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IDENTIFICATION FOR CONTROL IN 1 D

TABLE OF CONTENTS

Consider the composite DATA - TO - RESULT map
1 Provide some uniqueness conditions for

the DATA - TO - PARAMETER map
1.1 from independent data pairs =

= regular Cauchy pbm. w.r. to a in (au')' =a.e. f
1.2 from a potential stationary at a point =

= singular Cauchy pbm. w.r. to a in (au')' =a.e. f
2 Provide the corresponding stability estimates for

the DATA - TO - RESULT map.
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IDENTIFICATION FOR CONTROL IN 1D

THE PARADIGM

ill - posedINVERSE (identification ) PROBLEM

data
u,f

extra ...
information

well - posedDIRECT ( control ) PROBLEM

"I
h (ar ')'= h

r (xO)=r 0.1 x ~e(xO' Xl ) == D I
r (Xl)= rl

parameter

controls

a

I ... a, parameter

I ... r, result

"The solution of the ill-posed problem is only an intermediate con-
struct intervening between the available data and the intended applica-
tion"
(T. I. Seidman, 1990).

VIEL 1

Giovanni Franco 
Biblioteca
Quadrelli
Crosta



THE GENERAL CONTEXT: begin

(Seidman, 1990)

data parameters results

v P A Q.. z
u 4 I a r

Thm.O.1
Let A , V Hausdorff;

P :A ~ A ... V continuous injection;

* *let V := P (A ) C V .

* * *If A is compec; then

*1) V is compect

*2) p-l :V ...A is continuous.

* * *
Abstract Example: A not compact; P :A .. V ;

define E : X ...A (compact imbedding);
EM := {a E X III a IIX < M} (prior knowledge)

(inverse problem)
given U E V find a EX ·3· P(Q) = U •

(key step) If A = clos[E(BM)] then A compact.

* *If P = P ~ then Thm. 0.1 applies.
* IA*
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THE GENERAL CONTEXT: end

Concrete Example
stability for the INDEPENDENT DATA PAIR - unique a .
(strong hypotheses)
If

f E cfJ(O) ; If(x)1 < cs' \/ x E D
u E C(D) ; Eu = (/) and

o < c
M
< I u'(x) I < Cp , \/ xED

then

F+c -
{ a I a = 1 ; a(x) < "n ' \/ xED}

u'
is uniformly bounded and equicontinuous

hence (Arze/a's Thm.) compact.

(relaxation)
Detailed work at Q. r:' (see 1.1, 2.1) weakens the

*continuity hypotheses on f , resp. u .

f E cfJ (0) becomes
If(x)1 < cs' \/ x ED
u E C(D)
o < cM < I u'(x) I \/xED
IU'(x)1 < cp \/xED

specific for the applicable

uniqueness condition

VIEPS

.fELl(D)

111111 < <
uE C

1
(D)

o < CM < I Uti , i = 1, 2
I ui I < Cp , i = 1, 2

lV' u: - v' u' I > 1_2 1 1 2 - cT
I );V' u' - W' u' I > 1_2 1 1 2 - cT
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DATA - TO - PARAMETER map

1.1 - UNIQUENESS FROM INDEPENDENT DATA PAIRS
(a Regular Cauchy Problem)

D := (XO' Xl)
1 - - ,U , v E C (0) ; E; := { X I xED, u (X) = 0 } ; E; := analogous
1 X X

f , gEL (D) ;f , g ~ 0; F(x) := f f ds ; G(x) := f g ds
Xo Xo

Aad := { a I a E cfJ(D), 0 < aL < a(x) , \if X E D }

Hp. 3 a EAad ·3· { (au')' =a.e. f , (av')' =a.e. g} ; Eu = E; = (/)
- 1 13 Yl Y2 ED ·3· - = 0

, v'(Yl) u'(Y2) v'(Y2) u'(Yl)

Th. 1.1 3! a = F +c 1 (reference solution)
u'

C
- (G2-Gl)ulu2-F2ulv2 +Flu2v1l- .

u'v' - u: v'1 2 2 1
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DATA - TO - PARAMETER map

1.2 - UNIQUENESS FROM
A POTENTIAL STATIONARY AT A (CRITICAL) POINT

(a Singular Cauchy Problem)

Hp. ::I a EAad ·3· { (au')' =a.e. f}
Eu = {Xu}

Th. 1.2 31 a = F - F( x u) (reference solution)
u'

Rem.: special case of Kitamura - Nakagiri (1977) uniqueness prop.
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2.1 - STABILITY OF THE DATA - TO - RESULT MAP
Regular Cauchy Problem, begin

results
reference reference
potential~ ( result

{{u,f},{v,g}}, • a ~ • r
r(xo)=ro
r(xl)=rl
~ h

{{u,f},{w,g}}, • b I • S

noisy j \ noisy
potential result

data parameters

controls

Target:
II s - r liz < c](D,f, g, h, u, rO, rl, aL, aH)1I w - v IIv
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2.1 - STABILITY OF THE DATA - TO - RESULT MAP
Regular Cauchy Problem, end

Hp. (additional, w.r. to uniqueness statement)
111111, II g 111<cs;
I ui I , I vii < Cp , i = 1, 2 (noiseless potentials only)

I ui I > CM > 0 ~ -If uniqueness from singular Cauchy problem

1" "I 1" "I> r .v2 ul - v 1u2 ' w2 U1 - wl U2 - --cy, ,

a <aH ~ No such constraint for b !

I :1=:0 I < c, ; II h "1 S Ch

1 °
Th. 2.1 i) Z = Wl,oo(D); V = { w/ - vi I i = 1, 2 }

ii) (uniform estimate)
II s ' - r ' 1100 < Co( Cl D,. 21 + C2 D,. 212 )

D,. i := I w/ - vii , i = 1, 2 ; D,. 21 = 2 c/ cs c/ (D,. 2 + D,. 1)
aH ( Ch) aH 1Co = 2 c, + a ;Cl = 1 + a ;C2 = u- L-a
L
c
M

L L L M

iii) (W l,OO - norm estimate)
II r - () III 00 < (1 + I Xl - Xo I ) II s ' - r ' 1100,

VIEL 6

Giovanni Franco 
Biblioteca
Quadrelli
Crosta



2.2 - STABILITY OF THE DATA - TO - RESULT MAP:
Singular Cauchy Problem, begin

data parameters
reference
potential \ I.

{u,g} I r(xO)=rO

r(xl)=rl
h

controls

{v,g} I ... b I ... S

noisy j •
potential \

VIEL 7
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•

2.2 - STABILITY OF THE DATA - TO - RESULT MAP
Singular Cauchy Problem, end

Hp. (additional, w.r. to uniqueness statement)
II .l,II , 111, II < c ~ major difference W.r. tou 1 v 1 v

uniqueness from independence)

Th. 2.2 i) Z = Wl,l (D) ; V = Wl,oo(O)
ii) (estimate, i.; = t: = { Xu } )

a2
II s ' - r' 111 < 4 al c) c, + ~~) II v ' - u ' 1100
cr , ch ' "n ' aL : usual meaning.

Rem.
Given the two point BY control pbm, II s ' - r' 111 is equivalent to

the natural norm of W l,l .
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2.3 - STABILITY OF THE DATA - TO - RESULT MAP
Summary

Independent data =>
=> regular Cauchy problem for a ·3· (au')' =a.e. f =>
=> Loo- estimate for the data - to - parameter map.

Stationary potential e.g., E; = { Xu } =>
=> singular Cauchy problem =>
=> L1_ estimate.

The parameter - to - result problem is well - posed.

The stability of the composite map inherits the stability of the data
- to - parameter map.
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