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The outcomes of modern particle physics experiments, such as proton-proton
collisions at the Large Hadron Collider at CERN (European Organization for Nuclear
Research), depend crucially on the precise description of the scattering processesin
terms of the fundamental forces. Among all the known forces that contribute, the

limited understanding of the strong nuclear force is akey source of inaccuracy. At the
fundamental level, the strong force is described by quantum chromodynamics, the
theory of quarks and gluons. Their coupling, a,, becomes weaker at high energies
(asymptotic freedom), enabling power series expansions in a,, but the confinement
of quarksin hadronic bound states usually requires additional model assumptions.
Consequently, determinations of a, from experiment mostly remain with large
systematic theory errors'? Here we report the model-free determination of a, with
unprecedented precision from low-energy experimental input combined with
large-scale numerical simulations of the first-principles formulation of quantum
chromodynamics on a space-time lattice. The uncertainty, about half that of all
other results combined?, originates predominantly from the statistical Monte Carlo
evaluation and has a clear probabilistic interpretation. The result for a;describes both
low-energy hadronic physics with the help of lattice quantum chromodynamics and
high-energy scattering using the perturbative expansion. By removing a source of
theoretical uncertainty, our estimate of &, could enable markedly improved analyses
of many high-energy experiments*. This will contribute to the likelihood that small
effects of yet unknown physics are uncovered, as well as enable stringent precision
tests of the Standard Model.

At the fundamental level, the strong nuclear force between nucleons
arises from quantum chromodynamics (QCD), aquantum field theory
formulated interms of their ‘colour-charged’ elementary constituents,
the quarks and gluons. The interaction between these constituents is
characterized by being weak at very high energies and short distances,
aphenomenon known as asymptotic freedom®>®, whereas, in contrast
tothe other forces, itis so strong at nuclear distances that thinking of
quarks and gluons asindividual particles makes no sense at all. We speak
of ‘confinement’: fundamental quarks and gluons cannot be directly
observed, but instead, only composite ‘colour-neutral’ states, such
as protons, neutrons or -mesons, are observed in experiments. This
fact poses several challenges, including the fundamental question of
how to determine the strength of the interaction between quarks and
gluons at high energy.

The quark-gluon coupling, a,(u), depends on the energy scale, u,
of the interaction and also on its detailed definition, summarized as
the ‘scheme’, x. Owing to confinement, we cannot collide quarks with
quarks orgluons and determine a, (), directly in experiments. Instead,
phenomenological estimates of the strong coupling are obtained by

examining different processes, such as electron-positron or proton-
proton collisions at various energy scales. After decades of theoretical
and experimental efforts to parameterize the effects of confinement
and to identify observables in which these effects are minimized, sig-
nificant uncertainties persist. In particular, in determining a world
average of a,(u), notably by the Particle Data Group (PDG), different
categories still exhibit uncertainties in the range of 1.5-3% (compare
ref. 3 and Fig. 5). In fact, in most cases, these are not simply due to the
limited precision of the experimental data, but include significant
systematic uncertainties originating from the lack of an analytic
understanding of confinement. In this situation, we cannot profit
much from having more experimental data in reducing the uncertainty
ina,(p).

Theinaccuracy of a,(u) limits the potential of current experiments
that test the fundamental laws of nature*. Even when all phenomenol-
ogy extractions of the strong coupling are combined, they lead to an
error of about 1%. This uncertainty propagates, for example, into a
2-4%uncertainty inthe rate of production of Higgs particles by gluon
fusion’ or its decay into gluons®. Furthermore, reducing the current
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Fig.1|Scaledependence ofthe strong coupling. The strong coupling for awide range of energy scales, as determined from our result for Ay, is represented by
thered band. The data points show the experimental determinations from various processes with their uncertainties as quoted by the PDG>.

uncertainty in the strong coupling by afactor of 2 turns out tobe crucial’
for finding out whether the vacuum of the Standard Model is stable™®
and to constrain extensions of the Standard Model, which cure the
possible instability™2,

Afirst-principles, robust, free of modelling uncertainties determina-
tion of the strong coupling avoids the limitations of extractions from
experimental data and will affect ongoing searches for new physics.

Here we provide sucha determination. We analyse the scale depend-
ence of the strong coupling, as described by its S-function:

d _
yaax(y) =B (ay(w), 1

which has an expansion of the form B (a,) = -B a2 - B,a; + O(a),
with leading positive coefficients ,, B, which are independent of the
scheme. This implies that a, (1) runs with the scale u, decreasing with
increasing u, with a leading behaviour proportional to 1/In(u/A,), as
shown in Fig. 1. This phenomenon, known as asymptotic freedom®®,
implies that perturbative series expansions in powers of the strong
couplingbecome accurate at high energies, as shown by the S-function
itself. The scheme independence of the leading coefficients, §,, B,
implies that the asymptotic scale dependence is universal, and the A-
parameters of different schemes are simply related by exactly calcu-
lable constants. Conventionally, we use the modified minimal subtrac-
tion scheme® (MS) to quote the coupling a, = ags and Aqcp = Ays.

Knowledge of Aqcp and the B-function is equivalent to knowing the
coupling at any given scale . In the MS scheme, the expansion coef-
ficients of Bz are known up to high order, including B,, that s, five-
loop order**™®, so that the scale dependence of ay(u) can be accu-
rately predicted down to i of the order of 1 GeV.

In this paper, we determine A, with two independent, dedicated
strategies replacing the modelling of confinement by numerical simu-
lations of lattice QCD. Our a,-uncertainty of about 0.5% is due to the
finite computational resources and not due to our limited theoretical
understanding. (The total cost of our a,-dedicated simulations is 400
million core hours). Combined with B, our determination of the
coupling can be compared with experimental estimates at various
energies, as shown by the data points in Fig. 1. The new, precise result
also provides opportunities for better understanding of how confine-
ment manifests itself in different processes and for extracting more
detailed information from the experimental data.

Therole of lattice QCD

The modelling of confinement is entirely by-passed in lattice QCD, a
genuinely non-perturbative formulation of QCD on a (Euclidean)
space-time lattice with spacing a. Quark and gluon fields are sampled
onthelattice points and edges, respectively. If the space-time volume
is finite, the number of QCD degrees of freedom is reduced to a finite

albeit large number, enabling the numerical evaluation of observables
by large-scale computer simulations. Predictions for hadronic observ-
ables, such as the mass of the proton, m,,, or the leptonic decay width
of m-mesons, can be obtained for a given choice of the Lagrangian
parameters, the bare quark masses and bare coupling g,. To make con-
tact with the natural world, we need to take the continuum limit,a > O,
based on numerical data for a range of a values. This is achieved by
simulating lattices with decreasing values of the bare coupling, go2 >0
and thus a » 0, while the bare quark masses are tuned to match the
physical values of the chosen experimental inputs.

Inlattice QCD, confinement is a direct consequence of the simulated
nonlinear dynamics of QCD, not of some model. Still, conventional
lattice QCD determinations of the strong coupling are typically lim-
ited by systematic uncertainties. In a volume large enough to accom-
modate hadrons, the typical momentum cutoff m/a is 6-15 GeV. This
is one order of magnitude below the universal large energy region,
in which low-order perturbation theory is accurate. Together with
the basic requirement that physical scales have to be well below the
cutoff, u <« m/a, alarge-volume approach to determine the strong cou-
pling would require lattices with significantly more than 100 million
lattice points (the current state of the art), along with computational
resources several orders of magnitude beyond whatis presently avail-
able. Instead, most lattice QCD determinations of a, () make com-
promises, performing the extraction at intermediate energies with
estimates of what is the effect on a,(u). Different strategies exist, as
reportedinthe FLAG (Flavour Lattice Averaging Group) review'’, with
estimated precisions of1-2%. Similar to the phenomenological situa-
tion, these uncertainties are not the result of the limited statisticsin the
computer simulation, but they are limited by our insufficient analyti-
cal control over QCD at low energies. A notable increase in precision
can only be reached with a dedicated strategy reaching high energy
non-perturbatively.

This strategy, known as step scaling, was suggested more than
30 years ago®. Then it was tested in a model with one space dimen-
sion. The distinguished idea is to use a scheme for the running cou-
pling, in which the energy scale is given by the size of the simulated
world, g =1/L. Small volumes probe the high-energy regime of QCD,
whereas large volumes probe low-energy scales. The energy depend-
ence of the coupling is obtained by simulating pairs of lattices with
extentsL/aand2L/a,and a subsequent continuum extrapolation. This
relates the values of the coupling separated by a factor of 2 in scale.
By iterating this step scaling n times, a scale change of 2" is achieved.
For QCD with ;=3 flavours, the method was developed and applied* %
over many years. As of today, this result dominates the world aver-
age and is the only determination with negligible perturbative
uncertainties.

Here, we use this step-scaling approach to not only reach a signifi-
cantincreasein precision but also have better control of the potential
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Fig.2|Overview of our computation. We have colour-coded experimental
inputsinred andscale definitionsinblue. The flowchart follows the energy
scale fromtop to bottom, starting with hadron masses and meson decay
constants as input used toset the scale by different collaborations?*=54%, This
scaleisusedtoreachanenergyscale yi,... Fromthere ontwo branches describe
our two approaches (NV;=3 running and decoupling), to obtain /I]\%). Our final
value, acombination of the result obtained from the two computations and the

remaining systematic effects. We show that the continuum limit is
approached smoothly and that the perturbative inclusion of dynamical
charmand bottom quark effects is well under control.

But most crucially, we complement the step-scaling approach with
the ‘decoupling technique’ described in refs. 25,26. In our previous
implementation, we had discretization errors linear in am, removed
only atone-loop order. Inref. 27, we determined the improvement coef-
ficient non-perturbatively. With this knowledge, we now eliminate the
so-far dominating systematic effect. The decoupling strategy is based
ontheobservationthat QCD with very heavy quarks canbe expandedin
theinverse quark mass, and the lowest-order term s the theory without
quarks. This observation allows us to relate the QCD coupling and the
couplinginaworld without quarks.

Results from lattice simulations come in units of the lattice spacing
a. To express them in physical (energy) units, the units of the lattice
spacing a must be established through an experimental input, for
example, a=rit,/m;*?, where i, is the dimensionless proton mass
measured in lattice simulations, and m;*? is the physical, experimen-
tally measured, one. To minimize the uncertainty from the conversion
between lattice and physical units, itiscommon® tointroduce aninter-
mediate step, by first relating the experimental input to a technical,
not experimentally accessible, (length-) scale, ./t derived from
the Yang-Mills gradient flow (GF)*. Nominally quite precise values
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values of the charm and bottom quark masses", is then used to determine the
strong coupling. Vertical, coloured arrows represent the non-perturbative
running, characteristic of our strategy, in different finite-volume schemes.
Perturbationtheoryisakeyelementin our computation, butitisonlyused at
very high energies (above 70 GeV) or to include the effect of the missing charm
andbottom quarks (whichinduces very small perturbative and non-perturbative
uncertainties).

Jto areavailable from the literature®>. They differ by the discretiza-
tion of QCD, and some results include the heavier charm quark in the
simulations. They also use various experimental inputs, from baryon
octet masses, the Q-baryon mass, to leptonic decay rates of pion
and/or kaon® for the overall scale, whereas the physical quark masses
are set by the experimental masses of pions and kaons (Fig. 2, top box).

As discussed in more detail in the Supplementary information, the
values of .t differ outside of the quoted error bars. Afit toacommon
valueyieldss=x*/dof=2.8, where dofindicates the degree of freedom.
Inthesesituations, the standard PDG procedure stretches all errors by
JJs. Thisyields Jt— =0.1434(7) fm. For a safe estimate, we enlarge the
error further such thatall precise central values are covered. This yields
Jto =0.1434(7)51 (17) 10bust (18) 1o fM (see Extended DataFig. 3and the
Supplementary information for details). The robust error originates
fromfurther enlargingthe error from the PDG procedure. It contributes
by far the largest systematic uncertainty to our result, butis expected
to be reduced significantly by the ongoing simulations and analysis
of the community*".

Apartfrom¢t,, we use other theory-defined scales to split up the com-
putation in a way that yields a very precise result for a,(m;). Their
definitionis based onacommon principle. Generic running couplings
decrease monotonically with the energy scale (Fig.1); they arein one-
to-one relation with the energy scale. Given a non-perturbatively
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Fig.3|Decoupling of three heavy quarks and continuum extrapolation of
massive couplings. a, Illustration of the decoupling of three heavy quarks
with large mass as described in the model of section11.2 of the Supplementary
information. For energies i < M, the massive coupling runs as the pure gauge
coupling, whereas for z1> M, the coupling runs as the massless three-flavour

defined coupling a, (1), we can then define a scale p,.¢ by specifying a
reference value for a coupling, ax(pref) = a,{ef. For convenience, the
used theory scales are shownin Fig. 2, which also serves as an orienta-
tionabout our strategy. It shows how we reach higher and higher energy
and finally determine the A-parameter.

The main split of our computation uses . in refs. 25,26:

A
Aqcp/to = Hyee[to * % . ()
de

C

Both dimensionless factors can be computed with high precision.
However, the second factor presents amain challenge and dominates
the error budget. Therefore, we computed it using two methods with
very different systematics: the massless step scaling in N;=3 and the
decoupling method.

Directapproachin N;=3 QCD

We implemented the step-scaling method using two different renor-
malization schemes for the coupling at low- and high-energy scales,
respectively. Intheregion fromhadronic y;,4=200 MeV tointermediate
scales ii,=4.4 GeV, our finite-volume scheme is based on the Yang-Mills
gradient flow?®, and we indicate it with ag:(u); it is closely related to
the low-energy scale [t (for details see the Supplementary informa-
tion). Altogether, our dataset includes 98 simulations at 10 different
volumesLintherangel/L=0.2-4.4 GeV.Compared withrefs. 24,26, our
new analysis includes a very fine lattice spacing, with a/L =1/64. This
allows us to improve the precision and perform crucial checks on the
previous continuum extrapolation. We implicitly define anenergy scale,
Haeer DY prescribing the value age(fge.) = 3.949/(41). We then determine
ydecﬂ =0.5831(71), which implies p4.. = 803(14) MeV. For energies
above .., we combine these results with our previous simulations of
the high-energy regime in the SF scheme?. These include more than 40
simulations at eight values of the volume L, which cover energy scales
1/L = 4-140 GeV non-perturbatively. An extensive analysis of the con-
tinuum limit together with a detailed exploration of the asymptotic
high-energy regime®>* leads to Agcp/Hae. = 0.433(11), which translates
toour final result for the direct method, Ay, =347(11) MeV. Althougha
further error reduction, especially in the high-energy part, seems fea-
sible, we decided to develop an alternative: the decoupling method. It
iscomputationally more efficient and, even moreimportantly, affected
by very different systematic uncertainties: discretization errors and
perturbative errors are very differentin N;=3 and the pure gauge theory.

The decoupling method
The idea is based on the following observation®. If we increase the
masses of the quarks in a gedanken experiment, eventually the

0.60 -

0 0.001 0.02 0.003 0.004 0.005 0.006
(@/Ly?

coupling.b, Continuum extrapolation of the massive coupling a(u, M) for
z=M/p4..=4,6,8,10,12. The error bands for the different zvalues indicate
whichdatapointsareincludedinthe fit. Even with the conservative cutoffin
the data (aM)?<0.16, the extrapolated continuum values are still very precise.

low-lying spectrum of QCD matches the spectrum of the pure gauge
theory, inwhich quarks are absent; we say they are decoupled. In this
way, QCD is connected with the pure gauge theory, the theory with-
out any quarks. As the latter is easy to simulate, better precision can
be achieved compared with QCD*. The exact connection requires
the fundamental scale of the pure gauge theory, A, to be adjusted
appropriately, 4.2 =P(M/A2) Q) where in A%’ the number of
quarks, N, isindicated. Here and below, M refers to the renormaliza-
tion group invariant mass of the N;heavy quarks. The matching factor
Pisknown perturbatively to four-loop order® and is routinely being
used to relate A > A% > 48 across the charm and bottom quark
thresholds®.

Decoupling works up to O(1/M?) corrections. Detailed studies have
shown® that the corrections are small already at masses of the order
of the charm quark mass (M_ = 1.5 GeV). Here we use masses in the
range z = M/u4.. = 4-12, where u,.. = 803(14) MeV, which translates to
M=3-10 GeV, allowing us to explore the approach M - « in detail and
safely match QCD with the pure gauge theory. Again, we use the GF to
define a coupling, now in QCD with three degenerate heavy quarks.

Toillustrate the procedure, the running of this massive coupling
aq(u, M)isshown schematically in Fig. 3 (foramore precise account, see
Methods, ‘Decoupling of heavy quarks’). For energies well below their
mass, the heavy quarks are decoupled, and a; runs as in pure gauge
theory (greenline), whereas at u far above their mass, the running is
governed by the massless -function; it is slowed down.

Our strategy now follows the magenta trajectory in Fig. 3a. Below
Hgeco WeTeuse the running in the massless theory. Then, at fixed p = pge.,
we increase the mass of all three quarks artificially to very high values,
eventually to M =10 GeV, following the vertical part of the magenta
trajectory. (Note that fixed y,.. just means to keep both the bare cou-
pling and the dimensionless au,.. fixed; that is, to work in a mass-
independent renormalization scheme.) At the resulting value of the
massive coupling, we switch to the pure gauge theoryand runtolarge
Hwhere AG((F” is obtained. Converted (exactly) to the MS scheme, we
then use the accurate high-order relation P(M/A,\%)) between the
A-parameters with and without quarks to revert to /‘1\%) =Aqcpr

The main challenge is the continuum extrapolation of the massive
coupling fromour simulation results at finite . On the one hand, the
quark mass hastobelarge for the decoupling approximation tobe as
accurate as possible. On the other hand, the mass has to be below the
momentum cutoff of m/a of the lattice. In other words, we need aM <1
and agood understanding of the asymptotic behaviour of discretiza-
tion effects close to the continuum limit. To this end, we determined
animproved discretization® that allows us to completely cancel the
dangerous terms linear in aM. Next, sufficiently small lattice spac-
ings were simulated, and we performed a combined extrapolation of
the results for different quark masses and different lattice spacings.
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Fig.4|The percentage contributions, ((Aas)i/Aas)z, originating fromerror
sourcei. The figuresplits the different errorsin the three main components of
our computation: acommon component that connects hadronic physics with
theintermediate decoupling scale y,.., the connection with large energies
using Ny=3running and the connection with large energies using the
decouplingstrategy (see also Fig. 2).

Analysing the theory for discretization effects*®inanexpansionin1/M,
wearrive atan asymptotic formof the discretization errors with only
two free parameters. This form fits the data (Fig. 3b) remarkably well.
Thefit tells us that the coupling changes from agp(tt4.., M) = 0.4184(22)
for z=M/uge. = 4 10 agr(Ugeey M) = 0.4600(41) for z=12 in continuum
QCD.

We then matched to the pure gauge theory by equating age(tgec, M)
with the N;= 0 coupling. Using previous results in the pure gauge the-
ory fromref. 37, we arrive at an estimate of Aqcp/Hyec at each value of the
quark mass. These estimates should all agree up to the mentioned
O(1/M?) corrections. The numbers are very close: for quark masses
between 5 GeV and 10 GeV, Aycp/Hge Varies by 5%. They also follow the
expected ¢, + c,M 2 behaviour. An extrapolation with this form thus
yields our final number Aqcp/pye. = 0.426(10) in the three-flavour theory
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from the decoupling strategy. Together with the value for g, we get
Aqcp =342(10) MeV. The uncertainty covers the statistical errors and
several variations of the functional form used in the continuum,a~> 0,
and decoupling, M~ », extrapolations. It alsoincludes the uncertainty
of the conversion from Ay of the pure gauge theory to Aqcp.

Final result and concluding remarks

Both the above methods to extract A have uncertainties dominated
by statistics. Theoretical uncertainties, in particular those related to
the use of perturbation theory, are subdominant. The systematics
are also very different in both methods, and their agreement further
corroborates the robustness of our methodology. An average is justi-
fied and leads to

Aqcp =344.4(8.7) MeV. 3)

We still need to account for the missing charm and bottom quarks
in our simulations. Their effect is known including high order in the
perturbative expansion. A detailed study of both perturbative uncer-
tainties and possible non-perturbative effectsis discussed in the Sup-
plementaryinformation. These considerations lead to our final result

a(my) =0.11876(58), 4)

where a = a,\%f:S).

The break-up of the variance, (Aa,)?, of a; into different contribu-
tionsisshowninFig.4.Inboth the direct N;=3 QCD and the decoupling
approaches, statistical errors dominate by far. Small systematic errors
originate from the models used to extrapolate the data to the con-
tinuum and a bound on residual linear O(a) effects (see Extended
Data Table 4 and the Supplementary information for details). Pertur-
bation theory enters our computation of A% as well as in including
the effect of the charm and bottom quarks, but the effect due to
the truncation of the series expansion affects our errors by 2%
(Extended Data Table 4). Thisis adirect consequence of our strategy.
Namely, we use perturbation theory at truly weak coupling only
(extraction of A?) or to very high order combined with very good
apparent convergence (charmand bottom thresholds). A special case
is the ‘robust’ estimate of the uncertainty in ¢,, the only significant
non-statistical source of uncertainty. It will be eliminated once scale
determinations of different lattice computations agree more closely.
It also has a small effect on our final number: dropping it (as in the
standard PDG average) would decrease the error in a,(M,) only by
about10%.

Figure 5 shows our result compared with numbers from other
strategies. In comparison with our result, most of them have uncer-
tainties dominated by systematic effects associated with the use of
perturbation theory and/or the continuum extrapolation, as quoted
by the PDG for the phenomenology results® and by FLAG for lattice
results".

An important exception is the category labelled ‘Step scaling’,
which uses the methods developed over the years by the ALPHA Col-
laboration. This result is dominated by our earlier computation®,
the first robust sub-per cent determination of the strong coupling.
Still, as emphasized by one of the PDG reviewers?, this computation
was based on a single strategy and key systematics (the effect of the
heavier charm and bottom quarks and the approach to the continuum
limit) required confirmation?'. Our present computation provides
not only this confirmation by simulating finer lattice spacing and
with a detailed study of the heavy quarks missing in our simulation,
but also acomplementary determination based on a new strategy
(decoupling of heavy quarks), which also has negligible systematic
uncertainties. Moreover, the precision is significantly better than
our previous computation, and about two times more precise than
all experimental estimates combined.
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Beyond the precise number for the strong coupling, thereis a quali-
tative lesson. Recall that QCD is acomplicated nonlinear theory with
the observed particles completely different from the fundamental
quanta in the Lagrangian. Still, surprisingly, we can determine the
intrinsic scale Ay, of the theory and, equivalently, the coupling
between quarks and gluons. A conceptual achievement beyond the
mere precision of a, is that it is determined with experimental low-
energy input: the Qbaryon mass, together with i, K, D, Bmeson masses
(and decay constants), whichare allbound states of quarks and gluons.
Figure 1 compares the resulting coupling with phenomenological
determinations. Although the latter have some issues, the overall
qualitative agreement confirms QCD as the single theory of the strong
interactions at all energies, both small and large compared with A,
Thus, there is very little room for any modifications or additions to
the theory of the strong interactions.

Our precise and first-principles determination of the strong cou-
pling will be key in the quest for new physics at the energy frontier.
The analysis of the Higgs boson production and decay at the LHC,
the puzzle of the top quark mass or the analysis of the stability of the
Standard Model vacuum will immediately and crucially benefit from
theincrease in precision*”°. Moreover, the low-energy experimental
input used in our methods is uncorrelated with the experimental data
of the LHC. Thus, our value for a, can be used as input to determine
the hadronic parton distribution functions***? relevant for all LHC
processes, without having to disentangle correlations between experi-
mental processes and determination of a,. Being a prediction of QCD,
matched to nature at low energy, our value cannot hide or mask new
physics effects, a possibility always present when using experimental
high-energy dataasinput.

Online content

Anymethods, additional references, Nature Portfolio reporting summa-
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Methods

Thescale of QCD and the A-parameter
We consider QCD with N; quark flavours and show how anintrinsic scale
canbedefined, the QCD A-parameter. Inwhat follows, we adopt the con-

ventions of our past papers and use the coupling g (= 4T a, (p) -
The S-function, as a function ofgx, isgiven by

6g (ﬂ)

=B.(&,)- 5

We emphasize that 8, is non-perturbatively defined if this is the case
for the coupling g . As mentioned earlier, the first two coefficients in

the expansion B,(g) =-bog* - b,g° + 0(g"),

bo= [11—%ij x(4m)2, b= (102—%ij x (4m) 74, (6)

are renormalization-scheme independent (B, of equation (1) is pro-
portional to b,, for k=0, 1, ...). This asymptotic behaviour for small
couplings allows us to integrate the differential equation (5) between
thescales gand u’ as follows:
Sk (') _
Hogo [ 48 _8&W .

u B8 @G W)’

)
Here, the function ¢, is given by

— _2\— 2y _ 52
0,(8,) = (g )1/ 1/20otD

y 1 _A (8)
exp{ I 9 {ﬁ © " bog? bgg}

Note that, by design, theintegrand in the exponentis regular at zero
coupling. Furthermore, the combination ug, (g, (1)) is independent
of u, has units of energy, and is known as the A-parameter of QCD:

AN =pgp (g (W)=, &, (1)) 9)

As these equations are exact, the A-parameter can be evaluated at
any scale u, provided the integral in the exponent of ¢, can be evalu-
ated reliably. This poses a particular challenge for lattice QCD: the
experimental observables used to fix the free parameters, that s, the
quark masses and the lattice spacing, are measured at very low ener-
gies, where QCD is non-perturbative. Matching to hadronic physics
thus requires a hadronic low-energy scale, u,,,.. However, the integral
extends to zero coupling, that is, an infinitely large energy scale. The
idea thenis to split the computation into two factors:

AN Hper

* 0@, (W), (10)

Hhaa  Hhad

where pt,... > ty,q is alarge scale, deep in the perturbative regime of
QCD. We then use the non-perturbative step-scaling approach (see
below) to determine the large-scale ratio (first factor), together with
the values of the coupling atboth scales. The second factor is evaluated
in perturbation theory by inserting the perturbative expansion of the
B-function, whichis, in the MS-scheme, known up to five-loop order.
TheA-parameter is scheme-dependent. Given two mass-independent
schemes xandy, withthe respective couplings related perturbatively by

8.=8]+co8)+ (1

we have the exact relation

Ay /A, =exp(cyy/2by), (12)
thatis, thescheme dependenceis completely encodedin the perturba-
tive one-loop coefficients relating the respective couplings. This pro-
vides anindirect non-perturbative meaning for A-parameters defined
in purely perturbative schemes such as the MS scheme, and Al\%f) is
thus taken as the reference scale in QCD. For our particular case, we
have

A1) =0.38286(2), (13)

with anumerical uncertainty two orders of magnitude below the best
current error estimates for A,\%).

Finite-volume renormalization schemes and step scaling
Theory. Torelate physical observables defined at very different scales
by lattice simulations, the key idea is to define an intermediate renor-
malization scheme in a finite space-time volume, in which the linear
extentofthevolume, L, isused to set the renormalization scale, that s,
p=1/L.Giventherenormalized couplinginsuchafinite-volume scheme
x, we then proceed with the computation of the so-called step-scaling
function (SSF),
— 52

o (u)=g;(u/2) e (14)
which determines the coupling at scale i1/2 as afunction of the coupling
atscale . The step-scaling functionis closely related to the f-function

Ju

B,(8)

ox(u

d
g _ =In2. (15)

Givenafinite-volume coupling g, (u) and its SSF o,(u) for a range of
u-values, we obtain the non-perturbative scale evolution of the coupling
towards lower energy scales by setting u, = u,;,and then iterating

u, =0, (uy_y), k=123, ... (16)
until we exit the range of available u-values. After 10 steps, we have
covered ascale factor of 2', that is, three orders of magnitude. Yet the
non-perturbative construction of the SSF can be carried out without
ever dealing with large scale differences. All that is required are pairs
of lattices of linear dimension L/a and 2L/a, in which the measured
value of the coupling on the smaller lattice defines the argument u
and the measured value (at the same bare parameters) onthe 2L/alat-
tice defines alattice approximant, } . (u, a/L) to o,(u). Repeating these
computations for arange of lattice resolutions, a/L, then allows us to
take the continuum limit

Ox(u) = limd/L*OZX(u’ a/L) (17)

(Extended Data Fig.1). The procedure is repeated for different values
of uby adjusting the bare coupling goz. Note that equation (15) can be
used to obtain the S-function. First, we find a suitable parametrization
of the B-function. Several different choices have been made in the lit-
erature, from simple polynomials, inspired by perturbation theory?,
to Padé ansitze, suitable for a description of data at low and interme-
diate energy scales®. Once the functional form B, (x) is fixed, the set of
parameters is determined using a standard y* fit

N

°

. 2
t (Inz—j‘\/% ﬁd_g)
1 [BCJu)T 2 [6u)? + [B(fo,(u))] [0, ()]

2_ (18)

X

HM

Knowledge of S, (g) then allows us to compute the ratio of the scales
associated with two values of the coupling
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[ll J*gx(llz) dx

ﬂz gm) B ) (19)

Although the step-scaling strategy is straightforward in principle,
its practicality depends on several technical details that have been
developed over the past 30 years. Perturbation theoryin finite volume
is non-standard and can be very intricate, depending on the chosen
boundary conditions. Using Schrodinger functional (SF) boundary
conditions and the standard SF coupling***, the perturbative conver-
sion to the MS scheme has been pushed to two-loop order, so that the
three-loop B-function is known*. However, the standard SF coupling
is not so well-suited at low energies, because of the increase in its var-
iancefor larger physical volumes. Schemes based on the gradient flow
(GF) are much better adapted to this regime. A strategy using both
couplings and anon-perturbative matching between themat aninter-
mediate scale has been devised for QCD with N;=3 quark flavours in
ref. 24. We refer to the Supplementary information for the precise
definition of the couplings in the SF and GF schemes.

Application in this work. As indicated in Fig. 2, these practical issues
lead to a further splitting of the ratio u,.../th.q Of equation (12) into
two factors:

'upert: Hy
Hpag  Ho '

% ﬂpert 20)
”had

where u, denotes the scale at which the GF and SF couplings are
matched non-perturbatively. The first factor (that is, the low-energy
part) is computed using the GF scheme with SF boundary conditions?,
whereas the second factor is computed using the SF scheme***, This
strategy combines the advantages of both schemes: the high statisti-
cal precision of the GF scheme at low scales and the available analytic
control in perturbation theory for the SF scheme.
In detail, the splitting scale, u,, is defined through the SF scheme:

82 (uy)=2.012 (21)

and non-perturbatively connected to the GF scheme in the form?

82 (1y/2)=2.6723(64). (22)
The second factor in equation (20) is
u
—Pt_ 16, (23)
Hy

because we iterate the step-scaling function four times. We arrive at

8q:16p1,) =g52F(”pert) =1.085(4), (24)
using the data for the step-scaling function of ref. 22 together with the
detailed study of the subdominant O(a) boundary effects in ref. 36.
At ..., We use perturbation theory in the form equation (8) with the
three-loop B-function and equation (13) to obtain

A 3) /](_3)
SE—0.001894(45), S —0.00495(12). (25)
pert pert
Theresulting ratio
1))
=0.0792(19) (26)

0

was thenalso checked to beindependent of where the switch to pertur-
bationtheoryis made, for scales ranging from 2 x u, to 32 x u, (ref. 36).

At low energies, the data of ref. 23 have been significantly
improved with simulations close to the continuum limit (Extended
Data Table 1). In this way, precise values of the continuum limit step-
scaling function o(u) and the S-function are obtained. Defining the
scale g2 (u, . ,) = 11.31, we get the ratio

Ho _ 21.86(33),

had

(27)

SO that tye/Hhag =16 X 21.86(33) = 349.8(5.3).

What remains to be done is the matching of u,,4 to the experimental
input. The scale uy,4 refers to massless QCD, as the coupling is renor-
malized in the chiral limit. To obtain y,,,, in MeV, we pass through the
technical scale . [t,. Using an average of different works (including
our own), we obtain /¢, = 0.1434(18)fm, determined using different
experimental inputs (mainly meson decay constants and hadron
masses). The rather generous error of 1.3% covers all the differences,
but remains subdominantin the total error for the A-parameter.

Relating 1,4 to the technical scale . /¢, is then done by

1 [t 5
Hraa™ e " E % (/5 % 1q) =200.6(3.0) MeV,

where ¢ is defined as the value of ¢, in flavour symmetric N;=3 QCD.
The exact point is specified by12m s =12mlt¢ =111 Itis close to the
point in parameter space where the up-, down- and strange-quark
masses are all equal to the average of their physical masses**%. In this
symmetric limit, the masses of pions and kaons are about 420 MeV.

Here we have used refs. 33,43, in which . /t,/tJ =1.0003(30), and
ref. 24, inwhich [tg x g, ., =0.1457(11).

In summary, the step-scaling procedure has allowed us to connect
the scale py,,q = 200 MeV with p,,.,. = 70, 000 MeV without relying on
perturbation theory and to obtain the lambda parameter as cited in
the main text.

(28)

Decoupling of heavy quarks
Strategy. The decoupling strategyis discussed in detail inrefs. 26,38,25.
Here we briefly summarize the main ingredients.

Thebasic starting pointis therelation between the A-parameters of
the fundamental and the decoupled theories

AQ/AD = p(M/A8)). (29)

The function Pis known with high precision®® from coupling match-
ing at four-loop order and running at five-loop order* 161849 |ts argu-
ment, M/A,\%), involves the renormalization group invariant quark
mass, M. The perturbative function Penters the master equation

(0)

Ay
(O)tpé?(gGF(u, M)), (30)

PP 2/ Pge) = z=M/pu,

which, for given i, implicitly defines p. Moreover, this equation con-
tains the N;= 0 function (pG(‘F” (see equation (8)). The latter is known
rather precisely from the analysis inref. 37, typically with a1% accuracy.
InFig. 3, itisillustrated by the curve labelled ‘decoupled’. Solving the
master equation for p.and extrapolating in z at fixed it removes the
O(u?/M?) corrections to decoupling. Thus, we expect that
im0 = A /0. (31)
Thefinalingredientin the strategy is the argument of g ©): the mas-
sive coupling g..(u, M). In its definition and evaluation, the scale, 11,
is fixed in the massless theory by gGF(p, 0) Its value determines num-
bers for the bare lmproved coupling g go for any desired resolution
a/L =ua.Wethenkeep g go , a/L fixed when switching to finite mass in



lattice units, aM. This is the non-perturbative implementation of a
mass-independent renormalization scheme®.

Implementation. In ourimplementation of the strategy, we take some
small detours to achieve improved precision. In particular, the mas-
sive coupling in the N;=3 theory is defined as St M), where the
time extent is enlarged, T=2L, to suppress boundary effects, while
8or(Hyer 0) =3.494 is kept fixed. In the N;= O theory, we then switch
back from GFT to GF coupling using gcr)(”dec) =X G (Hyeer M)) With
anon-perturbative scheme change described byx Our numericalimple-

mentation also determines the product ";'g) x q)Gl through a non-

perturbative switch to the SF scheme at a value of the coupling

gGF)(yPT) 1.05, combined with the ratio “¥ MS . We refer to ref. 26 for
A4

SF
further details.

Wevary zfrom 4 to 12, and for each z we extract

peff I\/I_3 S, eff (Z)/ﬂdec A @ /ﬂdec + O(I/Zz) (32)
asthe numerical solution of equation (30). Combined with the already
known ., we obtain estimates for A2 ..
The values for the massive coupling, g (1,... M), where we evalu-
ate (p (X(chT)) are determined by a careful continuum extrapola-
tion. Flrst as discussed before, it is crucial to remove linear effects
of the form aM (ref. 27).Second, we used effective field theory (EFT)
toderivetheleading terms of the expansion of the lattice discretized
observable, namely, g...,in@and /M in the region aM «1and z> 1.
The EFTs are the Symanzik effective theory as well as the decoupling
expansion, thatis, the pure gauge theory with perturbations by dimen-
sion six operators. The latter provides corrections to the infinite M
limit. These EFTs have to be applied in the correct order: the decou-
pling expansion is applied to the Symanzik effective theory. The
crucial information obtained from the EFT analysis is that for suffi-
ciently small aug.., aM and large z, results at finite lattice spacing are

described by

52 =52
BrrHgecr M> @) =81 (Hyeer M)

. . 33
+plaa ] a’ug, +p,laga™M] (am)>. 2

The a’terms are accompanied by a/ (1/a) terms, which vary logarith-
mically with the argument. However, the leading powers[’, [”are small*.
Our explicit tests with the available data show that including them or
neglecting them has aminor effect, and these variations of the analysis
are part of our error budget.

Numerically, the functional form (33) describes the data very well
(Extended Data Fig. 4) for quite a large range of(apdec)2 andallz=4.
To obtain our continuum results chT(Vdec'M) we impose a cut of
(aM)*<0.16, but the curvesinFig.3 do extend to larger values and show
that the exact position of the cut is not relevant. The numerical analy-
sis also shows no evidence of higher powers in a or the mentioned
logarithmic corrections. In summary, the continuumvalues are solid.

All that is left is to take the limit > e of the estimates A,\(,fs’ e D/ My
(Extended Data Fig. 2 and Extended Data Table 3). The extrapolation
turnsouttobe smooth, withthe datawithz> 8 being compatible with
the M =< value. All data with z> 4 are well described by a linear func-
tional form in 1/2. Logarithmic corrections to this linear functional
form have a very small effect in the final determination AS/u, .
(Extended DataFig. 5).

Wenote thatour definition of g .. takes placeinafinite volume with
boundaries in time (as opposed to periodic). In principle, this feature
allows for linear corrections in @ and 1/M. The associated boundary
termsinthe EFTs are rather simple, and we computed their effects. In
our setup with T=2L, they are well below the statistical uncertainties

ofg‘gFT(pdec, M) . Note that the uncertainty in the massive coupling
contributes a small amount to the total uncertainty in «,.

Data availability

We have made a replication package® publicly available at https://
igit.ific.uv.es/alramos/replication-package-2501.06633. This package
contains a reduced dataset from our original simulations that is nev-
ertheless enoughto reproduce the analysis and final numbers quoted
inthis paper. The dataset can be found in the different files under the
folder data. Data analysis is based on the so-called I-method®, using
automatic differentiation for error propagation as suggestedinref. 60.
Alldataare storedinthe openformat BDIO (http://bdio.org/). We have
developed free software libraries to read and write in this format in
different languages: C, https://github.com/to-ko/bdio; Julia, https://
igit.ific.uv.es/alramos/bdio.jl; and ALPHAIo.jl, https://igit.ific.uv.es/
alramos/alphaio. All data of the replication package® are stored using
this format.

Code availability

Configurations and measurements were produced with a custom ver-
sion of the open source code openQCDV1.6 (https://luscher.web.cern.
ch/luscher/openQCD/index.html). Our modified version is publicly
available at https://igit.ific.uv.es/alramos/openqcdvl.6 (branch gbar-
massive). Example input files (in particular those used to determine
the massive coupling in Extended Data Table 2) can be found under
the folder infiles. Code to reproduce the analysis of the paper can be
found in our replication package’®.
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Extended DataFig.1| Continuum limit of the step scaling function of

the GF coupling. The dataset of Extended Data Table 1allows for a precise
determination of the step scaling function in the continuum limit for u € [2.1257,
6.5489]. Left: In particular at two values of the coupling (¢t =3.9490, 5.8673)
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alsopresentinthe old data. The continuum values are significantlyimprovedin
precision (the old continuum values are displayed with a cross; they correspond
to the leftmostblack points), but central values have barely moved. Right: The
full dataset, thatincludes both the new data and the old data®.
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Extended DataFig.2|Large mass extrapolation of thelambda parameter
fromthe decoupling strategy.In the decouplingapproachtheintrinsicscale
of QCDis extracted after matching N;=3 QCD and the pure gauge theory using
three degenerate heavy quarks of mass M. In the limit M > « the decoupling
relationbecomes exact. We performed simulations with quark masses in
therange M=3-10 GeV. This plot shows that the approach to infinite mass
(with corrections O(1/M?)) agrees with the expectations of an analysis based
oneffective field theory. The M > «limitis obtained considering only masses
Mz5GeV.



ETM21
[
HPQCD13A Veighted Average
Np=2+1+1

MILC15
CalLat20A
BMW12A

CLS21 S—

RQCD22 |

Ne=2+1
RBC/UKQCD14B |
0.144 0.146 0.143
VI [fm]

Extended DataFig.3|Thelength scaleJt—g infmusingtheratio./¢t,/t; and
theresultsfor. /¢, fromdifferent collaborations®>%*}, Our conservative
averageincludes the central values of all precise results, and has an uncertainty
almost two times larger than aweighted average. It thus takes the presently
pooragreementintoaccount.



Article

_ oz =12.0
6.50 I 7.5 oz =10.0
o T . ez =8.0
= 6.25 LS 70 -
- T . oz =4,
£6.00 %; ______ £ e
z I $65 P
e 5.75 /(i/ T oz =12.0] & /.—""'”‘_‘___ ______________________________ A
Ng _____________________ e} oz :10 0 Ng 607 )d»' _____ ol I R g
5.50 ’/Q/Q/Q/§ e 2 =8.0 ﬁr/y/' ________________ °
02=60| b5 —EFT o oo
5.25| B8y me or—qp| 77| =Pe—e ] .
0.0 0.1 0.2 0.3 0.4 0.000 0.001 0.002 0.003 0.004 0.005 0.006
(aM)? (a/L)?
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Extended Data Table 1| Data used to determine the
B-functionin N;=3 QCD

L/a u Y(u,a/L) L/a u Y(u,a/L)
8 6.5485(61)  11.452(79) 16 6.549(15)  13.36(14)
8 5.8671(35)  9.250(66) 16 6.037(14)  11.34(10)
8  5.8648(65) 9.377(25) 16 5.867(14)  10.91(12)
8 5.3010(35) 7.953(44) 16 5.865(11) 10.810(69)
8 4.4848(24) 6.207(23) 16 5.301(13) 9.077(75)
8 3.8636(22) 5.070(16) 16 4.4901(77) 6.868(40)
8  3.2040(20)  3.968(11) 16 3.9475(58) 5.689(14)
8 2.7363(14) 3.2650(79) 16 3.8643(63) 5.485(22)
8 2.3898(16) 2.7722(63) 16 3.2029(52) 4.263(16)
8 21275(16)  2.4226(49) 16 2.7359(35)  3.485(11)

16 2.3900(30) 2.9348(71)
16 2.1257(25)  2.5360(66)
12 6.5446(81)  12.87(17)
12 6.1201(56)  11.79(13)
12 5.8730(46)  10.497(78) 20  5.857(11) 10.965(77)
12 5.8697(87) 10.485(36) 20 3.9493(63) 5.755(22)
12 5.2001(36)  8.686(49)
12 4.4908(31) 6.785(36)
12 3.9461(43) 5.592(11) 24 5.877(14) 11.09(11)
12 3.8666(24)  5.380(25) 24 3.9492(62) 5.770(25)
12 3.2058(17)  4.180(14)
12 27380(15)  3.403(11)
12 2.3903(11)  2.8963(87) 32 3.9490(97) 5.844(32)
)

12 21235013

2.5043(76)

The columns labeled u represent the values of the coupling g&(u., a/L) at scale u=1/L

on a lattice of size L/a, while the columns labeled 2(u, a/L) list the couplings on a lattice of
size 2L /a with identical bare coupling and thus identical a. Data in bold represent the new
computations on larger lattices that require simulations of sizes up to 2L/a = 64 for the
determination of X(u, a/L) for L/a = 32. This dataset allows for a precise and accurate
continuum extrapolation of the step scaling function (see Extended Data Fig. 1).



Extended Data Table 2 | Massive couplings g2sq1(Hgec. M) at finite L/a for different values of
z=M/p,. corrected to the non-perturbative b, value and parameter cy =-0.2 (cf. Supplementary

information, Section 6.1)

géFT(/J/deC7 M = Z,U/dec)

em  Lja z=4 z2=6 z=28 z =12
0.2 12 5.235(20) 5.614(23)  6.107(19)

0.2 16 5.195(29) 5.498(31)  5.892(28)

0.2 20 5.259(31) 5.422(29) 5.757(33) 6.481(33)
02 24 5.258(33) 5.425(29) 5.678(38) 6.281(30)
0.2 32 5.255(47) 5.393(36) 5.558(33) 6.065(42)
0.2 40 5.432(42) 5.562(40) 5.924(41)
0.2 48 5.502(48) 5.978(59)
0.2 oo 5.258(28)  5.347(22)  5.479(31) 5.780(51)
01 oo 5.253(28)  5.346(22)  5.474(31) 5.760(51)
03 o 5.262(28)  5.349(22)  5.484(31) 5.799(51)

In the last three rows we list the continuum limits of the couplings also considering ¢,

-0.1,-0.3. The reader can see that the effect of the parameter

cy is not significant in the values of the coupling in the continuum. The continuum limits are computed from a global ansatz (Supplementary
information, Section 6.1) with I'eg¢=T" = O using only the data highlighted in bold face. These satisfy the cut (aM)?<0.16. Different choices of I, [ are

considered later (cf. Extended Data Fig. 5).
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Extended Data Table 3 | Values of the massive coupling in the
continuum

M/ pgec géFT (Haees M) [ggJI?“ (/‘Ldec)]2 Peﬂ A% [MeV]
4 5.258(28) 4.048(18) 0.4843(98) 388.4(10.0)
6 5.347(22) 4.103(15) 0.4523(88)  362.7(9.2)
8 5.479(31) 4.184(19) 0.4390(89)  352.1(9.1)
10 5.669(40) 4.299(24) 0.4382(92)  351.4(9.3)
12 5.780(51) 4.364(31) 0.4319(96)  346.4(9.5)
M/ pidec I'm cut in z p Asis [MeV]
%0 0 2>4  0.4264(91) 341.7(9.2)
00 1 z2>4 0.4323(89)  346.3(9.1)
00 0 2>6 0.4264(97)  341.7(9.6)
00 1 2>6 0.4286(95)  343.5(9.5)

The massive GFT coupling (c = 0.36, T=2L) in the continuum and the corresponding values of
the GF coupling in the pure gauge theory (c = 0.3, T=L) are given. We also quote the effective
A-parameter both in units of the decoupling scale g, and in physical units. Finally we also
quote the extrapolations M - = of the latter. The couplings themselves diverge logarithmically
in this limit.



Extended Data Table 4 | Complete breakdown of the
per-cent contributions ((Ac::s)i/Aas)2 to the total uncertainty
in a.(M,), itemized by error source i

2
Quantity (%) (%]
Total statistical: 57.74
Total systematic: 19.22
- O(a?) and 1/M — 0 (massive:) 0.62
- O(a?) (N; = 0): 2.37
- O(a) (N; = 3; SF): 4.69
- O(a?) (Nt = 3; SF): 0.75
- O(a) (Nt =3; GF): 3.63
- O(a?) (N; = 3; GF): 3.35
- 0(02) (,u’ref/,uhad): 0.11
- PDG-like syst. in to: 2.27
- tg syst. from FLAG: 1.42
Perturbation Theory: 2.09
- Ny =0: 0.55
- Ny =3: 0.45
- Adding c/b: 1.09

. 3 3

- Lambda ratio ALY /AL: 0.00
Total robust: 20.88
FLAG/PDG input (mc,mp, mz): 0.06

The statistical uncertainty dominates the budget; individual systematic terms contribute a
small amont to the squared error, except for our robust scale uncertainty (see Supplementary
information, Section 3, for a detailed discussion). Uncertainties tied to perturbation theory
account for a negligible = 2% of the squared error.
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