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YOUNG EQUATIONS WITH SINGULARITIES

DAVIDE ADDONA, LUCA LORENZI, AND GIANMARIO TESSITORE

ABSTRACT. In this paper we prove existence and uniqueness of a mild solution
to the Young equation dy(t) = Ay(t)dt + o(y(t))dz(t), t € [0,T], y(0) = .
Here, A is an unbounded operator which generates a semigroup of bounded
linear operators (S(t));>0 on a Banach space X, z is a real-valued n-Holder
continuous. Our aim is to reduce, in comparison to [4] and [1] (see also [2, 5]),
the regularity requirement on the initial datum 1 eventually dropping it.
The main tool is the definition of a sewing map for a new class of increments
which allows the construction of a Young convolution integral in a general
interval [a,b] C R when the Xo-norm of the function under the integral sign
blows up approaching a and X, is an intermediate space between X and D(A).
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1. INTRODUCTION

This paper is devoted to the study of the existence, uniqueness and regularity of
the mild solution to the non-linear evolution problem

dy(t) = Ay(t)dt + o(y(t))dz(t),  t€[0,T], yo=1, (1.1)

when the operator A : D(A) C X — X generates a semigroup of linear bounded
operators (S(t))s>0 on X, with smoothing effects, and z is a n-Holder continuous
function with values in a suitable space. By mild solution of (1.1) we mean a
function y which satisfies the equation

t

y(t) = S(t)y —I—/O St —r)o(y(r))dz(r), te[0,T]. (1.2)

We stress that, since x has not finite variation, the integral appearing in the above
formula has to be intended in a non-obvious sense. Integrals such as

/ y(r)da(r), (1.3)

when neither x or y have bounded variation, have been introduced by L.C. Young in
[9] when = and y have finite p-variation! and g-variation, respectively, with %—F% > 1
(equivalently, when y is S-Holder continuous and x is n-Holder continuous with
B+ mn > 1), and are therefore called Young integrals. In [§], T. Lyons extended

LA function z : [a,b] — X has finite r-variation if the supremum of Z;-l:l |z(t;) = z(t;— )|
over all the partitions IT = {a = tp < t1 < ... < tn = b} of [a, b] is finite.
1
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the definition of the integral in (1.3) when % + % < 1 (i.e.,, when 8+ 1n < 1) by
adding some “structure” to the irregular path = giving birth to the rough-paths
theory. A different approach has been developed by M. Gubinelli in [3], where the
rough integral is defined as the unique solution of an algebraic problem under some
analytic conditions. Here, we follow this approach and we limit ourselves to solve
(1.2) in the Young case.

The evolution equation (1.1) in infinite dimensional spaces was first addressed
in [4]. Tt is clear that the key point consists of the definition of the convolution
integral

/ S(t —r)e(r)dz(r) (1.4)

for suitable functions ¢ and Holder continuous path z defined on [0,7]. This is
done in [4, 5] by adapting the sewing map approach to the case of convolutions.
Given A : [a,b]2 — X, where [a,b]2 := {(s,t) : a < s <t < b}, the authors of [4, 5]
defined the ‘convolutional’ increment (6 A)(r, s,t) := A(r,t)—A(s, t)—S(t—s) A(r, s)
fora < r < s <t <band proved that, if ||[(JA)(r,s,t)|x < C|t — r|* for every
a <r<s<t<band some constants C > 0 and g > 1, then the limit

R(s,t) := _lim S(t—t;)A(ti_1,t:), (s,t) € [a,b?]<, (1.5)
IT1(s,) |0 £

exists (here II(s,t) is a partition of [s,¢] and |II(s, )] is its mesh). The convolution
integral can then be defined by:

F(s,t) := A(s,t) — R(s, 1), (s,t) € [a,b]%, (1.6)

and, with the special choice A(s,t) = S(t — s)p(s)(z(t) — z(s)) for every a < r <
s <t <b, where z is a real-valued n-Hélder continuous function and ¢ : [a,b] — X
verifies ||p(t) — S(t — s)p(s)||x < C|t —s|® for every a < s <t < b and some 3 > 0,
with n + 8 > 1, the above construction suggests to set

/ S(t —r)e(r)dz(r) == S (s,t), (s,t) € [a,b]2.

Once the convolution integral in (1.4) is defined, its properties allow proving ex-
istence and uniqueness of the mild solution to (1.1) by means of a fixed-point
argument. We underline that a crucial assumption in [4, 5] is that the initial da-
tum 1 belongs to an intermediate space X, between X and D(A) with n+ a > 1.
Moreover, the solution lives in the same space X, with no gain of regularity. On
the contrary, in the classical case, see for instance [6] or [7], i.e., when z is smooth
and A generates an analytic semigroup, then no regularity assumptions on v are
needed (in particular, we can choose 1 € X). Moreover, if the intermediate spaces
are interpolation spaces of indexes « and oo and the initial datum belongs to any
of such spaces, then y(t) € D(A) for every t € (0,T] and y satisfies (1.1) in the
original differential form.

This consideration was the starting point of [1], where the second of the limita-
tions described above is tackled. To be more specific, in [1] equation (1.2) is studied
when z is a real-valued n-Holder continuous path with n > % We showed that the
mild solution y to (1.1) becomes more regular as soon as it leaves 0, that is, still
under the assumption that ¢ € X, with a +n > 1, we proved that y(t) € D(A)
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for every t € (0,T]. Moreover, an estimate of the blow-up of [|y(t)|/pca)y when #
approaches 0 has been proved. Thanks to this result, we also provided an integral
representation of the solution y, which yields a chain rule for F' o y when F is a
smooth function.

The aim of the present paper is to overcome the first of the two limitations
described above, namely the regularity request ¢ € X, with a +7n > 1, on the
initial datum 1. We investigate here the properties of the mild equation (1.1) when
1 belongs to a larger space Xy with 0 < 6 < «. Under such weaker assumptions, the
function ¢ — ||S(¢)t¥]|« has a singularity at 0, thus the definition of the convolution
integral (1.4) has to be extended to the case when the function f has a singularity
at 0. First, we modify the construction of the sewing map introducing a different
notion of increment: given g : [a,b]2 — X, we set (6sg)(r,s,t) := S(s —r)g(r,t) +
g(s,t) — S(s —r)g(r,s) for every a < r < s <t < b and prove, see Proposition 2.8,
that the limit

R(s,t) == 1 S(t—ti_1)g(ti_1,t;), 1) € [a,b)%, 1.7
(s \m;SLOZ Dottt (el 0D)
exists whenever [|(dsg)(r,s,t)|[|x < C|t —r* for every a <r < s <t < b and some
constants C' > 0 and p > 1. We notice that in (1.7), differently from what happens
n (1.5), the semigroup (S(t)):>0 is never evaluated at 0, since t;_1 < ¢t = ¢, for

every ¢ = 1,...,n. This allows exploiting the regularizing properties of (S(¢))i>0
in order to deduce regularizing properties for the convolution integral .# defined as
n (1.6).

Then, see Theorem 2.12, we go further and, taking advantage of the regularity
of the convolution integral, we extend the definition of (1.4) when the continuous
function ¢ : (a,b] = X, has a singularity of order v > 0 at a and there exist
constants C' > 0, p > 1 —n, B € [0,a] and v € (0,1) such that ||¢(t) — S(t —
s)o(s)||lx, < Clt —s|P|s —a|™7 for every a < s <t < b. Roughly speaking, we use
Proposition 2.8 to define the value of fst S(t —r)e(r)dz(r) when (s,t) € [a+6,b%
for every 6 € (0,b—a), and then we exploit its regularity in order to extend it up to
s = a. We also prove estimate (2.23) which is an essential tool when dealing with
equation (1.2).

Eventually, taking into account estimates (2.23) on the singular convolution in-
tegral, we are in a position prove existence, uniqueness and smoothness of the mild
solution to (1.1) with x € C"([0,T]), n € (1/2,1), and general initial datum ¢ € Xy
with, possibly, 746 < 1. This is firstly done in Subsection 3.1, when, besides other
technical assumptions (see Hypotheses 3.2), o is globally Lipschitz continuous on
a regular space X, with a +n > 1. Then, see Subsection 3.2, we allow o to be
only locally Lipschitz continuous in X,. This framework turns out to be suitable to
treat parabolic equations in spaces of continuous functions, see Example 3.14. Fi-
nally, in Subsection 3.3, we drop the above-mentioned local Lipschitzianity request
on ¢ and only require that ¢’ is locally Lipschitz continuous from X, to the larger
space X. This allows treating, for instance, one-dimensional parabolic equations in
L?-spaces, see Example 3.18.

The paper is organized as follows. In Section 2, we first state the general as-
sumptions and describe the functional spaces that will be used in the paper. In
Subsection 2.2, we present our version of the sewing map, construct the convolu-
tion integral and study its regularity. Next, in Subsection 2.3 we extend the above
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results to the case of functions with singularities. Finally, Section 3 is devoted to
the study of equation (1.2).

Notation. For every a,b € R, with a < b, we set [a,b]2 := {(t1,...,tn) :a < t; <
th < ... <ty <b}and (a2 = {(tr,....tn) ta <ty <ty <...<t, < b}
By II(a,b) we denote a partition of the interval [a,bd], i.e., I(a,b) := {to = a <
t1 <...<t, =>b} for some n € N. |II(a,d)| is the amplitude of the partition, i.e.,
II(a,b)| := max;=1,... n |t; — ti—1], and the limit |II(a,b)| — 0 is meant as limit on
direct sets. Finally, we denote by B : (0,00) x (0,00) — R the Euler S-function

1

defined by B(a, §) = / t* (1 — )P~ 1dt for every a, 8 € (0,00).
0

2. THE SEWING MAP AND THE CONVOLUTION INTEGRAL FOR SINGULAR
FUNCTIONS

2.1. Main assumptions, spaces of functions and increments.

Hypotheses 2.1. (i) A : D(A) C X — X is the generator a semigroup of
bounded operators (S(t)):>o0 on the Banach space X.

(i) For every A € [0,3), there exists a space X (with the convention that Xo = X
and X1 = D(A)) such that if B < X then X is continuously embedded into
Xpg. We denote by K p a positive constant such that ||z||g < K gllz||x for
every x € Xy;

(iii) for every (,A € [0,3), with ¢ < A, and p,v € [0,1], with u > v, there exist
positive constants L¢ xr, and C, .., which depend on T, such that?

(a) IS 2(xc,x0) < Leart ¢,
®) 1S®) = Il z(x,.x,) < Cuprt' ™",

for every t € (0,T];
(iv) S(t) is injective for every t > 0.

(2.1)

Remark 2.2. Conditions (2.1) imply that the function ¢ — S(¢) is continuous in
(0, +00) with values in .Z(X). Indeed, fix to > 0, ¢t € (to/2,2t9) and A > 0. Using
(2.1), we can estimate

||S(t)£[: — S(fo),@”x :”(S(t Vig—tA to) — I)S(to A\ t)LL'”X
<Cpo.2tolt — to| M S(to A )z x,
<22Cy 0.2t0 Lo.x 260ty M|l x [t — to]*

for every x € X so that the function ¢t — S(t) is continuous at ¢ty with values
in Z(X). On the other hand, we stress that we do not require continuity of the
function ¢t — S(t)z at t = 0.

Example 2.3. If A is a sectorial operator on X, then Hypotheses 2.1 are satisfied
with X = D (X, 00) for every A € (0,2), Xo = D(A?) and X, = {z € D(A?):
A%z € Dy(A—2,00)} if A € (2,3).

Let a(s,t) := S(t — s) — Idx for every (s,t) € [a,b]2. Following [5], for every
n € N we introduce the operator &, : C([a, b]”; X») — C([a, b]%"; X) defined by

Onf)(t1s - tngr) =0 )1y tns1) — At tng) f(Ers - oo )

2When no confusion may arise, we do not indicate the dependence of the constants on T'.
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+
—

n

= (—1)n7jf(t1, e ,tn+1)/\j — Cl(tn, tn+1)f(t1, e ,Ifn)

Il
=

I

Il
-

(D)™ f(t1, o tns )™ = S(tagr — ta) f(t1, - )
J

for every f € C([a,b]%; X)) and (t1,...,tn41) € [a, 02", where, for every j =
1,....,n+ 1, (t1,...,tar1)"V is the vector, with n components, obtained from
(t1,...,tns1) erasing the j-th element. In particular, if n = 1, then we have

(51f)(8,t) = f(t) - f(S) - Cl(S,t)f(S) = f(t) - S(t - S)f(S), (Svt) € [a,b]2<,

and, if n = 2, then we have

(g2f)(7'7 Svt) ::f(rv t) - f(’l“, 8) - f(svt) - CI(S, t)f(’l“, 8)
:f(T‘, t) - f(S,t) - S(t - S)f(T‘, 8)

for every (r,s,t) € [a,b]2.

Definition 2.4. Let a, 8 and v be nonnnegative constants. Then, C?([a,b]; X,),
as usual, denotes the Banach space of Holder continuous functions from [a,b] to
Xo. Moreover:

(1) €°([a,b]2; Xa) is the set of continuous functions f : [a,b]2 — X, such that

f(s,8) =0 for every s € [a,b] and

1/ (s, )l x
ablZ:X,) = Sup = < 00,
1l %8 (0612 :x0) agsggb ()7
Similarly, €7 ([a,b]2; X,) is the set of continuous functions f : [a,b]2 — X,
such that f(r,s,t) =0 whenr =35 or s =1 and
_ 1f(r; s, D)l x,

Fllogs 5 = sup — Y < 0
11l (fa012 50 acresoicy (E—1)P

(i) €-~((a,b]; Xa) is the set of continuous functions f : (a,b] — X, such that

1l ((aplixa) = ts?pb}(t —a)"[[f(t)llx, < oo
c(a,

If v = 0, then we set Cyp((a,b]; Xo) := Go((a,b]; Xo);
(iii) CKE,Y((CL, b]2; X,) is the set of continuous functions f : (a,b%2 — X, such that
f(s,8) =0 for every s € (a,b] and
A1 G D)l x

fllzs ) = sup (s—a))— <0
I7le @z ixay = S _ (5= a)" =055

Similarly, ‘(o”fg,y((a, b]2; X4 ) is the set of the continuous functions f : (a,b]> —

Xo such that f(r,s,t) =0 whenr =35 or s =1 and
1f(r,s,8)l1x
= — o)V e o
HfHCgEW((a’b]i;X"‘) a<rs<ll]it§b(r @) (t—r)8 o

We introduce a new increment and an operator acting on functions f : [a, b]2 —
X.
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Definition 2.5. For every n € N and every function f : [a,b]2 — X, we set:

(6s,1f(t1,t2)) :==S(t1 — a)(f(t2) — f(t1)),

n—1

(6s)nf)(t1, e ,tn+1) = (—1)n_if((t1, e ,lfn+1)/\i)
i=1
+S(tn_tn—l)[f(tlu'-wtn—lutn—i-l)_f(tla---atn)]'
Further, for every n € N, f : [a,b]2 — X and (t1,...,t,) 6 [a b2, we set
(?f)( ) =St—a)f(t), if n =1, and (Spf)(t1, . tn) = S(tn — tn1) f(t1, s tn),
ifn > 2.

Lemma 2.6. For every n € N and every function f : [a,b]t — X, it holds that
gnSnf = Sn+163,nf' (22)

Proof. Fix f : [a,b]2 — X. From the definition of the operators 6, and dgn it
follows that

(6,Snf)(t1, - .- tng1)
n+1

_Z ) TUSu )ty s tng 1)) = altns tug1) (S )ty -+ 1)

=(— )" S (b1 — tn) fta, o tngr) + (= 1) 728 (bngr — tn) f(t1,ts o tng)
o St =t ) (e taety tngt) — S(Engt — tn1) F(t1s - tn)
n—1

=S(tns1 —tn) ( Z(—l)"_if((tla s tay)™)

=1
St =t (s bty tat) — f(tl,...,tn)])

for every (t1,...,tns1) € [a,b]"" and the term in brackets is (8g.,f)(t1, .-+, tni1)-
|

The following result is the analogous of [5, Proposition 3.1], which deals with
the increment §,,.

Lemma 2.7. Im(ds,,) = Ker(dsnt+1) for every n € N.

Proof. Let us begin by proving the inclusion Im(ds ) € Ker(ds,+1). For this
purpose, we fix a function g € Im(dg,,) and let f : [a,b]> — X be such that g =
0s,nf. From Lemma 2.6 it follows that 5nSnf = S;+19. Clearly, the function 5nSnf
belongs to the range of the operator on which, by [5, Proposition 3.1], coincides with
the kernel of the operator 5n+1- Therefore, by applying (2.2) with n replaced by
n + 1 we infer that

0 :SnJrlSnSnf - SnJrlSnJrlg - Sn+25S,n+lg-

Since each operator S(t) is one to one, we conclude that dg,+19 = 0, so that g
belongs to the kernel of the operator dg 1.

To prove the inclusion “D”, we fix a function f : [a,b]"" — X such that
dsn+1f = 0 and consider the function g : [a,b]? — X, defined by g(t1,....tn) =
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fla,ty... ty,) for every (t1,...,t,) € [a,b]”:. Note that
n—1

(5577,9)(151, . ,tn+1) = , (—1)"_if(a, (tl, e ,tn_:,_l)/\i)

+i

S(tn - tn—l)[f(a/utlu e 7tn—17tn+1) - f(aatla cee 7tn)]

i
L

(=1)" ' f((a by, b))
S(tn = tu- 1)@ty s bty tugr) = f(@yt1, - )]
(=)™ ((as e, tgn) ™)
S(tn =t 1)@ty s bty tugr) = f(ayt1y . )]

:(6S,n+lf)(a7t17 cee 7tn+1) - (_1)nf(tlu e 7tn+1)
=(=1)" (s tag)
for every (t1,...,tny1) € [a,b]"". From this chain of equalities it follows that f is

the image under the operator g ,, of the function (—1)"*!g. The proof is complete.
O

s
Il
-

_|_

I
.
[

_|_

2.2. The sewing map and the convolution integral for the new increment.
The aim of this subsection is to prove the existence of a sewing map M for functions
in Ker(ds,3). As a byproduct, we are able to define the convolution integral for a
wide class of functions.

Proposition 2.8. Fiz > 1, a € (0,2) and f € €*([a,b]2; Xo)NKer(ds,3). Then,

there exists a unique function M € ﬂ G ([a,b]%; Xaye) such that 5M = Sz f
0<e<1

on [a,b]2. Moreover, for every e € [0,1) there exists a positive constant C' =

C(e, o, p1,b — a) such that

[Mlgn-=(tap2 ;xXare) < Clfllgnanz xa)- (2.3)

Proof. Uniqueness. Fix f € €*([a,b)2; X,) and let My, M be two functions as in
the statement. Then, Sg(Ml — M) = 0, and therefore, by [5, Proposition 3.1], it
follows that there exists a function g € C([a,b]; Xo) such that d,g = M; — My €
¢+ ([a,b)%; X,). From [5, Proposition 3.4] we conclude that g =0, i.e., My = M.

Ezistence. Since f € Ker(ds3), from Lemma 2.7 it follows that there exists
a function ¢ : [a,b]2 — X such that f = dg29. Lemma 2.6 shows that Szf =
S3ds,20 = 02S2g. If we set 1 := Sy, then we get da1) = Ss f.

Since the rest of the proof is rather long, we split it into several steps. In Step
1, we construct the function M. Unfortunately, from the way the function M is
defined, is not easy to prove that 6o M = S3f. Hence, in Steps 2 to 4, we prove
that, for every s,t € [a,b], with s < ¢, it holds that

M(s,t) = (s, t) — ‘H(Egl'%z St —t)(tio1,ti), (2.4)
’ i=1

in Xo, where II(s,t) := {s =to < t; < ... < t, =t} is a partition of [s,¢]. Using
this formula, in Step 5 we complete the proof.
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Step 1. Let us fix (s,t) € [a,b]2, with s < t, and for every n € NU {0} let us
consider the partition

(s,t) = {s =1l <...<rl =t} r?:=s+i2—ns, i=0,...,2", (2.5)

of [s,t]. For every n € NU {0}, we set

M, (s,t) : ZS’t—r i, ). (2.6)

Moreover, M, is a continuous function on [a,b]% \ {(s,s) : s € [a,b]}. Note that
r) = s, r{ =t and, therefore, My(s,t) = 0.
By straightforward computations, we get

M, (s,t) ZS (t — ri (et ety

and
2’7l
n+1 n+1 n+1
My41(s,t) ZS (t—ry )(ry e )

n+1 n+1 n+1

_E St —ry )y me )
n+1 n+1 n+1
=1(s,t) E St =1y )Y(ry e )

- Z S T;T_l (r;lz+1 - 7"7211“1)1/’(7”31“27 T;T_ll)
so that, recalling that (S3f) (r s t) = S(t—s)f(r,s,t), we deduce that

Mn+1(5a t) Z S t— Tn+1 52¢)(T;lz+12a T;lz+117 ng—i_l)
= Z S T;T_l S3 f)(r;lz+127 r;lz+117 r;lz+1)

_ n+1 n+1 n+1 n+1
E St =1y ) f(rgi o, 1y

Let us stress that, differently frorn the equality obtained in [5, Theorem 3.5], the
argument of S(-) is always greater than or equal to 27"~!(t — s), so that it never
reaches 0. This allows to exploit the smoothing properties of the semigroup in order
to get better regularity in space. Since My(s,t) = 0, it follows that

n—1

My (s,t) = Y [Myy1(s,t) — My(s,1)]. (2.7)

k=0
Each term in (2.7) belongs to X,4. for every € > 0, by Hypothesis 2.1(iii)-(a).
Moreover, for every € € [0,1) and k € NU {0} we can estimate

| My y1(s,t) — My(s,t)||x.,.
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276
<Laatell fllgn(ap sxalt = s[*27* Z |t — 5|
=1
276 1 T;c:»l
k —
=La,a+ell fllnqanz xalt = s#27 ke Z P /k+1 |t — 5| 7ode
i=1 2i— T2i—1

t
S2La,a+ell flln(anz xa)lt — s|rtok(=m / (t—¢&)cdg

R TC R e N} N T
where Lo a+e = La,a+teb—a and we have used the fact that the function & — (¢—§) ¢
is increasing in (s,t). It follows that the series defined in (2.7) converges in Xqe
as n tends to oo.

Denote by M (s,t) the limit in X, 4. of the sequence {M,,}. Since this sequence
uniformly converges in [a, b]%, the function M is continuous in [a, b2 \ {(s,s) : s
[a, b]} Using the above computatlons, we can easily extend M on the diagonal of
[a, b]%, setting M (s, s) = 0 for every s € [a,b]. The so obtained function, which we
still denote by M, belongs to ¢*~¢([a,b]%; Xq4e) for every € € [0,1) and formula
(2.3) holds true.

Step 2. This is the crucial step to prove formula (2.4). Let us fix s, t' € [a, b] with
s’ < t', and let us consider a partition T (s',#') = {s' = <P < ... <" =t}
of [¢/, '], with more than two points. We set

n

M (') = (' ) = " St — vy, rl). (2.8)

i=1
and notice that there exists 4 € {1,...,n — 1} such that r}, —r} | < 2(5:15/).
Indeed, suppose by contradiction that r*, ; —ri* | > M foreveryi=1,...,n—1.

Then, from the formula

n—1

/ r_ n n n n
U —s = E (rifn —rit) — 71+

i=1

we get the contradiction ¢/ — s > 2(t' — ') — (rl_; — 1) >t/ — ¢

Let us denote by i, an element of {1,...,n—1} such that it — 7t | < 2(5:15 )
and consider the partition TI(" =1 (s',¢') = {s =gt < r? ! < <=t} C
™) (s, #') of [s/,#'], where rI'~' = 2 for every i € {0,.. —1}, and 7 =P
for every i € {i,, +1,...,n}. Accordingly to (2.8), we deﬁne

My (s',t)) = (' ') = 3 S — P~ D)p(ri 5t e ™).
Arguing as above, we infer that there exists i,,_1 € {1,...,n—2} such that T B +1
rg;ll_l < % We set r'2 = ! for every i € {0,...,ip_1 — 1} and
7‘?:12 = r:-l*l for every i € {i,—1+1,...,n—1}. Iterating this procedure, for every

ke {1,...,n — 1} we define a partition TI®)(s",¢') = {s' = vk <k < ... <1k =
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'} c MFHD (s ') of [s/, ] and a function
]/\Ik(sl,t/) ZS — Ok .

Fix k = 1,...,n — 1 and denote by i, the index such that TI*)(s',¢') = {5’ =

el << rg::lﬁl < r?ktlﬁl <...< 1t} Note that
k+1
Mk+1(s t') ZS ey (it
Zk+1 1
=i(s, 1) Z St — rEt by (rht ) PRt
B k+1 S S ;o k1 k+1  k+1
S( 'Lk+1)¢( ipp1—1’ 'Lk+1) S(t Tgk+1+1) (r;k+17r€k+1+1)
k+1
— > SE =t e
Tpt1+2
Tpp1—1 k
:Z/}(S/a t/) - Z S(t/ - Tf)w(Tfflv Tf) - Z S(t/ - Tf)‘/’(’"ﬁu?‘f)
i=1 i1+l
Gt — k(R ke 1kl N
S(t 'Lk+1)¢( ipp1—1’ 'Lk+1) S(t Tfk+1+1)w( Tpg1’ rik+1+1)

so that
M\kﬂ(s/vt/) - Mk(s/vt/) =St — et p(rEttph

ip41+1 tht1—17 dpp1+1
B s R+l k1
S( 1k+1+1) ( Tht1 Tik+1+1)
Gt — pE (Rl ke
S(t TikJrl)w( ipy1—17 lk+1)

fs(t/ —T )(5 1/})( k+1 k+1 TkJrl )

tpp1—1’ 1k+1 ip41+1
k+l k+l k+1 k+1
=St —rt ,
( lk+1)f( tpp1—1’ 1k+1 lk+1+1)

for every k = 1,...,n— 1. Assumption (2.1)(a) and the hypothesis on f imply that
v 7 k k
1M1 (s' ) = Mi(s', ) xo SLacallFllgn o xalrs o =5l

<2La,a(t’ = ") fllgn(lap2 sxa) k" (2.9)
for every k=1,...,n — 1. From M\l(s',t’) = 0 it follows that

n—1
Ma(s', 1) = 3~ Mg (', 1)) = Mi(s', 1),
k=1
and from (2.9) we infer that
1Mo x < 29 ('S ) Lol Flligags i Zk "< Cull fllgnamz xa) (= s,

(2.10)
where C), := 2"Lo.0 ) poq k7"
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Step 3. Let us fix s,t € [a,b], with s < ¢, and let II1(s,t) = {s=up < u1 < ... <
Uy = t} and Is(s,t) = {s = wo < w1 < ... < wy = t} be two partitions of [s, t]
with II; (s, t) C Ila(s,t). For every ¢ = 1,...,m, let us denote by sé, i=0,...,7%,
the elements of Iz (s, t) which satisfy u;—1 = s) < si <... < 831 = u;. If we set

M, (s, t) ZS t—ug)(ui—1,u;i),
MH2(S t ZS t—wJ wjfl,wj)
SR 5 ST
=1 57=0

then we get

M, (s,t) — M, (s,t) = <S’(t — i) (ui—1,u;) — ZZ S(t— 5§)¢(3§_1= 33))

-

s
Il
-

o

S(t — uy) <¢(ui1, ug) — i_: S(us — s§)w(sh_y, s;’.)).

=1

Thanks to (2.10) we can estimate every term of the above sum by setting s’ = u;—;
and t' = u; for every i = 1,..., m. It follows that

[ M, (s,t) = M, (s,) | x0 <La,aCullfllen(ap xa) Z(U:i —ui—1)"
i=1
<La,aCull flln a2 xalt — sl nax (i —ui1)P
(2.11)
Step 4. Now, we are ready to prove (2.4). We fix s,t € [a,b], with s < ¢, and
€ > 0, and we prove that, if we choose § := [(4La7aCM||f||c€u([a7b]:i;xa)(t—s))_la]/\l,
then for every partition II(s,t) = {s = to < t1 < ... < t, = t} of [s,¢t], with
ITI(s,t)| < 4§, we get

n

i=1 Xa
This will yield (2.4).
We fix a partition II(s, t) of [s,t] as above and set
My(s, t) = ZSt—t tio1,ti).

We recall that there exists m € N such that, for every m > 7, it holds that
[[M(s,t) — M (s,t)||x, < e/2, where M,,(s,t) has been defined in (2.6) for every
m € NU{0}. Without loss of generality, we may assume m > log, (6~ 1(t — s)),
which implies that ‘;_—ﬁs < §. Therefore,

HM(Svt) - MH(Svt)HXa SHM(Svt) - MW(Svt)”Xa + ”MW(Svt) - MH(Svt)HXa
g
<5+ [ Ma(s,t) = Mu(s, t)] x..- (2.13)
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We set II(s,t) := (s, t) UTII(s,t) =: {so = s < 81 < ... < s, = t} for some
h € {max{n,2™},...,n+2™ — 1}, where II,,(s,t) has been introduced in (2.5) for
every m € NU {0}. We also set

h

Mg(s,t) = (s,t) = Y S(t = si)9p(si-1,5:)-

i=1
Since both II(s, ¢) and Ig(s,t) are contained in (s, t), from estimate (2.11) we
infer that
([ Mr(s, t) — Mu(s, )] x, <|[Mzm(s,t) = Mg(s, t)l|x, + [[Mg(s,t) — Mm(s, )]l x.,
SLOhOlcu||f||‘€l‘([a,b]?’<;Xa)(|HW(87t)l + |H(Svt)|)(t - 8)
€
L2L6,aCud || fllgn(ja,p2 x0) (E = 8) < >

which gives (2.12) combined with (2.13).
Step 5. Now, we complete the proof, using formula (2.4) to show that

(82M)(r, 5,t) = (029)(r, 5,1) = (Saf)(r,5,1), (r,5,1) € [a,b]2
We first observe that
(B2 M) (r,7,t) = M(r,t) — M(r,t) — S(t —r)M(r,7) =0

and (Ss3f)(r,mt) = S(t —r)f(r,r,t) = 0 since, by definition of €*([a,b]>; X,), f
vanishes at the points of [a, b]2 with at least two components which coincide. Hence,
(02 M) (r,7,t) = (S3f)(r,r,t). In the same way, we can show that (dM)(r,s,s) =
(S3f)(r,s,s) for every a < r < s <b.

Let us consider the case when a < r < s <t <b. For this purpose, we use (2.4)
to show that, for every a < r < s <t < b, it holds that
(SQM)(Tv S, t) :M(Tv t) - M(Sv t) - S(t - S)M(Ta S)

n

:1/)(7”, t) — hrn S(t — ti)i/)(ti,h tl)

[IL(r,t)[—=0 <=

—z/J(st—i— lim ZS’t—t tio1,ti)

st\~>0

— St —s)Y(r,s)+S{t—s) lim ZSs—t ti1,ti)

[TI(r, s)|—>0

n

=(b21))(r,s,t) — lim St —t)(ti_y, t;)

II(r,t
ITL(r)| 50 £

li S(t—t)(ti_1,t 1 St —t)Y(ti—1, t;).
+‘H(;gﬂ%;< Jolti-zt) + | lim Z 1 t)

(r,s \~>0

Since

lim ZSt—t (ti—1,ti)

II(r,t) \~>0

= lim ZSt—t (tie1,t —|— lim ZS’t—t P(ti—1,t;),

st\—)O rs\—)O
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the assertion follows at once. O

Let us provide an example of a function f which satisfies the assumptions of
Proposition 2.8. The great relevance of this example will be made clear in the
second part of Subsection 2.3.

Example 2.9. Fiz two positive numbers P and n such n+ p > 1. Further, let x €
C"([a,b]) and ¢ : [a,b] = X be such that 61¢ € €*([a,b]%; X,) for some a € [0,2).
Finally, let g : [a,b]2 — X, be the function defined by g(s,t) :== (x(t) — z(s))e(s)
for every (s,t) € [a,b]2. Note that
(0s,29)(r,s,t) = — g(s,t) + S(s — r)g(r,t) — S(s — r)g(r,s)

=(a(t) — z(s))(—p(s) + 5(s = r)p(r))

== (z(t) = 2(s))(0190)(, 5) (2.14)
for every (r,s,t) € [a,b]2. This means that the function f = 529 belongs to
¢ ([a,b)2; Xo) with pw =n+ p. Further, from Lemma 2.7 we infer that 6g3f = 0.
The assumptions of Proposition 2.8 are satisfied and, consequently, there exists a
unique function M € ﬂ €+ ([a,b]2; Xoe) such that oM = Szf = S305,.29 =

€€[0,1)

SQSQQ. Moreover,

|‘M||‘ta”“*5([a,b]2<;Xa+5) < C||$||cn([a,b] ||51<P|\<gn([a,b]2‘<;xa)

for every e € [0,1) and some positive constant C = C(e, a, ).

Let g € C([a,b]%; X,) be a function such dg29 € ¢*([a,b]2; X,) for some a €
[0,2) and 7 > 1. Following [5], we introduce the function k, : [a,b]%2 — X defined
by

kg(s,t) =St —s)g(s,t) — M(s,t), (s,t) € [a,b]%, (2.15)
where M is the function defined in Proposition 2.8, associated to the function
f = 0s,29. Using the arguments in the last part of the proof of Proposition 2.8,
it can be easily checked that the function .#, = k,(a,-) satisfies the condition
(01.9,)(5,t) = ky(s,t) for every (s,t) € [a,b]% and belongs to C([a,b]; X,). More-
over, .#, vanishes at t = a and this is the unique function with this property which
belongs to C([a, b]; X). Indeed, suppose that ¢ is another function in C([a, b]; X)
which vanishes at ¢ = a and satisfies the condition &, J = kgy. Then, the function
h = ., — # vanishes at a and 6,h = 0 in [a,b]. In particular, (5,h)(a,t) = 0 for
every t € [a,b], which means that h(t) — S(t — a)h(a) = h(t) vanishes for every
t € la,b].

Inspired by [5], we provide the following definition.

Definition 2.10. Let g € C([a,b]%; X,), for some a € [0,2), be such that 6529 €
¢ ([a,b]2; X,) for some u > 1. The function Iy = ky(a,-), where kg has been
defined in (2.15), is called convolution integral of g.

2.3. Convolution integrals with singularities. Since the map t — ||S(t)¥| x,,
has a singularity at ¢ = 0 of order v — p if ¥ € X,, we need to extend the statement
of Proposition 2.8 when f € €* ((a,b]2;X,), i.e., when the function f has a
singularity of order v > 0 at s = a, and pu > 1. To begin with, we show that,
thanks to Proposition 2.8, we can define a unique function M on (a,b]% which
enjoys nice properties.
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Lemma 2.11. Fiz pp>1, a € (0,2) and let g : (a,b]2 — X be a function such that

ds,29 belongs to 6" ((a,b]2; Xo). Then, there exists a unique function M which

belongs to ﬂ €' ([a + 0,b]2; Xate) for every 0 € (0,b — a) and satisfies the
€€[0,1)

condition 62 M = S3ds 29 in (a,b]>.

Proof. We begin the proof by observing that the function f = g 2¢g satisfies the
assumptions of Proposition 2.8 in [a+6, b2 for every 6 € (0,b—a). Hence, for every
6 € (0,b — a) there exists a unique function My € ﬂ " ([a+0,b]%; Xate)
e€0,1)

such that 0o M, = Sz f in [a + 6,b]3.

Note that, if 0 < 1 < 62 < b — a, then My, and My, coincide on [a + 62, b]2.
Therefore, if for every (s,t) € (a, b2 weset M(s,t) = My(s,t) for some 6 € (0, s—a),
then the function M fulfills the required properties. O

Theorem 2.12. Fizxn € (0,1), p > 1, o,8 € [0,2), with 0 < a—8 < 1, v €
(0,9 A (1 + B — @) and suppose that g belongs to €"_ ((a,b]%; Xs) and satisfies
the condition 6529 € €" ((a,b]2;Xg). Then, the function ky : (a,b2 — X,
defined by kg(s,t) := S(t — s)g(s,t) — M(s,t) for every (s,t) € (a,b% (where M is
the function defined in Lemma 2.11) can be extended up to s = a and it belongs to
() € HP=77((a,b]%; Xaye), where g = (14+B—a) A(nA(p+B—a) —7).
e€[0,e0)
Further, Szkg =0 on |[a, b]i and there exists a positive constant C, which depends
one, u, b—a, n, v, a and B, such that

[kgllgnnwra-ar——c(apz:xoie) < CUGle (@p2ixa) + 10529ll6r ((@p2ixs)-
(2.16)

Proof. To begin with, we observe that the function g satisfies the assumptions of
Lemma 2.11, with « being replaced by 8. Hence, there exists a unique function M,
which belongs to ﬂ ¢"([a + 0,b]%; Xg4c) for every 0 € (0,b— a), such that
e€0,1)
02 M = S305,29 = 02S2g in (a,b]% (see Lemma 2.6).
Let us fix € € [0,20), (s,t) € (a,b]2, with s < ¢, and n € N, and introduce the
function

on
My (s,t) = ¢(s,t) — ZS(f — (i, ri) = Ma(s, 1) + St —r{)Y(s, 7).
i=2
(2.17)
where 1) = Syg for every (s1,s2) € (a,b]2, r* = s+ 5= (t — s) for every n € N and
1 =0,...,2", and the function M, is defined in (2.6). We omit from the definition

of M, the term S(t — rP)ab(s, 771 in order to stay away from the singularity at
s = a. For every n > 1 we get

MnﬂLl(Sv t) - Mn(S, t)
=M,11(s,t) — M, (s,t) + S(t — T;H_l)i/}(s, T;H_l) =St —rP)(s, )

on

1 1 1 1
= Z S(t =150 (05,29) (P55, i 1, 7hi )
i=2
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= St =) [(Es,20) (5,17 = (s, 7] = S(E 3w (s, 13

=378 — ) (Bs,29) (5T ri L rB ) — S — g (rp Y ),
1=2

Hence,

||Mn+1(57 t) - Mn(S, t)||Xa+s

2n
SL5,G¢+6||5S,29||<€fw((a,b]3<;X5) Z |ng'+1 _ r;;tlgl“lt - ngt11|57°‘75|rgzt12 —al™?
i—2

+ Laarelgllen (apzixalt =i 72270t — o)™t —a| ™

on
SLﬂyOH-E||6S,2g||cta”f,y((a,b]i;Xﬁ)|t — sl Z |t —rptt |fraepntl g7
=2

+ 27””*52"(77”)13@“5||g||<gjw((a,b]2<;xa)|t — [, (2.18)
where the constants L, s = L, s5—q have been defined in Hypothesis 2.1(4i7)-(a)
and in the last step of (2.18), we have used the inequality

n — n — — —n—1\— t—s -
[t =P — a7 =t - s) (1 - 27T 8<S_G+W>

E(+ _ o\—€ t—s _’Y_ e+y(14n) (4 \—e—7
<2°(t—s) ! =2 (t—s) .

Let us estimate the first term in the right-hand side of (2.18). We stress that,
differently from the computations in the proof of Proposition 2.8, we have the
additional factor |} —a| ™7, which arises from the singularity of s 29 at a. Note

that

t—s 1
n+1 _ n+1 n+1
Toj—g —A=Tg9; — on —a2 5(7”% —a)
if ¢ > 2. Hence,
on
_ ontl | f—a—e|,nt+l _ 1=y
E [t — 5] Iry;—y — al
i=2
on n+1
2Y Tai
n+1 |f—a—e|,.n+1 —
SE : 1 nrl | [t — 75| ry; ~ —al "d¢

im2 T2i  —Toi—1 JriTy

t
S R K RS

where we have used the fact that the function & + (¢t — £)?~%7¢ is increasing in
(—o0,t) and the function £ — (£ —a)~7 is decreasing in (a,00). Further,

/t(t — e —a)TVde < /t(t — &) (6 —5)de
S :Bs(ﬁ—a—sﬂ,l—7)(t—s)1+ﬁ*a*7*5.
It follows that
IMos1(s,8) = Mi(s,1)] ..
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S27+1+”(17#)L5,a+6B(ﬂ —a—e+1,1- ”Y)||5S,29||S€fw((aqb]3<;xﬁ)|t - S|#+ﬁia777€

42—y tegn(y=n) It — |77

aatellgllen (apzixa)

Next, we note that
n—1
M (s,t) = (s, t) = > [Misa(s,8) — Mi(s, )] = (27 (s +1),1)
k=1

and, consequently, recalhng that (ri,rd) = S(271(t—s))g(271(s+1),t) and taking
into account that [271(s +¢) —a|™” < 27(t — s)™7, we can estimate

[ M (s,8) = (s, )| xor SCL0s29ll% (0012 5x0) + N9l ((ap2ix0))
n—1
« <Z(2k(1 1) L ok(y— n)) + 1> |t — |nA(u+ﬁ a)l—v—¢
k=1
<Co(llds.29ll e (ap2:x5) T N9llen (@p2:x.))
x |t — s|nNtB-a)]—y—e (2.19)

for some positive constants C; and Cs which depend on €, u, b — a, v, , a and (3,
since the series Y po | (2F(1=#) 4 28(v=)) converges. Further, from (2.17) we get

1M (s,t) = Mn(s, t)|[ Xaye <27 Laatellgllen ((apz;xa)(s —a) |t —s["°

and we conclude that Mn(s,t) converges to M(s,t) in Xo4e, as n tends to oo.
Hence, letting n tend to +oo in (2.19), it follows that the function ky = ¢ — M
satisfies the estimate

[1kg (8, )l X0y <Ca(ll0s,29ll%% (a2 XB)+||9||<5" (b2 :X0))
x |t _SW ptf-a)l=r—e, (2.20)

Showing that (dak,)(s,t) = 0 is an easy task. Indeed, by the definition of the
function v, it follows that d21) = 89S in (a,b]%, which coincides with 59 M, as it
has been shown at the very beginning of the proof.

Finally, to conclude the proof, we show that function k, can be extended to
[a, b]2 with a continuous function. First of all, we observe that k, is continuous in
(a,b]2 \ {(s,s) : s € [a,b]} since ¢ and M are therein continuous. Moreover, using
estimate (2.20), we can extend the function k4 by continuity to the points (s, s) with
s € (a,b] by setting k,4(s,s) = 0. Next, we observe that, for every a <r < s <t, it
holds that

kg (r,1) — kg (s, 1) = (02kg)(r,,) + S(t — 8)kg(r, 5) = S(t — 5)ky(r, ).
From (2.20) we infer that
kg (7, 8) = kg8, )l xose < Late,arellkig(r, 8)llxa,. < Cls —rPAEHPml==e,

This implies that the ky(s,t) converges in Xo4. as s tends to a™. We denote
the previous limit by k4(a,t). As a byproduct, (2.20) holds true for every (s,t) €
(a,b]2 \ {(a,a)} and, using this formula we can extend by continuity k, at (a,a)
setting kq(a,a) = 0. It follows that dak ; =01in [a,b]2

It remains to prove the continuity of k, in {a} X [a,b]. Fix t¢ € [a,b] and (s,t) €
[a, b]2. We show that k,(s,t) converges to ky(a,to) in Xa+ as (s,t) tends to (a, o)
in [a,b]2. First, we consider the case to > a. If t > o, then, since (Sgkg)(a, s,t) =
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(82ky)(a,to, t) = 0, it follows that ky(a,t) = k,(s,t)+S(t—s)k,(a, s) and ky(a,t) =
kg to, t) + S(t - to)kg(a, to). Hence,
kg(s,t) — kg(a,to) =kg(s,t) — kg(a,t) + kq(a,t) — ky(a, to)
=— St — s)kg(a,s) + kq(to,t) + St — to)kg(a,to) — kq(a,to)
=—S(t— s)kg(a,s) + kq(to,t) + a(to, t)kg(a, to)
On the other hand, if ¢ < tg, then we can split
kg(s,t) = kg(a,to) =kq(s,t) = kg(a,t) + kg(a,t) = k(a to)
=—S5(t—s)kg(a,s) — (kqg(t,t0) + a(t, to)ky(a,t)),
where we have used the formulas kg4 (a,t) = kg(s,t) +S(t—s)ky(a, s) and ky(a, to) =
kg(t,to) + kg(a,t) +a(t, to)kg(a,t). Combining the cases t >ty and ¢ < ty it follows
that
l[kg(s,t) = kg(a; to)ll xar. SLateatellkg(a,s)llxa . + lIkg(to AtitoVH)|lx.,.
+ Ha(to/\t,to\/t)kg(a,to/\t)”)((wrs. (221)

From (2.1)(b) and estimate (2.20), we get
la(to At, to V t)kg(a,to At)|x

a+te
Caenatelkglato At)||x, [t —tol” 2
<CoCarte.ate (19529l 6 ((ap2:x0) T 9llen (@p2:x.))

x |b— a|MN BBl =r—e g g 1e e (2.22)

for every &’ € (g,£¢). From (2.20), (2.21) and (2.22) we easily conclude that k4(s, t)
tends to ky(a,to) as (s,t) tends to (a,tp).

Finally, if to = a, then, since ||ky(s,t) — kg(a,a)||x.,. = |kg(s,t)||x. ., using
(2.20) we conclude that k,(s,t) converges to k(a,to) as (s,t) tends to (a,tp). O

Remark 2.13. (i) From the proof of Theorem 2.12, it follows that kg, 44, =
kg, + kg, for every pair of functions g1, g2 € €., ((a,b]%; X,) such that §s 291
and dg2g2 belong to %fv((a, b]2; X3), where the parameters «, 3, v, n and p
are as in the statement of the quoted theorem.

(i) Still from the proof of Theorem 2.12 it follows that condition (2.1)(a) is used
just to prove that k, regularizes in space. Hence, without such a condition
and assuming that 8 = «, the assertion of Theorem 2.12 still holds true with
e = 0, i.e., the function k, exists, belongs to €7 ([a,b]%; X,) and enjoys
estimate (2.20) with ¢ = 0 and the constant C, therein appearing, depends
onb—a,n,vand a.

Based on Theorem 2.12 and Remark 2.18, we can now give the following defini-
tion, which generalizes Definition 2.10.

Definition 2.14. Let g € " ((a,b]%; X,) be such that 6529 € € ((a,b]%; Xg
wheren € (0,1), u>1,0<p<a<2,a—F<landye0,nA(n+08—a)
Then, the function Z4 = kg(a,-) is called convolution integral of g.

)
).

Example 2.15. Fizn € (0,1), o, 8 € [0,2) such that 0 < a—3<1,pe (1—n,1),
ye0nAp+n+pB8—a), ze€ C'ab]) and ¢ € €-_1((a,b]; Xo) such that
o019 €2, ((a,0]2; Xg). Let g(s,t) = (x(t) — x(s))p(s) for every (s,t) € [a,b]2, as
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in Ezample 2.9. It is easy to check that g belongs to € ((a,b]%; Xo). Moreover,
Ezample 2.9 shows that (6s.29)(r, s,t) = —(x(t)—x(s))(01)(r, s) for every (r, s,t) €
(a,b]2. Hence, the function 6529 belongs to 6" ((a,b]2; Xp) where p=n+p>1,
and

(r—a)[|(6s,29)(r; 5, 1)l x5 < NIzl onapnlloreller ((apz;xq It — 71",
for every (r,s,t) € (a,b]2.
In view of Theorem 2.12 and Example 2.15, we can give the following definition.

Definition 2.16. Fiz o, 8 € [0,2), with0 < a—8<1,n€ (0,1), pe (1 —n,1),
ye0,nA(p+n+ B —a)) and x € C"([a,b]). Further, let ¢ € €_((a,b]; Xq) be
such that 6, € ¢ ((a,b]%; Xp). Then, we define the convolution integral of the
semigroup (S(t))i>0 with the function p, by setting

/ St —r)e(r)de(r) =: ky(s,t),
for every (s,t) € [a,b]2, where g(s,t) = (z(t) — x(s))p(s) for every (s,t) € [a,b]%.

In what follows, for every (s,t) € [a,b]2 we will also use the shorter notation
I3.o(s,t) 1= kg(s,t) to denote the convolution integral in Definition 2.16. The
notation underline the dependence on the semigroup (S(t))+>0 and on the function
®.

Remark 2.17. Let  and ¢ be as in Definition 2.16. Then, from Theorem 2.12 it

follows that .#g , belongs to ﬂ g tptB-a)=v=¢([q b]2; X,,.), where g9 =
e€[0,e0)

I+8—-—a)A(mAm+p+ B —a)—-), and, for every € € [0,e0), there exists a

positive constant C, which depends on ¢, b — a, 1, v, «, 8 and p, such that

| 8= ne)datr

sup  (t — S)*n/\(n+p+ﬁ*a)+’y+s
(t,5)€lab]Z

Xa+5
<Cllz|lenja,n) lelle (ablixa) T ”Sl(pn%”f,y((a,b]i;){g)) (2.23)

for every s,t € [a,b]2.

Remark 2.18. We stress that, if 2 € C'([a,b]), ¢ € €_((a,b]; Xo) and &1 €
€, ((a,b]%; X) with a € (0,1) and v satisfying the assumptions of the quoted
theorem, then the function Zg , is the classical convolution of the semigroup with
the function ¢, i.e.,

T p(s,1) = / S(t—Op©F(©de,  (s.h)€abE.  (224)
Note that

/ S(t — E)p(€)a’ (€)de = / S(t— £)[S(E — $)p(s) + (Bro)(s,6)]a/ (E)de
=St~ $)g(s, 1) + / S(t — &) (br) (s, )’ (€)de

=:5(t—s)g(s,t) + N(s,t)

for every (s,t) € [a,b]2.
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Thus, we need to prove that M + N = 0 where M is defined in Example 2.9, see
also Proposition 2.8.

Taking the definition of the operators 61, Sy and formula (2.14) into account, we
can write

(BN (r,5,) = / S(t — &) (1) (r, )2 (€)dé — / (t = ) () (s, )’ (€)de
~s(-9) | 55— €)(3r0)(r, )2 (€)de
- / S(t — €)(brp)(r, )2 (€)dé — / S(t — &)(r9)(s, ) (€)de

- / (S(t — 5)p(s) — S(t — r)p(r))a’ (€)de
=5(t - 5)((s) — S(s — P)p(r)) (a(t) — x(s))

=5(t — 5)(S1) (r, s)(x(t) — a(s))
— (8355129) (T, S, t)

for every (r,s,t) € [a,b]2. Thus, the function A = M + N satisfies the condition
02A =0 in [a,b]2.

To conclude that A identically vanishes in (a,b]%, it suffices to show that it
belongs to €*([a+6,b]%; X) for every 6 € (0,b— a) and then apply [5, Proposition
3.4]. By Lemma 2.11, M belongs to such a space. On the other hand,

t
[V (s, )|l x §977L0,O,b7a||1?/||C([a,b])||51<P||<ggw((a,b]2<;X)/ (§ —s)%dr
=077 Loob-a(@ + 1) M|z loam101¢llen (a2 ) = 5)'°

for every (s,t) € [a + 0,b]2, with 6 € (0,b — a), and every ¢ € (0,1), and,
consequently, N belongs to €7 ([a + 6,b2; X) — €¢*([a + 0,b]%2; X) for every
0€(0,b—a),sincel +a>n+a=pu.

Remark 2.19. The results in Theorem 2.12 are optimal as far as both the time
and the spatial regularity are concerned.

Indeed, if we refer again to Remark 2.18, then the classical convolution integral in
(2.24) belongs to €' =<7 ([a, b]%; Xae) for every € € [0,1—7). On the other hand,
the quoted theorem shows that s, belongs to €777 ([a,b]2; Xat.) for every
n € (0,1) and € as above, and the constant C' appearing in (2.16) does not blow up as
7 tends to 1 from below. Therefore, in this situation where x € C*([a, b]), estimate
(2.16) shows that .5, belongs to €*~77¢(([a,b]%; Xatc) for every e € [0,1 — ),
so that the time regularity in Theorem 2.12 is optlmal

To prove also the spatial optimality of the result in Theorem 2.12, we consider
the case when (S(t));>0 is an analytic semigroup in the Banach space X and Xz =
D (B, 00) for every 5 € (0,1). If we choose [a,b] = [0, 1], z(t) = t for every ¢ € [0, 1]
and ¢(t) = S(t)y for some y € X,_~, where 7 is fixed in (0, o) for some a € (0, 1),
and y does not belong to any space X3 with 5 > a—+, then we can easily check that
the classical convolution k, is given by ky(s,t) = (t—s)S(t)y forevery 0 < s <t <1
and it does not belong to the space €°([0,1]2; Xo4e) if 6 > 1 — e — 7 for every

€ (0,1 — ). Indeed, suppose that this function belongs to €°([0,1]2; Xac) for
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some § > 1 — e —~. Then, in particular,

SOyl xase = kg0, Ol xere < lkglles o2 xast’ t € (0,1].

We claim that this estimate implies that y actually belongs to the space Xy4et5-1.
Since « + €+ — 1 > a — 7 we are led to a contradiction.
To prove the claim, we recall that z belongs to Xg = D (8, 00) for some 5 €
(0,1) if and only if sup #'7?||AS(t)z||x < oo. Using the semigroup law, we can
te(0,1]

estimate
2 AS (tyllx =2 0 AS(1/2)S (8/2)yl x
<P N AS(t/2)]| L (X ) 1S (8/2)y ] X o
<Ct27o¢7576t71+a+5t571 =C
for every ¢ € (0,1] and the claim follows.

Remark 2.20. If v = 0, i.e., in the non singular case, Example 2.15 shows that
Theorem 2.12 agrees with the results in [1, Lemma 2.1].

Remark 2.21. (i) From Remark 2.13(i) it follows that, if 1,22 € C"([a,b]),

for some n € (0,1), and ¢1,p2 € €-~((a,b]; Xo) are such that d1p1,0102 €
", ((a,b]%; Xp) for some a, § € [0,2) with0 <a—-B<1,pe(1—n,1)and
Y E€[0,nA(n+p+ B —a)), then

/ S(t — P (F)d(z1 + 22)(r)
:/ St —r)p1(r)dei(r) + / St — 1)1 (r)dze(r)

and

/ S(t — ) (1) + pa(r))dia (1)
= [ 8= nprrdear)+ [ S - rea(ridn )

for every (s,t) € [a,b]2.

(ii) For every every x € C"([a,b]), with n € (0,1), and every ¢ € €_-((a,b]; Xa)
such that 61 € " ((a,b]*; Xp) for some a, f € [0,2) with 0 < a — 3 < 1,
pe(l—n,1)andye€[0,nA(n+p+ S —a)),it holds that

T

/ St —r)e(r)dxz(r) =St — 1) / S(r —r)p(r)dz(r)
+/ St —r)e(r)dz(r)

for every (s,t) € [a,b]%2 and 7 € [s,t]. This property is a straightforward
rewriting of the property Sgkg = 0 follows easily from observing that Slfsg,
identically vanishes in [a, b]2.
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2.4. The case S(t) = Id. In this section, taking advantage of the results of the
¢

previous subsection, we define the integral / o(r)dz(r), when ¢ has a singularity

at the left-endpoint of the interval where it is defined.
The main result is the following theorem.

Theorem 2.22. Fiz o € [0,2). Assume that x € C"([a,b]), for some n € (0,1),
¢ € ¢ ((a,b]; Xo) and b1p € € ((a,b]%;Xy), for some v € (0,1) and some
p € (1—n,1). Then, the Young integral

/ " o(r)da(r)

is well defined for every (s,t) € [a,b%. Moreover, there exists a positive constant
C, depending on o, v, n, p and b — a, such that

|/ ' p(r)da(r)

<Cllzllen(apn (lelle, ((aplixa) + 1010ller_(@p2:x2))lt = s["7
Xa
Proof. Tt suffices to apply Theorem 2.12, with S(¢) = I for every ¢t > 0, observing
that 6; = d; for j = 1,2 and dg2 = 02, and taking Remark 2.13(ii) into account.
Note that condition (2.1)(b) is trivially satisfied since a(s,t) = 0 for every (s,t) €
[a, b]2. |

Example 2.23. Let x belong to C"([0,T]) for someT > 0 andn € (0,1). For every
€ (0,1) the function f : (0,T] — R, defined by f(t) = t=* for every ¢t € (0,T],
belongs to €%, ((0, T|;R). Indeed, it is easy to check that
0 =5 e 17—

S ayp—Q ayp—Q
— < s <, 0<s<t<T.
(t—s)a S (t—s)o‘s s S =~ S S

Therefore, if we take o and 1 such that o < %77 and a+n > 1, then the assumption
of Theorem 2.22 are fulfilled and the integral

/st r~%dx(r)

is well defined for every s,t € [0,T], with s < t.

3. MILD SOLUTIONS TO YOUNG EQUATIONS

In this section we study the existence and uniqueness of the mild solution to the
following nonlinear Young equation

dy(t) = Ay(t)dt + o(y(t))dz(t), te (0,T],
y(0) = ¢,

where by mild solution we mean a function y : [0,7] — X such that Zg ,o, is
well-defined in [0, 7]2 and

y(t) = S(t) + (Fs,00y)(0, 1), t € 0,7 (3.2)

Further, we investigate the spatial smoothness of the mild solution.

(3.1)
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Remark 3.1. Let us observe that #g 50,(0,t) converges to 0 in X as ¢ tends to 0,
due to Remark 2.17. The continuity at 0 of the term S(-)v requires a more detailed
discussion. If the semigroup (S(¢)):>0 is strongly continuous then, for every ¢ € X
(which is allowed by Theorem 3.5), S(¢)y converges in X to 1 as ¢ tends to 0 and
the initial condition can be classically interpreted. The point is that, under our
assumptions, the semigroup could be not strongly continuous. In this situation, if
1 € Xy for some 6 > 0, then, due to condition (2.1)(b), S(¢)1 converges to v in
X as t tends to 0 and again the initial condition can be classically interpreted. On
the contrary, if ¢ only belongs to X, then, in general, S(¢)1 does not admit limit
as t tends to 0. The initial condition is satisfied by the mild solution in this sense:
for every to > 0, S(to)y(t) converges in X to S(to)®. Indeed, by Remark 2.2, the
function ¢ — S(t)x is continuous in (0, +o00) for every z € X.

We finally observe that, if (S(t));>0 is an analytic semigroup and ¢ € D(A), then
y(t) converges to ¢ in X as t tends to 0, If D(A) is a proper subspace of X (i.e.,
the semigroup is not strongly continuous) and ¢ does not belong to it, then the
initial condition can also be interpreted as follows: for every A € p(A), R(A, A)y(t)
converges in X to R(\, A)y as t tends to 0.

We split this section into three parts. In the former we prove the results when,
among other properties, the nonlinear term o is globally Lipschitz continuous in
Xq, for some « € (0,1). In the other two subsections we prove the same results by
assuming that o is only locally Lipschitz continuous in X, and that ¢’ is locally
Lipschitz continuous from X, into X, respectively, for some « € (0,1). In these
cases we need to strengthen the hypotheses on 7 in order to balance the lack of
regularity of o. To simplify the computations we consider T' = 1, since the general
case can be obtained with analogous arguments. We stress that, for arbitrary 7' > 0,
the constants which appear in the estimates also depend on T'.

3.1. The case when o is globally Lipschitz continuous in X,. We stress
that, even if the following set of assumptions on o might seem a bit artificial (since
we assume o to be Lipschitz both in X and X, while its derivative ¢’ is only
assumed to be locally Lipschitz continuous). We have two reasons to also consider
this case. The former is that the proofs, although maintaining the main difficulties,
are, in this setting, easier and should help the reader to better understand the
ideas behind the computations, the latter is that the proof of the main results
under weaker hypotheses on ¢ can be deduced from the computations developed in
this subsection, with some slight modifications. Hence, we can see this part as an
intermediate step in order to prove more general statements.

Hypotheses 3.2. (i) Hypotheses 2.1 are satisfied for every A,( such that 0 <
(< A<2.

(ii) The function x belongs to C"([0,1]) for some n € (1/2,1).

(iil) The function o : X — X is Gateauz differentiable with bounded and locally
Lipschitz continuous Gateauz: derivative o’. We denote by Lip, the Lipschitz
constant of o on X and, for every R > 0, by Lipf, the Lipschitz constant of
o in{zeX:|z|x <R}

(iv) There exists o € (0,1) such that n+ « > 1, the restriction of o to X, maps
this space into itself, and o is Lipschitz continuous as a map from X, into
itself. We denote by Lip the Lipschitz constant of o as a map from X, into
itself.
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Let us introduce the following space: for every a,y > 0, we say that f € Y2 (0,1)
if f € €_((0,1]; Xa)NCy((0,1]; X) and 61 f € €*([0,1]%; Xa). The space Y2 (0,1)
is a Banach space if endowed with the norm

Ifllye 0,1) = I flle_01:x0) + I1fleyo,11:x) + 1101 Fllsga (0,112 x.0)

for every f € Y (0,1).
An analogous definition is given for Y% (0,7") with 7" € (0, 1)

Remark 3.3. One may ask why, if f € Y% (0, 1), then the function t — [/ f(¢)| x,
has a singularity of order v at t = 0, while the function (s,t) — |61 f(s,t)|/x, has
not a singularity at s = 0. The reason is the following: if ¢ € Xy and 6 < «, then
the map ¢ — ||S(¢)¢| x, has a singularity at ¢ = 0 of order oo — §. On the contrary,
61(S(-)1h) = 0 for every ¢ € X. Thus, if y is a mild solution to (3.1), then ||y ()| x.
has a singularity at ¢ = 0, while (819)(s,1) = Fs.q0y(s,t) for every (s,t) € [0,1]2,
and so it has no singularity with respect to the X,-norm.

To begin with, we prove that the convolution integral Zg(,o,) is well-defined for
functions y € Yz* (0, 1).
Lemma 3.4. Let Hypotheses 3.2 be satisfied and fivy € Y2, (0,1) withn+a > 1
and n > . Then:
(1) Fs,00y is well-defined;
(ii) #5050y belongs to €1 775([0,12; Xate) and
75,00y llen——=((0,112 :x0 1) SCllleno, (L + [[yllye ©0.1))

for every e € [0, (1—a)A(n—=)] and some positive constant C, which depends
on e, n, v, the constant Cy 01 = Ca,0 in (2.1)(b), Lip,, Lipy and the norm
of 0(0) in X,.
Proof. (i). Let us prove that the function o oy satisfies the assumptions of Remark
217witha=0,b=1,y=a—-60,p=aand 8 =0,ie., 00y € € ,((0,1]; Xo) and
bi(ocoy) e %, ((0,1]2; X). The continuity of o o y and b1 (o oy) is a consequence
of the regularity of o and y. Further, from Hypothesis 3.2(iii) it follows that

lo(2)llxa < L1+ [lzllx.), z € Xao, (3.3)
where L2 = max{Lipy, ||0(0)||x, }. Therefore, we infer that
sTllo(y(s)llxa <Lgs™(1+[ly(s)llx.) < Ly + llylle, 011:x0))- (3.4)

Let us prove the condition on 1 (o oy). For this purpose, we observe that

1(01(o 0 9))(s, D)l x <llo(y(t)) = o(y(s)llx + llals, )o(y(s))]x

<Lip, [ly(t) = y(s)llx + Caolt = s|*llo(y(s))llx.

<Lip, [[(319)(s, )| x + Lipylla(s, t)y(s)l|x

+ CaoLglt — s[*(1+[ly(s)llx..)

<Lip, [[(319)(s, )| x + Caolt = 5|*(Ly + (Lip, + L3)lly(s) x.)

for every (s, t) € (0,1]%. By recalling the definition of Y* (0,1), we conclude that
o I(O1(o 0 ) (s, 8)l1x

|t — s

<CaoLg + [(Cao V1)Lip, + Ca o L5lllylly= (0,1)-
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Hence, the assumptions of Remark 2.17 are fulfilled by ¢ oy and so the convolution
integral Fg 5oy is well-defined.

(ii). From (i) and Remark 2.17, it follows that 7 so, € €7 77°([0,1]2; Xate)
for every € € [0, (1 —a) A (n—1)) and estimate (2.23) holds true, with ooy in place
of . O

Theorem 3.5. Let Hypotheses 3.2 be satisfied. Then, for every i € Xg with o > 0
and n > 2a — 0, there exists a unique mild solution y to (3.1) which belongs to
Y5t o (0,1).

Remark 3.6. If § = « then Theorem 3.5 coincides with [1, Theorem 3.2]. On
the other side, we can also choose an initial datum v barely belonging to X. The
conditions n > 2« and a + 7 > 1 imply n > 2/3. In other words, we can drop any
regularity requirement on the initial datum as long as we choose a slightly more
regular noise x (but still not differentiable).

Proof of Theorem 3.5. To begin with, we notice that, if y is a mild solution to (3.1),
then a straightforward consequence of Remark 2.21(ii) is that

y(t) =St — 1)y(1) + Fs,00y (7, 1), (r,t) €0, 1]2<

Since it is rather long, we divide the proof into some steps.

Step 1. We prove a general estimate of the right-hand side of (3.2).

Taking advantage of Lemma 3.4 with v = a — 6, it is not hard to prove that
for every y € Y3 (0,T) the function [0,T] 5 ¢ — S(t)1) + Fs,60y4(0,1) belongs to
Yy ,(0,T) for every T € (0,1].

We introduce the operator I" : Y;* (0,T) — Yy* (0,T'), defined by

L)) == SOV + Fs,00y4(0,1), te[0,T].
We claim that
I¥llve  0.1) <(LooKoo + Loo)ll¥x,
+ €Tz g o,y (1 + yllvge0.1))s (3.5)
with
€= C(Kapo +2)(Kao + Cao + 1)(Lip, + L2).

Recall that the constants K g, L¢,o and C),, have been defined in Hypotheses 2.1.
For every s € (0,7 it holds that

ly(s)llx < Lo,oKeoll¥llx, + Kaoll- 75,0040, 8) [ x.. (3.6)
y(s)lx. < Loas® 9l x, + |-75,00y(0, )| x..- (3.7)

We want to apply Remark 2.17 with a = 0, b=T,p=co0y,y=a—0, p=ca and
B =& =0. The continuity of o oy and of d1(c o y) follows from the properties of y
and o. From (3.3) we infer that

o0 yll,_ato11ixn) < LT + lyllve 01)-
Let us estimate || (o o Yllgs  (0.112:x) For every (s,t) € (0,7] we get

11 (o o)) (s, t)llx <llo(y(t) = oly(s))llx + llals, o (y(s))llx
<Lip,[ly(t) = y(s)lx + Caolt — s[*[lo(y(s))llx.
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<Lip, (|| (51) (s, 1) | x + [lals. )y(s)l|x)
+ CaoLg (1 + [ly(s)llx, )t — s

< (Tiby (KaolB1ylon oz x) + Caolly(s)lx.)

+ Cao L (1 + [ly(s) 1)) £ = 51, (3.8)
from which it follows that
101(7 0 Plles ((0.772:3) < (Ko + Cayo) (Livg + L3 (1 + [yl 0.1))-
From Remark 2.17 we deduce that there exists a positive constant C' such that
25,00y lln+o-a (0,112 x0)

<Cllzllengoay) | Lo (L + lyllve 0.1))

+ (Ka,0 + Ca,0)(Lipg + Lg) (1 + [yl 0,1))
<Cl|zllen(jo,1))(Ka,0 + Ca,0 + 1)(Lip, + L) (1 + lyllve (0,1))- (3.9)
Replacing (3.9) in (3.6) and (3.7) we get
lylley o) + 1Y€, ac0,m1:x0)
<(Lo,0Ko,0 + Lo,o)llP ]l x,
+ C(Kao + DTzl cn(0,1)) (Ka,0 + Cayo + 1) (Lipg + L) (1 + ||ZJ||YQWZ(0,T)))7
3.10

where we used the fact that T <1landa>60to estimaﬁte T < Tnto—a
It remains to estimate [|61y[l (0,72 ,x,)- Since (01y)(s,t) = Fs,coy(s,t) for
every (s,t) € [0,7] and > 2 — 0, from (3.9) we infer that
019l (0,712 :x0) ST 21019l cno-e (0,112 0
<TTO720C 2| on(0,1)) (K a0 + Cao + 1) (Lip, + LF)
x (L+ lyllve , 01) (3.11)
The definition of [ - |lye (0,7), (3.10) and (3.11) give (3.5).
Step 2. We are now in a position to prove a global a priori estimate.

We claim that, if y is a mild solution to (3.1), then there exists a positive constant
R, which depends on ||¢||x,,«, 0, z,n and o, such that

lyllve 0,1 <R (3.12)

Notice that y € Y;* (0,1) is a mild solution to (3.1) if and only if it is a fixed point
of I'. Thus, if y € Y;* ,(0,1) is a mild solution and we choose

)
= /\7
2¢€|| || en(o,1))

then (3.5) immediately implies that
1Yllve o) < 2(Lo,oKo,0 + Lo |9l x, +1.

So, we can say that there exists T € (0, 1] such that ||y||yea7 (07 < Ry for some
M1 > 0 which depends on ||¢|x,,«, 0, z,n and o.
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If T = 1, then we are done, otherwise we notice that y € C([T,1]; X,) and
oy € €*([T,1]%; X,). In particular, y is a solution in [T, 1] with initial datum
y(T) € X, Arguing as in Step 1 in the proof of [1, Theorem 3.1], we infer that
there exists Ra > 0, which depends on ||y(T)||x, ,, 0, 2,17 and o, such that

1l e 1:x0) T 1010l oz x.) < Re

Moreover, ||y(T)||x,, can be estimated by PR; and T above, so that Ry > 0 finally
depends on [|9]|x,,a, 0, z,n and o.
If we join the two estimates above, then we get

ly(s)llx <RV (KaoR2), s € (0,1],
s y(s)lx. < R1V Ry, s € (0,1],
1(019) (s, 8)l|x,, < (91 V Ra)|t — 5[, (s,t) € [0,T] or (s,) € [T, 1].

If s € (0,T) and t € (T, 1], recalling that
(019)(5,1) = Is.00y(5,t) = S(T — 8)Is5 50y (5, T) + I5,00y (T, 1)
then we get

[(019) (s, )l x. <Looll(61y)(s, T)llx. + [[(01y)(T 1)l x..
S(L0709{1|T — Sla + fﬁglt — T|a)
S(L0709%1 + fﬁg)lt - Sla.
Putting everything together we infer that there exists a positive constant R > R,
which depends on ||¢| x,, @, 0, z,n and o, such that (3.12) holds true.

Step 8. Let us prove that I' is a contraction in the closed ball B of Yea_a(o, T.),
centered at 0 and with radius fR, for some positive T, where R is the constant in
(3.12). As a byproduct, we infer that there exists a unique mild solution y; to (3.1)
in [0, 7). Indeed, if § is another mild solution to (3.1) in [0, T%], then from (3.12)
it follows that Hg”Y@‘{a(O,T*) < R, which means that y € B and it is a fixed point
of I". Hence, y = y;.

Suppose that we have proved that I' is a contraction in B. If T, = 1 then we
are done, otherwise we can apply the arguments in the proof of [1, Theorem 3.1] in
[Ty, 1] with initial datum y; (T%) € X, exploiting the extra regularity of the initial
datum. It follows that there exists a unique mild solution yo € C([T%,1]; Xo) with
o192 € €([Tx, 11%; X,,) to the problem

dy(t) = Ay(t)dt + o(y(t))dx(t), te (Ty, 1],
y(T) = yi(To).
Hence, if we set
o yl(t), t e [O,T*],
“”’{m@,temgL

then we obtain the unique mild solution to (3.1).

So, let us show that there exists T € (0,1] such that I' is a contraction in B.
We begin by proving that I' maps B into itself. For this purpose, we fix y; € B.
From (3.5), with T being replaced by T*, it follows that

ITWllve . 0.1) <(Loo0Ko,0 + Loo)ll¥] x,
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+ €TI0 2| oo,y (1 + lyllve  0.1.))
1
<SR+ T2zl oo,y (1 + R).

By choosing

1
1 9{ n+o—2a
T, = (= A,
(2 |zl e o, (1 + m))

it follows that I'(y) € B.
Let us now prove that I' is a 1/2-contraction, provided we choose T} small enough.
Note that, for every y1,y2 € B, it holds that

(C(y1))(#) = (T(y2))(t) = Fs.00p1 0042 (0, ), t€0,T.],
and
(81(D(y1) = T(2))(5,£) = Is,00p1 -0y (5, 1), (s,t) €0, T2
Since for every (s,t) € [0,T%]% it holds that
[-75,00p1—0oys (8:1) | x0 < [t — 5|n+eial|f3,00y1—00yz ||‘€"+9*Q([07T*]2<§Xa)

using Remark 2.17, with y=a—60,a=0,b=T,, p = a, 8 = ¢ = 0, we deduce
that

175,005 —0ys (8: )| xa <CIt = 5"~ ||zl om(po.a) (|l 0 41 — 0 0 Yoy ((0.121:x0)
+[[01(coyr —0oo y2)||‘tg”9"‘7a((0,T*]2<;X))7 (3.13)

for every (s,t) € [0,T]2. Let us estimate the first term in the right-hand side of
(3.13). For every s € (0,T,], we get

s*No(yi(s)) — o(y2(s)) | x. <Lipgs* ?llya(s) — y2(s)l|x.,
<Lipgly1 — vallve _(0.7)- (3.14)
Next, we estimate 610 0 41 — 0 0 g2)llgs _(oz.jz.x). For every (s,8) € (0, T,

2.
. <’
we can write

(br(c oy —aoy2))(s,t) = (1(coy1 — o 0y2))(s,t) — als, t)(a(y1(s)) — o(y2(5))),
and
s*?la(s, 1) (o (y1(s)) — o(y2(s) | x <CaoLipds® ®|ly1(s) — y2(s)| x|t — s|*
<Cq,oLipglt = s|*ly1 — y2llye _(01.)- (3.15)

Further,

(61(coyr —ooy2))(s,t)

=0 (y1(s) + (6151)(s, 1)) — o(y1(s)) — (o (y2(s) + (01y1)(5, 1)) — o(y2(s)))
+o(y2(s) + (G1y1)(s, 1)) — o(y2(s) + (01y2)(s, 1))

—/O [0"(y2(s) + 7(d1y1)(s5,)) — 0" (y2(5) + 7 (0191) (s, 1)) (6191) (s, )lr
+a(y2(s) + (01y1)(s, 1)) — o (ya(s) + (d192)(s, 1)), (3.16)

from which it follows that

s ?51(o oy —aoya)(s,t)|x
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<Lip37s® g1 (s) — ya(s) | x [1(811) (s, )| x + Lip,s® [ (6191) (s, 1) — (81y2) (s, 8)) ]| x
<Lip3 s ?|y1 (s) — y2(9) | x (I Gryn) (s, 8)l[x + [lals, )ya ()] x)
+ Lip,s® (|51 (y1 — 92)) (s, )| x + llals, t) (y1(s) — ya(5)) |1 x)
<Lip2 v — v2llve 0.0 (Kaollallve . 01) + Ca0s® °llya(s)llx, ) [t — |
+ Lip, (Kaollyr — v2llve 0,1.) + Canos™ *llya(s) — ya(s)llx. ) It — s
<Lip3" (Ka,0 + Ca Olvillyve o)l —v2llve 1))t — s
+ Lip,(Ka,0 + Cay0)llyr — yQHYe"La(O,T*) t—s|® (3.17)

Putting together (3.13)-(3.17), we infer that
75,0091 ~oya (5, D)l x0 SCIt = 8™~ zllenqo v — v2llve o,r, (318

for every (s,t) € [0, T*]2< and some positive constant C which depends on «, 6, 7,
R and o. Further,

”']3,00111—001/2 (37 t)”Xa < ”']3,00111—001/2 (37 t)”Xa |t . |77+9—2a
= =T Jt—spoe i

<CTI=2 2| cago Iy — wellve 0,7 (3.19)
for every (s,t) € [0,T4]2.
NI () () = (T 2)) ()l xa + 1T ) (E) = T(y2))(#)llx
N 1(61(T (1) = T(y2))(s, )| x.,

|t — s

Therefore, we get

||j570'0y1_(70y2 (5,8) |l xa
|t — s|e

<CTMI72(K o 0+ 2) |2l om(o.1p) 1y — vallyve (o1

§||j5700y1_00y2||xa + ||j5700y1_00y2||x +

for every (s,t) € [0,T%]2. This implies that a suitable choice of T gives

IT(y1) — F(y2)”Y9"ga(O,T* —||ZJ1 y2||Y9"1a(O,T*)a

-2
ie, I'is a %—contraction on B and, therefore, it admits a unique fixed point in B
which we denote by y;. O

Now, we prove some regularizing properties of the solution y to (3.1).

Proposition 3.7. Let Hypotheses 3.2 be satisfied. Then, for every ¢ € Xy with
a >0 and n > 20— 0, the unique mild solution y to (3.1) in [0,1] belongs to
C((0,1]; X,) and C’fga ?((0,1]; X,) for every p € [n+a —1,n+ ). Finally, for

every pu € [0,n+ a—1) there exists a positive constant € = €(||¥] x,,a, 0, 2,1, 0, 1)
such that

ly(®)lx,.,, < €771, t € (0,1]. (3.20)

Remark 3.8. We stress that the behaviour of the X;,-norm of y in estimate
(3.20) is sharp. Indeed, in the particular case when o = 0, y(t) = S(t)y for every
t € (0,1] and estimate (3.20) agrees with (2.1)(a).
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Proof of Proposition 3.7. Let us notice that, for every 7 € (0,1), y is the unique
mild solution to

dv(t) = Av(t)dt + o(v(t))dx(t), te (1,1],
v(r) = y(7),

with y(7) € X,. From [1, Theorem 3.1], it follows that y(t) € C((0,1]; X,) and

CIEe=r((0,1]; X)) for every p € [n+a — 1,7+ ). Tt remains to prove estimate

loc

(3.20).
Let us fix 7 € (0, 1] and observe that, using Remark 2.21 and formula (3.2), we
can easily show that

y(t) =St —71/2)y(1/2) + I35,00y(T/2,1) (3.21)

for every t € [r,1], so that, using (2.23), which holds true also when v = 0 (see
Remark 2.20), we obtain

ly@llxe <Lac(t=7/2"ly(r/2)llx, + Ot = /2™l ongou
x (lo o yller/2ap:x0) + 1010 Dllga(r/202:x))
<2 Lacalyllye 01t —7/2)*¢r"7* + Ot — 7/2)" ||zl en(o,1))
x (lo o yller/2.1:x0) + 101(0 0 y)llge (e 2,112 1)) (8.22)

for every ¢ € [o,1) and ¢ € [7,1].
Let us estimate the last factor in the right-hand side above: from (3.4), with
v =a—0, we get

lo o ylle(r/zx. <207 LE" (1 + lyllve 0,1)- (3.23)
By taking advantage of (3.8), we easily infer that

161(0 o Yo r/2.12:x)

<2007 (Koo + Ca0) (Lipg, + L)L+ [lyllve  0,1))- (3.24)
By replacing (3.23) and (3.24) in (3.22) we conclude that
ly(®)llx, < cr(t—7/2)* rf, te[r1], (3.25)

for some positive constant ¢; which depends on ||¢||x,,a, 0, z,n,0 and (.

Now, we need to go beyond ¢ < 1. To this aim, we fix A € [0,7 + « — 1) and
we estimate ||(81(c 0 y))(s,t)||x,. Since n < 1 it follows that A < . For every
(s,t) € [1,1]2 we get

11 0 9))(s: t)llxs <llo(y(®) = oly(s)lx, + lals. toly(s)) | x,
<KaaLiDg[y(t) = y(s)llx. + CanLa (L + lly(s)lx,)lt = s|*
<KanLing (1(619) (s, t)l|x.. + lals, )y(s) ]l x.)
+ CanLa® ™A+ lyllve o)t = sl

To estimate the first term in the last side of the previous chain of inequalities,
we observe that

119) (s, )l xa + [lals, )y (s)llx.,
<llyllvg ot = 51" + Coamxally(s)llxa0 [t = s[>
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<[t = s1*Mlyllve 0.1) + €1C2a-rals — 7/2)77°7%)

<(lyllvg  0.1) + 2% c1Caa—xa)T 72t — 5|7,
where we have applied (3.25) with ¢ = 2a — A, so that

1(d1(0 0 ) (s, 1)l x5, KaLing ([¥llve (0,1) + 2 e1Conna) T 02|t — 5|27
+ Can LI (1 + lyllve )t = s[> (3.26)

It follows that
161(c Yllgo-2(rzx0) < om0 (3.27)

where ¢ is a positive constant which depends on ||¢||x,,«, 0, z,n,0 and .
Finally, we fix p € [0,7 4+ o — 1) and take

A=@+a=1)=Slnta=—1-w A -a+ ),

which belongs to the interval (u,7 + a — 1). Applying again estimate (2.23),
with 8 = A, p=a—-X v=0and ¢ =1+ p — o, we infer that Fg,., €
¢rre1=i(le,112; X14,) and

175,00yl gnta—r1-u(r2 :x1,) SClooyllorxa) + 101(0 0 y)llga—r(riz,x,))
SC(LgTeia(l —+ ||y||Y9a—a(Ovl)) + 0279+)\72a)
<egrftAT2e (3.28)
where ¢j3 is a positive constant which depends on ||¢|x,, @, 0, z,1,0,\ and p.
Taking (3.21) into account and applying (3.28), with 7 replaced by 7/2, we
deduce that
1y x4 SLavpalt =7/21°7 7 y(r/2) || x, + 22070 Aegr?tA72e
Lualt = /271 g o) + 22 Pyt
<eyr?1oH (3.29)
for every t € [, 1], where ¢4 is a positive constant which depends on ||¢||x,, «, 6, =,

n, o and . In particular, we get |ly(t)| x,,, < cat?"17* for every ¢ € (0,1], where
¢4 is independent of ¢, since A >n+a —1— (n —a — p)/2, so that

1
/\—2oz+1+,u2§(77—a+u)>0,

due to the condition n > 2a— 6, and this yields the inequality § + A —2a > 6§ —1—p.
O

Remark 3.9. Hypotheses 2.1 is assumed with 0 < ¢ < A < 2, since Proposition 3.7
involves only the spaces X.,, with v < 2. It is easy to check that, if Hypotheses 2.1
are satisfied for every A and ¢ such that 0 < ¢ < A < 14 for some 8 € (0,1), then
Proposition 3.7 still holds true with p and p replaced by p A (14 8) and 14+ p A B,
respectively.
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3.2. The case when ¢ is locally Lipschitz continuous in X,. In this subsec-
tion, we prove that a mild solution to (3.1) also exists if we weaken the assumptions
on o as long as we strengthen the hypotheses on the Holder exponent n of . As in
the previous subsection, we get global existence and uniqueness of the mild solution
y and we provide regularity properties of y.

Hypotheses 3.10. (i) Hypotheses 2.1 are satisfied with 0 < { < A < 2;
(ii) Hypotheses 3.2(i)-(i1) are satisfied;
(iii) there exists v € (0,1) such that n+a > 1 and the restriction of o to X, maps
the space into itself. Moreover, there exist positive constants LY, Lips and w
such that

lo(z) = o(y)llx. < Lipg(1+R)“|lz -yl x., 2,y € B(0, R) C X,
(3.30)

for every R > 0 and ||o(z)||x, < LY(1 + ||z||x..) for every z € X,.

Theorem 3.11. Let Hypotheses 3.10 be satisfied. Then, for every v € Xy with
a>0andn>a+ (1+w)(a—0), there exists a unique mild solution y to (3.1)
which belongs to Yy* . (0,1).

Proof of Theorem 3.11. Let us notice that, under Hypotheses 3.10, the estimates
in the proof of Theorem 3.5 which fail are (3.14) and (3.15). Indeed, if y1,y2 belong
to the ball B C Yg* (0, T.) with radius R, then ||y1(s)| x., [y2(s)| x.. < s~ R for
every s € (0,7]. From (3.30) we get

s* o (y1(s)) — o(y2(s))llx, <Lipg(L+R)“s Dy —pallye o1, (3.31)

and, if w > 0 and we take the supremum of s over (0,T), then the right-hand side
of (3.31) blows up. To overcome this problem, we stress that under Hypotheses
3.10 we are able to apply Remark 2.17, with a =0, b =Ty, p = 0oy — 0 0 ya,
vy=(1+w)(a—=10), p=caand 8 =ec=0. In this case, for every t € [0, 7], instead
of (3.13) we get

75,0001 —ooys (5, 8) | x0 SCIt = 8|7~ T 1 10,17
X (looyr—oo y2||%”,(1+w)(a,9)((O,T*];Xa)

+|01(g 0 y1 — o 0 y2)||ge

—(1+w)(a—0) ((O,T*]2<;X))

(3.32)
for every (s,t) € [0, T)2. Estimate (3.31) shows that o o y; — o o y» belongs to
C-(1+w)(a—B)((0,T.]iXa) and

ooyt — o 0alle o 0T ]ixa) SLIPS(L+ Ry — 2llve 0.1.) (3.33)
from which it follows immediately that
sUHCDa(s,1)(0(y1(s)) = o (ya(s))llx
<Ca,oLipg (1 +R)“[t — s|*[ly1 — yallvg _(0.10)- (3.34)
Moreover, we can apply (3.17) (which does not rely on the Lipschitzianity of o in

X,), since s @=9)||(§1 (0 0 y; — o 0 y2))(s,t)||x and from (3.34) we infer that
51 (0 oY1 —0o0 y?) S (gf(ler)(a—G)((O? T*]2<, X) and

01(c 0y1 — o 0 ya)|l4a

—(14w)(a—0) ((O,T*]2<;X)
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<[CaoLibg (1 +R)” + (Ka,o + Ca0) (Ling? R + Lip, )]l — g2llve 0,1 (3:35)
Replacing estimates (3.33) and (3.35) into (3.32), we conclude that

i —(14+w)(a—0
175,00y —~ooye, (0, B)l|x. < CTE™ D gl oo lyn — w2llve 012),

75,0051 —0oys (8:) [ xa < 6Tg*(1+w)(a*9)*

] ly1 — v
[t — s|™ cn(oanliyr — Y2llve  (o,1.)

for every t € [0, T.] and (s, t) € [0,T%]%, respectively. Here, C' is a positive constant
which depends on «,6,x, 1, R, 0 and w. Using these estimates, which replace
(3.18) and (3.19), and arguing as in the proof of Theorem 3.5, we can complete the
proof. O

Under the same assumptions of Theorem 3.11 we show that the mild solution y
is indeed more regular.

Proposition 3.12. Let Hypotheses 3.10 be satisfied. Then, for every ¢ € Xg with
a>0andn > a+(14+w)(a—0), the unique mild solution y to (3.1) in [0, 1] belongs
to C((0,1]; X,) and C'E*7°((0,1]; X,) for every p € [p+a—1,n+a). Finally, for

every p € [0, n+a—1) there exists a positive constant € = (|| x,, a, 0, x,m, 0, g, w)
such that (3.20) holds true.

Proof. The proof can be obtained arguing as in the proof of Proposition 3.7, with
the unique difference that, due to the fact that o is only locally Lipschitz continuous
on X,, in estimate (3.26) we need to replace Lipy with Lipg‘||y||§j901a(071)TW((LOL)7
so that (3.27) becomes ||§1 (o o Pllgar(rzixy < et tm2emw@=0) with ) €
[0,7+ a —1). Here, ¢ is a positive constant which depends on ||¢| x,, a, 6, x, 1,
o and A.

Now, we fix i € [0,7 4+ o — 1) and argue as in (3.29) to infer that

x4 <2 Lo ™ Hyllve 01
+ 22a+w(a79)797)\627_9+)\72a7w(a70)

for every t € [r,1], where ¢y is a positive constant which depends on p and the
same parameters as ;.

Finally, we choose a suitable A such that 7
7 € (0,1). For instance, we can take

0—p—1 > 7_0+>\—2a—w(oz—9) for every

1
A=nta—l—|g+a—1—p)|A@n—a-wa=0)+u)

which belongs to the interval (i, 7+ « — 1). The proof is complete. O

Remark 3.13. Clearly, Remark 3.9 can be applied also to the results of this
subsection.

Example 3.14. Let A be the second-order elliptic operator on R? defined by

d d

A= Z qij Dij + ijDj +c.
i,j=1 j=1

We assume that the coefficients of operator A are bounded and S-Hélder continuous

in R?, for some 3 € (0,1), and ijzl qi;(2)&:&; > pléf? for every z,& € R? and

some positive constant p.
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Let A be the realization of A in X = Cp,(R?) with maximal domain
D(A) = {u € GRYN () WEP(RY) : Au € Cb(Rd)}.
p<oo
For every A € (0,1 + 3/2) \ {1/2,1}, we take X, = C2*(R?) endowed with its

classical norm. Moreover, we take as X;,5 the Zygmund space of all bounded

-2 2—1
functions g : R* — R such that [9]x,,, = su lg(x) + g(y)| 9(| (z+y))
endowed with the norm ||g x, , = [|g]lec + [9]x, ,,- Finally, we set X; = D(A).

< 00

The operator A generates an analytic semigroup on Cj(R?). Further, for every
A€ (0,14 8/2), X, is the interpolation space of indexes A and co between X and
D(A). Hence, Hypotheses 3.10 is satisfied for every 0 < ¢ < A <1+ 3. We refer
the reader to e.g., [6, Chapters 3 and 14]. Finally, we fix a function 6 € CZ(R)
and note that the function o : X — X, defined by o(f) = 6o f for every f € X,
satisfies Hypotheses 3.10 for every o € (0,1/2) with w = 1.

Therefore, the assumptions of Theorem 3.5 and Proposition 3.7 are satisfied and
we conclude that, for every 1 € C¢(R?) with § > 0 and 0 € ((3a — n)/2, a], there
exists a unique mild solution y to problem (3.1) which takes values in D(A). In
particular, if 3a < 1 and 1 > 3a, then we get existence and uniqueness of the
smooth mild solution y for every ¥ € X. We notice that, since we are assuming
7+ « > 1, the inequality n > 3« implies n > 3/4.

Similarly, if & € (1/2,1) and 6 € CZ(R) then the function o satisfies Hypotheses
3.10 with w = 2.

3.3. The case when ¢’ is locally Lipschitz continuous from X, to X. We
conclude this section by proving that we can further weaken the assumptions on o
allowing ¢’ to be locally Lipschitz continuous from the smaller space X, to X.

Hypotheses 3.15. (i) Hypotheses 2.1 are satisfied, with 0 < { < A < 2.
(ii) The function x belongs to C"([0,1]) for some n € (1/2,1).
(iil) The function o : X — X is Gdteaux differentiable with bounded Gateaux
derivative o’.
(iv) There exists v € (0,1) such that n+ « > 1, the restriction of o to X, maps
the space into itself, and there exist positive constants Lipy, Lips, and w > 1
such that

lo(z) —o(y)llx. <Lipg(1+ R)*[lx —yllx.,
10" (@) (h) = (o' (1)) (M)l x < Lipg, (1 + R)* ™ |lo — yllx. Ikl x
for every xz,y € X, with ||z||x, and |y||lx, < R, every R > 0 and h € X.

Moreover, ||o(z)||x, < L3(1 + ||z|x,) for every x € X, and some positive
constant Lg.

Theorem 3.16. Under Hypotheses 3.15 the statements of Theorem 3.11 and Propo-
sition 3.12 hold true with the same choice of all the parameters.

Proof. The only differences between this proof and the one of the quoted Theorem
and Proposition is in the existence and uniqueness part of the statement. More pre-
cisely, we need to slightly modify the arguments used to prove the crucial estimate
(3.35) that is:

175 001 —ooys (5, )| xo < Clt = [ Oz ooy g2 — w1 v 0.1
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which holds true for every (s.t) € [0,7.]% and some positive constant C, depending
on «, 0, x, n, R, 0 and w. The starting point is still estimate (3.32). The different
assumptions on o’ force us to estimate the term 6 (o o y; — o 0 7) differently from
what we did in (3.17), to obtain that

161(0 0 y1 — o 0 2)| g ((0.72]2X) <Cilly — v2llvg _or) (3.36)

—(14w)(a—0)

for some positive constant C~'1 which depends on «, 0, z,7, R, 0 and w.
Let us fix (s,t) € (0,T,]2. We recall that

(61(coyr —o0y2))(s,t)

:/0 (0" (y1(s) +7(01y1) (s, 1)) — o' (y2(s) + 7(d1y1)(5,1))) (O1y1) (s, t)dr

+0(y2(s) + (0151)(5, 1)) — o (ya(s) + (9192) (s, 1)) =: P1(s,) + P2(s, 1),

(see (3.16)). The term ¢o(s,t) is estimated by (3.17). As far as ¢; is concerned,
we get

sUH=0 1y (s, )] x
<Lipg, (14 3Rs" )LD 1y, (5) — yo(s)[|xa | (G151) (s, )| x
=Lipg (1 +3R) s lya(s) — y2(s) [ x5 ° 1 (01y1) (s, 1)l x
<Lipg (1 +3%)“ |y — wallve 015 1(G11) (s, )| x

and, arguing as in (3.17), we infer that
s (011) (5, 1)l x <(Kao + Cao)lvnllye or)

Summing up, we have proved that

t — s|]*.

[61(0 0y1 — o 0y2)|4a (0.1.2:x) <Collyr — v2llve 010

—(1+w)(a—0)

for some positive constant Cs, which depends on ||¢|x,,®,0,z,1n, R, o and w.
From this estimate and (3.34), (3.36) follows easily.
Now, we can complete the proof following the arguments in Theorem 3.11. O

Remark 3.17. Remark 3.9 can be applied also to the results of this subsection.

Example 3.18. Let A be the realization of the second-order derivative in X =
L?((0,1)), with homogeneous Dirichlet boundary conditions, and let () := 6 o)
for every ¢ € L?((0,1)), where ¢ is a fized function in CZ(R). In this situation,
Xy = W2((0,1)) if A < 1/2, Xy = WM2((0,1)) N Wy 2((0,1)) if X € (1/2,1),
X1 = D(A) = W22((0,1))NW,2((0,1)) and Xy = {u € W22((0,1))nW,2((0,1)) :
u" e X}t if A e(1,2).

Let o € (1,3), 0 €[0,0] and n € (3,1) be such that n > 3a — 26. Under these
conditions, Hypotheses 3.15 are satisfied with w = 1. Indeed, it is easy to check that
o s Lipschitz continuous from X in itself. Moreover,

1
10" (y2)) (h) = (0" () (W) 1% :/O 167 (y2(€)) — 6" (y1.(€) P |n(€) [P de

1
<ol2m [ Iin(€) = (Pl

§||&||203(R)||y2 =yl oy IRlI%
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<o sy 2 — e, 11
for every y1,y2 € X, and every h € X, since X, C Cp([0,1]) with a continuous

embedding. Therefore, the second estimate in Hypothesis 3.15 is satisfied with w =
1. To prove that o is locally Lipschitz continuous in X, we observe that

1
(0(y1))(z) — (o (y2))(x) = (y1(z) — yz(l’))/o &' (ry1(z) + (1 = r)ya())dr
for every y1,y2 € X, and almost every x € (0,1). From this formula it follows that
lo(y1) = a(y2)llz2(0.1)) < 116" lsolly2 = y1llL2((0,1))-

Moreover,

(0 (4))(©) — (0()(E) — (o)) () + (o(42))(m)
[ (6) — 12(6) — 12 () + y2(1)] / & (rn (€) + (1 — )y (€))dr

1
+ (y1(n) — y2(n)) /O [0 (ry1 (&) + (1 = 1)y2(&)) — 6" (ry1(n) + (1 = 7)y2(n))]dr
so that

[(@(y1))(€) = (@(2))(€) — (e(y1))(n) + (o (y2)) ()]
<2)16" |3 1y1.(6) = y2(&) — y1(n) + w2 () |?
+ 2016”13y (n) = y2(n) P (ly1.(€) = ya()* + ly2(8) — ya(m)]?)

for almost every £,m € (0,1). Consequently, we can estimate

[0(y1) = o (y2)]f202 (0.1
<2)16" 12, [y1 = v2liyea 0.0y + 206”12 11 — val 2 (W1)iy2a.2(0.1)) + Walivzez(0.1))
<C1+ [k, + ly2lX )y — w20k,

for some positive constant Cy, independent of y1 and y2. We have so proved that
o s locally Lipschitz continuous on X, and the first condition in Hypotheses 3.15
is satisfied with w = 1.

Note that, if 3a < 1 and n > 3« then we can take 6 = 0, i.e., problem (3.1)
admits a unique mild solution with initial datum ¢ € X = L*((0,1)).

Finally, we observe that, if 6 € C3(R) and o € (1/2,1), then the function o
satisfies Hypotheses 3.15 with w = 2.
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