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1 Introduction

In the study of superconformal field theories (SCFTs) in four dimensions, the so-called class S
is particularly intriguing. It is obtained by compactifying N = (2, 0) theories in six dimensions
on Riemann surfaces Σ with or without punctures. It provides a rich playground of N = 2
theories with striking field-theoretic phenomena, including dualities [1] and holography [2, 3].

In the AN−1 case, the basic building blocks are trinion theories with SU(N)3 flavor
group, which can be gauged (fully or partially) to assemble a more general Σ. We focus on
regular punctures on Σ, which are associated to ungauged SU(N) groups, whose possible
symmetry-breaking patterns are labeled by partitions of N . While trinions have no known
Lagrangian realization, punctures often do admit explicit realizations as linear quivers.

One would expect to obtain a similar class of theories for any 6d N = (1, 0) SCFT
compactified on a Riemann surface. Some interesting results in this direction have already
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been obtained: for conformal matter theories [4–6], for some special theories with no global
symmetries [7], and/or in the presence of fluxes for the global symmetries [8–10].1

In this paper, we make progress for the N = (1, 0) theories whose effective theories
consist of a linear chain of gauge groups SU(ri), i = 1, . . . , N . This is a vast class, whose
massive IIA AdS7 ×M3 holographic duals are known [19–21], as well as their AdS5 ×Σ×M3

2

compactifications [22], but only without punctures. M3 is obtained by fibering a round 𝕊2

over an interval [0, N ] ∋ z; all fields are fully determined by a single piecewise-cubic function
α(z), such that α′′(i) = −81π2ri.

Solutions with punctures are harder to obtain. Already for the ordinary N = 2 class S,
they are known only locally around a single puncture, or on a sphere [3]. A solution also exists
for a certain choice of N = (1, 0) theory and for the so-called simple type of puncture [23].

We avoid this difficulty by treating punctures as probes. First, as a warm-up, we look
for BPS branes extended along an AdS5 ×Bk in the AdS7 ×M3 solutions (sections 2 and 3).
These can be thought of as codimension-two defects D4 for the 6d theory on ℝ6, in a natural
continuation of our earlier work on codimension-four defects [24].3 But we then modify our
computation to cover branes on AdS5 ×{point}×Bk in the AdS5 ×Σ×M3 solutions. These
are defects for the 6d theory on ℝ4 × Σ; in other words, punctures.

We find two possible types of BPS configurations: a D4 brane, on a point B0 on M3
where α(z) attains a maximum; and a D6 brane with D4 charge, or in other words a D6/D4
bound state, on a B2 ⊂ M3 such that α(z) cos θ = constant, with θ the polar angle on the
internal 𝕊2. These objects can combine over a point in Σ to form more general punctures.
(See figure 1 below for a cartoon.) Recall that class S punctures arise from several stacks
of M5-branes at ℤk singularities, which are indeed the uplifts of D6/D4 branes when the
Romans mass vanishes.

To obtain some quantitative checks on our results, we compute various Weyl anomaly
coefficients (section 4). ⟨Tµ

µ⟩ has a bulk contribution 1
(4π)d/2Ed + cIWI , where WI are various

combinations of the Weyl tensor. There is also a defect contribution, which in d = 6 is
δ(D) 1

(4π)2 (−aDE4 +
∑
dIJI), where E4 is the Euler density of the codimension-two defect D

and JI are 28 possible combinations — some preserving and others breaking defect parity —
of the pullback of the ambient Weyl tensor, the second fundamental form, and of intrinsic
and normal bundle curvatures [26, (3.1)]. We holographically compute aD and one of the dI

for both AdS7 and AdS5 × Σ. In the latter case we obtain for example

aD4 = αmax
48π2 , aD6/D4 = 1

96π2

∫
α dz . (1.1)

Since we are working in the probe limit of AdS5 branes, once we have computed one of the
parity-even defect Weyl anomalies, the other 22 parity-even defect Weyl anomalies are fixed
according to the ratios in [26, table 1] (see also [27]).

1In a separate line of research, one can also compactify an N = (2, 0) theory to obtain N = 1 theories in
four dimensions [2, 11–18].

2As always in MN-type solutions, M3 is actually fibered over Σ, and its metric is distorted with respect to
the one appearing in the AdS7 solutions.

3Those defects might also play a role similar to the punctures in the present paper, by enriching the
AdS3 ×H4/Γ×M3 solutions in [25, section 5.2].
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When we compactify the 6d theory on the Riemann surface Σ with genus g, the Weyl
anomaly will receive a bulk contribution from the integral on Σ and a new localized contribution
from the defects:4

a4d = (g − 1)abulk +
∑

i

aDi . (1.2)

abulk has been computed in general in terms of the 6d anomaly polynomial coefficients
in [28, (3.5)]. At large N this becomes abulk = 63

512a6d [28, (3.6)], with a6d the leading-
order Weyl anomaly of the 6d theory. In this paper we will focus on the localized defect
contributions at large N . As reviewed in section 5.2, this structure is indeed observed in
class S theories [3, 29, 30]; (1.1) agrees with the puncture contributions aDi whenever the
probe approximation applies (section 5.3).

For compactifications of general N = (1, 0) theories, currently we do not understand the
4d field theories well enough to check (1.1) independently. For class Sk theories, namely the
ℤk orbifolds of N = (2, 0) on a Riemann surface, we verify this relation in simple examples
(section 5.4). For more general N = (1, 0) theories, (1.1) provides a large-N prediction;
in section 5.5 we spell this out in detail for some particular case. We hope a future field
theory analysis will confirm these results.

2 Codimension-two probes in AdS7

In this section we will consider supersymmetric AdS7 solutions of massive IIA, and BPS
brane probes that are extended along a codimension-two subspace of AdS7.

2.1 The AdS7 solutions

The AdS7 ×M3 background solutions to type IIA SUGRA constructed in [19–21] is

1
π
√

2
ds2 = 8

√
− α

α′′ds
2
AdS7 +

√
−α

′′

α

(
dz2 + α2

α′2 − 2αα′′dΩ2
2

)
,

eϕ = 34(
√

2π)
5
2

(−α/α′′)
3
4√

α′2 − 2αα′′
,

B = π

(
−z + αα′

α′2 − 2αα′′

)
vol𝕊2 ,

F2 =
(

α′′

162π2 + πF0αα
′

α′2 − 2αα′′

)
vol𝕊2 .

(2.1)

The warping function is e2A = 8
√

2π
√
−α/α′′. dΩ2

2 is the 𝕊2 metric, and vol𝕊2 its volume
form. α satisfies

α′′′(z) = −162π3F0 . (2.2)

Reality of the fields requires α ≥ 0, α′′ ≤ 0. Flux quantization reduces to −α′′(i)/81π2∈ ℤ,
∀i ∈ ℤ, and to the domain of z being [0, N ∈ ℤ].

4We do not turn on any flux for the abelian flavor symmetries of the 6d theory on Σ.
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When the Romans mass vanishes, these constraints single out

α = 81
2 kπ

2z(N − z) (F0 = 0) ; (2.3)

the corresponding solution uplifts to AdS7 × 𝕊4/ℤk in d = 11 supergravity. When F0 ̸= 0,
α′′ is piecewise linear; it can be parameterized as

−α
′′(z)

81π2 = ri + (ri+1 − ri)(z − i) . (2.4)

In each interval z ∈ [i, i + 1], i ∈ ℤ, we then have ri ∈ ℤ. The loci where F0 jumps are
D8-branes. At the endpoints, several boundary conditions are possible; most notably, if α
and α′′ have a single zero, the solution is regular. Other possibilities lead to the presence
of D6-branes (a single zero for α), O6-planes (a single zero for α′′), O8-planes (a double
zero for α′) [21, 23, 31].

2.2 Supersymmetry

We are interested in BPS branes in the solutions above. A quick way to find them is via
pure forms [32], which were used to find these solutions in the first place [19]. This technique
is nicer in even dimensions; so we will initially consider AdS7 ×M3 as a particular case
of a Mink6 × M4 solution, with

ds2
M4 = e2A dρ2

ρ2 + ds2
M3 ; (2.5)

the function multiplying ds2
Mink6

is e2A4 ≡ ρ2e2A. The supersymmetry equations now
read [19, 33]

dH(e2A4−ϕΦ0) = 0 , dH(e4A4−ϕΦα) = 0 α = 1, 2, 3 , eϕF = 4 ∗4 λ(dA4 ∧Φ0) . (2.6)

F is the total RR flux in the M4 directions; by definition, on a k-form we have λβk =
(−1)⌊k/2⌋βk. The pure forms are bilinears of the internal supersymmetry parameters:

Φ0 = −4Re(η1
+ ⊗ η2 †

− ) , Φα = 4
(
Re(η1

+ ⊗ η2c †
− ), Im(η1

+ ⊗ η2c †
− ), Im(η1

+ ⊗ η2 †
− )
)
. (2.7)

The explicit expression of these pure forms for the solutions above were left a bit implicit
in [19]. They read

Φ0 = Ψ0− + eA dρ
ρ

∧ Ψ0+ , Φα = Ψα− + eA dρ
ρ

∧ Ψα+ (2.8)

with

Ψ0− = 4πe−A
√

1 −X2dz +Xvol3 , Ψ0+ = −X + e2A

16 (1 −X2)3/2vol𝕊2 ,

Ψα− = 4πXyαe
−Adz + 1

4e
A
√

1 −X2dyα − yα

√
1 −X2vol3 ,

Ψα+ = yα

√
1 −X2 + yα

e2A

16 X(1 −X2)vol𝕊2 + π
√

1 −X2dz ∧ ϵαβγy
βdyγ .

(2.9)
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Here yα = (sin θ cosφ, sin θ sinφ, cos θ) are the usual coordinates embedding 𝕊2 ↪→ ℝ3, and
we defined

X = α′
√
α′2 − 2αα′′

. (2.10)

The warping A was given below (2.1). The index α is a triplet under the SU(2)R R-symmetry
of the AdS7 solutions.

2.3 BPS probes

We will now look for BPS branes whose worldvolume is of the form

M5+k = M5 ×Bk ⊂ AdS7 ×M3 . (2.11)

For now we will take M5 to be a flat ℝ1,4; k can be only 0 or 2, for a D4 and a D6 respectively.
We proceed by adapting [32] to Mink6 solutions, and specialize the resulting conditions to
branes that are extended along the radial direction of AdS. The resulting BPS condition is
equivalent to the brane being calibrated by one of the Ψα+, which without loss of generality
we can take to be Ψ3+:

e−FΨ3+| =
√

det(g| + F)dξ1 ∧ . . . ∧ dξk ; (2.12)

This choice breaks the SU(2)R to a U(1). Here | denotes pull-back to Bk (followed by projection
to the k-form part, for a polyform); ξ1...k are coordinates on Bk; and F = B + 2πlsf as usual.
An equivalent, and often more practical, condition is

e−FΨ0+| = 0 , e−FΨα+| = 0 α = 1, 2 . (2.13)

The easiest case is k = 0, a D4 placed at an internal point. In this case we only need
to track the zero-form part of (2.13). From (2.9), the first in (2.13) reduces to X = 0,
which in turn gives

α′ = 0 , (2.14)

whose solution we denote αmax. Indeed this is a maximum of α, since α′′ ≤ 0 everywhere.
The second in (2.13) then gives sin θ = 0, fixing the point on the 𝕊2 to be at either θ = 0 or π.

Next we consider D6-branes, which wrap a B2 internal cycle. As a warm-up, we take
this to span z and the azimuthal angle φ inside 𝕊2 ⊂M3, and we take the world-volume flux
f = 0. We note that B vanishes when pulled back onto the z, φ cycle, since it is proportional
to vol𝕊2 . With this choice, the first in (2.13) is automatic, since Ψ0+ only contains vol𝕊2 .
Ψ1,2+ also contain terms proportional to sin θ cos θdφ, which can be set to zero by taking
θ = π/2, so that the D6 sits on a great circle of the 𝕊2.

There are also BPS probe D6/D4 bound states that interpolate between the pure D6
and D4 solutions above. The residual U(1) in (2.13) can be enforced as symmetry under
rotations ∂φ on the 𝕊2. So we take the B2 extended along φ and a combination of θ and
z, parameterized by promoting

{θ = θ(z)} . (2.15)
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Figure 1. Left: the interval [z−, z+] is defined as the region where α > α0. The D6/D4 consists of a
meridian of 𝕊2 at cos θ = α0/α, which degenerates to a point at z = z±. Right: a two-dimensional
cartoon of the internal space M3 and of some brane probes. The 𝕊2 is represented as a circle
parameterized by θ, suppressing the φ direction. We show two examples of D6/D4 branes, and a
single D4, which can be thought of as the limit α0 = αmax. A general puncture is obtained by placing
several of these objects over the same point in Σ.

We write B = bvol𝕊2 (with b known from (2.1)), and now allow for a non-zero world-sheet
flux 2πf = fzφdz ∧ dφ. (2.13) reduce to

e−FΨ0+| = (fzφ − b∂z cos θ)X − e2A

16 (1 −X2)3/2∂z cos θ = 0 (2.16a)

e−FΨ1,2+| ∝ (fzφ − b∂z cos θ) + e2A

16 X
√

1 −X2∂z cos θ + π cos θ = 0 (2.16b)

Solving (2.16b)+1/X(2.16a) gives

α′

α
= −∂z cos θ

cos θ ⇒ α cos θ = α0, z ∈ [z−, z+] (2.17)

where 0 ≤ z− ≤ z+ ≤ N and α0 is a constant.5 The internal worldvolume B2 of the brane
is a fibration of the 𝕊1

φ over the interval [z−, z+]. The endpoints are the loci where α = α0,
and θ = 0 or π, so the 𝕊1

φ shrinks there. (Notice that α(z−) = α(z+) = α0.) All in all, B2
has the topology of an 𝕊2 ⊂ M3. All this is depicted in figure 1.

Solving (2.16a), the quantization of the 2-form flux becomes

fzφ = −α0π∂z(z/α) ⇒
∫

B2
f = −α0π

z

α

∣∣∣z+

z−
= −π(z+ − z−) (2.18)

So, half the interval length m ≡ z+−z−
2 ∈ ℤ. This is the D4-charge.

As α0 gets smaller, z± get closer to N and 0 respectively, and the two-cycle opens up. The
D6-brane solution θ = π/2 we saw earlier is a degenerate case, where α0 = 0 and hence

∫
f = 0.

So the D4 charge satisfies m < N/2. On the other hand, as α0 → αmax, z± get closer together,
and the two-cycle gets smaller, becoming more and more similar to a single D4-brane.

For later use we also evaluate the on-shell action. In general it is given by

SDp = Tp

∫
Mp+1

dp+1xe−ϕ
√

det g| + F − Tp

∫
Mp+1

eF ∧ C , Tp = 1
2pπplp+1

s

. (2.19)

5If α were a radial variable, (2.17) would be the equation of a plane; this perhaps hints at the origin of this
brane prior to back-reaction, which will be discussed qualitatively in section 2.4.
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0 1 2 3 4 5 6 7 8 9
NS5 × × × × × × − − − −
D6 × × × × × × × − − −
D8 × × × × × × − × × ×

def. D4 × − − × × × − − − ×
def. D6 × − − × × × × × × −

Table 1. Brane diagram engineering the 6d SCFT and its defects.

The first term, the DBI action, can be evaluated directly or using (2.12). The second term,
the WZ action, vanishes, since the RR fields are purely internal, and their duals are of
the form volAdS7∧ internal.

For the D4 we obtain

SD4 = T4Vol(M5)e5A−ϕ|D4 = Vol(M5) 16
81π4αmax . (2.20)

For the D6/D4,

SD6/D4 = T6Vol(M5)
∫
e5A−ϕe−FΨ3+ = Vol(M5) 8

81π4

∫ z+

z−
αdz . (2.21)

The factor Vol(M5) diverges, because of contributions near the conformal boundary. In the
next subsection we will carefully treat the holographic renormalization of this divergence.

For the massless case (2.3), we obtain

SD4 = Vol(M5) 2
π2kN

2 , SD6/D4 = Vol(M5) 2
π2km

(
N2 − 4

3m
2
)
. (2.22)

2.4 Brane interpretation

The AdS7 solutions are thought to arise from a near-horizon limit of a brane configuration [34].
We can interpret our probe branes in this section as arising from additional branes. We
summarize the result in table 1.

T-dualizing along some of the field theory directions yields similar defects in SCFTs
in d ≠ 6. For example, with directions 456 we obtain the famous Hanany-Witten brane
engineering with D3, D5 and NS5 [35], along with defect D1 and D3 and possibly a D3/D1
bound state. The D1 is the vortex in [36]. The defect D3 can be thought of as a pole for
a complex field along the D3s making up the SCFT. The latter are now extended along
0126; if one groups directions 12 and 78 into two complex coordinates z and w respectively,
this configuration would be described by a locus {zw = 1}. It might be interesting to
investigate these defects further.

The D6/D4 bound state of the previous subsection is obtained by fusing the defect D4
and D6 above in a funnel, which can be described as a solution of the Nahm equation on the
D4 with a pole, or as a monopole on the D6. This is similar to how the non-defect D6 and
D8 fuse together in a Nahm pole on the D6. The D8/D6 bound states in the AdS7 solution
are thought to be remnants of such Nahm poles after the near-horizon limit [34].
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Performing a T-duality along direction 7 gives rise to a different realization in IIB. In this
picture, both the non-defect D6 and the D8 become D7s; the resulting D7 intersection is then
a particular case of the F-theory engineering of 6d SCFTs initiated in [37]. The defect D4
and D6 both become D5 in this picture. The Nahm poles should now turn into Hitchin poles.
From the point of view of the D7s, a pole in the 67 direction describes the data of the 6d theory,
while a pole in the 12 direction would describe the defect. The relevant BPS equation should
be an analogue of the Hitchin equation with two commuting scalars, which is known to arise
on brane systems. A similar perspective was given for punctures in class Sk theories in [38].

3 Codimension-two probes in AdS5

We will now consider massive IIA AdS5 ×M5 solutions where the internal space is a fibration
over a Riemann surface:

M3 ↪→M5 → Σ . (3.1)

These should represent the gravity duals of the compactifications on Σ of the N = (1, 0) 6d
SCFTs dual to the AdS7 solutions (2.1) [20]. They are hence similar to the Maldacena-Núñez
solutions [2], whose dual are the Riemann surface compactifications of the N = (2, 0) theories.
Within these solutions, we want to consider defects that are extended along AdS5, and are
point-like in Σ. Eventually we will interpret these as a lower-supersymmetry counterpart
of the punctures of [3].

3.1 AdS5 compactifications of the AdS7 solutions

The AdS5 solutions we need were found in [20]. They read:

ds2 = 3
√

6π
√
− α

α′′

(
ds2

AdS5 + ds2
Σ

)
+ π

√
−3

2
α′′

α

(
dz2 + α2

α′2 − 3
2αα

′′ d̃Ω
2
2

)
,

eϕ = 23/4317/4π5/2 (−α/α′′)
3
4√

α′2 − 3
2αα

′′
,

B = π

(
−z + αα′

α′2 − 3
2αα

′′

)
ṽol𝕊2 − 3πz cos θvolΣ ,

F2 =
(

α′′

162π2 + πF0αα
′

α′2 − 3
2αα

′′

)
ṽol𝕊2 + α′′

54π2 cos θvolΣ ,

F4 = − 1
54π sin θα′′Dψ ∧ volΣ ∧

(
αα′

α′2 − 3
2αα

′′ cos θdθ + sin θdz
)
.

(3.2)

Σ is a Riemann surface of scalar curvature = −3, and hence of genus g ≥ 2. The tilde
means fibration over Σ: d̃Ω

2
2 = dθ2 + sin2 θDψ2, ṽol𝕊2 = sin θdθ ∧Dψ, where Dψ = dψ − a,

da = −3volΣ. We note that the warping function multiplying AdS5 is

e2A5 = 3π
√
−6 α

α′′ . (3.3)
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As we mentioned, these solutions are similar to the Maldacena-Núñez solutions. More
precisely, for F0 = 0 (3.2) become the N = 1 MN solutions [2, section 4.2].6

For later use, we give here the external RR potentials, namely those of the type volAdS5 ∧
(. . .). In general in IIA we have e−BF = F0 + d(e−BC), ∗λF = F . For example (e−BF )6 =
F6 −B ∧ F4 + 1

2B
2F0, but the last two terms are purely internal, so the external five-form

potential satisfies F6 = ∗F4 = dCext
5 . For the seven-form potential, we want F8 −B ∧ F6 =

− ∗ F2 − B ∧ ∗F4 = d(e−BC)ext
7 . A possible expression for these potentials is

Cext
5 =α

3 cos θvolAdS5 ,

(e−BC)ext
7 =π

[(
6αα

′

α′′ + zα cos2 θ − α̂(15 + cos2 θ)
)

volΣ

+ 1
6(zα− 2α̂) sin(2θ)dθ ∧Dψ

]
∧ volAdS5 .

(3.4)

Here α̂′ = α.7 One can check that these forms are regular at the poles of the 𝕊2, and at
z = 0, N if the solution is regular there. (Recall from section 2.1 that this corresponds
to a single zero for α and α′′.)

3.2 Supersymmetry

Again we describe the supersymmetric data of the solutions by recasting it as a Mink4 ×M6
solution, similar to (2.5): ds2

M6
= e2Adρ2/ρ2 + ds2

M5
, and with the function multiplying

ds2
Mink4

being e2A6 ≡ ρ2e2A. The supersymmetry equations now read [40]

dH(e2A6−ϕReΦ−) = 0 , dH(e3A6−ϕΦ+) = 0 , dH(e4A6−ϕImΦ−) = e4A6 ∗6 λF . (3.5)

F is now the total RR field along M6.
The pure forms Φ± can be extracted with some work from [20]:

Φ+ = η1
+ ⊗ η2 †

+ = (ϕ1 + iϕ2) ∧ E , Φ− = η1
+ ⊗ η2 †

− = −(ϕ0 + iϕ3) ∧ exp[E ∧ Ē/2] ; (3.6)

E is a (1, 0)-form such that EĒ = ds2
Σ. As in section 2.2, we can decompose

ϕ0 = ψ0− + eA dρ
ρ

∧ ψ0+ , ϕα = ψα− + eA dρ
ρ

∧ ψα+ , (3.7)

but now we have

ψ0− = 3πe−A5
√

1 −X2
5 dz +X5ṽol3 , ψ0+ = −X5 + e2A5

9 (1 −X2
5 )3/2ṽol𝕊2 ,

ψα− = 3πX5ŷαe
−A5dz + 1

3e
A5
√

1 −X2
5 dŷα − yα

√
1 −X2

5 ṽol3 ,

ψα+ = ŷα

√
1 −X2

5 + ŷα
e2A5

9 X5(1 −X2
5 )ṽol𝕊2 + π

√
1 −X2

5 dz ∧ ϵαβγ ŷ
βdŷγ .

(3.8)

6In terms of the expression of the solution in [39, (5.15)], the coordinate change is z = N sin2(α/2) where
α is now an angle used in that reference.

7Between any two D8-brane stacks one can use ( 2αα′′−α′2

−324π3F0
)′ = α.
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This is quite similar to (2.9), with a few changes: the factors of 4 have become factors
of 3; X → X5 ≡ α′√

α′2− 3
2 αα′′

; A → A5; as in (3.2), dψ → Dψ, with the tilde’s denoting
this change; and

yα → ŷα ≡ yα|φ=π/2 = (0, sin θ, cos θ) , dyα → dŷα = (− sin θDψ, cos θdθ,− sin θdθ) .
(3.9)

3.3 BPS probes

The BPS condition for Mink4 vacua is that the brane should be calibrated by e−F ImΦ−, or
equivalently that e−FReΦ−| = 0, V · e−FΦ+| = 0 ∀ V section of T ⊕ T ∗ [32].

We are interested in brane probes that are extended along AdS5 and are localized at a
point in the internal space. The BPS condition becomes then

e−Fψ0+| = 0 , e−Fψα+| = 0 α = 1, 2 . (3.10)

This is formally identical to (2.13), although now it refers to the pure forms in (3.8).
The analysis of which branes are BPS is then formally identical to that of section 2.3.

The evaluation of the on-shell action is made more complicated by the presence of the
external potentials (3.4).

Just as discussed around (2.14), D4-branes are localized at the z where α is maximal,
and at θ = 0 or π. The DBI part of the action is very similar to (2.20):

SD4,DBI = T4Vol(M5)e5A−ϕ|D4 = Vol(M5)αmax
16π4 . (3.11)

The WZ term now no longer vanishes:

SD4,WZ = T4Vol(M5)1
3αmax = Vol(M5)αmax

48π4 . (3.12)

Together these give

SD4 = Vol(M5)αmax
12π4 = 27

64SD4, AdS7 , (3.13)

where SD4, AdS7 is the result we obtained in (2.20) for the codimension-two brane probes
in the AdS7 solution.

For the D6/D4 bound states, the DBI action and the quantized the charge become

SD6/D4,DBI = Vol(M5) 1
32π4

∫ z+

z−
αdz m = 1

2(z+ − z−) . (3.14)

The D4 charge is the same as in (2.18). The evaluation of the WZ term from (3.4) is more
laborious. First we compute the part without the world-volume flux:∫

(e−BC)7 = −Vol(M5)2
3π

2
∫

(zα− 2α̂)1
2d cos2 θ = Vol(M5)2

3π
2α2

0

∫
α′

α3 (zα− 2α̂)dz

= Vol(M5)2
3π

2α2
0

[
− z

α
+ α̂

α2

]z+

z−

= Vol(M5)2
3π

2
(
−α0(z+ − z−) +

∫ z+

z−
αdz

)
(3.15)
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In the second step we used (2.17) to rewrite cos θ; in the fourth we recalled that α(z−) =
α(z+) = α0. For the world-volume flux term, from (2.18) we get

−
∫

2πf ∧ C5 = −2πVol(M5)
∫ 1

3 cos θαfzφdz = Vol(M5)2
3π

2α0(z+ − z−) . (3.16)

The z+ − z− term cancels with that in
∫

(e−FC)7. All in all, the on-shell brane action (2.19)
reads

SD6/D4 = Vol(M5) 1
24π4

∫ z+

z−
αdz = 27

64SD6/D4, AdS7 , (3.17)

where SD6/D4, AdS7 is the result in (2.21). We see that the proportionality factor between the
AdS7 and AdS5 results is 27/64 both here and in (3.13); this will soon be important.

For the massless case (2.3), we now have

SD4 = Vol(M5)27
64

2
π2kN

2 , SD6/D4 = Vol(M5)27
64

2
π2km

(
N2 − 4

3m
2
)
. (3.18)

3.4 Probes of AdS solutions with Romans mass and D8-branes

We now focus on some specific examples with non-zero Romans mass, also allowing for the
presence of D8-branes and O8-planes. This will provide new interesting classes of defects
and punctures in the dual field theories. As we have seen, we can consider BPS probes
consisting of D4 and D4/D6 bound states in AdS7 and AdS5 solutions. We will focus on
the results (3.13), (3.17) for the probes in AdS5, but one could also use (2.20), (2.21) for
the AdS7 probes.

The first example that we consider is a class of solutions that is symmetric in the z

coordinate. It is regular at both poles z = 0 and z = N , and it is divided into three regions
0 ≤ z < µ, µ ≤ z < N − µ, and N − µ ≤ z ≤ N . Recall that N corresponds to the H
flux quantum in the internal space. In these three regions the Romans mass takes value
2πF0 = {−n0, 0, n0} respectively. The jump in the Romans mass implies the presence of
D8-brane stacks at z = µ and z = N − µ. Their positions are dictated by the D6-charges
they carry, which are k and −k respectively [19]. The F2 Bianchi identity fixes µ = k

n0
. As

for all solutions in this class, −α′′/(81π2) is piecewise linear, and its value at z = i gives
the gauge group ranks ri in the tensor branch of the dual SCFT:

z

α′′(z)

0 µ N − µ N
(3.19)

n0 2n0 . . . k k . . . k k . . . 2n0 n0

n0 n0

(3.20)
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Regularity implies that α(z) is continuous and vanishes at the endpoints:

α(z) =


−27π2k

2µ z
(
z2 + 3µ(µ−N)

)
0 ≤ z < µ ;

27π2k
2

(
3z(N − z) − µ2) µ ≤ z < N − µ ;

−27π2k
2µ (N − z)

(
(N − z)2 + 3µ(µ−N)

)
N − µ ≤ z ≤ N .

(3.21)

The on-shell action of the D4-brane probe in AdS5 is given by (3.13); it reads explicitly

SD4 = Vol(M5) 9k
32π2

(
3N2 − 4µ2

)
. (3.22)

The on-shell action of a D6/D4-probe contained in the massless region N
2 −m ≤ z ≤ N

2 +m,
with m < N

2 − µ, is given by (3.17), resulting in

SD6/D4 = Vol(M5) 8
81π4

∫ N
2 +m

N
2 −m

α(z)dz = Vol(M5) 9km
32π2

(
3N2 − 4(µ2 +m2)

)
. (3.23)

Another interesting example has an O8-plane with a D8-brane source at z = 0, and the
sources for a stack of M = N

n0
D6-branes at the pole z = N . It has been discussed in [23]

(and generalized in [31]). The SCFT was called there massive E-string. The quiver in the
tensor branch of this SCFT has linearly rising ranks:

E9−n0 n0 2n0 . . . (N − 1)n0 Nn0 (3.24)

and correspondingly −α′′/81π2 = n0z, where n0 = 2πF0. The square node on the left denotes
an enhanced flavor symmetry; the empty circular node denotes an E-string model. We have

α(z) = 27
2 π

2n0
(
N3 − z3

)
. (3.25)

The D4-brane probe has on-shell action in AdS5 given by

SD4 = Vol(M5)27n0N
3

8π2 (3.26)

whereas the on-shell action for the D6/D4 bound state probe extending from z = 0 to
z = m reads

SD6/D4 = Vol(M5) 8
81π4

∫ m

0
α(z)dz = Vol(M5)9n0m

64π2

(
4N3 −m3

)
. (3.27)

3.5 Defect superconformal R-symmetry and anomaly

We now provide the R-symmetry of codimension two defects in a 6d SCFT on ℝ6 and
on ℝ4× a Riemann surface Σ, together with the holographic central charge on the defect.
The logic consists in determining the superconformal R-symmetry of the bulk theory. The
defect R-symmetry will then be inherited by the bulk, from which we can compute the
holographic central charge. We will see that these quantities will depend on whether the
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orthogonal (real) two-dimensional space is flat or whether it is a Riemann surface with
N = 1 or N = 2 embedding.

Let us start by reviewing the 4d N = 2 R-symmetry U(2). The superconformal R-
symmetry charge of an N = 1 subalgebra U(1) ⊂ U(2) has a generator [41]

r5 = 4
3I3 + 1

3RN=2 . (3.28)

Ia with a = 1, 2, 3 and RN=2 are the generators of the 𝔰𝔲(2) and of the 𝔲(1) algebra
respectively. The name r5 is chosen to remind us of its relevance for SCFT duals to AdS5
solutions.

It can be verified that the combination (3.28) provides the correct R-symmetry assignment
for free N = 2 multiplets [41]. There is also a (weaker) group theoretical explanation for
this particular combination. We choose the SU(2) ⊂ U(2) charges to be half-integer; the
global structure of the R-symmetry group fixes the U(1) charges to be double, i.e. integers.
So if an N = 2 multiplet has charge 1/2 under SU(2), it has charge 1 under U(1), and the
combination (3.28) is a possible choice that gives integral charges under r5.

The superconformal anomalies (a5, c5) can be expressed in terms of traces of these
R-symmetry generators, which are the coefficient of the 4d anomaly polynomial,

P6 = kr5r5r5

6 c1(r5)3 − kr5T T
c1(r5)p1(TM4)

24 . (3.29)

c1(r5) is the first Chern class of the superconformal R-symmetry bundle, p1(TM4) is the first
Pontryagin class of the 4d manifold where the 4d QFT and defects are defined, and

kr5r5r5 = tr(r3
5), kr5T T = tr(r5) . (3.30)

The superconformal anomalies are written in terms of the coefficients [42]

a5 = 3
32(3tr(r3

5) − tr(r5)), c5 = 1
32(9tr(r3

5) − 5tr(r5)) . (3.31)

In addition, any N = 2 SCFT satisfies [41, 43]

tr(R3
N=2) = tr(RN=2) = 48(a5 − c5), tr(RN=2IaIb) = δab(4a5 − 2c5). (3.32)

For holographic SCFTs, a5 = c5 at leading order in the large N expansion, which means
that tr(R3

N=2) = tr(RN=2) = tr(r5) = 0; in particular,

tr(r3
5) = 16

9 tr(I2
3RN=2) = 32

9 a5 . (3.33)

When we obtain an N = 2 4d theory as a compactification of a 6d SCFT on Σ, we identify

I
(6d)
3 = I3, KU(1)Σ = RN=2 . (3.34)

I
(6d)
a are the 𝔰𝔲(2)R subalgebra generators of the N = (2, 0) R-symmetry, and the U(1)Σ

is the structure group of the canonical bundle of Σ identified with RN=2. This is also
valid in the presence of punctures on Σ that preserve N = 2 in 4d. As we saw in the
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introduction, we will also view them as codimension-two defects of the 6d N = (2, 0) SCFT
on Σ, that are pointlike on Σ.

It is also possible to compactify 6d N = (2, 0) SCFT on a Σ in a way that only preserves
N = 1 in 4d [2, 11]. (As mentioned in section 3.1, the F0 = 0 case of the AdS5 solutions in
this section are actually of this type.) The superconformal R-symmetry is given by

r′5 = I3 + 1
2RN=2 . (3.35)

The N = 1 4d SCFT is related to the N = 2 4d SCFT by an RG flow [44] which for
Lagrangian theories is triggered by adjoint mass deformation. r′5 in (3.35) is the combination
that is preserved by the adjoint mass deformation. As pointed out in [44] and later studied in
details in [45], this applies also to non-lagrangian theories that are obtained by compactifying
6d N = (2, 0) SCFT on Σ preserving only N = 1 in 4d as, for instance, the holographic duals
of the solutions studied in [2]. For holographic theories this leads to the following property
between the anomaly polynomial coefficients and the conformal anomaly a′5:

tr(r′35 ) = 3
2tr(RN=2I

2
3 ) = 32

9 a
′
5, (3.36)

which leads to the following famous relation [44]

a′5 = 27
32a5. (3.37)

Similarly to the N = 2 case, we can also include punctures in the story. The superconformal
R-symmetry combination of the theory on the defect, or puncture, is inherited from the
one in the bulk.

So far we have discussed anomalies of a 6d SCFT compactified on Σ, where we identified
the 6d R-symmetry subalgebra and the canonical bundle of the Riemann surfaces with the
4d U(2) R-symmetry generators of the 4d SCFT. We now would like to go back and see the
relation of the conformal anomalies a5 and a′5 with the one for a defect of a 6d SCFT with
no Riemann surface. In this case we cannot rely on any identification of the 6d R-symmetry
generators with the ones for the U(2) R-symmetry of the 4d SCFT. We still want to look
at a codimension-two defect that preserves N = 1 in 4d and compute the defect conformal
anomaly a7. The symmetry of the system is now SO(3) × U(1). The SO(3) directly descends
from the 6d theory — we generically consider N = (1, 0). Since SO(3) cannot be embedded
in U(2), the SO(3) charges will be normalized like the U(1) charges. The U(1) comes from the
space orthogonal to the defect, whose generator we call KU(1). If we normalize the charges
to be half-integral, a combination, also proposed in [46, (4.33)], that gives integral charges
for the superconformal R-symmetry is now given by

r7 = 2
3(2I(6d)

3 +KU(1)) . (3.38)

If we now formally rely on the identification (3.34), we get the following useful relation,

a7 = 2a5 = 64
27a

′
5 (3.39)
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for a superconformal codimension-two defect of a 6d SCFT preserving N = 1 superconformal
algebra.

In the next section, we will relate the a anomaly for defects to the on-shell brane action.
Thanks to this fact, the factor 64/27 in (3.39) can be viewed as an explanation for the
27/64 in (3.13), (3.17).

4 Anomaly coefficients

As mentioned in the introduction, the contribution of a codimension-two defect to the Weyl
anomaly of a 6d SCFT can be parameterized as δ(D) 1

(4π)2 (−aDE4 +
∑
dIJI) [26, (3.1)].

We will now show how to compute holographically the coefficient aD (which we just call a
throughout this section) and d2. As mentioned above, all of the (parity-even) defect Weyl
anomalies are related, expressible in terms of the brane tension. So once we have computed a

from the on-shell action of a probe brane dual to a spherical defect, the computation of d2
using the holographic entanglement entropy (EE) of a spherical region will provide verification
of the ratio between a and the other defect Weyl anomalies. This comes in addition to the
physical information about EE and the stress-energy tensor one-point function that it carries.

4.1 Sphere partition function and a coefficient

In this subsection, we will use probe brane holography to compute the A-type defect Weyl
anomaly coefficient a for the codimension-two defects in section 2 and 3. From the solutions
holographically dual to the probe limit of flat co-dimension two defects in ℝ5,1 (or ℝ6),
we can then use the broken conformal generators at the boundary ∂M5 ↪→ ∂AdS7 to map
the boundary geometry to 𝕊4 ↪→ ℝ6. These transformations can then be extended into
the bulk where M5 → M̃5 is embedded in AdS7 with the appropriate boundary geometry.
This computation is a straightforward extension of the conformal transformation in [24,
appendix A], which we will briefly recapitulate for completeness here.

We begin by writing the flat boundary geometry ℝ6 with Euclidean metric

ds2 = δµνdxµdxν , (4.1)

where µ, ν = 1, . . . , 6. After using the broken conformal generators to map from a flat to
spherical defect, the defect submanifold is defined by {x2

1 + . . . x2
5 = L2, x6 = 0}, which is

conveniently described by the map to polar coordinates:

x1 = ϱ cos ζ, x2 = ϱ sin ζ cosχ1, . . . x5 = ϱ sin ζ sinχ1 sinχ2 sinχ3 . (4.2)

We end up with a boundary geometry described by the line element

ds2 = dϱ2 + ϱ2dΩ2
4 + dy2, (4.3)

relabeling x6 = y. Then, by the coordinate transformation

ϱ = L sinh ρ
cosh ρ− cosφ, y = L sinφ

cosh ρ− cosφ, (4.4)
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with φ ∼ φ + 2π, we end up, up to an overall conformal factor, with flat space described
by the line element

ds2 = L2(dρ2 + dφ2 + sinh2 ρ dΩ2
4). (4.5)

The boundary geometry is now ℍ5 × 𝕊1. The defect wraps the 𝕊4 at the boundary of
ℍ5, ρ → ∞.

At the level of the on-shell action, the net effect is to change the structure of the UV
divergences to those associated with the volume of M̃5. Recall that the on-shell action
took the form

Sbrane = Vol(M̃5)I ; (4.6)

for AdS5 probes. In (3.13), (3.17) we obtained I = αmax/12π2 for the D4 branes and
24π2I =

∫ z+
z−

αdz for the D6/D4 bound state in the AdS5 × Σ ×M3 solutions. Following the
transformation that yields ∂M̃5 = 𝕊4, and imposing a UV cutoff at ρ = logRΛ the bare
volume of ℍ5 is Vol(S4)

∫ log RΛ
0 sinh4 ρdρ ∼ 8π2

3 ( 1
64(RΛ)4 − 1

8(RΛ)4 + 3
8 log(RΛ) + . . .). The

polynomial divergences can be removed by standard counterterms in holographic renormal-
ization [47]. The remaining, physical, log-divergent part of the on-shell action is then

Vol(M̃5) = π2 logRΛ + . . . ⇒ Son−shell = π2I logRΛ + . . . . (4.7)

We have suppressed the subleading, scheme-dependent finite terms. Recall that the anomalous
constant Weyl rescaling transformation of the sphere free energy is computed using

∂log RΛ logZ𝕊4 = −
∫
𝕊4

√
g𝕊4 ⟨Tµ

µ⟩ . (4.8)

The trace anomaly for the flat embedding 𝕊4 ↪→ ℝ6, i.e. with vanishing second fundamental
form, only receives contributions from the A-type anomaly. Hence, the remaining integral
is found to be

∂log RΛ logZ𝕊4 = 1
16π2a

∫
𝕊4

√
g𝕊4E4 = 4a , (4.9)

where we have used the normalization of the defect trace anomaly in [26, (3.1)] and
∫
𝕊4 E4 =

64π2. Thus, we find that the holographic A-type defect Weyl anomaly coefficients are given by

a = π2

4 I . (4.10)

For example, applying this to the D4 and D6/D4 on-shell actions in the AdS5 back-
grounds (3.13), (3.17) gives

aD4 = αmax
48π2 , aD6/D4 = 1

96π2

∫ z+

z−
αdz . (4.11)

In particular, for the F0 = 0 solution (2.3) we obtain

aD4 = 27
32k

N2

4 , aD6/D4 = 27
32k

m

4

(
N2 − 4

3m
2
)
. (4.12)
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As a brief consistency check, consider the Graham-Reichert energy for an AdS5 probe
brane [27]. The A-type anomaly is determined to be a = π2L5Tbrane/4 [26], which is precisely
the form in (4.10) with I ≡ L5Tbrane. The subtlety here is in the definition of the effective
AdS length L5. If we write L5 = e5A−ϕ and integrate over the internal {z, θ} directions, we
find an exact match from the Graham-Reichert energy to the expressions above. Thus, we
also have a prediction for all 23 parity-even probe brane Weyl anomaly coefficients since they
are all proportional to π2L5Tbrane = π2I, see the co-dimension q = 2 values in [26, table 1].

4.2 Entanglement entropy

In this subsection, we are interested in computing the defect contribution to the holographic
entanglement entropy (EE) of a spherical region in the boundary theory. In particular,
our goal is to compute the universal, log divergent part of the sphere EE. The universal
part of the defect sphere EE was shown in [26, (4.38)] to be a linear combination of two
defect Weyl anomalies:

SEE, defect|log = −2
5 (10a+ d2) log R

ϵ
. (4.13)

In a generic d ≥ 6 dimensional CFT with a four-dimensional defect, it was also shown
in [26] that the B-type defect Weyl anomaly coefficient d2 fixes the one-point function of
an insertion of the stress-energy tensor in the ambient space away from the defect. The
appearance of d2 in SEE,defect thus originates from the Killing energy for the time translation
Killing vector, while the appearance of a originates from the sphere free energy. Combining
with results in the previous subsection for the A-type anomaly, we can then compute d2
from the defect sphere EE.

To compute the sphere EE, we follow the map to the hyperbolic black hole by writing
the AdS7 geometry (setting the AdS length L = 1) as

ds2
AdS7 = dx2 + sinh2 x dφ2 + cosh2 x ds2

M5 , (4.14a)

ds2
M5 = 1

Z2 (dZ2 − dt2 + dr2
∥ + r2

∥dΩ2
2) , (4.14b)

where the probe brane wraps {Z, t, r∥,𝕊2}. Then by mapping [48, 49]

Z = R

ν cosh ρ+ cosh τ
√
ν2 − 1

,

r∥ = Rν sinh ρ
ν cosh ρ+ cosh τ

√
ν2 − 1

,

t = R sinh τ
√
ν2 − 1

ν cosh ρ+ cosh τ
√
ν2 − 1

,

(4.15)

the geometry on M5 becomes the hyperbolic black hole

ds2
M5 = dν2

f(ν) − f(ν)dτ2 + ν2(dρ2 + sinh2 ρ dΩ2
2) (4.16)
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with f(ν) = ν2 − 1 and periodic boundary conditions around τ ∼ τ + 2π. This can be
generalized to the finite temperature β = 2πn background

f(ν) = ν2 − 1 + ν4
h

ν4 (ν2
h − 1), νh ≡ 1

3β (π +
√
π2 + 6β2); (4.17)

now the periodicity condition reads τ ∼ τ + β.
Embedding D4 probe branes or D6/D4 bound states in this background, the probe

action reads

Sbrane = π

4β(ν4
c − ν4

h)(sinh(2ρc) − 2ρc)I , (4.18)

where we have introduced two radial cutoffs: ρc along ℍ3 and νc on AdS5. Holographically
renormalizing away the divergences in the AdS5 radial direction, writing ρc = log 2R

ϵ , and
expanding around the entangling surface ϵ→ 0, the renormalized probe brane action takes
the form

Sren = π

16β(8ν4
h − 3)I

(
−R

2

ϵ2
+ log 2R

ϵ
+ . . .

)
. (4.19)

The leading quadratic divergence is a non-universal shape-dependent contribution. Computing
the Rényi entropy and taking the n→ 1 limit, this renormalized probe brane action maps on
to the defect sphere free energy by SEE = β2∂β(β−1Sren)|β→2π [50]. This yields the universal
coefficient of the log divergent part

SEE|univ = −4
5π

2I . (4.20)

Then using the value of a = π2I/4 and (4.13), we find

d2 = −π
2

2 I . (4.21)

As a quick check, comparing to [26, table 1], we find exact agreement with the Graham-
Reichert energy computation; for the AdS5 probe brane embedded in AdS7, the relative factor
between a and d2 is −2. So, for the D4 and D6/D4 solutions in (3.13), (3.17) we find

d2
D4 = −αmax

24 , d2
D6/D4 = − 1

48π2

∫ z+

z−
αdz , (4.22)

which for the F0 = 0 solutions (2.3) read

d2
D4 = −27

32k
N2

2 , d2
D6/D4 = −27

32k
m

2

(
N2 − 4

3m
2
)
. (4.23)

Aside from the defect sphere EE, we can compute the defect Rényi entropies as well. We
skip the details, as they follow the same logic but on the n-fold branched cover (τ ∼ τ + 2πn);
this gives the universal coefficient of the nth defect Renyi entropy as

S
(n)
univ = π2I

162n3(n− 1)
(
1 − 90n4 + 24n2 + (1 + 12n2)

√
1 + 24n2

)
. (4.24)
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One can see that the n→ 1 limit recovers the defect EE. An interesting limits to consider is
n→ 0, whose leading coefficient (modulo sign) counts the number of non-zero eigenvalues
of the reduced density matrix

lim
n→0

S
(n)
univ = − π2I

81n3 +O(n−2) , (4.25)

which in the specific D4 and D6/D4 solutions give

S
(0)
D4 = − αmax

972n3 +O(n−2) , S
(0)
D6/D4 = − 1

1944π2n3

∫ z+

z−
αdz , (4.26)

and in the F0 = 0 case

S
(0)
D4 = −27

32
kN2

81n3 +O(n−2) , S
(0)
D6/D4 = −27

32
km

81n3

(
N2 − 4

3m
2
)
, (4.27)

The physical interpretation of these limits becomes clear when viewing the Renyi entropy
through the lens of the thermal partition function on the hyperbolic cylinder, where the
inverse temperature is identified as β = 2πn.

The limit n→ 0 corresponds to the high-temperature limit (β → 0). In this regime, the
thermal entropy of a d-dimensional conformal field theory is expected to scale as T d−1. Since
brane solutions realize codimension-two defects in 6d, we expect the scaling T 3 ∼ n−3. This
explains the leading order behavior observed in (4.25).

Conversely, the limit n → ∞ corresponds to the low-temperature limit (β → ∞)

lim
n→∞

S(n) = −5
9π

2I +O(n−1). (4.28)

Here, the partition function is dominated by the ground state contribution. The result (4.28)
reflects the logarithm of the ground state degeneracy, i.e. the behavior of the effective ground
state energy, and measures the largest eigenvalue of the reduced density matrix.

4.3 𝕊1 × 𝕊3 partition function

In this subsection, we consider the transformation where the defect wraps 𝕊1
β ×𝕊3 ↪→ 𝕊1

β ×𝕊5

in the boundary field theory. The partition function of the boundary theory on the 𝕊1
β × 𝕊5

is related to the superconformal index I by

Z𝕊1×𝕊5 = e−βECI . (4.29)

The term EC in the prefactor is the supersymmetric Casimir energy (SCE), which is expressible
in terms of the anomalies of the theory [51–53]. Changing the ambient theory by adding
defect degrees of freedom modifies the structure of the anomalies, and hence EC. This has
been demonstrated for two-dimensional boundaries [54] and defects [55, 56]. The O(1) part
of the holographically renormalized on-shell probe brane action thus computes the change in
EC due to the defect degrees of freedom in the probe limit. Though a precise form for the
defect SCE in terms of anomalies for four-dimensional defects is not yet known, the goal of
this computation is to provide a holographic prediction, which can provide a clue to how
the defect SCE can be expressed in terms of defect anomalies.
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It is generally expected that the SCE can be obtained by equivariantly integrating the
anomaly polynomial over the spacetime manifold, as established for bulk theories (see e.g. [52]).
In the present case, we expect a similar relation to hold for the defect contribution: the
defect SCE should arise from the equivariant integration of the defect anomaly polynomial.
However, the precise integration formula for 4d defects — specifically the mapping between
the geometric embedding parameters and the equivariant weights required for the integration

— is currently missing from the literature. Our holographic result below serves as a prediction
for such a field-theoretic derivation.

The map from flat space to 𝕊1
β × 𝕊5 starts by the same map to (4.3). As before we take

the defect to lie at {ϱ2 +y2 = L2}, but now instead of mapping to 𝕊1 ×ℍ5 using (4.4), we use

ϱ = L sin ς
cosh τ − cos ς , y = L sinh τ

cosh τ − cos ς , (4.30)

which up to a conformal factor brings us to ℝ × 𝕊5;

ds2 = L2(dτ2 + dς2 + sin2 ς dΩ2
4). (4.31)

Compactifying τ ∼ τ + β yields a 𝕊1
β × 𝕊5, which can be extended into the bulk

ds2
7 = dσ2 + cosh2 σdτ2 + sinh2 σdΩ2

5 . (4.32)

Under the transformation in (4.30), the defect is now mapped to the surface at ζ = ς = π
2 .

Extending into the bulk, we see that the probe brane wraps the holographic radial coordinate
σ, 𝕊1

β, and an 𝕊3 ↪→ 𝕊5 on the equator.
We again forego the details of the calculation, as it follows the same process of computing

the probe brane action and holographically renormalizing, as above. We find that the leading
constant part of the action takes the form

Sren = 3
32βπ

2I . (4.33)

So, the defect SCE is

E(def)
C = − 3

32π
2I . (4.34)

Evaluating on the D4 and D6/D4 solutions we find

E(def)
C,D4 = −αmax

128 , E(def)
C,D6/D4 = − 1

256

∫ z+

z−
αdz . (4.35)

In the F0 = 0 limit, we get

E(def)
C,D4 = −27

32
3
32kN

2, E(def)
C,D6/D4 = −27

32
3
32km

(
N2 − 4

3m
2
)
. (4.36)

5 Small punctures in class S

Our main task in this section is to verify that the a anomaly coefficients for our AdS5 defects
match the contributions from punctures in the particular case of class S theories. We discuss
the situation for the orbifold class Sk in section 5.4. Finally in section 5.5 we spell out our
gravity predictions for punctures for two particular N = (1, 0) theories.
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5.1 Theories of class S

Theories of class S are 4d N = 2 SCFTs realized by compactifying the 6d N = (2, 0) theory of
type AN−1 on a Riemann surface Σ with regular punctures [1, 57]. Each puncture corresponds
to a half-BPS codimension-two defect of the 6d theory, extended over the 4d spacetime and
localized at a point on Σ; it is characterized by a partition of N . We denote a partition by

ρ = [wkp
p , w

kp−1
p−1 , . . . , w

k2
2 , w

k1
1 ] , (5.1)

such that

N =
p∑

a=1
waka , 1 ≤ w1 < w2 < · · · < wp , ki ≥ 1 for all i = 1, . . . , p . (5.2)

This can be represented by a Young diagram as depicted in [58, figure 3]. In the holographic
dual [3], the puncture consists of p− 1 M5-brane stacks, the a-th (a = 1, . . . , p− 1) consisting
of wa M5s; if ka > 1, that point is a ℤka singularity.8 Upon reduction to IIA, one expects
these to become bound states of ka D6-branes and wa D4-branes.

It is also useful to define the transpose of the partition, ρt, as

ρt = [ℓw1
1 , ℓw2−w1

2 , ℓw3−w2
3 , . . . , ℓ

wp−wp−1
p ] , (5.3)

where
N =

p∑
a=1

(wa − wa−1)ℓa , 1 ≤ ℓ1 < ℓ2 < · · · < ℓp . (5.4)

Following [58, section 6.2], we rewrite the partition ρt as (ℓ̃1, ℓ̃2, . . . , ℓ̃p̃),9 where repetitions
are allowed, such that

N =
p̃∑

i=1
ℓ̃i , p̃ = wp , 1 ≤ ℓ̃1 ≤ ℓ̃2 ≤ · · · ≤ ℓ̃p . (5.5)

The Young diagram for ρt is shown in [58, figure 4]. We use the indices a = 1, . . . , p and
i = 1, . . . , p̃, and define the additional quantities

ℓa =
p∑

b=a

kb , Na =
a∑

b=1
(wb − wb−1)ℓb = waℓa +

a−1∑
b=1

wbkb

Ñi =
i∑

j=1
ℓ̃j , k̃i = ℓ̃i − ℓ̃i+1 with ℓ̃p̃+1 = 0.

(5.6)

As discussed in [58, (6.27)] and above [59, (6.21)], these definitions are related by

k̃i = ka , Ñi = Na , if i = wa. (5.7)
8This identification can be read off from [3, section 3.4]. In the notation of that paper, the number of

M5-branes is related there to the differences λI − λI−1 in the intercepts of the charge densities λ = λI + rIη;
these differences can then be seen to be equal to the wa above, in our language.

9Here we use the round brackets to emphasize the difference between this way of writing the partition
and (5.3).
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5.2 Anomalies

The a anomaly of these theories is a sum of contributions from the bulk and the defects:

a = 1
48(2g − 2)(N − 1)(8N2 + 8N + 5) +

∑
ρ

aρ , (5.8)

where the contribution from a puncture ρ is given by

aρ = 1
48N(8N2 − 6N − 3) − 1

4
∑

i

(N2 − Ñ2
i ) + 1

48
∑

a

Naka . (5.9)

This formula can be derived from [58, (6.16), (6.17)] as follows. First of all, we remark that
our notation differs slightly from that in [58], as our bulk contribution is proportional to
(2g − 2) rather than (2g − 2 + n), where n is the number of punctures. Denoting the defect
contribution in [58] as âρ,10 the relationship is

aρ = 1
48(N − 1)(8N2 + 8N + 5) + âρ

= 1
48(N − 1)(8N2 + 8N + 5) + 1

24(nh(ρ) + 5nv(ρ))

= 1
48(N − 1)(8N2 + 8N + 5) + 1

24 [6nv(ρ) − (nv(ρ) − nh(ρ))] ,

(5.10)

where nv(ρ) and nh(ρ) are the effective numbers of vector multiplets and hypermultiplets,
respectively, written in the convention of [58]. Substituting the expressions for nv(ρ) − nh(ρ)
and nv(ρ) from [58, (6.16), (6.17)] yields (5.9) as required.11

Let us now proceed further. Using the identity from [59, (6.21)],12

∑
i

(N2−Ñ2
i ) =

p∑
a=1

(
2ℓ2a
3 (w3

a − w3
a−1) + ℓa(Na − waℓa)(w2

a − w2
a−1) − Naka

6

)
−N2

2 , (5.11)

we obtain another expression for the anomaly (see also [58, (6.2)]):

aρ = 1
48N(8N2 − 3) − 1

4

p∑
a=1

(2
3ℓ

2
a(w3

a − w3
a−1) + ℓa(Na − waℓa)(w2

a − w2
a−1) − 1

4Naka

)
.

(5.12)
Using the relations from (5.2) and (5.6),

ℓa =
p∑

b=a

kb, Na = waℓa +
a−1∑
b=1

wbkb ,

N =
p∑

a=1
kawa,

a−1∑
b=1

wbkb = N − waka −
p∑

b=a+1
wbkb ,

(5.13)

10For a completely closed (trivial) puncture ρ = [N ], we have aρ = 0 and âρ = 1
48 (N − 1)(8N2 + 8N + 5).

11We replaced the sum
∑

i
Ñik̃i with

∑
a
Naka via (5.7). We also used the identity 1

48N(8N2 − 6N − 3) =
1

48 (N − 1)(8N2 + 8N + 5) + 1
48 (5− 6N2).

12We note that the term 1
2 in [59, (6.21)] should not be present.
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we can rewrite this as (see also [59, (5.22), (6.20), (6.23)–(6.25)])

aρ = 1
48N(8N2−3)− 1

4

p∑
a=1

Nka

(
w2

a−
1
4

)
− w3

ak
2
a

3 +
p∑

b=a+1
kakb

(
w3

a

3 −w2
awb−

wa−wb

4

) .
(5.14)

Let us demonstrate this formula with several examples. For a completely closed (trivial)
puncture [N ], we have p = 1, k1 = 1, ℓ1 = 1, and w1 = N , which gives

a[N ] = 1
48N(8N2 − 3) − 1

4

(2
3N

3 − 1
4N

)
= 0 , (5.15)

as expected. For a minimal puncture [N − 1, 1], we have p = 2, k1 = k2 = 1, ℓ1 = 2, ℓ2 = 1,
w1 = 1, and w2 = N − 1. This yields

a[N−1,1] = 1
24(6N2 − 5); (5.16)

the leading term in N is N2/4. As a generalization of this, we can consider the partition
[N −m,m]. For this, we set p = 2, k1 = k2 = 1, l1 = 2, l2 = 1, w1 = m, and w2 = N −m.
Then (5.14) gives

a[N−m,m] = m

24(6N2 − 8m2 + 3) , (5.17)

Finally consider a maximal puncture [1N ]. Here we have p = 1, k1 = N , ℓ1 = N , and
w1 = 1, which gives

a[1N ] = 1
48N(N − 1)(8N + 3) , (5.18)

with a leading term of N3/6.
In this subsection we have reviewed anomalies for the N = 2 class S. As we mentioned

in section 3.1, the F0 = 0 case of our AdS5 solutions actually reproduces the N = 1 MN
solutions. As we reviewed in (3.37), the a anomaly for these SCFTs is obtained by simply
multiplying the N = 2 result (5.14) by a factor of 27/32.

We will soon compare the puncture contribution in (5.14) to our earlier gravity results.
For now, let us compare its first term, the bulk contribution, with the first term in (1.2).
For the 6d N = (2, 0) AN−1 theory, a6 ∼ 16

7 N
3 at large N ; this gives

9
32(g − 1)N3 = 27

32
1
3(g − 1)N3 (5.19)

This is indeed 27/32 times the large N behavior of the first term in (5.14).

5.3 Match with gravity

We will now compare the puncture contribution in (5.14) with our gravity results.
We begin with the minimal puncture (5.16). Recalling our comment below (5.2), this

is identified with a single defect M5, which would be expected to reduce to a D4 in IIA.13

13In this case, it is also possible to consider directly an M5 probe in the N = 2 MN background. Take
the coordinate system in [3, (2.7]. From [60, section 4.2] we find that a BPS M5 is wrapped on {θ =
θ0, ψ = π/2, ϕ = 2χ}, with θ0 = π/2 fixed by demanding that U(2)R be preserved. The DBI term is in
TM516π3N2l6p(1 + cos2(θ0). The potential A6 = −4π2N2l6p(2 sin2 θdχ− 4(3+ cos2 θ)r2dβ/(1− r2)2) also gives
rise to a WZ term TM516π3N2l6p sin2 θ0. Summing the two terms and using (4.10) gives aM5 = N2/4.
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From the D4 brane action (3.13) and our formula (4.10) relating it to the defect a anomaly,
we obtained in (4.12):

aD4 = 27
32k

N2

4 . (5.20)

For class S, k = 1; we will discuss the case of general k in the next subsection. We also need
to recall again the factor 27/32 relating the N = 1 and N = 2 versions of class S theories
from (3.37). With this, (5.20) does match the leading behavior with N of (5.16).

More generally, we can consider the puncture [N −m,m], which corresponds to m defect
M5s, on a ℤk=1 point. Upon reduction to IIA, one expects this to become a bound state
of a D6-brane with w = m D4-branes. In (4.12) we found:

aD6/D4 = 27
32k

m

4

(
N2 − 4

3m
2
)
. (5.21)

Again with k = 1 and recalling the 27/32 factor, this matches (5.17) when N and m are ≫ 1.
While the m in [N −m,m] represents the number of defect D4-branes in IIA puncture,

and of M5-branes in M-theory, the N −m does not: it provides the remaining flux so that
the integral of F4 along the internal sphere is N . This is perhaps clarified by thinking about
the extreme case m = 0, namely [N ], when the puncture is absent. A puncture of this type
has m < N − m, or in other words m < N/2. This is indeed the possible range we got
from (3.14). It is remarkable that we achieve a match for this whole range, even if when m is
comparable with N the D6/D4 can no longer be considered a probe.

On the other hand, with the present methods it is not possible to achieve a match for
punctures that are still more general than [N −m,m]. One might imagine, for example,
that the probe approximation is still appropriate for [N −m1,m1, . . . ,mk] when mi ≪ N .
From (5.14), the leading behavior for this is ∼ 1

4
∑

imiN
2+p3(mi), with p3 a cubic polynomial.

The first term is just like in (5.17), but p3 contains terms m2
imj that represent the effect of a

brane on another, and thus cannot be captured by the probe approximation. Presumably a
IIA counterpart of the approach in [58] would be necessary to reproduce such terms.

5.4 Class Sk

We now consider the field theory realization of (4.12) for a general integer k. It is natural to
study 4d N = 1 SCFTs obtained by compactifying the six-dimensional N = (1, 0) theory,
which lives on N M5-branes on a ℂ2/ℤk orbifold singularity, on a Riemann surface. These
SCFTs are known as theories of class Sk [4] (see also [5, 8, 9, 61–63] and [64–66]). In this
paper, we focus on a specific configuration: the ℤk orbifold of a class S theory corresponding
to one maximal puncture, a collection of minimal punctures, and one arbitrary puncture.
In the notation of [62, Pages 19, 23], this corresponds to the class Sk theory denoted by
L(nL,σL=+),(nR,σR=+)

n−2,n−2 ≡ L++
n−2,n−2, where n − 2 is the number of minimal punctures and

nL, nR = 0, 1, . . . , k − 1 are the colours of the two maximal punctures, each with sign
σL = σR = +1 and opposite orientation. The colours nL and nR of the maximal punctures
must satisfy the condition nR − nL = n − 2, as per [62, (3.5)].14

14Specifically, in [62, (3.5)], for the left hand side, we have
∑

p
σ

(min)
p = n−2, and for the right hand side, we

have σ(max)
L = σ

(max)
R = 1, oL = −1, and oR = +1, and so the sum on the right hand side equals to nR − nL.
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A simple example is the ℤk orbifold of 4d N = 2 SU(N) SQCD with 2N flavors. The
latter is realized on a sphere of type AN−1 with two maximal and two minimal punctures,
described by the quiver diagram:

NN N (5.22)

Here, the circular node denotes the SU(N) gauge group and each square node denotes N
fundamental hypermultiplets. The central charge of this theory is

a (5.22) = 1
48(4N2) + 1

48(N2 − 1) + 3
16(N2 − 1) = 1

24(7N2 − 5) . (5.23)

The ℤk orbifold of this theory, the L++
2,2 theory, is described by the quiver:

NN N

NN N

NN N

(5.24)

The diagram consists of k copies of (5.22) (we have taken k = 3 for convenience). Each gauge
node has 3 incoming and 3 outgoing arrows; in other words, the number of flavors for each
SU(N) gauge node is 3N . Consequently, the R-charge of each chiral field is 2/3 (see also [62,
Page 29]). With 5k chiral multiplets in total, the central charge is

a (5.24) = 1
48N

2(5k) + 3
16(N2 − 1)(k) = 1

48k(14N2 − 9) = ka (5.22) + k

48 . (5.25)

The difference a (5.24)−ka (5.22) = k/48 arises because the contribution of the traceless adjoint
chiral multiplet in the N = 2 vector multiplet is 1

48(N2 − 1), whereas the corresponding
contribution in the N = 1 orbifolded theory is 1

48kN
2. Nevertheless, in the large N limit,

this difference can be neglected, and the central charge of the ℤk orbifolded theory is k
times that of the original theory, as expected.

This analysis can be generalized by partially closing one of the maximal punctures. For
class S, the corresponding partitions determine the quivers in a well-known fashion; see for
example [67, table 1]. For concreteness, we consider a sphere of type AN−1 with one maximal
puncture, N −m+ 1 minimal punctures, and one [N −m,m] puncture. The corresponding
4d N = 2 theory is described by the quiver:

N N

1

· · · 2m + 2 2m + 1 2m

1

2m − 2 · · · 4 2

(5.26)

In this diagram, the number of colours in each gauge node decreases by 1 from N to
2m, and then decreases by 2 from 2m to 2. Each SU(Nc) gauge node has 2Nc fundamental
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hypermultiplets, and there are N−m gauge nodes in total. The central charge of this theory is

a (5.26) = abulk + (N −m+ 1)a[N−1,1] + a[N−m,m]

= 1
12N

3 + 7
48N

2 − 7
48N − 1

3m(m2 − 1) ,
(5.27)

where the bulk contribution is abulk = − 1
24(N − 1)(8N2 + 8N + 5), and a[N−m,m] is given

by (5.17). The same result can also be obtained directly from the quiver diagram. The
ℤk orbifold of this theory is

N N · · · 2m + 2 2m + 1 2m 2m − 2 · · · 4 2

1 1

N N · · · 2m + 2 2m + 1 2m 2m − 2 · · · 4 2

1 1

N N · · · 2m + 2 2m + 1 2m 2m − 2 · · · 4 2

1 1

(5.28)

The diagram above depicts the case of k = 3, but the general case is obtained by stacking
k copies of (5.26) and connecting them with the same arrow pattern. The blue and green
colours are used to improve the diagram’s readability. For each gauge node with label Nc,
the sum of labels from nodes connected by incoming arrows is 3Nc, which equals the sum
for outgoing arrows. This guarantees that the theory is free of gauge anomalies and that
the number of flavors for each SU(Nc) group is 3Nc. It follows that the R-charge of each
chiral field is 2/3. The central charge is therefore

a (5.28) = k

[ 1
12N

3 + 7
48N

2 − 1
8N − 1

48m(16m2 − 15)
]

= ka (5.26) + k

48(N −m) .
(5.29)

As before, the difference a (5.28) − ka (5.26) = k
48(N −m), which is of order one in N and m,

is due to the tracelessness of the adjoint chiral multiplet in the vector multiplet of each gauge
node in (5.26). In the large N limit, the central charge of the orbifolded theory is k times
that of the original theory, as expected. Furthermore, by comparing (5.27) and (5.29), we
find that in the large N limit, the contribution to the central charge from the [N −m,m]
puncture (with 1 ≪ m ≪ N) in the orbifolded theory is

1
4km

(
N2 − 4

3m
2
)
, (5.30)

which agrees with (4.12) divided by the factor of 27/32 for general N , m, and k.
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5.5 N = 1 punctures beyond class Sk

We have studied BPS probes (D4-branes and D6/D4 bound states) in AdS5 and AdS7 solutions
of massive IIA SUGRA, which holographically correspond to N = (1, 0) SCFTs. The probes
in AdS5 correspond to punctures in the orthogonal Riemann surface directions. The number
of punctures and their data together with the reduction of the bulk 6d SCFT on the Riemann
surface leads to the 4d SCFT. All punctures contribute to the conformal anomaly. Our probe
computation in the solutions of massive IIA, exemplified in section 3.4, provides a prediction
for the conformal anomaly contribution of new type of N = 1 punctures.

Let us give two examples. The solutions with two stacks of D8-branes and regular
poles (3.21) are dual to 6d SCFTs whose low-energy effective description in the tensor branch
is provided by symmetric linear quivers with SU(ri) (with i = 1, . . . N) gauge groups, where
the nodes of the quiver tails have descending group ranks: see (3.20). For these theories,
our two types of punctures give contributions

aD4 = 9
128k

(
3N2 − 4µ2

)
, aD6/D4 = 9

128km
(
3N2 − 4

(
µ2 +m2

))
. (5.31)

Similarly, the solution with an O8-plane (3.25) holographically corresponds to the N =
(1, 0) 6d SCFT called massive E-string in [23], whose tensor branch quiver was given in (3.24).
Our BPS brane probes predict the existence of punctures in this massive E-string theory,
whose anomaly contribution is

aD4 = 9n0N
3

32 , aD6/D4 = 9
256n0m

(
4N3 −m3

)
. (5.32)

Strictly speaking, in order for the probe limit to hold we need m≪ N/2; recall however that
in section 5.3 we managed to obtain a match with known class S results for all m < N/2.
Actually, the D4 puncture already appeared in [23] beyond the probe approximation: an AdS5
solution exists with many punctures of this type, smeared all over Σ but with back-reaction
taken into account. The holographic a anomaly computed there was indeed of the form (1.2),
with the puncture contribution matching that in (5.32).

It would be interesting to have a field theoretic understanding of these punctures in
the spirit of [38], as well as a field theoretic computation of the anomaly contributions of
these new punctures.
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