nonlocal part Tn of the three-vector [P,R]
in a canonical form. We will obtain all three of its components with respect to the three different order-

ings of the arguments ψ1, ψ2, ψ3 that we chose in (14), and we write Tn = T(123)
n +T(312)

n +T(231)
n . We

list only the (3,1,2) sector:

T(312)
n = cαβ

(
wq
βkf

kj −wj
βkf

kq
)
ψ̃3
αDx

4ψ1
j ψ

2
q

+ 2cαβ
(
−cjqk w

k
βp +wq

βkc
jk
p + cqjk w

k
βp −wj

βkc
qk
p

)
upxψ̃

3
αDx

3ψ1
j ψ

2
q

+ cαβ
(
Dx

((
−wj

βhc
qh
p + cqjk w

k
βp − cjqk w

k
βp +wq

βhc
jh
p

)
upx

)
+ Sjqβlpu

l
xu

p
x

)
ψ̃3
αDx

2ψ1
j ψ

2
q

+ cαβ
(
Dx

(
Sjqβlpu

l
xu

p
x

)
+ cαβ

(
−cqjk w

k
αp +wq

αkc
kj
p −wj

βp,kf
kq
)
upxxx

)
ψ̃3
αDxψ

1
j ψ

2
q

+ cαβ
(
wj
βp,k −wj

βk,p

)
upxxxxf

kqψ̃3
αψ

1
j ψ

2
q

where

Sjqβlp := wj
βl,kc

kq
p − cjqk,lw

k
βp + cjql,kw

k
βp −wq

βk,lc
kj
p .

Theorem 2. The nonlocal part Tn of the three-vector [P,R] in a canonical form vanishes if and only if the
following conditions are satisfied:

wj
βp,k = wj

βk,p, (15a)

wq
βkf

kj = wj
βkf

kq, (15b)

wj
αp,kf

kq = wq
αkc

kj
p − cqjk w

k
αp. (15c)

Proof. Indeed, Sjqβlp + Sjqβpl vanishes identically in view of the known conditions, see lemma 18 in the
appendix. In turn, the identity

− cjqk w
k
βp +wq

βkc
jk
p + cqjk w

k
βp −wj

βkc
qk
p = 0 (16)

is a simple differential consequence of (15b).

The condition (15a) implies that there exist wi
α such that wi

αk = wi
α,k = ∂wi

α/∂u
k.

Corollary 3. The potentials wi
α of the coefficients of the nonlocal part of P can be interpreted, for every index α,

as fluxes of systems of first-order conservation laws that are Hamiltonian with respect to R:

uit =
(
wi
α

)
x
= wi

α,ku
k
x = Rih

(
δH

δuh

)
.

Moreover, we have wi
α = ψi

γZ
γ
α where (ψi

γ) = (ψγi )
−1 and ψγi is a part of the decomposition of the Monge

metric fij = ϕαβψ
α
i ψ

β
j (see section 2.2), and Zγα = ηγαku

k + ξγα are linear functions that solve the linear algebraic
system

ϕβγ

[
ψβij η

γ
αk +ψβjkη

γ
αi +ψβkiη

γ
αj

]
= 0,

ϕβγ

[
ψβikξ

γ
α+ωβk η

γ
αi −ωβi η

γ
αk

]
= 0.

9
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Proof. The conditions (15b) and (15c) are exactly the conditions found in [23] for Hamiltonian systems
of R (see also section 2.2).

Remark 4. Note that we proved in theorem 1 that one of the conditions in [23] is redundant, namely (12b);
that is the same as (16) after lowering the indices.

3.5. Computing the local part
We shall compute a canonical form of the local part of the three-vector [P,R], which is TLR + cαβLαβ .

Its expression can be easily obtained from T(123)
LR + cαβL(123)

αβ by means of a cyclic permutation. A long
computation yields the following expressions:

T(123)
LR = g pi

k f kj∂xψ
1
i ∂

3
xψ

2
j ψ

3
p + g pi

k

((
f kj,h + ckjh

)
uhx

)
∂xψ

1
i ∂

2
xψ

2
j ψ

3
p + g pi

k

(
ckjh,lu

l
xu

h
x + ckjh u

h
2x

)
∂xψ

1
i ∂xψ

2
j ψ

3
p

+
(
Γ

pi
h,ku

h
x f

kj +Γ
pi
k ∂x

(
f kj
)
+Γ

pi
k

((
f kj,h + ckjh

)
uhx

))
ψ1
i ∂

3
xψ

2
j ψ

3
p

+
(
Γ

pi
h,ku

h
x

((
f kj,m + ckjm

)
umx

)
+Γ

pi
k ∂x

(((
f kj,h + ckjh

)
uhx

))
+Γ

pi
k

(
ckjh,lu

l
xu

h
x + ckjh u

h
2x

))
ψ1
i ∂

2
xψ

2
j ψ

3
p

+Γ
pi
k f

kjψ1
i ∂

4
xψ

2
j ψ

3
p +
(
Γ

pi
h,ku

h
x

(
ckjm,lu

l
xu

m
x + ckjmu

m
2x

)
+Γ

pi
k ∂x

(
ckjh,lu

l
xu

h
x + ckjh u

h
2x

))
ψ1
i ∂xψ

2
j ψ

3
p

+
(
∂x

(
f pik

)
gkj + f pik ∂x

(
gkj
)
+ f pik Γ

kj
h u

h
x + c pih,ku

h
xg

kj + c pih ∂x
(
ghj
)
+ c pih Γ

hj
l u

l
x

)
∂2xψ

1
i ∂xψ

2
j ψ

3
p

+
(
∂x

(
f pik

)
Γ
kj
h u

h
x + f pik ∂x(Γ

kj
h u

h
x

)
+ c pih,ku

h
xΓ

kj
l u

l
x + c pih ∂x(Γ

hj
l u

l
x)
)
∂2xψ

1
i ψ

2
j ψ

3
p

+ f pik gkj∂3xψ
1
i ∂x(ψ

2
j )ψ

3
p + f pik Γ

kj
h u

h
x∂

3
xψ

1
i ψ

2
j ψ

3
p +
(
f pik gkj + c pih ghj

)
∂2xψ

1
i ∂

2
xψ

2
j ψ

3
p

+
(
∂x(c

pi
h,ku

h
xg

kj)+ c pih,ku
h
xΓ

kj
l u

l
x + ∂x

(
c pih ∂x(g

hj)
)
+ c pih ∂x(Γ

hj
l u

l
x)+ ∂x(c

pi
h Γ

hj
l u

l
x)
)
∂x(ψ

1
i )∂xψ

2
j ψ

3
p

+
(
c pih,ku

h
xg

kj + c pih ∂x(g
hj)+ ∂x(c

pi
h ghj)+ c pih Γ

hj
l u

l
x

)
∂xψ

1
i ∂

2
xψ

2
j ψ

3
p

+
(
∂x(c

pi
h,ku

h
xΓ

kj
l u

l
x)+ ∂x(c

pi
h ∂x(Γ

hj
l u

l
x))
)
∂x(ψ

1
i )ψ

2
j ψ

3
p + c pih ghj∂xψ

1
i ∂

3
xψ

2
j ψ

3
p

and

L
(123)
αβ = t000ψ

1
i ψ

2
j ψ

3
p + t001ψ

1
i ψ

2
j Dxψ

3
p + t002ψ

1
i ψ

2
j D

2
xψ

3
p + t003ψ

1
i ψ

2
j D

3
xψ

3
p + t010ψ

1
i Dxψ

2
j ψ

3
p

+ t020ψ
1
i D

2
xψ

2
j ψ

3
p + t011ψ

1
i Dxψ

2
j Dxψ

3
p + t100Dxψ

1
i ψ

2
j ψ

3
p + t101Dxψ

1
i ψ

2
j Dxψ

3
p

+ t110Dxψ
1
i Dxψ

2
j ψ

3
p + t102Dxψ

1
i ψ

2
j D

2
xψ

3
p + t200D

2
xψ

1
i ψ

2
j ψ

3
p + t201D

2
xψ

1
i ψ

2
j Dxψ

3
p + t300D

3
xψ

1
i ψ

2
j ψ

3
p

where the coefficients are:

t000 =−wi
βhf

hj∂3x
(
wp
αku

k
x

)
− 4∂3x

(
wi
βhf

hj
)
wp
αku

k
x − 4∂x

(
wi
βhf

hj
)
∂2x
(
wp
αku

k
x

)
− 6∂2x

(
wi
βhf

hj
)
∂x
(
wp
αku

k
x

)
+
(
wi
βh,lu

h
x f

lj +wi
βh∂x

(
fhj
)
+wi

βh

((
fhjk + chjk

)
ukx

))
∂2x (w

p
αmu

m
x )

+ 3∂2x

(
wi
βh,lu

h
x f

lj +wi
βh∂x

(
fhj
)
+wi

βh

((
fhjk + chjk

)
ukx

))
wp
αmu

m
x

+ 3∂x

(
wi
βh,lu

h
x f

lj +wi
βh∂x

(
fhj
)
+wi

βh

(
fhjk + chjk

)
ukx

)
∂x (w

p
αmu

m
x )

−
(
wi
βh,lu

h
x

((
f ljk + cljk

)
ukx

)
+wi

βh∂x

((
fhjk + chjk

)
ukx

)
+wi

βh(c
hj
l,ku

k
xu

l
x + chjk u

k
2x

))
∂x
(
wp
αmu

m
x

)
− 2∂x

((
wi
βh,lu

h
x(( f

lj
k + cljk)u

k
x)+wi

βh∂x(( f
hj
k + chjk )u

k
x)+wi

βh(c
hj
l,ku

k
xu

l
x + chjk u

k
2x)
))
wp
αmu

m
x

+
(
wi
βq,lu

q
x(c

lj
h,ku

k
xu

h
x + cljhu

h
2x)+wi

βh∂x(c
hj
l,ku

k
xu

l
x + chjk u

k
2x)
)
wp
αmu

m
x

+
(
∂x( f

pi
k wk

αlu
l
x)+ c pih,ku

h
xw

k
αlu

l
x + c pih ∂x(w

h
αlu

l
x)
)
∂x
(
wj
βmu

m
x

)
+ 2∂x

(
∂x( f

pi
k wk

αlu
l
x)+ c pih,ku

h
xw

k
αlu

l
x + c pih ∂x(w

h
αlu

l
x)
)
wj
βmu

m
x

− f pi,hw
h
αlu

l
x∂

2
x

(
wj
βku

k
x

)
− 3∂2x

(
f pi,hw

h
αlu

l
x

)
wj
βku

k
x

− 3∂x
(
f pi,hw

h
αlu

l
x

)
∂x
(
wj
βku

k
x

)
− ∂x

(
c pih,ku

h
xw

k
αlu

l
x + c pih ∂x(w

h
αlu

l
x)
)
wj
βmu

m
x ,

t001 =−3wi
βhf

hj∂2x
(
wp
αku

k
x

)
− 8∂x

(
wi
βhf

hj
)
∂x(w

p
αku

k
x)− 6∂2x

(
wi
βhf

hj
)
wp
αku

k
x

+ 2
(
wi
βh,lu

h
x f

lj +wi
βh∂x(f

hj)+wi
βh(( f

hj
k + chjk )u

k
x)
)
∂x(w

p
αmu

m
x

)
+ 3∂x

(
wi
βh,lu

h
x f

lj +wi
βh∂x(f

hj)+wi
βh( f

hj
k + chjk )u

k
x

)
wp
αmu

m
x

−
(
wi
βh,lu

h
x(( f

lj
k + cljk)u

k
x)+wi

βh∂x(( f
hj
k + chjk )u

k
x)+wi

βh(c
hj
l,ku

k
xu

l
x + chjk u

k
2x)
)
wp
αmu

m
x

10
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+ 2
(
∂x( f

pi
k wk

αlu
l
x)+ c pih,ku

h
xw

k
αlu

l
x + c pih ∂x(w

h
αlu

l
x)
)
wj
βmu

m
x

− 3f pi,hw
h
αlu

l
x∂x
(
wj
βku

k
x

)
− 6∂x

(
f pik wk

αlu
l
x

)
wj
βku

k
x,

t002 =−3wi
βhf

hj∂x
(
wp
αku

k
x

)
− 4∂x

(
wi
βhf

hj
)
wp
αku

k
x

+
(
wi
βh,lu

h
x f

lj +wi
βh∂x(f

hj)+wi
βh(( f

hj
k + chjk )u

k
x)
)
wp
αmu

m
x − 3

(
f pi,hw

h
αlu

l
x

)
wj
βku

k
x,

t003 =−wi
βhf

hjwp
αku

k
x,

t010 =
(
∂x( f

pi
k wk

αlu
l
x)+ c pih,ku

h
xw

k
αlu

l
x + c pih ∂x(w

h
αlu

l
x)
)
wj
βmu

m
x

− 2f pi,hw
h
αlu

l
x∂x
(
wj
βku

k
x

)
− 3∂x

(
f pi,hw

h
αlu

l
x

)
wj
βku

k
x,

t020 =−f pi,hw
h
αlu

l
xw

j
βku

k
x,

t011 =−3f pi,hw
h
αlu

l
xw

j
βku

k
x,

t100 =−4wi
βhf

hj∂2x (w
p
αku

k
x)− 12∂2x

(
wi
βhf

hj
)
wp
αku

k
x − 12∂x

(
wi
βhf

hj
)
∂x
(
wp
αku

k
x

)
+ 3
(
wi
βh,lu

h
x f

lj +wi
βh∂x(f

hj)+wi
βh( f

hj
k + chjk )u

k
x

)
∂x
(
wp
αmu

m
x

)
+ 6∂x

(
wi
βh,lu

h
x f

lj +wi
βh∂x(f

hj)+wi
βh( f

hj
k + chjk )u

k
x

)
wp
αmu

m
x

− 2
(
wi
βh,lu

h
x(( f

lj
k + cljk)u

k
x)+wi

βh∂x(( f
hj
k + chjk )u

k
x)+wi

βh(c
hj
l,ku

k
xu

l
x + chjk u

k
2x)
)
wp
αmu

m
x

+ c pih,ku
h
xw

k
αlu

l
xw

j
βmu

m
x + c pih ∂x(w

h
αlu

l
x)w

j
βmu

m
x + ∂x(c

pi
h wh

αlu
l
xw

j
βmu

m
x ),

t101 =−8wi
βhf

hj∂x(w
p
αku

k
x)− 12∂x

(
wi
βhf

hj
)
wp
αku

k
x

+ 3
(
wi
βh,lu

h
x f

lj +wi
βh∂x(f

hj)+wi
βh( f

hj
k + chjk )u

k
x

)
wp
αmu

m
x ,

t102 =−4wi
βhf

hjwp
αku

k
x,

t110 = c pih wh
αlu

l
xw

j
βmu

m
x ,

t200 =−6wi
βhf

hj∂x
(
wp
αku

k
x

)
− 12∂x

(
wi
βhf

hj
)
wp
αku

k
x

+ 3
(
wi
βh,lu

h
x f

lj +wi
βh∂x(f

hj)+wi
βh( f

hj
k + chjk )u

k
x

)
wp
αmu

m
x +

(
f pik wk

αlu
l
xw

j
βku

k
x + c pih wh

αlu
l
xw

j
βmu

m
x

)
,

t201 =−6wi
βhf

hjwp
αku

k
x,

t300 =−4wi
βhf

hjwp
αku

k
x.

Theorem 5. The Hamiltonian operators P and R are compatible if and only if
• for every α the coefficients wi

αju
j
x are total x-derivatives of functions wi

α, which can be interpreted as fluxes of
systems of first-order conservation laws

uit =
(
wi
α

)
x
= wi

α,ku
k
x

that are Hamiltonian with respect to R;

• the following conditions hold:

Γ
ij
k f

kp = Γ
pj
k f

ki, (17a)

(
Γ
ij
k −Γ

ji
k

)
f kp +

(
Γ
pj
k −Γ

jp
k

)
f ki +

(
c pik gkj − cpjk g

ki
)
+
(
cipk g

kj − cijkg
kp
)
= 0, (17b)

(
Γ
ij
k,l + cαβwi

αkw
j
βl

)
f kp = Γ

pj
k c

ki
l −Γ

kj
l c

pi
k , (17c)

− cijk,lg
kp − c pik,lg

kj − c jik,lg
kp + c pil,kg

kj + cijl,kg
kp + c jpl,kg

ki

+ c kil Γ
pj
k − ckpl Γ

ij
k − 2c kil Γ

jp
k + 2ckpl Γ

ji
k − cjkl Γ

ip
k + cjkl Γ

pi
k

− c jik Γ
pk
l + c jpk Γik

l + cαβ
(
wi
αkf

kjwp
βl −wj

αk f
kpwi

βl

)
= 0.

(17d)

11
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Proof. We recall that the second step consists in the ‘integration by parts’ with respect to the argument ψ3

in the local three-vector TLR + cαβLαβ in order to obtain a local three-vector Tl, which is of zero order with
respect to that argument. That amounts to quite a long computation, which yields the expression

Tl =
∑

0⩽k+l⩽4

aklDx
kψ1

i Dx
lψ2

j ψ
3
p,

where most of the coefficients are too cumbersome to display. The simplest coefficients are a40, a22 and a31.
The vanishing of a40 (as well as of a04) immediately results in

Γ
ij
k f

kp = Γ
pj
k f

ki, (18)

vanishing of a22 is equivalent to the condition

3
(
Γ
ij
k −Γ

ji
k

)
f kp =−2

(
c pik gkj − cpjk g

ki
)
− cipk g

kj + c jpk g ki − c jik g
kp + cijkg

kp. (19)

The vanishing of a31 is equivalent to the condition(
Γ
ij
k −Γ

ji
k

)
f kp +

(
Γ
pj
k −Γ

jp
k

)
f ki +

(
c pik gkj − cpjk g

ki
)
+
(
cipk g

kj − cijkg
kp
)
= 0. (20)

Equation (19) implies equation (20): it is enough to replace the differences of Christoffel symbols in (20)
with the help of (19) to realize that. On the other hand, equation (20) implies (19): subtracting from (20)
the same equation with i, j interchanged we get (19). So, the two conditions are equivalent and each of them
yields the vanishing of both a22 and a31. Moreover, the coefficient a13 vanishes in view of these two condi-
tions as well.

Other coefficients are too cumbersome but we can deduce more from looking at their highest terms.
Thus, vanishing of the coefficient of ulxxx in a10 results in(

Γ
ij
k,l + cαβwi

αkw
j
βl

)
f kp = Γ

pj
k c

ki
l −Γ

kj
l c

pi
k , (21)

and that of ukxxxx in a00 reduces to

Γ
ij
k,l −Γ

ij
l,k = cαβ

(
wj
αkw

i
βl −wi

αkw
j
βl

)
. (22)

The latter condition is satisfied in view of (21), (18) and (10b). Indeed,(
Γ
ij
k,l + cαβwi

αkw
j
βl

)
f kpfps =

(
Γ
pj
k c

ki
l −Γ

kj
l c

pi
k

)
fps

Γ
ij
k,l + cαβwi

αkw
j
βl =

(
Γrj
s c

si
l −Γ

sj
l c

ri
s

)
frk

Γ
ij
k,l + cαβwi

αkw
j
βl −

(
Γ
ij
l,k + cαβwi

αlw
j
βk

)
=
(
Γrj
s c

si
l −Γ

sj
l c

ri
s

)
frk −

(
Γrj
s c

si
k −Γ

sj
k c

ri
s

)
frl

= Γrj
s c

si
l frk −Γ

sj
l c

ri
s frk +Γ

sj
l c

ri
s fkr −Γrj

s c
si
l fkr ≡ 0.

Differentiating (18) and killing the derivatives of Christoffel symbols there with the help of (21) yields a use-
ful identity

Γ
ij
kc

pk
l −Γ

pj
k c

ik
l +Γ

kj
l c

ip
k −Γ

kj
l c

pi
k = 0, (23)

which is equivalent to the vanishing of both a30 and a03. With the above identities at our disposal we can
proceed to simplifying the remaining coefficients. Thus, the coefficient a21 readily gives rise to the condition

− cijk,lg
kp − c pik,lg

kj − c jik,lg
kp + c pil,kg

kj + cijl,kg
kp + c jpl,kg

ki + c kil Γ
pj
k − ckpl Γ

ij
k − 2c kil Γ

jp
k + 2ckpl Γ

ji
k

− cjkl Γ
ip
k + cjkl Γ

pi
k − c jik Γ

pk
l + c jpk Γik

l + cαβ
(
wi
αkf

kjwp
βl −wj

αk f
kpwi

βl

)
= 0,

(24)

the coefficient a20 is(
−Γ

kj
l c

pi
k −Γ

pj
k c

ik
l + cipk Γ

kj
l +Γ

ij
kc

pk
l

)
ulxx +

(
Γ
pj
k,mc

ki
l −Γ

ij
k,lc

kp
m −Γ

kj
l c

pi
k,m +Γ

kj
l c

pi
m,k

+cαβ
(
wp
αkc

ki
l wj

βm −wi
αkc

kp
l wj

βm

))
ulxu

m
x ,

12
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where the first term vanishes in view of (23), and the second one through symmetrization gives rise to the
condition

Γ
pj
k,mc

ki
l −Γ

ij
k,lc

kp
m −Γ

kj
l c

pi
k,m +Γ

kj
l c

pi
m,k +Γ

pj
k,lc

ki
m −Γ

ij
k,mc

kp
l −Γkj

mc
pi
k,l +Γkj

mc
pi
l,k

+cαβ
(
wp
αkc

ki
l wj

βm −wi
αkc

kp
l wj

βm −wi
αkc

kp
mwj

βl +wp
αkc

ki
mwj

βl

)
= 0.

(25)

The coefficient a11 identically vanishes in view of the above conditions, while the coefficient a02 is equivalent
to the condition (25). The coefficient a10 is still quite lengthy after preliminary simplifications, so we opt to
present it part-wise. First of all, the highest coefficient thereof (of ulxxx) vanishes identically; the coefficient
of ulxxu

m
x is not symmetrical,

− 4Γij
k,lc

pk
m − 5Γij

k,lc
kp
m + 3Γij

k,mc
kp
l + 4Γij

k,mc
pk
l + 5Γpj

k,mc
ki
l − 3Γpj

k,lc
ki
m

+ 4Γij
kc

kp
l,m + 4Γij

kc
pk
l,m − 4Γij

kc
pk
m,l − 4Γij

kc
kp
m,l − 5Γkj

l c
pi
k,m

+ 3Γkj
mc

pi
k,l +Γkj

mc
pi
l,k +Γ

kj
l c

pi
m,k + 4Γpj

k c
ki
l,m − 4Γpj

k c
ki
m,l

+ cαβ
(
5c kil wp

αkw
j
βm − 3c kimwp

αkw
j
βl + 3ckpl wi

αkw
j
βm − 5ckpmwi

αkw
j
βl

− 4c pkm wi
βkw

j
αl − 4cipk w

k
αlw

j
βm + 4c pik wj

αmw
k
βl + 4cikl w

p
αkw

j
βm

)
,

and therefore it is better to write down its symmetrization and anti-symmetrization with respect to l,m. The
symmetrical part gives rise to the condition (25), and its antisymmetrical counterpart to

−Γ
ij
k,lc

pk
m +Γ

ij
k,mc

kp
l +Γ

ij
k,mc

pk
l −Γ

pj
k,lc

ki
m −Γ

ij
k,lc

kp
m +Γ

pj
k,mc

ki
l

+Γ
ij
kc

kp
l,m +Γ

ij
kc

pk
l,m −Γ

ij
kc

pk
m,l −Γ

ij
kc

kp
m,l −Γ

kj
l c

pi
k,m +Γ

pj
k c

ki
l,m −Γ

pj
k c

ki
m,l +Γkj

mc
pi
k,l

+ cαβ
(
ckpl wi

αkw
j
βm − c kimwp

αkw
j
βl + c pkl wi

αkw
j
βm − c pkm wi

αkw
j
βl + c kil wp

αkw
j
βm − ckpmwi

αkw
j
βl

)
= 0,

which vanishes in view of lemma 21. The coefficient of ulxu
m
x u

n
x in a10 is

∂

∂un

(
−Γ

ij
k,lc

kp
m +Γ

pj
k,mc

ki
l −Γ

kj
l c

pi
k,m +Γkj

mc
pi
l,k + cαβ

(
c kimwp

αkw
j
βl − ckpl wi

αkw
j
βm

))
+ cαβ

(
Sipαnlw

j
βm + Sijαnlw

p
βm

)
.

The first part thereof vanishes in view of (25), while the latter vanishes due to lemma 18. Finally, the most
lengthy coefficient a00 simplifies marvelously to just

cαβ∂x

(
Sipαnlw

j
βmu

l
xu

m
x u

n
x

)
,

which is identically zero due to lemma 18 as well. Finally, we can show that the coefficient a01 simplifies
to (22), and thus vanishes identically as well.

An interesting corollary provides a new structure arising from the first-order operator P.

Corollary 6. The cotangent space of the space of dependent variables (ui) is endowed by the Christoffel symbols
Γ
ij
k with a structure of associative algebra (without unity):

Γij
s Γ

sk
l −Γik

s Γ
sj
l = 0. (26)

Proof. Indeed, the equation (22) implies that the equation (9) is equivalently rewritten as (26).

3.6. The structure of g
We prove a Structure Formula for g with a series of lemmas. Our initial aim is to integrate the condi-
tions (21) and (22) out of all compatibility conditions of P and R.

Lemma 7. There exists a matrix of functions rij such that

Γ
ij
k + cαβwi

αkw
j
β = rijk . (27)

Proof. Indeed, (
Γ
ij
k + cαβwi

αkw
j
β

)
,l
−
(
Γ
ij
l + cαβwi

αlw
j
β

)
,k
= 0

in view of the condition of compatibility (22).

Hence, by introducing a matrix of functions rij as above we integrate condition (22).

13
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Lemma 8. We have the identity

gij + cαβwi
αw

j
β = rij + r ji. (28)

Proof. It is enough to symmetrize the equality (27) with respect to the indices i, j.

The above lemma shows that the formula (28) integrates the equation (6).

Lemma 9. The system of equations (17a) and (17c) is equivalent to the system:

f lkrij,k = f ikrlj,k, (29a)

fkprij,kl = rpj,kc
ki
l − rkj,l c

pi
k . (29b)

Proof. Indeed, the first equation follows from the identities

f lkΓij
k = f ikΓlj

k, f lkwi
αk = f ikwl

αk.

The second equation is obtained by rewriting the condition (21) using rij as a variable:(
rij,kl − cαβwi

αk,lw
j
β

)
f kp =

(
rpjk − cαβwp

αkw
j
β

)
ckil −

(
rkj,l − cαβwk

αlw
j
β

)
cpik .

Since

cαβ
(
wi
αk,l f

kp +wk
αlc

pi
k −wp

αkc
ki
l

)
wj
β = 0,

and the arguments can be reversed, we have the result.

Note that the above potential function rij is not a gradient with respect to any of the involved
pseudo-Riemannian metrics fij, gij. However, there is the following interesting relation.

Proposition 10. We have the identity(
fbkr

kj
)
,a
−
(
fakr

kj
)
,b
=
(
fkb,a − fka,b

)
rkj = 3rkjckab.

Proof. Indeed, the lower indices version of (29a) is fbir
ij
,a = fair

ij
,b, from which the result follows.

Let us introduce the parametrization rij = ψi
γZ

γj. The equation (29b) transforms into the equation

Zγj,hk = 0,

and thus Zγr = ηγrk uk + ξγr for some constants ηγrk and ξγr.

Proposition 11. The equation (29a) is equivalent to the two linear algebraic equations

ϕβγ

[
ψβij η

γr
k +ψβjkη

γr
i +ψβkiη

γr
j

]
= 0,

ϕβγ

[
ψβikξ

γr +ωβk η
γr
i −ωβi η

γr
k

]
= 0.

Proof. In [23] a closed form solution of the system

f lkwi
k = f ikwl

k, (30)

wi
kl f

kp +wk
l c

pi
k −wp

kc
ki
l = 0 (31)

is presented by means of the parametrization wi = ψi
γZ

γ . In particular, it is proved that the last equation
(31) is equivalent to Zγ,ij = 0, thus proving that Zγ = ηγk u

k + ξγ is a vector of linear functions. The
equation (30) is proved to be equivalent to the (linear) algebraic system

ϕβγ

[
ψβij η

γ
k +ψβjkη

γ
i +ψβkiη

γ
j

]
= 0,

ϕβγ

[
ψβikξ

γ +ωβk η
γ
i −ωβi η

γ
k

]
= 0.

Here, repeating the above argument using the parametrization rij = ψi
γZ

γj we obtain the result.

14
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In other words, the matrix (rij) can be interpreted as a family of n systems of first-order conservation
laws, indexed by j, which is Hamiltonian with respect to the operator R:

uit =
(
rij
)
x
= Rik

(
δHj

δuk

)
,

where Hj is the Hamiltonian density (see [20] for more details); the fluxes have the form rij = ψi
αZ

αj

described in the proof of the above theorem.
The following Structure Formula for the metric of the first-order operator P is a straightforward con-

sequence of (28).

Corollary 12 (Structure Formula). We have

gij = ψi
γZ

γj +ψj
γZ

γi − cαβwi
αw

j
β

where wi
α are potentials of the coefficients of the nonlocal part in the expression (3): wi

αk = wi
α,k.

The above results allow us to prove a conjecture that was made in [45].

Corollary 13. The metric gij is of the form

gij = ψi
αQ

αβψ
j
β ,

where Qαβ is the matrix of quadratic functions defined by

Qαβ = Zαjψβj +ψαi Zβi − cγδZαγZ
β
δ with wi

α = ψi
γZ

γ
α.

Moreover, taking into account the results of this section the main result can be formulated as follows.

Theorem 14. Given the two Hamiltonian operators P, R as in sections 2.1 and 2.2, the compatibility conditions
[P,R] = 0 are equivalent to:

1. For every α the vector function (wi
α) is the vector of fluxes of a system of conservation laws, which are

Hamiltonian with respect to R.

2.

gij = ψi
γZ

γj +ψj
γZ

γi − cαβwi
αw

j
β

where Zγj = η
γj
k uk + ξγj are matrices of linear functions whose coefficients fulfill the (linear) algebraic system

ϕβγ

[
ψβij η

γj
k +ψβjkη

γj
i +ψβkiη

γj
j

]
= 0,

ϕβγ

[
ψβikξ

γj +ωβk η
γj
i −ωβi η

γj
k

]
= 0.

3. (
Γ
ij
k −Γ

ji
k

)
f kp +

(
Γ
pj
k −Γ

jp
k

)
f ki +

(
c pik gkj − cpjk g

ki
)
+
(
cipk g

kj − cijkg
kp
)
= 0.

4.

− cijk,lg
kp − c pik,lg

kj − c jik,lg
kp + c pil,kg

kj + cijl,kg
kp + c jpl,kg

ki

+ c kil Γ
pj
k − ckpl Γ

ij
k − 2c kil Γ

jp
k + 2ckpl Γ

ji
k − cjkl Γ

ip
k + cjkl Γ

pi
k

− c jik Γ
pk
l + c jpk Γik

l + cαβ
(
wi
αkf

kjwp
βl −wj

αk f
kpwi

βl

)
= 0.

After having simplified the compatibility equations, we can now ask ourselves if it is possible to pro-
vide an interpretation of the Hamiltonian properties of P written down in section 2.1 in terms of the
above Hamiltonian systems of R. We have the following results.

Proposition 15. The equation (8) is equivalent to the requirement that the vector of fluxes {wi
α | i = 1, . . . ,n}

and {rhk | h= 1, . . . ,n} commute for every choice of α and k.

15
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Proof. The equation (8) is equivalent to

Γ
kj
p w

q
αk = Γ

qj
k w

k
αp.

Then, in view of formula (27) and the commutativity of wi
α with every other wi

β , we obtain the result.

Proposition 16. The equation (9) is equivalent to the requirement that the vector of fluxes {rhk | h= 1, . . . ,n}
and {rhj | h= 1, . . . ,n} commute for every choice of k and j.

Proof. As we have seen (corollary 6), the equation (22) implies the equation (26). By the formula (27), the
previous Proposition and the commutativity of the fluxes wi

α we obtain the result.

In view of our previous results, the structure possessed by P due to its compatibility with R allows to
reinterpret the Hamiltonian property of P itself, using the Hamiltonian systems of conservation laws of R
whose fluxes are {wi

α | i = 1, . . . ,n} and {rhk | h= 1, . . . ,n}.

Theorem 17 (Hamiltonian property). Let P, R be a pair of Hamiltonian operators described in sections 2.1
and 2.2, respectively. If P and R are compatible, then the Hamiltonian property of P is equivalent to the following
requirements:

1. gikwj
αk = gjkwi

αk;

2. gikrjlk = gjkrilk ;

3. The two families of vector of fluxes {wi
α | i = 1, . . . ,n} and {rhk | h= 1, . . . ,n} are commuting, both between

elements of the same family and between elements of the two distinct families:

rik,pr
ph
,j = rih,pr

pk
,j , rik,pw

p
α,j = wi

α,pr
pk
,j , wi

α,pw
p
β,j = wi

β,pw
p
α,j.

4. Examples

In this section, we consider various examples of compatible pairs P, R and determine the structure of P,
according to the Structure Formula (corollary 12) by providing Zγi, cαβ and wi

α with respect to a chosen
decomposition fij = ϕαβψ

α
i ψ

β
j .

Some of the examples can be found in the literature. In the past, compatibility was checked by pen
and paper (see, e.g. [2, 3, 19, 26, 27]); recently, new theoretical advances [9] and computer algebra pack-
ages [8] allowed large compatibility calculations, also when P is nonlocal [45, 48, 51, 52].

However, the results of this paper enable us to find the ‘fine structure’ of the metric of P, and to
check the compatibility by means of the simplified, purely algebraic equations to which we reduced the
problem. Indeed, we could not manage to compute compatibility for the new WDVV examples below
using the above computer algebra packages for Schouten bracket. On the other hand, the compatibility
conditions that we found in this paper are easy to program and enable us to compute in much higher
dimensions.

We will provide two categories of examples.
The dispersive examples come from the classification in [33], and are of KdV-type. Here we just con-

firm the Structure Formula by providing the expression of Zαi for some examples in the classification.
The dispersionless examples are endowed by bi-Hamiltonian structures of WDVV-type [45]. Three

examples come from that paper, again we provide the expression of Zγi. The expression of Zγα was
already known; what was not known is the fact that such systems enter in the Structure Formula and
contribute to the definition of the metric of the first-order Hamiltonian operator.

Two further dispersionless examples are completely new. They arise in WDVV Equations in dimen-
sions four and five, after rewriting them as commuting quasilinear systems of first-order conservation
laws. It was recently proved in [46] that such systems are endowed with a third-order Hamiltonian struc-
ture, and it was conjectured that they are endowed also with a first-order Hamiltonian structure. Our
results below confirm the conjecture.

In all examples, we checked that commutativity mentioned in theorem 17 holds.

4.1. Bi-Hamiltonian structures of KdV-type
Dispersive water waves. The system

u1t =
1

4
u2xxx +

1

2
u2u1x + u1u2x,

16
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u2t = u1x +
3

2
u2u2x

is equivalent to dispersive water waves system up to a Miura transformation [3]. Among others, it is bi-
Hamiltonian with respect to operators R+ P1 and P2 where R is a third-order homogeneous operator
defined by the Monge metric with

ψ =

(
1 0
0 1

)
, ϕ =

1

4

(
1 0
0 1

)
,

and P1 and P2 are first-order local homogeneous Hamiltonian operators defined by the metrics through
the Structure Formula (corollary 12) with

Z1 =

(
− 1

4u
2 1−µ

µ 0

)
, Z2 =

(
0 1

4u
1 −µ

1
4u

1 +µ 1
4u

2

)
,

respectively. Here, µ is an arbitrary parameter. Generally, a matrix Z is defined up to such inessential
constants in this construction.

Case R(2) from [33]: pencil gλ,11. The pair of Hamiltonian operators R+ P1 and P2 where R is a third-
order homogeneous operator defined by the Monge metric with

ψ =

(
1 0
u2 −u1

)
, ϕ =

1

4

(
0 1
1 0

)
,

and P1 and P2 are first-order homogeneous Hamiltonian operators defined by the metrics through the
Structure Formula with

Z1 =

(
−u1 u2 +µ
−µu1 −µu2 − 1

)
, Z2 =

(
0 −u1 +µ

−µu1 −µu2
)
,

define the bi-Hamiltonian hierarchy

uti = (P1 +R)δCi, i = 1,2,

where C1 =
´
S1 u

1dx and C2 =
´
S1

u2

u1 dx are Casimirs of P2.

Case R(2) from [33]: pencil gλ,13. The pair of Hamiltonian operators R+ P1 and P2 where R is a third-
order homogeneous operator defined the Monge metric with

ψ =

(
1 0
u2 −u1

)
, ϕ =

1

4

(
0 1
1 0

)
,

and P1 and P2 are first-order homogeneous local Hamiltonian operators defined by the metrics through
the Structure Formula with

Z1 =

(
u2 u1 +µ

−µu1 −µu2
)
, Z2 =

(
0 µ

−µu1 − 1 −µu2
)
,

define the bi-Hamiltonian hierarchy

uti = (P1 +R)δCi, i = 1,2,

where C1 =
´
S1

1
2 (u

1)2dx and C2 =
´
S1 u

2dx are Casimirs of P2.

Case R(3) from [33]: pencil gλ,12. The pair of Hamiltonian operators R+ P1 and P2 where R is a third-
order homogeneous operator defined the Monge metric with

ψ =

(
1 0
u2 −u1

)
, ϕ =

1

4

(
1 0
0 1

)
,

and P1 and P2 are first-order homogeneous local Hamiltonian operators defined by the metrics through
the Structure Formula with metrics with

Z1 =

(
u1 − u2 −u2 +µ
−µu1 + 1 1−µu2

)
, Z2 =

(
−1 µ

−µu1 − u2 −(µ+ 2)u2

)
,

17
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define the bi-Hamiltonian hierarchy

uti = (P1 +R)δCi, i = 1,2,

where C1 =
´
S1(u

1 − u2)dx and C2 =
´
S1

√
(u2)2 − 2u1u2 dx are Casimirs of P2.

4.2. Bi-Hamiltonian structures ofWDVV-type
Hyperbolic Monge–Ampère system. The hyperbolic Monge–Ampère equation uttuxx − u2xt =−1 is a
widely studied differential equation. We adopt the viewpoint in [39] where the equation is rewritten as
the hydrodynamic-type system

u1t = u2x, u2t =

((
u2
)2 − 1

u1

)
x

via the change of variables u1 = uxx, u2 = uxt (see also [45]). It admits a third-order homogeneous
Hamiltonian operator R determined by a Monge metric whose factors are

ψ =

(
1 0

−u2 u1

)
, ϕ =

(
0 1
1 0

)
.

It also admits four compatible local first-order Hamiltonian operators that are defined by

Z1 =

(
0 u2

0 0

)
, Z2 =

(
u1 0
0 1

)
, Z3 =

(
−u2 0
1 0

)
, Z4 =

(
0 u1

0 0

)
.

A four-component example from[1]. It is believed that there is a unique integrable case within the class
of systems of conservation laws that admits a Hamiltonian formulation through a third-order homoge-
neous Hamiltonian operator (see the discussion at the end of [20]),

u1t = u3x,

u2t = u4x,

u3t =

u1u2u4 + u3
((

u3
)2

+(u4)
2 −
(
u2
)2 − 1

)
u1u3 + u2u4


x

,

u4t =

u1u2u3 + u4
((

u3
)2

+(u4)
2 −
(
u1
)2 − 1

)
u1u3 + u2u4


x

.

(32)

The above system was first derived in [1] by means of projective-geometric considerations. In [23] a Lax
pair and a third-order homogeneous Hamiltonian operator R in canonical form were found for the sys-
tem. In [45] a compatible first-order homogeneous Hamiltonian operator P was also found. The opera-
tor R is parametrized by a Monge metric fij =

∑
kψ

k
i ψ

k
j (ϕ is the unit matrix),

ψ =


−u2 u1 −u4 u3

−u3 −u4 u1 u2

1 0 0 0
0 1 0 0

 .
The metric defining its first-order Hamiltonian operator of Ferapontov type is parametrized by the two-
by-two unit matrix c and Z=− 1

2ψ. From now on the omit inessential parameters in Z in view of their
number to avoid unnecessarily cumbersome expressions.

We recall that WDVV in arbitrary dimension, when rewritten as a first-order quasilinear system of
conservation laws, is endowed with a third-order homogeneous Hamiltonian operator R [46]. In the
series of examples below we will construct what seems to be a reasonable candidate for a first-order
homogeneous operator of Ferapontov type for WDVV systems in arbitrary dimension.

WDVV in dimension three. The WDVV system that is associated with a Dubrovin normal form η = η(2)

in dimension three,

η(2) =

µ 0 1
0 1 0
1 0 0

 ,
18
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takes the form

µftttfxxt − fttt + f 2xxt − fxxxfxtt −µf 2xxt = 0,

which in the new dependent variables u1 = fxxx, u2 = fxxt, u3 = fxtt can be rewritten as the hydrodynamic-
type system (

ui
)
t
=
(
Vi
)
x
, i = 1, . . .3,

where Vi = ψi
αw

α
1 ,

w1 =
(
0 u2 u3

)
,

and

ψ = (ψαi ) =

−u2 µu3 + u1 −µu2 + 1
1 0 0
0 1 0

 .
A third-order Hamiltonian operator is determined by the Monge metric fij = ψαi ϕαβψ

α
j with

(
ϕij
)
=

µ 1 0
1 0 0
0 0 1

 ,
and the first-order operator P of Ferapontov type is defined through the Structure Formula (corol-
lary 12) by Zγj = η

γj
k uk + ξγj,

(
Zγj
)
=

 3
2u

2 u3 0
− 3

2 −µu2 u1 2u2

−µu3 u2 2u3

 ,
and the matrix c,

c= µ

(
1 0
0 −µ

)
.

Note that P becomes local when µ= 0, and it is equal to the operators obtained in [19] and [51].

WDVV in dimension four: new example. The WDVV system that is associated with the Dubrovin nor-
mal form η = η(2) in dimension four takes the form

µ
(
fyyzfzzz − f 2yzz

)
+ 2fyyzfxyz − fyyyfxzz − fxyyfyzz = 0,

µ
(
fxzzfyzz − fzzzfxyz

)
+ fxxyfyzz − fxxzfyyz + fzzz + fxyyfxzz − f2xyz = 0,

µ
(
fyyzfxzz − fxyzfyzz

)
+ fxxyfyyz − fxxzfyyy + fyzz = 0,

µ
(
f2xzz − fxxzfzzz

)
+ fxxyfxzz − 2fxxzfxyz + fxxxfyzz = 0,

µ
(
fxxzfyzz − fxzzfxyz

)
+ fxxzfxyy − fyyzfxxx + fxzz = 0,

µ
(
fxxzfyyz − f2xyz

)
+ fxxyfxyy − fxxxfyyy + 2fxyz = 0

(only 4 equations here are functionally independent though, see [46]), which in the new dependent vari-
ables u1 = fxxx, u2 = fxxy, u3 = fxxz, u4 = fxyy, u5 = fxyz, u6 = fxzz can be rewritten as the system of two
hydrodynamic-type systems (

ui
)
y
=
(
Vi
)
x
,
(
ui
)
z
=
(
Wi
)
x

i = 1, . . .6,

where Vi = ψi
αw

α
1 , W

i = ψi
αw

α
2 , w’s are determined to be

w1 =
(
−2u5 −u6 u2 0 u4 u5

)
, w2 =

(
−u6 0 u3 0 u5 u6

)
,

19
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and

ψ = (ψαi ) =



u4 0 −µu5 −u1 µu3 0

u5 u3 −u2 −µu6 0 −u1 µu3

1 0 0 0 0 0
0 −u5 u4 −u3 µu6 + u2 −µu5 + 1
0 1 0 0 0 0
0 0 1 0 0 0


.

Both these systems admit two compatible Hamiltonian operators of the aforementioned form. In partic-
ular, the two systems admits a third-order homogeneous Hamiltonian operator R, which was found in
[51], defined by the Monge metric fij = ψαi ϕαβψ

α
j with

(ϕαβ) =



1 0 0 0 0 1
0 0 0 −µ −1 0
0 0 0 1 0 0
0 −µ 1 0 0 0
0 −1 0 0 0 0
1 0 0 0 0 2


and the new first-order Hamiltonian operator of Ferapontov type (of the system (ui)y = (Vi)x only, for
brevity) defined by

(
Zγj
)
=



2u1 µu6 0 0 −2u5 −2u6

0 −u3 0 0 −u6 0
0 −µu3 u1 0 u2 2u3

2u3 u5 u6 0 0 0
0 −µu5 − 1 u2 0 u4 2u5

0 −µu6 u3 0 u5 2u6


and the matrix c,

c= µ

0 1 0
1 0 0
0 0 −µ

 ,
where the columns are associated with the unit matrix w0, and the vectors w1 and w2, respectively.

WDVV in dimension five: new example. The WDVV system that is associated with a Dubrovin normal
form η = η(2) in dimension five can be rewritten as the system of three hydrodynamic-type systems; one
of them is

(
ui
)
3
=
(
Vi
)
2
, i = 1, . . .10,

where Vi = ψi
αw

α
2 , the dependent variables (here we switch to the notation (t2, t3, t4, t5) for the indepen-

dent variables) are

u1 = f222, u
2 = f223, u

3 = f233, u
4 = f224, u

5 = f234, u
6 = f244, u

7 = f225, u
8 = f235, u

9 = f245, u
10 = f255,

w’s are determined to be

w1 =
(
u1 u2 0 u4 −u7 −u8 u7 0 0 u10

)
w2 =

(
u2 u3 −u7 u5 0 u9 u8 0 u10 0

)
w3 =

(
u4 u5 u8 u6 u9 0 u9 u10 0 0

)
w4 =

(
u7 u8 0 u9 0 0 u10 0 0 0

)
20
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and

ψ = (ψα
i ) =



1 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0

−u5 −u3 + u4 u2 −u2 u1 0 µu8 −µu7 0 0

0 0 0 1 0 0 0 0 0 0

−u6 −u5 0 0 u2 u1 µu9 − 1 0 −µu7 0

0 −u6 −u5 u5 u3 − u4 u2 0 µu9 − 1 −µu8 0

0 0 0 0 0 0 1 0 0 0

−u9 −u8 0 −u7 0 0 µu10 + u4 u2 u1 −µu7

0 −u9 −u8 0 −u7 0 u5 µu10 + u3 u2 −µu8

0 0 0 −u9 −u8 −u7 u6 u5 µu10 + u4 −µu9 + 1



.

This system admits two compatible Hamiltonian operators of the aforementioned form. In particular, the
third-order Hamiltonian operator R (found in [51]) is defined by the Monge metric fij = ψαi ϕαβψ

α
j with

(ϕαβ) =



0 0 0 0 0 0 0 0 0 −1
0 0 0 0 0 0 0 0 −1 0
0 0 0 0 0 −1 0 0 0 0
0 0 0 0 0 0 0 −1 0 0
0 0 0 0 −1 0 0 0 0 0
0 0 −1 0 0 0 0 0 0 0
0 0 0 0 0 0 −1 0 0 0
0 0 0 −1 0 0 0 0 0 −µ
0 −1 0 0 0 0 0 0 −µ 0
−1 0 0 0 0 0 0 −µ 0 0


and a first-order Hamiltonian operator of Ferapontov type, which is new and is defined by the matrix

(
Zγj
)
=



0 0 −µu7 −µu7 0 0 u1 u2 u4 2u7

0 0 −µu8 −µu8 0 0 u2 u3 u5 2u8

0 −u1 − 3
2u

2 0 0 0 0 −u7 u8 0
0 0 −µu9 −µu9 − 1 0 0 u4 u5 u6 2u9

−2u1 −u2 0 0 0 0 −u7 0 u9 0
−2u2 −u3 + u4 3

2u
5 0 0 0 −u8 u9 0 0

0 0 −µu10 −µu10 0 0 u7 u8 u9 2u10

0 0 0 u7 0 0 0 0 u10 0
0 u7 3

2u
8 u8 0 0 0 u10 0 0

2u7 u8 0 u9 0 0 u10 0 0 0


,

and the matrix c,

c= µ


0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 −µ

 .

5. Discussion

So far, we have been able to derive a set of conditions whose vanishing is equivalent to the vanishing
of the Schouten bracket [P,R3]. The strength of our results lies in the fact that the Structure Formula in
corollary 12 allows to reduce the system [P,R3] = 0 to algebraic equations. The equations that determine
a third-order homogeneous operator in Doyle–Potëmin canonical form (see section 2.2) are indeed alge-
braic, and by the Structure Formula, a compatible first-order homogeneous operator is determined by a
finite number of constants.

If we consider a third-order operator as given, the equations are partly linear (the equations (5) that
determine Hamiltonian systems), and partly algebraic of second degree (the symmetry of the Jacobian
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matrices of the vectors of fluxes of the systems with respect to the metric g and the commutativity
relations).

In our computational experiments, the additional conditions (17b) and (17d) seem not to play any
role in the search for first-order operators P that are compatible with a given R3, after having used all
other conditions. There exists the possibility that they vanish identically; we will address this problem in
future research work.

We are currently working on compatibility between second-order and first-order homogeneous
Hamiltonian operators [32]; the calculations that we did until now allow us to confirm that many of
the results of this Paper hold in a strikingly similar way also in that case.
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Appendix

Here we give the details of the proof of some results that we use to simplify the coefficients of [P,R].

Lemma 18. Sjqβlp + Sjqβpl = 0.

Proof. In order to get rid of derivatives with the help of (10d) and (15c), we multiply Sjqβlp + Sjqβpl by f
klfps,

(
wj
βk,hc

hq
p − cjqh,kw

h
βp + cjqk,hw

h
βp −wq

βh,kc
hj
p

)
f klf ps

+
(
wj
βp,hc

hq
k − cjqh,pw

h
βk + cjqp,hw

h
βk −wq

βh,pc
hj
k

)
f klf ps

= wj
βh,kf

klchqp f ps − cjqh,kf
hpws

βpf
kl + cjqk,hf

klwh
βpf

ps −wq
βh,kf

klchjp f
ps

+wj
βh,pf

pschqk f kl − cjqh,pf
hkwl

βkf
ps + cjqp,hf

pswh
βkf

kl −wq
βh,pf

pschjk f
kl

=
(
−cljkw

k
βh +wl

βkc
kj
h

)
chqp f ps −

(
c jph chqk − cpjh c

hq
k − cpqh

(
chjk + cjhk

))
ws
βpf

kl

+
(
cjlkc

kq
h − cljkc

kq
h − clqk

(
ckjh + cjkh

))
wh
βpf

ps −
(
−clqk w

k
βh +wl

βkc
kq
h

)
chjp f

ps

+
(
−csjpw

p
βh +ws

βpc
pj
h

)
chqk f kl −

(
cjkh c

hq
p − ckjh c

hq
p − c kqh

(
chjp + cjhp

))
wl
βkf

ps

+
(
cjsp c

pq
h − csjp c

pq
h − csqp

(
cpjh + c jph

))
wh
βkf

kl −
(
−csqp w

p
βh +ws

βpc
pq
h

)
chjk f

kl.

Now, we collect the coefficients of wk
βh, w

s
βh and wl

βh (k is a dummy index, and s and l are fixed),

(
chqp
(
csjk f

pl + cljk f
sp
)
− chjp

(
clqk f

sp + csqk f
pl
))

wk
βh

+
((

cjlpc
pq
k − cljpc

pq
k − clqp c

pj
k − clqp c

jp
k

)
fhk −

(
2clqk c

hj
p − cjhp c

lq
k

)
f kp − chqp clpk f

kj
)
ws
βh

+
((

cjsp c
pq
k − csjp c

pq
k − csqp c

pj
k − csqp c

jp
k

)
fhk −

(
2chjp c

sq
k − cjhp c

sq
k

)
f kp − chqp cspk f

kj
)
wl
βh.
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All three coefficients vanish. Indeed, in the coefficient of wk
βh we use (10b) and rename the dummy indices to

get

chqp
(
csjk f

pl + cljk f
sp
)
− chjp

(
clqk f

sp + csqk f
pl
)

= chqp csjk f
pl + chqp cljk f

sp − chjp c
lq
k f

sp − chjp c
sq
k f

pl

=−
(
clqp c

sj
k + csqp c

lj
k − csjp c

lq
k − cljpc

sq
k

)
fph

=
(
−clqk c

sj
p − csqk c

lj
p + csjp c

lq
k + cljpc

sq
k

)
fph = 0.

The coefficients of ws
βh and wl

βh are the same up to permutation, so we consider only one of them. As a
preparatory step, we use again (10b) and redenote the dummy indices to yield,(

cjsp c
pq
k − csjp c

pq
k − csqp c

pj
k − csqp c

jp
k

)
fhk −

(
2chjp c

sq
k − cjhp c

sq
k

)
f kp − chqp cspk f

kj

=
(
cjsp c

pq
k − csjp c

pq
k

)
fhk − csqk

(
cjkp f

ph + chjp f
pk + ckhp fpj

)
− chqp cspk f

kj,

where the middle summand vanishes due to (10c), thus leaving us with(
cjsp c

pq
k − csjp c

pq
k

)
fhk − chqp cspk f

kj

=−chqk

(
cjsp f

pk + ckjp f
ps + cskp f

pj
)
= 0

due to (10c) again.

Lemma 19. Rijp
lm +Rijp

ml = 0 where

Rijp
lm :=−Γ

ij
k,lc

kp
m +Γ

pj
k,lc

ki
m −Γ

kj
l c

pi
k,m +Γ

kj
l c

pi
m,k + cαβ

(
c kil wp

αkw
j
βm − ckpl wi

αkw
j
βm

)
.

Proof. First of all, we rewrite (21) as

Γ
ij
k,l + cαβwi

αkw
j
βl =

(
Γtj
r c

ri
l −Γ

rj
l c

ti
r

)
ftk,

and simplify Rijp
lm +Rijp

ml to

−
(
Γtj
r c

ri
l −Γ

rj
l c

ti
r

)
ftkc

kp
m +

(
Γtj
r c

rp
m −Γrj

mc
tp
r

)
ftkc

ki
l −

(
Γtj
r c

ri
m −Γrj

mc
ti
r

)
ftkc

kp
l +

(
Γtj
r c

rp
l −Γ

rj
l c

tp
r

)
ftkc

ki
m

−Γ
kj
l c

pi
k,m +Γkj

mc
pi
l,k −Γkj

mc
pi
k,l +Γ

kj
l c

pi
m,k.

In order to get rid of the remaining derivatives with the help of (10d), we multiply the above expression
by f lxfmy,(

(Γtj
r c

ri
l −Γ

rj
l c

ti
r )fmkc

kp
t − (Γtj

r c
rp
m −Γrj

mc
tp
r )flkc

ki
t +(Γtj

r c
ri
m −Γrj

mc
ti
r )flkc

kp
t − (Γtj

r c
rp
l −Γ

rj
l c

tp
r )fmkc

ki
t

−Γ
kj
l c

pi
k,m +Γkj

mc
pi
l,k −Γkj

mc
pi
k,l +Γ

kj
l c

pi
m,k

)
f lxfmy

= (Γtj
r c

ri
l −Γ

rj
l c

ti
r )fmkc

kp
t f lxfmy − (Γtj

r c
rp
m −Γrj

mc
tp
r )flkc

ki
t f lxfmy

+(Γtj
r c

ri
m −Γrj

mc
ti
r )flkc

kp
t f lxfmy − (Γtj

r c
rp
l −Γ

rj
l c

tp
r )fmkc

ki
t f lxfmy

− (c plk c kim − clpk c
ki
m − clikc

kp
m − clikc

pk
m )Γ

xj
l f

my +(cpxl clik − cxpl clik − cxil c
lp
k − cxil c

pl
k )Γkj

mf
my

− (c pmk c kil − cmp
k c kil − cmi

k ckpl − cmi
k c pkl )Γyj

mf
lx +(cpym cmi

k − cypm c
mi
k − cyimc

mp
k − cyimc

pm
k )Γ

kj
l f

lx,

where we use (10b) and (18) to reduce the expression to the form with collectable coefficients of Γxj
l and Γ

yj
m,

(
−clikc

kp
m fmy − c plk c kim fmy − cyimc

pm
k f lk + clpk c

ki
m fmy + clikc

pk
m fmy + cpym cmi

k f lk
)
Γ
xj
l

+
(
−cmi

k ckpl f lx − c pmk c kil f lx + cmp
k c kil f lx + cmi

k c pkl f lx + cpxm clik f
mk − cximc

pl
k fmk

)
Γyj
m.
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Both coefficients are the same up to permutation, and thus, we need to show that only one of them vanishes.
Again, we use (10b) to reduce the expression to the form, where the cyclic condition (10c) is evident,

− clikc
kp
m fmy − c plk c kim fmy − cyik c

pk
m f lm − clpmc

yi
k f

mk − clikc
yk
m f

mp + clikc
ky
m f

mp

=−cmi
k cypm f

kl − cyik c
kl
mf

mp − cyik c
pk
m fml − clpmc

yi
k f

mk − clikc
yk
m f

mp + clikc
ky
m f

mp

=−cmi
k cypm f

kl + cyik c
lp
mf

mk − clpmc
yi
k f

mk − clikc
yk
m f

mp + clikc
ky
m f

mp

= clik
(
cypm f

mk + c pkm fmy + ckym f
mp
)
= 0.

Lemma 20. The condition (23) can be rewritten in lower indices as

cmklΓ
mj
αi + cmikΓ

mj
αl + cmliΓ

mj
αk = 0. (33)

Lemma 21.

−Γ
ij
k,lc

pk
m +Γ

ij
k,mc

kp
l +Γ

ij
k,mc

pk
l −Γ

pj
k,lc

ki
m −Γ

ij
k,lc

kp
m +Γ

pj
k,mc

ki
l

+Γ
ij
kc

kp
l,m +Γ

ij
kc

pk
l,m −Γ

ij
kc

pk
m,l −Γ

ij
kc

kp
m,l −Γ

kj
l c

pi
k,m +Γ

pj
k c

ki
l,m −Γ

pj
k c

ki
m,l +Γkj

mc
pi
k,l

− c kimwp
kw

j
l + ckpl wi

kw
j
m + c pkl wi

kw
j
m − c pkm wi

kw
j
l + c kil wp

kw
j
m − ckpmwi

kw
j
l = 0.

Proof. We start by removing all derivatives from the LHS by using identities (10d) and (17c),

− c pkm cril Γ
sj
k fsr + ckpl crimΓ

sj
k fsr + c pkl crimΓ

sj
k fsr − ckpm cril Γ

sj
k fsr − c kim crpl Γ

sj
k fsr + c kil crpmΓ

sj
k fsr

− c pkm crikΓ
sj
l fsr + ckpl crikΓ

sj
mfsr + c pkl crikΓ

sj
mfsr − ckpm crikΓ

sj
l fsr − c kim crpk Γ

sj
l fsr + c kil crpk Γ

sj
mfsr

+
(
cpsk cril + csik c

pr
l + csik c

rp
l

)
frsΓ

kj
m −

(
cpsk crim + csik c

pr
m + csik c

rp
m

)
frsΓ

kj
l +

(
csil c

rk
m − crimc

sk
l

)
frsΓ

pj
k

where we used the condition (10d) in the form

cijp,l =
(
c isp c

rj
l + csjp c

ir
l + csjp c

ri
l

)
frs,

which is achieved by using the conditions (10b) and (10c) in (10d). Now using the condition (10b) and

renaming dummy indices we can rewrite Γsj
l and Γ

sj
m in the second line as Γkj

l and Γ
kj
m and sum up these terms

with the third line to get

c pkr cril Γ
sj
mfks − crimc

pk
r Γ

sj
l fsk +

(
csil c

rk
m − crimc

sk
l

)
frsΓ

pj
k

thus reducing the whole expression to

−cril

(
c pkm Γ

sj
k fsr − c pkr Γ

sj
k fsm − cskmfrsΓ

pj
k

)
− crim

(
c pkr Γ

sj
k fsl + c pkl Γ

sj
k frs − cskl frsΓ

pj
k

)
. (34)

Lowering indices in (34) by faifbjfcp we get

−
(
cdcmΓ

dj
k − cdckΓ

dj
m − cdkmΓ

dj
c

)
caslf

sk +
(
cdclΓ

dj
k − cdckΓ

dj
l − casmΓ

dj
c

)
casmf

sk,

which vanishes in view of (33).
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