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On the height and relational complexity of a finite permutation group

NICK GILL, BIANCA LODA anp PABLO SPIGA

Abstract. Let G be a permutation group on a set €2 of size t. We say that
A C Q is an independent set if its pointwise stabilizer is not equal to the
pointwise stabilizer of any proper subset of A. We define the height of G to be
the maximum size of an independent set, and we denote this quantity H(G).

In this paper we study H(G) for the case when G is primitive. Our main
result asserts that either H(G) < 9logt, or else G is in a particular well-
studied family (the “primitive large-base groups”). An immediate corollary
of this result is a characterization of primitive permutation groups with large
“relational complexity”, the latter quantity being a statistic introduced by
Cherlin in his study of the model theory of permutation groups.

We also study I(G), the maximum length of an irredundant base of G,
in which case we prove that if G is primitive, then either I(G) < Tlogt or
else, again, G is in a particular family (which includes the primitive large-base
groups as well as some others).
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§1. Introduction

In this paper we study a number of different statistics pertaining to primitive permu-
tation groups. We are interested in understanding which families of primitive permutation
groups exhibit large values for these various statistics.

From here on, let G be a finite primitive permutation group on a set 2 of size t < oc.
The statistic of most interest to us is the relational complexity of a permutation group,
RC(G), a statistic that was first introduced in [CMS96]. We were motivated by a remark
in the same paper in which the authors suggest that it should be possible to classify those
primitive groups G for which RC(G) > v/t. Our main result (more or less) yields this
classification; indeed it applies with the v/t replaced by the asymptotically weaker 9logt+ 1
(here, and everywhere, logarithms are base 2).

In the course of our investigations we were inspired by the following result of Liebeck
[Lie84] concerning the minimum base size, b(G), of the permutation group G. (The defini-
tion of this quantity is given below.)

Theorem 1.1. Let G be a finite primitive group of degree t. Then one of the following
holds:

1. G is a subgroup of Sym(m)Sym(r) containing (Alt(m))", where the action of Sym (m)
is on k-subsets of {1,...,m} and the wreath product has the product action of degree
t= (%)

2. b(G) < 9logt.

Theorem [1.1] leads us to make the following definition.

Definition 1.2. The group G is a primitive large-base group if G is a subgroup of Sym(m)
Sym(r) containing (Alt(m))", where the action of Sym (m) is on k-subsets of {1,...,m}
and the wreath product has the product action of degree t = (Tg)r

In this paper we prove two results which are variants of the main result of Theorem
in both, the family of primitive large—base groups appear in a similar way to Theorem
in that they exhibit exceptional behaviour with respect to certain statistics. In order to
state these results we must first define the statistics of interest[l

1.1. Definition of statistics

For A = {w1,...,wx} C Q, we write G(p) or Gu, w,,...w, for the pointwise stabilizer. If
G = {1}, then we say that A is a base. The size of a smallest possible base is known as
the base size of G and is denoted b(G).

We say that a base is a minimal base if no proper subset of it is a base. We denote the
maximum size of a minimal base by B(G).

!There has been recent improvement on Liebeck’s result. We now know that if G' is not a primitive
large-base group, then b(G) < max{[logt] + 1,7}. [MRD].
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Given an ordered sequence of elements of €, [w1,wa, ..., w], we can study the associated
stabilizer chain:

G 2 Gwl 2 Gwl,wz Z Gwl,wg,wg 2 e 2 Gwl,wz,...,wk

If all the inclusions given above are strict, then the stabilizer chain is called irredundant. If,
furthermore, the group Gy, w,,...w, is trivial, then the sequence [wi,wy, ..., wy] is called an
irredundant base. The size of the longest possible irredundant base is denoted I(G). Note
that an irredundant base is not a base (because it is an ordered sequence, not a set).

Finally, let A be any subset of 2. We say that A is an independent set if its pointwise
stabilizer is not equal to the pointwise stabilizer of any proper subset of A. We define the
height of G to be the maximum size of an independent set, and we denote this quantity
H(G).

There is a basic connection between the four statistics we have defined so far:

b(G) < B(G) < H(G) < I(G) < b(G) logt. (1.1)

The proof of goes as follows: The first inequality is obvious. For the second, suppose
that A = {w1,...,wi} is a minimal base; then observe that A is also an independent set.
For the third, suppose that A = {w;,...,wy} is an independent set; then observe that the
ordered list [wy,...,wy] can be extended to form an irredundant base.

The fourth inequality has been attributed to Blaha [Bla92] who, in turn, describes it
as an “observation of Babai” [Bab81]. Suppose that G has a base of size b = b(G). Then,
in particular |G| < t*. On the other hand, any irredundant base has size at most log|G].
We conclude that I(G) < log(#?), and the result follows.

We have one more statistic to define. To start, suppose that r,n € N with » < n. If
1,J € Q" then we write I 5 J, and say that I is r-equivalent to J with respect to the action
of GG, if GG contains elements that map every subtuple of size r in I to the corresponding
subtuple in J i.e.

for every ki, ko, ...,k € {1,...,n}, there exists h € G with I,?Z, = Jy,, for every i € {1,...,

Here I;, denotes the k™ element of tuple I and I9 denotes the image of I under the action
of g. Note that n-equivalence simply requires the existence of an element of G mapping [
to J.

The group G is said to be of relational complexity r if r is the smallest integer such
that, for all n € N with n > r and for all n-tuples I, J € Q",

I J =1

In this case we write RC(G) = r. The fact that relational complexity is well-defined takes a
little proving. There is an equivalent definition of RC(G) in terms of relational structures:
RC(G) is the least k for which G can be viewed as an automorphism group acting naturally
on a homogeneous relational system whose relations are k-ary [Chel6].

The relationship between relational complexity and the statistics defined above is given
by the following inequality (which is proved in :

RC(G) < H(G) + 1. (1.2)

Note that in what follows, we may sometimes include the set on which we are acting
in our statistical notation, if this set is in any doubt. So, for instance, H(H) and H(H, A)
both mean “the height of the permutation group H on a set A”.

r}.
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1.2. Main results

Our first main result is a Liebeck-type result for height.

Theorem 1.3. Let G be a finite primitive group of degree t. If G is not a primitive large—
base group, then
H(G) < 9logt.

Equation (1.2]) immediately yields the following corollary.

Corollary 1.4. Let G be a finite primitive group of degree t. If G is not a primitive
large—base group, then

RC(G) < 9logt + 1.

Corollary yields the classification proposed in [CMS96] in a very strong form (since
our bound is logarithmic in ¢, whereas the original suggestion was for v/¢). Note, however,
that we do not assert that all of the primitive large—base groups genuinely violate the bound
in Corollary A precise analysis of the relational complexity of the primitive large—base
groups was started in [CMS96] but, although a great deal of progress was made, much
remains to be done. Note, though, that [Chel6l Theorem 2] implies that the family of
primitive large-base groups contain an infinite number of groups violating the bound in
Corollary including, in particular, the alternating groups in their natural action. It is
clear that the same is true with respect to Theorem both Alt(t) and Sym(¢) in their
natural action violate the bound in Theorem for ¢t large enough. In future work we will
show that the same is true of Alt(¢) and Sym(¢) in their action on k-sets.

Equation yields a second corollary.

Corollary 1.5. Let G be a finite primitive group of degree t. If G is not a primitive
large—base group, then

B(G) < 9logt.

Of course, we could get yet another corollary by replacing B(G) by b(G) here, but this
would only reprise Theorem What, then, of I(G)? Our main result concerning this
statistic is the following.

Theorem 1.6. Let G be a finite primitive group of degree t. Then one of the following
holds:

1. There exists an almost simple group A, with socle S, such that G is a subgroup of
A Sym(r) containing S”, the action of A is one of the following:

(a) the action of Sym (m) on k-subsets of {1,...,m} (so degree s = (}'));

(b) the action of a classical group on a set of subspaces of the natural module, or on
a set of pairs of subspaces;

and the action of the wreath product has the product action of degree t = s", where s
is the degree of the action of A.

2. I(G) < Tlogt.



Height and relational complexity 5

The listed possible actions of A are a subset of the so-called “standard actions” of
almost simple groups. In the second case, let V be a finite-dimensional vector space over
[Fy; if S = PSL(V'), then such an action is on all subspaces of some fixed dimension k in V;
if S = CI(V), one of the other classical groups defined on V', then such an action is either
on all non-degenerate subspaces of some fixed dimension k in V, or on totally-isotropic
subspaces of some fixed dimension k£ and of a given type in V.

Theorem is not as strong as we would like — we would like to eliminate the groups
listed at item (1b), so that we end up with the same exceptional family as in the other main
results. Indeed we conjecture that something like Theorem should hold for I(G) also:

Conjecture 1.7. There exists a constant C > 0 such that if G is a finite primitive group
of degree t that is not a primitive large—base group, then

I(G) < Clogt.

1.3. Structure of the paper

Our proofs of Theorems and make use of the O’Nan—Scott Theorem which
divides the class of primitive permutation groups into various families. There are various
ways of stating the O’Nan—Scott Theorem; in this paper we make use of the division into
eight types which is described in [Pra90].

After proving some useful background lemmas in §2 the work in §§3] [4 and [5] when
combined with the O’Nan—Scott Theorem reduces the problem of proving Theorem to
a question about almost simple groups. This question is addressed in §6] where the proof of
Theorem is completed.

The work in §5 when combined with Theorem reduces the problem of proving
Theorem to a question about almost simple groups. This question is addressed in
where the proof of Theorem is completed.

1.4. Acknowledgments

The results in this paper are based on the PhD thesis of the second author. The
authors would like to thank Colva Roney-Dougal and Dugald Macpherson who, in the
course of examining the thesis, made many useful remarks which have helped to improve
the current paper.

The first and third authors would like to acknowledge the support of EPSRC grant
EP/R028702/1 over the course of this research.

§2. Some background lemmas

In this section we collect together a number of lemmas, mostly about height, which
will be useful later. We also introduce one final statistic: for a group G, we define ¢(G) to
be the length of the longest subgroup chain in G. It is clear that ¢(G) is greater than or
equal to I(G) (and, hence, all of the other statistics defined in §l1)); it is equally clear that
(G) < log G,

We start with a proof of

Lemma 2.1. RC(G) < H(G) + 1.

Proof. Let h = H(G) and consider a pair (I, J) € Q" such that I 5 J with r = h+ 1.
We must show that I 5 J.

-SUBMIT
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Observe that we can reorder the tuples without affecting their equivalence. Hence,
without loss of generality, we can assume that

Gn>Gnpn > >Gnn,..I
for some ¢ < h and then this chain stabilizes, i.e.

Gn,..., =Gn,...,

Totj

for all 1 < j < n —¢. From the assumption of (h + 1)-equivalence it follows that there
exists an element g € G such that If = J; for all 1 < ¢ </ and observe that the set of all
such elements g forms a coset of G, .. 1,.

The assumption of (h + 1)-equivalence implies, moreover, that for all 1 < j < n — /¢
there exists g; € G such that

{Ifj =J;, for 1<i<¢
i
IE—JI—] — Jg+j.

The set of all such elements g; forms a coset of Gy, . which is, again, a coset of

Loy Loy
Gr,,...1,- Indeed, since any coset of Gy, .., is defined by the image of the points I1,...,I,

under an element of the coset, we conclude that elements of the same coset of Gy, .., map
Ipyj to Jpypj for all 1 < j <n —£. In particular, I 5 J, as required.

The next two lemmas are little more than observations and require no proof.

Lemma 2.2. Let H < G and let A C Q be an independent set with respect to H. Then A
is an independent set with respect to G. In particular, H(H) < H(G).

Lemma 2.3. Let A = {aq,...,an}. Then A is independent if and only if
Gy = Gavfon))
foralli=1,...,n.

Lemma 2.4. Let A C Q. Then there exists I' C A such that T' is independent and G(A) =
G(F)

Proof. If A is an independent set then the claim is trivially true. So assume it is not.
Then there exists a proper subset Ag C A such that G(5,) = G(). If Ag is independent
then we are done, otherwise consider Ag and repeat the same argument.

The next three results give information about the behaviour of the statistics H(G),
I(G) and ¢(G) when the permutation group G is a direct product.

Lemma 2.5. Let A and B permutation groups on Q1 and Qs, then

H(A X Bqu X QQ) < H(A7 Ql) +H(B7QQ)
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Proof. Let mq : A x B — A be the projection onto A and observe that the kernel
of myq is {1} x B. Let A = {(a1,051),...,(ak,Bk)} be an independent set for A x B. Set
G := A x B and, for every j € {1,...,k}, set Gj == G(a,,5)N " NGa,p)

Now consider the set A} = {a1,...,a5} C Q1. Observe that, a priori, this set may not
be independent. However, by Lemma there exists a subset {ji,...,7s} € {1,...,k}
such that the set Ay = {ay,, ..., a;,} is independent and A(a,) = A(n,). After relabeling el-
ements, we can assume Ay = {a1,...,as} and observe that Ax,) = 7a(Gs). In particular,
s < H(A, Ql)

Now let H := Gs. It is clear that the set {(ast1,Bs+1),-- -, (ak, Bx)} is independent
with respect to H. Moreover, for all j € {s+ 1,...,k}, we have

k k
M( N H(ai,w) =ma| [ Hes

i=s+1 i=s+1
i#]
and this implies that
k k
() Heawsy {1 xB) 2 | () Hiappy | N {1} x B).
i=s+1 i=s+1

1#]
Therefore, by Lemma the set Ay = {Bs+1,- .-, 0k} is an independent set for BN H
and hence k — s <H(BN H, Q). As H(BN H,Qy) < H(B,Qy), by Lemma [2.2] we have

kE<H(A,)+ H(B,Q9)
and we conclude that H(G, Q2 x Q2) < H(A, Q) + H(B, Q).
Lemma 2.6. Let A and B be non-identity permutation groups on 1 and s, then
I(Ax B, x Qo) =I(A, Q) +1(B, Q) — 1.

Proof. Let [aq,...,ak] and [51,...,[s] be irredundant bases for A and B acting on
Qy and on Qy and with &k :=1(A,Q) and s :=1(B,Q2). As A and B are not the identity,
s,k > 1. Now consider the ordered sequence

[(ala 51)7 (041, ﬁQ)a AR (a17ﬁ5)7 (042768)7 (Oég, Bs)v R (Oék, Bs)]

Using the fact that [aq,...,ax] and [51, ..., (s] are irredundant bases, it follows that this
sequence of elements of 01 x €25 is an irredundant base for A x B acting on 21 X 5. Thus

I(AXB,QI XQQ) Z8—|—k—1:I(A,Q1)+I(B,QQ)—1.

Now, let [(a1,B1),..., (aq, Bt)] be an irredundant base for A x B acting on ; x Qg
with t = I(A x B,Q; x Q2). Let Sy :={i € {2,...,t} | Aas,...0in > Aan,oi 1,00} and
Sp:={ic{2,...,t} | Bg,,..5_,>Bs, . g .} As, foreachi € {2,...,t}, we have

i—1

)
Aala---vaifl X Bﬂlw,ﬁz‘q = ﬂ(A X B)(CY]’,,B]’) > ﬂ(A X B)(CV]',,B]') = Aal,---ﬂi X Bﬁhmﬂiv
j=1 j=1

-SUBMIT
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we deduce SAUSp = {2,...,t}. Moreover, if Sg = {i1,12,...,4,}, then [aq, iy, iy, . . ., @, ]
is an irredundant base for A acting on €7 and hence I(A,Q;) > |Sa| + 1. Similarly,
I(B,$s) > |Sp| + 1. Therefore,

I(A, Q)+ 1(B,Q) > |Sa|l + S| +2 > [SaUSB| +2=|{2,...,t}|+2=t+1
=1(A % B,Q; x Q2) + 1.
Lemma 2.7. Let A and B be groups. Then {(A x B) < {(A) + {(B).
Proof. Let G = A x B and let
G, <Gr1< - <G1<Gy=G
be a chain of subgroups of length k. Let m : G — B be the projection onto B. Let
Z:={ie{0,...,c =1} | 7(G;) > 7(Git1)}

and let s := |Z|. We may write Z = {i1,...,is} with i; <iy <--- < is. Now,

T(Gi41) < m(Gi,) < -+ <m(Gy) <m(Gyy) < B

is a strictly increasing chain of subgroups of B and hence s < ¢(B).
Let j be an arbitrary element in {1,...,s — 1}. Define is;1 = k. By definition

m(Gijr) = = 7(Gijps) = m(Gij12) = (Gij1). (2.1)
Since, by assumption, we have the strictly increasing sequence
Gijpy < <Gij13 < Gijq2 < Gijpa,
the first isomorphism theorem and (2.1]) give
AﬂGijJrl << AﬂGijJrg < AmGij+2 < AﬂGij+1.

This increasing sequence consists of ij41 — i; subgroups.

The argument in the previous paragraph can be applied for every j € {1,...,s — 1}
and hence we obtain s chains of strictly increasing sequences of subgroups of A consisting
of i1 — 19,99 —13,...,15—1 —is terms. By sticking these strictly increasing sequences together
we obtain a longer increasing sequence of subgroups of A of length . This longer increasing
sequence is not necessarily strictly increasing, however the only positions where an equality
can occur are the positions where we attach two strictly increasing chains, that is, in the
positions

ANG;,,, <ANG

1j41 ij41—1-

Since the number of these positions is s and since s < ¢(B), we have a strictly increasing
chain in A of length x — ¢(B). We conclude that x — ¢(B) < ¢(A), and the result follows.

Lemma 2.8. Let G < Sym(Q2) and let N < G. Then
H(G) < H(N) + ¢(G/N)

and
I(G) <I(N)+¢G/N).

-SUBMIT
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Proof. Let {w1,...,w,} be an independent set for G in its action on €.
Let us consider the action of N on . Observe that, a priori, the set {wi,...,wr}

is not independent for this action. However, by Lemma there exists a subset J :=
{j1,---,7s} €{1,...,k}, such that {wj,,...,w;j,} is independent for N on © and

s k
NN (ﬂ iji> =NnN (ﬂ Gwi> .
i=1 i=1

After relabeling elements, we can assume J = {1,...,s}. In particular, this yields that
s <H(N,Q).
Observe that, for all j € {s,...,k}, we have
s J
NN (ﬂ Gw,) =Nn (ﬂ G%-) (2.2)
i=1 i=1

Let m: G — G/N be the natural projection and let I = {s,...,k}. Suppose that there
exist 11,19 € I, with i1 < i9, such that

i1 12
T ﬂ Gy, | =7 ﬂ G,
j=1 J=1
This equality, (2.2]) and the first isomorphism theorem imply that

i io
() Gy =) Gay.
j=1 j=1
Therefore
k i2 k 11 k
(Gu;=[)GuiyN [ Gy =[Gy (] Guy-
j=1 j=1 j=ia+1 j=1 j=ia+1
Since {1,...,i1} U{ia+1,...,k} € {1,...,k}, we have a contradiction with the indepen-

dence of {w1, ...,wk} for the action of G on 2. We conclude that, for i1,io € I = {s,...,k},
with 41 < i, we have

i1 12
T ﬂ Gw]. < ﬂ ij
j=1 J=1

We conclude that ¢(G/N) > k — s = H(G) — H(V), as required.

We now prove that I(G) < I(N)+ ¢(G/N). Let [wi,...,ws] be an irredundant base for
G with s :=I(G). Now, set Gy := G and, for i € {1,...,t}, G; := ﬁ;'»:le].. In particular,
we have a strictly decreasing chain

Go>G1 > >Ge_1>G,=1.

NOW, let Sl = {Z S {0,...,8—1} ’ GZN > Gi+1N} aHdSQ = {7, S {0,...,8—1} | GiﬂN >
Giy1 N N}. We claim that S USs = {0,...,s — 1}. We argue by contradiction and we let

-SUBMIT



10 NICK GILL, BIANCA LODA AND PABLO SPIGA

i€{0,...,s =1} \ (S§1 USy). This means that G;N = G;;-1N and G, N = G;41 N N.
Let ¢ € G; € Gij+1N. Then, there exist h € G471 and n € N with ¢ = hn. Thus
hlg=neGiNN =Gi1NN. As h € G4, this yields g € G;41. Therefore G; = G;y1,
which is clearly a contradiction.

We have |S;1| < ¢(G/N). Now, let So = {iy,i2,...,0,} with i1 < iy < ... < i,
and consider the sequence [wj,+1,Wiy+1,---,Wwi,+1]- We claim that this is an irredundant
sequence for N, from which it follows that I(N) > r = |Sa|. Suppose, by contradiction,
that

Ny Moo NwijJrl =Ny, N-ooN Nwijﬂ N NwinH.
This gives
Gy N+ N Gw¢j+1 AN =Gy NN Gw¢j+1 N Gwij+1+1 NN.

i1
u=1

We now intersect both sides of this equality with G;,,, = (11} Gw, and we obtain

G ﬁN:(G NG ﬁN:Gij+1+1ﬂN,

P41 141 Olij+1+1)
contradicting the fact that i;1 € S.

Summing up,
HN) 4 £(GIN) 2 |S1] + 182] 2 11 USs] = [{0,.... 5 — 1} = s = (D).

§3. Groups with a regular normal subgroup

In this section we prove Theorem [I.6] under the supposition that G contains a regular
normal subgroup. In fact here we use a general argument, which also holds in the case of
imprimitive groups containing a regular normal subgroup. The primitive groups containing
a regular normal subgroup are the groups of type HA, TW, HS or HC in the language of
[Pra90)].

The main result of this section is the following.

Proposition 3.1. Let G be a permutation group on a finite set Q of size t. If G contains
a reqular normal subgroup, then
I(G) <logt+1.

Proof. Suppose that G has a regular normal subgroup N and fix wg € 2. The action
of G on § is permutation isomorphic to the “affine” action of G on N, where the group N
acts on IV via translations and the group G, acts by group conjugation. In particular, if
n,v € N and x € G, then

V" =" on =2 oz - n.

In what follows, we identify © with N. We let [wy,...,wi] be an irredundant base and
we set H := G,,. We may assume, without loss of generality, that w; = 1 € N. Now,
H,, = Cp(ws) fixes we and hence it fixes each element of (ws). Similarly,

Hep o3 = Cr(w2) N Ch(ws) = Cr (w2, ws)).
Continuing in this way, we obtain a chain of subgroups of H,

H>H,, =Cy(w2) > Hyywy = Cr({w2,wsz)) > --- (3.1)

o Z ng,wg,...,wk == CH(<W27(U3, o ,L(.)k>),
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and a chain of subgroups of N,
(1) <(wg) < -+ < (wa,...,wk) < N. (3.2)
Since [wq,...,wg] is an irredundant base, the inequalities in are strict inequalities.

This yields that the inequalities in (3.2]) must also be strict. In particular,
k <log|N|+ 1.

§4. Diagonal action
In this section we prove Theorem [1.6| under the supposition that G is a primitive group

of type SD, see [Pra90]. Our main result is the following.

Proposition 4.1. Let G be a primitive permutation group on a finite set ) of sizet. If G
is of type SD, then
I(G) <logt.

We start by reviewing the structure of primitive groups of diagonal type, this will also
help us to set some notation.

Let T be a non-abelian simple group, let m be a positive integer with m > 2 and let
S :=T"™ be the Cartesian product of m copies of T. We denote by D :={(¢t,...,t) |t € T}
the diagonal subgroup of S and we set

Q:=1[D:S5|

the set of right cosets of D in S. Each element of (2 has a distinguished coset representative,
that is, an element whose first coordinate begins with a 1. In other words,

D(t1,ta, ... tm) = D(1,t7 e, - 1] ).
In particular, 2 is in one-to-one correspondence with the elements of 7! and hence
log || = (m — 1) log |T|. (4.1)

Observe, first, that the elements of S act on Q by coset multiplication, that is, for every
D(t1,...,tm) € Q and (z1,...,2m) € S we have

D(t1, ... t)@0®m) = D1z, ... @)

Observe, second, that the elements of Aut(7") act on 2 “componentwise”, that is, for every
D(ti,...,tm) € Q and ¢ € Aut(T') we have

D(t1,...,tm)¥ =Dy, ..., t7).

Two comments are in order. First, this does indeed define an action of Aut(7") on
because D is Aut(7)-invariant. Second, the inner automorphisms of Aut(7") induce on §2
permutations appearing in S. (Let us denote by ¢, the inner-automorphism of 7' defined
by x € T.) Indeed, for every D(ty,...,tm) € Q and x € T, we have

D(tlv s >tm)Lz = D( 9137 ce ,tfn) D(x_ltlzv, ... ,:L‘_ltmx)
= D(tiz,. .., tmx) = D(t1,... ’tm)(x,...,z)_
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Therefore, ¢, and (z,...,x) induce the same permutation on .

Observe, third, that Sym(m) acts on ©Q by permuting the coordinates. Again, this
action is well defined because D is Sym(m)-invariant. It is easy to see that Aut(7") and
Sym(m) centralize each other and they normalize S. We define

W = S(Aut(T) x Sym(m)) =T - (Out(T") x Sym(m)).

The group W acts primitively on 2 and any subgroup G of W containing the socle
S and projecting primitively on Sym(m) is said to be a primitive group of diagonal type.
With the notation just established we have the following.

Lemma 4.2. Let G be a primitive group of SD type with socle T™, for some non-abelian
simple group T and for some integer m > 2. Then

1(G) < 3 4 log| Aut(T)|, when m > 3,
log | T, when m = 2.

Proof. By Lemma we can assume G = W. Set w := D(1,...,1). A computation
shows that
W, = Aut(T") x Sym(m).

Suppose first that m > 3. Lemma implies that
(W) < L(Aut(T)) + £(Sym(m)).

By [CSTR89], we know that £(Sym(m)) < 22*. On the other hand £(Aut(T")) < log | Aut(T)|—
1, where the —1 accounts for the fact that |T'| is divisible by at least two distinct odd primes.
We conclude that

Q) < (W) +1< 37’” +log | Aut(T)|. (4.2)

Suppose next that m = 2. We identify Q with 7. Set H := T2 - Out(T) and observe
that H has a regular normal subgroup and that |W : H| = 2. Arguing as in the proof of
Proposition |3.1, we deduce that

I(H) <w(|T]) + 1,

where w(|T|) is the number of prime divisors of |T'|. Write |T'| = 2¥0, where v,0 € N and o is
odd. If o > 43, we have logz(0) < log(0) —2 and hence w(|T]) < log(2") log;(o) < log |T'|—2
and hence I(H) < log|T| — 1. If o < 43, then T has a Sylow 2-subgroup of index at most
41 in T and hence T admits a faithful primitive permutation representation of degree at
most 41. Thus we have only a finite number of simple groups satisfying this property. A
direct analysis yields that T is either Alt(5) or PSL3(2). When T" = PSL3(2), we have
w(|T]) = 5 < log|T| — 2 and hence we obtain again I(H) < log|T'| — 1. Therefore, except
when T' = Alt(5), as |G : H| = 2, we have I(G) <I(H) +1 <log|T|. When T' = Alt(5), we
have checked that I(G) = 5 < log |T|.

Proof of Proposition[{.1. When m = 2, the proof follows immediately from Lemmal[4.2]
Assume that m > 3. Lemma and (4.1) imply that it is sufficient to prove that

3
Tm +log | Aut(T)| < (m — 1) log |T].

-SUBMIT



Height and relational complexity 13

We argue by contradiction and we suppose that this inequality does not hold.
In [Qui04, Lemma 2.2] it is shown that, for a non-abelian simple group T’

7]
- > .
Ou()] = >

Now, for a centerless group, we have | Aut(T)| = |Out(T)||T|, hence | Aut(T)| < 35|T?.

Thus

3 3
Tm +log | Aut(T)| < Tm +21og |T| — log 30.

Therefore,
3m
(m—1)log|T| < T3 + 2log |T'| — log 30.
Rearranging the terms and dividing by log |T'|, we obtain

< 3m log 30
2log|T| log|T|

m—3
An easy computation (using |T'| > 60) shows that this is never satisfied.

§5. Product actions

In the break-down described in [Pra90] there are three classes of groups left to deal
with to prove Theorems and In this section we deal with groups of type CD or
PA. Note that our result for type CD wil be definitive, whereas our result for type PA will
involve input from groups of type AS — and these will be dealt with in the remainder of the
paper.

Note, furthermore, that we will need a result for groups of type PA that is specific to
I(G), and another that is specific to H(G). In all cases we let H be a primitive non-regular
group on A of type AS or SD and let n be a positive integer with n > 2. We define
W := Hwr Sym(m) endowed with its primitive product action on the Cartesian product
Q := A™, that is, for every (hy...,hy)o € W and (01,...,0m) € Q we have

o h _— h __
(B d) Pt = (gt} = ().

Let ¢t := [Q] = |A|™ and let 7 : W — Sym(m) be the natural projection. Observe that the
kernel of 7 is the base group of W, that is, H™.
With the notation just established, the result we need is the following.

Proposition 5.1. Let G be a primitive permutation group on a finite set, Q2 = A™, of size
t.

1. If H is of type SD, then I(G) < 2logt.
2. If H is of type AS and I(H,A) < C'log |A|, then I(G) < (C + ﬁlﬁl) logt.

3. If H is of type AS and H(H,A) < C'log |A|, then H(G) < (C + ﬁm')logt.

-SUBMIT
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Proof. We use, once again, the fact that a subgroup chain in Sym(m) has length at
most 3m, i.e. £(Sym(m)) < 3m [CSTRI].
We start with : From Lemma we have

(W, Q) < I(H™,A™) + ((W/H™) = [(H™, A™) + ((Sym(m)) < I(H™, A™) + 377”

Now, Lemma [2.6] yields I(G, Q) < mI(H, A) + 3m/2. Thus
(W, Q) < mI(H, A) + %m. (5.1)

Let G < W be primitive. Then we obtain that

(G, Q) < ml(H,A) + 377”

If H is of type SD, then Proposition implies that I(H, A) <log|A| and hence
3
I(G) < mlog|A| + om < 2mlog |A| = 2logt,

where the second inequality follows with a computation using |A| > 60.

For (2) and (3), recall that if H is of type AS, then G is of type PA. Now, for item
(2) we know, by supposition, that I(H) < Clogt. This fact combined with yields
the result. For item (3) the argument is the same, provided all occurrences of I(X,Y") are
replaced with H(X,Y") (for varying X and Y) and replacing Lemma with Lemma

§6. Almost simple groups: Bounds for I(G)

Here we deal with groups “of type AS” in the language of [Pra9Q]; in other words, we
study almost simple primitive permutation groups. The main result of this section is the
following.

Proposition 6.1. Let G be a primitive almost simple permutation group on a set, 2, of
size t. Either I(G) < 6logt or else G is one of the groups listed at (1) in Theorem[1.4

The proof of Proposition [6.1] splits into several parts. To start with we use well-known
results bounding b(G) to deal with so-called “non-standard actions”. The terminology
below follows [Bur07].

Definition 6.2. Let G be a classical group with socle Gy, and associated natural module V.
A subgroup H of G not containing G is a subspace subgroup if for each mazximal subgroup
M of Gy containing H N Gy one of the following holds:

1. M s the stabilizer in Go of a proper non-zero subspace U of V', where U 1is totally
singular, non-degenerate or, if Gy is orthogonal and p = 2, a non-singular 1-space (U
can be any subspace if Go = PSL(V') ).

2. GO = Sp?m(Q)’ b= 2 and M = Oétm(q)

A subspace action of the classical group G is the action of G on the coset space |G : H],
where H is a subspace subgroup of G.

-SUBMIT
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Note that the definition above amounts precisely to this: a maximal subgroup of GG is a
subspace subgroup if it lies in any C; class, or is the even—characteristic symplectic case in
the Cg class. This definition requires that we follow [KL90] in labeling the classes C; — Cs.
A small extra collection of maximal subgroups arises when Gy = Sp,(2%) and G contains
a graph automorphism, or if Go = PQg (¢) and G contains a triality graph automorphism.
We note that [KL90] explicitly exclude these cases.

Definition 6.3. A transitive action of G on a set  is said to be standard if, up to
equivalence of actions, one of the following holds:

1. Go = Alt(m) and Q2 is an orbit of subsets or uniform partitions of {1,...,m}.
2. G is a classical group in a subspace action.

For an almost simple primitive permutation group in a non-standard action, the base
size is bounded by an absolute constant. This was conjectured by Cameron and Kantor
([Cam92],[CK97]) and then settled in the affirmative by Liebeck and Shalev in [LS99, Theo-
rem 1.3]. The constant was then made explicit in subsequent work [BGS11] Bur07, BOW10,
BLS09]. The following theorem summarizes these results.

Theorem 6.4. Let G be a finite almost simple group in a primitive faithful non-standard
action. Then b(G) < 7, with equality if and only if G is the Mathieu group Moy in its
natural action of degree 2.

Theorem and (1.1)) immediately yield Proposition for non-standard actions.

Lemma 6.5. Let G be a finite almost simple permutation group on a set Q) of size t, in a
non-standard action. Then
I(G) < 6logt.

One can compute that I(Mag) = 8 (where we consider the natural action of My on 24
points), hence we have a constant “6” in the statement of Lemma rather than “77.

6.1. Standard actions of A,, and S,
Let G be Sym(n) or Alt(n). We must prove Theorem for the action of G on

partitions of n. Let n = ab for some positive integers a,b with a > 2 and b > 2. We denote
by Q% the set of all uniform partitions of n, with a parts of size b. Let t = |Q2|, then

We consider the action of G on Q2. We have the following result:

Lemma 6.6. Let G be an almost simple group with socle Alt(n) acting on Q = QV. Then
I(G) < 2logt.
Proof. By |[GMPS15, Lemma 5.6] we know that if @ > 2, b > 2 and n > 17 then

(a’b)' > Sab/2'

(0)*(a)
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Hence |
logt > Og2(3)ab. (6.1)

Once again, we use the fact that £(Sym(n)) < 3n = 3ab. As 3/2 < log(3) for n > 17,
we have

I(G) <{UG) < gab < log(3)ab < 2logt
and the result follows. If n < 17, we check directly that %ab < 2logt, unless

(a,b) € {(2,3),(3,2),(4,2),(5,2),(6,2)}.

For these remaining cases, we have computed explicitly the value of Sym(n) acting on
partitions of {1,...,n} in b parts of cardinality a and we have verified that in each case
I(G) < 2logt.

6.2. The symplectic/ orthogonal case

In this section we will deal with the actions listed at item (2) of Definition In
particular G is almost simple with socle Gy = Sps,,,(¢), ¢ a power of 2. Consulting [BHR13,
KL90], it is clear that if H is a maximal subgroup of G not containing Go, and H N G is
a subgroup of M = Ofm(q), then H NGy = M. In light of this the result that we need is
the following.

Lemma 6.7. Let G be almost simple with socle Gy = Sps,,(q), ¢ a power of 2. Let H be a
subgroup of G such that H N Sp,y,,(q) = Ofm(q), let Q) be the set of cosets of H in G, and
write t = |Q]. Then

11

The treatment that follows is inspired by [DM96], §7.7], where the case of Sps,,(2) is
considered. Let e and m be positive integers, let ¢ := 2°¢, let IF; be the finite field with ¢
elements, and let V' := Fgm be the 2m-dimensional vector space of row vectors over ;. To
start with we adjust notation slightly, and assume that G is simple: let G := Sp,,,(q) be
the symplectic group defined by the symmetric matrix

0 I
(0 1Y,

where 0 and I are the zero and identity m X m-matrices, respectively. In particular, G is
the group of invertible matrices preserving the bilinear form ¢ : V' x V — F, defined by

o(u,v) = ufol,
for every u,v € V, that is
G ={g€GLanla) | 9fg" = [}
Note that the bilinear form ¢ is alternating, i.e. for all u € V| we have

p(u,u) =0. (6.2)
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Moreover, since [y is of characteristic 2, the form ¢ is symmetric, i.e. for all u,v € V' ,we
have

p(u,v) = (v, u). (6.3)
Now we let 2 be the set of quadratic forms 6 : V' — F, polarising to ¢. Recall that this
means that 6 : V — I, is a function satisfying

e O(u+v)—0(u) —0(v) =p(u,v), for every u,v € V, and

e O(cu) = cu, for every c € F, and u € V.

()

and the quadratic form 6y : V' — [, defined by

Next, consider the matrix

Oo(u) :== ueu”,

for every u € V. For every u,v € V, we have

Bo(u + v) — Op(u) — Op(v) := (u+v)e(u +v)T — ueu” — vev”
= ueu +vev” +uev? 4+ veul — ueu? — vev” (6.4)
= uev” +veu” = uev” + ueTv” = ue+ e W’ =ufo?

= o(u,v).

In particular, 6y is a quadratic form whose polarisation is the symplectic form ¢ and
hence 6y € Q.
Let 6 € Q) and define A := 0 — 6y. We have

AMu+v) =0(u+v) — Op(u+v) =0(u) +0(v) + p(u,v) — g(u) — o (v) — ¢(u,v)
=A(u) + Av),
Acu) =6(cu) — Op(cu) = ?0(u) — 0p(u) = A\ (u),
for every u,v € V and for every ¢ € ;. Therefore, since [F is of characteristic 2, the function
A:V — F, is semilinear and hence there exists a unique b € V such that A(u) = (u - b7)2,

for every u € V' (see Lemma for a precise statement). Since f is an invertible matrix,
there exists a unique a € V with b = af and hence

Au) = (ufa’)? = p(u,a)?,
for every u € V. Summing up, we have shown that an arbitrary element of € is of the form

u e fo(u) + ¢(u, a)?,

where a € V. We denote this element of €2 simply by 6,. Thus

0a(u) = Oo(u) + p(u,a)?, for every u € V. (6.5)
In particular, the elements of {2 are parametrised by the vectors of V. Moreover, if 8, = 0,
for some a,a’ € V, then 6,(u) = 0,/ (u) for every u € V and this implies ¢(u,a) = ¢(u,a’)
for every u € V. Since ¢ is non-degenerate, we obtain a = a/. Hence, the set € is in
one-to-one correspondence with V. This, in particular, yields that || = ¢*™.

-SUBMIT
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Lemma 6.8. The group G acts on the set €.

Proof. First, we show that for every x € G and for every 0 € ), the mapping
0*:V > F

" (6.6)

ur O(ux™)

gives rise to an element of 2. For every u,v € V, we have
07 (u+v) =0((ut+v)z™) = 0wz~ + vzt = O(ux™") + O(va™) + p(uz™ vr™t)
= O(uz™") + 0(va™ ") + p(u,v) = 67 (u) + 67 (v) + p(u, v).

(Observe that in the fourth equality we used the fact that € G and hence z preserves the
bilinear form ¢.) Moreover,

0% (cu) = 0((cu)z™") = O(c(uz™)) = A0(uz™t) = 26%(u).
Therefore, 6% € Q2. Finally, for every x,y € G, 6§ € Q2 and u € V, we have
(7)Y (u) = 0% (uy™") = O((uy™")a™") = O(u(zy) ") = 6 (u).
Therefore, (%)Y = 6*Y and hence G defines a genuine right action on .

Before continuing our discussion, we gather some information on G. Let a € V, we
define the mapping

te: VoV

u— u+ ¢(u,a)a. (6.7)

Such a function is called a transvection. For every u,v € V and c € F,; we have

(u+v)te = (u+v)+eout+v,a)a=(u+ ey a)a)+ (v+ e, a)a) = (u)t, + (v)ta;
(cu)ty, = cu+ o(cu,a)a = c(u+ p(u,a)a) = c(u)t,.

Hence t, is linear. Moreover, for every u € V we have

(w)t2 = (u+ p(u,a)a)t, = u+ p(u,a)a + o(u + @(u,a)a,a)a
=u+ p(u,a)a+ p(u,a)a+ e(u,a)p(a,a)a = u+ 2p(u,a)a + o(u, a)p(a,a)a

=u—+ plu,a)pla,a)a = u,
elw, a)p(a,a)o =

where in the second-last equality we use the fact that the characteristic of I, is 2. This
shows that t, is an involution. Finally, for every u,v € V', we have

@((u)tav (’U)ta) = @(u + @(ua a)av v+ (p(’U, a)a)
o(u,v) + ¢(v, a)p(u, a) + p(u, a)p(a, v) + ¢(u, a)p(v,a)p(a, a)
o(u,v) + 2¢(v, a)p(u, a) + (u, a)p(v, a)p(a, a)

S
B[l

o(u,v) + ¢(u, a)p(v,a)p(a, a)
o(u,v).

&
F[l
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Therefore t, preserves ¢ and hence lies in the symplectic group G.

We are now interested in computing the image of 6, under the transvection t.. First
recall that, in a field of characteristic 2, since x = —x for every = € F,, the square root
Vi Fy — Fy is a well-defined map. Moreover, for every a,b, z,y € F, such that z = a? and
y = b* we have (vz +/9)? = (a+b)* = a®* +b? = z+y, which implies \/z+/y = VZ + y.
Moreover, recall that 6, is a quadratic form polarising to ¢ and that ¢, is an involution, in
particular ¢t. = t; 1. By using these facts, given v € V', we have

6 (u) Ou(ut; ') = 0,(ute) = Bu(u+ p(u,c)c)

©-7)
a(u) + 04 (p(u, C)C) + ¢(u, @(u c)e)

(
(
(
(

S|

(0a(c) + 1)80( ) =0a(u) + (Vb Lp(u, c))
(ua ( V Ha(c + 1 C O(U) + (p(u,a + 90 u7 \% QQ(C) + 1)6)2

9( + o, a+ (VBalc) + e
9 \/7+1()

Q

Il
T >

e

From this, we deduce

te
0 =0\ S (6.8)

We now recall some facts about Galois theory. For a reference see [Lan02, Chapter VIJ.
The Frobenius mapping ¢: = — z2 from [F, to itself is a generator of the Galois group of I,
over Fp. There exists a well-defined [Fo-linear trace mapping Tr : F; — Fo. In what follows,
we need only two basic facts about Tr: first, Tr is surjective and second, from Hilbert’s 90
Theorem, the kernel of Tr consists of the set {2 + z | x € F,} and has cardinality ¢/2.

Define

QF = {0, | Tr(6o(a)) = 0},
— = {a [ Tx(fo(a)) = 1}

Observe that the above definition is a generalization of the definition of QF and Q™ in
[DMO96, Corollary 7.7 A]. Indeed, if ¢ = 2, then the Galois group is the trivial group and
hence the trace map is the identity.

Let N := (t, | a € V) be the subgroup of G generated by the transvections. Observe
that, for all a,u € V and x € GG, we have

(w)z Y ter = (ur™' + plur™t, a)a)z = u + o(u, ax)ax = (u)tqy.
In particular, this shows that N < G.
Lemma 6.9. The sets QT and Q= are N-orbits on Q, with

qmqm+1 3 qmqm_l
o) = COHD g o T2,

These are also orbits for G.
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Proof. We first prove that
¢"(¢"+1) q"(¢" - 1)
2 ’ 2 '
Clearly, it suffices to prove the first equality because the second follows from the equality
Q7| = |9 - 97| = ¢*™ — |7

By definition, 6y(a) = aea’. Moreover, by using the canonical basis of V, we have

2m m m
Tr («90 <Z aiei>> =Tr (Z aiai+m> = Z Tr(a;aitm)-
=1 =1 =1

Using this equation we may compute the cardinality of |Q%| arguing inductively on m.
When m = 1, we have Tr(ajaz) = 0. When a; = 0, we have g solutions for ag; however, for
every a; € IF, \ {0}, we have ¢/2 solutions for as. Therefore when m = 1, we have

Q" = Q7] =

2 2 2 2

q+(g—1
solutions to the equation Tr(ajaz) = 0 and we have @ solutions to the equation
Tr(ajaz) = 1. Arguing inductively, we may assume that

m—1
Z Tr(a;ait+m)
=1

is equal to 0 for g™ 1(¢™ 1+1)/2 choices of (ai, ..., an_1) and is equal to 1 for ¢
1)/2 choices of ay,...,am—1. Now,

m—l(qm—l_

m m—1
Z Tr(aititm) = Z Tr(a;iism) + Tr(amazm)
] =1

has value 0 if and only if Z?;l Tr(a;;tm) and Tr(ama2y,) have the same value. Therefore
altogether the number of solutions of > | Tr(a;a;ym) = 0 is

A A L (U B U L [C ) B U Y
2 2 2 2 2
Next, we prove that QT and Q~ are N-orbits. We start by considering Q. We first
prove that Q1 is N-invariant. To this end, it suffices to show that if §, € Q" and ¢ € V, then
6% € Q. In other words, using (6.8), if Tr(6y(a)) = 0, then Tr(fp(a + (1/0.(c) + 1)c)) =
So let Tr(6p(a)) = 0 and recall that Tr is a linear map. We have

Tr(Bo(a + (v/Oa(c) + 1)¢)) = Tr(eo ) 4 80((v/0alc) + 1)c @(a,(\/ﬁa(c)—i—l)c))

)
— Tr (B(a) + Tr (90((~/9a(0)+1)c)) + Tt (pla, (vEa(0) + 1)0) )

=T (B0((V/Bale) + 1)) + T (sp(a, (VBule) + 1)c) )

=T (VBal0) + 1*0(c)) + Tr (ol (+/8ul0) + 1))

o(€) + 1)Bo(c) +Tr<\/7+1 )
o(c

(6
0a(c)00(c)) + Tr (6p(c)) + Tr(v/ba(c)p(a, ) + Tr(p(a, c)).
(6.9)

=Tr(
=Tr(
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Using 0,(c) = 6o(c) + p(a, c)* and Tr(z?) = Tr(x) for every z € F,, we obtain

Tt (fa(c)80(c)) = Tr(d0(c)?) + Tr((a, ¢)bo(c))
= Tr(fo(c)) + Tr(p(a, ¢)*bo(c)),

Tr(v/ba(c)e(a,c)) Oo(c)p(a, c)) + Tr(p(a, c)?)
= Tr( Oo(c)p(a, c)) + Tr(p(a, ).

Putting (6.10]) and ( into ., we obtain

(6.10)

(6.11)

Tr(6g(a + (v/Ba(c) + 1)c)) =Tr(bo(c)) + Tr(p(a, ¢)*h(c)) + Tr (Ap(c))
+ Tr(v/bo(c)p(a, ¢)) + Tr(p(a, c)) + Tr(p(a, c))
=0.

As Q7 =Q\ QF, we obtain that Q~ is also N-invariant.
Next, we show that Q7 is an N-orbit. Actually, we prove something stronger, we show
that
Qf = {0 | ceV}.

For every a € V with Tr(6p(a)) = 0, we need to show that there exists ¢ € V' such that
0y = Of. (6.12)

If 8g(a) = 0, then we may take ¢ := a and yields

ta _ _
Oy = 90+(\/W+1)a =0a

and we are finished. Suppose y(a) # 0. Since Tr(6p(a)) = 0, from Hilbert’s 90 theorem,
there exists z € F, with fy(a) = x + 2%, Since fy(a) # 0, we have x # 0. Let y € F, \ {0}
with y? = = and set ¢ := y~'a. Thus

\/00(6)+1:\/90 —1g —i-l:\/ —290a +1:y_1\/90(a)—|—1
=y Vat+a?+l=yy+y)+1=y.

From , we have

05 = B0 (/i 1ye = e = Opy-1a = a

Next, we show that 2~ is an N-orbit. Actually, we prove something stronger, we show
that
T ={0|ceV}.

First, we select a distinguished element of 27. Let ¢ € F; with Tr(e) = 1 and set € :=
€e1 + emt1, where (€;)ieq1,....2m} 1 the standard basis of V. Since p(ee1) = 0 = Op(em1),
we have

bo(e) = Oo(ee1) + Oo(em+1) + p(ee1, em+1) = ep(er, em1) =€
and hence Tr(6p(e)) = Tr(e) = 1. Therefore, 6, € Q.
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For every a € V with Tr(6p(a)) = 1, we need to show that there exists ¢ € V such that
0, = 0Ol. (6.13)
If 6.(a + €) = 0, then we may take ¢ := a + € and yields

le _ — —
O = 95+(\/95(c)+1)c = Octe = ba

and we are finished. Suppose 0.(a + €) # 0. We have

O-(a+¢) " Oo(a+¢e)+plate,e)? =60h(a+e)+pla,e)? + e e)?
i et e +ele e)’
6o(a) + 0o(e) + ¢(a,e) + ¢(a, )

Since Tr(fp(a)) =1 = Tr(Ay(e)), by using the previous equality, we deduce that
Tr(f-(a+¢€)) = 0.

From Hilbert’s 90 theorem, there exists z € F, with 0.(a+¢) = x+ 2. Since 6.(a+¢) # 0,
we have z # 0. Let y € F, \ {0} with y?> = x and set ¢ :=y~!(a+¢). Thus

VO:-(c)+1=vb-(y(a+e)+1=+y20-(a+e)+1=y'\/O.(a+e)+1
=y WVatal+l=yy+y) +1=y.

From , we have

te — — —
O = 08+( O (c)+1)c Octye = Octyy=1(a+e) = ba-

The fact that Q= and QT are also G-orbits follows from the fact that N < G and
QF| # [Q7].

We now compute the maximum length of a stabilizer chain in these two actions. Let
€ € {+,—} (we deal simultaneously with both cases). Let {0,,6q,,...,60q,} be a subset of
Q¢ such that the corresponding chain of stabilizers is strictly decreasing. Without loss of
generality, we may suppose that a; = 0 when € = + and a; = ¢ when ¢ = —. (Recall that
¢ is an element of V for which 6. is a distinguished element of 27; the definition of £ was
given in the proof of the previous lemma.)

Let us define

C'Gga1 (a1 +a;) = {z € Gy, | (a1 + ai)z = a1 + a;},
that is the set of matrices in Gy, fixing the vector a; +a; € V.
Lemma 6.10. For every i € {2,...,k},

Gy N G@ai = CGea1 (a1 + a;), (6.14)

a
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Proof. First observe that, given j € {1,...,k}, z € Ggaj if and only if for every u € V
we have
Oo(ur™") + p(uz™, a;)? = Oo(u) + ¢(u, a;)*. (6.15)

Fix i € {2,...,k} and let x € Gg, N G, - Then, by applying with j := 1 and with
j := 4 and by using the fact that the characteristic of F, is 2, we obtain that, for every
uevV,

ouz™t a; + a;)? = p(u, a; + ;)%

1 2

Since ¢ is G-invariant, then (uz~' a1 + a;)®> = o(u, (a1 + a;)r)?%.
non-degenerate, (aj + a;)r = a1 + a; and hence z € CG0a1 (a1 + a;).

Conversely, let z € CGeal (a1 + a;). Then z € Gy,, and (a1 + a;)z = a1 + a;. We need
to show that x € GOai- Note that applied with j = 1 and the fact that we are in
characteristic 2 imply that

Therefore, as ¢ is

Oo(uz™") = O (u) + p(u,a1)* + (uzr™, ar)?. (6.16)
For every u € V' we have:
0% (u) = Oq,(uz™) = Opluz™) + pluz™?, a;)?
(1) J(uz™) (uz™") + o )

ya1)? + o(u,a1)? + p(uz ™, a;)?

S
=1l
2

= Bo(u) + p(uz™", a1 + a;)* + o(u, ay)?

= 0o(u) + ¢(u, (a1 + a;)z)* + o(u, a;)?

= Oo(u) + o(u, a1 + a;)* + ¢(u, a1)?

= 0o(u) + p(u, a1)* + ¢(u, a;)* + p(u, a1)?
= p(u) + 2¢(u, a1)? + ¢(u, a;)?

= Oo(u) + (u, a;)* = bq,(u).

Observe that in the sixth and seventh equalities we use, respectively, the fact that x pre-
serves ¢ and the fact that x fixes the vector (a; + a;). Hence z € Gy,, and therefore
S G9a1 N G@ai.

For simplicity, for each i € {1,...,k}, write G; := Gg,, N -+ NGy, and, for each
i€{2,...,k}, write b; := a1 + a;. From (6.14)), the strictly decreasing sequence

G1>Gy > > Gp_1 > Gy
equals
G1 >Cq, (b2) = C’Gl(<b2>Fq) > Cq, (b2, b3) = CG1(<b2,b3>Fq) >
>Cq, (b2, ..., bgk—1) = Cq, ({ba, ... ,bk—1>1pq) > Cgy (bay ... b) = Cq, ((ba, .. -7bk>11<‘q)-

Here, if v1,...,v; € V, then we write (vq, ... ,vj)]Fq to denote the [Fy-vector space generated
by the vy,...,v;. We obtain that

0< <b2>Fq < <52,63>Fq << <b2,...,bk>]Fq <V.

Observe that a strict inclusion in the above chain implies that the dimension has to
go down by at least one at each step. Therefore k£ < 1 4+ 2m. Thus, we have proved the
following lemma.
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Lemma 6.11. Let G := Spy,,(q) act on QF, where € € {+,—}. Then I(G,Q) <1+ 2m.

We are now able to prove Lemma for m > 3. The proof is virtually identical when
m = 2, however to avoid annoying details, we will use the fact that when m = 2 the result
follows from Lemma which we prove in a moment.

Proof of Lemmal[6.7 for m > 3. Let ¢ = 2°. Since m > 3,

SpPom(q) I G < T'Spg,,(q) = Spayy,(q) x Ce.

Since a strictly descending chain of subgroups of C. has length at most loge, we conclude
that
[(I'Spyy,,(9), 29) < 2m + 1+ loge.

Suppose 2m + 1 + loge > 2logtc. (Recall the cardinality of ¢ from Lemma ) Then

92m+1 o~ (te)Q — 92em—2 (26m + 61)2 > 92em—2 (26771 _ 1)2 ]

When e > 2, with an easy computation we obtain a contradiction. When e = 1, we have
22m+l > 92m=2(9m _ 1)2 which implies 2% > (2™ — 1)2. Again this is a contradiction,
because m > 3.

Putting these things together, we obtain that I(G, Q) < 2logt°.

6.3. Cases involving graph automorphisms

We remarked after Definition that the almost simple groups with socle Sp,(2%)
or PQJ (¢) containing a graph automorphism or a triality graph automorphism were not
covered by the definition. We briefly deal with these groups here.

Lemma 6.12. Let G be an almost simple group with socle Gy = Sp,(2%)’, and let G act
faithfully and primitively on Q, a set of size t. Then

11
I(G,0) < 3 log t.

Proof. 1If a =1, then G < PI'Lg(9). It is not hard to verify that the longest strictly
increasing chain of subgroups of PI'Ly(9) has length 6. Thus I(G) < 6. On the other hand
t > 6 and so the result follows. Assume, then, that a > 2. Note that

Go < G < Aut(Spy(2%)) = I'Spy(27).(7),

where 7 is a graph automorphism of order 2a. We obtain that

|G| < | Aut(Spa(2))| = [Spa(29)] - 2- @

— 24a(22a o 1)(2411 o 1) .92.a < 211(1‘ (617)
On the other hand [KL90, Theorem 5.2.2] implies that
21—
t> S =293 4 9% 4 90 4 1> 939 (6.18)

Then (6.17) and (6.18)) yield
11

11 11
I(G) < log2M® =log(2°*) 3 = 5 log 2% < ~ logt.
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Lemma 6.13. Let G be an almost simple group with socle Gg = PQ;{(q), where ¢ = p! for
some prime p and positive integer f, and let G act primitively on ), a set of size t. Then

I(G, Q) < ? log t.
Proof. Note that
Go < G < Aut(PQ{ (g)) = PLO (g).(7),

with 7 a triality graph automorphism of order 3. Now, using the fact that 6f < ¢*, and
recalling that

Gol = =q"%(¢" =) [ (¢
i=1
| Out(Go)| = 6df,
where d = (4,¢* — 1), we obtain that
|G| < [Aut(Go)| = |Gol - | Out(Go)
= 64 - 5a™(a" ~ (@~ D(a* ~ (e - 1) (6.19)
< 6f¢% < ¢
On the other hand [KL90, §5.2] implies that

(¢-1)

> DO — (B @4 g 1) (P +1) > % forg>2; (6.20)
t>23(24 —1) > 26, for q = 2. '

Then, (6.19) and (6.20) yield

1
I(G) <logg* = IOg(q6)% < §6 logt.

Now Proposition is a consequence of Lemmas and Simi-
larly, Theorem is a consequence of Propositions and (observe that in
Proposition [5.1) we are using the fact that |[A| > 5 and hence 3/(2log |A]) < 1).

§7. Almost simple groups: Bounds on H(G)

Now that Theorem is proved, we turn our attention to the proof of Theorem In
light of Theorem [I.6and Proposition[5.1} all that is required is that we deal with the almost
simple groups listed at item (1)(b) of Theorem — we must show that these conform to
the bound given in Theorem [1.3] Thus the result that we need is the following.

Proposition 7.1. Let G be an almost simple group with socle, Gy, a simple classical group.
Let V' be the associated natural module, of dimension n over a field ¥y, let m be an integer
with 0 < m < n, let Q be a set of m-dimensional subspaces of V' on which G acts primitively
and let t = |Q)|. Then

17
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7.1. Gy =PSL,(¢) and elements of () are m-spaces

In this case we suppose that Gy = PSL,(¢q), and that Q is the set of all m-dimensional
subspaces of V', where V' is the natural n-dimensional module for G over F,. Note that G
is transitive on 2. We prove the following result.

Lemma 7.2. Let G be an almost simple group with socle PSLy(q) acting on Q, the set of
all m-spaces in V. Then

11
Moreover, if ¢ = p! with p a prime number and G < PTL,(q), then
H(G) < 2min(m,n —m)n + loglog, gq. (7.1)

Using the fact that duality conjugates m-space stabilizers to (n — m)-space stabilizers,
in what follows we may suppose that m < n/2. Two notes concerning the actions considered
in Lemma First, it is easy to check that

t> ¢mnmm), (7.2)

Second, we note that if m < §, then G < PI'L,(q). If m =
possibility that G' contains a graph automorphism of PSL,(q

, then we must allow for the

7.2. Some preliminaries

Let V and W be finite-dimensional vector spaces over F,. We denote by Endg, (V') the
set of all semilinear transformations V' — V. Moreover, we write Homp, (V, W) for the set
of all linear maps V' — W and Homg, (V, W) for the set of all semilinear maps V' — W.

If n = dim(V), then we write M,,(q) to denote the set of linear transformations V' — V;
where a basis has been chosen, we also allow M = M,(q) to denote the set of all n-by-n
matrices over Fy. If Wy,..., W), <V, then we define

My, . .w,={9eM|Wig<W;forali=1,... k}.

Using this definition, it is natural to extend the concept of base, irredundant base and
independent set in the context of the algebra M = M,(q). For instance, given a set
A= {Wy,..., Wy} of subspaces of V, we say that A is an independent set for M = M,,(q)
if, for each 7 € {1,...,k}, we have

My, w, < Mwy . Wit Wi W -

Recall that any element of Aut(FF,) induces an automorphism of V: we first fix a basis
for V' and then act coordinate-wise. The following lemma is standard, but we include it for
completeness.

Lemma 7.3. Let g € Homg (V,W), g # 0. Then:

(a) there ezists a unique o € Aut(F,) such that g is o-semilinear. We say that o is the
associated automorphism of g;

(b) if o is the associated automorphism of g, then go—' € Homg, (V,W);

(c) there exists a unique h € Homg, (V, W) such that g = ho.
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Proof.

(a) Assume that there exist 01,09 € Aut(F,) such that g is o1-semilinear and op-semilinear.

Hence for any v € V and k € F, we have (kv)g = k7" (vg) = k°2(vg). In particular, as
g # 0, there exists vg € V such that (vg)g # 0. Therefore k7 (vog) = k2 (vog), which
implies k71 = k72, for any k € Aut (F,), and so 01 = o».

(b) Let v1,v2 € V and k € F, then

— (1 +v2)got = (v1)go™! + (v2)go ™

— (kvi)go™" = (k7(vig))o~" = k((v1)go™1).
Hence go~! is linear.

(¢) From (b) it follows that there exists h € Hompg, (V, W) such that go~! = h. Hence
g = ho. Assume that there exist hy, hy € Homyq(V, W) such that ¢ = hio = hao.
Then for any v € V' we have (v)hio = (v)hgo, which implies that (v)h; = (v)ha. So,
we conclude that Ay = ho.

Now let V =W @ X for some W, X < V. Then every v € V can be written uniquely
as v =w + z, for some w € W and z € X. Let fw € Endg (W) and fx € Endg (X). We

define fw @ fx € Endg (V) as o(fw @ fx) = wfw +zfx.

Remark 7.4. Let V. =W @& X for some W, X < V. Let g € End%q(V). Then g can be
written as g = g|,,. @ g| ., provided g(W) <W and g(X) < X.

Finally, if vy, ..., v € V, then we write (vq, ... ,vk>Fq to denote the Fg-span of vy, ..., vy.

7.3. G <PGL,(q)

Let V' be n-dimensional over F,. In what follows we write M,,(¢q) for the set of all
linear transformations V' — V. Note that it will be convenient to swap between thinking
of GLy(q) or PGL,(q), depending on context — this makes no difference to the calculations
in question, as the center of SL,(q) is the kernel of the action on €.

The following lemma is crucial.

Lemma 7.5. Let SL,(q) < G C GL,(q) act on Q. Let A = {Wy,...,Wy} C Q be an

independent set for the action of G on §, of mazximal size. Then
dim (W7, .. -’W€>Fq >n—m.

Proof. Let W = (Wh,... ,Wg>]Fq and suppose, first, that k = dimW = n — m. Then
we can assume, by transitivity, that W = (eq, ..., en,m>Fq.
Hence

AlO
G(A) < {(B C) ’ A€ Mn—m(Q)7B € Mm,n—m(Q)vc S Mm(Q)} :

Now we add to A the following m-subspace

X = <en—m+17 B 7en>]Fq )
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and we denote A = A U {X}. Hence, by the maximality of A, we get

Gy =Gy

for some A C A.
We distinguish three cases:

Case 1

Case 11

Case III :

:if A=A, then G(]\) = G(p). Now
Al 0
6w < { (512) 14 MunihC €Ma(0)},
but

G(A) > {<$) | B e Mm,nfm(Q)7B 7& 0})

and this is a contradiction.

: if A C A, then G < G(a)- Onthe other hand, G ) = G(3) < G(a), which implies
G = G( A)» and hence a contradiction of the independence of A.

if A C A, then X € A and we denote A = A\ {X}. It is sufficient to prove that
G(n) = G(a), as this leads to a contradiction. Observe that V =W @ X and so for
any g € Endp, (V) we can define

mw : Endg, (V) — Hompg, (W, V)
9= 9w
and
7x : Endp, (V) — Homg, (X, V)
9= 9| x

Now, if g € G(z) or if g € G(a), then g| € Endg, (W) and 9|y € Endp, (X), which,
by Remark imply that g = g, @ g| - Therefore, we have that

€ G
g€Gy) & {g|W w (Gw)
9| (X) =X
and
€ G
geGp) & {Q’W mw (Ga)
g|X(X) =X.
Hence G 3y = G(x) implies
Ww(G(A)) = ﬂw(G(A)) (7.3)

On the other hand

geGy & Il € mw(Ga))
and

geGna & 9|y € mw(Ga))-
Therefore, by , we get Gp) = Ga).
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Finally, if k < n —m, then we can assume, by transitivity, that W = (eq, ..., €k>Fq and
consider Vy = (eq, .. .,ek+m)Fq < V. Let X = (exy1,--- ,ek+m>]Fq. Hence we can apply to

Vb the same argument as before, which leads to a contradiction.

The next lemma yields Lemma provided G < PGL,(q).

Lemma 7.6. Let G be an almost simple group with socle PSL,(q), such that PSL,(q) <G <
PGL,(q), acting on Q, the set of all m-spaces in V. Then

H(G) < 4logt.

Moreover,
H(G) < 2min(m,n — m)n.

Proof. As usual, we may suppose m < n/2 and G = PGL,(q). Moreover, from the
opening paragraph of Section we may work with the linear group GL,(¢q) and hence
we may suppose G = GL,(q). Let A be an independent set for the action of G on €, of
maximal size. The previous lemma allows us to order A = {Wy, ..., Wy, ...} so that

dim <W1, ceey Wj>]Fq > dim <W1, RN Wj_1>]Fq

for j < k, where dim (A) = dim({(W1, ..., Wi)p, ) > n—m. Now A is an independent set for
M = M, (q) (see Section for the definition of independent set for the algebra of n-by-n
matrices over the finite field IF;). Consider the following iterated process for ¢ < k:

Step 1 Let Wi € Q. We define W = W;. We recall that we may assume, without loss of
generality, that W = (eq,... ,em>Fq and that

My = {(g g) | A € Mn(g), B € My_mm(q),C € Mn_m(q)} .

Step ¢ We have Wq,...,W;_1 and we define W = <W1,...,Wi,1>]Fq. Let dimW = h and
assume, without loss of generality, that W = (eq, ..., eh)Fq. Since we have chosen a
specific ordering, we have that W; satisfies

dim <W1, ceey Wi>]Fq > dim W.

Consider V/W and (W; + W)/W = W;/(W; N W). Now let dim(W; + W)/W = j,

observe that j € {1,...,m}. Then we may assume
Wi = <’U1, sy Um—j,€h41, - -y ehﬂ-)Fq y
for some v1,...,vpm—; € W and epy1,...,ep45 ¢ W.

Hence dim (W NW;) = m — j and we can write

Wi = (W NW) @ (entis-- s enij)p, -

Let r € {h+1,...,h +j} and let g € My, _w,; observe that e} € W;. Hence

ef = uy + ug, for some u; € WNW; and uy € {epi1,. .- ’€h+j>IFq‘ Therefore, we have

dim ({e} | g € Mw,_..w, })g, <m, forallr=h+1,... h+j
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This iteration will end after k steps and hence
dim My, . w, < m(n—s)+ns,
where s :=n—dim(Wy, ..., Wi). We conclude that |A| < k+m(n—s)+ns and so we have
H(G) < k+m(n—s)+ns.

Now observe that k is maximum when j = 1 at each step, in which case k = n — m — s.
Hence
H(G) < (n—m—s)+ns+m(n—s). (7.4)

By Lemma we have s < m — 1. We conclude that the right-hand-side of ([7.4) is

maximized when s = m — 1. Then
H(G) < 2mn—m? —m+1,

and, as m > 1 implies m? +m — 1 > 0, we conclude that

H(G) < 2mn.
Now, observe that
T <oem<l
m(n —m) — -2
Then, as log g > 1, we have
mn
<2<2loggq
m(n —m)

This implies that

n—m)

2mn < 4log g™
Hence, using ([7.2), we obtain
H(G) < 2mn < 4logt.

Note that, in the second author’s thesis, a precise version of Lemma [7.6| is given for
the case m = 1. It turns out that, for PSL,,(¢) < G < PGL,(q) acting on €, the set of all
1-spaces in V', we have
n, if g =2;
2n —2, if g > 2.

H(G, Q) = {

7.4. G £ PGL,(q)
We can finally prove Lemma[7.2]

Proof of Lemma[7.3. Let ¢ = p/. Suppose, first, that
PSL,(q) 4G < PI'L,(q) = PGLy(q) % Cy.
Now Lemma 2.8 implies that

H(G) < H(PGLy(q)) + €(Cy),
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where ¢(Cy) is the maximum length of a strictly descending chain of subgroups in C¢. Since
£(Cy) <log f = loglog, q, we obtain

H(G) < H(PGLy(q)) + loglog, g.
From Lemma we immediately deduce when m < n/2 and we also get
H(G) < 4logt + loglog, q.
By , we easily conclude loglog,, ¢ < logt? and hence
H(G) < 5logt.

We must deal with the possibility that G £ PT'L,(q), i.e. G contains a graph-automorphism.

In this case n > 4, m = § and G contains a subgroup, H, of index 2 that lies in PT'Ly(q).

By the argument above, we know that
H(H) < 5logt.

Now Lemma [2.8] implies that
11

We remark that in Lemma [7.6] we chose a particular ordering of our independent set
A when we came to study the associated stabilizer chain. We can do this because we are
studying H(G) rather than I(G) — it is precisely this ordering step which has prevented us
from proving a strong enough version of Theorem to confirm Conjecture

7.5. Gy =PSL,(q) and elements of ) are pairs of subspaces

In this section we will consider the primitive subspace actions of those almost simple
groups with socle PSL,,(¢) that contain an automorphism of the Dynkin diagram.

Let n > 3, and fix m, an integer satisfying 1 < m < 5. We denote by 2, the set of all
m-subspaces of V. We consider the action of G on Q@ for i = 1,2, where

18))

{@wmyMWSWmmU:mmmW:n—mmmm<gmﬂU@W:v}

Q®:{@wmwngmmmU:mmmW:n—mmmm<gmﬁU<W}

The main result of this section is the following.

Lemma 7.7. Let G be an almost simple group with socle PSL,(q) acting on Qb or 0O,
Then

1
H(G) < ?7 log t.

We set t&) := |Q@)|, for i = 1,2. Then we have

(1) — gm(nfm) HZZ:;_(EI; _,1) and t?) = — .H?:g(qzn_,;,i : .
I (¢ = DL (¢ = 1) I[2 (¢ = D? L™ (¢ = 1)
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We saw already, in (7.2), that |Q,,,| > ¢™*~™). We obtain immediately that
£t > gmln=m), (7.5)

For the time being, for various technical reasons, we consider G < PI'L,,(¢) (although
the corresponding actions are not primitive any longer). We simultaneously study the action
of G on QW and Q@ Let A ¢ Q@ be an independent set for the action of G on Q) with
k :=|A]. We define

U ={U € Q,, | there exists W € Q,,_,,, with {U, W} € A}; (7.6)
W ={W € Q,_, | there exists U € Q,, with {U, W} € A}. (7.7)

Let ky := [U| and kw = [W|. Clearly, ky, kw < |[A| = k.
Notice that, since G < PT'L,(¢), G acts naturally on Q,, and €,,_,, however observe

that, a priori, the independence of A does not imply the independence of Ay and Ay. The
result that we need is the following.

Lemma 7.8. k < H(G, Q) + H(G, Q).

In order to prove Lemma we first need to define a graph I" associated with A in the
following way: I' = (V, A) where V. =U U W is the vertex set and the edge set is A.

From here, we will first prove a general fact about the length of paths in the graph I,
and we will then split our proof of Lemma into two steps: the first is a special case
which illustrates the general case; this general case will come second.

Lemma 7.9. The graph I' can only have paths of length at most 2.

Proof. Assume that in I' we have a path of length at least 3. Then, relabelling if

Uit1@ Wit
for some 1 <i < ky, 1 <j <kwy. As G < PI'L,(q), G preserves the two parts Ay and Ay
of the natural bipartition of I'. Hence

necessary, we have

G{Ui,Wj}7{Ui+17Wj+1} =Gy, N GWj N GUi+1 N GWj+1 = G{Uiywj}y{Ui7Wj+l}y{Uz‘+1ij+1}'

As {U;, W;}, {Ui, W1}, {Uis1, Wji1} are elements in A, this contradicts the independence
of A.

7.6. Suppose that I' is a complete matching

In other words we suppose I' has no paths of length 2. This case will illustrate the
general argument very well.

In this case A = {{U1, W1},...,{Uk, Wi}}. Let us consider the action of G on Q,,. By
Lemma [2.4] there exists Z C {1,...,k}, say Z = {i1,...,is}, such that {U;,,...,U;,} is an
independent set and

k s
ﬂ Gu, = ﬂ Guy, -
j=1 j=1
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After relabelling elements, we can assume Z = {1,...,s}. This yields
s <H(G, Q).

Let

s

H:=((Gy,nGw,)

i=1
and consider its action on Q@ for i € {1,2}. Recall that, by Lemma the set
A = {Us1,Wssa }s ..o, {Uk, Wi }}
is independent with respect to H. Now consider the action of H on €,_,,.

Lemma 7.10. The set {Ws41,..., Wi} is independent with respect to the action of H on
Qim.

Proof. Assume, for contradiction, that the set {Wy1,..., Wy} is not independent with
respect to H. Then, by Lemma there would exist j € {s+1,...k} such that

k k
() Hw,= () Hw.

1=s+1 1=s+1

i#£j
Observe that
s k k
() Gu. =) Gu. =) Gu.
i=1 i=1 i=1
i#£]

Therefore we have

k k k
G(A)ZHﬂ m Gw, = m Hyy, = ﬂ Hyy,

i=s+1 1=s+1 1=s+1
i#j
k s s k
=HnN ﬂ Gw, | = (ﬂ Gy, N ﬂ Gwi) N ﬂ Gw,
i=s5+1 i=1 i=1 i=s5+1
i#j i#£]
k k k
= m GUi N m GW1 = ﬂ (GUz N GWZ)
1=1 =1 1=1
i#j i#] i#]

= G\, w3
This contradicts the independence of A.
The previous lemma implies that
k—s<H(H,Qu_m).

Now, by Lemma we have H(H, Qy,—p,) < H(G,Q,,—,,). Putting these things together
yields that
kE<H(G,Q) + H(G, Q—m),

and Lemma [7.8]is proved in this special case.
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U@ ol
U,® oV,

Uat1 \'Wa+1 1
(l+1 Zl
a+b‘\'W(l+b |
a+b L
a+1 | / a+1
a+1 S1
a+c 1/ a+c
a+c Se

Figure 1: The graph I' in the general case.

7.7. Suppose that I' is not a complete matching

The general argument is very similar but requires some more notation. After reordering
the vertices of I' and using a suitable labelling, the fact that I' has no paths of length 3
implies that I' is isomorphic to the graph in Figure [1, where £1,..., 0, S1,...,5. > 2.

Observe that, by definition, we have kg vertices on the left, kyy vertices on the right
and k edges, because these are the elements of A. Let us consider the action of G on €,
that is we focus on the action of G on the vertices on the left-hand side of the graph. By
Lemma there exists a subset U; of U, such that U is an independent set and

() Guv= () Gu- (7.8)

veld Uelh

Let s := |U1|. We reorder the vertices on the left-hand side of the graph so that the elements
of Uy occur in the top s positions. Simultaneously, we take to the top exactly one edge,
chosen arbitrarily, having one end in U, for each U € ;. Note that here we allow crossings
between edges. Observe that Lemma implies that this operation is well-defined. We
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have
s <H(G, Q).

Let Az, C A be the set of those chosen edges and note that |Ay, | = s. We define

Wi ={W € W | W is an end-point for an edge in Ay, }
Wa = W\ W

Observe that [Wy| < s.

Lemma 7.11. Let H := G(Aul)' Let A € A\ Ay, and let Uy and W) be, respectively, its
left-hand end-point and right-hand end-point. Then we have that

1. the function

fr A\ Ay, — Ws
A= Wy

is a bijection. In particular, |Wa| = |A\ Ay, | =k — s;
2- G(A) — H(W2).

Proof. To prove claim (1), we first prove that f is well-defined. We claim that W) €
Ws. Indeed, if Wy € Wy, then

Gay,) = ﬂ (GuNGw)

Uelly
wews

= ﬂ Gy | N ﬂ Gw
UELﬁU{UA} Wewsr

= Gay,u(A))

which contradicts the independence of A. This fact implies that f is well-defined. Moreover,
it is onto by definition. Finally, we prove that f is one-to-one. Assume that there exist two
distinct edges A, p € A\ Ay, such that Wy = W),. Then, by using (7.8)), we have

G(Aulu{/\yll}) = ﬂ (GU NGw) N (GUA N GWA) N (GUu N GWH)

Uely
Wwewr
= ﬂ Gy | n ﬂ Gw
Uelh U{UU{U,.} WeWLU{Wy }
= ﬂ Gy | N ﬂ Gw
Uet U{Ux} Wew u{Wy}
= Glag,ufr));

which is a contradiction. Hence f is a bijection, in particular [Wa| = |[A\ Ay, | =k — s.
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For part (2), by using the previous result and ((7.8]), we have

Gy = Gag) NGaay) = HNGaay,)

=HnN ﬂ GU)\ N GW)\
)‘GA\AZ/{l

=(Hn () Gu|n|HN () Gw,
)‘GA\AZ/{I AEA\AMI

=HN| (] Gw | =Hom.
WeWs

Now consider the action of H on §2,_,,, namely we focus on the vertices on the right-
hand side of the graph. As a consequence of the previous lemma, we obtain the following
corollary.

Corollary 7.12. The set W is independent for the action of H on p—p,.

Proof. Assume not, then there would exist A € A\ Ay, such that

Hw,y= ()| Hv= () Hw.
Wews &//il‘;‘\};
A

If Uy € Uy, then there exists p € Ay, such that Uy = U,. If Uy & Uy, then () Gy =
Ueld
Gy.

Uel,U#£U)y
In either case, this, along with (7.8) and part (2) of the previous lemma, implies that

Gy = (ﬂGU) M Gw

Ueld wew
WEW,
= m Gyn ﬂ Gw | N m Gw
Uelh Wwewr WeWs
WEW),
=HnN ﬂ Gw
Wews
W£W),
[ Hw = Hoy,) = Gaa)-
Wews
WEW)

This contradicts the independence of A.

The previous lemma implies that

k—s <H(H,Qu_m).
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Now, by Lemma we have H(H, Q,—,,) < H(G,Q,—_p,). Putting these things together
yields that
E<H(G, Q) + H(G, Qpem),

and Lemma [7.§]is proved in the general case. We are ready to prove Lemma

Proof of Lemma[7.7]. Suppose, first that G < PI'L,(q). Recall that the actions of G
on £, and €,_,, are permutation isomorphic. Thus, Lemma and (|7.1) imply that

H(G, Q%) < 4mn + 2log log,, q.

(Here we are tacitly assuming that m < n/2 because, for instance, does use the
hypothesis that m < n/2. However, this is not a restriction because the duality conjugates
the m-space stabilisers in (n — m)-space stabilisers.)
Now let G £ PT'L,(g), that is G contains the inverse transpose automorphism. Let
H = GNPI'L,(q). Then H is a normal subgroup of G of index 2. Then, by Lemma we
have
H(G, QW) < H(H, QW) +1,

and therefore '
H(G, QW) < 4mn + 2loglog, g + 1. (7.9)

In view of ([7.5]), to prove the result it is sufficient to check that
17 m(n—m)
4mn + 2loglog, g + 1 < ?log(q ).
The result follows directly.

7.8. The other classical groups

In this subsection we suppose that Gy = Cl(V) is one of the other classical groups
defined on a vector space V of dimension n over F,. In this case, m is an integer such
that 0 < m < n and Q is a G-orbit on the set of totally isotropic/ totally singular/ non-
degenerate subspaces of dimension m in V. As usual we set t = |Q].

The result that we need is the following.

Lemma 7.13. Let G be an almost simple group with socle Cl,(q), and consider G as a
permutation group in a subspace action. Then

1
H(G) < ?7 logt.

In [BG16, Table 4.1.2] we find a list of the degrees of all such actions and, using the
notation just established, one can easily verify the following fact.

Lemma 7.14. Either Gy = PQ;} (¢) and m =% ort > q%m("fm).

Proof. The proof of this lemma is rather tedious: it is simply a case-by-case analysis
of the cases described in Table 4.1.2 of [BG16].

We make a couple of brief remarks about the proof and leave the details to the reader.
Observe, first, that for a number of the cases (III, X with ¢ odd, XI with ¢ odd, XIII, XV,
XVI), t is divisible by q%m(”_m) and so the result follows immediately.
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For the rest, one must demonstrate the bound directly. To illustrate we consider Case
VI which is where the exception occurs; in this case Gy = PQf(q) and m < 5. Then we
have

(g2 = 1)(q(=2m/2 4 1) TI 22 (g2 — 1)

t= o
[Ti% (¢ = 1)
B (qn/2 _ 1)(q(n—2m)/2 +1) m—1 <qn—2m+2i _ 1)
qm —1 paley ¢ —1
m—1
(qn/2 B 1)(q(n—2m)/2 + 1) n—2m-+i
i=1

> qn/2—m+n/2—m (n—2m)(m—1)+%(m—1)m

*q
3,2
= gV em,

Now it is easy to check that the bound is satisfied if and only if m < 5, as required.
We are ready to prove Lemma [7.13

Proof of Lemma[7.13. Observe first that G < PI'L,(¢q) and that the action we are
studying is an action on I'; the set of m-spaces. Then Lemma implies that

H(G,©) < H(PTL,(g),T).
In Lemma [7.2] we give an upper bound for H(PT'L,,(q),T"):
H(G) < 2min(m,n —m)n + loglog, q.

Thus, in light of Lemma provided we do not have (Go, m) = (PQ;f (), %) it is enough
to prove that

m n—m))

17
2min(m,n — m)n + loglog, ¢ < ) log(q% (

n2

This is easily verified. Assume that (Go,m) = (PQ}(¢),%). In this case t > ¢s 1.

Lemma [6.13] implies that we can assume that n > 10 and thus

a3

n/2—1 . ) )
G < 2f¢" /42 —1) T (¢ —1) <2fg? 2 <gz 2"
i=1
Now observe that
n?_n n2 n
H(G) <log|G| < log(qz 2% < 5log(qgs ) < 5logt,

and we are done.

Proposition [7.1] is a consequence of Lemmas and

Proof of Theorem[1.3. Observe that 17/2 + 3/(2z) < 9, as long as = > 3 (so |A] > 8).
With this remark, the proof follows from Theorem and Propositions and except
when G is a primitive group of PA type with G < HSym(¢) and the domain of G is Q = A’
and |A| < 8. If H= Alt(A) or H = Sym(A), then G is a large-base group and hence we
may omit these cases for the rest of the proof. As H is a primitive group of degree 5,6,7
or 8 and as H is neither Alt(A) nor Sym(A), we deduce that one of the following holds
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e |A| =6 and H = PSLy(5) or H = PGLy(5) in its natural action on the projective
line,

e |A| =7 and H = PSL3(2) in its natural action on the projective plane,

o |A| =8 and H = PSLy(7) or H = PGLy(7) in its natural action on the projective
line.

In each of these groups, we have H(H) < 3 and hence from (j5.1]) we have H(G) < 3¢+3(/2 =
9¢/2. As 9£/2 < 9log(t), the proof is completed.

[Babs1]
[BG16]
[BGS11]
[BHR13]
[Blag2]

[BLS09)]

REFERENCES

Laszlo Babai. On the order of uniprimitive permutation groups. Ann. Math. (2), 113:553-568,
1981.

Timothy C. Burness and Michael Giudici. Classical groups, derangements and primes., volume 25
of Aust. Math. Soc. Lect. Ser. Cambridge: Cambridge University Press, 2016.

Timothy C. Burness, Robert M. Guralnick, and Jan Saxl. On base sizes for symmetric groups.
Bull. Lond. Math. Soc., 43(2):386-391, 2011.

John N. Bray, Derek F. Holt, and Colva M. Roney-Dougal. The mazimal subgroups of the low-
dimensional finite classical groups. Cambridge: Cambridge University Press, 2013.

Kenneth D. Blaha. Minimum bases for permutation groups: the greedy approximation. J. Algo-
rithms, 13(2):297-306, 1992.

Timothy C. Burness, Martin W. Liebeck, and Aner Shalev. Base sizes for simple groups and a
conjecture of Cameron. Proc. Lond. Math. Soc. (3), 98(1):116-162, 2009.

[BOW10] Timothy C. Burness, E.A. O’Brien, and Robert A. Wilson. Base sizes for sporadic simple groups.

[Bur07]

[Cam92]

[Chel6]

[CK97]

[CMS96]
[CSTS8Y]

[DMO96]

Isr. J. Math., 177:307-333, 2010.

Timothy C. Burness. On base sizes for actions of finite classical groups. J. Lond. Math. Soc., II.
Ser., 75(3):545-562, 2007.

Peter J. Cameron. Some open problems on permutation groups. In Groups, combinatorics and
geometry. Proceedings of the L.M.S. Durham symposium, held July 5-15, 1990 in Durham, UK,
pages 340-350. Cambridge: Cambridge University Press, 1992.

Gregory Cherlin. On the relational complexity of a finite permutation group. J. Algebraic Combin.,
43(2):339-374, 2016.

Peter J. Cameron and William M. Kantor. Random permutations: Some group-theoretic aspects.
In Combinatorics, geometry and probability. A tribute to Paul Erdds. Proceedings of the conference
dedicated to Paul Erdds on the occasion of his 80th birthday, Cambridge, UK, 26 March 1993,
pages 139-144. Cambridge: Cambridge University Press, 1997.

Gregory L. Cherlin, Gary A. Martin, and Daniel H. Saracino. Arities of permutation groups:
Wreath products and k-sets. J. Comb. Theory, Ser. A, 74(2):249-286, art. no. 0050, 1996.

Peter J. Cameron, Ron Solomon, and Alexandre Turull. Chains of subgroups in symmetric groups.
J. Algebra, 127(2):340-352, 1989.

John D. Dixon and Brian Mortimer. Permutation groups, volume 163 of Graduate Texts in Math-
ematics. Springer-Verlag, New York, 1996.

[GMPS15] Simon Guest, Joy Morris, Cheryl E. Praeger, and Pablo Spiga. On the maximum orders of

[KL90]

[Lan02]
[Lies4]

elements of finite almost simple groups and primitive permutation groups. Trans. Am. Math. Soc.,
367(11):7665-7694, 2015.

P. Kleidman and M. Liebeck. The subgroup structure of the finite classical groups, volume 129 of
London Mathematical Society Lecture Note Series. Cambridge University Press, Cambridge, 1990.
Serge Lang. Algebra. 3rd revised ed., volume 211. New York, NY: Springer, 2002.

Martin W. Liebeck. On minimal degrees and base sizes of primitive permutation groups. Arch.
Math., 43:11-15, 1984.

-SUBMIT



-SUBMIT

40 NICK GILL, BIANCA LODA AND PABLO SPIGA

[LS99]  Martin W. Liebeck and Aner Shalev. Simple groups, permutation groups, and probability. J. Am.
Math. Soc., 12(2):497-520, 1999.

[MRD] M. Moscatiello and C. Roney-Dougal. Base sizes of primitive permutation groups. In preparation.

[Pra90] Cheryl E. Praeger. The inclusion problem for finite primitive permutation groups. Proc. Lond.
Math. Soc. (3), 60(1):68-88, 1990.

[Qui04] Martyn Quick. Probabilistic generation of wreath products of non-Abelian finite simple groups.
Commaun. Algebra, 32(12):4753-4768, 2004.

Nick Gill
Department of Mathematics, University of South Wales, Treforest, CF37 1DL, U.K.

nick.gill@southwales.ac.uk

Bianca Loda
Department of Mathematics, University of South Wales, Treforest, CF37 1DL, U.K.

bianca.loda@southwales.ac.uk
Pablo Spiga

Dipartimento di Matematica e Applicazioni, University of Milano-Bicocca, Via Cozzi 55, 20125 Milano,
Ttaly

pablo.spiga@unimib.it



	Introduction
	Definition of statistics
	Main results
	Structure of the paper
	Acknowledgments

	Some background lemmas
	Groups with a regular normal subgroup
	Diagonal action
	Product actions
	Almost simple groups: Bounds for I(G)
	Standard actions of An and Sn
	The symplectic/ orthogonal case
	Cases involving graph automorphisms

	Almost simple groups: Bounds on H(G)
	G0=PSL(n,q) and elements of Omega are m-spaces
	Some preliminaries
	G<=PGL(n,q)
	G not in PGL(n,q)
	G0=PSL(n,q) and elements of Omega are pairs of subspaces
	Suppose that  is a complete matching
	Suppose that  is not a complete matching
	The other classical groups


