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ABSTRACT. This paper is devoted to systematically extend f-mirror symmetry
between families of hypersurfaces in complete toric varieties, as introduced
in [17], to families of complete intersections subvarieties. Namely, f-mirror
symmetry is induced by framed duality of framed toric varieties extending
Batyrev-Borisov polar duality between Fano toric varieties. Framed duality
has been defined and essentially well described for families of hypersurfaces
in toric varieties in the previous [I7]. Here it is developed for families of
complete intersections, allowing us to strengthening some previous results on
hypersurfaces. In particular, the class of projective complete intersections and
their mirror partners are studied in detail. Moreover, a (generalized) Landau-
Ginzburg/Complete-Intersection correspondence is discussed, extending to the
complete intersection setup the LG/CY correspondence firstly studied Chiodo-
Ruan and Krawitz.
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INTRODUCTION

In [17] the concept of framed duality between (weakly) framed toric varieties has
been introduced, as an extension of Batyrev duality between Fano toric varieties,
thought of as framed by their anti-canonical divisor. This gave rise to an extension
of the mirror symmetric phenomenon between anti-canonical sections of Fano toric
varieties to sections of a framing divisor: we called this phenomenon f-mirror
symmetry. Keeping in mind how Borisov and Batyrev-Borisov generalized Batyrev
duality [5], [3], the present paper is devoted to present a systematic extension of f-
mirror symmetry to complete intersections subvarieties in complete toric varieties,
already sketched in § 6 of [I7].

Roughly speaking, f-duality for complete intersections behaves as follows (see
Algorithm for details). Assume Y = (Y; be a complete intersection sub-
variety of a complete toric variety X and let Dy = ) Dy, be a nef partitioned
(see Definition effective torus invariant divisor (the partitioned weak framing)
of X such that Y;, € |Dgl|, that is Y ~ Dg. A suitable combinatorial process,
called partitioned f-process, gives back a dual toric variety X and a dual parti-
tioned divisor DY = >~ D) of X giving an f-mirror model YV =Y, C X, where
Y, € |DY|. On the one hand, if Dy is a strictly effective divisor, that is a framing
of X, then (X, DV) is still a framed toric variety and, under suitable conditions
(called calibration) this turns out to be an involutive process. On the other hand,
if Dy is an effective non strictly effective divisor, that is, a weak framing of X,
then X is a no more complete toric variety and the mirror model YV can be un-
derstood in terms of generalized Landau-Ginzburg mirror model, turning out to
be strictly related with LG models exhibited by Givental [I1] and Hori-Vafa [14].
Here, generalized means that the superpotential has to be understood in terms of
a vectorial function T — C!, being T the acting torus on the ambient toric variety
and [ the codimension of Y C X. This approach allows us to extend, to the com-
plete intersection setup, the LG /Hypersurface correspondence studied in [I7], § 3.6]
and extending the LG /Calabi-Yau correspondence studied by Chiodo-Ruan [7] and
Chiodo-Kalshnikov-Veniani [6], and the Krawitz duality [I6].

In particular, all these expects are studied in the case of complete intersections
in P" showing that, for non-negative Kodaira dimension, a calibrated f-process
exists. More precisely, proofs of several results announced in [I7] are here given, in
the broader context of complete intersections, namely:

(1) Theorem 6.8 in [17] is here restated by Theorem and asserts the exis-
tence of at least one framed mirror partner of every complete intersection in
P" admitting non-negative Kodaira dimension; this is the generalization of
what has been already proved for hypersurfaces in [I7, Thm. 4.1, Cor. 4.3];

(2) Theorem 5.13 in [I7] is here reformulated by means of the three statements
given by Theorems [3.11] [3.12] and [3.13] showing that f-mirror symmetry
produces B-side mirror symmetric models, so extending what proved for
the A-side in [I7, Thm. 5.3, Prop. 5.9].

Techniques used for (1) are the same employed in proving [I7, Thm. 4.1]. For
proving results in (2), we need to compute and compare some Hodge numbers of
the two mirror partners. In computing Hodge numbers we used stringy Hodge
numbers introduced in [2] and methods for complete intersections given by Batyrev
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and Borisov in [3]. For the latter, we used a different Koszul-type complex, as
polytopes involved are no more connected by polar duality.

On the other hand, for negative Kodaira dimension projective complete inter-
sections, mirror models and generalized LG mirror models are exhibited in §[1.3.2]
and Theorem [[.22

The paper is organized as follows. In {I] f-duality for toric hypersurfaces and
complete intersections is reviewed. Then, Theorem [[.1§| is proved in is
devoted to computing the needed Hodge numbers of varieties giving the two sides
of f-mirror symmetry. Finally, §3] and §4] are the application of results obtained
in the previous sections, to hypersurfaces and complete intersections, respectively.
In particular, results summarized in (2) are proved in While in §4] a particular
example is described, as we are not able to produce a general recipe for checking
mirror symmetry of complete intersections. Although computation here performed
for the complete intersection Y3 4 C P5 can be obviously repeated for any projective
complete intersection of sufficiently big degrees, singularities of f-mirror partners
turns out to be too wild to understand the existence of a quasi-smooth resolution
admitting the right number of Kéahler parameters: this is a concrete limit of checking
mirror symmetry in this way, that is, via the so-called topological mirror test, whose
definition is reviewed in

1. FRAMED MIRROR PARTNERS OF TORIC COMPLETE INTERSECTIONS

The present section is devoted to extending f-duality to families of complete
intersection varieties in a fixed toric variety X, keeping in mind how Borisov and
Batyrev-Borisov generalized Batyrev duality of hypersurfaces [5], [3].

For preliminaries on toric varieties and general notation we completely refer the
reader to §1 and §2 in [I7].

Definition 1.1 (Def. 2.1 and 7.1 in [I7]). A weakly framed toric variety (witv) is
a couple (X, D,) (also denoted (X, a)) where:

e X = X(X) is a complete toric variety associated with the fan ¥ and
dim(X)=n, rk(Pic(X))=r

® Da =3 cxmapDy = 300 aiDi € Wr(X), with m = [S(1)] = n + 1,
is an effective torus invariant Weil divisor, that is a, > 0, called a weak
framing of X, where D, resp. D; = D,,, denotes the prime torus invariant
divisor given by the closure of the torus orbit associated with the ray p,

resp. p;.
Furthermore, if D, is strictly effective, that is a, > 0, then it is called a framing of
X and the couple (X, a) is called a framed toric variety (ftv).

Definition 1.2 (Def 2.2 in [17]). Define the integer part of a polytope A C My as
[A] ;= Conv({m € M NA})
The framing polytope (f-polytope) of a witv (X, a) is the lattice polytope A(X, a)
in Mg so defined:
min{k € N|0 € Int[kAa]} if exists
1 otherwise

(1) A(X,a) = [koAd] koz_{
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being A, the polytope associated with the divisor D,, namely
An={me Mg|VT -m>-a}

Remark 1.3. By Definition one has the following two possibilities:

(f) if (X,a) is a ftv then ko always exists and can be > 1,
wf) if (X,a) is a wftv and not a ftv then 0 € A, and kg cannot exists, that
( ; ;
is, A(X,a) = [Aa] .

In the following we will distinguish these two occurrences as (f) and (wf), namely
(f) < 0¢€IntlkoAa
(wf) <= 0€0A,

Definition 1.4 (Def. 6.1 in [I7]). Let (X, Da = 377", a;D;) be a witv and

V:(v1 Vm)

be a fan matrix of X, where m = n +r. A partition of the weak framing D, is the
datum of a partition

JleN: 11U-~-UIl:{1,...,m}, Vili#@, Vi#£j Iiﬁlj:(b
and divisors D, , ..., Da, such that
Vk=1,....1 Du =Y aD;i#0
i€l

Notice that condition aj # 0 is overabundant when (X, a) is a ftv. Clearly

The witv (X, D,) with a framing partition a = 22:1 ay, is called a partitioned wftv
and denoted by (X,a = 22:1 ay). If the framing partition is such that D,, is a
semi-ample divisor for every k =1,...,[, then a = 22:1 ay, is called a nef framing
partition and (X, a = 22:1 ay) a nef partitioned witv.

We recall, now, the f-process algorithm for complete intersections in toric vari-

eties, as proposed in [I7, §6.1] for a partitioned ftv, and extend it to the case of a
partitioned wftv.

1.1. f-process for complete intersections. Given a partitioned wftv

consider the following algorithm.

1.1.1. The partitioned f-process algorithm.
(A) Let A, and A4, ..., Ay, be the polytopes associated with divisors D, and
Da,,, ..., Dy, respectively, that is
(2) Ay = {meMg|VT-m>-a}
Vek=1,....,1 Aa, = {mecMg|VT -m>—a;}
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In particular, it turns out that

l l
() Aa, ={0} and A.=> A,

k=1 k=1
where the sum denotes the Minkowski sum of polytopes.
Define

Za = Conv(Aa,,...,Ay) C Mg

Clearly Za C A,. Then, recalling notation introduced in Remark
relations imply that one of the following occurs

—_

(f) = 0€Int(Aa)
(wf) = 0€dA,
In fact, case (wf) is obvious, while case (f) is an application of the following
Lemma 1.5. Given polytopes Ay, ..., /\; such that
(a) Ye=1,...,1 dimA, >0,

(b) 0€ My A,
(¢) 0 € Relint (3, Ay)
then 0 € Relint (Conv(Aq,...,A;))

Proof. Let B be a sufficiently small, open ball, centered in 0, of dimension
n = dim (}_, Ax). By (c), one can assume B C ), Aj. Consider x € B
with x # 0. By hypothesis (a)

VkHXkEAk\{O}I X:ZXk
k

Then hypothesis (b) ensures that Ax; € Ay, for any A € [0,1], by the
convexity of Ag. Therefore, up to shrink B,

Vi 3N, €0,1], x0 € Ay : x:ZAkxg, ZAk=1
k k

by setting x? := (1/Ar)xg, which can be assumed a point in Ay up to
choose x, then xj, small enough. Then x € Conv(Aq,...,4;), that is,
B C Conv(Aq,...,A))
O

To get the first implication in , consider Ay := A,, and notice that
hypotheses (a), (b), (c) are satisfied by definitions given in (2).
Define
A(X,a) == [hoAq]
with
(wf) ho:=1,
(f) ho :=min{h € N|Vk dim[hA,,] > 0 and 0 € Relint (3, [hAa,])}-
In case (f), an application of Lemma [L.5| with Ay, = [hoAa,] gives

0 € Relint (Conv([hoAa, ], ..., [hoAa,])) C Relint (A(X, a))
where the inclusion follows by observing that

Conv([hoAa,] - .., [hoAa,]) C [Conv(hoAa, ..., hoAa,)] = A(X,a)
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(C) Set

-~ ~

Xa = Xia where X, := ZZ(X,a)
(notation as in [I7, § 1.4], denoting a fan spanned by a polytope and the
associated toric variety) and let Aq € M(n x m;Z) be a fan matrix of Xa,
where m = |£(1)|. Notice that:
e the toric variety Xa is complete if and only if case (f) occurs, that is
(X,a) is a ftu.

(D) For every k =1,...,1, set my := |I;| and consider the matrix
Ma, == (Vi,)" - A € M(my, x m; Z)

and let b, = (bjk)jm:l be the minimum non-negative column vector such

that
MI + By >0 where Bj:=(by --- by) € M(m x my,N)
————
my times

Then, define b= 22:1 by . Calling 51, ey ﬁm the torus invariant gene-
rators of WT(§§3), there is a unique induced partition
JU---uJ ={1,...,m}

such that ﬁbk_ = ZjEJk bjkﬁj. Notice that:

(f) in case (f), (Xa, ZA)B = 22:1 ZA)bk) is a partitioned ftv called the f-dual
partitioned ftv of the partitioned ftv (X,a =), a;);

(wf) in case (wf), the couple (Xa,ﬁg) cannot be a wftv, as X, is not
complete, and will be called the f-dual model of the partitioned wftv
(X,a=3, ax).

Proof. For (f), setting

Ka = ( 31 Rﬁz )
define Jj, as follows
Vh=1,....,1 Jo:={je{l,....m}| A €An}

Then J1U---UJ; = {1,...,m} is clearly a partition, as Xj € Aa,NA,;, with

i # 7, implies V7 . Xj > 0, hence 3\]- = 0 being X complete, contradicting

(f). Notice that

~T ~
Vek=1,...,0,Vje€ L, Vigli A -vi=v] -XAj>0 = by =0

as Xj € A,, and recalling the definition of A,, given by relations in step
(A). This suffices to show that b = ), by is a partitioned weak framing.
Moreover, by construction, for every j € J there exists a positive integer
h such that hxj is a vertex of A,,, meaning that there must exists i € I,
such that R R
(h)\j)T sV, = hVZT . )\j = —aj

Then v7 - Xj is a negative integer implying that b;, > 0, that is, b is a
framing.

For (wf) there is no more anything to prove. a
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Assume we are in case (f). Analogously to step (A), let Ay and Abl, A

l
be the polytopes associated with divisors Dy and Dbl,.. Dbl, respec-
tively, that is

Ag {neNM?\Z-nE—B}
szl,,l zbk = {neNR|KZnZ_bk}

Then
l

l
ﬂ Zbk = {0} and AB = Zﬁbk

k=1 k=1

Notice that: in case (wf), Ag, Zbk are polyhedra and not, in general, poly-
topes.
Assume we are in case (f). Analogously to step (B), define

A-

5= Conv(Ap,,...,Ap,) C Ng

Clearly ZB C Ag and relations (5] ensure that 0 € Int(A ). Then, (5) still
holds for multiple polytopes hlAA and h Abl, .. hlAb“ so giving that

1
ﬂ [hiAp,] = {0} and 0 € Int(A(Xa, b))
since A(Xa,g) = [Zﬁc:l h1Ap, ], when hy is defined as the minimum posi-
tive integer such that 0 € Int([h1Ag]). Then 0 € Int(A(X,, b)), being
A(Xa,b) = [Ag]
Assume we are in case (f). Analogously to step (C), set

XS = ng where EA ZA(Xa,b)

and let KB € M(n x m;Z) be a fan matrix of Xg, for some m € N. As

above, Xg is a complete toric variety.

Assume we are in case (f). Analogously to step (D), for every k=1,...,1,
set my, := |Ji| and consider the matrix

— ~ T ~ o

M, 5= ((Aa)s) - Ay € M(iy x 7; Z)

and let ¢ = (cj’k)j”zl be the minimum non-negative column vector such
that

WA+CkZO where Ck::(ck~-~ck)€M(m><7%k,N)
ak,b \ ,
my times
Then, (XS,E = Zk 1Ck) is a partltloned ftv, whose partitioned framing
is given by Dg = Z chDJ, calling D17 ..., Dy the torus invariant gene-

rators of WT(XB).
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Remark 1.6. Recalling step (D) in the previous algorithm define

Mg, = (Aa>Jk
Then
M, (Vi)" - Aa
: = : :(VT.]\al ‘VT.Kal)
M,, (Vi)' - Aa
biy k
and (by)y, = , with my = |J| and Ji = {j1,...,Jm, ), is the
bjm,

minimum strictly positive column vector such that

sz -V +((bg)y, --- (bx)s, ) >0

my, times

Definition 1.7 (partitioned f-process). Following the previous algorithm
the couple (Xa,b = 22:1 by), is called a partitioned f-dual model of the wftv

(X,a=Y_, ax).
Assume we are in case (f): a double application of partitioned f-duality defines a
partitioned f-process

l 1 1
(6) (X,a:Zak> ~ (Xa,B:Zbk> ~ <X6,6220k>
k=1 k=1
Such a process is called calibrated if there exist £ € SF(V) and Z' € S}"(Kg),
refining ¥ and ig, respectivel such that

(5(\’¢*Da> = (5(\/,(@/)*56)

are isomorphic framed toric varieties, where

p:X(E) — X(D) and ¢ X'(EF) — X (5p)
are the small resolutions associated with the choice of Z and Z’, respectively.

Proposition 1.8. In the above notation, up to identifying lattices M (hence N)
of X and X, the partitioned f-process (@) is calibrated if and only if

Kg = V  (up to a permutation of columns)
(7) Vk=1,...,l Cr = ag

The proof is analogous to that proving [I7, Prop. 6.3].

Before speaking about f-mirror partners of complete intersections embedded in a
partitioned wftv, consider the following important property of an f-dual partitioned
framing.

LSF is defined as in [I7, 1.3.1] and denotes the set of all complete and simplicial fans whose
1-skeleton is given by all the rays generated by the columns of the indicated fan matrix.
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Proposition 1.9. Let (ia,g = Zﬁle by) be the f-dual partitioned ftv of a par-
titioned ftv (X,a = 22:1 ay). Then there always exists a small, Q-factorial, pro-
jective, partial resolution ¢ : X(Z) — Xa, with = € SF (Ka), such that pull back
divisors ™ (51%) € WT(X) are semi-ample, for every k =1,...,1. In particular,
<X, ©* (ﬁg) = 22:1 90*(5bk)) is a nef partitioned ftv and a suitable positive multi-
ple of p* (DB) s an ample divisor giving a projective embedding of X. Consequently,
Dy and Dy,,, for every k, are all movable divisor of Xa.
Proof. The columns of the fan matrix Ka of §§a give, by definition, the collection
of all the normal inward vectors to the facets of the polytope
AB:{nENR\KZ-nZ—B}
defined in step (E) of the algorithm Then the normal fan X+ := ZLB is a

refining fan of the fan f]a = ZZ(X,a) of X,, giving rise, by inclusion of fans, to a
small partial resolution <pJ- : IP’AB — X, . Since
Ao (By) = BB, = Bbs

the Minkowski sum in shows that there exists a minimum integer A > 0 such
that

l
hAg =Y hA,
k=1

is a Minkowski sum of lattice politopes. Then (¢)*(Dp, ) is a semi-ample divisor of
Pa,, for every k, by [3, Prop. 2.4]. Notice that Pa_ is not necessarily Q-factorial,

—_

but there certainly exists a fan = € SF (Ka) giving rise to a small, Q-factorial,
partial resolution ¢ : X(2) — X,, factorizing through ¢, that is,

X 4 Xa
Pa.

~ o~ ~

Define SF(Aa,b) := {2 € SF(Aa) | ZE < X+}. Then, by [I5, Prop. 1.11],
(8) (57 (Nef (Pag)) = [ (¢") 7' Nef (X(2))

Recall that (o)* and ¢* are isomorphisms, as induced by isomorphisms in codi-
mension 1. Therefore, p*(Dy, ) = (¢')* <(<pJ-)*(Dbk)) is a semi-ample divisor of X,

—

for every k. Moreover, by construction, h(apJ-)*(DB) is an ample divisor determining

a projective embedding of Pa;. This means that
()" (h(e)"(Dg)) = he* (Dg)
is an ample divisor of X, giving rise to a projective embedding of X.

Finally, the fact that lA)B and 5bk? for every k, are all movable divisors of §§a still
follows from [I5 Prop. 1.11]. O
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Corollary 1.10. Let (X,a = 22:1 ay) be a partitioned ftv admitting a calibrated
f-process. Then, there exists a small, Q-factorial, projective, partial resolution

6:X — X
such that (5(\, ¢*(Da) = >, ¢*(Da,)) is a nef partitioned ftv and h¢*(Da) is an

ample divisor of X, for a suitable positive integer h € N. In particular, Da and
D,, , for every k, are all movable divisor of X.

Remark 1.11. The previous Proposition and Corollary apply, when [ = 1,
to the f-dual partner of a ftv and to a ftv admitting a calibrated f-process.

Definition 1.12 (f-mirror of a complete intersection in a ftv). Given the parti-
tioned ftv (X,a = 22:1 ay), assume that the associated partitioned f-process
is calibrated. Consider the complete intersection subvariety

l
Y = ﬂ Y C X with Y € [Da,|
k=1
The generic complete intersection subvariety
l
Y= (VY CXa with Yy € |Dy,|
k=1

is called a f-mirror partner of Y.

Remark 1.13. If | = 1, that is, the framing partition is trivial, the f-mirror duality
defined by the previous Definition [[.12]reduces to give the f-mirror duality between
hypersurfaces in toric varieties.

Remark 1.14. The defining polynomials of both Y and YV in the Cox rings of X
and Xa, respectively, can be explicitly described as follows. Namely:
(a) for every k =1,...,1, the lattice polytope [Aa,,] is the Newton polytope of
Yk € |Da,l; call Aa, a matrix whose columns are given by all the lattice
points in [A,, ]: it is well defined up to a permutation of columns; setting
I == |Aa, N M|, then Ay, is a n x [, integer matrix; define

Mg, :=VT.A,, and Ay :=(a --- ap) € M(m x I;N);
| —
Iy times

then the polynomial of Y} is given by

I
fe = chxmj € Cox(X) = Clx1,...,Tm]
j=1

where m; = (m; ;) is the j-th column of M, + Ay and x™ := [[/%, x]""7;

(b) recalling step (E) in the algorithm the lattice polytope [Ap, ] is the
Newton polytope of Y} € | Dy, [; call Ap, a matrix whose columns are given
by all the lattice points in [Ap,]; setting I}, := |Ap, N N|, then Ap, is a
n x [}, integer matrix; define
Map, :=AT Ay, and Bj:=(bg --- by) € M(m x l};N);
|\ —

I}, times
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then the polynomial of Y, is given by

I

9) w= chkx“j € Cox(Xa) 2 Clzy, . ..,z
j=1

m i, 5

where n; = (n; ;) is the j-th column of My, + By and x™ = [[;~, =}
Notice that, for every k, both f; and f are homogeneous polynomials, with respect

to degrees induced by class groups. In fact, columns of both M,, and Map,
determine trivial divisors, up to linear equivalence. Then

deg(fr) = [Da,] € CI(X) and deg(fy) = [Dp,] € C1(Xa)

Moreover, if (X, a) is a ftv then Corollary asserts that, up to pass to suitable
small, Q-factorial, projective, partial resolutions X and Y of X and §§a, respectively,
polynomials fi and f;” give well defined local equations of hypersurfaces in every
(maximal) affine subset of X and Y, respectively, so well defining a pair of f-mirror
dual, complete intersections, subvarieties.

Remark 1.15. Assume we are in case (wf). Then §§a is non-complete and, in general
fA\bl, . 7fA\bl are polyhedra and not polytopes, meaning that Ay, , as defined in item
(b) of the previous Remark is no more well defined.

To understand how proposing an f-mirror partner in the (wf) case, recall that
Propositiongives Kb =V, up to a permutation on columns, when (X,a = ) ay)
is a partitioned ftv admitting a calibrated partitioned f-process. Then, in the (wf)
case we are going to restate the previous item (b) by setting

Vi := Conv (V1 |0,,)

and defining Ap, as the matrix whose columns are given by all the lattice points in
Vi.

Definition 1.16 (f-mirror of a complete intersection in a wftv). Given the parti-
tioned witv (X, a = 22:1 ay), the generic complete intersection subvariety

!
Y= (% cXa
k=1
where Y}’ is the zero-locus of the polynomial f;” defined in @, with My p, defined

by following the prescription of the previous Remark is called an f-mirror
partner of Y.

1.2. A LG/CI-correspondence. The present section is meant to generalize from
hypersurfaces to complete intersections what was observed in [17, § 3.6.1].

Given a partitioned wftv (X,a = >, a;) and a complete intersection ¥ C X,
defined as in Definition let T 2 (C*)™ be the acting torus on X. Consider the
torus complete intersection Z := TNY. Recalling part (a) of Remark[1.14] Y is the
common zero locus of polynomials fi, with £ =1,...,, generated by the columns
of the matrix M,, + Ag. By setting

x2k = | I x?ik

i€l
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consider the Laurent polynomial
fr

fa = xak

generated by the columns of the matrix M,,. Notice that, in T both f; and fa,
admit the same zero-locus, that is,

Z=Tnf'0)=Tnf, *0)

where f := (f1,...,f)) : X — Cl and fa := (fa,,---> fa,): T —> C'.

In the following, (T, f,) will be called a generalized LG model admitting a Laurent
superpotential.

On the other hand, let @a be the acting torus on §§a and ZV = @a NYV, where
YV C X, is the complete intersection defined either in part (b) of Remark or
in Definition depending on the occurrence of either case (f) or case (wf) in

(4), respectively. By setting
xPr = H x?—j’“

€ Clx,x 1]

Jj€Jk
consider the Laurent polynomial
N2 flz:/ (C —1
Io, = o € [x,x" ]
In particular, £y := (fy ..., fy)) T. —> C! defines an f-mirror generalized LG

model (ﬁ‘m f/), with a Laurent superpotential, of the generalized LG model (T, fa).

Proposition 1.17. The generalized LG model ('ﬁ‘a, £Y) admits a re-parameterization
giving rise to a LG mirror model of Givental type [I1] of the complete intersection
YCX.

Proof. By @), recall that fl\)/k = Z?‘Zl c;x™ is a Laurent polynomial where m; is

the j-th column of the matrix Ma,bk = AT 'Kbk, with Kbk defined either in part
(b) of Remark or in Remark Then define

wjp = cipx™  with j € {1,...,[,}

U
qr = Hujk
j=1
[
F = ZZUM

k=1j=1
q = (qla"'7ql)
Setting N := Y, I}, then F defines a function F : C¥ — C. In particular, the

Givental type LG model determined by the generalized LG model (@a, ) turns
out to be given by the restriction of the superpotential F' to the counter-image of
the torus T; = (C*)! by the projection 7 : u + q, namely (7~1(T;), F). O

Examples of the LG model construction proposed by the previous Proposi-

tion are given in Example and Example [1.25] in the (wf) case, and at
the end of § in the (f) case.
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1.3. Mirroring projective complete intersections. The present section is de-
voted to give, on the one hand, a proof of the announced Theorem 6.8 in [I7] and,
on the other hand, extending Theorem 7.4 in [17] to the case of projective complete
intersection of negative Kodaira dimension.

1.3.1. Projective complete intersection of non-negative Kodaira dimension. In [I7]
we announced the following result.

Theorem 1.18. Let Yq = (), Y4, C P" be a complete intersection of | generic
projective hypersurface, of degree (dy,...,d;) such that ), dr > n+ 1. Then there
always exists a partitioned framing a =), aj of P" such that Yy, ~ Da, , for every
k, and the associated partitioned f-process is calibrated.

Proof. To prove the statement, a particular partitioned framing, whose associated
partitioned f-process is calibrated, will be produced. At this purpose, throughout
the present proof, introduce the following notation

Vk=1,...,01 0 = dp—mp+1>1 Withmk:uk|
Iy
. k
(10) al = (0,...,0,1,...,1,00,0,...,0)
n+1
n+1
\ak| = Zaki:mk—l—i-ék:dk
=1
n+1 l l
NI ST SUE oY
=1 k=1 k=1

Clearly, (P™,a = 22:1 ay) is a partitioned ftv and the hypersurface Yy, is linearly
equivalent to Dy, , which is a very ample divisor. Let us now exhibit the f-dual

partitioned ftv (§§a7 b= 22:1 by,), under notation introduced in items (C) and (D)
of algorithm First of all, consider the fan matrix of P™ given by

(11) V=(IL, | -1)=(e -+ e, —1)eM(n,n+17Z)
Then, by the last part of [I7, Prop. 1.8],
Ap = Conv ({~((viHT)~taldi=1,.. n+1})

la] — a1 —aq —ay —ay
—as la] — as —as —as
(12) = Conv —as —as
—Qp—1 —Qp—1
—a, —a, la| —a, —an
Replacing a by ag, one has
di — ap1 —ap,1 —ap1 —ak1
—ag2  di — a2 —a,2 —ag,2
A,, = Conv —ak,3 —ag,3 : :
—Qk,n—1 —Qk,n—1

—Qk,n —Qk,n dy —agm  —Qkm
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and A, = Conv (Aay,-..,Ag,), by item (B) of algorithm Define

{ 1 Vi ag =0
ged(ag; | # 7) otherwise

Then, item (C) in and Remark give

Vek=1,...,,Vj=1,...,n+1 Uy :=

/A\a:(f\al Kal)eM(nxﬁ;Z)
where Kak is the matrix obtained by deleting null columns from the following
(dr — ar,1)/Vk1 —ap,1/Vk,2 —ag,1/Vkn —ap1 /i1
—ag,2/Vk1 (di — ak,2)/Vk,2 —ag,2/Vkn —ak,2/Vkn+1
Mg, = —ag,3/Vk,1 —ak,3/V% 2 . .
: _ak,nfl/ﬁk,n _ak,nfl/ﬁk,nJrl
— k) Pk — g [V 2 (di — k) /O n  —Ckn/Pkn+1

Notice that a null column appears in A,, if and only if my, = 1: in this case A,,
admits one and only one null column. Therefore

m=Iln+1)—X with 0<A<I<n

A being the number of £’s such that my = 1.
Moreover, notice that ¥; = 1 except for my = 1,2. In these cases,

. . - k—
o my =1: 19kj={5kdk lf]%lzzleZi:llmi

1 ifj=7
. e ifj=]
e myp =2: ﬁkj—{l 1f]7é3
Consequently,
A, = Conv(Aa,)
Vik=1,...,1 >3 = Ak ak
1 { Ra=(Aay - Aa )eM(nx(nl+1);2)
otherwise _ _
Vk: mp=1 A, =AY
Vek=1,...,0 mp>2 = Aa=(Aa, - As )€M(nx(nl+1);Z)
Then, passing to item (D) in , ]\7£ = Kg V7, € M(m x my; Z), meaning that
(13) by, = (bpe)., with VA& Jp bp =0

and Jy assigned by the prescription (Ka) I = Kak. Moreover, by Remark
entries by for h € Ji can be obtained by computing ng -V, Set my, := |Ji| and,
for any k such that my = |Ix| > 2, let I}, C Ji be the image of I, C {1,...,n+ 1}
under the translation

{1,...,n+1} —= Ji

k—1
i ——i+h E::ani
i=1
Then
-1
(14) Vk: mp=1 sz~‘/1k: EM(nx1;Z) = Vhed, by=1
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-1 —d
-1 —05
n drp — 1 —1
Woks m—2 ALv-anov - | T T g
-1 —0k
-1 -0
o _{ 1 for h € I,
PTG for he Jy \ I,
1 ... -1 5
. | —5,
dp—1 --- -1 —b5
Vk: mp>3 AT v, = AT v, = S : I
e T e -1 - dy—=1 =0 g
-1 .. -1 di— ok
-1 ... 1 o
1 -1 8
1 for h = max(I})

(16) = bne = { Op  for h € Jy \ {max(I})}

Calling b = Eic:l by, and X, the toric variety defined in item (C) of , the pair

—~

(Xa, b) turns out to be a ftv.
We are now going to considering the partitioned f-process associated with the
partitioned ftv (P",a =), a;). At this purpose, recall definitions of Ay, Ay, and

Ay, given in items (E) and (F) of On the other hand, recall the definition of
Ap = {HGNR|AZ-n2—b}

where (X,,b) is the f-dual ftv of (P™, a).

Lemma 1.19. In the above notation, ZB CAp.

Let us postpone the proof of this Lemma and go on with the proof of Theo-
rem [[.18 Then one has

(17) [Ag] € [Ap]
Let @ be an increasing reordering of a. That is, assuming §; < ds < --- < 6y,
a=(1,...,1,6,...,0)
———
n+1—1 times

Since 2 <[ < n, the framing a satisfies condition (38) in [I7, Thm. 4.1] so that

f—duality

(P™ a) = (P, a)

(Xa, b)
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is a calibrated f-process, with

(18) b = (&;/91,...,01/0n,01-1) , being ¥; = ged{a;|j # i}
Therefore
(19) [Ap] =V := Conv(V)

Moreover, V is clearly contained in ,A\S = Conv(/A\bl,...,/A\bl), by relations ,
, and defining framings by, for £ = 1,...,l. This fact, jointly with
previous relations and , gives that

(20) [Ap] = V C [Ag] C [Ab] = [Ab] =V = [Af]

giving the former of conditions in Proposition The second condition in
follows by item (H) in as

— ~ ~ T . A{j} if =1
MT _=A-- (A IV a, M= = cpy=a
ak,b 5 (Aa)a, { VT . Aa, otherwise b
Then, Proposition [I.§] definitively proves the statement. O

Proof of Lemma[I.19 Consider n € KB = Conv(Ap,, ..., Ap,). Then

l

UZZMknk with Vk ux >0, Zukzl, n; € Ay,
k=1 k

In particular, condition ng € /A\bk implies that

(21) I’iz N 2 7bk
First of all, consider the case my > 3, for every k =1,...,[. Then
Ay = (Aa, -+ Aa ) eM(nx (nl+1);Z)

(22) Aa

l l
D Aa = A = ) A
k=1 k=1
where the right equality in the previous implication is realized up to a suitable
reordering of columns in matrices A,,. Then, inequality gives
(23) Vk AL np>—(bp)s,, Vh#k Al ng>0

Therefore
! ! ! ! !
AL n= (ZAZh> : (Z Nknk> => <Z A;) g > =Y pr(bg)y, > b
h=1 P k=1 h=1 k=1

where the last inequality is obtained by recalling convention ¢; < dx4+1 and the
writing of b given in . Then n € Ay and fA\B C Ap.

Assume now that my > 2, for every k = 1,...,l. The first equality in still
holds, meaning that also still holds. But implication in no longer applies.
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Namely, if m; = 2 then gives

1
1

(24) AZl-nlz—(bl)Jl— o1 , Vh#1 Al n; >0
1

Denote by A; and Ag; the j-th columns of A, and A,,, respectively. Then,
Minkowski sum in , up to a suitable reordering of columns of matrices A,,,
gives

1
n; = Zﬁijgj ‘ny = 191,j)‘£j -ny + Zﬁth;j;j ‘N
h#£1
Since my = 2, then a; = (1,01,0,-1) and a = (1,7, ...) meaning that

thi=6, Vi#l d,=1, Y|, Vj#l ¥;=1
Therefore, recalling and , one has
Al ny > 51/191>\1T,1 g > =6 /0 > =4
Az n1>)\12 1’11>—1> 51
V3<ji<n AT n1>)\1J n; > —6; > —4,
)‘T+1 n1>)‘1n+1 n > =6 > =61

- AZ~H12—b

and, consequently,

!
AZ’HZZMkAZ'nkz_ Z i (br) s Z prb > — Zukb b
k=1 k:mp >3 k:mip=2
Then n € Ay and KB C Ayp.
Finally, assume my = 1, for some h. In this case is replaced by the following

~ = T ~
(25) AZ; Ny = (A;g](h)}) * 1y > _(bh)Jh = _]-n 5 vk 75 h Agk 1y > 0

where j(h) = 1+ E 1 m; . As above, let A; be the j-th columns of A, and, for
J # J, let Ap; denote the j-th column of A,,. Moreover, set A7 = 0,. Then,
Minkowski sum in , up to a suitable reordering of columns of matrices A,,,
gives

1

AT np = DAL nn =05 A0 nn+ Y Ok

k=1 k#h
Since my, = 1, then ap = (0;_,dp,0,, 7) anda= (..., dp ,...),so giving
j-th place
O5=1, Vi#j Opj=dn, 95=1, Vj#j V;ldn
where 195 = 1 because there necessarily exists some k& # h such that m; > 2.

Assume, at first, that h <1 —1 (then j < n). Then, by and , one has
)\%'nhZAZ_E-nh:OZ—él
Vismoj#AG AT = /DAL = —0n/b; > =5,
A1 D 2 dp /Ui gy -0y > =0/ > =01
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On the other hand, if h =1 (and j = n + 1) then

Vi<n, j#7 Al np>dp/9NL; n, > —0,/0; > =6
>‘2+1 -0y > Az;nH ‘n, =0> -4

Therefore AL -nj, > —b and

! !
AZWI:ZMCAZ'HJCZ— Z pr(br) s, — Z Mka—ZMkab
k=1

k=1 k:mp >3 kimp <2
Then n € Ay and KB C Ap and one can finally deduce that ZB C Ap. O

Recalling Corollary the previous proof of Theorem [1.18| actually allows one
to conclude something more, namely

Corollary 1.20. Consider the nef partitioned ftv (P",a =", ai), where the nef
partitioned framing a is defined by (@), up to possible permutations of entries of
a and ay. Then the f-dual nef partitioned ftv is given by (Xa,ﬁ = ). by) where
by is defined by , , and @ and the associated partitioned f-process
is calibrated.

In particular, an f-mirror partner of the complete intersection

l
Y = ﬂ Yy CP"  with Yj € |Da,|
k=1

is given by the complete intersection YV C §§a constructed in part (b) of Re-

mark [1.17

Remark 1.21. Recalling the LG/CI-correspondence described in § one can con-
struct a generalized LG mirror model ('ﬁ‘a,fg ) of the projective complete inter-
section Y = Yy, . 4. Moreover, Proposition produces a Givental type LG
mirror model (7~1(T;), F) of the complete intersection Y C P", given by a suit-
able re-parametrization of (Ta, fY). According with Clarke [8 §7.2, Rem. 7.4], this
LG mirror model should be compared with the LG mirror model assigned to a

projective complete intersection of positive Kodaira dimension by Hori and Vafa
[14).

1.3.2. Kodaira negative, projective complete intersections. In [I7, Thm. 7.4] we pro-
posed f-mirror partners for projective hypersurfaces of negative Kodaira dimen-
sion, both in terms of hypersurfaces of non-complete toric varieties and of Landau-
Ginzburg (LG) models. Moreover, we checked that the latter is consistent with LG
models proposed by Givental in [I1, Thm. 5]. The present subsection is devoted to
extending these results to the case of Kodaira negative complete intersection in P".

Theorem 1.22. LetY =Yy, . 4, CP" be a generic complete intersection with

l
d::de <n
k=1

Consider the partitioned weak framing ag = 22:1 aq, with

,,,,,

Iy
——
(26) ay; =(0,...,0,1,...,1,0,...,0,0,...,0)
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Consider the non-complete toric variety Xad, as defined in step (C) of algorithm .
Then (P",aq =, aq,) admits an f-dual partitioned weak framing given by

l
b = Zbk with

k=1

Jk

,—M .
(0,...,0,0,1,...,1,0,...,0) ifd,=1
0,...,0,1,...,1,0,...,0)  ifdy>2

——

Ji
l
L7 = {1,....m}
k=1

recalling that m is the columns number of the fan matriz Kad of §§ad.
In particular, an f-mirror partner of Y is given by the complete intersection YV in
Xa, constructed in Definition .

Proof. To prove that b = 22:1 by, as defined in the statement, is an f-dual
partitioned weak framing, one has to apply steps (C) and (D) of algorithm
Then the proof goes on as for Theorem [[.I8] so obtaining a null column in A,, if
and only if |I;| = 1. In particular, for any k, matrix Aa, looks like matrix A,, in
the proof of [I7, Thm. 7.4]. Constructing the associated matrix Kak and recalling
Remark [T.6] one gets b as above. O

Remark 1.23. Analogously to what observed in Remark recalling the LG/CI-
correspondence described in §[I.2] one can construct a generalized LG mirror model
(Ta, f) of the projective complete intersection Y =Yy, . 4, with d =3, d < n.
Moreover, Propositionproduces a Givental type LG mirror model (7~ 1(T}), F)
of the complete intersection ¥ C P”, given by a suitable re-parametrization of
('E‘a, f/), so generalizing to complete intersections what stated for hypersurfaces in
[T7, Thm. 7.4].

Ezample 1.24 (Y23 C P?). Consider the bi-degree (2,3) in P°, giving the maximum
degree projective 3-dimensional complete intersection, with [ = 2, of negative Ko-
daira dimension. Recalling , choose the weak partitioned framing of P® given
by

T

al == (1 1 0 1 1 1)=af+aj; with
af == (11000 0)
a; = (00011 1)

Then step (A) of algorithm gives A,, = Conv(A,, ), with k = 1,2 and

1 -1 -1 -1 -1 -1
-1 -1 -1 -1
2 0 0 0
0 2 0 0
0 0 2 0

o O O
o OO =
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3 0 0 0 0 0
0 3 0 0 0 0
Aa, = 0 0 3 0 0 0
-1 -1 -1 2 -1 -1

Therefore Ay = Conv(Aa,, Aa,) = Conv (Ka), with Ag = ( Aa,|Aa, ). Step (D)
in algorithm then gives

b? == (1 1111111111 1)=bl+bl with
bl == (1 11 11100000 0)
b == (00000011111 1)
Then, apply Remark [L.15] to get
Ay, = (Vi23|0s)
Ab, = (Vasel0s)

being V the fan matrix of P°, as given (in display by setting n = 5. Therefore,
by Definition construct matrices M, p,, for k = 1,2, to get, up to a variables
rescaling, the following polynomials in Cox(X,) = Clxy, ..., x12]

6
- (H ) (6 + a208) + 2209 + a2
=1

12

v 2.3 2.3 23

fi = Hxi—l—x4x10+x5m11 + 5772
i=7

where % is the unique complex modulus of the f-mirror family whose generic ele-
ment is given by YV =YY NY,’, being Y}’ the hypersurface of Xa assigned by the
quotient, by the Cox action of Hom(Cl(Xa), C*), of the zero locus of f;.

The associated generalized LG mirror model of Y is then given by (ﬁ‘a, f), where

VgV 2.3, 2.3 2,3 2,3 2,3
£V _ R L L2 T1T7 + 15Ty 14 TYTTg + THTY + TTg
b ™ \xbi7xb2 ) ¥+ w3y 6 ’

12
[Tz = IT:.2; @i
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Therefore, Proposition m gives the Givental type LG mirror model (7~*(Ty), F)
with

Vv Vv
fl f2 8
= o = Uil o+ 41 12+ 42 :
F ol b Ui+t ug Fup o FugCC— C
X1 X2
_ . *\8 *\ 2
m(u) = (q1,92): (C")° — (CY)
uilr = ¢
2.3
Uu21 = 1'31;9
a3z}
U31 = e
T1X2T3X4T5T6
23
U41 = -
T1X2X3T4T5T6
U2 = 1
2,.3
Tix
4%10
U22 =
T7X8TY9X10L11T12
2,.3
_ T5L11
usz2 =
T7TLYT10T11L12
2,.3
_ L2
Ug2 =
T7T8LYTL10T11L12
adada
Q= U U =Yoo
LyT5Tg
x2x2a?
_ _ 4546
Q2 = U2 " U42 = 33—
L7Xgly

Notice that g1qo = 1, so that « is actually a fibration over the complex parameter
of the mirror family, up to the composition with (g1, ¢2) € T2 — q1g2 € C*.

Ezample 1.25 (Y13 C P?). Choosing the bi-degree (1,3) in P°, what is differing
from the previous Example about the bi-degree (2, 3), is:

al’ == (1 00 1 1 1)=aj+a) with
al = (10000 0)

Then
-1 -1 -1 -1 -1
1 0 0 0 0
Aa1 - 0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
and
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Therefore Cox(SAia) ~ Clzy,...,z11] and

5
I <H xz> (Y + 2123 + 2o2}) + T3
i=1

11
f = Haji + x373 + 2423 + 2523,
i=6
The associated Givental type LG mirror model is then assigned by the reparame-
terization

uyp = Y
_ 3
U1 = X127
3
uzyp = T2Tg
g
Uq1 =
T1T2X3T4T5
U2 = 1
ngg
U2 = —
TeL7TLYXL10L11
3
334.’1310
us2 = —
TeL7L8LYL10L11
3
o 1‘5.7:11
Ug2 = ——
TeL7LILYL10L11
adada
gi = U11---U41 =
T3T4T5
T3T4T5
g2 = U12---Ug2 =
wrias

2. COMPUTING HODGE NUMBERS
Given a normal algebraic variety X there is a well defined sheaf
QX = i*QX

called the sheaf of Zariski 1-forms, being i the open embedding of the smooth locus
of X.

2.1. Preliminary results. Let us recall, and apply to our situation, some results
due to Batyrev-Cox [4] and Batyrev-Borisov [3].

Theorem 2.1 (Thm. 12.1 in [], Thm. 8.1.6 in [9]). Let X(X) be a Q-factorial
toric variety with no torus factors. Then there is an exact sequence

00— Qx —=®,cxn) Ox(—D,) — CI(X) @ Ox —0

Theorem 2.2 (Danilov Vanishing, Prop. 12.11 in [10], Thm. 9.3.2 in [9]). If X (%)
is a complete and Q-factorial toric variety then

Vp#q HP(X,Q%)=0
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Theorem 2.3 (Batyrev-Borisov Vanishing, Thm. 2.5 in [3] and Thm. 9.2.7 in [9]).
Let D =3 a,D, be a Q-Cartier divisor on a complete toric variety X (). If D
is semi-ample then
*(Ap) forp=dimAp

0 otherwise

WX, Ox(-D) = {

Proposition 2.4 (nef and big partitioned framing). Let (X,a = 22:1 ag) be a
nef partitioned ftv such that Da, is a big divisor, for every k. Consider the generic
complete intersection
l
Y=\ YaCX with Yj€|Dy]
k=1

Then, for every semi-ample and big Q-Cartier divisor D of X

1) —

WY O (D)) ngz,...,z}( DV (Ap + Yy Aay) forp=mn—1
0 otherwise

Proof. A proof of this proposition goes exactly as for [3, Prop. 8.1]. Here we will
re-propose the whole argument essentially for the following three reasons:
- the given statement is more general than the one given in [3| Prop. 8.1],
- the same argument will be often applied in proving many results presented
in this paper,
- it is not explicitly described in the proof of [3|, Prop. 8.1].
Start by considering the following Koszul-type complex

l—p
K} O—>(’)X(—D—Da)i>--- @ OX<_D_ZDak»)
(krveokip }C{1,.0} =1
S _
—> @ Ox (=D — Da,) —> Ox(-D)
k=1

giving rise to an acyclic resolution of the direct image sheaf j.Oy (—D), under the
closed embedding j : Y < X (notation as in [I3] §I1.1]). Then, the ¢-th sheaf of
cohomology of K, is given by

qiKe \ ~ ]*OY(_D) fOI'q:l
(27) HI(KD) = { 0 otherwise

There are two spectral sequences 'E and ”E abutting to the hypercohomology
H*(KY) (see e.g. [12] §3.5]) whose bi-graded second level terms are given by
'ER? = HP(X,HY(KD))
ERT = HY(X,HP(K}))
On the one hand, by 7 the first spectral sequence degenerates to giving
B (Kp) = B! = HP(X, .0y (D)) = H(Y,Oy(~D))
On the other hand, notice that

l—p
o - ) H'( X,0x | =D = Da,
{k?l,...}klfp}g{l,.‘”l} Jj=1
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so that the Batyrev-Borisov vanishing [2.3] gives

l—p
I* (ADJr > A, ) forg=n
1} j=1 ’

0 otherwise

dim ("E}P9) = {k1,. ki 3C{1

This suffices to show that ” E degenerates at the second level, as
ker(dy : "EPY — " EPTL) _ ker H1(5,)
Im(d1 . //Ef—Lq SN //Efﬂ) Im Hq((‘)'p_l)

//EP#Z _

=0 forqg#n

and
d2 . //Eg,n N I/E§+2’n71 =0

Therefore

Il

Hp+l(IC.D) ~ I/E§+l_n’n

ker H" (8pt1-n)
=} =0 for n—1
e — s

HP(Y,Oy(-D))

To explicitly compute H" (Y, Oy (—D)) = ker H"(Jy), consider the following re-
lation on Euler characteristics associated with the given Koszul resolution:

l

(28) (=)™ X (- Oy (=D)) + > (=1)Px (Fp) =0
p=0
where
l—p
Fp = b Ox | =D=)_ Da,
{k1,eki—p}C{1,..,1} j=1
Since

X(:O0y(=D)) = (=1)"'h""(Oy(-D))
then, and Batyrev-Borisov vanishing gives

l
W Oy(=D)) = Y (-1)PR(F,)

p=0
l l

= > (- > oAb+ Aa
p=0 (ki p {1,000} =0

= > ()L Ap+) A
JC{1,...,1} jeJ

(]

Definition 2.5 (h-dependence of polyhedra; see Def. 3.1 in [3]). Given [ polyhedra
Ay ..., A, they are called h-dependent if there exist a positive s € N and an
s-element subset

{Ai,. ALY C{AL ... A}
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such that

dim ZAij <s+h-1
j=1

Theorem 2.6 (Thm. 3.3 in [3]). Given the same notation as in Proposition
but without necessarily assuming bigness for Da, , then:

(i) Y # 0 if and only if Aay, ..., Na, are l-independent,
(i) if Nay, ..., Na, are 2-independent then Y is irreducible,
(i17) if Nay, ..., Aa, are h-independent, with h > 3, then

hP(Oy)=0 for 1<p<h-2
Corollary 2.7 (Cor. 3.51n [3]). Assume that Aa,, ..., As, have positive dimension.
Then:

(1) Y =0 if and only if l=n+1,

(2) Y consists of a finite number of points if and only if | =n,

(3) Y is an irreducible variety of dimension n —1>1 if and only if | <n — 1:
in particular h°(Oy) = 1.

Moreover, if for any proper subset {ki,..., kst C{1,...,1} it happens that

I* ZS:A% =0
j=1

then:
(4) Y is an irreducible variety of dimension n —1 > 2, with
R (Oy) = =h"""10y) =0
if and only if |l <n —2.

2.2. Hodge numbers of projective complete intersections. We are now in a
position to prove the following

Theorem 2.8. Let Y C P" be the general complete intersection defined in Theo-
rem withn > 4 and dim(Y) = n—1 > 2, and consider the partitioned framing
a=>),a; of P" defined in @) Then Y is irreducible and

1 forp=0
h?(Oy) = Z (=1l ZAaj forp=n—1
JC{1,...,l} jeJ

0 otherwise
1 forp=1andn—1>3
L+ Z (—I)HJ‘K(a,J) forp=1landn—-1=2

RP(Qh) — JC{1,...,1}
(Q2y) Z (_1)l—|J|K(a,J) forp=n—1l—1andn—1>3
JC{1,..,1}

0 otherwise
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with
! n+1
K@ J)=0" Y Aa |+ 0 Do+ Aa | =D 1 [ Ai+ D Ay,
jeJ k=1 jeJ i=1 jeJ
being A, = Ap, the lattice polytope associated with the prime torus invariant
divisor D;.

Proof. Since Y is general, it is smooth and an iteration of the Hyperplane Lef-
schetz Theorem gives all the Hodge numbers in the statement unless h"~!(Oy ) and
h"=1=1(Qy). In particular, with the partitioned framing a = Y, ay of P" defined
in , condition n — [ > 2 > 1 implies that Y is non-empty and irreducible, by
item (3) in Corollary 2.7 Moreover, item (iii) in Theorem 2.6 gives a further way to
computing h?(Oy ) for 1 <p <n—1—1, as Dy, is an ample divisor of P”, implying
that A, ..., A, are (n — I+ 1)-independent. Proposition [2.4] implies that

WP (Y,0y(—Da,)) =0 forp#n-—1I

Then, the following exact sequence

(29) 0—>@._, Oy(~Da,) Qpn )y Qy 0
gives
K'(Qy) = h'(Qpnyy) forn—1>3
TN Qy) = BTN Qpayy) + YR Oy (= Day)) — B (Qpnyy)
k

Again Proposition [2.4] gives

OV (-Da)) = 3 () (A Y A,

JC{1,....1} jeJ
and, noticing that D; is an ample divisor of P,
hP(Oy (=Dy)) = EJQ{L...,!}(_”I—'J”* (Ai +2jes Aaj) forp=mn—1
0 otherwise

where A, := Ap,. Theorem gives the following exact sequence

(30) 0 —— Qpujy —= D1 Oy (=D;) —= Oy —=0
so that
W' (Qpnyy) = h(Oy) =1
hn_l_l(Qpnly) = 0 forn—10>3
n+1

W Qpay) = Y h"THOy(=Dy)) — h"THOy)
=1

Putting all together, one has

i1 [ 1+h*(Oy)+Ka forn—101=2
(31) h (Qv) = { hHOy)+ K, forn—1>3
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with
(32)
! n+1
Ka= > (D)"Y Aac+D As | =D 1 [ A+ A
JC{1,...,l} k=1 jeJ i=1 jeJ

It remains then to show that

(33) Rl Oy) = Y (0PI YA,

JC{1,...,1} jeJ

At this purpose, let j : Y < P™ be the projective embedding of Y as a complete
intersection of P", and consider the Koszul complex

l—p
’C. . OHOP" (_Da) — = ... @ O]Pm <_ Z Dakj>
{klyu-yklfp}g{lv'“vl} j:1

!
—— @ Opn (=Da; — Da,) — @ Opn (—Da,) — Opn
1<j<k<l k=1

which is an acyclic resolution of the direct image sheaf j,Oy. The same argu-
ment proving Proposition shows that h?(Oy) = 0, for every p # 0,n — [, and
is obtained by constraints on the FEuler characteristics involved in this Koszul
resolution of j,Oy. O

2.3. Hodge numbers of f-mirror partners of projective c.i. Let
_ l
(Xa, b=>Y" bk>
k=1

be the nef partitioned ftv defined in Corollary and YV C Xa be the f-dual part-
ner of the projective complete intersection Y C P”, as described in Definition [1.12
By construction, YV is the complete intersection

!
yV.— m VY cXa with Yy € |Dp,|
k=1

In particular, Y, is defined by a polynomial f € Cox(gia), as explicitly described
in item (b) of [I7, Rem. 6.6]. Let ¢ : X — X, be a toric (partial) resolution of
singularities and set

l
(34) VY=ol (YY), Y=ol (vY) = (W
k=1

being /)}kv € ’qb_l (ﬁbk> the hypersurface of X defined by ¢* f;/ = f)) 0o ¢ € Cox(X).

The fan =, defining X, is a suitable subdivision of the fan ia, defining §§a. Then,
the birational map ¢ turns out to be induced by the identity id : M — M, whose
extension to My gives rise to the inclusion of fans E < ¥,. Dually, also lattices
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N can be identified, making sense of the following relations between associated
polytopes

Vi=1,...,0 Api,) = Ap,
l l
(35) Dy = DDy = Db =4y
k=1 k=1

Theorem 2.9. Given notation above, assume n—1 > 2. Then, /};V 1s an irreducible
variety of dimension n — [, with
1 forp=0,n-—1
PO~ ) = hP v) = ’

(36) W (Op) = W (Oy) { 0 otherwise
Moreover, if

- X is Q-factorial,

- tk(CIU(X)) is big enough (see the following Remark ,

- for any integer ¢ > 2, n —1 > q+ 1 and Ayp,,...,Ap, are h-independent

with h > q + 2,
then
w (0 ):{ tk (CI(X)) = h? (x) forp=1andn—1>3
v Ozhp(Qx) for eitherp=0o0rq>3 and2<p<g-1

Proof. In the following, calling ¢ : X — Xa the considered (partial) resolution of
Xa, denote

Vk=1,.... B, = ¢ '(b), thatis, Dg, :=¢ " (Ds,)
l
B = ¢ '(b), thatis, Dg:=¢"'(Dy)=> Dg,
k=1

After Proposition we may assume Eﬁk to be semi-ample, but in general it is
not big, meaning that Proposition cannot directly apply.
Let us start by computing h”(Og. ). Recalling the definition of Ay, , given in

item (E) of and the construction of by, given in (13)), (14), and it

turns out that

(1) 0 is always on the boundary of Kbk, for every k,
(2) for any column v; of V, there always exits k € {1,...,l} such that v;
belongs to the boundary of Ay, , that is

FkeJi: (AL i), =~

where (KZ . vi)h denotes the h-th entry of the m-vector TXZ V.
By contradiction, assume that there exists a column v; of V giving an interior
lattice point of Ay = >, Ay, , that is, by the definition of Ag given in item (E) of

LI

AT .vi>-b = Vk=1,...,1 Al-v;>—b,
contradicting the previous assertion (2). Recalling Lemma and the consequent
relation , one has

Conv(V)=:V = [zg} < [Ag]
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and, by convexity, this suffices to conclude that the only interior lattice point of
Ag is given by the origin 0. Therefore the previous assertion (1) implies that

Y Ap, | =0

jEJ
for any proper subset J C {1,...,l}. Notice that, item (4) of Corollary allows
us to already deduce that

W(Opy) = =h"""H0g,) =0

Clearly, by item (3) in Corollary h%(Os.) = 1. Moreover, the computation
of h" (05, ) proceeds as for the computation of h"~/(Oy) in the proof of Theo-
rem [2.8] The needed Koszul complex is the following

— —~ l=p
ICe - OHOX(—D3>*> @ }OX<_ZlDﬁk]>
J:

{kyyoki—p }C{1,...,0

E—— @ OX (—5[3j - ﬁ,@k) —_— é Ox <_ﬁ:5k) HOX
1<j<k<l k=1

which is an acyclic resolution of the direct image sheaf j.Og., , being j : YV < X
the given embedding. Recalling Corollary the same argument proving Propo-
sition shows that h?(Og, ) = h?(Oyv) = 0, for every p # 0,n — [, and is
obtained by constraints on the Euler characteristics involved in this Koszul reso-
lution of j,Oy, just recalling that I*(Ag) = 1. Notice that, until now, ¢ can also

be assumed to be trivial, that is, X = §§a, so getting the same results for h?(Oyv):
one has to be careful in applying the Batyrev-Borisov vanishing as Dy, may

not be a nef divisor. Anyway, this fact can be bypassed by recalling that Dg, can
be assumed nef and relations (35]).

Let us then pass to computing h? (ﬁ?v). Assume X to be Q-factorial and con-

sider the following exact sequence, obtained as a restriction to YV of the standard
Euler sequence and its generalization to Zariski 1-forms (see e.g. [9, Thm. 8.1.6])

(37) 0 Oy v P, Ogy (~D;) — CU(X) ® Og, —> 0
where m := rk(Wr(X)) = n + rk(CI(X)) .

Lemma 2.10. If 1/)\1 is a torus invariant prime generator of Wr(X), 1 < i <m
and rk(CL(X)) is big enough, then

= 0 y
w (0 -D0) = { | Tt Zn T,

7

Let us postpone the proof of this Lemma to carry on the proof of Theorem

Then gives

a(o O\ J k(CI(X)) forg=1
(38) h (QXIYV)_{ 0 for g #1,n—l,n—1+1

Consider the following exact sequence

~ ~

l _
(39) 0—> @, O3, (-Dg,) Oy 50 Qg 0
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obtained by the definition of YVasa complete intersection in X. Let us now assume
n—I[ > g+1, for some ¢ > 2, and Ay, ..., Ap, be h-independent, for some h > g+2.
Then, for every s-element subset

{zbklﬂ"'vzbks} c {Zbuwwzbl}

one has
s —_—
(40) dim ZAbij >s+h—1>s+q+1
j=1
For any ¢ = 1,...,1, consider the Koszul complex
—~ —~ —~ l=p
K, : 0*>(9x<fD,@ing)*>m P OX<D3iZngj>
{kl,...,k‘l,p}g{l,...,l} j=1

e ]9191 Ox (71/)\51_ - b\@k) —— Ox (*/D\ﬁi)

which is an acyclic resolution of the direct image sheaf j.Ogp, (—5@) The asso-
ciated spectral sequences give, on the one hand,

HPH (K ) = 'EY = HP (X, 5.0p, (—=Dg,)) =2 H” (Y¥, 05, (~Dg,))

and, on the other hand,

Hl+p (ICZ.;L> ~ @ ”Egéb

a+b=Il+p
and, for a +b =1+ p,
1—
1" mab b £2) AN
Ef’ = &b H*| X,0x | ~Dp, =) _Dp,
TEIO IS et § WO j=1
But,
(41) "EPO =0

(obviously for p > 0 and, for p = 0, recall that ”Ei’o =HY (X, Ox (—Bﬁ)) = 0).
Moreover, the Batyrev-Borisov vanishing [2.9] gives

(12)  "EYTT=H'P (X, 0x (~Dp, ~ Dp)) =0 forl+p<n-1
Finally
t—p
w rmre @ (mod( B30, ) ) -0
{k1 ok p YC{1,...0} 7=l

fort <t—p+h—2,that is, p < h—2, recalling . Being ¢ < h—2, this vanishing
holds for 0 < p < g. Putting together , and 7 one has

vo<t<qg P "Ef'=0= P "B =0= H' (05, (-Dg,))=0
a+b=I+t a+b=I+t



f-MIRROR SYMMETRY OF TORIC COMPLETE INTERSECTIONS 31

Then, and give that

Vg>2 WO (Qpv) = K0 (Qypv) =0
W (Q50) = b (O ) = rk(CLX))
¥g>3,¥p:2<p<q-1 W (Qp,) = hP(QXI?V) -0
The complete statement is then obtained recalling the Danilov vanishing [2:2] and

the exact sequence in Batyrev-Cox Theorem O

2.3.1. Proof of Lemma . For any i = 1,...,m, consider the Koszul complex
~ o~ ~ l=p

K$: 0——=Ox(-Di—Dg) —>- sy Ox(-D; - Y. Dg,

(k1o ki—p }C{1,...,0} =1

o) o)

which is an acyclic resolution of the direct image sheaf j.Og, (—b\i). On the one
hand, one have
L] ~Y 7l > N Y E%a £2)
H(KS) = 'EY' = HY (X, .05, (-D;)) = H? (YY, 05, (-D))
On the other hand,
l—
"EPT = F; H| X,0x | =Di—» Dp,
{k1s ok p FE{L,.0000 J=1

If rk(CI(X)) is big enough then A5 = {0} and Batyrev-Borisov vanishing |2.3| gives

iS]

"B = 19 (%,0x (~D; - Da)) = H (X,0x (~Dg)) = { & (X 47"
recalling that [*(Ag) = 1. Moreover,
l—p

Vp:1<p<li—1 "EP9c D H'( X,0x| = Dg, | | =0

(kpoki_p }C {10} =1
as [* (Zé;ﬁ Zﬁk) = 0. We claim that
(44) ¥q "By =H!(X,0x(-D;i)) =0
Therefore, "EY? =0 for (p,q) # (0,n), and

0 forg#n-—1

1 (Og. (~Dy)) = dim (H'? (K?)) = { 1 forqen_1

It remains to prove . At this purpose recall that, for every torus invariant
divisor D, = 2211 ¢iD; € Wp(X), there is a natural decomposition of the Cech
cohomology

(45) H' (X, 0 (De)) = P # (X, 0x (De)),

neN
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(see e.g. [9] §9.1]) where
) 19 (5,0 (B2)), = 7 (V)
being H* the reduced singular cohomology (see [9, Thm. 9.1.3]). For the definition
of Vﬁc.m recall that we are assuming X to be Q-factorial. Calling = the fan of X
then = € SF (K), being

A=( R - A )
the fan matrix of X, obtained by adding primitive generators of the rays associated
with exceptlonal divisors, in the resolutlon ¢ : X — X,, to the columns of the fan

i Set

{IG@({L---,W})H 1) € E(n)}

~ -1 T

(A7) " (")) € N

where c¢ is considered as a column vector. Since Zis complete and simplicial,
{n;[I € Z(Z)} defines the support function @5 of D¢ by

matrix A of Xa, as defined in item (C) of

Z(=)

nr

VIeZI(Z), Vm e (K1> ¢p, (m) = —n? -m
Therefore
Vi n={melEn" m<ps m}= ) {me@)|n+nT m<o}
I€Z(=)
turns out to be contained in a finite union of open semi-spaces Int(H, ), for
I € Z(Y). In our case, D = —D;, that is, ¢ = (0,...,0, —1,0,...,0) and n; =0,
for every I € Z(E) such that ¢ ¢ I. This means that '
V. p o CInt(Hy) U U  t(H,, )
IeZ(s):iel
We want to show that V_5 B, .n 18 contractible, so that can be obtained from

and In particular, we will prove that there exists a whole ray <)\> not
contamed in V B and this suffices.
Start by assuming that

(47) U @&ncHy

I€Z(E)uel

By completeness, there should exist a generator Xj of a cone (/A\ 1) such that i & I
and nT - Aj > 0. Then, recalling that n; = 0,,, for every I such that ¢ ¢ I,

VIEZE) :jel 0<n”-X;=m+n)"-X;, = X ¢&Hy ,n
= (N) €V 5.

Assume, now, the contrary of . Then, there should exist a generator /A\j of a

cone (A7), such that i € I and n7 - Xj > 0. If rk(CI(X)) is big enough then we can
assume that there exist at least two such generators not belonging to H,, so that,
Aj can be considered distinct from A;. Then

IT'Xj - (CT)I'@I)_l')‘j =0;;=0
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where d;; is the Kronecker delta and i # j. Consequently,
VieZ(®):jel (mr+n)T-X=0+0nT-X;>0 = X ¢Hy n
= <)\j> ”@ V—Bun

Remark 2.11. The hypothesis rk(Cl(X)) big enough in Lemma and then in
Theorem [2.9} can be more explicitly expressed by requiring that:

o dimA; =0, forany i =1,...,m = n + rk(Cl(X)),

e for any n € NV there exists at least two rays p1, po € Z(1) such that p; € H,

for both ¢ =1, 2.

2.3.2. The hypersurface case. When [ = 1 one can say much more about Hodge
numbers h?(Qs., ), being YV = ¢~ 1(YV), for a suitable (partial) resolution ¢ :
X — X, and a general YV € |Dj|. First of all, notice that assumptions for
I =1 give necessarily

a=ay = (1,,0), with d=d-n

b= b() = ((51n, 1)
Moreover, recall that Xa, = P(ag)/Ga,, being Ga, = (Z/dZ)" " [I7, Thm. 4.1,
Lemma 5.2].
Theorem 2.12. Assumen > 3. Let ¢ : X — X,, be a (possibly trivial or partial)
resolution and Y = ¢=1(Y'V) the transformed hypersurface defined in (ﬂ) Then,
YV is an irreducible variety of dimension n — 1 and

1 forp=0n-1
W (Ogpyv) = h¥(Oyv) = { 0 g optherwise

~ B O:hp(ﬁxa> forp#£1ln—-2n—1n
h (va) _{ 1=nt <§X32) forp=1andn >4

Moreover, calling A; := Apy, fori=1,...,n+1, being D} a torus invariant prime
generator of Wr(Xa,), one has
e forn >3,
n+1
pn2 (Q)ﬂ/) — pnt (ﬁyv) + A" (ﬁyv) = l*(2Ab0) — Z l*(Al + Abo)
i=1

o forn=23,
4
Wt (Qyv) = b2 (Qpv ) + 53 (Qv ) = 17(288,) = Y1 (Ai + Ap,) +1
i=1
with 0 < ™ (Qyv) < 1.
Furthermore, assuming r := rk(Cl(X)) > 1 big enough then

hp(ﬁyv)—{ ():hp( X) forp#1ln—2n—-1n

and
e forn >3,

R (Qp, ) = b7 Q) + 07 (Qp ) = 17(200,) —n+ 7 —2
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o forn=23,
W (Qp.) = 12 (Qp. ) + 1% (D5, ) = 1"(28n,) +2r — 5

with 0 < A" (ﬁ?v) <.
Finally, if YV is smooth and X is Q-factorial, then h"~! (Q?V> = h" (ﬁyv) =0
and

n=2 (. \ _ I*(2Ap,)+2r—5 forn=3
(48) h (va)—{l*(gAbo)fnJrer forn >3

Proof. Computing h?(Oy, ) = h?(Oyv) goes exactly as in Theorem observing
that, for [ =1, Ag = Ay, .

Recalling and , setting Bﬁo = (b‘l(D{)U) and being D; a prime torus
invariant divisor generating Wy (X), the following exact sequences

(49) 0—> Og (~Dg,) == Oy 5 Qg 0

give rise to the complex

o

Q*: 0——=0p, (-Dp,) > @, Op. (~Di) —> CU(X) ® Op, —> 0
whose sheaf cohomology is given by

{ Ay, forg=1
0 otherwise

1%

(50) HU(Q%)

The first associated spectral sequence 'E, abutting to the hypercohomology H*(Q®)
and degenerating at 2°? level, gives

(51) HH Q) = 'Y = HP (VY05 )

On the other hand, the second associated spectral sequence " E gives

0 for p#£0,1,2
"EPY — Ifq (YV’/(??V (*DﬁoD forp=20
b 691”;1 H* (Yvao?v(*D7)> fOI'p: 1
- or
H* (va Of/v> for p =2

with r := rk(Cl(X)).

Assume, first of all, ¢ is trivial, that is X = X,,, /D\,Bo = Dy, and /D\z = D;. Then
r = rk(Cl(X)) = rk(Cl(Xy,)) = 1 and m = m = n + 1. Moreover, X,, turns out to
be a finite quotient of the weighted projective space P(ag) [I7, Lem. 5.2], meaning
that suitable multiples of both D{DO and D} are ample divisors. Then Proposition
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applies to give "EY"? = 0 excepts for the following cases
dim (//E?m_l) = hn_l (Y\/7 OYV(_D{)())) = l*(QAbo) -

n+1 n+1

SRV, Oy (D)) = Y 1(Ai + A,)

i=1 i=1
dim ("EP°) = BO(YY,0pv) =1
dim (//E12,77.—1) _ hn71 (Y\/, OY\/) -1

dim (”Ell’”_l)

Since dy : "EY? —s " EPT*971 is always zero, this suffices to show that the spectral
sequence " E degenerates at the second level, so giving, by , that

gyt forp=n

R "Byt forp=n-—1

(52) H? (YY,Qpv) 2 "ES" @ "EZ"Y forp=n -2
"EY? @ "ES° for p =1
0 otherwise

Assume n > 3. Then ”Eg’”_?’ ~ {0} = //Eg,2 and
H" ' (Y'Y, Oyv)

2,n—1 ~
//E2 ol ) ; o )
I () 1 Y, Orl=Df) = 22 0 Oy))

ker (@[ H™1 (VY, Oy (=D)) 25 H™1 (Y, 0y))

//E21,n—1 ~
Im (H”fl (YV,Oyv(—D]'DO)) @n+1 Hn=1(YY, Oy (— )))

n+1
"ESMTL x> ker <H”—1 (YY,0yv(=Dy,)) LN @H"—l (YV,OYV(—DQ))>
i=1
"EYY = € o= h'(Qyv) =1
Recalling exact sequences and the definition of Q°, the map
dy - @ H ™ (YY, Oyv (=D))) —= H" 1 (YY,0yv)

is given by H"~1(n), which is surjective if and only if hn(ﬁxao‘yv) = 0: notice
that, alternatively, it can only happen that h"(ﬁxao|yv) =1and H" }(n) = 0.
Moreover, the map
n+1
dy: H' N (YY, 0y (=Dy,)) — @ H" ' (VY,0yv(=D)))
i=1
is obtained as the composition H"~1(¢)o H"~!(a). Clearly H"1(€) is injective, as
h"=2(Oyv) = 0. Then, recalling that h" <§Xao|yv> =h" (ﬁyv) by the first exact
sequence in 7
n+1
pn2 (@yv) — pnt (ﬁyv) + A" (ﬁyv) = l*(2Abo) — Z l*(Al + Abo)
i=1

where 1" (Qyv ) € {0,1}.
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Assume now n = 3. Then
"p2n—=3 12,0 ~
E? = "EX >~ C
1

//EO,Q
2

|
1
3
I
1%
-
@
=
C
S
L
—
25
—
o
3
L
/\
\_/
S—
|
=
@
=
E)
3
-
—~
=
S~—

and

(v ) = B2 (Qyv ) + 53 (Qyv ) = 15(280,) = Y15 (A; + Ap,) +1
i=1
where h3 (ﬁyv) € {0,1}.

Assume, now, ¢ : X — X, is non-trivial and rk(CI(X)) is sufficiently big such
that A; = {0}, for any i = 1,...,m. By construction, Ag = Ay, and Corol-
lary ensures that a suitable multiple of 5g , can be assumed ample, meaning
that Proposition can still be applied to computing HY (/Y\V Og (_Bﬁo))’ This
fact no more holds for D;, but possibly assuming r := rk(Cl( )) > 1 to be even
bigger, Lemma applies to computing HY (Y Oy (=D ))

Assume n > 3. Then "E3"® = {0} = "EY? and 1.) gives

Hn—1 (?v’ Of/v > @r

//Eg,nfl o _
Im (@:;—irll Hn—1 (YV,O}A,V(—b\,-)) iy -t yv OA )
1 plin—1 ker (69?;11 Hr ! (if\vvo?v(*b\i)) H! (YV Os )@ )
E;"T =
2 tm (H"=1 (VV,0p.,(~Dg,)) 5 @2 H =1 (VV, 05, (- D))
"EyTT = ker (Hnl (?v’ O?v(—ﬁﬁg)) o %5[{”71 (?V,Of/v(—ﬁi))>
i=1

//E22,0 ~ T — hl (Q?v) =

R (Qpy ) =B (Qp0 ) + 1™ (D) = 17(288,) —n+7 =2
where 0 < A" (ﬁ?v) <r
Assume now n = 3. Then
//E22,n—3 — //E22,0 >~ Cr
1

NEO72
2

|
&y
L
3
|
Il
o
@
]
T
3
|
-
—
o
—
o
¢
|
_
—~
Q
~—
S~—
Il
-
@
]
S
3
|
—
—
Q
=
S—

and

where 0 < h3 ((AZ?V) <r.

Finally, assume that YV is smooth and X is Q-factorial. Then, the weak Lefschetz
theorem and the Danilov vanishing [2.2] give

W (Qpy) = 0= 1" (Q9)

and follows immediately by previous relations. O



f-MIRROR SYMMETRY OF TORIC COMPLETE INTERSECTIONS 37

2.4. The topological mirror test. Consider a partitioned ftv (X,a = X{_,ay)
admitting a calibrated partitioned f-process

l l
(x,a_ Zak> - (;za,s _ Zbk>
k=1 k=1

the family of complete intersection subvarieties

l
V, = {Y; ﬂchXYk‘€|Dak}

k=1
and its f-dual mirror family

l
Y= {YV = ﬂ Yy cXalYi € |D{)k|}

k=1
Following notation introduced in [I7, §3.2], making the topological mirror test for
YVa and YY means performing the following double check for the ordered couple

(Y, YY)
e A-side: there exists a (partial) resolution of singularities Y — Y such
that Y is (quasi-)smooth, for Y generic in V,, and

k‘? = MmMmyv
where kg is the number of Kéhler moduli of the resolved family Ya and
myv is the number of complex moduli of the family yg ; in this case, YV
is called an A-mirror of Y;
e B-side: there exists a (partial) resolutions of singularities YV — YV such
that YV is (quasi-)smooth, for YV generic in yg , and
k?v =My

where k¢, is the number of Kéhler moduli of the resolved family JAJY and

my is the number of complex moduli of the family )V,; in this case, Y is
called a B-mirror of YV.

In general kg, myv, kg, ,my are not well defined, but their meaning will turn out
to be clear in all examples we are going to consider. Namely, for the A-side mirror
check we will prove that

ky = hl(Qy) =1= myv

which is enough because Y is generically smooth and myv does not depend on the
resolution level. But the B-side mirror check will turn to be many more intricate.
For hypersurfaces in P™ of degree d > n 4+ 1 we will check the existence of suitable
(non canonical and partial) resolution Y — Y such that

kg, = hl(Q?v) =my
But, for the complete intersection Y3 4 C P° we will consider in § 4| l we will only
able to show the existence of a resolutlon YV — YV induced by a resolution of
singularities of the ambient toric variety qb Xao — Xm such that

]f}’; = hl( }’}) > myv
See considerations ending up §
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3. CASE [ = 1: MIRROR TEST FOR PROJECTIVE HYPERSURFACES

Assume
X =P" and a=ag:=(1,,9)
with! =1and 6 =d —n > 1. In [I7, Thm. 4.1, Rem. 4.4, Lem. 5.2] a complete
description of the f-dual ftv (Xa,,bo) is given, as a suitable framed quotient of the
weighted projective space whose weights are assigned by ag, namely:

Xao = X1,.6 =P(1,,6)/G,.5)
by the action of G (4, 5) = Z3~" described in [I7, Lem. 5.2], and
bo=(6-1,,1)
Calling Y € |D(1,, )| a generic, hence smooth, hypersurface of degree d, its f-mirror

partner is the hypersurface YV € |D25_1n 1)\ of X(1,,,5) defined as the zero locus of
the weighted homogeneous polynomial

n n n+1
(63) ¥ = Hm?‘l fo +1 H zj |+ali] € Cox (X(1,,5) =& Cox (P(1,,6))
i=1 j=1

i=1
where 1 is the unique complex modulus of the f-mirror family (see [I7, Thm. 5.3]).
Then, one has
(54) ky = h'(Qy) =1 = myv
by the weak Lefschetz Theorem and [I7, Thm. 5.3, Rem. 5.4]. That is:

e YV is an A-mirror of Y.

For what concerning the B-side checking, recall that

(55) my = dimP (H(Opn (d)) — dimPGL(n + 1) = (" ;r d) —(n+1)?

Then, one has to exhibit a suitable resolution YV — YV to computing kg, and
making the required comparison.

3.0.1. Stringy Hodge numbers of Q-factorial complete toric varieties. Let us now
recall the definition of stringy E-function and stringy Hodge numbers in the par-
ticular case of a Q-factorial and complete toric variety X (X).

Being X Q-factorial, for every maximal cone o € X(n) there exists a unique
subset I C {1,...,]|X(1)|} such that |I| = n and o = (V}), where V is a fan matrix
of X. Then, since X is complete, there exists a well defined continuous function
vk : Nrg — R, called the canonical support function, constructed by setting

(56) Vne€ Ng, VI:n<€ (Vi) ¢gmn):=-m? -n where m;:=—(V/)' -1,
In particular, ¢k satisfies the following properties:

(1) ¢k (vi) =1 for every column v; of the fan matrix V of X,
(2) @K is linear on each cone o € X

Definition 3.1 (Stringy E-function). The stringy E-function of a complete and
Q-factorial toric variety X (X) is the following

(57) Ey(X;u,v) := (uv — 1)4mX Z Z (ww)~#x (™)

oc€X \ n€lnt(oc)NN
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where Int(o) denotes the relative interior of o. The stringy Euler number of X is
then defined by
est(X) := lim Fy(X;u,v)
u,v—1

Remark 3.2. Batyrev introduced the stringy E-function and Euler number for a
normal, irreducible, algebraic variety X with at worst log-terminal singularities
[2 Def. 3.1, Def. 3.3] and proved that Es(X;u,v) is given by when X is a
Q-Gorenstein toric variety [2, Thm. 4.3]. Moreover,

(%) if X has Gorenstein singularities then Eg(X;u,v) turns out to be a poly-

nomial [2, Prop. 4.4].

Definition 3.3 (Stringy Hodge numbers). Assume that Egs (X, v) is a polynomial
with
Eq(X;u,v) = Z ap,quPv?
pya

Up to a sign, its coefficients are defined to be the stringy Hodge numbers of X,
namely
WX 1= (<17

Remark 3.4. By Poincaré duality [2, Thm. 3.7, Rem. 3.9], if E(X;u,v) is a poly-
nomial then
deg Bt (X;u,v) = 2dim X
In particular, it turns out that
Vo LX) = BEP(X) . AO(X) = 1= KM (x)

Consider the case of a smooth and complete toric variety X. The E-polynomial

of X is defined as:
E(X;u,v) =Y (1P P (X )uPv?
p.q
Proposition 3.5 (Cor. 3.6 in [2]). Let X be a smooth and complete toric variety.
Then Eg(X;u,v) = E(X;u,v). In particular,
Vpa hg'(X) = hP(X)

Definition 3.6. Let X be a projective algebraic variety with at worst canonical
Gorenstein singularities. A birational morphism ¢ : Y — X is called a crepant

partial resolution of X if ¢*Kx = Ky. If Y is smooth than ¢ is called a crepant
resolution of X.

Proposition 3.7 (Thm. 3.12 in [2]). Let ¢ : Y — X be a crepant partial resolu-
tion. Then Eg(Y;u,v) = Eg(X;u,v). In particular, Pmposition ensures that,
if @ is a crepant resolution then

E(Y;u,v) = Egt(X;u,v) = Vp,q W"(Y) =hi1(X)
3.0.2. Stringy Hodge numbers of X,. Consider, now, the Q-factorial and complete

toric variety X,, associated with the fan X5 = ¥ 5 (pr ) over the polytope A(P™, a).
Assume that

(58) ag <ag < <apyr and  ged(aq,...,ap41) =1

and conditions (a) and (b) in [I7, Thm. 4.1] are satisfied: this is the case, e.g., when
a = ag.
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Proposition 3.8. Let A, = ( Al Antl ) be the fan matriz of X, obtained
by the polytope A, described in (@ Then the following are equivalent:
(1) |laj=n+1,

(2) Aa is a reflexive polytope,
(8) Xa has Gorenstein singularities.
In particular, by setting

Ya(0) = 1
Vh e N\ {0} ¢a(h) = [(hAa\(h—1)As) N M| =1(hAa) —I((h—1)As)
if one of facts from (1) to (8) holds then
(59) Ba(Xaju,0) = (uv — )™ tha(h)(uv) ™"

h>0
s a polynomial of degree 2n .
Proof. (1) = (2): clearly |a| = n+1 if and only if a = 1,,11. Then shows that
A, is a lattice polytope admitting O as the unique interior lattice point.

(2) = (3): To checking that X, has only Gorenstein singularities is the same as
checking that

(60) VmeM pg(m)eZ
Given m € M let
(61) h(m) :=min{l € N|m € [A,}

Being A, a reflexive polytope, m has to belong to the boundary of hA,, otherwise
m € (h—1)A,, against the definition of h. Therefore, ¢ (m) = —h € Z, so giving

(60).-

(3) = (1): by contradiction, assume |a] > n + 1; then

aq 1
a= > =:a’
an 1
Ap41 2
By , this means that
n+1 -1 -1 -1
-1 n+1 -1 -1
Aa D Ay = Conv -1 -1 : :
: : -1 -1
-1 -1 n+1 -1
Notice that eq,...,e, are all interior lattice points of A,/. Then they are also

interior lattice point of A,, which cannot be a reflexive polytope.

Finally, follows by , recalling that ¥, is a complete fan in My and
noticing that, being A, a reflexive polytope, ¢ x(m) = —h, where h is defined in
(61). The fact that Ey(Xa;u,v) is a polynomial of degree 2n follows by statement
(%) in Remark recalling that X, has Gorenstein singularities by item (3), and

by Remark O

Putting together Proposition [3.7] and Proposition [3.8] one gets immediately the
following
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Corollary 3.9. If |a] =n + 1 then Eg(Xasu,v) = > p_, cpuo™, with

n—h
VheN:0<h<n ¢ = Z(—ni( ni>wa(n—h—i)

i=0 n=
n—h
= ;(—1)”“<hﬂ>wa(1’)

In particular, if ¢ : Xa — X, is a crepant resolution then

bl pa [ ¢y, whenp=gq
hP1(Xa) = hg!(Xa) = { 0  otherwise

Assume now a = ag := (1,,9) with 6 > 2. By Proposition Xa, has not
Gorenstein singularities, but Q-Gorenstein ones. This is clear also by recalling the
anti-canonical polytope of X,,, given by

(62) A—Kxao = ( e -+ e, —1/(d—n)l, )

This means that ¢y assumes integer values on M N |E,, \ (Aa?+1}>|, while it may

assume rational, non integer, values on

Proposition 3.10. Consider the n x (2n + 1) integer matric

Ay =(Aay | € - )
Let ¥, € SF(AL,) be a subdivision of the fan Xa, and consider the associated toric
variety X, (3,,). Then:

(1) X}, has at worst Gorenstein singularities,
(2) there exists a birational morphism f : X, — Xa, which is a partial reso-
lution of Xa,,

(3) there exists a crepant resolution ¢ : Xq, —> X}, such that
(b:fo(blzxao — Xa,

is a resolution of singularities of Xa, -

In particular, (1) shows that the canonical support function of X}, is a well defined
continuous function g : Mg — R such that

(i) er (X)) =1 for every column X of the fan matriz A, of X} ,
(ii) wx is linear on each cone o’ € X}, ,
(7i1) ¢ (m) € Z for every m € M.
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Then, by setting

VheN @a(h) = |{me M][pg(m)=—h}|
VpeN:0<p<n ¢, = Z(—l)h<nnh>gpao(n—p—h)
h=0
= hZ:O(—l)nfpfh (p . h) ©Vag (h)

one has

/
Pa(X. ) — pPAY Y= { Cp when p = q
h21(Xag) = hii” (Xap) { 0  otherwise
Proof. Keeping in mind expression of the anti-canonical polytope A_ K,
and definition, given in , of the canonical support function ¢ g, lattice points
er,...,e, € N turn out defining o on every maximal cone in ¥} (n) which is not

contained in the n-cone <Aig+1}> € Xa,. Moreover, the introduction of new rays
(e1),...,(en) C (A;ﬁ+1}> determines a subdivision of the n-cone <Agf+1}> € 3(n)
in n 4 1 simplicial maximal cones of ¥}, (n). The definition of ¢k on these n + 1
cones is then, respectively, assigned by the following n 4+ 1 vectors

—d +n *1n—1
(5) e (i) e

Then g : Mr — R is well defined and satisfying properties (i), (i), (¢#i) in
the statement. This suffices to guarantee that X[ ~admits at worst Gorenstein
singularities, so proving (1). For (2), notice that ¥ is a subdivision of ¥,,. Then
the identity map idaz, induces a map of fans fu : ¥, — ¥a, and then a well
defined birational morphism f: X} — Xg, .

Finally, the crepant resolution Xao is obtained by further subdividing ¥} by adding
all the new rays associated with the A-triangulation of A,,, in the sense of [I
Def. 2.2.15], obtained by setting

(63) A={me M|[pg(m) <1}

Then ¢’ is constructed like f and it is a crepant resolution of X[ [I, Thm. 2.2.24],
so proving (3).

The last part of the statement, about the computation of Hodge numbers of Xao,
follows immediately by Definition and Propositions and [3.7]. O

3.0.3. Kdhler moduli of the generic f-dual hypersurface YV ¢ Xao. Consider the
calibrated f-process (P", Da,) ¢~ (Xa,, Dy, ). Let YV be the generic hypersurface
of Xa, in the linear system |Dj, | whose defining polynomial is IV € Cox(Xa,),
described in . Define the transformed hypersurface

(64) YVi=9 Y (YY)

as the zero-locus of ¢*(fV) € COX(FA&aU) under a (partial) resolution ¢ : Xae — Xay,
where ¢ can be either the one constructed in Proposition [3.10| or a suitable partial
resolution factorizing it. Assuming n > 4, we now subdivide the computation of
hl(ﬁyv) in three different cases: d=n+1,d=n+2and d >n+ 3.
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d=n+1. LetY C P” be a generic hypersurface of degree d =n+ 1. It is a
Calabi-Yau variety and what follows is a particular case of the Batyrev duality for
anti-canonical hypersurfaces of Fano toric varieties described in [I] .

Since d =n + 1 then ag = 1,41 and also bg = 1,,41.

Theorem 3.11. There exists a partial crepant resolution ¢ : §§1 — Xy such that
YV = ¢ (YY) is a smooth Calabi-Yau resolution of YV and

W Q) = =(n+1) (n " 1) + 2(71)%2' (T;ill) (m +rf —~ 1)

=1

In particular,

2n+1

2 _ _
h (QY)_mY_<n+1

) —(n+1)*=1h" ()

so giving the B-side mirror symmetry between the generic anti-canonical hypersur-
faces Y C P" and YV C Xy . Recalling (54), this means that (Y,Y") is a pair of
topological and Hodge mirror symmetric partners (notation as in [I'1, Def. 3.5]).

Proof. Consider the generic hypersurface YV € |D}]. It is the zero-locus of

n+1 n+1

Vv o _ n+1 .
=2 a4 [I e
i=1 j=1

as can be immediately deduced by setting d =n+1and § =1 in . Then YV is
quasi-smooth, as YV = 7=1(Y') is a smooth hypersurface of P, where 7 : P" — Xy
is the canonical projection of the Gj-action described in [I7, Lem. 5.2]. More in
detail, in the resolution process described in Proposition YV can be assumed
not passing through centers of those blowups whose exceptional divisors are the
closure of the torus orbits of rays generated by interior points of a facet of Aj,
since those centers are just given by isolated points. This means that the resolution
process can be stopped earlier, thus avoiding those blowups, and obtaining a partial
crepant resolution ¢ : §\§1 — X factorizing the one described in Proposition
In particular, YV is a Calabi-Yau hypersurface as ¢ is crepant. Then, Corollary
gives

R (Qg) = R XD - > r@) =a- Y Ir(®©

O<iA; @<1A1

n—1
= (—1)n=1= ]( 1>¢1 Z I (
3=0 <A,
n—1
) )= UG- DA = > 1

O<lA,

e )
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where, in the order, we applied the definition of ¢; given in Proposition [3.8] the

identity (jil) + (jj—Q) = (7]’_':21), the substitution 7 = j + 1 and observed that

(i = 1)A1) = h® (Opn (i — 1)(n + 1)) = (m +i- 1)

n

The computation of hl(Qf,v) follows, now, from Theorem that is
W (Qpe) = 1k (C1(Xy)) =n' (Qg,)

w2 ) s ()

Finally, the second part of the statement is just the evaluation for d = n + 1 of the
combinatorial Lemma [3.16 O

d=n+2. LetY CP" be a generic hypersurface of degree d =n + 2. Then Y
is the lowest degree case of a projective hypersurface of general type. In particular,
ap = (1,,2) and bg = (2- 1,,1).

Theorem 3.12. There exists a partial resolution ¢ : X(LQ) — X(1,2), factorizing
the one given in Proposition and such that the transformed hypersurface

YV = (YY) C X(I,Q)
is quasi-smooth and

n—1
GECTO R () BT G B a(C il (R I

h=0
where @ 1.9)(h) admits the following recursive expression

pa(0) = 1

VhEN\{0} punh) = (’“”“””)

n

h—1 .
B K(] + 1)(7;+_11) Y- 1) ) @(1,2)(j)}
=0

In particular,
2n+ 2 9 1/A
= — 1) =h (Qsy ) = koo
my ( " ) (n+1) ( v ) v

that is, the generic YV C X(1,2) i a B-mirror partner of the generic hypersurface
Y C P" of degree n+ 2. By , this means that (Y,YV) is a pair of topologically
mirror partners.
Proof. Consider the generic hypersurface YV € |D22,1’1)| whose singularities are all
contained in the prime toric divisor D}, ,; C X1 9). Calling ¥ 1 o) the fan of X1 o),
whose fan matrix is given by

Aagy=(A1 - Ang1)
in the following we will consider the maximal cones

o =(Xj|j #1) € Xa2)(n)
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Then, the following stratum of YV (see [17, Def. 1.10]) is empty
Yy =YY AT 2, =YV N{0::0:1]} =0

where z,, ., is the special point of the cone 0,41, as can be immediately deduced
from the polynomial fV in . In other word, recalling the resolution constructed
in Proposition and obtained by means of the A-triangulation defined in ,
YV can be assumed not passing through the points of X(1,2) which are centers of
those blow ups determined by lattice points in AN oy, where o | denotes the
relative interior of o,11. Notice that these are precisely given by

ANoy . ={e1,...,ey}

and one can stop the resolution process of X,, avoiding the blowups associated
with {ej,...,e,}, so getting an induced partial resolution Y’ — Y. Then,

Theorem Lemma and relation give

2

~ o n°—n
h(Qyr) = hiél (XI(I,Q)) —|ANon 4l =d —n=my + 2
On the contrary,
Vi<i<n [0:-:1::00€YY = Y)Y =T-a,,

?

meaning that YV passes through every center of those blow ups composing ¢ and
determined by lattice points of ANo?, for 1 < i < n. The desingularization process
described in §3.1| shows that, for any such i, at most two of the lattice points in

AN oy are really needed. Recalling that

n—1 - 2

_ 2
Vi=1,...,n Amg;:z*(ei):<d 1) ntn

with ©; := Conv(Aq,... ,){, ..y Ant1), this is enough to show that the resolution
process can be stopped (n? — n)/2 steps before, so getting a quasi-smooth partial
resolution YV — Y such that

k?v = hl (ﬁ?v> = my
O

d=mn+0 with § > 3. Let Y C P" be a generic hypersurface of degree d =
n+6 >n+ 3: then ag = (1,,,0) and bg = (6 - 1,,,1).

Theorem 3.13. Let ¢ : X(Lg) — X(1,6), be the resolution constructed in Propo-
sition[3.10 Then, the transformed hypersurface

YV =¢t(YV)C X(l,é)

(7))o

Moreover, there exists a birational morphism f' : §A§’(1 5 — X(]ﬂé), which is a

is smooth and

composition of divisorial blowups, such that, calling ¢ = ¢ o f’, the associated
transformed hypersurface (YV) = =1 (YY) = (f)"1 (YY) of YV is smooth and

ko =1 (v ) = 1k (CL(K{rg)) = b (2, ) = my
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that is, the generic YV C X(1,5) 98 a B-mirror partner of the generic hypersur-
face Y C P" of degree d = n+ 4. By (54), this means that (Y,Y") is a pair of
topologically mirror partners.

Proof. Consider the generic hypersurface YV € |DE )| and its transformed hyper-

51,1
surface YV = o (YV) C X(Lg). Local analysis explained in the next suffices
to show that YV is smooth. Then, Theorem Proposition and the following

Lemma give

~ ’ d+n d
W (Qpy) =1k (C1 (X)) = hit' (X{a ) = ( . ) —~ <n>
Since d > 3, one has
()-(57)-0r

i (7Y) < (‘“”) 2= my

n

so giving that

Proceed, now, to blowing up X(Lg) ins:= (g) — (n+1)? points belonging to ?, to
getting the birational morphism

f/ : XI(L(;) = Bsgl,é — §§1,6

Then, finally

RR(YYY) = WM (R )) = s+ b (X))
_ <d:”) (n+1)2=my

d

3.1. Local analysis of singularities and resolutions. The present paragraph
is devoted to giving a proof of the existence of a smooth resolution YV ¢ Xao
of a generic YV € |D{30|7 as claimed in previous Theorems lm and lm being
o : Xao — X,, the resolution given in Proposition M(S)

Let Y be a generic hypersurface in P” of degree d = n+46, with 6 > 2. Then, after
acting an automorphism of X,,, the generic hypersurface YV € | D | is defined by
the polynomial f¥ € Cox(Xa,) = C[x] described in (53)).

First of all recall that Sing(Y"Y) C D}, ;. Then, from here on, we will restrict to
consider singularities in the affine open subset U, := {z,, # 0} C Xa,: this suffices
as the treatment of singularities in the remaining affine subsets U;, 1 <1i < n — 1,
is completely analogous and YV N U, is smooth. Then Z, := YV N U, is the
hypersurface defined in C™ by the polynomial

n—1 n—1
(S srinTa) -

i=1 =1

n

i

fn =

(65) o=1 4 it

-1
S—
I1=
=1
n—1
)
¢
i=1
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where:
n—1 n—1
Vi=1,....n—1 z =x;/x,, zn:xm_l/xi, CIZZZ;L+6+1+¢ZnHZi
i=1 i=1

This means that we are studying the open subset determined by the cone
on = (A = o A, An)

opposite to the ray p, = (A,). The singular locus Sing(Z,) is contained in the
hyperplane {z,, = 0}, which is determined by the torus orbit of the distinguished
point of the ray pn+1 = (An+1). Then, a resolution of Z,, has to be obtained as a
birational transform induced by a suitable subdivision of ¢,,, admitting a sub-cone
o C o, such that:

e o is a cone of a subdivision of ¢,, constructed by adding a suitable number
of new rays, associated with exceptional divisors of successive blowups,
® pny1 is still a ray of o.

A (not unique) way of producing a similar resolution is the following. The cone o,
is spanned by the facet ©,, <! A,, defined by

®n = COI]V()\l, ey >‘n—1a )\7z+1)
Recalling definition of the A-triangulation of A,,, giving rise to the crepant
resolution ¢’ : Xu, — X[~ in Proposition , every interior lattice point of O,

determines a new ray, hence an exceptional divisor of the resolution ¢’. Notice that
their number is given by

1*(0,) == |M NInt(0,,)| = <Z: i) _ (n+§ - 1)

Start the resolution process by considering the birational transform of Z,, in the
blowup determined by A € M N Int(©,,), locally given by

n—1

Vi:1<i<n-—-1 2z =tz, (1) (n—1)(6—1) 6-1, _n+l _

{ fn(z)zo} = (2, Hti +20t =0

being ¢V the obvious transform of ¢. The associated birational transform
B1Z, C Spec (AO'(l)) , Agu) =C [(07(}))\/ N N}

with o8 = (A® Ay, .. Ai s Ans1) and {ia...,in_1} a suitable subset of
{1,...,n — 1}, is given by the zero locus of

W . COTI i+ 22 €Cltay ooy tn1, 2] ifo=2
n ¢ 0= L 1 € Clta, .y tp1,20] 623

Then, singularities are not yet resolved if 6 = 2. In this case, we go on by considering
the blowup determined by

A® e Mnmt(©), 6 = Conv (A, Ao Aiu Ly, Anst)
and the associated birational transform BsZ,, C Spec (AJ@)), with
FESEENONCID VD VNS VIS WIS SUS O VRUNIND VIS et 0 A0 VNUUND VI

Notice that such a A exists, up to changing the previous choice of )\(1), since
[*(©,) > n. Then, this process terminates after at most two blowups, producing a
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smooth resolution ZL — Zy.
Analogously for other open subsets Z; ;=YY NU;, with 1 <i<n — 1.

Ezample 3.14 (Resolving the f-mirror partner of a septic threefold). Consider the
generic element Y := Y7 € |D,,| with ag := (14, 3) thought of as a framing of P4.
Then the f-mirror partner of Y is given by the generic element Y € |Dy, |, with
bg = (3 - 14, 1) thought of as a framing of X(; 3) = P(14,3)/G1,3), whose defining
polynomial in Cox (X(1,3)) is given by

4 4 5
=1l | Doal+v [[a | +48
j=1

i=1 =1

Then Sing(YV) C D. and we consider the affine open subset Uy C X(1,3) and the
hypersurface Z, = YV N U, =2 C4, defined by the equation

fo= (A2 +2]=0
with ¢ := 217 + zg + zg + 14 z1292324 and
1 = 3?1/304, 2o = $2/JS47 z3 = 333/964, 24 = 1‘5/33231
Consider the blow up

66
(66) Ja(z1, 22,23, 24) = 0

} — S (CWaBBE 1) =0

with ¢V = 1 + [(t{ + L +t5)23 + ’L/Jtltgtg] 2} so giving the birational transform
B1Z, C Spec (A (1)) & C* defined by the polynomial
04

CW24t2262 + 1 € Clty, ta, ts, 24)

which is a non-singular one. The same procedure can now be repeated for the affine
open subsets Uy, Us, Uz, so getting a resolution of YV after four blowups.

Ezample 3.15 (Resolving the f-mirror partner of a sextic threefold). In the same
notation as above, the f-process is now given by

(P4, a9 := (14,2)) =~ (X(1,2),bo := (2 14,1))

and the generic f-mirror partner YV is defined by

4 4

5
fV:Hxi Zx?—i—w ij + a3

i=1 i=1 j=1
Then, locally Z, = YV N Uy is given by
fi=Cnzmzs+2; =0
with ¢ := z? + zS + zg + 1 4 ¥z1292324 and
21 =x1 /Ty, 2p=To/Ty, 23=T3/T4, 24=T5/T>

After the blow up given in , the birational transform B;Z, is defined by the
polynomial

fi = C(l)tthtS + Zz S C[t17t27t37 Z4]
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with (1) = 1+ [(t$ + 1§ +t5)22 + Yt1tats] 2f. Then one need a further blowup
given by
{V21§Z§3 tiZSiZ4
fz’;(tla tQa t3a Z4) - 0

so that, the birational transform ByZ, is given by

} == zi (C(2)24313253 + 1) =0

(@ 24518083 + 1 € C[sy, 52, 53, 24]
with (@) = 1+ [(s§ + s§ + s5)23 + ¥s15053] 2. Then ByZ, is smooth, meaning
that YV can be resolved after 8 blowups.

3.2. Two combinatorial Lemmas. This section is devoted to prove some com-
binatorial formulas needed to compute Hodge numbers in previous Theorems[3.11

B.12 and

Lemma 3.16. For every positive integers n > 1 and d > n + 1 the following is an
identity

(67) (an— 1) (n+1)(d;1) Z<1)n(?j:l1> <id—§+n)

Proof. Set P(k) := ((kfl)iﬂ””) and think it as a polynomial of degree < n in k.
Then, the (n + 1)% finite differences of P(k) vanish, that is,

! n+1 e n+1
Z(—l) ( i )P(k:) =0 = kzzz(—l)k( i )P(kz) =—P(0)+ (n+1)P(1)

k=0
Multiplying by (—1)"~1 gives

n+1 n+ 1
(=1)"P(0) — (n+ 1)(-1)"P(1) = Z(—l)”_1+’“< P )P(k)
k=2
Notice that

<—1>"P<0>=(2d1), <—1>”P<1>=(d1), W (~1)nmitE o (opyneick

n n
Then setting k = ¢ + 1 in the summation gives . (]

Lemma 3.17. Consider the Gorenstein partial resolution X, — Xa, constructed
in Proposition [3.10. Then, for every positive integers n > 4 and d > n + 2, the
following is an identity

(68) WKL) = ¢ = <dzn) - (jf)

Proof. By Proposition [3.10

) q= ()1 Jem

h=0
where, by definition, pa,(h) = [{m € M | px(m) = —h}|, being vk the canonical
support function of X[, . Clearly ¢a,(0) = 1. Moreover

h d—n—1 . . . h—1
VhEN {0} () = (”ffd> —Z( > (”d‘njff"» - enll)
j=1 i= 1=0

i=1
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h

l

= (1) (0)
n—1 . h—1 1

Vh>2 pa(h) = Z(Zd_—k1@>+z<ld+n;_hl—l—l>_ (zm:_—ll—l)
: 1

(70)

n—1 N k-2 k-2

Vhez P(k):_z<(k;1_)ci+z>+z(ld+n;_/cl—l—2)Z<Id+:_—1l—2)

giving rise to a recursive equation admitting the following unique solution
Define
i=1 1=0 1=1

with the following usual conventions:

(71) (—ba> _ (_Db(a—f—Z—l)

b—1 c c
Va,beeZ Y fH)+> fG) = Y f0)
i=a j=b l=a

In particular, the second convention implies that

—2

0 —1 -2 —1
S F@) =D f0) =0, f(i) = —f(=1), Y f(i) = —F0)=f(=1), Y _ f(i) = —£(0)
=1 1=0 =1 =1

=0

Therefore, one has
PO) — ”i (:ld_—i-li) - (—d;_nl— 1) N (n—_21) . <—nd_—11)
=
() e )
(o))
= Kdzn) - (Z) | = ()" (1)
1y

pe) = X (0 ) = (1) - (§) e
i=1

P(k) = @a,(k—1) fork>3

Definition , taking into account conventions , allows one to check that n-th
finite differences have to vanish for P(k), that is,

(72) Z(—l)k<k)P(kz) =0

k=0
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Then, gives
R D () IR

k=1

ot (g) pao(1) + Z(—l)k(Z)P(k)
k=3

and vanishing allows us to conclude that

G = n+(’;)¢ao<1>>z<1>’“<2)13<k>
k=

0
- wre=(7) )

4. AN EXAMPLE WITH [ > 2: Y3, C P?

= (-

On the contrary of the hypersurface case, when [ > 2 there is not a general
rule for computing complex moduli of a family of projective complete intersec-
tions. Moreover, dimensions of polytopes Ap,,...,Ap,, associated with the f-

mirror partitioned framing b = Zﬁc:l by, depend on the particular partitioned

framing a = Zﬁc:l aj chosen on P"™. Anyway, results in and % give useful
recipes to perform, case by case, most parts of the topological mirror check.

Remark 4.1. Consider the partitioned ftv (P, a = Zi:l ay) and let ag be a per-

mutation of a whose entry are increasingly ordered. Let X,, and §§a be the asso-
ciated f-dual and partitioned f-dual, respectively, varieties. By construction, Xa,

and §§a are birational algebraic varieties. Recall the Gorenstein partial resolution
@'+ X, — Xg, constructed in Proposition Then blow up X[ by adding

the rays in a(1) \ a, (1) and then suitably subdividing the fan $a: in this way

one gets a partial Gorenstein resolution X[ of both X,, and Xa and factorizing the
resolution ¢ : X5, — X,, constructed in Proposition as follows

(73)

<)

Xa

In particular: 5: §A§a0 — §§a s a resolution of singularities.
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As an example, consider the complete intersection Y3 4 C P?, giving the minimum
degree projective 3-dimensional complete intersection, with | = 2, of general type.
Coherently with prescriptions choose:

a = (1 1 1 1 1 2):al—|—a2 with
a; = (1 1 1 0 0 O)
a, = (O 00 1 1 2)

By applying algorithm [1.1.1} one gets A,, = Conv(A,, ), with k£ =1,2 and

2 -1 -1 -1 -1 -1
-1 2 -1 -1 -1 -1

Aay=| -1 -1 2 -1 -1 =1
0 0 0 3 0 0
0 0 0 0 3 0
4 0 0 0 0 0
0 4 0 0 0 0
Aa, = 0 0 4 0 0 0
-1 -1 -1 3 -1 -1

-1 -1 -1 -1 3 -1

Therefore Ay = Conv(A,,, Ag,) = Conv (Ka), with Ay = ( Aa,|Aa, ). Step (D)
in algorithm then gives

b = (11111122222 1)=b+by with
by = (1 11111000 0 0)
b, = (0 00000 2 2 2 1)

so that

/A\bl = CODV( 0 €e; ey e3 )

szzConV(—l 0 e e XN X’)

with
—~1/4 —1/4
—~1/4 —~1/4
A= —1/4 , A= —1/4
—~1/4 5/4
5/4 —1/4

Then dim Zbl =3 = dim sz and dim (Zbl + Zb2> = 5 meaning that Zbl,ﬁbz
are 3-independent and 4-dependent.
Moreover, part (b) in Remark explicitly gives the two polynomials

3 3

(74) Y = a1 2110x3w47576 + a2 w1327t + a3 w2378t + ag w3370

Vo 3.3 3 5 3 5 2,222 .2
fol = b1 xgwis + ba xix78Tx g 11 + b3 X2X7TT9T 1027 + ba TZXFLEX T T12

defining the complete intersection YV =YY NY, in Xa. The latter is a complete
toric variety of Picard number 7 and Y}V, Yy’ turn out to be divisors of degree

(3,12,12,4,12,4,0),(0,12,12,6,30,15,6) € Cl(Xa) =~ 77, respectively.
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4.1. Computing Hodge numbers. By Theorem [2:8] for the generic
Y =Y3,:=Y1NYs CP° with Yj €|Da,|

one has
1 forp=20
hP(Oy) =1 I"(Aa) =6 forp=3
0 otherwise

being A, = Aa, + Ay, = Conv(A,) and

6 -1 -1 -1 -1 -1
-1 6 -1 -1 -1 -1
A= -1 -1 6 -1 -1 -1
-1 -1 -1 6 -1 -1
-1 -1 -1 -1 6 -1
so giving

Int (Aa) NM = {0761762763,64,65}

Moreover, A; = Ap, = Conv(A;), with

Ag = (0 e, - e5)
06
0Og
Vzl§z§5 Az = A6— _]—6 }Z—th Irow
0O¢
0O¢

Then, recalling the definition of K,, one has

6
Ka = 1" (Da, +82) + 1" (Aa, + Aa) = D 1" (Ai + Ay)
i=1

6

— 207 (Aa) = 1" (2A4,) = 1" (284,) + D> (1" (Ai + Aa,) + 17 (A + Agy))

] =1
U (Aay) F 1 (Aay) = Y (A)

=1

But
Vik 1" (Aa,) =1" (A + Aa,) =1"(A;) =0
Vi (A +An) =1"(20,,) =21
l* (2A31) =1
*(Aa, +An) =126
" (Aaz + Aa) =252
so that

Ko=126+252—-6-21-12—-1-21 =218

53
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Therefore, Theorem and in particular relation , give

1 forp=1
(75) hP(Qy) =14 224 forp=2
0  otherwise

On the other hand, for the generic

l
YVi= (Y CXa with Y} € |Dy,|
k=1

consider the birational transform Y := qATl (YV) under the resolution $ defined

in . Then, Theorem gives

WP (Op,) = hP(Oyv) = { 1 forp=0,3

0 forl<p<2

being [* (AB) = 1. Moreover, by Lemma
5 < : : lal +5 al
W (Qpy) =1k (C1(Xa,) ) = b (X)) = bl (XG,) = ( s )5 )=

4.1.1. Computing moduli numbers. Complex moduli of the f-mirror family Vg of

complete intersections YV C Xa can be computed by observing that a variables

rescaling allows us to rewrite the defining polynomials fy, fy € Cox(§§a)7 explicitly
written in , as follows

(76) I =Y xizemsransze + 21327t 4+ 10308 + w33797

Iy = 23ty + adwrrsroxiyrin + v30718797 1077, + 222223 10
where the complex parameter i) cannot be normalized by a further automorphism.
Then ) represents the unique complex modulus of )}, so that myv = 1. The
latter, compared with h'(Qy) = 1, as computed in , implies that YV is A-side
mirror partner of Y.
On the other hand, complex moduli of the family Y, of complete intersections
Y = Y34 C P° can be computed as follows. First of all, one has

dim (PH"(P°, Ops(3))) = (3 —;: 5) —1=55
dim (PHO(P®, Ops (4))) = (4 Z 5) 1=125

Then notice that, given a cubic polynomial f3 € H(Ops(3)), two quartic polyno-
mials f4, fi € H°(Ops(4)) cut a out on {f3 = 0} the same complete intersection if
and only if f3 divides both f; and f;. The dimension of the subspace of H°(Ops(4))
generated by quartic polynomials of this kind is

dim (H°(P®, Ops (1))) = (1 Jlr 5) =6

Finally we have to quotient by the action of Aut(PP?) = P GL(5), so giving
my =55+ 125 -6 — 35 =139
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For the B-side topological test, one has to perform the following comparison
Al (ﬁ?) =771 > 139 = my

Then YV is a B-side mirror partner of Y3 4 if there exists a partial resolution
¢ : X — X, such that

(i) rk(ClI(X)) = 139,
(ii) X is Q-factorial and satisfies conditions in Remark
(iii) ¢~Y(YV) is quasi-smooth,

so that h' (ﬁw—l(y\/)) = 139 by Theorem
Conditions (i) and (ii) can be obtained by choosing a suitable factorization of the
resolution ¢ : X5, — X, as follows

and then a small birational contraction ¢” : X — X’ determined by the choice of
a suitable chamber of the secondary fan of X', such that X is Q-factorial.
Unfortunately, condition (iii) seems to be quite difficult to understand, at least as
far as the author’s knowledge allows.

4.2. LG mirror models. Starting from equations of the f-mirror model Y
and applying considerations given in §[I.2]and Proposition [[.17] one can construct
a generalized LG mirror model and a Givental type LG mirror model, respectively.
The former is given by (ﬁ‘a, £Y), where

v Vi 3,,. 4 3., 4 3. 4

£ <f1 f2)_<¢+$1$7 + 22°%8" + T3°%9
b xP1’ xb2 T1X2X3TL4T5T6 ’
3z 5 3 5 3.3
1T7TITYXIpT11 + TEX7LYLYT 10X + 5565512)

1+
2. 2,22 .2
LrTygLyx1oL11L12
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Therefore, Proposition [1.17 gives the Givental type LG mirror model (7~ 1(Ty), F)
with

Vv Vv
fi /3 8
F = S+ S-=un+-+untupt-+up:C—C
xP1  xb2
_ . *\8 *\ 2
m(u) = (q1,¢2): (C")° — (CY)
uyp =
atas
U2 = ———————
T2X3T4T5T6
x%xé
uz = —
T1X3T4T5T6
z3x
Ug1 =
T1T2X4T5T6
U2 = 1
3.3
L4270
u22 = -
T7T8TYT11TL12
3.3
_ T5L11
Uz = —
T7T8TYT10T12
3,.2
by = LeL12
- 2.2.2.2 2
L7XILHLI0LT1
T332
Q= Ul Ug =P
Lyx5Te
wiadad
Q2 = Uiz U42 = g7
LrXgly

As for examples [[.24] and [T.25] again it turns out that ¢i1g2 = ¢, so that 7 can be
thought of as a fibration over the complex parameter of the mirror family, up to
the composition with (g1,¢2) € Te — q1g2 € C*.

(1]

[2

=

(10]
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