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ABSTRACT. The 1973 Boone-Higman conjecture predicts that every
finitely generated group with solvable word problem embeds in a finitely
presented simple group. In this paper, we show that hyperbolic groups
satisfy this conjecture, that is, each hyperbolic group embeds in some
finitely presented simple group. This shows that the conjecture holds in
the “generic” case for finitely presented groups. Our key tool is a new
family of groups, which we call rational similarity groups (RSGs), that is
interesting in its own right. We prove that every hyperbolic group embeds
in a full, contracting RSG, and every full, contracting RSG embeds in
a finitely presented simple group, thus establishing the result. Another
consequence of our work is that all contracting self-similar groups satisfy
the Boone-Higman conjecture.
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1. INTRODUCTION

The Boone-Higman conjecture, posed by William Boone and Graham Hig-
man in 1973 , predicts the following group theoretic equivalent
condition to a finitely generated group having solvable word problem:

Boone-Higman conjecture. A finitely generated group has solvable word
problem if and only if it embeds as a subgroup of some finitely presented
simple group.

Recall that a group has solvable word problem if there exists an
algorithm to determine whether a given word in the generating set represents
the identity element of the group. Historically, the word problem for groups
was one of the foundational issues in the development of combinatorial and
geometric group theory, being first studied by Max Dehn in the early 20th
century, along with the conjugacy and isomorphism problems; see [Deh12].
A primary motivation for the Boone-Higman conjecture is that it would
establish a very straightforward, purely group theoretic, equivalent condition
for finitely generated groups to have solvable word problem, namely, being
a subgroup of a finitely presented simple group. We will often refer to an
injective homomorphism from a group to a finitely presented simple group
as a Boone—-Higman embedding.

The “if” direction of the Boone-Higman conjecture is straightforward.
First, any finitely generated subgroup of a finitely generated group with
solvable word problem itself has solvable word problem. Moreoever, finitely
presented simple groups are easily seen to have solvable word problem, as
was first observed by Alexander Kuznetsov in 1958 [Kuz5§|. The “only if”
direction, however, has been open for fifty years. Boone and Higman did
prove a weaker version of this direction, namely, every finitely presented
group with solvable word problem embeds in a simple subgroup of a finitely
presented group [BHT74]. This was improved by Thompson to include that
the simple subgroup can be taken to be finitely generated [Tho80]. Also,
it suffices to prove the conjecture in the finitely presented case, since every
finitely generated group with solvable word problem embeds in a finitely
presented group with solvable word problem [Cla67]. The Boone-Higman
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conjecture is a relative of the famous Higman embedding theorem, which
states that a finitely generated group is computably presented if and only
if it embeds in a finitely presented group [Hig61]. Both the Boone-Higman
conjecture and the Higman embedding theorem are thus of the form “a
finitely generated group has a certain algorithmic property if and only if
it embeds in a certain kind of group.” The survey [BBMZ] contains more
history and background around the Boone—Higman conjecture.

Perhaps the most robust partial result toward the Boone-Higman conjec-
ture, historically speaking, is that the groups GL,(Z) (which have solvable
word problem) satisfy the conjecture — this follows from work of Elizabeth
Scott [Sco84]. Her proof involves (what would in modern terminology be
called) finding a faithful self-similar action of Z" x GL,,(Z) on an appropriate
tree and then taking what is now known as the Rover—Nekrashevych group.
As a consequence, all groups embeddable into some GL,,(Z) also satisfy the
conjecture, such as right-angled Artin groups, Coxeter groups, and virtually
nilpotent groups. See [BBMZ]| for a more comprehensive list of prominent
groups that are known to satisfy the Boone—Higman conjecture. To be clear,
whenever we say that a finitely generated group, “satisfies the Boone-Higman
conjecture,” we are implicitly asserting that the group is known to have
solvable word problem, and that moreover it has been proven to embed in a
finitely presented simple group.

1.1. Statement of results and background. The main result of this
paper is the following, which establishes that hyperbolic groups satisfy the
Boone-Higman conjecture.

Theorem A (Boone-Higman for hyperbolic groups). Every hyperbolic group
embeds as a subgroup of a finitely presented simple group.

Recall that a geodesic metric space is hyperbolic if there exists § > 0 such
that for any triangle of geodesic paths, each side lies in the J-neighborhood
of the other two. A finitely generated group G is called hyperbolic if some
(equivalently any) Cayley graph of G with respect to a finite generating
set is hyperbolic under the path metric. Hyperbolic groups are among the
most prominent objects of study in geometric group theory. They were
first introduced by Gromov in |Gro87], although in some sense they were
already present in Dehn’s early 20th century work, since it turns out a group
is hyperbolic if and only if it admits a so-called Dehn presentation [BH99,
Theorem III.T".2.6]. Hyperbolic groups are always finitely presented, and
indeed have type Fy; see Proposition I11.I'.2.2 and Corollary II1.I".2.26 of
[BH99]. Recall that a group has type F,, if it has a classifying space with
finite n-skeleton, and type Fo means type F,, for all n. Since coming to
prominence thanks to Gromov’s work, hyperbolic groups have inspired an
incredible amount of research. Prominent examples of hyperbolic groups
include free groups, free products of finite groups, groups acting properly
discontinuously cocompactly by isometries on a hyperbolic metric space
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(e.g. fundamental groups of compact hyperbolic manifolds), many Coxeter
groups, and groups satisfying certain small cancellation conditions. The class
of hyperbolic groups is also closed under taking free products. Prominent
examples of groups that are not hyperbolic include Z?, Baumslag-Solitar
groups BS(m,n), and groups containing any of these as subgroups. See, e.g.
[BH99, Chapter III] for an overview of hyperbolic groups.

Hyperbolic groups are characterized by having word problem solvable in
linear time (see, e.g. [BH99, Section IIL.I']), and so are a natural test case for
the Boone—Higman conjecture. Moreover, they are ubiquitous among finitely
presented groups; indeed, a “random” finitely presented group is hyperbolic
with probability approaching 1 [Cha95l [01'92] [Gro93|. Our result therefore
establishes that the Boone-Higman conjecture holds in the “generic” case for
finitely presented groups. While several examples of hyperbolic groups were
previously known to embed into finitely presented simple groups, such as all
virtually special hyperbolic groups, to the best of our knowledge this result
is new outside these examples. In particular it is new for any non-linear
hyperbolic groups. Non-linear hyperbolic groups exist, for example the first
construction was given by Michael Kapovich in [Kap05], Section 8], and see
[CST19] for some more recent examples.

The finitely presented groups that we use to find Boone-Higman embed-
dings of hyperbolic groups come from the extended family of “Thompson-like”
groups. This is a loosely defined class of groups that generalize the classi-
cal Thompson groups F', T, and V, introduced by Richard Thompson; see
[CEP96] for background on Thompson’s groups. Groups that are considered
Thompson-like often have a combination of good finiteness properties like
finite presentability together with good simplicity properties like having
simple commutator subgroup, and so are good candidates for targets of
Boone-Higman embeddings. In this paper, the finitely presented simple
Thompson-like groups that we use are so called twisted Brin—-Thompson
groups, introduced by the first and fourth authors in [BZ22] following the
construction of the Brin—Thompson groups by Matthew Brin in [Bri04].
Thanks to a criterion due to the fourth author in [Zar25| (see [Theorem 5.3),
we do not need to work directly with twisted Brin—Thompson groups here,
but rather embed hyperbolic groups into a new family of finitely presented
groups that (may or may not be simple but) admit certain actions, ensuring
their embeddability into finitely presented simple twisted Brin—Thompson
groups.

This new family of groups is the main focus of this paper. We call them
“rational similarity groups”, or “RSGs” for short. They arise as natural
subgroups of the rational group of a subshift of finite type, and many existing
examples of interesting groups turn out to be RSGs. Besides consisting of
elements that act rationally on the subshift, the key property of an RSG is
that it can realize every “canonical similarity” between compatible cones in

the subshift. See [Definition 2.32] for the formal definition of an RSG. An
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important family of examples of RSGs is the Rover—Nekrashevych groups
of self-similar groups, as in and to some extent RSGs can
be viewed as an “asynchronous” analog of Rover—Nekrashevych groups.
However, we should emphasize that the Rover—Nekrashevych groups are only
a very special case of RSGs, as will be made clear at various points.

1.2. Outline of the proof. Let us give a few more details of how we prove
One of the most difficult steps is the following finite presentability
result, which is

Theorem B. FEvery full, contracting RSG is finitely presented.

See [Definition 2.24| and [Definition 2.41] for the definitions of full and con-
tracting. To prove we write down an explicit infinite presentation,
and use a family of words that we call “normalish forms” (Definition 3.5]

to prove that it presents the group. Then we reduce the presentation to an
explicit finite one. Crucial to all of this is that a certain group Vr g is finitely

presented ((Corollary 2.21)); this is already interesting in its own right, and

generalizes work of Matui from [Mat15b].
Combining [Theorem B| with the aforementioned we conclude:

Theorem C. FEvery contracting RSG embeds into a finitely presented simple
group, and hence satisfies the Boone—Higman conjecture.

One consequence of this is the following, which is

Corollary D. Every contracting self-similar group embeds into a finitely
presented simple group, and hence satisfies the Boone—Higman conjecture.

Finally, in order to prove it remains to prove the following,
which is [Theorem 4.1

Theorem E. Every hyperbolic group embeds in a full, contracting RSG.
We prove by using a group denoted [[G | 9G], for G a given

hyperbolic group. This group arises from the action of G on its horofunction
boundary 0,G, as defined by Gromov. The horofunction boundary of a
hyperbolic group is a totally disconnected, compact metrizable space that
maps onto the more familiar Gromov boundary 0G by a finite-to-one map
[WWO05, [Per23]. The group [[G | 9,G]] consists of all homeomorphisms of
O G that locally agree with elements of the hyperbolic group. That is, a
homeomorphism f: 0,G — O,G lies in [[G | O,G]] if and only if there exists
a partition of 0;G into finitely many clopen sets such that f agrees with
some element of G on each set of the partition.

These groups [[G | 0,G]] are “Thompson-like” in the sense that their ac-
tion shares many properties with the usual action of Thompson’s group V or
a Rover—Nekrashevych group on the Cantor set. Indeed, in the framework es-
tablished by Matui and Matsumoto [Mat12l, Mat13, MM14l Mat15al Mat15bl
MM17], the groups [[G | 0,G ]| can be viewed as topological full groups of
certain étale groupoids. For most hyperbolic groups G, this groupoid is
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purely infinite and minimal. Then [[G | 0,G]] is the topological full group
associated to the étale groupoid of all germs of elements of G acting on
OnG. Note that the construction of [[G | X ]] makes sense whenever G is
a group acting on a topological space X, though the resulting group is not
always Thompson-like. For example, if the action of G on X preserves some
measure, then the action of [[G | X']] on X will too.

In [BBM21], the first three authors described an assignment of addresses to
Op G with respect to which the action of G, for most hyperbolic groups G, is
faithful and asynchronous rational, as defined by Grigorchuk, Nekrashevych,
and Sushchanskii [GNSQQ]. Specifically, 9, G can be viewed as a clopen subset
of a subshift of finite type, and G acts by finite-state transducers. It follows
that the action of [[G | O,G ]| on O,G is faithful and rational. The group
[[G | 0,G]] also contains the topological full group Vr g for the associated
clopen subset E of a subshift ¥, which ensures that it is an RSG. Finally,
we prove that it is contracting; the proof of this involves some intricate
geometric arguments, and is the part of the overall argument that utilizes
hyperbolicity most essentially; see for the culmination of these
technical arguments.

All of these steps work for hyperbolic groups G outside some low-complexity
cases; in particular they work whenever GG has a proper Z free factor, and
so every hyperbolic group embeds into a hyperbolic group G for which
[[G | OnG]] is a full, contracting RSG, thus establishing [Theorem El

1.3. Open questions. We end the introduction with some questions that
naturally arise.

Question 1.1. Is every non-elementary hyperbolic group isomorphic to a
contracting RSG?

We show in that every hyperbolic group G that acts faithfully
on its Gromov boundary is isomorphic to an RSG. Moreover, if G has Z as
a proper free factor then the RSG is contracting. The main impediment to
obtaining the contracting property outside this case is that we do not know
whether ¥ always has an irreducible core.

Question 1.2. Do full, contracting RSGs have type F.? Even for Rover—
Nekrashevych groups of contracting self-similar groups, this remains open,
and was conjectured to be true by Nekrashevych; see [Nekl1§].

A first step toward answering [Question 1.2] would be finding a topological
proof of finite presentability of full, contracting RSGs. An attempt that the

authors made, following a variant of the “standard” approach to deducing
type Fy for Thompson-like groups (see, e.g. [BM16],[Zar21]), was unsuccessful,
so it seems that some new ideas are needed.

One could also ask whether finite presentability of the full group of a
hyperbolic group G acting on its horofunction boundary could be deduced
in some manner making direct use of the finite presentability of GG, rather
than the contracting property. More generally, one can ask:
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Question 1.3. Does every finitely presented subgroup of the rational group
Rr,r embed in a finitely presented subgroup whose action on some orbit
in F is oligomorphic and has finitely generated stabilizers of finite subsets?
(And hence embed in a finitely presented (simple) twisted Brin—-Thompson

group?)

Scott in [Sco84l, Theorem 2| showed that (what is now called the) Rover—
Nekrashevych group V4(G) of a finitely presented self-similar group G is
finitely presented, and Skipper, Witzel, and the fourth author extended this
result to higher finiteness properties in [SWZ19, Theorem 4.15]. We can ask
the following analogous question about RSGs.

Question 1.4. If G is a finitely presented RSG, then must the full closure
of G also be finitely presented?

The following more ambitious question is a concrete approach to trying to
prove the full Boone-Higman conjecture:

Question 1.5. Does every finitely presented group with solvable word
problem embed in a finitely presented oligomorphic group with finitely
generated stabilizers of finite subsets?

If the answer to this question is “Yes”, then we would have that every
finitely presented group with solvable word problem embeds in a finitely
presented (simple) twisted Brin—Thompson group, thus proving the Boone—
Higman conjecture. In a similar vein, one can wonder whether twisted
Brin—Thompson groups might always serve as the target of a Boone-Higman
embedding:

Question 1.6. Does every finitely presented simple group embed in a finitely
presented (simple) twisted Brin—Thompson group?

Finally, another obvious question is whether one could try to extend the
techniques here to prove the Boone-Higman conjecture for other classes
of groups that are related to hyperbolic groups, such as CAT(0) groups,
automatic groups, relatively hyperbolic groups with nice peripheral subgroups,
and so forth. A starting point would have to be an interesting action
on a Cantor space (e.g. the horofunction boundary in our case), which
is not an issue in and of itself, but in order for our techniques here to
work it turns out that the group of germs at any point must be virtually
cyclic (see [Proposition 5.5|), and this is an impediment for several potential
approaches. Let us also mention another obvious family of groups related to
hyperbolic groups, namely acylindrically hyperbolic groups; it turns out there
exist acylindrically hyperbolic groups with unsolvable word problem [MO15|
Theorem 7.7] (in fact, one can just take G x Z, for any G with unsolvable
word problem), so in fact they do not all embed into finitely presented simple
groups, and it is not clear whether assuming acylindrical hyperbolicity should
help with finding Boone-Higman embeddings.
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This paper is organized as follows. We begin by defining rational similarity
groups (RSGs) in [Section 2| In [Section 3| we prove that full, contracting
RSGs are finitely presented. In [Section 4] we show that every hyperbolic
group embeds into a full, contracting RSG. Finally, in we prove
that full, contracting RSGs embed into finitely presented simple groups, and
hence so do all hyperbolic groups.
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di Milano-Bicocca (FA projects 2020-ATE-0006 and 2021-ATE-0033 “Strut-
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2. RATIONAL SIMILARITY GROUPS (RSGS)

In this section we construct a new family of groups called rational sim-
ilarity groups (RSGs), see |Definition 2.32] These are certain groups of
homeomorphisms, with two key defining properties: they consist of “rational”
homeomorphisms of a subshift of finite type X, and they can achieve any
“canonical similarity” between compatible cones in Yr. Rational similarity
groups seem to be fundamental to the study of asynchronous rational groups
in the same way that self-similar groups are fundamental to the study of
synchronous rational groups, in that they emerge as a unifying property
common to most examples of interest in the literature. This will become
clear in the course of constructing the groups and detailing many examples.
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In we establish notation and terminology for subshifts of
finite type, and in we develop a theory of rational homeomor-
phisms of such subshifts. In Subsections [2.3| and we recall the Thompson
group Vr g associated to a subshift and summarize its known properties. We
introduce the class of RSGs in and discuss several existing
examples in the literature. Finally, we introduce the nucleus for an RSG
together with the property of an RSG being contracting in

and in we use nuclei to prove a classification theorem for full
RSGs.

2.1. Subshifts of finite type. In this subsection we briefly recall the
definition of a subshift of finite type and establish relevant notation.

Throughout this subsection, let I' be a finite directed graph. Note that we
allow I" to have both loops and multiple edges. If e is an edge of T, we let o(e)
denote the origin of e, and t(e) denote the terminus of e. A directed path
in I is a (finite or infinite) sequence {e;} of edges such that t(e;) = o(e;11)
for each 4. A finite directed path e; - - - e, has an origin and terminus defined
by

o(er1---ep) =o(ey) and tler---en) =tlen).

An infinite directed path ejes--- has an origin o(e1) but no terminus. We
will often just say “path” with “directed” being implicitly understood.

We will often think of the set of edges of I' as a finite alphabet, with finite
directed paths being words. In particular, an initial segment of a path « will
be called a prefix of a and any final segment of a path « will be called a
suffix of a. For convenience, we also regard each node v in I' as a path of
length 0 with o(v) = t(v) = v, where v is considered to be a prefix of every
path that has origin v. Finally, there is a null path @ of length 0, which is
a prefix of every path.

Definition 2.1 (Subshift of finite type). The subshift of finite type
associated to I' is the set X of all infinite directed paths ejeq--- in I

This coincides with the terminology in [Matl5b], though “subshift of
finite type” often refers to a slightly more general kind of sequence space (cf.
[LM21], Definition 2.1.1]). In that context, the subshifts X defined above
are sometimes called “edge shifts” or “topological Markov shifts”, and up to
topological conjugacy there is no distinction [LM21].

If € is the set of edges of I', then we can view Yr as a closed subspace
of the infinite product space £, where £ has the discrete topology. With
respect to this topology, X is compact, totally disconnected, and metrizable.
Indeed, there is a standard ultrametric on >, for which the distance
between two distinct infinite paths w and &’ is 1/2", where n is the length
of the greatest common prefix of w and «’.

Example 2.2. If T" has a single node and n > 2 (loop) edges, then Xr is the
usual n-ary Cantor space Cp, = {0,...,n — 1}V,
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If « is a finite path in I', the associated cone is the set €, C X of all
infinite directed paths that have « as a prefix. Note that if v is a node in I,
then €, is the set of all infinite directed paths with origin v. In addition, the
cone &€y is the entire subshift ¥p. Each cone is a clopen subset of ¥, and
these form a basis for the topology. In particular, a subset of ¥ is clopen if
and only if it is a disjoint union of finitely many cones.

Remark 2.3. If Y is a subshift of finite type, then the set of non-null
finite paths in I' has the structure of a forest of finitely many rooted trees,
with one tree for each node of I'. The subshift > is precisely the Gromov
boundary of this forest, i.e. the space of leaves at infinity.

Remark 2.4. We will largely be concerned with subshifts ¥p with the
following two properties:

(i) The subshift X1 has no isolated points; and

(ii) There are no empty cones, i.e. &, # @ for every finite directed
path a.

If the first property holds, then the topological space Y is a Cantor space.
Together, these properties are equivalent to saying that for every node v of I’
there is a node w of I such that there is a directed path from v to w and w
has at least two outgoing edges.

If @ and f are directed paths with t(a) = o(8), let « - 5 denote the
concatenation of o and 8, where v-« = « for any directed path o with origin
v and @ - a = « for every directed path «. If « is any finite path, observe
that

Co={a wlwe&y}

This holds for & = @ as well if we adopt the convention that (&) = @. The
canonical similarity

Ly Qtt(a) — &,

is the homeomorphism defined by L,(w) = a - w. More generally, if o and
3 are finite paths with ¢(o) = ¢(8), the homeomorphism Lg o L ! is the
canonical similarity ¢, — €3, sending - w to 8- w for all w € &,.

2.2. Rational homeomorphisms. In this subsection we define rational
homeomorphisms on subshifts of finite type, and we briefly develop the
corresponding theory. Rational homeomorphisms on full shifts were defined
by Grigorchuk, Nekrashevych, and Sushchanskii in [GNS00].

Throughout this subsection, let X be a subshift of finite type without
isolated points or empty cones. A nondegenerate map on Xr is a map
f: E — YXp, where F is any nonempty clopen subset of p, with the property
that no cone in £ maps to a single point. For example, since ¥r has no
isolated points and hence no one-point cones, any injective map on Xr is
nondegenerate.
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If E is a nonempty clopen subset of X, let Cones(F) denote the set of all
finite paths « for which €, C E. For a nondegenerate map f: £ — X, let

f: Cones(E) — Cones(Xr)

be the function that sends each o € Cones(E) to 3, where €g is the smallest
cone in Y that contains f(¢€,). Equivalently, f(a) is the greatest common
prefix of all points in f(€,) (which could be null). Note that this is well-
defined since f(€,) has at least two points.

Definition 2.5 (Local Action). Let f: £ — Xr be a nondegenerate map on
Yr. If a € Cones(E), the local action of f at a is the map fla: €y —
Q:t(f(a)) deﬁned by

fla-w) = f(a) fla(w)

for all w € &;4).

That is, f|, is the map that fits into a commutative diagram

Cia) — Ca

S
(f(@) L) fla)

where L, and L F(a) AT€ canonical similarities. Note then that two local

actions f|, and g|g are equal if and only if there is a commutative diagram

(N
J :
f Q:g(ﬁ)

where ¢ and 1 are canonical similarities. Moreover, note that if « and 3 are
two finite directed paths with f|, = g|g, then necessarily t(«) = ¢(3). This
is because the functions f|, and g|g have the same domain, made of infinite
directed paths necessarily starting from the same node of T'.

Definition 2.6 (Rational map). A nondegenerate map f: E — Xr is
rational if it only has finitely many distinct local actions.

Remark 2.7. The local actions f|, correspond to what Grigorchuk, Nekra-
shevych, and Sushchanskii refer to as “restrictions” in [GNS00]. In the
context of self-similar groups, they are also often referred to as “states”,
since they correspond to the states of a transducer, and rational maps are
said to be “finite-state”.
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Though we do not use transducers here, there is no particular obstacle
to writing a rational map on a subshift of finite type as a transducer. The
input and output alphabet would be the set of edges of I', and the transducer
would have the property that it can only input or output valid words in the

subshift.

Let us collect some lemmas about local actions, which among other things
will establish that the property of being rational is closed under compositions
and inverses.

Lemma 2.8. Let f: E — Yr be a nondegenerate map. Then for each
B € Cones(Xr), the set f~1(B) is finite. If f is rational and injective with
exactly k distinct local actions, then more precisely we have ‘f‘l(ﬂ)‘ <k.

Proof. Let n be the length of 3. Under the standard ultrametric, the cone
Cs has diameter 27", and any subset of €3 of diameter 2-(+1) or less is
contained in a proper subcone of €z. Since f is uniformly continuous by
virtue of E being compact, there exists d > 0 so that

d(p,q) <6 = d(f(p), f(g)) <27V

for all p,q € E. Tt follows that any a € f~1(3) must have diam(¢,) > 6,
and there are only finitely many such cones.

Now suppose that f is rational and injective with exactly k distinct local
actions, and suppose to the contrary that ‘fﬁl(ﬁ)} > k. By the pigeonhole
principle, there must exist distinct a, o/ € f~1(8) so that f|o = f|o. Since
> has no isolated points, if v is a node of I' such that I" admits an infinite
path starting from v, then it must be the case that I' admits at least two
(and in fact, infinitely many) distinct paths starting at v. As t(«a) = t(a/)
is a node of I' admitting an infinite path w based at ¢(«), then it must
admit another distinct path ' based at t(«), and it follows that either
a-w#ad -wora-w #a -w. Assume without meaningful loss of generality
that o - w # o' - w. But now we have

f(a'w):B'ﬂa(w):B'f|a’(w>:f(0/'w)

and so f is not injective, a contradiction. O

Lemma 2.9. Let f: E — Yr be a nondegenerate map. Then for finite paths
a, B in I for which o - B is defined, we have (fla)|s = fla-8-

Proof. Note that, since t(8) = t(« - 8), the maps (f|a)|g and f|,.3 have the
same domain &;g). Furthermore, if w € &;g), then

fla-B)- flapw) = fla-f-w)
= f(a) fla(B-w) = () fla(B) - (fla)]s(w),

so it suffices to prove that fla-B) = f(a)- fla(B).
Recall that f|,(5) is the greatest common prefix of f|,(€g), or equivalently
the greatest common prefix of all words f|,(8 - w) for w € & g). Then
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f(@) - fla(B) is the greatest common prefix of all words f(a) - f|a(f - w) for
w € €y g). But this is precisely the set of words f(a -3 -w) for w € &y,

fimd the greatest common prefix of this set is f(a - 3). We conclude that
f(a/B) :f(a)'f|a(/8)v and hence (f‘a)‘ﬁ:f‘aﬂ- O

Lemma 2.10. Let E,E' C Xr be clopen, let f: E' — Xr and g: E — E’
be nondegenerate maps, and suppose f o g is nondegenerate. Then for any
a € Cones(E),

(fo9)la = (flga) © 9la)li(a)-

Proof. Let h = f|ja) © gla- We must prove that (f o g)la = hlyqa). Since
t(t(a)) = t(a), both of these maps have the same domain &;,). Furthermore,
ifwe @t(a), then

Fogla) (fog)lalw)=(fog)a w)=f(7(a) glaw))

= (fog)(a) hw) = (fog)(a) h(t(e) - w)

= (fog)(@) - h(t(@)) - hlya)(w)
so it suffices to prove that fo g(a) = (f o g)(a) - h(t(a)). (This will ensure
that the maps agree, and also that they have the same codomain.)
Recall that h(t(c)) is the greatest common prefix of the words h(w) for
w € €yyy. Then (fog)(a)-h(t(a)) is the greatest common prefix of the words

(fog)(a) - h(w) for w € 4. By the calculation above, this is precisely the
set of words (f o g)(a-w) for w € &4, and the greatest common prefix of

this set is f o g(a). We conclude that fo g(a) = (f o g)(a) - h(t(a)), and
therefore (f o g)la = hly(a)- O

Lemma 2.11. Let E,E' C Xr be clopen. If f: E — E' is a rational
homeomorphism, then f~1 is rational.

Proof. For simplicity, we suppose instead that f~! is rational, and we prove
that f is rational. Put an equivalence relation on Cones(E) by a ~ f if
f‘l\f(a) = f‘l\f(ﬁ). Since f~! is rational, there are only finitely many
equivalence classes. Let C be such an equivalence class. It suffices to prove
that f has only finitely many distinct local actions at elements of C.

Fix a v € C. By the first part of there are only finitely many
B € C so that f(B) = f(vy). Therefore, it suffices to prove that for every
a € C there exists 3 € C such that f|, = f|g and f(B8) = f(v).

Let a € C. Since f~! Fay =/ 1 F() We have a commutative diagram

P
Qf ™)

f—ll Lf_l

Cor — =y
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where €, and &€, are the smallest cones that contain f_l(ﬁf( a)) and
ffl(fo(W)), respectively, and ¢ and 1) are canonical similarities. Since
f(€a) € €5, we know that €, C f‘l(Cf(a)) C €, so o is a prefix
of a. Thus, ¢(€,) must be some cone €3 C €. Since f(€5) = ¥(f(€a))
and f(€,) is not contained in any proper subcone of Qif( o) the set f(&€p) is

not contained in any proper subcone of cf(v)’ and therefore f(8) = f(7).
We also have the commutative diagram

P
i) — L)

f] ]f
Q:a —¢>Q:ﬁ

which proves that f|, = f|g. This finishes the proof that f is rational. O
We have proven the following.

Proposition 2.12. Let X be a subshift of finite type without isolated points
or empty cones, and let E C Xr be a nonempty clopen set. Then the set Rr g
of rational homeomorphisms E — E forms a group under composition. [

The group Rr g is the rational group associated to E. In the case
where E is the whole subshift ¥r, we write Rr for Rr g. A rational
representation of a group G is any homomorphism G — Rr g.

Remark 2.13. If T consists of a single node and n > 2 (loop) edges, then
the corresponding subshift X is known as the full shift with an alphabet
of size n, and is the usual n-ary Cantor space €,,. In this case, the rational
group Rr is the same as the rational group R, defined by Grigorchuk,
Nekrashevych, and Sushchanskii [GNS0Q].

2.3. Thompson groups on subshifts. Matsumoto introduced the topo-
logical full group associated to a subshift of finite type Xr in 2015 [MatI5al.
Here we give a brief definition of Matsumoto’s groups that does not use the
language of étale groupoids. Specifically, we define one group Vr g for each
clopen set £ C ¥, which we refer to as the “Thompson group associated
to E”. In the case where E = X, we write Vi instead of Vr . To define
the groups Vr g, recall that any two cones €., g C E with t(«) = t(5) have
a corresponding canonical similarity a - w — 3 - w.

Definition 2.14 (Thompson group). Let X be a subshift of finite type and
E C ¥r a nonempty clopen set. The Thompson group associated to
E is the group of all homeomorphisms f: F — E satisfying the following
property: there exist two partitions €, ...,&,, and &€g,,...,&g of E into
cones, such that t(c;) = t(53;) for each i, and f maps each €, to €g, by the
canonical similarity.
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It is not difficult to prove that the set Vr g of all such homeomorphisms
really does form a group.

Example 2.15 (Higman—Thompson groups). If X is the full shift on an
alphabet of size n (see , then Vr is the well-known Higman—
Thompson group V;, 1. More generally, if F is any nonempty clopen subset
of ¥r, then Vr g is isomorphic to one of the Higman-Thompson groups V/, ;..

In the case where Y1 has no isolated points or empty cones, the following
proposition shows that the Thompson group Vr g is a subgroup of the
corresponding rational group Rr .

Proposition 2.16. Suppose Xr has no isolated points or empty cones, and
let EC Xr be a nonempty clopen set. Then Vr g is precisely the group of
all f € Rr g with the property that f|a is the identity on &y for all but
finitely many « € Cones(E).

Proof. Note that fl, is the identity on € if and only if f maps &, to
some cone €z by a canonical similarity. If f € Vr g has domain partition
Cays---5 %, then f acts as a canonical similarity on any cone that is
contained in one of the ¢, , and all but finitely many cones have this
property. Conversely, if f acts as a canonical similarity on all but finitely
many cones, then by compactness we can find a finite cover of F by cones
on which f acts as a canonical similarity, and any such cover has a subcover
whose cones are disjoint. (I

Matui proved that Vr g is finitely presented for a certain class of sub-
shifts Y.

Definition 2.17 (Irreducible). A subshift ¥r is irreducible if the following
conditions are satisfied:

(i) T is strongly connected, i.e. for any two nodes v, w of I there is
a directed path with origin v and terminus w.

(ii) T is not a directed cycle.
Note that if X is irreducible, then it has no isolated points, and is therefore
a Cantor space. Also, ¥r has no empty cones, so the rational group Rr g

is defined for any nonempty clopen £ C Yp. The following is proven in
[Mat15b, Theorem 6.21].

Theorem 2.18 (Matui). If X is irreducible and E C Xp is a nonempty
clopen set, then Vr g is finitely presented. Indeed, Vr g has type Fu. [l

We will need a slight generalization of Matui’s theorem.

Definition 2.19 (Irreducible core). A subshift X1 has an irreducible core
if there exists an induced subgraph I'g of I' (the core) such that:

(i) Xr, is irreducible.
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(ii) For every node v of I, there is a directed path in I" from v to a node
of Fo.

(iii) There exists N > 0 so that every directed path in I' of length N
(with any origin) has terminus in I'y.

Note that this is still enough to ensure that > has no isolated points or
empty cones.

Given clopen subsets E,E’ C Yr, a homeomorphism h: E — FE’ is
Thompson-like if there exists a partition of E into cones €, ,...,%q,
and a partition of E’ into cones €g,,...,&z, such that h maps each €,
to €, by a canonical similarity. For example, Vr g is the group of all
Thompson-like homeomorphisms from F to itself.

Proposition 2.20 (Pushing into the core). Suppose that X has an irre-
ducible core I'g. Let E C Xr be a nonempty clopen set. Then there exists a
clopen set Eg C Xr, and a Thompson-like homeomorphism h: EE — Eqy such
that hVREh_l = VFO»EO'

Proof. Let N > 0 be such that every directed path in I' of length N has
terminus in I'g. Note that every finite directed path of length greater than N
also has terminus in I'g, and therefore every directed edge in I" whose origin
lies in I'g also has its terminus in I'g. In particular X, is precisely the union
of the cones €, in Xr as v ranges over all nodes in I'y.

Let ai,...,a; be all the elements of Cones(E) of length N. Then
Cays- .-, &y, is a partition of E into cones, and each t(«;) is a node in T'y.
Since I'g is irreducible, it is not difficult to find disjoint cones €g,, ..., &z,
in ¥r, such that ¢(3;) = t(a) for all i. Let Ey = €g, U---U€s, . Then the
homeomorphism h: E — Ey that maps each €., to €g, by the canonical
similarity has the desired properties. O

Now our generalization of Matui’s theorem is immediate.

Corollary 2.21. If X has an irreducible core and E C Xr is a nonempty
clopen set, then Vr g is finitely presented. Indeed, it has type Fu. O

Remark 2.22. If I and IV both have irreducible cores, then Rr.e = Rr g
for any F and E’; in particular all such groups are isomorphic to Rs, the
rational group on the usual binary Cantor space. This follows from [BBM21
Proposition 2.22] together with the proof of [BBM21, Theorem 2.16]. We
should also mention that this group is simple, and is not finitely generated
[BHM19]. Note, however, that these isomorphisms do not map Vr g to Vi gr.

Example 2.23. The groups Vr g are much less well-behaved when I' does
not have an irreducible core. For example, as observed by Matteo Tarocchi
[Tar], if T" is the graph with nodes u,v1,...,v,, a loop at each node, and a
directed edge from each v; to u, then one can check that Vr is isomorphic to
the Houghton group H,,, which has type F,,_; but not type F, [Bro87]. (See
also |[dC14l Proposition 3.7.4] for a similar construction.) In particular, none
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of these examples have type Fy, in contrast to It would be

interesting to determine the finiteness properties of Vi g for all finite directed
graphs T.

2.4. Full groups, flexible groups, and classes. In this subsection we
define full groups and flexible groups, and we discuss the abelian group of
classes associated to any full flexible group. The “full and flexible” termi-
nology was introduced in [BHM19], and the group of classes is essentially
due to Matui [Mat15bl Section 6.2], though our description follows [BEH24!
Section 3].

Definition 2.24 (Full group). For X a topological space and G a group of
homeomorphisms of X, say that a homeomorphism h of X locally agrees
with G if for all x € X there exists an open neighborhood U of z and an
element g € G such that h(u) = g(u) for all w € U. The full group induced
by G, denoted [[G | X ]|, is the group of all homeomorphisms that locally
agree with G. Call G full if [[G | X ]] = G.

For example, the Thompson group Vr g is full for any ¥r and any nonempty
clopen set F.

This terminology and notation is inspired by the theory of étale groupoids,
where [[&]] denotes the topological full group of an étale groupoid & (see
[Mat12, Mat13l Mat15a, Mat15b, MM17]). In particular, if X is a Cantor
space then [[G | X ]] is the topological full group of the étale groupoid of all
germs of elements of G. Note that if X is compact, then h locally agrees
with G if and only if there exists a finite covering of X by (basic, if desired)
open sets Uy, ..., U, and elements g1, ..., g, € G such that h(u) = g;(u) for
all 7 and all u € Uj;.

Definition 2.25 (Flexible group). If X is a Cantor space, a group G of
homeomorphisms of X is flexible if, for every pair E1, E5 of proper, nonempty
clopen subsets of X, there exists g € G such that g(E;) C E».

Remark 2.26. Flexible groups are closely related to the vigorous groups
defined by the second author, Elliott, and Hyde [BEH24], and are precisely
the CO-transitive groups of homeomorphisms of Cantor spaces as defined
by Kim, Koberda, and Lodha [KKL19, [KK21]. Moreover, the class of full
flexible groups is the same as the class of topological full groups of essentially
principal, minimal, purely infinite étale groupoids with unit space a Cantor
space (see [Matl5b]), and Matui has proven that all such groups have simple
commutator subgroup.

If G is a full flexible group of homeomorphism of a Cantor space X and F
is a proper, nonempty clopen subset of X, the class of E, denoted class(E),
is the collection of all clopen sets in the same G-orbit as E. Let Classes(G)
be the collection of such classes. There is a natural binary operation + on
Classes(@) defined by

class(E1) + class(Ey) = class(E; U E3)
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for every pair E1, E5 of disjoint, nonempty clopen sets whose union Fq U Ey
is not all of X. Under this operation, Classes(G) forms an abelian group (see
[Mat15bl Section 6.2] or [BEH24l, Section 3]). The key thing is that, since
G is flexible, up to choosing different representatives the sum class(E7) +
class(FE2) makes sense for any proper, nonempty E; and Es. From this
it is straightforward to see that it is a group operation, since for any F;
and Fy there exists E3 with class(Ep) + class(E3) = class(FE3) (just use
flexibility to move E; into Fy and then take E3 to be the complement).
The group Classes(G) is precisely the Oth homology group of the associated
étale groupoid as defined by Crainic and Moerdijk [CM00] and described
concretely by Matui [Mat12].

By convention, we can also assign a class to the whole space X, namely
the sum class(E1) + class(Es2) for any partition {Ey, F2} of X into nonempty
clopen sets. It is easy to show that this does not depend on the chosen
partition.

Matui describes the group Classes(Vr g) in the irreducible case, where
it has an especially nice group presentation. See [Matl15bl Section 6.1] or
[Mat12, Theorem 4.14], where it is proven that Classes(Vr g) is isomorphic
to the Ky group for the associated reduced groupoid C*-algebra. These
C*-algebras are in the family of Cuntz—Krieger algebras [CK8(], and their
K-theory was computed by Cuntz [Cun81].

Theorem 2.27 (Matui). If Xr is irreducible and E C Xr is a nonempty
clopen set, then Vr g is flexible. If v is a node of I', then all cones €,
in E with t(a) = v lie in the same class [v], and such classes generate
Classes(Vr ). Indeed, Classes(Vr i) has a presentation with these generators
and one relation
[v] = fw1] + - 4 [wn]

for each node v of ', where wy,...,w, are the termini of all edges eq, ..., e,
in I' that have origin v. ([

In the above theorem, the relation [v] = [w;] + -+ + [wy,] comes from
the decomposition of a cone €, with ¢(a) = v into the disjoint union
Coey U+ UChe,, where each t(ae;) = w;. Note that ey, ..., e, are distinct
but wq, ..., w, need not be.

Note that Matui’s description of Classes(Vr i) does not actually depend on
the clopen set E. Indeed, if E C ¥r is any nonempty clopen set, the inclusion
E — ¥r induces a canonical isomorphism Classes(Vr i) — Classes(V7).

Example 2.28. In the Higman—-Thompson case where I' is a single node

with n > 2 loops (see [Example 2.15) the group Classes(Vr ) is isomorphic

to Z/(n — 1)Z. In this case, each Vi g is isomorphic to one of the Higman—
Thompson groups V;, ,» for 1 <r < n, where r depends on the class of E.

Example 2.29. If I" has two nodes v and w, each with two loops, and with
one edge going from v to w and one edge going from w to v, then

Classes(Vr,g) = ([v], [w] | [v] = 2[v] + [w], [w] = [v] + 2[w]) = Z.
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In particular Classes(Vr g) can be infinite.

Corollary 2.30 (Irreducible core case). If Xr has an irreducible core T'y
and E C Yr is a nonempty clopen set, then Vr g is flexible. Moreover, if €,
and €g are cones in E and t(a) = t(B3), then class(€,) = class(€g).

Proof. By|Proposition 2.20|there is a Thompson-like homeomorphism h: E —
Ey, where Ej is a clopen subset of ¥r,. Then h conjugates Vr g to Vr, g,, and
the latter is flexible by so Vr g is flexible as well. Furthermore,
observe that h induces an isomorphism Classes(Vr g) — Classes(Vry, g, )-
Now suppose €, and €z are cones in F with t(a) = ¢(3), and let
f: € — €3 be the canonical similarity. Then there exists a decompo-
sition of €, ,...,&,, of €, into cones so that h acts as a canonical simi-
larity on both €u, and €5, ) for each i. Since t(f(a;)) = t(oy), we have

t(hf(a;)) = t(h(a;)) for each i, so class(h(C,,)) = class(h(Cf(ai))). Since h
induces an isomorphism on classes, it follows that class(€y,) = class(Q:f( ai))

for each i, so
n n

class(€,) = chass(@ai) = chass((’lf(ai)) = class(Cp). O
i=1 i=1

We will often make use of the following corollary.

Corollary 2.31 (Mapping cones with Vr g). Suppose ¥r has an irre-
ducible core, let EE C Yp be a nonempty clopen set, and let €, ..., &y, and
Cs, ...,Cgz, be collections of pairwise disjoint cones in E. If t(a;) = t(B;) for
each i and neither of the unions | J;_; €o, and |J!, €p, is equal to E, then
there exists f € Vr g that maps each €, to €g, by a canonical similarity.

Proof. Let E, and Eg denote the two unions, neither of which is equal
to E. Since t(a;) = t(B;) for each i, it follows from that
class(€,,;) = class(€s,) for each i. Then class(F,) = class(Eg), so there
exists g € Vpr g that maps E, to Eg, and in particular g maps E \ E, to
E\ Eg. Then the homeomorphism f: E — E that maps each &,, to €3, by
a canonical similarity and agrees with g on E \ E, is the desired element
of VD E- U

2.5. Rational similarity groups. In this subsection we introduce the class
of rational similarity groups, which will be our main focus for the remainder
of the paper.

Definition 2.32. Let X be a subshift of finite type with no isolated points
or empty cones, let ¥ C ¥r be a nonempty clopen set, and let Rr g be
the associated rational group. A subgroup G < Rr g will be called a
rational similarity group (RSG) if, for every pair of cones €,,&3 C £
with t(a) = (), there exists g € G that maps €, to €g by the canonical
similarity.
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It follows from the results in [BBM21] that every hyperbolic group G that
acts faithfully on its horofunction boundary 9,G is an RSG (see ,
and our embedding of G into a finitely presented simple group will depend
on the corresponding full closure [[G | 0,G]]. The following proposition
describes the close relationship between full RSGs and Thompson groups.

Proposition 2.33 (Full RSGs and Vi g). Suppose ¥ has an irreducible
core. Then Vr g is an RSG, as is any subgroup of Rr g that contains Vr g.
Conversely, every full RSG in Rr g contains Vr .

Proof. If G contains Vr g, then by [Corollary 2.31|all canonical similarities

can be achieved using elements of G. Conversely, if G is a full RSG then
since every element of Vr g locally agrees with a canonical similarity at every
point, and since G is full, every element of Vr g lies in G. ([l

Remark 2.34. Without the assumption of an irreducible core, there do
exist examples of I' where Vi g is not an RSG. For instance, take I' to be the
graph with two nodes v and w, one loop a at v, three loops by, b2, b3 at w,
and one edge x from v to w. Then no element of V1 can realize the canonical
similarity from €, to €4, since the complement of €,, namely €,, can only
be partitioned into an odd number of cones, whereas the complement of €,
namely €., U €,, can only be partitioned into an even number of cones.

In the irreducible core case, [Proposition 2.33| makes it easy to exhibit a va-
riety of other existing examples of RSGs, beyond the V1 g. As a rudimentary
example, note that given any subgroup H < Rr g one can form an RSG by
simply taking G = (H, V1 g). Let us look at some more interesting, explicit
examples from the literature.

Example 2.35 (Rover—Nekrashevych groups). Let T' consist of a single
node and n > 2 (loop) edges, so Xr = €, is the usual n-ary Cantor space
that is the boundary of the rooted n-regular tree T,,. Note that Aut(T;,) is
isomorphic to the wreath product Aut(7},)?S,. Call a subgroup G < Aut(T,,)
self-similar if its image in Aut(7},)1.S,, under this isomorphism lies in G1.S,,.
For g € G, if the image of g under this isomorphism is ((g1,...,9n),0), call
the g; the level-1 states of g. By the states of g we mean all elements
obtainable by a finite sequence of taking level-1 states. Thus, G is self-similar
if and only if all the states of any g € G themselves lie in G. We call a
self-similar group finite-state if each of its elements has only finitely many
states. See [Nek05| for a wealth of information about self-similar groups.
Given a self-similar group G, the Réver—Nekrashevych group V,(G) is
the group of homeomorphisms h of €, for which there exists a partition of &,
into cones such the image of any cone in the partition under h is some cone
in €,, and the local action of h at each cone in the partition is an element
of G. These groups were essentially introduced by Scott in [Sco84] in very
different language. Subsequently, Rover studied the special case when G is
the Grigorchuk group in [R6v99|, and Nekrashevych considered the groups
in full generality and with modern terminology in [Nek04]. Note that for any
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element h of V,,(G), all but finitely many local actions of h lie in G, so if G is
finite-state then V,,(G) is a subgroup of the rational group R,, = Rp. Also,
clearly V;, < V,,(G), so we conclude that any Rover—Nekrashevych group of
a finite-state self-similar group is a full RSG.

Example 2.36 ((Twisted) Brin—Thompson groups). In [Bri04], Brin defined
a class of higher-dimensional Thompson groups nV, which we refer to as the
Brin-Thompson groups. The first and second authors proved in [BB17] that
these groups embed in Ron, and indeed they are full RSGs. In [BZ22], the first
and fourth authors generalized these to the class of twisted Brin—Thompson
groups SVg, and when S is finite these are again full RSGs.

Example 2.37 (Circular Thompson groups 75, ). Every Higman-Thompson
group Vi, = Vr g (as in has an associated circular group
T < Vy r, which is the subgroup consisting of all elements that preserve a
certain circular order on E (see [Bro87]). These groups are RSGs, but they
are not full as groups of homeomorphisms of the Cantor space E. Indeed,
the full closure of T), , is precisely V,, .. Note that T;,, is full when viewed
as a group of homeomorphisms of a circle.

Example 2.38 (Thompson’s group F'). Thompson’s group V' (= V4 1) is the
same as Vr, where I' is a graph with one node and two loops. Thompson’s
group F' is the subgroup of V' that preserves the canonical linear order on
Yp. This group is not an RSG, since cones that contain the maximum or
minimum points under the linear order cannot be mapped to other cones.

However, it is possible to realize F' as an RSG using a slightly different
subshift. Specifically, let I” be the graph with three vertices u, v, and w
(corresponding to left cones, interior cones, and right cones, respectively),
with loops at u and w, two loops at v, and one directed edge from each of u
and w to v. Then F embeds into Vp+ as an RSG, though it is not full.

Example 2.39 (Lodha—Moore group). The Lodha—Moore group originated
in [LM16], [Lod20], as the first example of a non-amenable type Fy, group
with no non-abelian free subgroups. The original construction is analogous
to Thompson’s group F', but one can also consider a V-like version. Let I
have one node and two (loop) edges, so ¥ = €3 is the usual binary Cantor
space {0,1}N. Let A be the homeomorphism of ¥ defined by

A00-w)=0-Aw), A01-w)=10-A"1(w), A1l -w)=1-A\w)

for all w € Y. One can check that A is a rational map. For any finite binary
word a, let A, be the homeomorphism of ¥r that sends a-w to a- A(w) for all
w and fixes all points outside €,. The (V-like) Lodha—Moore group LMy is
then the group generated by Vr together with all the A,. This is a full RSG.
Note that, just like the original Lodha—Moore group, LMy also has type
F, as recently shown by Farley [Far|. As with F' and T' (see Examples
and , the Lodha—Moore groups for an interval and a circle can also be
realized as RSGs, though they are not full. See [Lod19] for more on the
circle version.
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Example 2.40 (Automorphisms of V,, ;). For a Higman-Thompson group
V. 2 Vo g as in[Example 2.15] the second author, Cameron, Maissel, Navas,
and Olukoya proved that the automorphism group Aut(V;,,) embeds into
Rr.p [BCM™24]. The group Aut(V,,,) contains Vp g, and is therefore an
RSG. A feature of interest here is that the group Aut(Xr, o) of automorphisms
of the one-sided subshift ¥ (with shift operator o) embeds as a subgroup
H,, of the outer automorphism group Out(V,, ;) (see [Hed69] for information
on Aut(Xr) and [BCO21] for the embedding mentioned here). However, the
group Aut(V,,,) is not full since the image of an element f € Aut(V,,,) in
Out(V}, ) can be determined from the restriction of f to any cone.

2.6. Nuclei and the contracting property. In this short subsection we
define the crucial notion of a subgroup of Rr g being contracting. Let Xr
be a subshift of finite type without isolated points or empty cones, and let
E C ¥ be a nonempty clopen set.

If f € Rr g, then f has only finitely many distinct local actions f|,. The
nucleus of f, denoted N7, is the set of all local actions that occur infinitely
often. That is, f|o € Ny if f|lo = f|g for infinitely many 5 € Cones(E). Note
that f|o ¢ Ny holds for only finitely many o € Cones(E), so in particular
there exists N € N so that f|, € Ny for all & € Cones(E) for which the path
a has length N or greater.

Definition 2.41 (Nucleus, contracting). Given a subgroup G < Rr g, define
the nucleus Ng of G to be the union of all N, for g € G. Thus, N is the
smallest set of maps such that for all g € G we have g|, € Ng for all but
finitely many o € Cones(E). We say that G < Rr g is contracting if X
has an irreducible core and Ng is finite.

This generalizes the notion of contracting for self-similar groups introduced
by Nekrashevych [Nek05], and in the special case of Réver—Nekrashevych
groups (see it is equivalent to the underlying self-similar
group being contracting. A related notion of contracting for asynchronous
transducers appears in [DO20] as well. Their use case applies to maps arising
as products of local maps coming from a fixed asynchronous transducer, as
opposed to the whole collection of small-scale local maps from a particular
group of homeomorphisms, but the concepts otherwise align.

Note that the elements of Mg themselves are not necessarily in G. Indeed,
the domain of an element of Ng can be either all of X1 or a cone €, for
some node v in I', as opposed to the clopen set E. Moreover, the image of an
element of N is a clopen subset of X, but need not be a cone. Note also
that the elements of Ng are always injective open maps, since the elements
of G are homeomorphisms.

Remark 2.42. Our definition of G < Rr g being contracting includes
both that Xr has an irreducible core, and that Ng is finite. It is worth
mentioning that these are independent properties. For example, in the V-like

Lodha—Moore group from there is an irreducible core but an
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infinite nucleus, and in the Houghton groups from there is no
irreducible core, but the nucleus is finite.

2.7. Classification of full RSGs. Let Y be a subshift of finite type with
irreducible core T'y.

Definition 2.43 (Nucleus of injections). Let N be a set of nondegenerate
maps on Yr. We say that N is a nucleus of injections if it has the following
properties:
(MapNuc): Each element of N is a map €, — €, for some nodes v, w
of Fo.
(IdNuc): For each node v of I, the identity map on €, is an element of
N. (Equivalently, the nucleus of the identity map on X is contained
in V)
(LocNuc): For each p € NV, every local action p|, belongs to V.
(RecurNuc): For each p € N, there exists ¢ € N such that p € N.
(InvNuc): Each p € NV is an injective open map, and satisfies Nj,-1 C N

(ProdNuc): If p: ¢, —» &, and ¢: €, — &, are elements of N, then

Note that [(MapNuc)| follows from |[(RecurNuc)| together with

but we include it for simplicity. In the case where A is finite, condition
is equivalent to saying that for each p € N, there exists ¢ € N/
and an edge e in I" so that g|¢ = p (as in the nucleus of a contracting
self-similar group), but for infinite N these conditions are not equivalent.

Proposition 2.44. Let Yr be a subshift of finite type with irreducible core I'y.
If G < Rr,g is an RSG, then the nucleus N for G is a nucleus of injections.

Proof. Let G < Rrp g be an RSG.
For [MapNuc)} let

Conesy(F) = {a € Cones(E) | t(«) is a vertex in 'y}

and observe that Cones(E) \ Conesy(E) is a finite set. If g € G, then it

follows from that both a and g(«) lie in Conesy(E) for all but
finitely many «, so any element of A’ must have this property.

For since idg € G and every node of I'y is the terminus of an
arbitrarily long directed path in Cones(FE), we know that idg, € N for all
nodes v of 'y, so [(IdNuc)| holds.

For [(LocNuc)| if p € N for some g € G, then p = gl for infinitely
many different . If p|, is a local action of p, then by we have
Pla = glp.o for all such 3, so plo, € Nj.

For let p € N for some g € G. Then g|, = p for infinitely
many different a. Hence there must exist infinitely many different 8 with
the property that g|g., = p for infinitely many different suffixes 7. Since

9lg~ = (9l)]y by we conclude that p € N, for infinitely many
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different 8. Since g is rational, one such g|g must lie in Ay, which gives
p €Ny, and glg € N.

For let p € N for some g € G, so g|g = p for infinitely many
different 5. Since ¢ is a homeomorphism, p must be an injective open
map. Let €, be any cone contained in the image of p. Then for any
with g|s = p, we have g~ '[55)(gl5) = (97'g)ls = 1 by and
so g7 g8 = (g9lg)~" (with domain the image of p), which implies that
9 g8)a = (97 5(8))|a = p~!|a by [Lemma 2.9 Since there are infinitely
many different g(3) by [Lemma 2.8|, we conclude that p~!|, is in Ny-1 and
hence in N.

Finally, for let p € N, and g € N}, for some g,h € G, where
p: €, —» &, and q: €, — &, for some nodes u, v, w in I'g. Then there exists 3
so that g|g = p and €3 is a proper subset of £, and by there exists
7 so that h|y = ¢ and € is a proper subset of E. Since ¢(8) = t(h(v)) =v
and G is an RSG, there exists f € G that maps Q:E(w) to €g by the canonical
similarity. Then gfh € G and (9fh)|y.a = (pg)|a for all o by Lemmas
and so for all but finitely many « we have that (pg)|q is in Ny, and
hence in . O

Remark 2.45. It is not true that the nucleus for an arbitrary subgroup

G < Rr,g is a nucleus of injections. Though [(MapNuc), [(IdNuc)}, [(LocNuc)}

[(RecurNuc)| and |(InvNuc)| always hold, there are groups G whose nucleus

does not satisfy [(ProdNuc), For example, if g and h are the automorphisms

of the infinite, rooted binary tree that satisfy the wreath recursion
g=(01)(h,h)  and  h=(g,9)

then the group (¢g) = Zs has nucleus {g, h}, and this does not satisfy
since (gh)|o = gh for all a.

The following theorem serves as a classification of full RSGs.

Theorem 2.46. Let Y be a subshift of finite type with irreducible core I'y.
Let N be a nucleus of injections over Y, and let E C Xr be a nonempty
clopen set. Then

G={f€Rre|N;sCN}
is a full RSG with nucleus N, and every full RSG has this form.

Proof. We prove first that G contains Vr g, and in particular G is nonempty.
Let f € Vp g. Then there exists a partition €, ...,&,, of E into cones so
that f acts as a canonical similarity on each cone. Subdividing further, we
may assume that each t(c;) is in I'g. Then for each cone €3 contained in any
of the €,,, the local action f|g is the identity map on &, for some node v
of I'y. By property it follows that f € G, and therefore G contains
VrE.

We claim that G is a subgroup of Rr g. We first prove that G is closed
under inversion. Let g € G. We need to prove that g~!|, € N for all
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but finitely many «. First note that for «, 3 such that ¢, C g(€3), say
with a = g(8) - v, by [Lemma 2.9 we have g™'|o = (97" |58))|y = (g]8) 7|1,
where the last equality follows from the fact that g~'|; 5 and (g|g)~" agree
on €,. Now observe that for all but finitely many o there exists 8 such
that €, C ¢(€3) and g|z € N. By the above, for such an « and S, say
a = g(B) - v, we have that g~!|, equals the local action at v of the inverse
of an element of N. For all but finitely many ~ this lies in A/ by property
(InvNuc). Hence, considering decompositions a = g(f) - v where 8 has
minimal length satisfying g|s € N, we see that for all but finitely many o
there is such a decomposition satisfying (g|g) |, € M. We conclude that
9 e € N for all but finitely many «, so g~! € G.

Next we prove G is closed under composition. Let g, h € G, and we need
to prove that (go h)|, € N for all but finitely many «. First note that for
any # we have (g o h)lg = (gl © hlg)lts) by [Lemma 2.10, Now for any
cone €, C €ypg), says that the local action of this at v equals

(g\,;( 5)° h|s)|,. Since h is finite-to-one by for all but finitely many
B this is the local action at 7 of a product of two elements of /. Property

implies this is itself an element of N for all but finitely many
7. In particular, (g o h)|g., lies in N for all but finitely many 5 and v. We
conclude that go h € G, so G is a subgroup of Rr g. Since G contains Vr g,
it is an RSG by [Proposition 2.33|

To prove that G is full, suppose h € Homeo(E) locally agrees with G.
This implies that there exists a partition of E into cones €,,,...,&,, and
elements gi,...,9n, € G such that h(q; - w) = gi(a; - w) for all i and all
w € €yy,)- Now for any cone &, contained in one of the €,, (of which only
finitely are not), we have h|o, = gi|a, so all but finitely many local actions of
h lie in M. Hence h € G, so G is full.

As for the nucleus Mg of G, clearly N € N. For the opposite inclusion, if
p € N then by [[RecurNuc)| there exists ¢ € NV so that p € . By [[MapNuc)]
we know that ¢: €, — €, for some nodes v, w in I'y. Since I'y is irreducible,
we can find two disjoint cones €,, &g C E such that t(a) = v and t(5) = w.
Let g: E — E be the homeomorphism that maps €, into €3 by Lgogqo Lt
(where L, and Lg are canonical similarities), maps ¢g(€,) back to €, by the
inverse of this mapping, and is the identity elsewhere. Then it is easy to
check that g € G and g|, = ¢. It follows that N, C Ny, so p € Ny, and
therefore p € Ng.

Finally, by [Proposition 2.44] the nucleus for any RSG is a nucleus of
injections, so suppose H < Rr g is any full RSG with nucleus N. We claim
that H = G. Clearly H < G, so we must show that G < H. Since H is
full, it suffices to prove that every element of G locally agrees with H, so
let g € G and w € E. We can choose a neighborhood of w of the form €&,
such that gl, € N, and by we can arrange for both €, and
Q:E(a) to be properly contained in E. Let p = g|,. Since p € N, it is in the
nucleus of H, so there exists h € H such that p € Nj. That is, hlg = p
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for infinitely many 3. By we can choose one such 3 so that
neither €3 nor &y is all of E. Since t(8) = t(a) and t(h(B)) = t(g()),
by there exist elements f, f/ € Vp g so that f maps €, to
€ by the canonical similarity, and f’ maps Qﬁ,;( g to €j(a) by the canonical

similarity. Then g agrees with f'hf on €,, and f'hf € H since H is an RSG.
We conclude that g locally agrees with H, and thus g € H, which proves
that H = G. O

The following corollary gives a nice alternative characterization for the
elements of a full RSG.

Corollary 2.47. Let Xr be a subshift of finite type with irreducible core I'y.
Let G < Rrg be a full RSG with nucleus N'. Then a homeomorphism
h: E — FE lies in G if and only if there exists a finite partition of E into
cones €q, such that each gla, € N.

Proof. If such a partition exists, then clearly g € G by Now
suppose g € G. Since gl, € N for all but finitely many «, there exists M

such that g|, € N for all paths of length M. Now if {aq,...,ay} is the set
of all paths of length M, then the cones €,, form the desired partition. [

We can use to build some new explicit examples of RSGs,

for which the nuclei contain non-invertible elements.

Example 2.48. Let I' have a single node and three (loop) edges, called
0, 1, and 2. Note that ¥r is the usual 3-ary Cantor space {0,1,2}. Let
f:Xr — Y be the rational injection defined by

f(O-w)=0-f(w), fl-w)=02" w, fQw=1w
for all w € ¥r. The following facts are easy to verify:
(i) flo=f,and fl1 = fl2 =1.
(i) im(f) = €U &y, with f~to = f and f~1|; = 1.
(iii) f? is the mapping w + 0 - w, so in particular f2|5 = 1.

Let NV = {1, f}. Then N is a nucleus of injections, so the group defined as
in is a full, contracting RSG.

Example 2.49. Let I have a single node and two (loop) edges, called 0 and
1, so ¥r is the usual 2-ary Cantor space {0,1}N. Let f: ¥r — Y be the
rational injection defined by
f(O0-w)=0-f(w), f(10-w) =011 w, fAl-w)=10-w
for all w € ¥r. The following facts are easy to verify:
(i) flo=f,and flio = flu = 1.
(ii) im(f) = €y U g, with f~g = f and f~l}19 = 1.
(iii) f? is the mapping w + 0 - w, so in particular f2|5 = 1.
Let N'={1, f}. Then N is a nucleus of injections, so the group defined as
in is a full, contracting RSG.
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3. FINITE PRESENTABILITY OF FULL, CONTRACTING RSGS
This section comprises a proof of the following:
Theorem 3.1. Every full, contracting RSG is finitely presented.

In the special case where the RSG is the Rover—Nekrashevych group of a
contracting self-similar group (see , Nekrashevych proved finite
presentability in [Nek18]. Our general situation is much more complicated
since I' may have more than one node, we do not have a self-similar group
to work with, and the elements of A/ might not even be invertible. Thus, a
few aspects of our proof are inspired by the proof in [Nek18], but in general
many new ideas and approaches are needed.

Throughout this section, we fix a full, contracting RSG G < Rr g, with
nucleus . We introduce both a finite and an infinite generating set for G
in as well as a special class of words in the infinite generating
set that we call “normalish forms”. In we construct an infinite
presentation for G, and in we prove that only finitely many
relations are needed.

3.1. Nuclear generators. Let NN be the free commutative monoid gen-
erated by the elements of A/. We think of elements of NN as formal sums
P =pi + -+ pg of elements of N. If p: €, — €, is an element of N, let

01(p) = class(p(€,)) — class(&,).

This induces a monoid homomorphism 9;: NNV — Classes(Vr). Elements of
ker(0y) are called cycles in NA. (This homomorphism 0 is closely related
to the first boundary homomorphism for étale groupoid homology defined by
Matui [Mat12].)

Lemma 3.2. The monoid ker(dy) of cycles in NN is finitely generated.

Proof. Note that for P, P’ € NN, if P and P+ P’ are both cycles then P’ is a
cycle. This means that ker(d;) is a subtractive submonoid of NA/ in the sense
of [ES69], and hence is finitely generated by [ES69, Proposition 7.1]. O

Fix some finite generating set for ker(d;). We will use these generators to
construct a finite generating set for G.

First we need some definitions. We will use the term code to mean any
set {a,...,ax} in Cones(E) whose corresponding cones €,, are pairwise
disjoint. A code is complete if Ule ¢, = I, and incomplete otherwise. If
P =pi+---+pg is a generator for ker(0;), where p;: €,  — &,,, a domain
code for P is a code {v1,..., v} such that t(v;) = v; for each i, and range
code is defined analogously.

Now, for each generator P = p; + - - - + pi, we choose a model nuclear
generator hp € G as follows. Choose domain and range codes {v1,...,vx}
and {€),...,&)} for P, and let D =J | ¢,, and R = JF_, €. Thanks to
flexibility, we can choose the domain and range codes to both be incomplete,
so D and R are both proper subsets of E. Let g: D — R be the map that
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sends each €, to €, with local action p;. Since P € ker(0), the image g(D)
has the same class as D, so by we can choose some s € V1 g
that maps g(D) onto D. Now we define hp to be the homeomorphism of
E that agrees with s o g on D and is the identity elsewhere. Note that
hp € G since G is full. We should emphasize that hp depends on the choice
of domain and range codes, though we suppress this from the notation.
The main goal of this subsection is to prove the following proposition.

Proposition 3.3. The group G is finitely generated, with generating set
consisting of the model nuclear generators hp together with a finite generating
set for Vr g.

We begin by defining some conjugates of the model nuclear generators
that will be useful. If f € Vi g, we say that f maps a code {aq,...,ai} to a
code {f1,..., Bk} if f maps each cone €, to €g, by the canonical similarity.

Definition 3.4 (Nuclear generators). A nuclear generator is a conjugate

h=chpc!
where hp is a model nuclear generator with domain code {v1,..., 4} and ¢
is an element of Vg that maps this to some code {a1, ..., o}

Note that h is supported on the union Ule Cq,;. This is the domain of
support for h. The code {a,...,ax} is the nuclear code for h, and the
corresponding nuclear states are the summands p; of P. We think of the
nuclear code and corresponding nuclear states as part of the definition of a
nuclear generator.

A rectifier for a nuclear generator h is an element r € Vr g such that
(rh)|a; = pi for each i. Here h = chpe™t and P = p; + --- + pi as above.
For example, if s is the element used to construct hp, then s~! is a rectifier
for hp, and more generally s~ 'c¢™! is a rectifier for any nuclear generator
chpe 1.

Definition 3.5 (Normalish form). A normalish form for an element g € G
is a word for g of the form

fhi---hy
where f € Vr g and hq,...,h, are nuclear generators whose domains of
support are pairwise disjoint.

As we will see, every element of G has a normalish form, but this form
is not unique. The nuclear code for a normalish form is the union of the
nuclear codes for the h;.

Lemma 3.6 (Recognizing normalish forms). Let g € G, and let hy - - hy, be
a normalish form with nuclear code {aq,...,ar} and corresponding nuclear
states p1,...,pr. Then the following are equivalent:

(i) There exists f € Vr.g such that g = fhy -+ hy.
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(ii) There exist ry,...,ry € Vo g such that (rig)|a, = pi for each i, and
g agrees with some element of Vr g on the complement of Ule Co;-

Proof. If (i) holds then g agrees with f on the complement of Ule Co,-
Furthermore, for each ¢ there exists j so that «; is in the nuclear code for
hj. If r € Vp g is a rectifier for hj;, then rf~lg agrees with rhj on €,,, so
(rf719)|a; = (Thj)|a; = pi, which proves (ii).

Now suppose (ii) holds, and let A = hj---h,. We must prove that
gh ™' € Ve Let B/ = U, €,,. Then h(E') = E', so E is the disjoint

union
k

(B\E)Y U h(€a,):
i=1
Thus it suffices to prove that gh~! agrees with some element of Vr e on
each of these sets. Since h is the identity on E'\ E’ and g agrees with some
element of Vr g on E \ E’, we already know that this holds for E'\ E’.
Now consider one of the sets h(€,,). We know that «; is part of the nuclear
code for some hj, and if r is a rectifier for h; then (759)|a, = i = (rhj)]a;-
It follows that (r;g)(rh;)~! = righjflr_l agrees with the canonical similarity
Q:Wj(ai) — Crg(ay) 00 Thi(&y,). Since r,1; € Vr g, it follows that ghj_1 agrees
with some element of Vr g on h;(€,,). But h agrees with h; on €,,, so it
follows that gh™! agrees with some element of Vi g on h(€,,). We conclude
that gh=t € Vi g, so (i) holds. O
Proposition 3.7 (Existence of normalish forms). Let g € G, let A be a code,
and suppose that:
(i) Each local action glo (o € A) lies in N
(i) If A is incomplete, then g agrees with some element of Vp g on the
complement of |Jyeca Ca-
(iii) If A is complete, then Y 4 gla is not a generator for ker(0r).
Then there exists a normalish form for g whose nuclear code is A.

Proof. Let E' = |J,c4 €a- Since g agrees with an element of Vi g on the
complement of E’, we know that

class(g(E")) = class(E) — class(g(E \ E'))
= class(E) — class(E \ E') = class(E")

in Classes(Vr g), so the sum P = _, glo lies in ker(d1). Thus P =
Py + --- + P, for some generators P; of ker(d; ), so we can partition A into
sets Aq,..., A, such that ZaeAi gla = P; for each i.

Let C; = U,ea, €a for each i. By condition (iii), either n > 1, orn =1
and C7 # E, and therefore in either case each C; is a proper subset of E. By
we can construct nuclear generators hi, ..., h, such that each
h; has nuclear code A; and nuclear states {g|o }aca,. Then by
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there exists f € Vr g such that fhy---hy, is the desired normalish form for
g. O

Corollary 3.8. Every element of G has a normalish form.

Proof. Let g € G. By there exists a finite partition of F into
cones {Cq }aca such that each g|, € N. Refining this partition further, we

can make |A| large enough so that the element ) 4 gla of ker(9;) is not
one of the generators for ker(d;). Then by [Proposition 3.7, there exists a
normalish form for g with nuclear code A. O

Proof of |Proposition 3.5 By |Corollary 3.8 every element of G has a normal-
ish form. Since every nuclear generator is a conjugate of a model nuclear
generator by an element of Vi g, we see that G is generated by the model
nuclear generators together with the elements of Vr g. But Vr g is finitely

generated by so G is finitely generated. O

3.2. An infinite presentation. In this subsection we describe an infinite
presentation for G with respect to the nuclear generators and the elements
of Vi . We will use this presentation in [Subsection 3.3|to derive a finite
presentation for G.

First we need some terminology. We say that a code B is a refinement
of a code A if J,c 4 €a = Ugep €p and for every 8 € B there exists a € A
with € C €,. We say that B is an elementary refinement of A if there
exists a € A such that

B=(A\{a})U{B,.... B}

where &g, ..., € are the maximal proper subcones of &,. Note that any
refinement can be realized by a sequence of elementary refinements.

Next, if h and b’ are nuclear generators with nuclear codes A and A’,
respectively, we say that an element ¢ € V1 g is a rigid conjugator from A
to h' if ¢ maps A to A’ in a way that preserves the corresponding nuclear
states. Note then that b’ = chc™!.

Finally, we say that a normalish form fhy---h, is exact if f = 1.

Definition 3.9 (An infinite set of relations for G). Let Rel;ys be the following
set of relations in GG, with respect to the generating set consisting of all
elements of Vr g and all nuclear generators.

(VRel): All relations in Vi g.

(VNuc): All true relations of the form h = f, where h is a nuclear
generator and f € Vr g.

(DisjComm): All relations of the form [k, ho] = 1, where h; and hy are
nuclear generators whose domains of support are disjoint.

(Conj): All relations b’ = chc™!, where h and b/ are nuclear generators
and ¢ € Vr g is a rigid conjugator from h to h'.
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(Refine): For every nuclear generator h and every elementary refinement
B of the nuclear code for h, a relation of the form h = fhy--- h,,
where the right side is a normalish form for A with nuclear code B.

(Inv): For every nuclear generator h, a relation h=! = fhy - - - h,, where
the right side is some normalish form for h=1.

(Prod): For every exact normalish form hj---hy,, say with nuclear
code A, and every nuclear generator h whose nuclear code B is
a subset of A, a relation hy - - hy,h ™t = fh) - hl,, where the right
side is a normalish form whose nuclear code contains A \ B.

Note that [(VRel), [(VNuc), and |(Conj)| hold in G by definition, and
(DisjComm)| clearly holds as well. The relations |(Refine)} |(Inv)| and |(Prod)|
involve some arbitrary choices for the normalish forms on the right-hand
sides of the relations, and these relations will hold in G as long as normalish
forms satisfying the given conditions exist. The following proposition verifies
this.

Proposition 3.10. The normalish forms required for the right-hand sides
of the relations |(Refine)|, |(Inv)|, and |(Prod)| ezist.

Proof. For any normalish form for =1 suffices, and such a normalish
form always exists by

For suppose h is a nuclear generator with nuclear code A, and
let B be an elementary refinement of A. We must show that there exists a
normalish form for h with nuclear code B. Let r be a rectifier for h. Then
(rh)|o € N for all @ € A, and it follows that (rh)|g € N for all 5 € B. Since
rh agrees with r on the complement of | sen €8s by |Proposition 3.7| there
exists a normalish form fhy---h, for rh whose nuclear code is B. Then
f'hi - hy is a normalish form for h with nuclear code B, where f' = r~1f.

For let hq---hy, be an exact normalish form for some g € G with
nuclear code A, and let h be a nuclear generator whose nuclear code B is
a subset of A. We must prove that there exists a normalish form for gh™!
whose nuclear code contains A\ B. If B = A then A\ B = (), so the claim
is just that hq - - - h;yh ™! has a normalish form, and this is immediate from
Now suppose B is a proper subset of A. For each i, let A; be
the nuclear code for h;, and let r; be a rectifier for h;.

Next observe that there exists a unique complete code {vy,...,va} of
minimum size such that each t(v;) is a node in I'g. In particular, any cone
¢, C E with t(v) anode in I'q is contained in some €,,. Choose an incomplete
code C'={§; |1 <i<m,1<j< M} such that each t(;;) = t(v;), and for
each 1 <i < mlet k;: E — E be the (non-surjective) map that sends each
¢y, to €, by the canonical similarity. Note that, for any ¢’ in G and any

a, if the local action ¢'|4 lies in N then t(g'(«)) is a node in I'y. Hence, in
this case, t(¢’(«)) has some v; as a prefix, and so each k; acts as a canonical
similarity on €. In particular (k; o ¢')a = g'[a for each i.
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Now let r be any element of Vr g that agrees with k; o r; on each
Uaeanp hi(€a). Such an element exists since A\ B and C' are both in-
complete codes. Note that r satisfies (rg)|o = (rh;i)|a = (rih;)]a for each
i and each a € A; \ B. In particular, (rg)lo € N for all « € A\ B, and
hence (rgh™')|o € N for all « € A\ B. Let B’ be a refinement of B so that
(rgh™")|s € N forall § € B', and let A’ = (A\ B)UB'. Then (rgh™")|, € N
for all « € A’. By refining B’ further we can make sure that > 4 (rgh™!)|a
is not a generator for ker(0), so by |Proposition 3.7 there exists a normalish
form fhf---h!, for rgh~! with nuclear code A’. Then (r~1f)n}---h! is a
normalish form for gh~! whose nuclear code A’ contains A\ B. U

Our goal for the remainder of this subsection is to prove that the relations
in Rel;,r give a presentation for G. If w and w’ are words in the nuclear
generators and the elements of Vi g, we will write w =i, w’ if the relation
w = w’ follows from the relations in Reljyg.

Lemma 3.11 (Refining a normalish form). Let w be a normalish form with
nuclear code A, and let B be any refinement of A. Then there exists a
normalish form w' with nuclear code B such that w = w'.

Proof. 1t suffices to consider the case where B is an elementary refinement
of A, say

B = (A\{ao}) U{B1,..., Bk}
Suppose w is fhy -+ hy,. By|(DisjComm), we may permute hy, ..., h, freely,

S0 suppose «q is part of the nuclear code A; for hq. Let By = (A1 \ {ao}) U
{B1,..., Pk}t Then Bj is an elementary refinement of A;, so by we
have hy =iu¢ f'h}---h}, for some normalish form f'h) ---hl, with nuclear
code By. Then

w =ipg R hiyhg By,

where f” = ff’, and the right side is the desired normalish form w’ with
nuclear code B. (|

We will say that a normalish form is complete if its nuclear code is
complete, and incomplete otherwise.

Lemma 3.12 (Completing a normalish form). If w is any normalish form,
there exists a complete normalish form w' such that w =y w'.

Proof. Observe that if v is any node of I'g and Cj is a cone with ¢(3) = v,
then the identity element of G' can be viewed as a nuclear generator eg with
nuclear code {3}. It follows from that eg =inr 1.

Now suppose w = fhy---h, is an incomplete normalish form. Let A
be its nuclear code, and let E' = |J,c 4 €o. We can partition E \ E' into
finitely many cones €g,,...,€a, such that each ¢(3;) is a node of I'y. Then
w =i fhi---hpeg, ---eg,, where the right side is a complete normalish
form w’ with nuclear code AU {f1,..., Bk} O
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Lemma 3.13 (Checking for the identity). If w is a normalish form for the
identity, then w =iur 1.

Proof. Suppose w = fhy ---hy, is a normalish form for the identity, and let
C; be the domain of support for each h;. Then each h; agrees with f~! on C;
and is the identity elsewhere, so each h; is equal to some element f; € Vi g.
By it follows that h; =i¢ f; for each i, so w =ju¢ ff1--- fn. Since
ffi- - fn =1, it follows from that w =j,¢ 1. O

Lemma 3.14 (Multiplying by an element of Vi g). For any normalish form
w and any f € Vr g, there exists a normalish form w' such that wf =i w'.

Proof. Let A be the nuclear code for w. We can choose a refinement B of
A such that f~! acts as a canonical similarity on €5 for each 8 € B. By
there exists a normalish form wp = f'hy - - - h,, with nuclear code
B such that w =;,¢ wp. By there exists for each h; a nuclear generator
h% such that f=1h;f = h. Then wpf = f'hy---hnf =ing f'fhy - R}, and
combining f’f using a relation from gives the desired normalish form
w'. O

Lemma 3.15 (Multiplying by a nuclear generator). If w is a normalish
form and h is a nuclear generator, then there exists a normalish form w’
such that wh =, w'.

Proof. Suppose w = fhy---h,. By [Lemma 3.12] we may assume that w
is complete. By |(Inv)| and [Lemma 3.12| we can write h~! as a complete
normalish form, say f’h} ---h/,. Since our two normalish forms are complete,
their nuclear codes have a common refinement, so by we may

assume that w and f'h} - - hl, have the same nuclear code A. After applying
(DisjComm), our goal is to put
wh™" Zing fhy b (BY) 7 ()T

into normalish form. The nuclear code By of h} is a subset of A. Thus, using
|(Prod)| and |(VRel)| we can put the subword fhy - - - h,(h})~! into normalish
form while keeping A \ B; a subset of the overall nuclear code. The nuclear
code By of hl, is a subset of A\ By, so we can once again apply and
and continue in this way (since the domains of support of the k] are

pairwise disjoint) until the entire word equals some normalish form times

(f)~!. Now we conclude using [Lemma 3.14 O

Proposition 3.16. The relations of Reliys define an infinite presentation

for G.

Proof. Let w be any word for the identity. Applying to any inverses
of nuclear generators occurring in w, we obtain a word w’ without any
inverses of nuclear generators such that w =, w’. Applying |[Lemma 3.14
and inductively, we obtain a normalish form w” such that
w’ =jur w”’. Now since w” is a normalish form for the identity, [Lemma 3.13
implies that w” =;,¢ 1, and hence w =j¢ 1. O
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3.3. A finite presentation. In this subsection we use the infinite presen-
tation from to derive a finite presentation for G, using the
finite generating set consisting of the model nuclear generators hp and a
finite generating set for Vi g (see [Proposition 3.3).

First, if A is a nuclear generator, define the rigid centralizer of h to be
the group of all rigid conjugators from h to itself.

Proposition 3.17. The rigid centralizer of any nuclear generator is finitely
generated.

Proof. Let h be a nuclear generator with nuclear code A and domain of
support E’. By definition, any rigid conjugator from h to h must permute
the cones {€,}4ca by canonical similarities. In particular, since A is finite,
the group Fix(E’) of elements of Vi g that fix E’ pointwise has finite index in
the rigid centralizer. But Fix(£') is isomorphic to Vi g\ g, and is therefore

finitely generated by O

Next, we say that two exact normalish forms hj ---h, and A} ---hl are
rigidly conjugate if there exists a single element ¢ € Vr g that is a rigid
conjugator from h; to hl for each i.

Note that every nuclear generator is rigidly conjugate to a model nuclear
generator, so there are only finitely many rigid conjugacy classes of nuclear
generators. The following proposition generalizes this.

Proposition 3.18 (Criterion for rigid conjugacy). Two ezxact normalish
forms hy---hy, and b --- Rl are rigidly conjugate if and only if they are
either both complete or both incomplete, and R, is rigidly conjugate to h; for
each .

Proof. The forward direction is trivial. For the converse, suppose the given
normalish forms satisfy the given conditions. For each i, let ¢; be a rigid
conjugator from h; to h}. Since the nuclear codes for our normalish forms
are either both complete or both incomplete, there exists ¢ € Vi g such that
c agrees with each ¢; on the domain of support of h;. Then ¢ is the desired
rigid conjugator from hy - - hy, to b ---hl. O

Corollary 3.19. For any N € N, there are only finitely many rigid conjugacy
classes of exact normalish forms hy---hy, with n < N.

Proof. Any nuclear generator is rigidly conjugate to a model nuclear generator,
so there are only finitely many rigid conjugacy classes of nuclear generators.
The result follows easily from this and [Proposition 3.18] O

Now, fix an N € N so that each generator for ker(d;) has at most N
summands, and choose representatives for the rigid conjugacy classes of
exact normalish forms hj - - - h, with n < N. We refer to these finitely many
representatives as model normalish forms.

We are now ready to state the relations in our finite presentation for G.
For convenience, we actually state another infinite presentation, with genera-
tors consisting of the elements of Vi g together with all nuclear generators.
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However, the presentation we give will easily reduce to a finite presentation
through Tietze transformations. (See [MKS66l Section 1.5] for an account of
using Tietze transformations with infinite presentations.)

Definition 3.20 (Defining relations for G). Let Relgs, be the following set
of relations.

(VRel): All the relations in Vr g.

(Model): For each nuclear generator h that is not a model nuclear gen-
erator, one relation of the form h = chpc™!, where hp is a model
nuclear generator and c is a rigid conjugator from hp to h.

(VNucFin): Every true relation of the form hp = f, where hp is a model
nuclear generator and f € Vr g.
(CentConjFin): For each model nuclear generator hp, relations c;hpc; 1=

hp, where {c1,...,c,} is some finite generating set for the rigid cen-
tralizer of hp (see [Proposition 3.17]).

(DisjCommFin): For each pair hp, hp: of model nuclear generators, one
relation [hp, h] = 1, where h is some nuclear generator that is rigidly
conjugate to hps, and such that hph is an incomplete normalish
form.

(RefineFin): For each model nuclear generator hp and each elementary
refinement B of the nuclear code for hp, one corresponding relation
hp = fhy---hy of type|[(Refine)

(InvFin): For each model nuclear generator hp, one corresponding rela-
tion h;,l = fhy---hy of type |(Inv)

(ProdFin): For each model normalish form h; - - - hy,, say with nuclear
code A, and each nuclear generator h whose nuclear code B is a
subset of A, one corresponding relation hy - - - hy,h ™! = fh) -+ -kl of

type [(Prod)

Note that all of these sets of relations are finite except for |(VRel)| and
(Model), which we plan to simplify with Tietze transformations. In particular,
we should point out that for even though h is not necessarily a
model nuclear generator, nonetheless there can be only finitely many such h
whose nuclear code is a subset of A. Note also that all of the relations in
Relg, are contained in Reli,¢, with |(Model)| and [(CentConjFin)| both being
subsets of

Our goal is to prove that there exists a choice of infinite presentation
Reli, s as described in [Subsection 3.2| so that all of the relations in Reli,¢
follow from those in Relg,. In particular, this will involve certain choices
of the relations in [(Refine)| |(Inv)}, and in Reljys so that they follow
from those in Relg,. This will prove that Relg, is a set of defining relations
for G. We will then use Tietze transformations to deduce that G is finitely
presented. For the remainder of this section, if w and w’ are words, write
w =g, w' if the relations of Relg, imply that w = w’.
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Lemma 3.21. The relations in |(VNuc)| follow from those in Relgy,.

Proof. Let h be a nuclear generator, and suppose h = f for some f € Vr g.
By we know that h =g, chpc~! for some model nuclear generator
hp and some ¢ € Vp g. Then hp also lies in V1 g, so by iVNucFiniL hp =gn [’
for some f’ € Vr p. Then h =g, cf'c™!, and by [(VRel)| we have cf'c™t =g,
f O
Lemma 3.22. The relations in follow from those in Relgy.

Proof. Let hg = chic™! be a relation in where hq, hy are nuclear
generators and c is a rigid conjugator from h; to hs. Then h; and ho have
the same nuclear states, so they are rigidly conjugate to the same model
nuclear generator hp. By m we know that h; =g, dlhpdfl and
ha =gn dohpdy L for some rigid conjugators d; and ds. (In the special case
where h; = hp, there is no such relation in but in this case we can
take d; = 1.) Then

hp = dy hady = dy ' chic ™ dy = dy tedihpdy e dy,
so dy'edy is in the rigid centralizer of hp. By |(CentConjFin)l we know that
[hp,c;] =gn 1 for each generator c¢; of this rigid centralizer, and by |(VRel)| it
follows that [hp,d, 'cdy] =gn 1, s0 dohpdy ' =g, cdihpdy ¢! Then
hy =g dohpdy* =g, cdihpd; ¢ =g, chic™!
as desired. g

Lemma 3.23. We can choose the relations in |(Refine)| to follow from those
mn Relgy.

Proof. Let h be a nuclear generator with nuclear code A, and let B be an
elementary refinement of A. From we have h =g, chpc™!, where hp
is a model nuclear generator and c is a rigid conjugator from hp to h. Let A’
be the nuclear code for hp, so ¢ maps A to A’. Let B’ = {¢(5) | B € B}, so
B’ is an elementary refinement of A’, and ¢ maps B to B’. From [(RefineFin)]
we have a relation hp =g, f'w’, where w’ is an exact normalish form with
nuclear code B’. Then c is a rigid conjugator from w’ to some exact normalish
form w with nuclear code B. It follows from |[(Conj)| and [Lemma 3.22| that
w =g, cw'c™ !, and hence

1

h =gn chpe™! =g, cf'w'e™t =g, cf/cflw.

Combining cf’c™! using the right side becomes a normalish form
with nuclear code B, as desired. O

Lemma 3.24. The relations in [(DisjComm)| follow from those in Relgy,.
Proof. Let [h1,h2] = 1 be a relation in |(DisjComm)|, where h; and hg are

nuclear generators whose domains of support E7, Fy are disjoint.
Suppose first that £y U Ey # E. For i = 1,2, let hp, be a model nuclear
generator that is rigidly conjugate to h;. By |(DisjCommFin), we know that
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[hp,, h] =n 1, where h is some nuclear generator that is rigidly conjugate to
hp,, and such that hp h is an incomplete normalish form. Since hqhs is an
incomplete normalish form, by [Proposition 3.18| there exists ¢ € Vr g that
rigidly conjugates hp h to hihs. Then h) =g, chplc_1 and ho =g, chc™! by
|(Conj)| and [Lemma 3.22 so it follows that [h1, ha] =g, 1.

All that remains is the case where E7; U Fy = E. In this case, let A be the
nuclear code for hg, and let B be an elementary refinement of A. By
and we have hg =g, f'h) -+ R}, where the right side is some
normalish form with nuclear code B. Note that f’ must be supported on Es,
s0 [h1, f'] =an 1 by |(Conj)| and [Lemma 3.22| If n > 2, then [hy, h}] =g, 1 for
each i by the argument above, and therefore [h1, ha] =g, 1. Now suppose
n = 1, so it suffices to prove that [h1,h)] =a, 1. Note that the nuclear
code for R is strictly larger than the nuclear code for h;. Since there is a
maximum size for the nuclear code of a nuclear generator, we can continue
this process until gives us a normalish form with two or more nuclear
generators, at which point we have reduced to the n > 2 case above, so we
are done. O

Lemma 3.25 (Refining again). Let w be a normalish form with nuclear code
A, and let B be any refinement of A. Then there exists a normalish form w'
with nuclear code B such that w =g, w'.

Proof. By Lemmas and the relations |(Refine)| and |(DisjComm)
follow from those in Relg,. Thus, applying the proof of [Lemma 3.11| verbatim

with =g, in place of =;,¢ yields the desired w'. U

Lemma 3.26. We can choose the relations in |(Inv)| to follow from those
m Relﬁn.

Proof. Let h be a nuclear generator. From , we have h =g, chpc™!
for some model nuclear generator hp, where c is a rigid conjugator from hp to
h. From we have h;l =an w, where w is some normalish form with
nuclear code A. Let B be a refinement of A such that ¢~! acts as a canonical
similarity on €g for each § € B. By there exists a normalish
form w’ with nuclear code B such that w =g, w’. Then ¢! rigidly conjugates
w’ to some normalish form w”. By [(Conj)| and [Lemma 3.22| we know that

ctw'e =gp w", s0 b =gy ch}lc_l =g, cwe L =q, cw'e =4, W O

Lemma 3.27. We can choose the relations in to follow from those
in Relgy,.

Proof. Let w be an exact normalish form hq - -- h,, with nuclear code A,
and let h be a nuclear generator whose nuclear code B is a subset of A.
Suppose first that B intersects the nuclear code of each h;. Since |B| < N
by the definition of N (see the text after , it follows that
m < N, so w is rigidly conjugate to one of our model normalish forms wy,
say with nuclear code Ay. Let ¢ be a rigid conjugator from w to wg, and
note that c¢ also rigidly conjugates h to some nuclear generator hy whose
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nuclear code By is contained in Ay. By |(Conj)| and [Lemma 3.22| we know
that wghal =qa, cwh~ 7. By (ProdFin)L we have wohal =fn fow), where
fo € Vp g and wy is some exact normalish form whose nuclear code contains
AO \ By.

Now observe that ¢! acts as a canonical similarity on €, for each o €
Ao\ By. Let A; be a refinement of A that contains Ag \ By and such that
¢ ! acts as a canonical similarity on C, for each a € A;. By
there exists fi € Vr g and an exact normalish form w; with nuclear code
Ay so that fow(, =g fiwi. Then ¢! rigidly conjugates w; to some exact
normalish form ws whose nuclear code contains A \ B, and it follows from
|(Conj)| and [Lemma 3.22| that wy =g, ¢~ 'wic. Then

-1 —1 -1, —1 A —1 _ —1
wh =fin C woho C =fin C fowoc =fin C fl’LUlC =fin C flCWQ

and combining the ¢~!fic on the right using yields the desired
normalish form.

All that remains is the case where B does not intersect the nuclear code
of each h; in the original normalish form hq---h,,. By and
we can permute the h; freely, so we may assume that B intersects
the nuclear codes of hi,...,h; for some j and does not intersect the nuclear
codes of hji1,...,hy. By|(DisjComm)| and [Lemma 3.24, we know that

By hh ™t =g ha - Rjh hy - By

Let A} and A be the nuclear codes for hy - - - hj and hjqq - - - by, respectively,
and note that B C A. By the argument above, there exists a normalish form
w” whose nuclear code A” contains A} \ B such that hy - h;jh™! =g, w”.
Then wh™! =4, w”hj+1 -+ hy, and the word on the right is a normalish
form whose nuclear code contains (A} \ B) U A, = A\ B, as desired. O

Proof of [Theorem 3.1l By Lemmas [3.21] [3.22] [3.23] [3:24] B:26] and [3:27] all
of the relations Reljys listed in follow from the relations Relg,
listed in [Definition 3.20} By [Proposition 3.16] the relations in Rel;,¢ give a
presentation for GG, and therefore the relations in Relg, do as well.

The relations in Relg, use an infinite generating set consisting of all the
elements of V1 g together with all of the nuclear generators. Furthermore,
the relations [(VRel)| and |(Model)| are infinite families. However, for each
relation h = chpe™ ! in (Model @|7 we can use a Tietze transformation to remove
this relation as well as the generator h, leaving us with only the finitely
many model nuclear generators. Furthermore, since V1 g is finitely presented
by we can use (non-elementary) Tietze transformations to
remove all but finitely many of the generators from Vr g and all but finitely
many of the relations from which leaves us with a finite presentation
for G. (]

We would like to reiterate [Question 1.2] which asks whether all full, con-
tracting RSGs have type Fo, which is stronger than being finitely presented.

Note that this is true for the special case of V1 g, by In terms
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of a topological proof, for V1 g one can mimic the “standard” approach to
proving type F, for certain Thompson-like groups. As soon as N contains
non-identity elements however, several steps of the general proof outline
break down and do not have clear alternatives. Even for contracting Rover—
Nekrashevych groups, it remains an open question whether they always have

type Fuo.
4. EMBEDDING HYPERBOLIC GROUPS INTO RSGSs

The main result of [BBM2I] is that every hyperbolic group admits a
faithful rational representation [BBM21l Theorem 1], and the main result of
this section is the following improvement:

Theorem 4.1. FEvery hyperbolic group embeds into a full, contracting RSG.

The key improvement here is “local to global”: roughly speaking, in
[BBM21] it was proved that each element individually has only finitely
many local actions, and here we prove that there is a common finite set
of local actions containing all but finitely many of each element’s local
actions. In what follows we will often be discussing a group G with some
fixed finite generating set and associated word metric d. In such cases we
will often identify G with its Cayley graph, and so for example refer to
geodesics in G. In this case we write C'(x) for the cone on z € G, namely
C(z) ={ye G|d(l,y) =d(1,z) + d(z,y)}. For g € G we also write |g| for
the word length of g, i.e. |g| == d(1,g). If G happens to be hyperbolic, then
we will also assume a constant of hyperbolicity § > 0.

In Subsections and we briefly recall the definition of the horo-
function boundary, as well as the tree of atoms and associated machinery
from [BBM21]. In we prove that the action of G on its horo-
function boundary is particularly well-behaved when G has Z as a proper
free factor. Finally, in Subsections and we prove that the image of a
hyperbolic group in the rational group is contracting as long as the action
on the horofunction boundary is well-behaved.

4.1. The horofunction boundary and the tree of atoms. Gromov
defined a compact boundary 9, X for any metric space X, known as the
horofunction boundary (see [Gro87, Section 7.5] or [BH99, Chapter II.8]).
If G is a group and d is the word metric on G with respect to some finite
generating set, then 0, G is a compact, totally disconnected, metrizable space.
We will define the horofunction boundary in this more restricted context.

Let F(G,Z) be the abelian group of all integer-valued functions on G,
and let F(G,7Z) be the quotient of F'(G,Z) by the subgroup of all constant
functions. Viewing F(G,Z) = Z% as a topological space with the product
topology, we also get a (quotient) topology on F(G,Z). For each x € G, let
dz: G — Z be the function d,(y) := d(z,y), and let d, denote the image of
this function in F(G,Z). Then the mapping x + d, defines a topological
embedding i: G — F(G,Z).



40 J. BELK, C. BLEAK, F. MATUCCI, AND M. C. B. ZAREMSKY

Definition 4.2 (Horofunction boundary). The horofunction boundary
oG of G is the set of all limit points of i(G) in F(G,Z).

A function h: G — Z whose image in F(G,Z) lies in §;,G is known as a
horofunction. This terminology comes from hyperbolic geometry, where
each point on the boundary of hyperbolic n-space has associated horofunctions
whose level sets are horospheres. The horofunctions associated to Gromov’s
horofunction boundary are similar to, but distinct from, the horofunctions
for 6-hyperbolic spaces introduced by Coornaert and Papadopoulos [CP93].

It is a fact that 9,G is always compact and totally disconnected [BBM21],
Proposition 1.28], and G acts on 9, G by homeomorphisms. Unlike some other
boundaries, the horofunction boundary is not a quasi-isometry invariant, and
indeed the homeomorphism type of 0,G can depend on the finite generating
set chosen for G. The horofunction boundary is convenient for us primarily
because it is totally disconnected, and as a result can sometimes be identified
with a clopen subset of a subshift of finite type.

As described in [BBM21], the horofunction boundary of a group can be
realized as the space of ends of a certain infinite, rooted tree called the tree
of atoms, which we will now define. Let B,, denote the n-ball in G, that
is, the ball of radius n centered at the identity, and define an equivalence
relation ~ on G by z ~ vy if d, and Jy agree on B,,. That is, v ~ y if d, — d,
is constant on B,,. It turns out that there are only finitely many equivalence
classes [BBM21, Proposition 3.3|, and these are the atoms for B,,. Note
that any atom for B, ; must be contained in an atom for B,.

Definition 4.3 (Tree of atoms). The tree of atoms A(G) of G is the tree
with a vertex for each infinite atom of each B,, (n > 0), and with an edge
from an atom of B,, to an atom of B, whenever the latter is contained in
the former.

For example, the root of A(G) is the unique atom of By, namely all
of G (assuming G is infinite). We denote by A, (G) the vertices of A(G)
representing the infinite atoms of B,. If A is an atom for B,,, we denote
by da the function on B, (up to an additive constant) that is equal to the
restriction of d, to B, for all z € A.

Each infinite atom A € A,,(G) has a shadow

0A = {h € 9,G | h agrees with d4 on B,},

which is a clopen subset of 0y G. These form a basis for the topology on 0,G,
and indeed 95, G is homeomorphic to the space of ends of A(G), or equivalently
the space of infinite descending paths in A(G) [BBM21], Theorem 3.6]. Note
that this statement holds for arbitrary groups G, and in fact for arbitrary
locally finite graphs under the path metric.

Example 4.4. [Figure 1j(a) shows the tree of atoms for Z? as well as the
horofunction boundary 9,72 with respect to the generating set {(1,0), (0,1)}.
The set Ag(Z?) consists of the single root atom Z?2, which we have placed
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(a) (b)

FIGURE 1. (a) The tree of atoms for Z? and the horofunction
boundary. (b) The atoms for Bs C Z2.

in the center of the figure. For n > 1, the atoms of B,, are the sets X x Y,
where each of X and Y is one of {k | k < —n}, {k | k > n}, or a singleton
set {k} for —n < k < n. For example, the atoms for B3 are shown in
Figure 1{b). Note that 8n of the atoms for B,, are infinite, and thus appear
in the tree of atoms. Of these 8n, four of them have three children each,
while the remaining atoms have one child each. Note that the elements of
A(Z?) happen to be in one-to-one correspondence with the elements of Z2,
but this is just an artifact of this example.

As shown in [Figure 1a), the horofunction boundary in this case is homeo-
morphic to the complement of Z? in 22, where Z = ZU{+o0} is the two-point
compactification of Z. For example, each point (+00,n) € 9,Z? corresponds
to the horofunction (x,y) — —x + |y — n|, and the point (—o0, +00) € 9),Z>
corresponds to the horofunction (z,y) — x — y.

Example 4.5. If F,, is a free group with a basis as generating set, then
the atoms for F), are precisely the same as the cones, the tree of atoms is
isomorphic to the Cayley graph of F),, and the horofunction boundary is
homeomorphic to the Gromov boundary 0F},, i.e. the space of ends of the
Cayley graph. In general, Webster and Winchester have proven that if G
is a hyperbolic group then the Gromov boundary 0G is a quotient of 9,G,
with the quotient map 9,G — OG being finite-to-one [WWO05]. Note that
Oy G is always totally disconnected, whereas JG is often a connected space
such as a sphere.

Remark 4.6. Even though the group G acts on 0,G by homeomorphisms,
there is no natural action of GG on the tree of atoms or on the atoms themselves;
indeed, the image of an atom under translation by an element of G might
not even be an atom.
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Remark 4.7. Note that each function d, is 1-Lipschitz, meaning that
d.(y) — dz(2) € {—1,0,1} for every adjacent pair of vertices y and z in B,.
As a result, we can visualize d, as a vector field on B, i.e. an assignment
of directions to some subset of the edges of B,,. In particular, if e is an edge
connecting y and z, we direct e from y to z if d,(y) — dx(z) = 1, and from z
to y if dy(y) — dx(z) = —1, leaving e undirected if d;(y) = dy(2). Intuitively,
all of the edges of B,, are directed to point towards x, whenever possible.
Note that two 1-Lipschitz functions induce the same vector field if and only
if they differ by a constant, so such a vector field precisely determines d,.
Clearly there are finitely many such vector fields on B,,, which is why B,
has only finitely many different atoms. We will not make use of vector fields
in this paper, but see [BB] for more on this viewpoint, including pictures.

4.2. Types of atoms. Let G be a group with a fixed finite generating set
and associated word metric d, and let A(G) be the resulting tree of atoms
for G. The following definition is taken from [BBM21], Definition 3.7].

Definition 4.8 (Morphisms of subtrees, same type). Given two infinite
atoms A; € A,,(G) and Az € A,(G) we say that an element g € G is a
morphism from A; to As if the following hold:

(1) gAl = AQ.
(11) g(Al N Berk) = Ay N By for all k£ > 0.
(ili) For each k > 0 and each A} € A, 41 (A1) there exists A5 € A, 41 (A2)
such that gA] = A.
If such a morphism exists, we say that A; and A, have the same type.

Of the three conditions above, condition (i) is the most fundamental, and
we are not aware of any groups where condition (ii) does not follow from
condition (i). Condition (iii) says that g induces an isomorphism from the
subtree of descendant atoms of A; to the subtree of descendant atoms of
As. There are examples where a group G has two atoms A € A,(G) and
A" € A, 11(G) that are equal as subsets of G, but these two atoms nonetheless
have different types, for instance in the case when A’ is the only child of A,
but A’ has multiple children.

Remark 4.9. Note that there can be only finitely many morphisms between
a given pair of atoms, and the set of morphisms is closed under compositions,
inverses, and restrictions to child atoms. In [BBM21], these facts were used
to give the tree of atoms of a hyperbolic group the structure of a “self-similar
tree” but we will not need that terminology here.

Having the same type is an equivalence relation on atoms, and the corre-
sponding equivalence classes are the types of atoms for G. The following
proposition is fundamental to our work on hyperbolic groups.

Proposition 4.10. [BBM21], Corollary 3.28] If G is a hyperbolic group, then
A(G) has only finitely many different types of atoms.
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A

FIGURE 2. Type graphs for Z? and Fy with respect to the
usual generating sets, where the black dot is the root node.

This phenomenon is not unique to hyperbolic groups. For example, Z? has
exactly nine different types of infinite atoms with respect to the generating
set {(1,0), (0,1)}, including the type of the root atom (see Example 4.4). As
with a group that has finitely many cone types, a group with finitely many
different types of atoms must have a rational growth series. Indeed, it is
conceivable that a group has finitely many types of atoms if and only if it
has finitely many cone types, though neither direction is obvious.

Definition 4.11 (Type graph). If G is a group with finitely many types of
(infinite) atoms, the corresponding type graph is the finite directed graph T’
with one node for each type, and with n directed edges from v to w if each
atom of type v has n children of type w. The root node of I' is the node
corresponding to the type of the root atom G € Ay(G).

For example, shows the type graphs for Z? and the free group F
with respect to the usual generating sets.

If G has finitely many types of atoms and I' is the associated type graph,
then it is possible to identify 0,G with the cone €, C Y, where v is the
root node of I'. This identification takes the form of a homeomorphism
p: &€, — OpG, which has the following properties:

(i) For each path a € Cones(v), the homeomorphism ¢ maps the
cone €, to the shadow of some atom A, € A, (G) with type corre-
sponding to the node t(«), where n is equal to the length of .. This
determines an isomorphism of trees Cones(v) — A(G).

(ii) If o, 8 € Cones(v) and t(«) = t(B), then the canonical similarity
¢, — €g induces a morphism from A, to Ag. That is, there exists
a morphism g € G from A, to Ag so that

p(B-w) =gepla-w)
for all w € &y(q).

We will refer to such a ¢ as a system of addresses for 9,G. If ¢ maps
a sequence w € €, to a point h € J,G, we will say that w is the address
of h. Similarly, if & € Cones(€,), we will call a the address of the atom A,.
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Note that €, has no empty cones, since every infinite atom in 4,, contains
at least one infinite atom in A, y1.

Remark 4.12. There is not a single canonical choice for a system of addresses
. Instead, the construction of ¢ involves the choice of a “rigid structure”
on the tree A(G), as described in [BBM21) Section 2.3]. (See also [BBM21],
Proposition 2.21], for which the construction of the isomorphism & does
not actually require the tree to be “branching”.) However, it follows from
the proof of [BBM21, Proposition 2.18] that there are only finitely many
different choices for ¢.

Proposition 4.13. Suppose G has finitely many types of atoms, and let
p: €, = LG be a system of addresses as above, so ¢ together with the action
of G on OpG induce an action of G on &,. If this action is rational then the
image of G in Rre, s an RSG.

Proof. We just need to show that for any «, 8 € Cones(v) with t(a) = t(8),
there exists an element of G mapping €, to €3 by the canonical similarity.

Indeed, this follows immediately from the fact that canonical similarities on
cones in €, correspond to morphisms on shadows of atoms in J9,G. O

The following theorem is a restatement of the main result from [BBM21].

Theorem 4.14 ([BBM21]). Let G be a hyperbolic group, and let ¢: €, —
OrG be a system of addresses for OpG. If O,G has no isolated points, then
the induced action of G on &, is by rational homeomorphisms.

Between [Proposition 4.13] and so far the action of G on

O G gives us a map from G to an RSG, which constitutes progress toward
that every hyperbolic group embeds in a full, contracting RSG.
Obviously embedding into a contracting RSG would be enough to embed
into a full, contracting RSG, so achieving “full” is not an issue. However,
there are the following obstacles to further progress:

(i) If G has non-trivial finite normal subgroups, then the action of G

on JpG might not be faithful (see [Remark 4.16)).

(ii) We do not know whether 9;,G has no isolated points, or whether
the type graph I' for G has an irreducible core.

We conjecture that (ii) is never a problem if the hyperbolic group G is
non-elementary, i.e. not virtually cyclic. In the present paper we will sidestep
these difficulties by first embedding G into the free product G * Z. We prove
in the next subsection that for G % Z, the obstacles (i) and (ii) are alleviated,
and therefore G x Z is isomorphic to an RSG. Following this, it will just
remain to prove the contracting property.

4.3. Atoms in G * Z. In this subsection we consider the horofunction
boundary for a free product G * Z, where G is any non-trivial group. We
always assume that the generating set for G * Z consists of the generators
for G together with a generator ¢ for the Z factor. The main result is the
following.
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Theorem 4.15. If G is a non-trivial group, then O(G * Z) has no isolated
points and G x Z acts faithfully on On(G x Z). Furthermore, if G x Z has
finitely many types of atoms, then the associated type graph has an irreducible
core.

Remark 4.16. It is not true in general that the horofunction boundary
Oy G of an infinite group G has no isolated points, or that G acts faithfully
on 0,G. For example, the horofunction boundary 0,Z is a two-point space,
and Z acts trivially on 9,Z. More generally, for all n > 1 the horofunction
boundary of Z™ has isolated points, though the action is faithful for n > 2.

There are also non-elementary hyperbolic groups G for which the action
of G on 9xG is not faithful. For example, if G has a non-trivial finite normal
subgroup NV and S is any generating set for G that is closed under multipli-
cation by elements of N, then the corresponding horofunction boundary 0,G
is naturally homeomorphic to 0 (G/N), and in particular N acts trivially
on J;G. Note that if no such N exists then the action of G on 9;G is
automatically faithful, since in this case G acts faithfully on its Gromov
boundary 0G, which is a quotient of 9;,G (see [WWO05]).

We do not know whether the horofunction boundary of a non-elementary
hyperbolic group can have isolated points, nor do we know whether the
subshift of finite type associated to a non-elementary hyperbolic group
always has an irreducible core.

The proof of occupies the remainder of this subsection.

Let G be a non-trivial group, and for each n let B,, denote the n-ball in
G+ Z. If w is an element of G * Z that ends with ¢ (in the sense that any
minimum-length word for w ends with ¢), then the cone for w is the set

C(w) = {wh | h € G*Z and h does not begin with t~'}.
By symmetry, a similar description holds for C'(w) if w ends with t~1.

Lemma 4.17. If w is any element of G x Z that ends in t, then C(w) is an
atom in A),|(G x Z). Moreover, any two such atoms have the same type.

Proof. Let n = |w|, and let A be the (a priori finite or infinite) atom for B,
that contains w. We claim that A = C'(w). First, observe from the geometry
of G x Z that any geodesic from a point in C'(w) to a point in B,, must pass
through w. It follows that d, = d,, = d for all z € C(w), so C(w) C A.
Conversely, if € A, then since w,wt~! € B,, and d,, agrees with d,, on B,
the vertex x must be farther from wt~! than from w, and therefore z € C(w).
We conclude that A = C'(w), so C(w) € A, (G *Z).

Now suppose C(w) and C(w') are two such atoms, with n = |w| and
n' = |w'|. We claim that w'w™! is a morphism from C(w) to C(w’). Clearly
w'w™! maps C(w) to C(w'), and indeed maps C(w) N B, 11 to C(w') N By 44,
for all k. We claim that w'w~! maps each infinite atom contained in C(w)
to an atom of the appropriate level contained in w’. To see this, observe that
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if A€ A,1x(G*7Z) is any atom contained in C'(w), then

da(p) = da(w) + d(w, p)
for all p € Bpyx \ C(w). In particular, A is completely determined by
the restriction of d4 to By N C(w). Similarly, any atom of A,/ 4(G * Z)
contained in C(w’) is determined by the restriction of its distance function

to C(w') N Byyx. Thus w'w™! maps A to the atom A’ € A,/ 1(G * Z) that
is contained in C'(w') and satisfies

da(p) = da(w(w')"p)

for all p € C(w') N By y1. We conclude that w'w™! is a morphism from C(w)
to C'(w'), so these two atoms have the same type. O

Lemma 4.18. Let G be a non-trivial group, and let A € A, (G *Z) for some
n > 1, where GxZ = G * (t). Then C(t) has a descendant of the same type
as A, and A has a descendant of the same type as C(t).

Proof. Note first that if w is any element of G * Z that ends in ¢!, then
C(w) is an atom by the same argument as in Moreover, any
two such atoms have the same type.

For the first statement, observe that C(t 1) € Ay (G *Z), so every element
of A,,(G+Z) for n > 1 is either contained in C(¢~!) or disjoint from it. Since
C(t) has a descendant of the same type as C(¢t~1), namely C(tgt—!) for any
non-trivial ¢ € G, any descendant of C(t~!) has the same type as some
descendant of C(t). Suppose then that A € A,,(G xZ) is an atom that is
disjoint from C(¢t71), so tA C C(t). We claim that tA is an atom with the
same type as A.

To see this, note that ¢t maps the complement of C(¢t~!) isometrically to
C(t). Moreover, t maps B, \ C(t7!) to B,11 N C(t) for each n. If a € A, it
follows that

dia(p) = da(t™'p)
for all p € C(t) N Bp41. Since every geodesic from ta to (G xZ) \ C(t) passes
through ¢, we also know that

gta(p) = Jta(t) + d(p7 t)
for all p € Bp41 \ C(t). It follows that tA is contained in a single atom
A" € A1 (G Z), with

- da(t™1p) if pe C(t) N By,
da(p) =4 - ,
da(1l) +d(p,t) if p€ Bny1 \ C(1).

Furthermore, if 2 is any point in A’, then x must lie in C(t) since d 4/ (t) <
da(1). In this case, it is easy to see that d,—1, agrees with d4 on B, and
therefore x € tA. This proves that tA is an atom. Moreover, the same
argument applies to any descendant of A, so t maps the descendants of A
to descendants of tA. Since (tA) N Byix+1 = t(AN By4y) for all k > 0, we
conclude that ¢ is a morphism from A to tA, so tA has the same type as A.
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For the other direction, let A € A,,(G * Z) for some n > 1, and let a be a
point of A. If a does not end with ¢~!, then any geodesic from any point in
C(at) to B, must pass through a, and it follows easily that C'(at) C A. If a
ends in ¢!, we can fix a non-trivial element f € G. Then any geodesic from
any point in C'(aft) to B, must pass through a, so again C'(aft) C A. In
either case, this gives a descendant of A with the same type as C(t). O

Proof of [Theorem /.15, We claim first that 9),(G * Z) has no isolated points.

By every infinite atom in G * Z contains an atom with the
same type as C(t). But C(t) contains at least one pair of disjoint infinite

atoms, e.g. C(t?) and C(tgt) for some non-trivial element g € G. It follows
that every infinite atom in G * Z contains at least one disjoint pair of infinite
atoms. In 0y (G * Z), this means that every basic open set contains at least
one pair of disjoint basic open sets, which proves that (G * Z) has no
isolated points.

To prove G xZ acts faithfully on 0y (G *Z), let w be any non-trivial element
of G *Z. Let v be any element of G * Z that ends with ¢, and does not
have a minimum-length word that starts with the same generator (or inverse
generator) as a minimum length word for w or w™!. Then v and wv both
end with ¢ and C'(v) and C(wv) are disjoint. Then w maps the infinite atom
C(v) to the infinite atom C(wwv), which is disjoint from C(v), so w acts
non-trivially on the horofunction boundary.

Finally, suppose G * Z has finitely many types of (infinite) atoms. By
every node of the type graph I' has a directed path to the type
of C(t), and there is a directed path from the type of C(t) to every other
node in I" except for the basepoint (i.e. the type of G x Z itself). It follows
that the induced subgraph I'y on all nodes but the basepoint is strongly
connected. Furthermore, I'y cannot be a directed cycle since 0y (G * Z) is
infinite, so we conclude that X has an irreducible core. ([

4.4. The contracting lemma. In this subsection we prove a geometric
lemma about atoms in hyperbolic groups that is the main content of the
proof that hyperbolic groups are contracting. Throughout this subsection,
let G be an infinite d-hyperbolic group, and let B, denote the n-ball in G.
For any x € G\ By,—1, let N(z, By,) be the set of nearest neighbors of
x in Bj,. This can be described in the following equivalent ways:
(i) It is the set of all p € B,, so that d(z,p) < d(z,q) for all ¢ € B,,.
(ii) It is the set of all points at which geodesics from 1 to z intersect the
n-sphere S, .= B, \ Bp_1.

(iii) It is the set of points in B, at which d, obtains its minimum value.
It follows from (iii) that N(x, B,) depends only on which atom for B,
contains x. Thus, if A € A,,(G), we can define

N(A) = N(z, By)

where x is any point in A.
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Our goal in this subsection is to prove the following lemma.

Lemma 4.19 (The contracting lemma). Let g € G, and let A € A, (G) with
n > 2|g| + 398 + 13. Then there exists A’ € A(G) such that gA C A’ and
N(A") lies within the (186 + 6)-neighborhood of g N(A).

The important thing here is that 189 + 6 is a constant. We will show in

Subsection 4.5|that the local action g|4 depends only on the G-orbit of the
pair (g N(A), N(A’)) together with a finite amount of additional data, from

which it will follow that G has finite nucleus.

The proof of involves some technical results from [BBM21].
If z € G\ B,_1, the visible set V(z, B,,) is the set of all points p € B,, such
that every geodesic [p, z] intersects B,, only at p. Again, it is possible to
prove that V' (z, By,) depends only on which atom for B,, contains z [BBM21],
Proposition 2.15]. In particular, if A € A, (G) we can define

V(A) =V(x,By)
where z is any point of A. The following proposition lists some further
properties of N(A) and V(A).
Proposition 4.20. Let z € G\ B,,—1. Then:
(i) N(z, By) has diameter at most 26.

(ii) N(x,Bp) C V(xz,By,) C Sy, and V(x, By,) is contained in a (46 4 2)-
neighborhood of each point in N(x, By, ).

(iii) If b € By, then there exists a geodesic [b, x| that contains a point
of V(z,By).

(iv) If A € A, (G) and U is a subset of By, that contains V (z, B,)UV (A),
then x € A if and only if d, agrees with dy on U.

Proof. Statement (i) follows from the standard fact than any two geodesics
with the same endpoints synchronously 2d-fellow travel. Statement (ii) follows
from Propositions 3.19 and 3.21 of [BBM21], while statements (iii) and (iv)
are Propositions 3.16 and 3.18 in [BBM21], respectively. O

We now prove two lemmas that we will need for the proof of
For f € F(G,Z) and S C G, write

IFlls = 5 sup{1f(s) — £(s)| | 5. € 57
where f is any representative for f in F(G,Z).
Lemma 4.21. Let g € G, let e € N, and let A € A,(G), where
(1) n > 2|g| + 9 + 2e.

Let U be the (60 + 2 + 2¢)-neighborhood of g N(A). If Hcil — JQHU < e, then
there exists A" € A(G) such that gA C A" and N(A’) is contained in U.
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Proof. Note that by [Proposition 4.20|(ii), the set g V' (A) is contained in the
(46 + 2)-neighborhood of g N(A), which means that g V(A) C U. Hence,
gN(A) S gV(A) CUNgSh.

Now, since Hcfl — dy|lu < e, there exists C' € Z so that

(2) 0 <d(u,1) —d(u,g) + C < 2¢
for all u € U. In particular,
(3) UngSeC |J S and  UNS,CygB,
k<i<k+2e
where k£ := n — C'. Note that our hypothesis on n ensures that k is a

positive integer. Indeed, since |d(u,1) — d(u,g)| < |g|, it follows from
that C < |g| + 2¢, so by (1)),

(4) k=n—-C2=2n—lg|—2¢=|g|+¢

and hence k£ > 0.

Now consider a point z € gA. We claim that x ¢ By_1 and V (z, Bg) C U.
For the first statement, we know from that |g| < n, so g7' € B,.
Since g~z € A, it follows from |[Proposition 4.20| that some geodesic
[g7!, g~ '] passes through V(A). Hence the geodesic [1,z] := g[g~!, g~ ']
passes through a point y of g V(A). Then y € U N ¢S, so by we have
that k£ < |y| < k + 2e. It follows that |z| > |y| > k, so ¢ Bi_1.

To prove that V(x, Bx) C U, let [g,x],[1,x],[1, 9] be a geodesic triangle.
Since g~ € A, the geodesic [1, g 'x] == g~ '[g, 2] passes through N(A), so
[g, x] passes through g N(A) at some point ¢. Then ¢ € U N ¢S, so by
we have

(5) k<l|q <k+2e

Combining this with , we deduce that |g| > |g| + 0. In particular, ¢
does not lie within § of any interior point of [1,g]. Also, d(q,g) = n > 0,
so by the thin triangle condition, it follows that ¢ lies within § of some
point 2’ € [1,z]. Let ¢’ be the point at which [1,z] passes through Sy, so
¢ € N(z,By). Since d(g,2") < 6 and ||q| — k| < 2€ by , it follows from the
triangle inequality that Hx’\ - k:‘ < 0+ 2e. In particular, d(2/,¢") < 0+ 2¢, so
d(g,q') < 20 + 2¢, again by the triangle inequality. But [Proposition 4.20]()
tells us that V(z, By) lies within a (40 4 2)-neighborhood of ¢, so V(x, By,)
lies within a (69 + 2 + 2¢)-neighborhood of ¢. Since ¢ € g N(A), we conclude
that V(x, By) C U.

We are now ready to prove the desired statements. Since A is infinite, there
is an infinite atom A’ € Ai(G) that intersects gA. Note that V(A') C U,
since A’ contains a point of gA and V(z, Bg) C U for every z € gA. In
particular, N(A’) C U. We claim that gA C A’. Let z € gA, and fix a
point p € A’ N gA. Since z,p € gA, we know that d, agrees with Jp on
gBn. Since p € A/, we know that d,, agrees with d on By. But U N Sy is
contained in gB,, by and is also contained in By, so d, agrees with d 4
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on U N Sk. Since V(A") CUN Sk and V(x, Bx) € U N Sk, it follows from
[Proposition 4.20iv) that z € A’, and therefore gA C A'. O

Lemma 4.22. Let p € By, and let S be a subset of G\ By,. If
diam(S) < 2n — 2|p| — 46

then ||dy, — di || ¢ < 60 + 2.

Proof. Note that d; is just word length. It suffices to prove that

|(d(z,p) — |2]) — (d(y,p) — [y])| < 2(66 + 2)

for all z,y € S. Let x,y € S, and fix geodesics [z,y], [z, p], and [y, p]. Let
Mmay be the point on the geodesic [z, y] which is farthest from z but still
within 0 of [x,p]. By the thin triangle condition, mg, must also lie within
d + 1 of [y,pl, so there exist points myy, € [z,p] and my, € [y,p| so that
d(Mgy, Map) < 0 and d(Mmgy, myp) < J+ 1. Then

| (d(z,p) — d(y,p)) — (d(z,may) — d(y, may))|
- ‘d@v Map) + d(Map, p) — d(y, myp) — d(myp, p) — d(x, May) + d(y, mxy)‘
< |d(z, map) — d(@, May)| + |d(y, myp) — d(y, May)| + |d(Map, p) — d(myp, p)|
< d(map, May) + d(myp, May) + d(map, myp)
<O+ (0+1)+(204+1) =40+ 2.
Now fix geodesics [z, 1], [y, 1], and [1,p]. We know that either d(z, mg,) <

2d(z,y) or d(y,mgy) < 3d(z,y). Let us assume the first case, the other
being analogous. We see that

from which it follows that

\mzy\2n+1—MZn+1_M
2 2
so we have
diam(5)

d(Mgy, Myp) + [Myp| > |mgy| >n+1 - 5

and since d(mgy, myp) < 6+ 1 we get

diam(.S)

Imyy| >n+1— —(64+1)>|p|+6

and therefore m,, does not lie within ¢ of [1,p]. Applying the thin triangle
condition to [1,p] U [y,p] U [y, 1], there exists a point m, € [y, 1] such that
d(myp, my) < 0. A similar argument for the triangle [1,p] U [z, p] U [z, 1]
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yields a point m, € [z,1] such that d(mgap, m,) < 6. Then d(mgy, ms;) < 20
and d(mgy, my) < 25+ 1, so by the same reasoning as above
|(Jz] = ly]) = (d(z,may) — d(y, may))|
< d(mg, May) + d(my, May) + d(mg, my)
<254 (2541)+ (46 +1) =85 + 2.
By the triangle inequality, it follows that

| (d(x,p) — |z[) = (d(y,p) — |yl)|
= |(d(z,p) — d(y,p)) — (lz] = |yl)|
< (46+2) + (85 +2) =126+ 4
as desired. 0

We are now ready to prove the contracting lemma.

Proof of[Lemma .19, Let g € G, let A € A,(G) with n > 2|g| + 396 + 13,
and let U be the (189 + 6)-neighborhood of g N(A). We must prove that

there exists A’ € A(G) such that gA C A" and N(4") C U.
By [Proposition 4.20|fi), the diameter of g N(A) is at most 2§, so

diam(U) < 26 + 2(186 + 6) = 386 + 12.
Since N(A) C Sy, we know that g N(A) is disjoint from B,_4_1,
disjoint from B/, where n’ =n — |g| — 1 — (180 + 6). We now have
2n' —2|g| — 46 > 2(n—|g| — 1 — (185 + 6)) — 2|g| — 40
= 2n — 4|g| — 406 — 14
> 2(2|g| + 396 + 13) — 4|g| — 406 — 14
=380 + 12 > diam(U).

By it follows that HJl - (ngU <66+ 2. Set €:= 65 + 2. Then

Hcfl — JQHU < e and

so U is

2|g] + 6 + 2e = 2|g| + 130 + 4 < n.

Since 186 + 6 = 66 + 2 + 2, it follows from that there exists
A" € A(G) such that gA C A" and N(A") C U. O

4.5. Proof that G has finite nucleus. The goal of this subsection is to
prove the following theorem.

Theorem 4.23. Let G be a hyperbolic group for which 0,G has no isolated
points, and let I' be the type graph for G with root node r. Then the image
of G in Rre, has finite nucleus.

We will make use of the contracting lemma (Lemma 4.19)) proven in the
last subsection, and we will also need some additional technical results from
[BBM21].
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Recall the notation B,, for the n-ball in G, S, for the n-sphere, and N(A)
for the set of nearest neighbors of A in B,, (A € A,,(G)). Now let

N(A) = 5, N Bys2(N(A))

where Bys12(N(A)) denotes the (46 4 2)-neighborhood of N(A). The follow-
ing proposition is a version of the main technical result in [BBM21].

Proposition 4.24. Let A, A’ € A(G), let g € G, and suppose that
(i) gN(A) = N(A),
(ii) gda agrees with dar on N(A'), and
(ili) g C(x) = C(gz) for all z € N(A).
Then g is a morphism from A to A’.

Proof. By [BBM21], Proposition 3.21], the set N (A) contains the proximal
set for A as defined in [BBM21, Definition 3.20]. Thus the given proposition
follows from [BBM21), Proposition 3.27]. O

Now fix a system of addresses ¢: €. — 0,G, and let A, denote the
atom associated to each a € Cones(¢,). For g € G, let g¥ denote the
homeomorphism of €, induced by g via ¢. We write g|o = (¢¥)|o and
g(a) == g%(a) for each a € Cones(€,.). Set

G?={g*|geG}

and let N denote the nucleus of G¥. Note that G¥ may be a proper quotient
of G if the action of G on 9;,G is not faithful.

If A, and Ag are atoms with t(a) = ¢(3), then our system of addresses
determines a canonical morphism g from A, to Ag, which has the property
that glq is the identity on &;,). If g is an arbitrary morphism from A, to
Ag, then g|, need not be the identity, but it is still a self-homeomorphism of
Ci(a)-

Proposition 4.25. For v a node in I, set
Mor(v,G) = {gla | g is a morphism from A, to Ag},

for some choice of Ay, Ag € A(G) of type v. Then Mor(v,G) does not
depend on the choice of Ay and Ag, and is a finite subgroup of Rr e, -

Proof. First note that morphisms are closed under composition and inverses.
That is, if ¢ is a morphism from A,, to A,, and h is a morphism from A,, to
Aas, then g71 is a morphism from A,, to A,, and hg is a morphism from A,,
to Aa,. Also note that (hg)|a, = hlay © gla, since these are homeomorphisms
of €,, i.e., the formula in does not require the extra restriction
to a local action. It follows easily that Mor(v, G) is a subgroup of Rr ¢, and
it does not depend on the choice of o and S.

To prove that Mor(v, @) is finite, let A, be an atom of type v. Since
A, # 0, there exists a k € N so that A, N Sy # (). Then any morphism from
Ay to A, must permute the points of A, N Sk. There are only finitely many
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elements of G that permute these points, so there are only finitely many
morphisms from A, to A,, and hence Mor(v, G) is finite. O

Two local actions g|a, h|g: €, — €, are morphism-equivalent if there
exist k € Mor(v, G) and ¢ € Mor(w, G) such that

hlg = €0 (gla) o k.

Morphism-equivalence is the same as the notion of “equivalent restrictions’
on the self-similar tree of atoms given in [BBM21]. Clearly each morphism-
equivalence class is finite, so if we want to prove that the nucleus Ng of G¥ is
finite it suffices to prove that N has only finitely many morphism-equivalence
classes.

The proof of rationality in [BBM21l Section 3.6] hinges on a notion of
a “mapping triple”, which is an ordered triple (g, A, A’) satisfying certain
properties. Our proof here will use a different notion of a mapping triple,
which we now define.

)

Definition 4.26 (Mapping triple). A mapping triple is an ordered triple
(9, Aq, Ag) such that

(i) ge@,
(i) Ay € An(G) for some n > 2|g| + 39 + 13, and
(iii) Ag € A(G) is an atom for which gA, C Ag and N(Ap) is contained
in the (186 4 6)-neighborhood of g N(A,).

By the contracting lemma (Lemma 4.19)), for any ¢ € G and any A, €
An(G) with n > 2|g| 4396 + 13, there exists Ag € A(G) such that (g, Aa, Ag)

is a mapping triple. In particular, for all g € G, for all but finitely many «,
there exists a mapping triple of the form (g, A, Ag).

We say that two mapping triples (g, An, Ag) and (h, A¢, A;) are equiv-
alent if there exists a morphism ¢ from Ag to A, such that h='4g is a
morphism from A, to A¢.

Lemma 4.27. If the mapping triples (g, Aa, Ag) and (h, A¢, Ay) are equiva-
lent then glo and h|¢ are morphism-equivalent.

Proof. Choose a morphism ¢ from Ag to A, such that k = h™l4g is a

morphism from A, to A¢. Since hkA, = hA¢, we have that hk(a) = h(¢) =
A(F(0)), 50 ()] = e o K by [comma 210

Let 8/ = g(a) and 7 = h((), so Ag is the smallest atom in Ag that
contains gA,, and A,/ is the smallest atom in A, that contains hA¢. Since ¢
is a morphism, it maps the tree of descendants of Ag isomorphically to the
tree of descendants of A¢, and since lgA, = hkA, = hA¢, it follows that
(Ag = A, . Indeed, ¢ must be a morphism from 3’ to 7. Now we compute

lg(er) = hk(a) = h(¢) =1 = L(B") = {(g(ev)),
so (€g)la = ¢l © gla by . Since hk = {g, we conclude that
hl¢ o kla = €| 0 gla. But klo € Mor(t(a),G) and ¢|g € Mor(t(5'),G), so
gla and h|¢ are morphism-equivalent. O
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Now we are poised to prove that the image G¥ of G in

Rr,¢, has finite nucleus.

Proof of [Theorem 4.23 The proof closely follows the proof of Theorem 3.10
given in Subsection 3.6 of [BBM2I]. That proof established that each g € G

individually has only finitely many local actions, and here we need to prove
that all the g € G collectively have a finite set of local actions containing all
but finitely many of each element’s local actions.

Define the signature of a mapping triple (g, Aq, Ag), to be the following
information:

(i) The sets g N(Aq) and N(Ag),
(ii) The functions gda, on g N(Aa) and da, on N(Aﬂ), and
(iii) The set g C(g~'p) for each p € g]v(Aa), and the cone C(q) for each
q € N(Ap).
We say that two mapping triples (g, Aa, Ag) and (h, A¢, A;) have equiva-
lent signatures if there exists £ € GG so that
(i) £ maps g N(Aqa) to h]\A/'(AC) and ]V(Ag) to N(An),
(ii) Lgda, agrees with hda, on hN(AC), and (da, agrees with da,
on N(A4,), and

(iii) £g C(g_lp)A: hC(h~Yp) for all p € g N(Ay), and £C(q) = C(Lq)
for all g € N(Agp).

It follows immediately from [Proposition 4.24] that if two mapping triples
(9,Aq, Ag) and (h, A¢, Ay) have equivalent signatures via an element £ € G,
then ¢ is a morphism from Ag to A, and k = h~1¢g is a morphism from
Ay to A¢, so the two mapping triples are equivalent. Then by
it follows that the local actions g|, and h|¢ are morphism-equivalent. To
summarize, equivalent signatures implies equivalent mapping triples implies
equivalent local actions.

As observed previously, the contracting lemma tells us that,
for any g € G and any A, € A,(G) with n > 2|g| + 39 + 13, there exists
Az € A(G) such that (g, An, Ag) is a mapping triple. In particular, for
every p € N there exists a mapping triple (g, As, Ag) such that g|o = p.
Therefore, to prove that N is finite, it suffices to prove that there are only
finitely many equivalence classes of signatures.

Consider a mapping triple (g, Aa, Ag). By [Proposition 4.20|, the sets
N(A,) and N(Ag) have diameter at most 2, and the same holds for g N(A,).
By the definition of a mapping triple, N(Ag) is contained in the (180 + 6)-
neighborhood of g N(A,), so it follows that N(Ag) U g N(A,) has diameter
at most (186 + 6) + 2(20) = 225 + 6. Then ]\Af(AB) Ug N(Ay) has diameter
at most (229 + 6) + 2(40 4+ 2) = 309 + 10. In particular, up to the action of
G there are only finitely many G-orbits of pairs (g N(Ad), ]V(Ag)) Since
a hyperbolic group has only finitely many cone types [Can84], every such
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G-orbit corresponds to finitely many equivalence classes of signatures, so we
conclude that there are only finitely many equivalence classes of signatures.
O

Finally, we can prove the main result of this section, that every hyperbolic
group embeds into a full, contracting RSG.

Proof of [Theorem 4.1l Let G be a non-trivial hyperbolic group. Since G

embeds into the hyperbolic group G * Z, we can assume without loss of
generality that our group G has a proper Z free factor. By [Proposition 4.10]
the tree of atoms of any hyperbolic group has finitely many types, so by

Theorem 4.15 we conclude that 0y, (G) has no isolated points, the action of G

on Jx (@) is faithful, and the associated type graph has an irreducible core.
By the action is also rational, i.e. there exists a subshift of
finite type X1 and a node 7 of I' such that, identifying 0 G with €., we have
that G embeds as a subgroup of Rr g, . By [Proposition 4.13|this embedded
copy of GG is an RSG. It is also contracting, by [Iheorem 4.23, Now G embeds
into [[G | 0,G ], and this is a full, contracting RSG by |[Proposition 2.44] and
['heorem 2.46! ([l

5. BOONE-HIGMAN EMBEDDINGS

Now we are poised to prove our main result, from the intro-
duction, that hyperbolic groups satisfy the Boone-Higman conjecture. The

last remaining key step is the following.

Proposition 5.1. Fvery full, contracting RSG embeds into a finitely pre-
sented simple group.

Outside the application to hyperbolic groups, [Proposition 5.1] also yields
the following, which is immediate from the fact that Rover—Nekrashevych

groups are full RSGs (see [Example 2.35)).

Corollary 5.2. FEvery contracting Réver—Nekrashevych group embeds into
a finitely presented simple group. Hence, all contracting self-similar groups
and all contracting Rover—Nekrashevych groups satisfy the Boone—Higman
conjecture. ([

Before embarking on the proof of |Proposition 5.1} let us explain where our
finitely presented simple groups come from. (First we should mention that full,
contracting RSGs are not always themselves simple, even up to finite index; for
example, one can check that [[ Fy | 9, F2]] has abelianization Z? @ (Z/27Z)?.)
The source of our examples is so called twisted Brin—Thompson groups,
introduced by the first and fourth authors in [BZ22]. Given a group G acting
faithfully on a set S, consider the Cantor space ¢, where € is the usual
Cantor set {0, 1}N, and ¢% is given the product topology. Thompson’s group
V =V, acts on €, so there is an action of the (restricted, permutational)
wreath product Vg G on €%, with each copy of V acting on the appropriate
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coordinate, and G permuting the coordinates. Now the twisted Brin—
Thompson group SV is the full group induced by V15 G, i.e.

SVg =[[VisG|e”].

The group SV is always simple, but it may or may not have good finiteness
properties. We should mention that twisted Brin—-Thompson groups admit
no isometric action with loxodromic elements on any hyperbolic metric space,
by a result of Balasubramanya-Fournier-Facio-Genevois [BFFG], so it is
interesting that in some sense our embedding of hyperbolic groups into
finitely presented simple groups serves to completely eliminate this feature
of hyperbolicity.

The following, from [Zar25], is an improved version of a result from [BZ22],
which essentially says that groups admitting certain actions satisfy the Boone—
Higman conjecture. Following Cameron [Cam90], a group of permutations
of a set S is oligomorphic if for every n > 1 the induced action on S™ has
finitely many orbits.

Theorem 5.3. [Zar25, Theorem 4.2] Let G be a finitely presented, oligo-
morphic group of permutations of a set S such that the stabilizer in G of
any finite subset of S is finitely generated. Then the twisted Brin—Thompson
group SVq is a finitely presented simple group into which G embeds.

Our goal is to verify the conditions of this theorem for full, contracting
RSGs. We begin by observing that full groups often have oligomorphic
actions. For the following proposition, an action of a group G on a set S is
highly transitive if G acts transitively on n-tuples of distinct elements of
S for all n > 1.

Proposition 5.4. Let X be a Hausdorff space that has a basis of clopen sets,
and let G be any full group of homeomorphisms of X. Then G acts highly
transitively (and hence oligomorphically) on each of its orbits.

Proof. Let S be a G-orbit in X, and let 8" = {s1,...,s,} be a finite subset
of S. Choose g1,...,9n € G so that g;(s1) = s; for each i, where ¢ is the
identity. Since X is Hausdorff and has a basis of clopen sets, we can choose
a clopen neighborhoood E of s; so that the clopen sets g1 (E), ..., gn(FE) are
pairwise disjoint. For each ¢ # j, let g;; be the homeomorphism that maps
gi(E) to g;(E) by g;g; ", maps g;(E) to g;(E) by gigj_l, and is the identity
elsewhere. Since G is full, each g;; lies in G, and these generate a subgroup
of G that can permute the elements of S’ in any desired fashion. It follows
easily that the action is highly transitive. ([l

Since every compact, totally disconnected metrizable space has a basis of
clopen sets, it follows from [Proposition 5.4] that every full RSG acts highly
transitively on each of its orbits.

Our next goal is to explore point stabilizers. We say that a point w in a
subshift Y is rational if it is eventually repeating, i.e. if there exist finite
words ¢ and 7 such that w = o -7 -7 .-, written w = o - 7 (s0 0 is
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some prefix and 7 repeats forever). It is easy to see that the set of rational
points in any clopen set £ C X is stabilized by the action of the rational
group Rr k.

If G < Homeo(X) is a group of homeomorphisms of a space X, the stabi-
lizer Stabg(z) of a point € X has a normal subgroup FixY(z) consisting of
all elements that are the identity in some neighborhood of . The quotient

[G], = Stabg(z) /Fixg(z)

is called the group of germs of G at z. If g € Stabg(z), its image [g], in
[G], is the germ of g at z.

Proposition 5.5. Let G < Rr g be an RSG with a finite nucleus, and let
w € E be a rational point. Then the group of germs [G|,, is virtually infinite
cyclic.

Proof. Recall that w = ¢ - 7°°, and let us assume 7 is chosen to not be a
power of a shorter word. Clearly ¢(o) =t(o - 7). Since G is an RSG, there
exists f € G that takes €, to €,.. by the canonical similarity. Note that f
fixes w. Now we claim that the cyclic group ([f],) has finite index in [G],.

Consider the function N — A that sends p to p|,. Since N is finite, every
element of A\ is either periodic or pre-periodic under this function. Let A
denote the set of periodic points, and let M be the least common multiple
of their periods. Now take an arbitrary h € Stabg(w). For all sufficiently
large i, the local action of h at o - 7 lies in A. By in fact for
all sufficiently large 4, the local action of h at o - 7° lies in A,. This implies
that the sequence i — h|,..im is eventually constant. We therefore get a well
defined function \: Stabg(w) — N sending h to the eventually constant
value of this sequence. Note that if h and h’' agree in an open neighborhood
of w then they have the same A value, so A induces a well defined function,
which we will also call A, from [G],, to N;.

We now claim that every fiber of A lies in a right coset of ([f].). Since
N7 is finite, this will prove that ([f],) has finite index in [G],, as desired.
Let p € N7, and let h,h' € Stabg(w) with A(h) = A(R') = p. Then we can
fix a sufficiently large i so that h|,..iv = h'|,..im = p. Let ¢ == h(o - 7M)
and ¢’ :== W (o - 7M). Thus we have w = h(w) = h(o - 7™M . 7°) = ¢ - p(7°°)
and w = W (w) = W (o - 7M. 7°) = (' p(7*), so we conclude that w =
C-p(r®°) = ¢ - p(r°). Since w = o - 7 and ¢ and ¢’ are both prefixes of
w, up to increasing ¢ as needed to ensure that o is a prefix of both ¢ and
¢’, this means that ( =0 - 77 - and ¢! = ¢ - 77" - &' for some 7,5’ > 0 and
some a, o’ proper prefixes of 7. Writing 7 = a-8=<a'- 3, so 8 and ' are
nonempty suffixes of 7, we see that p(7°) = -7 = g’ - 7°°, and since
7 is not a proper power this implies 3 = /3’; this then implies that o = /.
Without loss of generality, say j < j/. Then b/ agrees with f7~7h on the
cone € _im, so [h], and [1],, differ by left multiplication by an element of
([f]w), and we are done. O
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Remark 5.6. If G < Rr g is an RSG with finite nucleus, then a similar
argument shows that the group of germs [G],, at any irrational point w € E
is finite.

Remark 5.7. If G is a hyperbolic group, it is well-known that the stabilizer
of any point in the Gromov boundary 0G is virtually cyclic, and it follows
that the same holds for stabilizers in J;,G. By [Proposition 5.5 this was
a necessary condition for G to have finite nucleus. Indeed, given a group
G acting on a Cantor space X, if there exist points in X whose stabilizers
are not virtually cyclic, then by [Proposition 5.5| there is no way to assign
addresses to points in X so that the corresponding action is rational with
finite nucleus.

The argument in the following proposition follows the arguments given
by the first author, James Hyde, and the third author in [BHM], as well as
some unpublished simplifications partially due to James Hyde.

Proposition 5.8. Let G < Rr g be a full, contracting RSG, and let S’ be a
finite set of rational points in E. Then the stabilizer Stabg(S") is finitely
generated.

Proof. Let Fixg(S’) be the subgroup of Stabg(S’) consisting of elements
that fix S’ pointwise. Since Fix(S’) has finite index in Stabg(S’), it suffices
to prove that Fixg(S’) is finitely generated. This group fits into an exact
sequence
Fix,(S') < Fixa(S") = [] Gl
wes’

where Fix%,(S) is the group of elements that are the identity in some neigh-
borhood of §’. Each [G], is virtually cyclic by [Proposition 5.5, so the product
[1,cs[Glw is virtually free abelian, and hence the image of Fixg(S”) must be
finitely generated. Therefore, it suffices to prove that Fix%(S’) is contained
in a finitely generated subgroup of Fixg(S’).

Let 8" = {w1,...,wy}, and write each w; as o; - 77°, where the prefixes o;
are long enough so that the cones &, ,..., &, are pairwise disjoint subsets of
E whose union U = |J!_; €5, is not all of E. The cones &,,.;, are also pairwise
disjoint and have proper union, call it U’, and clearly t(o; - 7;) = t(0;) for all
i. Since Yr has an irreducible core, by there exists f € Vp g
such that f acts on each &,, by the canonical similarity €;, — &,,.7,, for all
1 <i < n. In particular f fixes S’. Also note that U D f(U) D f2(U) D -,
and any open neighborhood of S’ contains f*(U) for all sufficiently large k.
This implies that Fix%(S’) equals the union of the conjugates f* Fixg(U)f™*
for i > 0. Now it suffices to show that Fixg(U) is finitely generated, since
then Fix%(S’) will be contained in the finitely generated group generated by
Fixg(U) and f. But Fixg(U) is isomorphic to the full RSG in Rp gy with
the same nucleus as G, as described in [Theorem 2.46] In particular Fixg(U)
is finitely generated by [Theorem 3.1} so it follows that Stabg(S’) is finitely
generated. O




HYPERBOLIC GROUPS SATISFY THE BOONE-HIGMAN CONJECTURE 59

Now we can prove the main result of this section.

Proof of [Proposition 5.1 Let G < Rr g be a full, contracting RSG. Since X
has an irreducible core, we know that G is finitely presented by
Let S be the G-orbit of a rational point w in E. Note that S is dense in F,
so G acts faithfully on S. This action is oligomorphic by [Proposition 5.4}
and the stabilizer in G of any finite subset of S is finitely generated by
[Proposition 5.8 By [[heorem 5.3] the twisted Brin—Thompson group SV is
finitely presented, and it is simple, as all twisted Brin—Thompson groups are.
Since G embeds in SV, we are done. O

Finally we can prove that hyperbolic groups embed in finitely
presented simple groups, and thus satisfy the Boone-Higman conjecture.

Proof of [Theorem A| Let G be a hyperbolic group. By there
exists a full, contracting RSG into which G embeds as a subgroup. This

embeds in a finitely presented simple group by [Proposition 5.1] ([
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