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1 Introduction

Three-dimensional superconformal field theories (SCFTs) with N ≥ 5 supersymmetry possess
rich moduli space structures and generalised global symmetries. It was pointed out in [1]
that, upon appropriate gauging of finite symmetry groups, the moduli spaces of these 3d
SCFTs are given by orbifolds of reflection groups. For N = 8, the moduli space is ℝ8N /Γ,
with Γ a real reflection group. For N = 6, it is ℂ4N /Γ, with Γ a complex reflection group.
Similarly, for the N = 5 case, the moduli space can be identified with ℍ2N /Γ, with Γ a
quaternionic reflection group [2]. For N = 8, the list of real reflection groups provides a
classification scheme for N = 8 SCFTs, in the sense that any two N = 8 SCFTs with the
same moduli space must either be the same or be related to each other by gauging some
finite group [1] (see also [3–5]). However, as supersymmetry decreases to N = 6 or N = 5,
this classification becomes weaker: distinct SCFTs, not related by discrete gauging, may
share the same moduli space. Nevertheless, the correspondence between Γ and the SCFTs
suggests that novel theories may remain to be discovered, see e.g. [6].

Let us focus on the Lagrangian subclass of these SCFTs. Their gauge algebra and matter
content are classified by Lie superalgebras [7–10], where the former corresponds to the bosonic
generators and the latter to the fermionic generators. Of course, many variants can exist
that are related by gauging finite discrete symmetries for a given superalgebra. For N ≥ 6
SCFTs, two superalgebras are relevant: SU(M |N) and PSU(N |N). A notable theory in the
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SU(M |N) class is the U(M)k × U(N)−k theory with two bifundamental hypermultiplets,
known as the ABJM theory [11] when M = N , and the unitary ABJ theory [12] when M ≠ N .
These theories are realised on the worldvolume of M2-branes probing the ℂ4/ℤk singularity.
Related variants also exist that can be obtained by gauging a one-form symmetry, e.g.
[U(N)k ×U(N)−k]/ℤk. The PSU(N |N) class corresponds to the [SU(N)k × SU(N)−k]/ℤN

theory, which is dual to [U(N)k × U(N)−k]/ℤk [1, 13] (see also [14]); thus, this class is
effectively equivalent to SU(N |N). The N = 2 case corresponds to the BLG theories [15–17].

For N ≥ 5 SCFTs, there are four known superalgebra classes: OSp(M |2N), D(2|1;α),
F (4), and G(3). The OSp(M |2N) class includes the theories with gauge groups O(2M)+2k ×
USp(2N)−k and O(2M + 1)+2k ×USp(2N)−k with two bifundamental half-hypermultiplets,
which are realised on M2-branes probing the ℂ4/D̂k singularity. These are the orthosymplectic
ABJ theories [12]. These theories, along with variants obtained by discrete gauging, are
the main protagonists of this paper. We will also examine the F (4) superalgebra class,
which contains the Spin(7)−3k × SU(2)2k and [Spin(7)−3k × SU(2)2k]/ℤ2 gauge theories
with two half-hypermultiplets in the (8, 2) representation. The D(2|1;α) class, containing
the SU(2)k1 × SU(2)k2 × SU(2)k3 gauge group with the trifundamental hypermultiplet and∑3

i=1 k−1
i = 0, was analysed in [2, 18, 19], and the G(3) class, containing the SU(2)3k×(G2)−4k

gauge theory with two half-hypermultiplets in (2, 7) representation, was studied in [2].
The orthosymplectic ABJ theories and their variants also possess rich generalised global

symmetry structures. Some aspects of these, including the presence of two-groups and
non-invertible symmetries, were studied in [20, 21] using the superconformal index (see
also [22, 23]). The authors of [24] subsequently pointed out that the underlying finite non-
Abelian global symmetry of the theories with gauge algebra 𝔰𝔬(2N)2k × 𝔲𝔰𝔭(2N)−k is either
the quaternion group Q8 (when k and N are both odd) or the dihedral group D8 of order eight
(for other parities). Sequentially gauging subgroups of these non-Abelian finite symmetries
produces an intricate symmetry web and associated symmetry categories. The D8 case, in
particular, was previously discussed in [25, 26] (see also [27–40]). Moreover, [2] investigated
the moduli space of the orthosymplectic ABJ theories for several forms of the gauge group,
including those with SO and O+ types, along with possible ℤ2 quotients. That study found
the moduli space to be of the form ℍ2N /Γ, where Γ is a quaternionic reflection group.

This paper extends existing results in the literature in many directions. First, we
investigate the moduli space of the orthosymplectic ABJ theories with Spin, O− and Pin-type
gauge groups. We find that, in these cases, the corresponding Γ may not be a quaternionic
reflection group itself, but a ℤ2 central extension thereof. We describe the generators of
such extensions in detail. Second, when gauging a ℤ

[0]
2 zero-form symmetry of a theory T

(whose moduli space is ℍ2N /Γ) which leads to another theory T ′ (whose moduli space is
ℍ2N /Γ′), we provide a systematic way to construct Γ′ from Γ. Specifically, one simply needs
to add an appropriate generator to Γ to obtain Γ′, and we provide an explicit expression
for this generator. We compute the Hilbert series for the Higgs or Coulomb branch (viewed
as an N = 4 moduli space) of these theories, which is isomorphic to ℍN /Γ, and verify
it against the corresponding limit of the superconformal index, finding agreement in all
cases. We also identify situations where the ℤ

[0]
2 zero-form symmetry in question is not

gaugable, and discuss how to detect the corresponding anomaly from the perspective of the
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superconformal index and the moduli space. Third, we revisit the symmetry category of
the orthosymplectic ABJ theories with the gauge algebra 𝔰𝔬(2N)2k × 𝔲𝔰𝔭(2N)−k for every
parity of N and k. The explicit D8 and Q8 symmetry webs for the case where N and k

have the same parity were provided in [24]. That work also established that the symmetry
category is D8 for N and k with opposite parities. However, the details of the symmetry
webs, which we provide explicitly in this work, differ from the case where both N and k

are even. We also analyse unequal-rank orthosymplectic ABJ theories. In contrast to the
equal-rank case, some symmetries do not act faithfully on the moduli space. We also briefly
discuss theories containing the 𝔰𝔬(2N +1) gauge algebra. Finally, we discuss the two variants
of the SCFTs based on the F (4) superalgebra.

The paper is organised as follows. In section 2, we discuss ’t Hooft anomalies in general
orthosymplectic ABJ theories. Section 3 is devoted to the analysis of the orthosymplectic
ABJ theories with equal ranks. We discuss the quaternionic reflection groups, their extensions,
and their generators in section 4. Theories with unequal ranks are discussed in section 5. We
discuss theories with the 𝔰𝔬(2N +1) gauge algebra in section 6. Section 7 discusses the SCFTs
based on the F (4) superalgebra. We collect the formulae for computing the superconformal
index of the theories in this paper in appendix A.

2 ’t Hooft anomalies of the orthosymplectic ABJ theories

We begin by considering the 3d N = 3 SO(2L)2k1 ×USp(2M)k2 theory, which includes two
bifundamental half-hypermultiplets:

SO(2L)2k1 USp(2M)k2

(2.1)

where we take k1 and k2 to be integers. This theory has ℤ
[0]
2,M (magnetic) and ℤ

[0]
2,C (charge

conjugation) zero-form symmetries, both associated with the SO(2L) gauge node. Further-
more, the ℤ2 × ℤ2 centre symmetry of the SO(2L)×USp(2M) gauge group is screened by
the bifundamental fields, reducing it to the diagonal ℤ2 subgroup. This subgroup is identified
as a ℤ

[1]
2 one-form symmetry [1, 20] (see also [13]).

These discrete p-form symmetries (for p = 0, 1) can be coupled to (p+1)-form background
gauge fields. Specifically, we denote the one-form background gauge fields for ℤ

[0]
2,M and ℤ

[0]
2,C

as AM
1 and AC

1 , respectively. The ℤ
[1]
2 one-form symmetry couples to a two-form background

gauge field, denoted as AB
2 . The mixed ’t Hooft anomaly for these discrete global symmetries

in the theory (2.1) is described by the action:

iπ

∫
M4

AB
2 ∪

[
LAM

1 ∪AM
1 + k1AC

1 ∪AC
1 +AM

1 ∪AC
1 + (k1L + k2M)AB

2

]
, (2.2)

where M4 is the 4d bulk whose boundary is the 3d spacetime of the theory. The terms of
the form AB

2 ∪ AM,C
1 ∪ AM,C

1 can also be written as AB
2 ∪ e(AM,C

1 ), where e(AM,C
1 ) is the

non-trivial element defined by the extension class e ∈ H2(ℤ2,ℤ2) = ℤ2, corresponding to
the short exact sequence 0 → ℤ2 → ℤ4 → ℤ2 → 0.1

1In other words, consider an anomaly theory of the form
∫

M4
A2 ∪A1 ∪A1, also known as a (2 + 1)d Type

III anomaly (see [39]), where A1 and A2 are background fields for a ℤ2 zero-form and one-form symmetry,
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The anomaly in (2.2) can be derived from [41] and matches the result in [24, (3.5)] for
the special case where L = M and k1 = −k2.2 For general values of L, M, k1, and k2, the
last terms of (2.2), i.e. the ones containing the round bracket, correspond to self-anomalies
of the one-form symmetry. Specifically, the term k1LAB

2 ∪ AB
2 is the self-anomaly from

the SO(2L)2k1 gauge factor [41, (2.17)], while k2MAB
2 ∪ AB

2 is the self-anomaly from the
USp(2M)k2 gauge factor.3

Consequently, the ℤ
[1]
2 one-form symmetry can be gauged if the total self-anomaly vanishes,

which occurs when the following condition is met (see [19, Footnote 4]):

k1
2 L + k2

2 M ∈ ℤ . (2.3)

This condition arises from a slight modification of the argument in [1, (3.27)] (see
also [2]), which we briefly review here. For the ℤ2 quotient to be non-anomalous in
the SO(2L)2k1 × USp(2M)k2 gauge theory, the variation of the Chern-Simons action un-
der a gauge transformation must be trivial. This variation can produce a phase factor
exp

[
2πi
(
2k1lSO(2L)/ℤ2+k2lUSp(2M)/ℤ2

)]
, where lG is the instanton number for the bundle of

gauge group G. While lG is an integer for a simply connected gauge group G, it can be
fractional for non-simply connected groups [43] (see also [44]). Specifically, lSO(2L)/ℤ2 can
be half-integer (for even L) or a multiple of 1/4 (for odd L) [43]. Similarly, lUSp(2M)/ℤ2 is
an integer for even M , but can be half-integer for odd M .

When condition (2.3) holds, gauging the ℤ
[1]
2 one-form symmetry yields the

[SO(2L)2k1 ×USp(2M)k2 ] /ℤ2 theory. This resulting theory features a dual ℤ[0]
2,B zero-form

symmetry,4 which, combined with the existing magnetic and charge conjugation symmetries
from the SO(2L) node, appears to form a ℤ

[0]
2,B × ℤ

[0]
2,M × ℤ

[0]
2,C Abelian group of zero-form

symmetries. However, the non-trivial relationships dictated by the anomaly (2.2) cause these
three ℤ2 symmetries to combine and enhance into a finite non-Abelian group, such as the
dihedral group D8 or the quaternion group Q8, as discussed in [24].5

respectively. When the ℤ2 one-form symmetry is gauged, the zero-form symmetry is enhanced to ℤ4. This ℤ4

is an extension of ℤ2 by ℤ2, as described by the short exact sequence in the main text.
2In that reference, the anomaly theory is expressed in terms of δÃM,C

1 ∼ e(AM,C
1 ), where ÃM,C

1 is the
one-cochain responsible for the lift of AM,C

1 to ℤ4.
3As explained in [42, section 2.3], the anomaly for the USp(2M)k gauge theory with Nf scalars in the

vector representation is given by iπ
∫

M4
w2 ∪ w2 when kM is odd and Nf is even, where w2 is the second

Stiefel-Whitney class, which is an obstruction to lifting the USp(2M)/ℤ2 bundles to the USp(2M) bundles. In
our case, we identify k = k2, w2 = AB

2 , and the USp(2M) gauge node is attached to an even number of vector
flavours Nf = 2L, resulting into a non-vanishing self-anomaly for the one-form symmetry when k2M is odd.

4Recall that gauging a p-form symmetry in d dimensions gives rise to a dual (d − p − 2)-form symmetry.
5In order for this enhancement to take place, an essential role is played by the Type III anomaly term∫

M4
AB

2 ∪AM
1 ∪AC

1 . Let us suppose that condition (2.3) is satisfied, and consider the following modification
of the anomaly theory (2.2): iπ

∫
M4

AB
2 ∪

(
LAM

1 ∪AM
1 + k1AC

1 ∪AC
1 + tAM

1 ∪AC
1
)
, where t = {0, 1}. As

explained around [24, (2.4)], the various possible extensions of an order four element of ℤ2 ×ℤ2 by an order two
element are classified by H2(ℤ2 × ℤ2,ℤ2), with the following outcome: 1) The trivial extension ℤ2 × ℤ2 × ℤ2

corresponds to L, k1 and t all equal to zero. 2) The elements (L, k1, t)) = {(1, 0, 0), (0, 1, 0), (1, 1, 0)} give
rise to the ℤ4 × ℤ2 extension. 3) The D8 group is associated with (L, k1, t)) = {(0, 0, 1), (1, 0, 1), (0, 1, 1)}. 4)
Finally, the Q8 group arises from the element in which L, k1 and t all equal to one. In particular, observe
that, as long as t is different from zero, or, in other words, the term

∫
M4

AB
2 ∪AM

1 ∪AC
1 is non-vanishing,

then ℤ2 × ℤ2 × ℤ2 is always extended to a non-Abelian finite group, either D8 or Q8.

– 4 –
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Whole group
⟨r, s⟩

Order four, characteristic
⟨r⟩

Order four, normal
⟨r2, rs⟩

Order four, normal
⟨r2, s⟩

Order two, characteristic
centre ⟨r2⟩

Order two, two-subnormal
⟨rs⟩ s·s−1

←→ ⟨r3s⟩
Order two, two-subnormal

⟨s⟩ rs·sr3
←→ ⟨r2s⟩

Trivial subgroup
⟨1⟩

Figure 1. Lattice of subgroups of D8, where each box represents a distinct conjugacy class of
subgroups. Observe that the order two two-subnormal subgroups enjoy an inner automorphism
generated by conjugations x = sxs−1 = sxs, y = (rs)y(sr3) = (rs)y(rs), where x ∈ ⟨rs⟩ and y ∈ ⟨s⟩.

The dihedral group D8 of order eight represents the symmetries of a square and can be
generated by a rotation r and a reflection s, with the presentation

D8 = ⟨r, s|r4 = 1, s2 = 1, srs−1 = r−1⟩ . (2.4)

There are five conjugacy classes, explicitly {1}, {r2}, {r, r3}, {s, r2s} and {rs, r3s}, hence
there are five (four one-dimensional and one two-dimensional) irreducible representations.
There are ten subgroups of D8, including the whole group itself, divided into eight conjugacy
classes, which can be organised in the lattice of subgroups depicted in figure 1.

Let us also introduce the quaternion group Q8 of order eight, with elements
{1,−1,i,−i,j,−j,k,−k} satisfying i2=j2=k2=−1, ij=−ji=k, jk=−kj= i and ki=−ik=j. This
also admits the presentation

⟨x, y|x4 = y4 = 1, x2 = y2, yxy−1 = y−1⟩ , (2.5)

where x and y can be identified with any pair of distinct elements from {±i,±j,±k}. Also in
this case, there are five conjugacy classes, i.e. {1}, {−1}, {i,−i}, {j,−j}, {k,−k}, resulting
into four one-dimensional and a single two-dimensional irreducible representations. The
quaternion group Q8 possesses five proper subgroups, which, together the whole group itself,
give rise to the lattice of subgroups reported in figure 2.

As we are now going to discuss extensively, the various global forms of the gauge group of
theories with 𝔰𝔬(2L)2k1×𝔲𝔰𝔭(2M)k2 gauge algebra, where the Chern-Simons levels k1 and k2
satisfy condition (2.3), perfectly fit into the lattice of subgroups of either D8 or Q8, depending
on the parity of L and k1, where the analogy with figures 1 and 2 is as follows: each box
coincides with a particular global variant of the theory, and each black arrow corresponds to
the gauging of a ℤ2 zero-form symmetry constructed from ℤ

[0]
2,B × ℤ

[0]
2,M × ℤ

[0]
2,C .
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Whole group
{1,−1, i,−i, j,−j, k,−k} ≡ ⟨x, y⟩

Order four, normal
{1, j,−1,−j} ≡ ⟨x⟩

Order four, normal
{1, i,−1,−i} ≡ ⟨y⟩

Order four, normal
{1, k,−1,−k} ≡ ⟨xy⟩

Order two, characteristic
centre {1,−1} ≡ ⟨x2⟩

Trivial subgroup
⟨1⟩

Figure 2. Lattice of subgroups of Q8, where each box represents a distinct subgroup.

3 Orthosymplectic ABJ theories with equal ranks

We now specialise to the case of equal ranks, setting L = M = N , and choose opposite Chern-
Simons levels, k1 = k and k2 = −k. This parameter choice defines the orthosymplectic ABJ
theories with equal ranks [9, 12]. These theories are 3d SCFTs with N = 5 supersymmetry
for k ≥ 2 and N = 6 supersymmetry for k = 1.6 The case of unequal ranks will be discussed
in the next section. Under these constraints, the ’t Hooft anomaly in (2.2) simplifies to

iπ

∫
M4

AB
2 ∪

[
NAM

1 ∪AM
1 + kAC

1 ∪AC
1 +AM

1 ∪AC
1

]
. (3.1)

Recent studies have explored the rich symmetry structures of these theories. The presence
of two-groups and non-invertible symmetries in various orthosymplectic ABJ theories was
highlighted in [21], while the D8 and Q8 categorical symmetries were analysed in [24].
Furthermore, the work of [2] investigated the moduli space of ABJ theories with gauge
algebra 𝔰𝔬(2N)2k×𝔲𝔰𝔭(2N)−k for several global forms of the gauge group, including SO(2N)
and O(2N)+ for the orthogonal gauge algebra, along with possible ℤ2 quotients. That study
found the moduli space to be of the form ℍ2N /Γ, where Γ = GN (H, K) is a quaternionic
reflection group.

This raises a natural question: what is the structure of the moduli space for other choices
of the orthogonal gauge group, including Spin(2N), O(2N)−, and Pin(2N)? In this section,
we provide a complete answer. We demonstrate that, for these variants, the group Γ is not
a quaternionic reflection group itself, but rather a ℤ2 extension thereof. Our findings for

6In the special case N = 1 and k = 1, the SO(2)2 × USp(2)−1 ABJ theory actually possesses N = 8
supersymmetry. Indeed, the theory in question is dual to the [U(1)4 × U(1)−4] /ℤ2 variant of the ABJM
theory [20], which is in turn dual to the U(1)2 × U(1)−2 ABJM theory, with N = 8 supersymmetry [11].
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all parity combinations of N and k are summarised below.

Parity of N Parity of k Figure Anomalous variant

Even Even 3 [O(2N)−2k ×USp(2N)−k]/ℤ2
[Pin(2N)2k ×USp(2N)−k]/ℤ2

Even Odd 4 [O(2N)+2k ×USp(2N)−k]/ℤ2
[Pin(2N)2k ×USp(2N)−k]/ℤ2

Odd Even 5 [Spin(2N)2k ×USp(2N)−k]/ℤ2
[Pin(2N)2k ×USp(2N)−k]/ℤ2

Odd Odd 6
[O(2N)±2k ×USp(2N)−k]/ℤ2
[Spin(2N)2k ×USp(2N)−k]/ℤ2
[Pin(2N)2k ×USp(2N)−k]/ℤ2

(3.2)

In table (3.2), we also identify the anomalous variants. These are obtained by attempting
to gauge discrete symmetries of the SO(2N)2k×USp(2N)−k theory in a way that is forbidden
by the ’t Hooft anomalies (3.1).7 These anomalous variants, therefore, do not correspond to
consistent quantum field theories. A key goal is to understand how these ’t Hooft anomalies
and the resulting inconsistencies are reflected in the superconformal index and in the structure
of the quotient by Γ (the quaternionic reflection group or its ℤ2 extension). The details of
the index are provided in appendix A, and those of the group Γ can be found in section 4.

Index, symmetries and anomalies

Let us first consider the case of (N, k) = (even, even) or (even, odd). We observe that
the coefficient of the terms a±kN x

1
2 kN of the index of the [SO(2N)2k × USp(2N)−k]/ℤ2

theory, where a is the fugacity associated with the “axial symmetry”, under which each
of the bifundamental SO(2N) × USp(2N) half-hypermultiplets carries charges 1 and −1,8

always contains the terms

D = 1
2g(1 + ζ + χ + ζχ) , (3.3)

where g, ζ and χ are the fugacities for the zero-form symmetries ℤ
[0]
2,B, ℤ

[0]
2,M and ℤ

[0]
2,C ,

respectively.
7For variants with an O(2N)− gauge group, we consider the background field AMC

1 corresponding to the
diagonal subgroup of the magnetic and charge conjugation symmetries. The relevant ’t Hooft anomaly is
found by setting AM

1 = AC
1 = AMC

1 in (3.1), which results in iπ(N + k + 1)
∫

M4
AB

2 ∪ AMC
1 ∪ AMC

1 . If N

and k have the same parity, then N + k + 1 is odd, and this anomaly is non-trivial. It therefore forbids the
simultaneous gauging of the ℤ

[1]
2,B and the diagonal combination of the ℤ

[0]
2,M and ℤ

[0]
2,C symmetries in the

SO(2N)2k × USp(2N)−k theory required to obtain the [O(2N)−2k × USp(2N)−k]/ℤ2 theory. Conversely, if N

and k have different parities, the anomaly vanishes, and this gauging is permitted.
8The global symmetry associated with fugacity a is actually SO(3) in the N = 2 formalism. Let us denote

this by SO(3)a. This, however, does not commute with the manifest N = 3 SO(3) R-symmetry. Thus, the
SO(2) R-symmetry of the N = 2 formalism combines with SO(3)a to form the full SO(5) R-symmetry of the
N = 5 SCFT. In fact, the index for the N = 5 SCFT always takes the form 1+x+[. . .− (a2 +1+a−2)]x2 + . . .;
see, e.g., (3.5). The negative terms in the round bracket at order x2 are indeed the character of the adjoint
representation of SO(3). In terms of the N = 3 formalism, the coefficients 1 of x and −1 of x2 are the
contribution of the U(1) N = 3 flavour current, and the terms −a±2 at order x2 are the contributions of the
N = 3 extra-supersymmetry currents rendering the supersymmetry of the theory N = 5.
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On the other hand, in the case of (N, k) = (odd, even) and (odd, odd), the index of the
[SO(2N)2k × USp(2N)−k]/ℤ2 theory contains the terms

D′ = 1
2gζ

1
2 (1 + ζ + χ + ζχ) . (3.4)

The presence of the half-odd-integral powers of the ℤ
[0]
2,M fugacity ζ is due to two reasons:

(1) the presence of the factor ζ
∑N

i=1 mi in the index, and (2) the fact that we need to sum mi

over ℤ+ 1
2 due to the ℤ2 quotient, see (A.1). Such half-odd-integral powers of ζ prevents

us from gauging ℤ
[0]
2,M by summing ζ over ±1 and dividing the result by two. Therefore,

the [Spin(2N)2k ×USp(2N)−k]/ℤ2 variant is anomalous for odd N . This argument was, in
fact, extensively used in [21, 45]. As pointed out in [45, Page 19], the fugacity d ≡ gζ

1
2 , with

d4 = 1, corresponds to a ℤ4 subgroup of the D8 zero-form symmetry of the theory. Gauging
this ℤ4 zero-form symmetry by summing d over the four fourth roots of unity and dividing
by four leads to the index of the Spin(2N)2k × USp(2N)−k variant.

For reference, we report the indices for [SO(2N)4 × USp(2N)−2]/ℤ2 with
N = 2, 3 below:

N Index of [SO(2N)4 ×USp(2N)−2]/ℤ2

2 1 + x +
[
(1 + D + ζ + χ)[4]a + (2 + D + χ)− [2]a

]
x2 + . . .

3 1 + x +
[
2 + (1 + ζ)[4]a − [2]a

]
x2 +

[
(D′ + ζ + χ)[6]a

+(1 + ζ)[4]a + (D′ + χ− ζ − 2)[2]a + 4)
]
x3 + . . .

(3.5)

where [m]a denotes the character of the SU(2) representation with highest weight m written in
terms of a. The Hilbert series of the Higgs (or Coulomb) branch can be obtained from the limit
of the index as follows: it is equal to

∑
p≥0 C(a±2pxp)t2p, where C(a±2pxp) is the coefficient

of the term a±2pxp in the index. Here are the explicit Hilbert series of the cases of N = 2, 3:

N Hilbert series of the HB or CB of [SO(2N)4 ×USp(2N)−2]/ℤ2
2 1 + (1 + D + ζ + χ)t4 + (D + ζ + ζχ)t6 + (4 + 3D + 2ζ + 2χ + ζχ)t8 + . . .

3 1 + (1 + ζ)t4 + (D′ + ζ + χ)t6 + (4 + D′ + 2ζ + ζχ)t8 + . . .

(3.6)

Note that, upon setting g = χ = ζ = 1, we obtain the Hilbert series of ℍN /GN (D̂2,ℤ2).
The operators associated with D and D′ involve the monopole operators

V (1) = V( 1
2 , 1

2 ,..., 1
2 ,− 1

2 ;
1
2 , 1

2 ,..., 1
2 , 1

2) , V (2) = V( 1
2 , 1

2 ,..., 1
2 , 1

2 ;
1
2 , 1

2 ,..., 1
2 , 1

2) , (3.7)

where we use the notation (a1, a2, . . . , aN ; b1, b2, . . . , bN ) to denote the magnetic fluxes of the
gauge group SO(2N)×USp(2N). To form the gauge invariant quantities that contribute to
the index, these bare monopole operators have to be appropriately dressed with AkN or BkN ,
where the bifundamental half-hypermultiplets A and B carry fugacities a±1. As pointed out
below [46, (2.3)], the monopole operators W (1) and W (2) with fluxes (1, 1, . . . , 1,−1) and
(1, 1, . . . , 1, 1) of the SO(2N) gauge group are exchanged by the charge conjugation symmetry
ℤ
[0]
2,C . Similarly to the discussion below [45, (4.5)], neither monopole operator (W (1) or W (2))
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has a definite charge conjugation parity. Instead, the linear combinations W± ≡W (1) ±W (2)

are the monopole operators with definite (even/odd) parity under ℤ
[0]
2,C . It follows that the

fugacity for W (1) and W (2) is 1
2(1+χ). Applying similar logic to the fractional flux monopoles,

we see that the fugacity associated with V (1) is 1
2gζ

N−2
2 (1 + χ) and that associated with V (2)

is 1
2gζ

N
2 (1 + χ). Using the fact that ζ2 = 1, we see that if N is even, the sum of these two

contributions gives (3.3), but if N is odd, this gives (3.4).
Note that D is analogous to the non-invertible operator D defined in [47, (8)] and [48,

(1.1)] for the (1 + 1)d lattice Hamiltonian systems with Rep(D8) symmetry. In particular,
our ℤ

[0]
2,ζ , ℤ[0]

2,χ and ℤ
[1]
2 symmetries play the same roles as ℤe

2, ℤo
2, ℤV

2 in [47]. In particular,
the former symmetries are involved in the (2 + 1)d Type III anomaly iπ

∫
M4

AB
2 ∪AM

1 ∪AC
1

of the SO(2N)2k ×USp(2N)−k theory. An immediate consequence of this is as follows: an
attempt to gauge simultaneuously the symmetry associated with AB

2 , AM
1 and AC

1 in this
theory leads to [Pin(2N)2k ×USp(2N)−k]/ℤ2, which is an inconsistent theory for any parity
of N and k. Moreover, similarly to the discussion below [48, (2.10)], both (3.3) and (3.4)
indicate the two-dimensional irreducible representations of D8 or Q8, which have the same
character table. Each individual term 1, χ, ζ and ζχ indicates the one-dimensional irreducible
representations. The factor of 1

2 indicates that we are not allowed to refine the fugacities g, ζ

and χ simultaneously. In other words, the associated global symmetries do not simultaneously
commute with each other (see, for example, below [47, (B17)]). Note, however, that among
these fugacity, if we either set χ = 1 or ζ = 1, or ζ = χ = 1, then the index becomes
well-defined. Setting a fugacity to one amounts to turning off the background gauge field
for the corresponding global symmetry. Therefore, this discussion is consistent with the
aforementioned (2 + 1)d Type III anomaly of the SO(2N)2k × USp(2N)−k theory.

In some cases, the index and its Higgs (or Coulomb) branch or limit, namely the Hilbert
series, may indicate inconsistency of the theory. Let us consider the case of k = 1. It is
forbidden by (3.1) to obtain the [O(2N)+2 ×USp(2N)−1]/ℤ2 theory by gauging simultaneously
the one-from symmetry and the charge conjugation symmetry of the SO(2N)2 ×USp(2N)−1
theory.9 For the cases of N = 1 and 2, the index and its limit indicate the inconsistency. In the
case of [O(2)2 ×USp(2)−1]/ℤ2, the index after factoring out the free hypermultiplet reads10

1 + x +
(

a3g + g

a3 + ag + g

a

)
x3/2 +

(
a4 + 1

a4 − a2 − 1
a2 − 1

)
x2

−
(

a3g + g

a3 + ag + g

a

)
x5/2 + . . . .

(3.8)

The Higgs (or Coulomb) branch limit takes the following closed form:

1− t + t2

(1− t) (1 + t2) = 1 + t3 + t4 + t7 + . . . = PE[t3 + t4 − t6] . (3.9)

9Note that O(2N)+
2 × USp(2N)−1 is dual to the U(N)4 × U(N)−4 ABJM theory [12]. However, we find

that there is no correspondence of the [O(2N)2 × USp(2N)−1]/ℤ2 variant in terms of a theory with unitary
gauge groups [20].

10Note that [SO(2)2 × USp(2)−1]/ℤ2 is actually a theory of two free hypermultiplets, where the fugacities
of the four chiral multiplets are given by each term in (a + a−1)D′, with D′ defined by (3.4). It is clear that
gauging ℤ

[0]
2,C by summing χ over ±1 and diving the result by two leads to an inconsistent index, with the

coefficient at order x
1
2 being 1

2 gζ
1
2 (1 + ζ)(a + a−1). This means that each of the Higgs and Coulomb branches

contains one free chiral multiplet, violating the fact that each of them is a hyperKähler variety.
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Observe that the order of the pole at t = 1 is one, indicating that the corresponding Higgs (or
Coulomb) branch is one complex dimensional. However, this violates the fact that the Higgs
or Coulomb branch of a 3d N ≥ 4 SCFT must be a hyperKähler variety, whose complex
dimension must be even. In the case of [O(4)2 ×USp(4)−1]/ℤ2, the totally unrefined index
reads 1+ 7x+38x2 +117x3 + . . .; the coefficient of x is incompatible with N = 5, N = 6 and
N = 8 supersymmetry, in which case it must be 1, 4 and 10, respectively [49, section 4.3].
However, the Hilbert series in this case seems to be consistent

1− 2t2 + 2t4 + 2t8 − 2t10 + t12

(1− t)4(1 + t)4(1 + t2)2(1 + t4) = 1 + 2t4 + 2t6 + 8t8 + 8t10 + . . . , (3.10)

since it has a correct order of the pole at t = 1 and its numerator is palindromic. For N ≥ 3,
we cannot detect the inconsistency from the series expansion or from the limit of the index.11

Anomalies and moduli spaces

It is also intriguing that gaugings and anomalous variants can also be detected at the level of the
moduli space for this class of theories. This will be discussed in further details in sections 4.3
and 4.4. Let us roughly describe the idea here. Suppose that, upon gauging a non-anomalous
ℤ
[0]
2,S where S ∈ {B, C,M,MC}, a non-anomalous variant T of the 𝔰𝔬(2N)2k × 𝔲𝔰𝔭(2N)−k

theory with moduli space ℍ2N /Γ becomes a non-anomalous variant T ′ with moduli space
ℍ2N /Γ′. Here Γ and Γ′ are quaternionic reflection groups or ℤ2 extensions thereof. In
this case, Γ′ can be obtained from Γ simply by adding another matrix RS , listed in (4.6),
associated with ℤ

[0]
2,S to the set gen(Γ) of the generators of Γ, so that Γ′ = ⟨gen(Γ), RS⟩. In

other words, the new group Γ′ is generated by the generators of Γ along with RS . In this
case, we find that |Γ′| = ⟨gen(Γ), RS⟩ = 2|Γ|. On the contrary, if T is non-anomalous and
T ′ is anomalous, we observe that |Γ′| = ⟨gen(Γ), RS⟩ = 4|Γ|, and that the moduli space
ℍ2N /⟨gen(Γ), RS⟩, instead, corresponds to a different non-anomalous variant.

Remarks on other gaugings

As a final remark, one might ask what happens if we try to gauge the diagonal subgroup of
the ℤ

[0]
2,B and ℤ

[0]
2,M symmetries and the diagonal subgroup of the ℤ

[0]
2,B and ℤ

[0]
2,C symmetries,

which we denote by ℤ
[0]
2,BM and ℤ

[0]
2,BC , respectively.

First, let us suppose that ℤ
[0]
2,M is anomalous in the [SO(2N)2k ×USp(2N)−k] /ℤ2 the-

ory, then there are some operators which are ill-quantised under ℤ
[0]
2,M, as signalled by the

presence of half-odd integer powers of the fugacity ζ, which has been discussed around (3.4).
Then, such operators are wrongly quantised also under ℤ

[0]
2,BM, thus forbidding its gaug-

ing. This means that also ℤ
[0]
2,BM is anomalous. Analogously, if ℤ

[0]
2,C is anomalous in the

[SO(2N)2k ×USp(2N)−k] /ℤ2 theory, then also ℤ
[0]
2,BC is automatically anomalous.12

11This should be contrasted with the unitary case. For [U(N)k × U(N)−k]/ℤp, where p is not a divisor of k,
which is an inconsistent theory [1, section 3.3], the quotient ℤp simply drops out and so the index turns out to
be equal to that of U(N)k ×U(N)−k. Similarly, we also found that the index for the [U(N +1)k ×U(N)−k]/ℤk

theory, which is also inconsistent according to [1, (3.19)], is equal to that of U(N + 1)k × U(N)−k.
12On the other hand, recall that, when either ℤ

[0]
2,M or ℤ

[0]
2,C is anomalous, their diagonal subgroup ℤ

[0]
2,MC is

non-anomalous and can be gauged. This follows from the presence of the Type III anomaly term
∫

M4
AB

2 ∪
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2-Vec
[
ℤ
[1]
2 × ℤ
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[0]
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[(
ℤ
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ℤ
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Figure 3. The D8 symmetry web for variants of the 𝔰𝔬(2N)2k × 𝔲𝔰𝔭(2N)−k ABJ theory with
N even and k even. Each arrow labelled by ℤ

[0]
2,x connecting two boxes denotes the gauging of the

zero-form symmetry ℤ
[0]
2,x. In each box, which is associated with a specific global form of the theory,

we report the corresponding symmetry category and the quaternionic reflection group or its extension
Γ such that the moduli space is ℍ2N /Γ. The details of Γ will be discussed in section 4. Note that
the variant [O(2N)−2k × USp(2N)−k]/ℤ2 is anomalous and not depicted here. We also emphasise
that there are two distinct variants of the ℤ2 extension of the group GN (D̂k,ℤ2k) that are indicated
by ℤ2 and ℤ′

2. Moreover, in the special case of N = 2, the group Γ for [Spin(4)2k × USp(4)−k]/ℤ2,
Spin(4)2k ×USp(4)−k, and Pin(4)2k ×USp(4)−k turns out to be the quaternionic reflection groups
G2(D̂2k,ℤk), G2(D̂2k,ℤ2k), and G2(D̂2k, D̂k) respectively; see (4.8).

Next, let us consider the scenario in which both ℤ
[0]
2,M and ℤ

[0]
2,C are non-anomalous in

the [SO(2N)2k ×USp(2N)−k] /ℤ2 theory. This happens when both N and k are even, for
which sequential gauging of discrete symmetries gives rise to the D8 symmetry web depicted
in figure 3. In such a case, also ℤ

[0]
2,BM and ℤ

[0]
2,BC are non-anomalous, hence they are valid

symmetries of the theory and can be gauged. Despite that, their gauging is not explicitly

AM
1 ∪AC

1 in the anomaly theory (2.2), as discussed in Footnote 7. Since there is no analogous term in the
anomaly theory involving the background gauge field for ℤ

[0]
2,B , it follows that its diagonal subgroup with an

anomalous symmetry also results in an anomalous symmetry.
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shown in figure 3. The point is that the theory which is reached after gauging ℤ
[0]
2,BM (resp.

ℤ
[0]
2,BC) is equivalent to the theory arising from gauging ℤ

[0]
2,M (resp. ℤ

[0]
2,C).13 This statement

admits a group theoretic explanation based on the properties of the D8 group. Observe
that the D8 symmetry web of figure 3 reproduces the lattice of subgroups of D8 depicted in
figure 1, where the theories arising from the ℤ

[0]
2,S gauging, with S = {B,M, C}, in the former

figure are associated with the boxes corresponding to the order two D8 subgroups generated
by r2, rs and s, respectively, in the latter figure. Under this identification, gauging the ℤ

[0]
2,BM

and ℤ
[0]
2,BC symmetries in the [SO(2N)2k ×USp(2N)−k] /ℤ2 theory translates into reaching

the order two D8 subgroups generated by r3s and r2s, respectively. The equivalence between
the theories arising from the ℤ

[0]
2,M and ℤ

[0]
2,BM (resp. ℤ

[0]
2,C and ℤ

[0]
2,BC) gauging follows from

the fact that the D8 subgroups generated by rs and r3s (resp. s and r2s) belong to the same
conjugacy class, as pointed out in the caption of figure 1.

4 Symplectic reflection groups and their generators

The moduli space of variants of the 𝔰𝔬(2N)2k × 𝔲𝔰𝔭(2N)−k ABJ theory is pointed out to
be ℍ2N /Γ, where Γ is a quaternionic reflection group or a ℤ2 extension thereof. In this
section, we will explain the group Γ in detail.

Let us start by stating four definitions of reflection groups that are closely related to
each other. Here we follow the notation in [50].

• Real reflection. Given V a vector space over ℝ, a real reflection is a unimodular
matrix g ∈ GL(V ) such that rk(1− g) = 1.

• Complex reflection. Given V a vector space over ℂ, a complex reflection is a
unimodular matrix g ∈ GL(V ) such that rk(1− g) = 1.

• Symplectic reflection. Given (V, ω) a symplectic vector space over ℂ, a symplectic
reflection is an element g ∈ Sp(V ) such that rk(1− g) = 2.

• Quaternionic reflection. Given V a vector space over ℍ, a quaternionic reflection is
an element g ∈ Sp(V ) such that rk(1− g) = 1.

We see that a symplectic reflection and a quaternionic reflection are equivalent to each
other; see also [51, Page 295], [50, Page 6], and [52, section 3]. Subsequently, we will work
with symplectic reflections. A matrix group generated by symplectic reflections is called
a symplectic reflection group.14 Moreover, we treat the symplectic reflection group G as a
matrix group with its module V and representation R specified.

Note that the moduli space of a 3d N = 8 (resp. N = 6) SCFT, with no non-anomalous
one-form symmetry, is known to be ℍ2N /Γ, where Γ is a real (resp. complex) reflection

13This can be checked explicitly using the index, where gauging ℤ
[0]
2,BM (resp. ℤ

[0]
2,BC) can be implemented

by summing over the contributions coming from the (g, ζ = 1) and (−g, ζ = −1) sectors (resp. the (g, χ = 1)
and (−g, χ = −1) sectors), and subsequently dividing by two. For instance, upon gauging ℤ

[0]
2,M or ℤ

[0]
2,BM,

the operator D in (3.3) becomes 1
2 g (1 + χ). Upon gauging ℤ

[0]
2,C or ℤ

[0]
2,BC , it reads 1

2 g (1 + ζ) instead.
14A symplectic reflection group (or a quaterternionic reflection group) is called proper if it cannot be uplifted

from a complex reflection group.
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Figure 4. The D8 symmetry web for variants of the 𝔰𝔬(2N)2k × 𝔲𝔰𝔭(2N)−k ABJ theory with N

even and k odd. This diagram can be obtained from figure 3 by exchanging C and MC in the left
part of the diagram. In each box, which is associated with a specific global form of the theory, we
report the corresponding symmetry category and the quaternionic relection group or its extension
Γ such that the moduli space is ℍ2N /Γ. The details of Γ will be discussed in section 4. Note that
the variant [O(2N)+

2k × USp(2N)−k]/ℤ2 is anomalous and not depicted here. We emphasise that
there are two distinct variants of the ℤ2 extension of the group GN (D̂k,ℤ2k) that are indicated by
ℤ2 and ℤ′

2. Moreover, in the special case of N = 2, the group Γ for [Spin(4)2k × USp(4)−k]/ℤ2,
Spin(4)2k ×USp(4)−k, and Pin(4)2k ×USp(4)−k turns out to be the quaternionic reflection groups
G2(D̂2k,ℤk), G2(D̂2k,ℤ2k), and G2(D̂2k, D̂k) respectively; see (4.8).

group [1]. Similarly, it was shown in [2] that, for N = 5 SCFTs with no non-anomalous
one-form symmetry, the moduli space takes the same form as above, but with Γ a quaternionic
reflection group. This statement also holds for some other variants with a one-form symmetry
such as SO(2N)2k ×USp(2N)−k and O(2N)+2k ×USp(2N)−k. However, we show that there
are variants of N = 5 ABJ theories whose Γ is not a quaternionic reflection group, but a ℤ2
extension thereof. We will briefly explain what we mean by a ℤ2 extension.

Symplectic reflection groups are classified in [51] (see also [2]). On ℍ ∼= ℂ2, the symplectic
reflection groups are the finite subgroups ΓADE of SU(2). The A-type subgroup ΓAn−1

∼= ℤn

is an uplift of a complex reflection group. The D-type ΓDn+2
∼= D̂n,15 and E type ΓE6

∼= T̂ ,
15In this notation, D̂n denotes a dicyclic group of order 4n. Specifically, D̂1 ∼= ℤ4, and D̂2 ∼= Q8, the

quaternion group of order eight.
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Pin(2N)2k ×USp(2N)−k

2-Rep(D8)
GN (D̂k, D̂k).ℤ2

Spin(2N)2k ×USp(2N)−k

2-Vec
[
ℤ
[1]
4 ⋊ ℤ

[0]
2,C

]
GN (D̂k,ℤ2k).ℤ2

O(2N)+2k ×USp(2N)−k

2-Vec
[(
ℤ
[1]
2 × ℤ

[1]
2,C

)
⋊ ℤ

[0]
2,M

]
GN (D̂k, D̂k)

O(2N)−2k ×USp(2N)−k

2-Vec
[(
ℤ
[1]
2 × ℤ

[1]
2,MC

)
⋊ ℤ

[0]
2,M

]
GN (D̂k,ℤ2k).ℤ′

2

SO(2N)2k ×USp(2N)−k

2-Vec
[
ℤ
[1]
2 × ℤ

[0]
2,M × ℤ

[0]
2,C

]
GN (D̂k,ℤ2k)

[
O(2N)+2k ×USp(2N)−k

]
/ℤ2

2-Rep
[(
ℤ
[1]
2 × ℤ

[1]
2,M

)
⋊ ℤ

[0]
2,C

]
GN (D̂k, D̂k/2)

[
O(2N)−2k ×USp(2N)−k

]
/ℤ2

2-Rep
[(
ℤ
[1]
2 × ℤ

[1]
2,M

)
⋊ ℤ

[0]
2,MC

]
GN (D̂k,ℤk).ℤ′

2

[SO(2N)2k ×USp(2N)−k]/ℤ2
2-Vec(D8)

GN (D̂k,ℤk)

ℤ
[0]
2,C ℤ

[0]
2,B

ℤ
[0]
2,MC

ℤ
[0]
2,B

ℤ
[0]
2,M ℤ

[0]
2,B

ℤ
[0]
2,C ℤ

[0]
2,MC

ℤ
[0]
2,M

ℤ
[0]
2,C ℤ

[0]
2,M

Figure 5. The D8 symmetry web for variants of the 𝔰𝔬(2N)2k × 𝔲𝔰𝔭(2N)−k ABJ theory with N

odd and k even. This diagram can be obtained from figure 3 by exchanging M and MC in the right
part of the diagram. In each box, which is associated with a specific global form of the theory, we
report the corresponding symmetry category and the quaternionic reflection group or its extension
Γ such that the moduli space is ℍ2N /Γ. The details of Γ will be discussed in section 4. Note that
the variant [Spin(2N)2k ×USp(2N)−k]/ℤ2 is anomalous and not depicted here. We emphasise that
there are two distinct variants of the ℤ2 extension of the group GN (D̂k,ℤ2k) that are indicated by
ℤ2 and ℤ′

2; for N = 2 the latter is not a quaternionic reflection group and is explained around (4.7),
whereas the former, associated with Spin(4)2k ×USp(4)−k, is isomorphic to G2(D̂2k,ℤ2k). Moreover,
for Pin(4)2k ×USp(4)−k, the corresponding group turns out to be the quaternionic reflection group
G2(D̂2k, D̂k); see (4.8).

ΓE7
∼= Ô, ΓE8

∼= Î subgroups are intrinsic symplectic reflection groups. On general ℍN ,
the action of a quaternionic reflection group is

GN (K, H) ∼= (KN−1 ×H)⋊ SN , (4.1)

where K is a finite ADE subgroup of SU(2), and H is a normal subgroup of K with the
additional restriction that K/H has to be Abelian if N ≥ 3. In the special case of N = 1,
we simply have G1(K, H) = H, which is a finite subgroup of SU(2), as mentioned above.
If we choose K to be ℤpk and H = ℤk where p, k ∈ ℤ>0, the symplectic reflection group
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Pin(2N)2k ×USp(2N)−k

2-Rep(Q8)
GN (D̂k, D̂k).ℤ2

O(2N)−2k ×USp(2N)−k

2-Vec
[
ℤ
[1]
4 ⋊ ℤ

[0]
2,M

]
GN (D̂k,ℤ2k).ℤ′

2

O(2N)+2k ×USp(2N)−k

2-Vec
[
ℤ
[1]
4 ⋊ ℤ

[0]
2,M

]
GN (D̂k, D̂k)

Spin(2N)2k ×USp(2N)−k

2-Vec
[
ℤ
[1]
4 ⋊ ℤ

[0]
2,C

]
GN (D̂k,ℤ2k).ℤ2

SO(2N)2k ×USp(2N)−k

2-Vec
[
ℤ
[1]
2 × ℤ

[0]
2,M × ℤ

[0]
2,C

]
GN (D̂k,ℤ2k)

[SO(2N)2k ×USp(2N)−k]/ℤ2
2-Vec(Q8)

GN (D̂k,ℤk)

ℤ
[0]
4,B+C

ℤ
[0]
2,B

ℤ
[0]
4,B+M

ℤ
[0]
2,MCℤ

[0]
2,C ℤ

[0]
2,M

ℤ
[0]
2,M

ℤ
[0]
2,M ℤ

[0]
2,C

Figure 6. The Q8 symmetry web for variants of the 𝔰𝔬(2N)2k ×𝔲𝔰𝔭(2N)−k ABJ theory with N odd
and k odd. Note that the variants [O(2N)±2k ×USp(2N)−k]/ℤ2 and [Spin(2N)2k ×USp(2N)−k]/ℤ2
are anomalous and not depicted here. We also emphasise that there are two distinct variants of the ℤ2
extension of the group GN (D̂k,ℤ2k) that are indicated by ℤ2 and ℤ′

2; these will be discussed in detail
in section 4. As before, in the special case of N = 2, the group associated with Spin(4)2k ×USp(4)−k

is isomorphic to G2(D̂2k,ℤ2k), and for Pin(4)2k ×USp(4)−k, the group is isomorpic to G2(D̂2k, D̂k)
respectively; see (4.8).

GN (ℤpk,ℤk) is an uplift of the complex reflection group G(pk, k, N),16 on ℂN to ℂ2N . Note
that, from (4.1), the order of the group GN (K, H) is

|GN (K, H)| = N !|K|N−1|H| . (4.2)

Given a representation R of a symplectic reflection group (or its extension), its action
on the vector space V is uniquely specified. One can naturally “double” the group action to
V ⊕ V by considering the representation R⊕R. This concept is particularly useful for us in
the following way. While the full moduli space of the N = 5 SCFT is ℍ2N /Γ, the space ℍN /Γ
can be regarded as the Higgs or Coulomb branch of a 3d N = 5 SCFT being viewed as an

16The full classification of complex reflection groups is given in [53]. The full classification of real reflection
groups is given in [54].
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N = 4 theory. We emphasise again that the limit of the index computes the Hilbert series of
ℍN /Γ, and not of the full moduli space ℍ2N /Γ. It is the limit of the index that allows us to
verify in a field theoretic way that we have the correct Γ for each variant of the N = 5 SCFT.

4.1 Generators of symplectic reflection groups

Let us define the following 2 × 2 matrices:

I = diag(1, 1) , J =
(

0 1
−1 0

)
, En = diag(ωn, ω−1

n ) , (4.3)

with ωn = exp(2πi/n).
Let Pj (with j = 1, . . . , N − 1) be a matrix representation of the transposition (j, j + 1).

In particular, the 2× 2 block-matrix in the block-positions (j, j + 1), (j + 1, j), and (m, m)
for m ≠ {j, j + 1}, are the identity matrix I, and the other entries are zero. The set {Pj}
corresponds to the collection of transpositions {(1, 2), (2, 3), . . . , (N − 1, N)} that generates
SN . Furthermore, we define

R1 = diag(J, J−1, I, . . . , I) , R2 = diag(E2k, E−1
2k , I, . . . , I) , (4.4)

where these are generators of D̂k.17 For the N = 2 case, we also define a symplectic reflection

R3 = diag(Ek, I) . (4.5)

As an example, the generators of G2(D̂k,ℤk) are P1, R1, R2, R3. The generators of
GN (D̂k,ℤk) for N ≥ 3 are P1, . . . , PN−1, R1, R2. Note that, for N ≥ 3, there is no analog of
R3. The reason is as follows. Consider an operation β which takes one of the E2k blocks
in R2 to its inverse, then one can construct R3 = β(R2)R2. Here, β can be regarded as an
inner automorphism, composed of actions of SN and R1.

Suppose that we gauge a non-anomalous ℤ
[0]
2,S symmetry, where S takes values in

{B,M, C,MC}, in a theory T whose moduli space is ℍ2N /Γ, and obtain a new non-anomalous
theory T ′ whose moduli space is ℍ2N /Γ′. Then, Γ′ can be constructed by inserting the extra
generator RS into the set of generators of the group Γ, where we define

RB = diag(E2k, I, . . . , I) ,

RM = diag(E4k, E4k, . . . , E4k) ,

RC = diag(J, I, . . . , I) ,

RMC = RMRC .

(4.6)

To illustrate this point, let us consider SO(2N)2k×USp(2N)−k, obtained from [SO(2N)2k×
USp(2N)−k]/ℤ2 by gauging ℤ

[0]
2,B . The group Γ associated with the latter is Γ = GN (D̂k,ℤk),

whose set of generators is {P1, . . . , PN−1, R1, R2}. To obtain the group Γ′ associated
with the former theory, we simply add RB into the set of generators; thus, we have
Γ′ = ⟨P1, . . . , PN−1, R1, R2, RB⟩. However, some of these generators are redundant, for
example R2 = P1R

−1
B P1RB, and so we can rewrite Γ′ as Γ′ = ⟨P1, . . . , PN−1, R1, RB⟩. We

call the set of generators after removing the redundant ones the set of reduced generators.
17In the special case of N = 1, we simply have R1 = J and R2 = E2k for the generators of D̂k.
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4.2 Symplectic reflections and their ℤ2 extensions

The transposition Pj is a symplectic reflection, since it satisfies rk(1−Pj) = 2. The generators
RB and RC , however, are not symplectic reflections, but can be combined with permutations
to form them; for example, P1RB and P1RC are symplectic reflections. Similarly, the group
G2(D̂k, 𝕀), generated by {P1, R1, R2}, is a symplectic reflection group because an equivalent
set of generators, {P1, P1R1, P1R2}, consists entirely of symplectic reflections.

For RM and RMC , the situation differs for N = 2 and N ≥ 3. For N = 2, we can
use the alternative generators

R̃M = diag(E4k, E−1
4k ) , R̃MC = R̃MRC . (4.7)

These two choices are equivalent, as their actions on ℍ2 ∼= ℂ4 are related by a change of
complex structure. An important observation is that R̃M can be combined with P1 to form
the symplectic reflection P1R̃M. However, R̃MC is not, in general, a symplectic reflection,
nor can it be converted into one by multiplication with other generators.18 Consequently,
for any variant involving the gauge group O(4)−, the associated discrete group Γ is not
a symplectic reflection group.

For N ≥ 3, it is not possible to transform RM or RMC into symplectic reflections, either
by a change of complex structure of ℂ4N or by multiplication with other generators. Therefore,
any group containing RM or RMC as a generator is not a symplectic reflection group for N ≥ 3.

The generator RM arises from a specific construction. It is obtained by replacing the
diagonal blocks associated with the ℤ2k subgroup in GN (D̂k,ℤk) with blocks corresponding
to a ℤ4k subgroup. Due to this enlargement from ℤ2k to ℤ4k, the inclusion of RM (or
RMC) into the generating set is called a ℤ2 extension.19 For example, the group associated
with [Spin(2N)2k × USp(2N)−k]/ℤ2, generated by {P1, . . . , PN−1, R1, RM}, is denoted by
GN (D̂k,ℤk).ℤ2. We also denote by GN (D̂k,ℤk).ℤ′

2 the group associated with [O(2N)−2k ×
USp(2N)−k]/ℤ2, which is generated by {P1, . . . , PN−1, R1, RMC}. In the special case of
N = 2, some of these ℤ2 extensions are themselves symplectic reflection groups:

[Spin(4)2k ×USp(4)−k]/ℤ2 ←→ G2(D̂k,ℤk).ℤ2 ∼= G2(D̂2k,ℤk) ,

Spin(4)2k ×USp(4)−k ←→ G2(D̂k,ℤ2k).ℤ2 ∼= G2(D̂2k,ℤ2k) ,

Pin(4)2k ×USp(4)−k ←→ G2(D̂k, D̂k).ℤ2 ∼= G2(D̂2k, D̂k) .

(4.8)

18The situation here is similar to that of the [SU(N)k × SU(N)k] /ℤm theory discussed in [1, section 3.2],
whose moduli space is guaranteed to be an orbifold of a complex reflection group only when N = 2.

19Note that GN (D̂k,ℤk).ℤ2 is indeed a central extension of GN (D̂k,ℤk) by ℤ2 characterised by the short
exact sequence 1 → ℤ2 → GN (D̂k,ℤk).ℤ2 → GN (D̂k,ℤk) → 1, where ℤ2 is a centre of GN (D̂k,ℤk).ℤ2. This
statement can also be generalised to other extensions discussed in this paper.
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4.3 Concrete examples and summary

We present the results for N = 2 in table (4.9).

Group Theory Generators Reduced generators Order

G2(D̂k, 𝕀) P1, R1, R2 P1, R1, R2 8k

G2(D̂k,ℤk) [SO(4)2k ×USp(4)−k]/ℤ2 P1, R1, R2, R3 P1, R1, R2, R3 8k2

G2(D̂k,ℤ2k) SO(4)2k ×USp(4)−k P1, R1, R2, R3, RB P1, R1, RB 16k2

G2(D̂k, D̂k/2) [O(4)+4 ×USp(4)−k]/ℤ2 P1, R1, R2, R3, RC P1, R2, RC 16k2∗

G2(D̂2k,ℤk) [Spin(4)2k ×USp(4)−k]/ℤ2 P1, R1, R2, R3, R̃M P1, R1, R3, R̃M 16k2

G2(D̂k,ℤk).ℤ′
2 [O(4)−2k ×USp(4)−k]/ℤ2 P1, R1, R2, R3, R̃MC P1, R1, R̃MC 16k2∗∗

G2(D̂k, D̂k) O(4)+2k ×USp(4)−k P1, R1, R2, R3, RB, RC P1, RB, RC 32k2

G2(D̂2k,ℤ2k) Spin(4)2k ×USp(4)−k P1, R1, R2, R3, RB, R̃M P1, R1, RB, R̃M 32k2

G2(D̂k,ℤ2k).ℤ′
2 O(4)−2k ×USp(4)−k P1, R1, R2, R3, RB, R̃MC P1, R1, RB, R̃MC 32k2

G2(D̂2k, D̂k) Pin(4)2k ×USp(4)−k P1, R1, R2, R3, RB, RC , R̃M P1, RB, RC , R̃M 64k2

(4.9)

Remarks on the N = 2 cases:

• This case applies only when k is even. For odd k, the presence of RC (along with
P1, R1, R2, R3) implies the presence of RB , since RB = R2

CR3; thus, the group becomes
G2(D̂k, D̂k) with order 32k2. This implies that [O(4)+2k ×USp(4)−k]/ℤ2 is anomalous
for odd k.

• This case applies only when k is odd. For even k, the presence of R̃MC (along with
P1, R1, R2, R3) implies the presence of RB , since we have RB =P1(R̃MC)−2kP−1

1 (R̃MC)2k;
thus the group becomes G2(D̂k,ℤ2k).ℤ′

2 with order 32k2. This implies that [O(4)−2k ×
USp(4)−k]/ℤ2 is anomalous for even k.

The results for N ≥ 3 are summarised in table (4.10).

Group Theory Generators Reduced generators Order

GN (D̂k,ℤk) [SO(2N)2k ×USp(2N)−k]/ℤ2 {Pj}, R1, R2 {Pj}, R1, R2 k × (4k)N−1 ×N !

GN (D̂k,ℤ2k) SO(2N)2k ×USp(2N)−k {Pj}, R1, R2, RB {Pj}, R1, RB 2k × (4k)N−1 ×N !

GN (D̂k, D̂k/2) [O(2N)+2k ×USp(2N)−k]/ℤ2 {Pj}, R1, R2, RC {Pj}, R2, RC 2k × (4k)N−1 ×N !∗

GN (D̂k,ℤk).ℤ2 [Spin(2N)2k ×USp(2N)−k]/ℤ2 {Pj}, R1, R2, RM {Pj}, R1, RM 2k × (4k)N−1 ×N !†

GN (D̂k,ℤk).ℤ′
2 [O(2N)−2k ×USp(2N)−k]/ℤ2 {Pj}, R1, R2, RMC {Pj}, R1, RMC 2k × (4k)N−1 ×N !∗∗

GN (D̂k, D̂k) O(2N)+2k ×USp(2N)−k {Pj}, R1, R2, RB, RC {Pj}, RB, RC (4k)N ×N !

GN (D̂k,ℤ2k).ℤ2 Spin(2N)2k ×USp(2N)−k {Pj}, R1, R2, RB, RM {Pj}, R1, RB, RM (4k)N ×N !

GN (D̂k,ℤ2k).ℤ′
2 O(2N)−2k ×USp(2N)−k {Pj}, R1, R2, RB, RMC {Pj}, R1, RB, RMC (4k)N ×N !

GN (D̂k, D̂k).ℤ2 Pin(2N)2k ×USp(2N)−k {Pj}, R1, R2, RB, RC , RM {Pj}, RB, RC , RM 2× (4k)N ×N !

(4.10)

Here, {Pj} denotes the set {P1, . . . , PN−1}. Remarks on these cases:

• This case is valid only when k is even. For odd k, the presence of RC (along with
{Pj}, R1, R2) implies the presence of RB, since RB can be constructed from R2, RC
and certain Pj ; the group becomes GN (D̂k, D̂k) with order N !(4k)N . This implies that
[O(2N)+2k ×USp(2N)−k]/ℤ2 is anomalous for odd k.
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• This case is valid only when N is even. For odd N , the presence of RM (along with
{Pj}, R1, R2) implies the presence of RB, since RB can be constructed from R1, RM
and certain Pj ; the group becomes GN (D̂k,ℤ2k).ℤ2 with order N !(4k)N . This implies
that [Spin(2N)2k ×USp(2N)−k]/ℤ2 is anomalous for odd N .

• This case is valid only when (N, k) is (even, odd) or (odd, even). For other parities, the
presence of RMC (along with {Pj}, R1, R2) implies the presence of RB , since RB can be
constructed from R1, RMRC and certain Pj , and the group becomes GN (D̂k,ℤ2k).ℤ′

2
with order N !(4k)N . This implies that [O(2N)−2k ×USp(2N)−k]/ℤ2 is anomalous when
N and k are both even or both odd.

We have explicitly checked that the groups obtained from the generators listed above are
in agreement with those discussed in [2, appendix A].

Finally, we point out that the moduli space of the variant O(2N)+2k × USp(2N)−k is
ℂ4N /GN (D̂k, D̂k). This is, in fact, isomorphic to SymN (ℂ4/D̂k), which is in agreement with
the notable result of [12], where it was proposed that this variant is the worldvolume theory
of N M2-branes probing a ℂ4/D̂k singularity.

4.4 Anomalous variants

As discussed previously, if gauging a non-anomalous ℤ
[0]
2,S symmetry of a given non-anomalous

theory T (with moduli space ℍ2N /Γ) leads to another non-anomalous theory T ′ (with moduli
space ℍ2N /Γ′), then the new group is Γ′ = ⟨gen(Γ), RS⟩, where gen(Γ) is a set of generators
of Γ. We find that in such cases,

|Γ′| = 2|Γ| . (4.11)

This is consistent with the principle that the relative volume of the base of the associated
Calabi-Yau cone must increase by a factor of two when a non-anomalous ℤ2 zero-form
symmetry is gauged (see, for example, [55]).20 This statement holds for the entries in
tables (4.9) and (4.10).

On the other hand, if T is non-anomalous, but the theory T ′ obtained by gauging ℤ
[0]
2,S

is anomalous, we observe that the order of the new group ⟨gen(Γ), RS⟩ becomes four times
the order of Γ, not twice. Furthermore, the resulting quotient space does not correspond to
the moduli space of T ′; instead, it describes the moduli space of a different non-anomalous
theory T ′′. This observation aligns with the remarks accompanying tables (4.9) and (4.10).
We summarise the anomalous variants for each parity of N and k in (3.2).

This pattern can be generalised further. Consider a non-anomalous theory T with an
anomalous finite discrete Abelian zero-form symmetry G. Let T ′ be an anomalous theory
obtained by gauging G from T , and let T ′′ be a non-anomalous theory obtained by gauging
G′ from T , where G′ is the minimal non-anomalous extension of G.21 If MT is the moduli

20If H is the base of the Calabi-Yau hyperKähler cone associated with theory T , then vol(H/Γ) = 2vol(H/Γ′);
see e.g. [56–58].

21By the term “minimal extension”, we mean as follows. Suppose that G′ is a non-anomalous extension of G

by A described by 1 → A → G′ → G → 1. If, for any other non-anomalous extension G′′ of G by A′ described
by 1 → A′ → G′′ → G → 1, A is a normal subgroup of A′, then G′ is a minimal extension. The construction
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space of T , then the action of the anomalous symmetry G on MT does not form a closed
orbit.22 Instead, it generates the G′ action on MT , which forms a closed orbit. On a vector
space V , this means that the action of G is not a linear representation G → GL(V ), but
an A-projective representation G → GL(V )/A, which determines a linear representation
G′ → GL(V ) of its covering group G′.23 By quotienting the action of G through a closed
orbit, we obtain the moduli space MT /G′, which is the moduli space of T ′′.

4.5 Hilbert series

In this subsection, we report the Hilbert series of ℍN /Γ, which is the Higgs or Coulomb
branch of the N = 5 SCFT in question (viewed as an N = 4 theory). Using the generators
described previously, we can construct the group elements of Γ. The Hilbert series can be
computed using the Molien discrete formula:

HS[ℍN /Γ](t) = 1
|Γ|

∑
M∈Γ

1
det(1− tM) . (4.12)

For each case listed in (4.9) and (4.10), we have verified that the Hilbert series is in agreement
with the Higgs/Coulomb branch limit of the superconformal index, up to a sufficiently high
order in the series expansion. Note that the Hilbert series of certain variants of the ABJ
theory whose Γ is a quaternionic reflection group were reported in [2]. Let us present certain
cases whose Γ is not a quaternionic reflection group as follows:

O(4)−2k ×USp(4)−k Hilbert series of ℍ2/G2(D̂k,ℤ2k).ℤ′
2

1−2t2+t4+t6+t8−2t10+t12

(1−t)4(1+t)4(1+t2)2(1+t4)

k = 2 = 1 + t4 + t6 + 5t8 + 4t10 + 9t12 + 10t14 + 19t16 + . . .

= PE[t4 + t6 + 4t8 + 3t10 + 3t12 + 2t14 − 3t16 + . . .]
1−t2+t4−2t6+3t8−2t10+4t12−2t14+3t16−2t18+t20−t22+t24

(1−t)4(1+t)4(1+t2)2(1−t+t2)2(1+t+t2)2(1+t4)(1−t2+t4)

k = 3 = 1 + t4 + 3t8 + t10 + 6t12 + 4t14 + 10t16 + . . .

= PE[t4 + 2t8 + t10 + 3t12 + 3t14 + t16 − 6t18 − 17t20 + . . .]

(4.13)

[O(4)−2k ×USp(4)−k]/ℤ2 Hilbert series of ℍ2/G2(D̂k,ℤk).ℤ′
2 (with k odd)

1−t2+t4−t6+3t8−t10+4t12−t14+3t16−t18+t20−t22+t24

(1−t)4(1+t)4(1+t2)2(1−t+t2)2(1+t+t2)2(1+t4)(1−t2+t4)

k = 3 = 1 + t4 + t6 + 4t8 + 3t10 + 9t12 + 9t14 + 16t16 + . . .

= PE[t4 + t6 + 3t8 + 2t10 + 4t12 + 3t14 − t16 + . . .]
1−t2+t4−t6+t8−t10+3t12−t14+3t16−2t18+3t20−t22+3t24−t26+t28−t30+t32−t34+t36

(1−t)4(1+t)4(1+t2)2(1+t4)(1−t+t2−t3+t4)2(1+t+t2+t3+t4)2(1−t2+t4−t6+t8)

k = 5 = 1 + t4 + 2t8 + t10 + 4t12 + 3t14 + 7t16 + 5t18 + 12t20 + . . .

= PE[t4 + t8 + t10 + 2t12 + 2t14 + 2t16 + t18 + 2t20 + . . .]

(4.14)

in [27] guarantees an A′ can always be found, and so A can be acquired by examining the subgroups of A′.
Also, in [59], a method to directly reduce A′ to A is provided.

22By the term “closed orbit”, we mean as follows. For two generic points x, y ∈ MT , if y ∈ G(x) implies
G(x) = G(y), then G(x) is a closed orbit.

23In general, the A-projective representation is classified by the group cohomology H2(G, A).
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Pin(6)2k ×USp(6)−k Hilbert series of ℍ3/G3(D̂k, D̂k).ℤ2
1−2t2+2t4−3t6+5t8−4t10+6t12−8t14+9t16−9t18+11t20−10t22+palindrome+t44

(1−t)6(1+t)6(1+t2)3(1−t+t2)2(1+t+t2)2(1+t4)3(1−t2+t4)(1−t4+t8)

k = 2 = 1 + t4 + 4t8 + 2t10 + 8t12 + 5t14 + 18t16 + 16t18 + 34t20 + . . .

= PE[t4 + 3t8 + 2t10 + 4t12 + 3t14 + 4t16 + 5t18 + t20 + . . .]
1

(1−t)4(1+t)4(1+t2)2(1+t4)(1−t+t2−t3+t4)2(1+t+t2+t3+t4)2(1−t2+t4−t6+t8)×

(1− 3t2 + 5t4 − 7t6 + 9t8 − 11t10 + 14t12 − 16t14 + 19t16 − 22t18 + 25t20

k = 3 −28t22 + 31t24 − 32t26 + 34t28 − 34t30 + 34t32 + palindrome + t64)

= 1 + t4 + 2t8 + 5t12 + 2t14 + 9t16 + 5t18 + 15t20 + . . .

= PE[t4 + t8 + 3t12 + 2t14 + 3t16 + 3t18 + 3t20 + . . .]

(4.15)

5 Orthosymplectic ABJ theories with unequal ranks

We now consider the case with unequal ranks, which deserves a separate discussion from the
equal-rank case due to differing ’t Hooft anomalies and moduli space structures. There are
two possibilities to consider, namely theories with the gauge algebras

𝔰𝔬(2N + 2x)2k × 𝔲𝔰𝔭(2N)−k , 𝔰𝔬(2N)2k × 𝔲𝔰𝔭(2N + 2x)−k . (5.1)

Note that the case of x = 0, namely that with equal ranks, was discussed in section 3. The
Chern-Simons levels are such that the theories have at least N = 5 supersymmetry. As
pointed out in [12] (see also [60, (4.9), (4.10)]), the theories with the O+-type gauge group
for particular values of k and x enjoy the following dualities:

O(2N + 2x)+2k ×USp(2N)−k ↔ O(2N + 2(k − x + 1))+−2k ×USp(2N)k ,

O(2N)+2k ×USp(2N + 2x)−k ↔ O(2N)+−2k ×USp(2N + 2(k − x− 1))k ,
(5.2)

where x is restricted to 0 ≤ x ≤ k + 1 in the first duality and 0 ≤ x ≤ k − 1 in the second
one. If x > k + 1 in the former or x > k − 1 in the latter, then supersymmetry is broken.
Moreover, when the equalities hold, the theories with unequal ranks turn out to be dual
to theories with equal ranks:

O(2N + 2(k + 1))+2k ×USp(2N)−k ↔ O(2N)+−2k ×USp(2N)k

O(2N)+2k ×USp(2N + 2(k − 1))−k ↔ O(2N)+−2k ×USp(2N)k .
(5.3)

We shall henceforth take 0 < x < k ± 1 for each case in the following analysis.
The anomaly theory for the theory SO(2N + 2x)2k × USp(2N)−k is

iπ

∫
M4

AB
2 ∪

[
(N + x)AM

1 ∪AM
1 + kAC

1 ∪AC
1 +AM

1 ∪AC
1 + (kx)AB

2

]
, (5.4)

whereas that for the theory SO(2N)2k × USp(2N + 2x)−k is

iπ

∫
M4

AB
2 ∪

[
NAM

1 ∪AM
1 + kAC

1 ∪AC
1 +AM

1 ∪AC
1 + (kx)AB

2

]
. (5.5)

We focus on the case where the ℤ
[1]
2 one-form symmetry can be gauged, namely when kx is

even, and will discuss the case in which kx is odd in section 5.1. In the first (resp. second)
case, if both N + x and k (resp. both N and k) are odd, the corresponding symmetry
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category is Q8; otherwise, it is D8. The symmetry webs in these cases are, therefore, similar
to those of the equal-rank cases depicted in figures 3–6. Note that the ℤ

[0]
2,S symmetry

(with S ∈ {B,M, C,MC}) acts non-trivially on the [SO(2N + 2x)2k ×USp(2N)−k] /ℤ2 and
[SO(2N)2k ×USp(2N + 2x)−k] /ℤ2 theories, but we will see below that some of them act
trivially on the moduli space.

We can now turn to the study of the moduli space. For the case of the theory
[SO(2N + 2x)2k ×USp(2N)−k] /ℤ2, we find that the moduli space is always ℍ2N /GN (D̂k, D̂k).
On the other hand, for the [SO(2N)2k ×USp(2N + 2x)−k] /ℤ2 theory, the moduli space is
ℍ2N /GN (D̂k,ℤ2k).24 We will explain these results towards the end of this section. Start-
ing from these variants, one can gauge the ℤ

[0]
2,S symmetry to obtain the other variants.

The moduli space of each non-anomalous variant is ℍ2N /Γ, where Γ can be obtained by
adding an appropriate generator RS to the set of generators of Γ associated with the variant
prior to gauging, precisely as described in section 4. The group Γ for each variant of the
𝔰𝔬(2N +2x)2k ×𝔲𝔰𝔭(2N)−k theory is reported below, categorised by all parity combinations
of N + x and k.

Theory N + x even, k even N + x odd, k even N + x even, k odd N + x odd, k odd

[SO(2N + 2x)2k ×USp(2N)−k] /ℤ2 GN (D̂k, D̂k) GN (D̂k, D̂k) GN (D̂k, D̂k) GN (D̂k, D̂k)

SO(2N + 2x)2k ×USp(2N)−k GN (D̂k, D̂k) GN (D̂k, D̂k) GN (D̂k, D̂k) GN (D̂k, D̂k)[
O(2N + 2x)+2k ×USp(2N)−k

]
/ℤ2 GN (D̂k, D̂k) GN (D̂k, D̂k) Anomalous Anomalous

[Spin(2N + 2x)2k ×USp(2N)−k] /ℤ2 GN (D̂k, D̂k).ℤ2 Anomalous GN (D̂k, D̂k).ℤ2 Anomalous[
O(2N + 2x)−2k ×USp(2N)−k

]
/ℤ2 Anomalous GN (D̂k, D̂k).ℤ2 GN (D̂k, D̂k).ℤ2 Anomalous

O(2N + 2x)+2k ×USp(2N)−k GN (D̂k, D̂k) GN (D̂k, D̂k) GN (D̂k, D̂k) GN (D̂k, D̂k)

Spin(2N + 2x)2k ×USp(2N)−k GN (D̂k, D̂k).ℤ2 GN (D̂k, D̂k).ℤ2 GN (D̂k, D̂k).ℤ2 GN (D̂k, D̂k).ℤ2

O(2N + 2x)−2k ×USp(2N)−k GN (D̂k, D̂k).ℤ2 GN (D̂k, D̂k).ℤ2 GN (D̂k, D̂k).ℤ2 GN (D̂k, D̂k).ℤ2

Pin(2N + 2x)2k ×USp(2N)−k GN (D̂k, D̂k).ℤ2 GN (D̂k, D̂k).ℤ2 GN (D̂k, D̂k).ℤ2 GN (D̂k, D̂k).ℤ2

(5.6)

We emphasise that, in contrast to the equal-rank case, Γ may be the same for different variants
of the gauge group, so such theories have the same moduli space. In particular, it is clear
from (5.6) that ℤ[0]

2,B acts trivially on the moduli space of [SO(2N + 2x)2k ×USp(2N)−k] /ℤ2

for any parity of N + x and k, whereas ℤ
[0]
2,C acts trivially on the moduli space of the theories

when k is even, but is anomalous for k odd.25 Gauging any of these non-anomalous symmetries
will not affect the moduli space, even if the index changes upon such gauging.

Let us illustrate this point using the following example. The index of the theory
[SO(6)4 ×USp(4)−2] /ℤ2, where N = 2, x = 1, k = 2, can be computed using (A.1) and
is given by

1 + x +
[
2 + (1 + ζ)[4]a − [2]a

]
x2

+
[
3 + (D′ − ζ − 1)[2]a + (1 + ζ)[4]a + ζ[6]a

]
x3 + . . . ,

(5.7)

24We verified that the Higgs or Coulomb branch limit of the index for each theory matches the Hilbert
series of the corresponding moduli space ℍN /Γ. However, this method is unable to detect the presence of a
radical ideal, should one exist, as is the case for the unitary ABJ theory [61].

25However, gauging ℤ
[0]
2,C of SO(2N + 2x)2k × USp(2N)−k is allowed for any parity of N + x and k, and it

acts trivially on the moduli space of such theory.
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where D′ is defined in (3.4). Recall that the Higgs or Coulomb branch limit can be obtained
as
∑

p≥0 C(a±2pxp)t2p, where C(a±2pxp) is the coefficient of the term a±2pxp in the index.
This yields the Hilbert series:

1 + (1 + ζ)t4 + ζt6 + (4 + 2ζ)t8 + (2 + 2ζ)t10 + (6 + 5ζ)t12 + (4 + 6ζ)t14

+ (12 + 9ζ)t16 + (10 + 10ζ)t18 + (18 + 16ζ)t20 + . . . ,
(5.8)

which is independent of g and χ. This means that ℤ
[0]
2,B and ℤ

[0]
2,C act trivially on the

Higgs or Coulomb branch operators of [SO(6)4 ×USp(4)−2] /ℤ2. Any non-anomalous variant
obtained by gauging either of these two symmetries (but not ℤ

[0]
2,M) thus has the same

moduli space as this theory, namely ℍ4/G2(D̂2, D̂2). It is also interesting to point out that,
although D′ appears in the index, the Hilbert series depends only on ζ. This means that the
[SO(6)4 ×USp(4)−2] /ℤ2 theory possesses the D8 zero-form symmetry, but only ℤ

[0]
2,M acts

non-trivially on the moduli space. Since half-odd-integral powers of ζ appear in the index
via D′, it follows that ℤ

[0]
2,M cannot be gauged,26 as previously mentioned. As a consequence,

the variant [Spin(6)4 ×USp(4)−2] /ℤ2 is anomalous.
For definiteness, let us focus on the case of [SO(2N + 2x)2k ×USp(2N)−k] /ℤ2, with both

N + x and k even. We now explain why the ℤ
[0]
2,B and ℤ

[0]
2,C symmetries act trivially on the

moduli space. Note that the other variants can be obtained by sequentially gauging ℤ
[0]
2,B,

ℤ
[0]
2,M or ℤ

[0]
2,C of this variant. As discussed extensively in section 4, the generators of the

group GN (D̂k, D̂k) that gives the moduli space ℍ2N /GN (D̂k, D̂k) are as follows:

{Pj} , R1 , R2 , RB , RC . (5.9)

Gauging the ℤ
[0]
2,B or ℤ

[0]
2,C symmetries amounts to adding RB or RC to the above set of

generators. However, since RB and RC are already present in (5.9), the group GN (D̂k, D̂k)
does not change upon such gauging. Thus, the moduli space of the resulting theory remains
ℍ2N /GN (D̂k, D̂k). On the other hand, the generator RM associated with ℤ

[0]
2,M is not present

in (5.9). Adding it to (5.9) results in a ℤ2 extension of GN (D̂k, D̂k), namely GN (D̂k, D̂k).ℤ2.
Note that this is no longer a quaternionic reflection group for N > 2; however, for N = 2,
it is isomorphic to the quaternionic reflection group G2(D̂2k, D̂k). Finally, let us consider
gauging the symmetry ℤ

[0]
2,MC , which amounts to adding RMC = RMRC to (5.9), which leads

to the anomalous variant
[
O(2N + 2x)−2k ×USp(2N)−k

]
/ℤ2. We see that the order of the

resulting group GN (D̂k, D̂k).ℤ2 increases only by a factor of two (not by a factor of four
as in section 3) with respect to the group GN (D̂k, D̂k). Nevertheless, in the same spirit as
section 3, it can be clearly seen from (5.6) that the latter group, resulting from a gauging
that is forbidden by the ’t Hooft anomalies, corresponds to the other non-anomalous variants.
Finally, we remark that this argument applies to other parities of N + x and k.

26On the other hand, ℤ[0]
2,C is gaugable, as can be seen from (5.4).
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We now turn to the case of [SO(2N)2k ×USp(2(N + x))−k] /ℤ2. We report the group
Γ corresponding to the moduli space ℍ2N /Γ as follows:

Theory N even, k even N odd, k even N even, k odd N odd, k odd

[SO(2N)2k ×USp(2N + 2x)−k] /ℤ2 GN (D̂k,ℤ2k) GN (D̂k,ℤ2k) GN (D̂k,ℤ2k) GN (D̂k,ℤ2k)

SO(2N)2k ×USp(2N + 2x)−k GN (D̂k,ℤ2k) GN (D̂k,ℤ2k) GN (D̂k,ℤ2k) GN (D̂k,ℤ2k)[
O(2N)+2k ×USp(2N + 2x)−k

]
/ℤ2 GN (D̂k, D̂k) GN (D̂k, D̂k) Anomalous Anomalous

[Spin(2N)2k ×USp(2N + 2x)−k] /ℤ2 GN (D̂k,ℤ2k).ℤ2 Anomalous GN (D̂k,ℤ2k).ℤ2 Anomalous[
O(2N)−2k ×USp(2N + 2x)−k

]
/ℤ2 Anomalous GN (D̂k,ℤ2k).ℤ′

2 GN (D̂k,ℤ2k).ℤ′
2 Anomalous

O(2N)+2k ×USp(2N + 2x)−k GN (D̂k, D̂k) GN (D̂k, D̂k) GN (D̂k, D̂k) GN (D̂k, D̂k)

Spin(2N)2k ×USp(2N + 2x)−k GN (D̂k,ℤ2k).ℤ2 GN (D̂k,ℤ2k).ℤ2 GN (D̂k,ℤ2k).ℤ2 GN (D̂k,ℤ2k).ℤ2

O(2N)−2k ×USp(2N + 2x)−k GN (D̂k,ℤ2k).ℤ′
2 GN (D̂k,ℤ2k).ℤ′

2 GN (D̂k,ℤ2k).ℤ′
2 GN (D̂k,ℤ2k).ℤ′

2

Pin(2N)2k ×USp(2N + 2x)−k GN (D̂k, D̂k).ℤ2 GN (D̂k, D̂k).ℤ2 GN (D̂k, D̂k).ℤ2 GN (D̂k, D̂k).ℤ2

(5.10)

For this class of theories, the symmetry ℤ
[0]
2,B acts trivially on the moduli space, due to the

fact that the matrix RB is already present in the quaternionic reflection group GN (D̂k,ℤ2k)
associated with the “mother” [SO(2N)2k ×USp(2N + 2x)−k] /ℤ2 theory, from which all other
variants can be obtained by gauging discrete zero-form symmetries.

We see that ℤ
[0]
2,C acts non-trivially on the moduli space of SO(2N)2k ×USp(2N + 2x)−k,

but acts trivially on that of SO(2N +2x)2k×USp(2N)−k. This phenomenon can be explained
as follows. Recall that, for the SO(Nc) gauge theory with Nf hypermultiplets in the vector
representation, a baryon, which is constructed using the epsilon tensor of the SO(Nc) gauge
group and is odd under the charge conjugation symmetry, can acquire a non-zero vacuum
expectation value if Nf ≥ Nc [62] (see also [63, appendix B.3]). In the former class of theories,
the effective number of flavours of the SO(2N) gauge group is Nf = 2N + 2x and there is a
non-zero vacuum expectation value of the baryon in this case. On the contrary, for the latter
class, the effective number of flavours for SO(2N + 2x) is Nf = 2N , so there is no baryon in
this case. As a result, gauging ℤ

[0]
2,C in the former theory turns GN (D̂k,ℤ2k) into GN (D̂k, D̂k),

and doing so in the latter theory leaves GN (D̂k, D̂k) unchanged. Let us now argue why
the moduli space of [SO(2N+2x)2k×USp(2N)−k]/ℤ2 is ℍ2N /GN (D̂k, D̂k), whereas that of
[SO(2N)2k ×USp(2N + 2x)−k] /ℤ2 turns out to be ℍ2N /GN (D̂k,ℤ2k). It was pointed out
in [12] (see also [2, appendix D.2]) that the moduli spaces of O(2N + 2x)+2k × USp(2N)−k

and that of O(2N)+2k × USp(2N + 2x)−k are SymN (ℂ4/D̂k) = ℍ2N /GN (D̂k, D̂k). Due
to the argument in the preceding paragraph, we see that the moduli space of SO(2N +
2x)2k × USp(2N)−k remains ℍ2N /GN (D̂k, D̂k), whereas that of SO(2N)2k × USp(2N +
2x)−k becomes GN (D̂k,ℤ2k). Due to the trivial action of ℤ

[0]
2,B on the moduli spaces of

[SO(2N)2k×USp(2N+2x)−k]/ℤ2 and [SO(2N+2x)2k×USp(2N)−k]/ℤ2, the result follows.

5.1 Comments on the cases with anomalous one-form symmetry

Finally, let us also comment on the cases in which kx is odd. Since condition (2.3) is not
satisfied, the ℤ

[1]
2 one-form symmetry associated with the diagonal subgroup of the centres

of the gauge groups is anomalous, hence cannot be gauged. The attempt to gauge this
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one-form symmetry turns out to be a trivial operation at the level of the index. Indeed,
we will see that any monopole operators containing half-odd-integral gauge fluxes do not
contribute to the index.27

For simplicity, let us focus on the SO(2N +2x)2k×USp(2N)−k theory, and investigate the
behaviour of the monopole operator with magnetic fluxes

( 1
2 ,..., 1

2 ;
1
2 ,..., 1

2
)
, which would appear

in the anomalous [SO(2N+2x)2k×USp(2N)−k]/ℤ2 variant. Such a bare monopole operator is
not gauge invariance, indeed it would contribute to the index as

(∏N+x
i=1 zk

i

)(∏N
j=1u−k

j

)
. In

order to make it gauge invariant, it must be dressed by appropriate products of chiral fields
components contributing to the index as

(∏N+x
i=1 z−k

i

)(∏N
j=1uk

j

)
. Since the matter content

of the theory is in the bifundamental representation of SO(2N + 2x)×USp(2N), the chiral
fields can be parametrised with the gauge fugacities as

[∑N+x
i=1

(
zi+z−1

i

)][∑N
j=1
(
uj+u−1

j

)]
. In

other words, each chiral field component carries an SO(2N +2x) fugacity zs1
i and a USp(2N)

fugacity us2
j , with s1, s2 = ±1. In particular, observe that each fugacity z±1

i and u±1
j coming

from products of the chiral fields components has to appear with the same multiplicity at
the end in order to restore gauge invariance. However, this cannot happen since there is an
odd disparity x between the number of SO(2N + 2x) and USp(2N) fugacities. The natural
interpretation is then that the anomalous sector of the index coming from this particular
monopole, which would appear in the theory in which the anomalous ℤ

[1]
2 one-form symmetry

is gauged, is identically equal to zero, since there are no gauge invariant contributions
which would survive the computation of residues in the index, meaning that such anomalous
contribution gets killed by the integration process.

To clarify better this point, let us consider the case N = 2, x = 1 and k = 1, i.e. we
take the theory to be SO(6)2 × USp(4)−1. In such a case, the anomaly of the ℤ

[1]
2 one-

form symmetry can be investigated by looking at the bare monopole operator with fluxes(
1
2 , 1

2 , 1
2 ;

1
2 , 1

2

)
, which contributes z1z2z3u

−1
1 u−1

2 to the index, and has dimension zero. In
order to make it gauge invariant, it must be dressed with chiral fields which compensate
such contribution. This can be done for the SO(6) part by taking, for instance, the product
of three components in the chiral fields, for example, z−1

1 u1, z−1
2 u2 and z−1

3 u−1
1 . However,

this particular combination fails to preserve gauge invariance related to the USp(4) fugacity
u1, since the total combination reads u−1

1 u1u
−1
1 = u−1

1 .28 Upon looking at the integrand in
the index, the monopole operator dressed with the product of such components appears at
order x

3
2 , but then drops out when the integral is performed.29

27Note that a similar phenomenon also appears in the [U(N + x)k × U(N)−k] /ℤp variants of the unitary
ABJ theories, where the ℤp quotient is consistent if kx

p2 ∈ ℤ [1]. If one tries to quotient the original ABJ
theory by ℤI , i.e. considers the [U(N + x)k × U(N)−k] /ℤI theory, where ℤI does not satisfy the consistency
condition on the quotient, then there are ill-quantised monopole operators under the gauge group which drop
out of the integral upon computing the index. For instance, the index of the anomalous [U(3)4 × U(1)−4] /ℤ4

theory equals the one of the non-anomalous [U(3)4 × U(1)−4] /ℤ2 theory. We thank Gabi Zafrir for pointing
this out to us.

28For odd kx, one can show that any attempt to dress such a monopole operator fails, due to the fact that
there is always a disparity in fugacity ui, for some i.

29On the other hand, for the case of k = 2, the monopole operator with fluxes
(

1
2 , 1

2 , 1
2 ;

1
2 , 1

2

)
carries gauge

fugacities (z1z2z3u−1
1 u−1

2 )2; however, this can be dressed using the components of the chiral fields in the
following set: {z−1

i uj |i, j = 1, 2} ∪ {z−1
3 u1, z−1

3 u−1
1 }, and this gauge invariant quantity appears at order x3 in

the index.
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6 Comments on the case with 𝖘𝖔(2N + 1) gauge algebra

We now discuss theories with the gauge algebra 𝔰𝔬(2N + 1)2k × 𝔲𝔰𝔭(2M)−k. Only two
distinct variants exist, namely

SO(2N + 1)2k ×USp(2M)−k , Spin(2N + 1)2k ×USp(2M)−k . (6.1)

This follows from the trivial centre of the SO(2N + 1) group. Furthermore, since the ℤ2
centre of the USp(2M) gauge group is screened by the bifundamental half-hypermultiplets,
the theory possesses no one-form symmetry. It is therefore meaningless to discuss the
[SO(2N + 1)2k ×USp(2M)−k] /ℤ2 variant. Moreover, as pointed out in [20, (3.107)] using the
index, the charge conjugation symmetry ℤ

[0]
2,C acts trivially on the SO(2N +1)2k×USp(2M)−k

theory, since the corresponding fugacity can be reabsorbed with a gauge transformation
and thus disappears from the index. The only remaining zero-form symmetry to discuss for
the SO(2N + 1)2k ×USp(2M)−k theory is the magnetic symmetry ℤ

[0]
2,M. This symmetry is

non-anomalous, which can be seen as follows: the fugacity ζ associated with ℤ
[0]
2,M appears

in the index as ζ
∑N

i=1 mi , where mi ∈ ℤ are the magnetic fluxes of SO(2N + 1). Since
the mi take only integral values, ζ necessarily appears with an integral power. An explicit
computation shows that ℤ

[0]
2,M acts non-trivially, and gauging this symmetry leads to the

Spin(2N + 1)2k × USp(2M)−k theory.
Analogous to (5.2), the following dualities also hold [12]:

O(2N + 2x + 1)+2k ×USp(2N)−k ↔ O(2N + 2(k − x) + 1)+−2k ×USp(2N)k ,

O(2N + 1)+2k ×USp(2N + 2x)−k ↔ O(2N + 1)+−2k ×USp(2N + 2(k − x))k .
(6.2)

In both cases, x is restricted to 0 ≤ x ≤ k. Supersymmetry is broken if x > k. When x = k,
these unequal-rank theories become dual to equal-rank theories.

The moduli space for these theories is ℍ2N /Γ, where Γ is given below:

Theory Γ
SO(2N + 1)2k ×USp(2N)−k GN (D̂k, D̂k)
Spin(2N + 1)2k ×USp(2N)−k GN (D̂k, D̂k).ℤ2

SO(2N + 2x + 1)2k ×USp(2N)−k GN (D̂k, D̂k)
Spin(2N + 2x + 1)2k ×USp(2N)−k GN (D̂k, D̂k).ℤ2

SO(2N + 1)2k ×USp(2N + 2x)−k GN (D̂k, D̂k)
Spin(2N + 1)2k ×USp(2N + 2x)−k GN (D̂k, D̂k).ℤ2

(6.3)

We have checked that the Hilbert series of the Higgs (or Coulomb) branch, ℍN /Γ, computed
using the prescription in section 4, agrees with the corresponding limit of the index. We also
note that the moduli space of SO(5)2k × USp(4)−k was discussed in [2].

7 SCFTs based on the F (4) superalgebra

Let us consider the 3d N = 3 Spin(7)k1×SU(2)k2 gauge theory, with two half-hypermultiplets
Q1, Q2 in the (8, 2) representation of the gauge group. As pointed out in [2], following the
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analysis of [10], when 2k1 + 3k2 = 0, supersymmetry gets enhanced to N = 5. In particular,
the authors of the latter reference studied the moduli space of the Spin(7)−3k×SU(2)2k theory,
with k integer, and of its ℤ2 quotient, which is identified with the ℤ2 one-form symmetry
associated with the diagonal subgroup of the ℤ2 × ℤ2 centre symmetry of Spin(7)× SU(2).
Given that the instanton number of Spin(7)/ℤ2, denoted by lSpin(7)/ℤ2 , is integer [43, (3.56)],
and that of SU(2)/ℤ2, denoted by lSU(2)/ℤ2 , is half-integer [43, (3.38)], the variation of
the Chern-Simons action under a gauge transformation associated with the ℤ2 quotient in
question yields a trivial phase exp

[
2πi

(
−3klSpin(7)/ℤ2 + 2klSU(2)/ℤ2

)]
= 1, meaning that the

ℤ2 one-form symmetry is non-anomalous for any integer value of k and can thus be gauged [2].
Such ℤ2 one-form symmetry is responsible for turning the Spin(7) gauge group into an SO(7)
gauge group, which is centreless and does not admit any further ℤ2 quotient.

In order to analyse the other possible global variants of the theory, namely the ones
with O(7)± and Pin(7) gauge factors, we have to take into account the action of the charge
conjugation symmetry associated with the Spin(7) gauge group in the original theory. To this
purpose, we recall that, in the 𝔰𝔬(2L + 1) case, the orthogonal variant is simply O(2L + 1) ∼=
SO(2L + 1)×ℤ2 and a generic O(2L + 1) holonomy of determinant χ can be put in the form(
z1, z−1

1 , . . . , zL, z−1
L , χ

)
. In the following, we claim that charge conjugation acts trivially on

the matter content in the (8, 2) representation of the Spin(7)−3k×SU(2)2k gauge group. This
can be deduced by employing the branching rules from 𝔰𝔬(7) to 𝔰𝔲(2)3. In particular, the
vector representation of 𝔰𝔬(7) branches into the (2, 2, 1)⊕ (1, 1, 3) representation of 𝔰𝔲(2)3,
where the corresponding character can be refined with the charge conjugation fugacity χ as30

7𝔰𝔬(7) =
(
x1 + x−1

1

) (
x2 + x−1

2

)
+
(
x2
3 + x−2

3 + χ
)

. (7.2)

It follows that charge conjugation acts non-trivially on the character of the antisymmetric
representation of 𝔰𝔬(7), whose definition

21𝔰𝔬(7) =
1
2
{ [(

x1 + x−1
1

) (
x2 + x−1

2

)
+
(
x2
3 + x−2

3 + χ
)]2

−
[(

x1 + x−1
1

) (
x2 + x−1

2

)
+
(
x2
3 + x−2

3 + χ
)]

xi→x2
i , χ→χ2=1

} (7.3)

is in agreement with the expression presented in [45, (2.6)], upon exploiting the fugacity map
detailed in Footnote (30). On the other hand, the spinor representation of 𝔰𝔬(7) branches to
𝔰𝔲(2)3 as (2, 1, 2)⊕ (1, 2, 2), where the 𝔰𝔲(2) triplet, whose character can be refined with χ

as in (7.1), is now absent. We then conclude that charge conjugation acts trivially on the
spinor representation of 𝔰𝔬(7), hence the theory in question only admits the Spin(7)× SU(2)
variant and its ℤ2 quotient, namely [Spin(7)−3k × SU(2)2k] /ℤ2.

An interesting observation is that, in the special case k = 1, the [Spin(7)−3 × SU(2)2]/ℤ2
gauge theory actually possesses N = 6 supersymmetry. The crucial point is that the further

30Observe that the character of the vector representation of 𝔰𝔬(7) written in this way this is related to the
convention adopted in (A.10), namely

7𝔰𝔬(7) =

(
3∑

i=1

zi + z−1
i

)
+ χ , (7.1)

via the fugacity map z1 = x1x2, z2 = x1
x2

, z3 = x2
3.
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enhancement of supersymmetry from N = 5 to N = 6 does not originate from the mechanism
described in [10] in this case, for which the enhancement to N = 6 supersymmetry is due to
monopoles instead. This statement can be demonstrated explicitly by means of the index,
whose expression up to order x2, which can be computed as detailed in (A.10), reads

1 + (1 + ζ[2]a)x +
[
(2 + ζ) [4]a + [2]a + 3− (1 + [2]a + [2]a)

]
x2 + . . . , (7.4)

where we denote with [m]a the character corresponding to the 𝔰𝔲(2) representation with
highest weight m written in terms of the variable a, which is the fugacity associated with
the “axial symmetry”.31 The contributions due to the N = 3 flavour currents are highlighted
in cerulean, whereas the term coloured in claret indicates the presence of three N = 3
extra-supersymmetry currents, which explain the enhancement from N = 3 to N = 6
supersymmetry. A crucial role is played by the monopole operator with magnetic fluxes(
1, 0, 0; 12

)
, where the first three entries are associated with the 𝔰𝔬(7) gauge factor, and the

last entry stands for the 𝔰𝔲(2) gauge flux. Such a monopole operator has dimension −2 and
carries gauge charges −3 and 2 under the 𝔰𝔬(7) Cartan element corresponding to z1 and
the 𝔰𝔲(2) gauge factor, respectively. In order to make this bare monopole operator gauge
invariant, it needs to be dressed with six chiral fields chosen from copies of Q1,2, hence it
contributes to the index as ζ[2]a at order x. Let us explain this point more in detail. The
matter content of the theory transforms in the (8, 2) representation of the gauge group, as
well as in the 2 representation of the “axial symmetry”. The two half-hypermultiplets Q1,2
carry fugacities associated with the said symmetries which are parametrised according to the
character of this combined gauge and “axial” representation, where this can be expressed as

 ∑
s1,...,s3=±1

z
s1
2
1 z

s2
2
2 z

s3
2
3

(u + 1
u

)(
a + 1

a

)
. (7.5)

Gauge invariant quantities can be built by taking appropriate products of chiral fields
components parametrised by (7.5), whose collective contribution cancels the factor z−3

1 u2,
which obstructs gauge invariance of the bare monopole operator with fluxes

(
1, 0, 0; 12

)
. In

other words, we are looking for a set of components of chiral fields, whose product contribute
to the index as z31u−2ap, where p can be any integer. Such gauge invariant quantities can be

31The action of the “axial symmetry” in question can be understood by adopting the 3d N = 2 formalism,
with manifest SO(2) R-symmetry, and looking at the effective superpotential of the Spin(7)−3k × SU(2)2k

theory, obtained after integrating out the massive adjoint chiral fields associated with the Spin(7) and
SU(2) gauge groups. If we label by A, B, C, D = 1, . . . , 16 the indices of the (8, 2) representation and by
p, q = 1, . . . , 24 the indices of the adjoint representation of the gauge group, with generators T p

AB , the effective
superpotential is given by [10, (1.5)] 2fABCDϵαγϵβδQA

α QB
β QC

γ QD
δ , where α, β, γ, δ = 1, 2 are 𝔰𝔲(2) indices and

fABCD = KpqT p
ABT q

CD, with Kpq being the inverse Chern-Simons coefficient. This superpotential manifests an
𝔰𝔲(2) flavour symmetry, which we refer to as “axial symmetry”, that transforms the two half-hypermultiplets
as a doublet. This 𝔰𝔲(2) flavour symmetry is responsible for the enhancement of supersymmetry from N = 3
to N = 5, since it combines with the SO(3) R-symmetry, which is not manifest in N = 2 notation, to form
the SO(5) R-symmetry.
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built by considering the following parametrisations of the chiral fields components:

x1 = z
1
2
1 z

1
2
2 z

− 1
2

3 ua , x2 = z
1
2
1 z

− 1
2

2 z
1
2
3 ua , x3 = z

1
2
1 z

1
2
2 z

− 1
2

3 u−1a ,

x4 = z
1
2
1 z

− 1
2

2 z
1
2
3 u−1a , x5 = z

1
2
1 z

1
2
2 z

− 1
2

3 ua−1 , x6 = z
1
2
1 z

− 1
2

2 z
1
2
3 ua−1 ,

x7 = z
1
2
1 z

1
2
2 z

− 1
2

3 u−1a−1 , x8 = z
1
2
1 z

− 1
2

2 z
1
2
3 u−1a−1 , x9 = z

1
2
1 z

− 1
2

2 z
− 1

2
3 u−1a ,

x10 = z
1
2
1 z

1
2
2 z

1
2
3 u−1a−1 .

(7.6)

We can then construct dimension three operators by taking products of six such combinations,
which, combined with negative dimension of the bare monopole, yield dimension one dressed
monopole operators appearing at order x in the index. Such gauge invariant operators can be
built, for instance, by considering the products x7x8

∏4
i=1 xi = z31u−2a2,

∏8
i=3 xi = z31u−2a−2

and x1x2
∏10

i=7 xi = z31u−2, where the corresponding dressed monopole operators contribute
to the index as ζa2x, ζa−2x and ζx, respectively. These three terms form the expected
contribution ζ[2]a appearing at order x in (7.4). Taking into account also the relevant
operator Q1Q2, it follows that there are four terms appearing at order x in the index, which
is a necessary condition for supersymmetry to enhance to N = 6 [49].

On the other hand, for k > 1, the bare monopole operator associated with the magnetic
fluxes

(
1, 0, 0; 12

)
carries gauge charges −3k and 2k under the 𝔰𝔬(7) Cartan element corre-

sponding to z1 and the 𝔰𝔲(2) gauge factor. Hence, in order to give rise to gauge invariant
operators, this bare monopole needs to be dressed with at least 6k chiral fields. Such gauge
invariant dressed monopole operators have dimension 3k − 2, hence they appear at order
x3k−2 in the index of the [Spin(7)−3k × SU(2)2k] /ℤ2 theory. For k > 1, they are not present
at order x, where only the relevant operator Q1Q2 appears, in agreement with the necessary
condition for N = 5 supersymmetry enhancement of [49]. It follows that supersymmetry
gets enhanced to N = 6 just for k = 1, whereas, for k > 1, the [Spin(7)−3k × SU(2)2k] /ℤ2
theory possesses enhanced N = 5 supersymmetry.

We can also consider the Spin(7)−3k × SU(2)2k theory, whose index can be derived, as
explained in (A.12), from the one of the [Spin(7)−3k × SU(2)2k] /ℤ2 theory by summing over
ζ = ±1 in the latter, and dividing by two. In the case k = 1, the expression (7.4) becomes

1 + x +
[
2 ([4]a + 1)− [2]a

]
x2 + . . . , (7.7)

where there is just a single relevant operator Q1Q2, appearing at order x. The negative terms
at order x2, namely a2 + 1 + a−2, reveal that there are two extra-supersymmetry currents,
which are compatible with the enhanced N = 5 supersymmetry, see Footnote 8. This means
that, upon gauging the discrete zero-form symmetry associated with ζ, supersymmetry gets
broken from N = 6 down to N = 5 in the case k = 1.

As a final remark, we observe that, upon taking either the Higgs or the Coulomb branch
limit of the indices (7.4) and (7.7) as explained in (A.15), these yield the Hilbert series of
ℂ2/ℤ4 and ℂ2/D̂2, respectively, in agreement with [2, (3.37) and (3.38)]. Note that the
series expansion of the former Hilbert series contains a term at order t2, corresponding to the
contribution coming from the dressed monopole with fluxes

(
1, 0, 0; 12

)
, which is instead absent

in the latter Hilbert series. For k > 1, the moduli spaces of the [Spin(7)−3k × SU(2)2k] /ℤ2 and
Spin(7)−3k × SU(2)2k theories are instead of the form ℍ2/D̂3k and ℍ2/D̂6k, respectively [2].
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A The superconformal index

In this appendix, we collect the expressions for the superconformal index [46, 64–70]
of the theories considered in this paper. We adopt of the convention of [46]. For the
[SO(2L)2k1 ×USp(2M)k2 ] /ℤ2 theory, we denote by g, ζ and χ the fugacities for the zero-
form symmetries ℤ[0]

2,B , ℤ[0]
2,M and ℤ

[0]
2,C , respectively. We also turn on the fugacity a associated

with the “axial symmetry”, where each of the SO(2L) × USp(2M) bifundamental half-
hypermultiplets carries charges 1 and −1. The index for the [SO(2L)2k1 ×USp(2M)k2 ] /ℤ2
theory with χ = +1 is given by

I {[SO(2L)2k1 ×USp(2M)k2 ] /ℤ2} (x; a; g; ζ;χ = +1)

= 1
L!2L−1 ×

1
M !2M

1∑
e=0

ge
∑

(m1,...,mL)∈(ℤ+ e
2)

L

∑
(n1,...,nM )∈(ℤ+ e

2)
M

ζ
∑

i
mi

×
∮  L∏

α=1

dzα

2πizα

M∏
β=1

duβ

2πiuβ

 L∏
α=1

z2k1mα
α

M∏
β=1

u
2k2nβ

β

× ZSO(2L)
vec (x; z;m;χ = +1)ZUSp(2M)

vec (x;u;n)

×
L∏

α=1

M∏
β=1

∏
s1,s2=±1

Z1/2
chir(x; azs1

α us2
β ; s1mα + s2nβ) Z

1/2
chir(x; a

−1zs1
α us2

β ; s1mα + s2nβ) ,

(A.1)

where the contribution of a chiral multiplet with R-charge R is

ZR
chir(x; z;m) = (x1−Rz−1)|m|/2

∞∏
j=0

1− (−1)mz−1x|m|+2−R+2j

1− (−1)mzx|m|+R+2j
, (A.2)

and the vector multiplet contributions are

ZSO(2L)
vec (x;z;m;χ=+1)=∏

1≤a<b≤L

∏
s1,s2=±1

x−|s1ma+s2mb|/2
(
1−(−1)|s1ma+s2mb|zs1

a zs2
b x|s1ma+s2mb|

)
, (A.3)
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ZUSp(2M)
vec (x;u;n)=

M∏
ℓ=1

x−|2nℓ|
∏

s=±1
(1−(−1)2snℓu2s

ℓ x|2nℓ|)

×
∏

1≤a<b≤M

∏
s1,s2=±1

x−|s1na+s2nb|/2
(
1−(−1)|s1na+s2nb|us1

a us2
b x|s1na+s2nb|

)
. (A.4)

On the other hand, the index for χ = −1 is

I {[SO(2L)2k1 ×USp(2M)−k2 ] /ℤ2} (x; a; ζ;χ = −1)
= I [SO(2L)2k1 ×USp(2M)−k2 ] (x; a; ζ;χ = −1)

= 1
(L− 1)!2L−1 ×

1
M !2M

∑
(m1,...,mL)∈ℤL

∑
(n1,...,nL)∈ℤM

ζ
∑

i
mi

×
∮  L∏

α,β=1

dzα

2πizα

duβ

2πiuβ

 L∏
α=1

z2k1mα
α

M∏
β=1

u
2k2nβ

β

× ZSO(2L)
vec (x; z;m;χ = −1)ZUSp(2M)

vec (x;u;n)

×
n∏

i=1

N∏
α,β=1

∏
s,s1,s2=±1

Z1/2
chir(x; a

sfiz
s1
α us2

β ; s1mα + s2nβ)
∣∣∣∣∣
zL=1, z−1

L =−1, mL=0

,

(A.5)

where the SO(2L) vector multiplet in this case is

ZSO(2L)
vec (x; z;m;χ = −1) =

[
ZSO(2L)

vec (x; z;m;χ = +1)
]

zL=1, z−1
L =−1, mL=0

=
∏

1≤a<b≤L−1

∏
s1,s2=±1

x−|s1ma+s2mb|/2
(
1− (−1)|s1ma+s2mb|zs1

a zs2
b x|s1ma+s2mb|

)

×
L−1∏
ℓ=1

x−|2mℓ|(1− (−1)2mℓz2ℓ x|2mℓ|)(1− (−1)2mℓz−2
l x|2mℓ|) .

(A.6)

The index of the SO(2L)2k1 × USp(2M)k2 theory can then by obtained as

1
2
∑

g=±1
I {[SO(2L)2k1 ×USp(2M)k2 ] /ℤ2} (x; a; g; ζ;χ) . (A.7)

We also report the index for the SO(2N + 1)2k1 × USp(2M)−k2 theory:

I {[SO(2N + 1)2k1 ×USp(2M)k2 ]} (x; a; g; ζ;χ)

= 1
N !2N

× 1
M !2M

∑
(m1,...,mN )∈(ℤ)N

∑
(n1,...,nM )∈(ℤ)M

ζ
∑

i
mi

×
∮  N∏

α=1

dzα

2πizα

M∏
β=1

duβ

2πiuβ

 N∏
α=1

z2k1mα
α

M∏
β=1

u
2k2nβ

β

× ZSO(2(N+1))
vec (x; z;m;χ)ZUSp(2M)

vec (x;u;n)

×
N∏

α=1

M∏
β=1

∏
s1,s2=±1

Z1/2
chir(x; azs1

α us2
β ; s1mα + s2nβ) Z

1/2
chir(x; a

−1zs1
α us2

β ; s1mα + s2nβ)

×
M∏

β=1

∏
s1=±1

Z1/2
chir(x; aus1

β χ; s1nβ)Z
1/2
chir(x; a

−1us1
β χ; s1nβ) ,

(A.8)
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where the SO(2N + 1) vector contribution is given by:

ZSO(2N+1)
vec (x; z;m;χ) =

N∏
ℓ=1

∏
s=±1

x−|mℓ|/2(1− (−1)mℓχzs
ℓ x|mℓ|)

×
∏

1≤a<b≤N

∏
s1,s2=±1

x−|s1ma+s2mb|/2
(
1− (−1)|s1ma+s2mb|zs1

a zs2
b x|s1ma+s2mb|

)
.

(A.9)

Note that, as pointed out in [20, (3.107)], in the index (A.8) the fugacity χ for the ℤ
[0]
2,C

symmetry can be reabsorbed by a gauge transformation.
Finally, let us also report the index of the [Spin(7)−3k × SU(2)2k] /ℤ2 theory, with two

half-hypermultiplets in the (8, 2) representation of the gauge group, discussed in section 7.
This is given by the following expression:

I {[Spin(7)−3k × SU(2)2k] /ℤ2} (x; a; ζ)

= 1
96

1∑
ϵ=0

∑
(m1,m2,m3)∈ℤ3

∑
n∈ℤ+ ϵ

2

ζm1+m2+m3

×
∮  3∏

j=1

dzj

2πizj
z
−3kmj

j

 du

2πiu
u4knZSO(7)

vec (x; z;m;χ = 1)ZSU(2)
vec (x;u;n)

×
∏

s=±1

∏
s1,...,s4=±1

Z1/2
chir

(
x; asz

s1
2
1 z

s2
2
2 z

s3
2
3 us4 ; s1

2 m1 +
s2
2 m2 +

s3
2 m3 + s4n

)
,

(A.10)

where, as usual, we denote by a is the fugacity for the“axial symmetry”, under which the two
half-hypermultiplets carry charges ±1. The magnetic fluxes (m1, m2, m3) and n associated
with the 𝔰𝔬(7) and 𝔰𝔲(2) gauge factors, respectively, have to satisfy the Dirac quantisation
condition, namely

s1
2 m1 +

s2
2 m2 +

s3
2 m3 + s4n ∈ ℤ , with s1, . . . , s4 = ±1 . (A.11)

In particular, when the global form of the gauge group is [Spin(7)−3k × SU(2)2k] /ℤ2, the
parameter ϵ involved in the summation in (A.10) takes values in {0, 1}, meaning that the flux
n can be either integer or half-integer, whereas the fluxes (m1, m2, m3) are integers, with no
further parity restriction. It follows that the index depends on the ℤ2 fugacity ζ associated
with the zero-form magnetic symmetry of SO(7), which would be absent if the global form
of the gauge group were Spin(7). Hence, the ℤ2 quotient in the [Spin(7)−3k × SU(2)2k] /ℤ2
theory has the effect of turning the Spin(7) gauge group into SO(7), as well as acting non-
trivially on the 𝔰𝔲(2) gauge factor. On the other hand, the index of the Spin(7)−3k×SU(2)2k

variant can be implemented by setting ϵ = 0 in (A.10), which is equivalent to summing over
integer values of n. In order for the Dirac quantisation condition (A.11) to be satisfied, the
𝔰𝔬(7) magnetic fluxes are constrained by the requirement that m1 + m2 + m3 has to be
even. As a consequence, the ℤ2 fugacity ζ appears only with even powers and the index
does not depend on it anymore, which is precisely the expected behaviour for the index
involving strictly the Spin(7) gauge group. Indeed, the same index expression can be obtained
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by gauging the ℤ2 magnetic symmetry of SO(7) in the [Spin(7)−3k × SU(2)2k] /ℤ2 theory
by summing over ζ = ±1 and dividing by two, which corresponds to turning SO(7) into
Spin(7). Summarising, we have that

I [Spin(7)−3k × SU(2)2k] (x; a) = 1
2
∑

ζ=±1
I {[Spin(7)−3k × SU(2)2k] /ℤ2} (x; a; ζ) . (A.12)

Moreover, the indices for various variants of the orthogonal gauge group can be computed
as follows [46, (6.13)]:

IO(N)+(ζ) = 1
2
[
ISO(N)(ζ;χ = +1) + ISO(N)(ζ;χ = −1)

]
,

ISpin(N)(χ) =
1
2
[
ISO(N)(ζ = +1;χ) + ISO(N)(ζ = −1;χ)

]
,

IO(N)−(ζ) =
1
2
[
ISO(N)(ζ;χ = 1) + ISO(N)(−ζ;χ = −1)

]
,

IPin(N) =
1
2
[
ISpin(N)(χ = +1) + ISpin(N)(χ = −1)

]
,

(A.13)

where, for conciseness, we omit various parameters that are not relevant and display explicitly
only the variants of the orthogonal group. The index for the SO(N) variant refined with
respect to both ζ and χ is then

ISO(N)(ζ;χ) =
1
2
[
ISO(N)(ζ, χ = +1) + ISO(N)(ζ, χ = −1)

]
+1
2
[
ISO(N)(ζ, χ = +1)− ISO(N)(ζ, χ = −1)

]
χ .

(A.14)

As pointed out in [71], the Coulomb branch limit of the index of a 3d N = 4 theory
can be obtained as

∑∞
p=0 C(a−2pxp)t2p, whereas the Higgs branch limit of the index is given

by
∑∞

p=0 C(a2pxp)t2p, where C(a±2pxp) denote the coefficients of the terms a±2pxp in the
series expansion of the index. Note that taking these coefficients in the series expansion
of the index is equivalent to set

x = hc , a = (hc−1)1/2 , (A.15)

and then send h→ 0 (with c = t) in order to have the Coulomb branch Hilbert series, and
c→ 0 (with h = t) for the Higgs branch Hilbert series. Since the theories discussed in this
paper have at least N = 5 supersymmetry, it is expected that the two branches of the moduli
space are the same, and that the two limits of the index are equal.
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