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Abstract
We propose and analyse residual-based a posteriori error estimates for the virtual
element discretisation applied to the thin plate vibration problem in both two and three
dimensions. Our approach involves a conforming C1 discrete formulation suitable
for meshes composed of polygons and polyhedra. The reliability and efficiency of
the error estimator are established through a dimension-independent proof. Finally,
several numerical experiments are reported to demonstrate the optimal performance
of the method in 2D and 3D.
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1 Introduction

In this paper, we propose and develop a posteriori error estimates for the vibration
problem of a thin plate modeled by the Kirchhoff-Love equations. In particular, given
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a bounded simply-connected Lipschitz domain � ⊆ R
d (d = 2, 3) with boundary

� := ∂�. The deflection u : Rd → R and the vibration frequency ω > 0 satisfy the
following eigenvaule problem, with λ = ω2.

{
�2u = λu, in �,

B j u = 0, on �,
(1)

where �2u := �(�u) denotes the fourth-order biharmonic operator. We also intro-
duce the Hessian matrix, which consists of all second-order partial derivatives of u,
denoted by ∇2u.

On the other hand, the linear differential operator B j ( j = 1, 2) involves partial
derivatives of the function u (e.g. [1, Section 2.3]). Specifically, let n be the outward
unit normal vector to �, and ∂n the normal derivative. We consider two types of
homogeneous boundary conditions:

• Simply supported plate (SSP):

B j u := � j−1u = 0 on � for j = 1, 2. (2)

• Clamped plate (CP):

B j u := ∂
j−1
n u = 0 on � for j = 1, 2. (3)

Numerical methods for eigenvalue problems are a subject of active research, among
both practical applications [2], and theoretical analysis [3, 4]. In particular, conform-
ing finite element methods have been proposed to get the solution of this problem.
However, due to the C1 continuity requirement, it is well known that a high polyno-
mial degree is required to achieve conformity in the discrete space [5], which leads to
an important computational effort. To avoid this issue, we mention some alternatives
applied to the thin plate vibration problem, such as non-conforming methods [5–7],
discontinuous schemes [8, 9], and mixed formulations [10–12].

The Virtual Element Method (VEM), first introduced in [13, 14], has the flexibility
to be applied to more general polygonal/polytopal meshes, and by construction, one
can define high regular discrete spaces [15]. Moreover, C1-conforming VEM spaces
necessitate only 3 degrees of freedom (DoFs) per vertex when � is a bidimensional
domain, and 4 DoFs for the three-dimensional case, providing an efficient way to
retain the accuracy of the method at low computational cost. We provide a brief, non-
exhaustive overview of VEM discretisations for equations involving the biharmonic
operator [16–20], and different eigenvalue problems [21–30].

Adaptive schemes driven by a posteriori error estimators allow optimal convergence
recovery in cases such as singular solutions and complex geometries (e.g. non-convex
domains and sharp corners). We refer to [31–34] for previous work on adaptive FEM
for the biharmonic problem. The main advantage of VEMs is its natural handling of
hanging nodes during adaptive mesh refinement algorithms, [35–39] provide some
examples on adaptive VEMs.
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Our goal here is to derive a reliable and efficient a posteriori global error estimator
η for (1), i.e. the following property holds for η:

C1(error + oscillation terms) ≤ η ≤ C2(error + oscillation terms + higher-order terms).

Typically, oscillation terms appear in virtual element methods due to the projection
and stabilisation required to achieve the computability of virtual functions. On the
other hand, high-order terms are negligible when h → 0.

We point out that the a priori error analysis of a virtual element method for the
vibration eigenvalue problem in two and three dimensions was analyzed in [30] and
[22], respectively. However, in this work, some additional a priori estimates are pre-
sented that will be fundamental for the a posteriori analysis of the model problem (1).
In addition, to the best of our knowledge, this is the first study of an a posteriori error
estimation by means of a C1−virtual element for the vibration eigenvalues problem
in two and three dimensions.

Main contributions

• Design of a reliable and efficient residual-based a posteriori error estimator for the
thin plate vibration problem in 2D and 3D.

• Open-source implementation of the method, available in the VEM++ library [40]
for polytopal meshes.

• Several numerical experiments that confirm the theoretical results, including: uni-
form vs adaptive mesh refinement test to show the optimal performance of the
error and a posteriori error estimator in both 2D and 3D, analysis of the influence
of the stabilisation terms. Additionally, we consider the vibration problem on an
aircraft wing as a relevant application.

Plan of the paper The contents of this paper are organised as follows. The remainder
of this section contains preliminary notational conventions. Section2 presents the
continuous spectral formulation for the vibration problem and provides the spectral
characterisation for the eigenvalues. The virtual element space, along with its spectral
properties and error estimates, are provided in Sections 3 and 4, respectively. Section5
is devoted to deriving a reliable and efficient residual-type estimator. Finally, our
theoretical results are illustrated via numerical examples in Section 6.

Recurrent notation Throughout this paper, we shall use standard notations for Sobolev
spaces, norms, and semi-norms as in [41]. The notation a � b means that there exists
a positive constantC independent of the mesh size h and dimension d (which can take
different values in each case) such that a ≤ Cb.

2 The continuous spectral weak formulations

In this section, we introduce two continuous variational formulations associated with
the vibration problems of a simply supported and clamped plate (1).
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• SSP: Find (λ, u) ∈ R × (
H2(�) ∩ H1

0 (�)
)
, with u �= 0 such that

∫
�

∇2u : ∇2v d� = λ

∫
�

uv d� ∀v ∈ H2(�) ∩ H1
0 (�). (4)

• CP: Find (λ, u) ∈ R × H2
0 (�), with u �= 0 such that

∫
�

∇2u : ∇2v d� = λ

∫
�

uv d� ∀v ∈ H2
0 (�). (5)

For notational convenience, we introduce the following bilinear forms:

a : H2(�) × H2(�) → R, a(u, v) :=
∫

�

∇2u : ∇2v d�, (6)

b : L2(�) × L2(�) → R, b(u, v) :=
∫

�

u v d� . (7)

Since the bilinear form a(·, ·) is elliptic in both H2(�)∩H1
0 (�) and H2

0 (�) spaces,
then the analysis for the problems (4) and (5) can be developed using the same argu-
ments. Therefore, from now on, we write V to refer to both spaces. In what follows,
we are interested in approximating the eigenpair of the following spectral problem.

Problem 1 Find (λ, u) ∈ R × V , with u �= 0 such that

a(u, v) = λb(u, v), ∀v ∈ V .

2.1 The source problems

To deal with the a priori and a posteriori error analysis for the spectral Problem 1, we
define the following solution operators

T : V → V , f 
−→ w,

T 0 : L2(�) → V ⊆ L2(�), f 0 
−→ w0,

where w := T f and w0 := T 0 f are the two unique solutions associated with their
respective source problems

a(w, v) = b( f , v), ∀v ∈ V , (8)

a(w0, v) = b( f 0, v), ∀v ∈ V . (9)

It is well known that forms a(·, ·) and b(·, ·) satisfy the Lax-Milgram theorem. There-
fore, the linear operators T and T 0 are well defined and bounded. Moreover, the
following results are standard in the literature of spectral theory of operators in Banach
spaces (e.g. [6]).
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Proposition 1 (λ, u) ∈ R × V is a eigenpair of Problem 1 with u �= 0 and λ �= 0 if
and only if (μ, u) ∈ R × V is a eigenpair of T , where u �= 0 and μ := 1/λ.

Proposition 2 The operators T and T 0 are self-adjoint with respect to the inner prod-
ucts a(·, ·) in V and b(·, ·) in L2(�), respectively.

Proof Given v, f ∈ V , and f 0, g0 ∈ L2(�), we readily see that

a(T f , v) = b( f , v) = b(v, f ) = a(T v, f ) = a( f , T v),

b(T 0 f 0, g0) = b(g0, T 0 f 0) = a(T 0g0, T 0 f 0) = a(T 0 f 0, T 0g0) = b( f 0, T 0g0).

��

We conclude this section by recalling the spectral characterisation of the vibration
problem of a thin plate modeled by the Kirchhoff-Love equations (see, for instance,
[6, 30]).

Theorem 3 The spectrum of the operators T and T 0 denoted by sp(T ) and sp(T 0),
respectively, satisfy:

sp(T ) = {0} ∪ {μk}k∈N = sp(T 0), {μk}k∈N ⊂ (0,∞) and lim
k→∞ μk = 0.

Moreover, each eigenvalue μk has finite multiplicity.

3 The virtual spectral approximation

Let {�h}h be a sequence of decompositions of � into polygons K . Let hK denote the
diameter of the element K and h := maxK∈�h hK . Similar to [13], we assume that
there exists a positive constant C� such that

(A1) The ratio between the shortest edge and the diameter hK of K is larger than
C�.

(A2) Every polygon K ∈ �h is star-shaped with respect to a ball with radiusC�hK .

In what follows, we denote by NK the number of vertices of K , l denotes a generic
edge of �h and for all l ∈ ∂K , we define a unit normal vector nlK that points outside
of K . Moreover, for any polygon K ∈ �h we denote by EK the set of edges of K and
E := ⋃

K∈�h
EK . We also introduce the sets E� := {l ∈ E : l ⊂ �}, and E� := E\E� .

In addition, given O ⊆ R
d , we denote the polynomial space in d-variables of degree

lower or equal to k as Pk(O). Finally, for all K ∈ �h , we introduce the broken
H2-seminorm given by

|v|22,h :=
∑
K∈�h

|v|22,K .

123



   17 Page 6 of 35 F. Dassi et al.

Next, for all polygon K ∈ �h , we consider the local virtual space

ṼK :=
{
vh ∈ H2(K ) :�2vh ∈ P2(K ),

vh |∂K ∈ C0(∂K ), vh |l ∈ P3(l),∀l ∈ ∂K ,

∇vh |∂K ∈ C0(∂K )2, ∂nlK
vh |l ∈ P1(l),∀l ∈ ∂K

}
.

From here, the enhanced local virtual space is given by

V K
h :=

{
vh ∈ ṼK :

∫
K
(	�

K vh)p2 dK =
∫
K

vh p2 dK , ∀p2 ∈ P2(K )

}
,

where the polynomial projection operator 	�
K : ṼK → P2(K ) ⊆ ṼK is defined as

follows:

⎧⎪⎨
⎪⎩

∫
K

∇2(	�
K vh − vh) · ∇2 p2 dK = 0, ∀p2 ∈ P2(K ),∫
∂K

(	�
K vh − vh)p1 dl = 0, ∀p1 ∈ P1(∂K ).

We are ready to present the global virtual space: for every decomposition �h of �

into simple polygons K , we define

Vh :=
{
vh ∈ V : vh |K ∈ V K

h

}
.

It is well known (see [18]) that any virtual function vh ∈ V K
h and 	�

K vh are uniquely
determined by the following degrees of freedom:

D1 : Evaluation of vh at the vertexes of K ,

D2 : Evaluation of ∇vh at the vertexes of K .

Notice that this definition implies that only three DoFs per vertex are required for this
space. In order to write the discrete spectral problem, we define

ah(uh , vh) :=
∑
K∈�h

ah,K (uh, vh), bh(uh, vh) :=
∑
K∈�h

bh,K (uh , vh), ∀uh , vh ∈ Vh ,

where ah,K (·, ·) and bh,K (·, ·) are the local discrete bilinear forms on V K
h ×V K

h given
by

ah,K (uh, vh) := aK
(
	�

K uh , 	�
K vh

) + s�K
(
uh − 	�

K uh, vh − 	�
K vh

)
, ∀uh, vh ∈ V K

h ,

bh,K (uh, vh) := bK
(
	0

K uh , 	0
K vh

) + s0K
(
uh − 	0

K uh , vh − 	0
K vh

)
, ∀uh, vh ∈ V K

h ,

(10)
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with 	0
K : L2(K ) → P2(K ) is the standard L2−projection and s�

K and s0K are any
symmetric positive bilinear forms satisfying

α∗aK (vh, vh) ≤ s�
K (vh, vh) ≤ α∗aK (vh, vh), ∀vh ∈ V K

h ∩ ker(	�
K ),

β∗bK (vh, vh) ≤ s0K (vh, vh) ≤ β∗bK (vh, vh), ∀vh ∈ V K
h ∩ ker(	0

K ),

with α∗, α∗, β∗ and β∗ positive constants independent of hK .

Remark 1 The polynomial projections 	�
K vh and 	0

K vh coincide in the lowest order
case, for all vh ∈ V K

h (see [30]).

Lemma 4 Let h > 0. For all polygon K ∈ �h the following relations hold true:

ah,K (p2, vh) = aK (p2, vh), ∀p2 ∈ P2(K ), ∀vh ∈ V K
h ,

bh,K (p2, vh) = bK (p2, vh), ∀p2 ∈ P2(K ), ∀vh ∈ V K
h ,

and

min{1, α∗}aK (vh, vh) ≤ aK ,h(vh, vh) ≤ max{1, α∗}aK (vh, vh), ∀vh ∈ Vh(K ) ∩ ker(	�
K ),

min{1, β∗}bK (vh, vh) ≤ bK ,h(vh, vh) ≤ max{1, β∗}bK (vh, vh), ∀vh ∈ Vh(K ) ∩ ker(	0
K ).

Remark 2 Lemma 4 implies that the discrete forms ah(·, ·) and bh(·, ·) satisfy the
Lax-Milgram theorem.

3.1 Discrete spectral formulation

The virtual element discretization of problem (1) can be read as follows.

Problem 2 Find (λh, uh) ∈ R × Vh , with uh �= 0 such that

ah(uh, vh) = λhbh(uh, vh) ∀vh ∈ Vh .

Following Section 2.1, we introduce the discrete solution operator

Th : Vh → Vh ⊆ V , fh 
−→ wh,

where wh := Th fh is the unique solution of the source problem

ah(wh, vh) = bh( fh, vh) ∀vh ∈ Vh . (11)

From Remark 2, the solution operator Th is well defined and bounded. In addition,
following the same arguments as in the continuous case, Th is a self-adjoint operator
with respect to the inner product ah(·, ·). Moreover, the spectral characterisation for
operator Th is summarised in the following result.

Theorem 5 The spectrum of Th is given by sp(Th) = {μ jh}dim Vh
j=1 ⊂ (0,∞), where

each μ jh is repeated according to their multiplicities.
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4 A priori error analysis

This section focuses on presenting a measured error estimation result in the L2-norm
for the eigenfunctions of the vibration problem of a thin plate. This result will be
important for the a posteriori error analysis in the following section.

We start by recalling some well-known interpolation theorems commonly used in
the literature on virtual element methods.

Proposition 6 Assume that assumptionA2 holds true. Then, for all v ∈ H2+s(K )with
s ∈ (1/2, 1], there exists vπ ∈ P2(K ) satisfying

|v − vπ |
,K � h2+s−

K |v|2+s,K , 
 = 0, 1, 2.

Proposition 7 Assume that assumption A1–A2 hold true. Then, for all v ∈ H2+s(�)

with s ∈ (1/2, 1] there exist vI ∈ Vh such that

‖v − vI‖2,� � hs |v|2+s,�.

Remark 3 Wewill prove the convergence in V -norm of Th → T . For this end, we will
employ the spectral theory for compact operators established in [6]. However, since
stabilisation terms s0(·, ·) needs the dofs D1 and D2 on the right-hand side of (11) the
operator Th is not well defined for all f ∈ V . To overcome this issue, we consider the
orthogonal projection Ph : L2(�) → Vh given by f 
→ Ph f as the unique solution
of the following system of equations

b(Ph f − f , vh) = 0, ∀vh ∈ Vh .

Moreover, for all f ∈ L2(�) the following holds

|| f − Ph f ||0,� = inf
vh∈Vh

|| f − vh ||0,�, ∀vh ∈ Vh .

Next, we introduce the projector T̂h := ThPh : V → Vh ⊆ V . Then, the spectrum
of T̂h satisfies sp(T̂h) = sp(Th)∪{0} and the eigenfunctions of operators T̂h and T are
the same (e.g. [42]). Now, the following result establishes the convergence of T̂h → T
and T̂h → T 0 when h → 0.

Lemma 8 Given s ∈ (1/2, 1] the following bounds hold

||(T − T̂h) f ||2,� � hs || f ||2,�, ∀ f ∈ V , (12a)

||(T 0 − T̂h) f ||0,� � hs || f ||0,�, ∀ f ∈ L2(�). (12b)

Proof The proof for (12a) was established in [30] (see also [22, Proposition 5]). Now,
let us prove (12b). Given f ∈ L2(�), consider T 0 f = w0 ∈ V and T̂h f = ThPh f =
wh ∈ Vh as the unique solutions of the source problems a(w0, v) = b( f , v) ∀v ∈ V ,
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(cf. (9)) and ah(wh, vh) = bh(Ph f , vh) ∀vh ∈ Vh (cf. (11)), respectively. Then, by
using the same steps as those applied in [22, Theorem 5.1], we obtain

|w0 − wh |22,� ≤ bh(Ph f , vh) − b( f , v) −
∑
K∈�h

{
ah,K (w0

I − w0
π , vh) + aK (w0

π − w0, vh)
}
.

(13)

Note that

bh(Ph f , vh) − b( f , v) =
∑
K∈�h

{
bh,K (Ph f , vh − (vh)π ) − bK ( f , vh) + bh,K (Ph f , (vh)π )

}

=
∑
K∈�h

{
bh,K (Ph f , vh − (vh)π ) − bK (Ph f , vh) + bh,K (Ph f , (vh)π )

}

=
∑
K∈�h

{
bh,K (Ph f , vh − (vh)π ) − bK (Ph f , vh − (vh)π )

}

�
( ∑
K∈�h

||Ph f ||20,K
)1/2(||vh − (vh)π ||20,K

)1/2

�
( ∑
K∈�h

||Ph f ||20,K
)1/2

h2||vh ||0,�

� h2
( ∑
K∈�h

|| f ||20,K
)1/2||vh ||0,�

� h2|| f ||0,�||vh ||0,�. (14)

Moreover, [22, Theorem 5.1] leads to

∑
K∈�h

{
ah,K (w0

I − w0
π , vh) + aK (w0

π − w0, vh)
}

� hs || f ||0,�||vh ||2,�. (15)

Thus, by including the estimates (14) and (15) in right-hand side of (13), we get

||(T̂h − T 0) f ||0,� = ||w0 − wh ||0,� ≤ ||w0 − wh ||2,��|w0 − wh |2,� � hs || f ||0,�.

(16)

��
On the other hand, we now recall the definitions of the spectral projections E and Eh ,
associated with pairs (T , μ), and (Th, μh), respectively, which are defined as follows:

E := E(μ) = (2π i)−1
∫
C
(z − T )−1dz, Eh := Eh(μh) = (2π i)−1

∫
C
(z − Th)

−1dz.

E and Eh are projections onto the space of generalised eigenvectors R(E) and R(Eh),
respectively, where R denotes the range. As a consequence of these definitions, we can
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follow the same arguments as those applied to [22, Section 5] to obtain the following
results.

Theorem 9 Given a space R(E) ⊂ H2+s(�), s ∈ (1/2, 1], there exists a positive
constant h0 independent of h, such that for all h < h0, we have

∣∣∣λ − λ
( j)
h

∣∣∣ � h2s, j = 1, . . . ,m . (17a)

∣∣∣λ − λ
( j)
h

∣∣∣ �
(
||u − uh ||22,� + ||u − 	0

K uh ||20,� + |u − 	�
K uh |22,h

)
. (17b)

Proof Estimate (17a) was established in [30, Theorem 4.5]. The proof for (17b) can
be followed repeating the same arguments as those used in [30, Theorem 4.5], but in
this case considering 	�

K uh instead of wπ and using the fact 	0
K vh = 	�

K vh for all
vh ∈ Vh . ��

The following lemma establishes an L2-norm error estimate for the source problem
associated with the operator T̂h , which will be useful in a posteriori error analysis.

Lemma 10 For all f ∈ R(E), if w = T f and wh = T̂h f = ThPh f , then

||w − wh ||0,� � hs
{
|w − wh |2,� + |w − 	�

Kwh |2,h + ||w − 	0
Kwh ||0,�

}
.

Proof Let f ∈ R(E), if w = T f and wh = T̂h f = ThPh f , consider v ∈ V the
unique solution of

a(v, z) = b(w − wh, z) ∀z ∈ V . (18)

From thedefinitionofT ,wehave thatT (w−wh) = v, andusing the standard regularity
result for the biharmonic problem yields (see eg. [43]) v ∈ H2+s(�) (s ∈ (1/2, 1])
satisfying

||v||2+s,� � ||w − wh ||0,�. (19)

On the other hand, we consider vI ∈ Vh as in Proposition 7. Thus, testing the
equation (18) with z ≡ w − wh ∈ V , we have

||w − wh ||20,� = a(w − wh, v − vI ) + a(w − wh, vI )

�|w − wh |2,�|v − vI |2,� + a(w − wh, vI )

� hs |w − wh |2,�|v|2+s,� +
{
ah(wh, vI ) − a(wh, vI )

+ b( f , vI ) − bh(Ph f , vI )
}
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� hs |w − wh |2,�||w − wh ||0,� +
{
ah(wh, vI ) − a(wh, vI )

+ b( f , vI ) − bh(Ph f , vI )
}
. (20)

Next, note that using the properties of consistence and stability for ah(·, ·), Proposi-
tion 7, (19), and [30, Lemma 2.2], we obtain

ah(wh, vI ) − a(wh, vI ) =
∑
K∈�h

{
ah,K (wh − 	�

Kwh, vI − vπ ) + a(wh − 	�
Kwh, vπ − vI )

}

�
{ ∑
K∈�h

|wh − 	�
Kwh |22,K

}1/2{ ∑
K∈�h

|vI − vπ |22,K
}1/2

≤
{ ∑
K∈�h

|w − wh |22,K + |w − 	�
Kwh |22,K

}1/2{ ∑
K∈�h

|v − vI |22,K + |v − vπ |22,K
}1/2

� hs
{ ∑
K∈�h

|w − wh |22,K + |w − 	�
Kwh |22,K

}1/2|v|2+s,�

� hs
{ ∑
K∈�h

|w − wh |22,K + |w − 	�
Kwh |22,K

}1/2||w − wh ||0,�

� hs
{
|w − wh |2,� + |w − 	�

Kwh |2,h
}
||w − wh ||0,�. (21)

Besides, using the fact that f ∈ R(E), w = T f = μ f , the definition of Ph , the
properties of consistence and stability of b(·, ·), (19), and [30, Lemma 2.2], we deduce

b( f , vI ) − bh(Ph f , vI ) = b(Ph f , vI ) − bh(Ph f , vI ) =
∑
K∈�h

{
bK (Ph f , vI ) − bh,K (Ph f , vI )

}

=
∑
K∈�h

{
bK (Ph f − μ−1	�

Kwh, vI − vπ ) − bh,K (Ph f − μ−1	�
Kwh, vI − vπ )

}

�
{ ∑
K∈�h

||Ph f − μ−1	�
Kwh ||20,K

}1/2{ ∑
K∈�h

(||v − vI ||20,K + ||v − vπ ||20,K )
}1/2

�
{ ∑
K∈�h

||Ph f − μ−1	�
Kwh ||20,K

}1/2{ ∑
K∈�h

(h2(2+s)||v||22+s,K + h2(2+s)||v||22+s,K )
}1/2

� h2+s
{ ∑
K∈�h

||Ph f − μ−1	�
Kwh ||20,K

}1/2|v|2+s,�

� h2+sμ−1
{ ∑
K∈�h

||Phw − 	�
Kwh ||20,K

}1/2||w − wh ||0,�

� h2+sμ−1
{ ∑
K∈�h

(||w − Phw||20,K + ||w − 	�
Kwh ||20,K )

}1/2||w − wh ||0,�

� h2+s
{
||w − Phw||0,� + ||w − 	�

Kwh ||0,�
}
||w − wh ||0,�

� h2+s
{
||w − wh ||0,� + ||w − 	�

Kwh ||0,�
}
||w − wh ||0,�. (22)
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Therefore, inserting the estimates (21) and (22) in (20), and multiplying by ||w −
wh ||−1

0,�, we have

||w − wh ||0,� � hs
{
|w − wh |2,� + |w − 	�

Kwh |2,h
}

+ Ch2+s
{
||w − wh ||0,� + ||w − 	�

Kwh ||0,�
}

� hs
{
|w − wh |2,� + |w − 	�

Kwh |2,h + ||w − 	�
Kwh ||0,�

}
.

��

4.1 Error estimates on L2-norm for the eigenfunctions

In this section, we present an error estimation result for eigenfunctions in the L2-norm
that will be used to demonstrate reliability in a posteriori error estimation. To this end,
we first introduce the proof of an auxiliary lemma.

Lemma 11 Let (μ( j)
h , uh) be an eigenpair of T̂h with j = 1, 2, ...,m and ||uh ||0,� = 1.

Then, there exist an eigenfunction u ∈ L2(�) of T associated to μ, such that

||u − uh ||0,� � hs
{
|w − wh |2,� + ||w − 	0

Kwh ||0,� + |w − 	�
Kwh |2,h

}
. (23)

Proof From (12b) and the classical theory for compact operators presented in [6],
we know that sp(T̂h) converges to sp(T 0). Moreover, from the relation between the
eigenfunctions of T and Th with those of T 0 and T̂h , respectively, we obtain that
uh ∈ R(Eh) and there exists u ∈ R(E) such that

||u − uh ||0,� � sup
f 0∈R(E0),|| f 0||0,�=1

||(T 0 − T̂h) f
0||0,�.

In addition, we have from Lemma 10 that for each f 0 ∈ R(E0) satisfying f 0 = f
implies

||(T 0 − T̂h) f 0||0,� = ||(T − T̂h) f ||0,� � hs
{
|w − wh |2,� + |w − 	�

Kwh |2,h + ||w − 	�
K uh ||0,�

}
.

Putting together above inequalities finish the proof. ��
Now, we prove the L2-norm error estimate for the eigenfunctions of the virtual

spectral discretization analysed in this work.

Theorem 12 There exist s ∈ (1/2, 1] such that

||u − uh ||0,� � hs
{
|u − uh |2,� + ||u − 	0

K uh ||0,� + |u − 	�
K uh |2,h

}
.
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Proof The proof proceeds by bounding each term on the right-hand side of (23) in
Lemma 11. We first consider w ∈ V and wh ∈ Vh as the solutions of problems

a(w, v) = b(u, v), ah(wh, vh) = bh(Phu, vh), ∀v ∈ V , ∀vh ∈ Vh, (24)

respectively. Since b(u, v) = 1
λ
a(u, v) (cf. Problem 1), we get w = 1

λ
u with λ �= 0.

Thus,

|w − wh |2,� ≤ λ−1|u − uh |2,� + |λ−1 − λ−1
h | |uh |2,� + |λ−1

h uh − wh |2,�. (25)

Note that, from estimate (17b), we obtain

|λ−1 − λ−1
h | = |λλh |−1|λ − λh | � ||u − uh ||22,� + ||u − 	0

K uh ||20,� + |u − 	�
K uh |22,h .

(26)

On the other hand, we know that ah(λ
−1
h uh, vh) = bh(uh, vh) ∀vh ∈ Vh (cf.

Problem 2). Hence, subtracting this equality from (24), we obtain

ah(wh − λ−1
h uh, vh) = bh(Phu − uh, vh) ∀vh ∈ Vh .

Therefore, using the fact that ah(·, ·) is Vh−elliptic, we can deduce

|wh − λ−1
h uh |22,��ah(wh − λ−1

h uh, wh − λ−1
h uh)

= bh(Phu − uh, wh − λ−1
h uh)

� ||Phu − uh ||0,�||wh − λ−1
h uh ||0,�

�
{||Phu − u||0,� + ||u − uh ||0,�

}||wh − λ−1
h uh ||2,�

�
{

inf
zh∈Vh

||u − zh ||0,� + ||u − uh ||0,�
}|wh − λ−1

h uh |2,�
� ||u − uh ||0,�|wh − λ−1

h uh |2,�
� |u − uh |2,�|wh − λ−1

h uh |2,�
which implies that

|wh − λ−1
h uh |2,� � |u − uh |2,�. (27)

Then, replacing (26) and (27) in the right-hand side of (25) lead to

|w − wh |2,� � ||u − uh ||2,� + ||u − 	0
K uh ||0,� + |u − 	�

K uh |2,h . (28)

To bound the second term on the right-hand side of (23), we apply the triangle
inequality, and we have

||w − 	0
Kwh ||0,� ≤ |w − wh |2,� + ||wh − 	0

Kwh ||0,�. (29)
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Next, for the second term in (29), we add and subtract the terms λ−1
h uh and λ−1

h 	0
K uh

to obtain

||wh − 	0
Kwh ||0,� ≤ ||wh − λ−1

h uh ||0,� + λ−1
h ||uh − 	0

K uh ||0,� + ||	0
K (λ−1

h uh − wh)||0,�
≤ 2|wh − λ−1

h uh |2,� + λ−1
h ||u − uh ||0,� + λ−1

h ||u − 	0
K uh ||0,�

� |u − uh |2,� + ||u − 	0
K uh ||0,�, (30)

where the boundedness of the projector 	0
K , the definitions of norms in Sobolev

spaces, (27), the triangle inequality and the Poincaré inequality have been used in the
last two steps. Thus, replacing (28) and (30) in (29) imply that

||w − 	0
Kwh ||0,� � |u − uh |2,� + ||u − 	0

K uh ||0,� + |u − 	�
K uh |2,h . (31)

The third term on the right-hand side of (23) is bounded by following the same
arguments as those applied to obtain (31). Therefore,

|w − 	�
Kwh |2,h ≤ |w − wh |2,� + |wh − 	�

Kwh |2,h
= |w − wh |2,� +

∑
K∈�h

|wh − 	�
Kwh |2,K

� |u − uh |2,� + ||u − 	0
K uh ||0,� + |u − 	�

K uh |2,h . (32)

Finally, substituting (28), (31) and (32) on the right-hand side of (23) concludes the
proof. ��

5 A posteriori error analysis

This section is dedicated to constructing a residual-type estimator that depends only
on quantities available from the VEM solution, and to establishing its reliability and
efficiency. To achieve this, we first present some definitions and local estimates.

To construct a suitable residual-based error estimator, we introduce the jump oper-
ator defined as [[(·)]] := (·)|K − (·)|K ′ , where K and K ′ are polygons in �h that share
a common edge l. Subsequently, the following lemma is stated.

Lemma 13 For any v ∈ V , the following result is obtained

a(u − uh, v) = λb(u, v) − λhb(uh, v)

+
∑
K∈�h

{
aK (	�

K uh − uh, v) + λhbK (uh − 	�
K uh, v)

}

+
∑
K∈�h

∫
K

λh	
�
K uhv −

∑
K∈�h

∑
l∈EK∩E�

∫
l
[[(∇2	�

K uh)n
l
K ]] · ∇v.
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Proof Given any v ∈ V and using the fact that (λ, u) solves the problem (1) and
integrating by parts, we readily see that

a(u − uh , v) = λb(u, v) − λhb(uh , v) + λhb(uh , v) − a(uh , v)

= λb(u, v) − λhb(uh, v) +
∑
K∈�h

{
aK (	�

K uh − uh , v) + λhbK (uh , v) − aK (	�
K uh , v)

}

= λb(u, v) − λhb(uh, v) +
∑
K∈�h

{
aK (	�

K uh − uh , v) + λhbK (uh − 	�
K uh , v)

+ λhbK (	�
K uh, v)

}
−

∑
K∈�h

{ ∫
∂K

[
∇2(	�

K uh)nK
]

· ∇v −
∫
∂K

v
[
div∇2	�

K uh
]

· nK
}

= λb(u, v) − λhb(uh, v) +
∑
K∈�h

{
aK (	�

K uh − uh , v) + λhbK (uh − 	�
K uh , v)

}

+
∑
K∈�h

∫
K

λh	�
K uhv −

∑
K∈�h

∑
l∈EK∩E�

∫
l
[[(∇2	�

K uh)nlK ]] · ∇v.

��
We define the following local error, volume, jump, and stabilisation estimators for all
K ∈ �h .

η2K := �2
K +

∑
l∈EK∩E�

J 2
l + S2K ,

�2
K := h4K ||λh	�

K uh ||20,K , J 2
l := hl ||[[(∇2	�

K uh)n
l
K ]]||20,l ,

S2K := s�
K (uh − 	�

K uh, uh − 	�
K uh) + s0K (uh − 	0

K uh, uh − 	0
K uh).

In addition, we note that Jl is computable only on the basis of the output values of the
operators in D2. Finally, our respective global error, volume, jump, and stabilisation
estimators are defined as follows:

η2 :=
∑
K∈�h

η2K , �2 :=
∑
K∈�h

�2
K , J 2 :=

∑
K∈�h

∑
l∈EK∩E�

J 2
l , and S2 :=

∑
K∈�h

S2K .

(33)

Remark 4 The local volume estimator �K measures the mass balance error (cf. (1)).
Note that for the lowest-case order, the contribution from the left-hand side term
�2(	�

K uh) vanishes since 	�
K uh ∈ P2. On the other hand, the local jump estima-

tor Jh quantifies the discontinuity of the normal component of the discrete Hessian
(∇2	�

K uh)nK . Finally, the local stabilisation estimator SK appears naturally from the
introduction of polynomial projection operators in the discrete bilinear forms.
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5.1 Reliability

The following result is important to establish the reliability of the a posteriori error
estimator.

Theorem 14 The following bound holds

|u − uh |2,� � η + λ + λh

2
||u − uh ||0,�. (34)

Proof Let e = u − uh ∈ V , then there exists eI ∈ Vh (cf. Proposition 7) such that

|e − eI |t,� � hs−t |e|s,�, s = 2, 3, t = 0, 1, ..., s. (35)

From Lemma 13, we have that

|u − uh |22,� = a(e, e − eI ) + a(u, eI ) − ah(uh, eI ) + ah(uh, eI ) − a(uh, eI )

= λb(u, e − eI ) − λhb(uh, e − eI ) + a(u, eI )

− λhbh(uh, eI ) + ah(uh, eI ) − a(uh, eI )

+
∑
K∈�h

∫
K

λh	
�
K uh(e − eI ) +

∑
K∈�h

∑
l∈EK ∩E�

∫
l
−[[(∇2	�

K uh)n
l
K ]] · ∇(e − eI )

+
∑
K∈�h

aK (	�
K uh − uh, e − eI ) + λh

∑
K∈�h

bK (uh − 	�
K uh, e − eI )

=
{
λb(u, e) − λhb(uh, e)

}
+ λh

{
b(uh, eI ) − bh(uh, eI )

}

+
{
ah(uh, eI ) − a(uh, eI )

}
+

4∑
j=1

E j , (36)

where the terms E j ( j = 1, . . . , 4) are given by:

E1 :=
∑
K∈�h

aK (	�
K uh − uh, e − eI ), E2 := λh

∑
K∈�h

bK (uh − 	�
K uh, e − eI ),

E3 :=
∑
K∈�h

∫
K

λh	
�
K uh(e − eI ), E4 :=

∑
K∈�h

∑
l∈EK ∩E�

∫
l
−[[(∇2	�

K uh)n
l
K ]] · ∇(e − eI ).

Now, let us find upper bounds on each term in (36). In fact, if (λ, u) �= (0, 0)
is an eigenpair of T with λ a simple eigenvalue, we select ||u||0,� = 1 so that for
each mesh �h , the solution (λh, uh) of the Problem 2 satisfy ||uh ||0,� = 1 and
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|λ − λh |, |u − uh |2,� → 0. Thus, following [44, Lemma 3.4], we have

λb(u, e) − λhb(uh, e) = λ||u||20,� − (λ + λh)b(u, uh) + λh ||uh ||20,�
= (λ + λh) − (λ + λh)b(u, uh)

= λ + λh

2
2
{
1 − b(u, uh)

}

= λ + λh

2

{
b(u, u) − 2b(u, uh) + b(uh, uh)

}

= λ + λh

2
b(u − uh, u − uh)

= λ + λh

2
||e||20,�

� λ + λh

2
||e||0,�|e|2,�. (37)

On the other hand, using that b(·, ·), bh,K (·, ·) are scalar products, Lemma 4, and
(35), provide the following bound

λh

{
b(uh, eI ) − bh(uh, eI )

}
= λh

∑
K∈�h

{
bK (uh, eI ) − bh,K (uh, eI )

}

≤ |λh |
∑
K∈�h

{
bK (uh − 	�

K uh, uh − 	�
K uh)

1/2bK (eI , eI )
1/2

+ bh,K (uh − 	�
K uh, uh − 	�

K uh)
1/2bh,K (eI , eI )

1/2
}

�
{ ∑
K∈�h

bh,K (uh − 	�
K uh, uh − 	�

K uh)
}1/2||eI ||0,�

�
{ ∑
K∈�h

bh,K (uh − 	�
K uh, uh − 	�

K uh)
}1/2|e|2,�. (38)

Following the same arguments, we obtain

ah(uh, eI ) − a(uh, eI ) �
{ ∑
K∈�h

aK (uh − 	�
K uh, uh − 	�

K uh)
}1/2|e|2,�. (39)

Next, (35) and Lemma 4 imply that

E1 ≤
∑
K∈�h

aK (uh − 	�
K uh, uh − 	�

K uh)
1/2|e|2,K

=
∑
K∈�h

s�
K (uh − 	�

K uh, uh − 	�
K uh)

1/2|e|2,K

�
( ∑
K∈�h

S2K

)1/2|e|2,�. (40)
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Similarly, (35) and Lemma 4 lead to

E2 =
∑
K∈�h

bK (	�
K uh − uh, e − eI ) �

( ∑
K∈�h

S2K

)1/2|e|2,�. (41)

To bound E3, we apply the Cauchy-Schwarz inequality and (35) to obtain

E3 ≤
∑
K∈�h

||λh	�
K uh ||0,K ||e − eI ||0,K

�
( ∑
K∈�h

h4K ||λh	�
K uh ||20,K

)1/2|e|2,�

=
( ∑
K∈�h

�2
K

)1/2|e|2,�. (42)

For E4, the trace inequality for ∇(e − eI ) ∈ H1(K ) and (35) provide that

E4 ≤
∑
K∈�h

∑
l∈EK ∩E�

∣∣∣
∣∣∣[[(∇2	�

K uh)n
l
K ]]

∣∣∣
∣∣∣
0,l

||∇(e − eI )||0,l

≤
∑
K∈�h

∑
l∈EK ∩E�

∣∣∣∣∣∣[[(∇2	�
K uh)n

l
K ]]

∣∣∣∣∣∣
0,l

{
h−1/2
K ||∇(e − eI )||0,K + h1/2K |∇(e − eI )|1,K

}

≤
∑
K∈�h

∑
l∈EK ∩E�

h1/2K

∣∣∣∣∣∣[[(∇2	�
K uh)n

l
K ]]

∣∣∣∣∣∣
0,l

||∇e||1,K

�
{ ∑

K∈�h

∑
l∈EK ∩E�

hK
∣∣∣
∣∣∣[[(∇2	�

K uh)n
l
K ]]

∣∣∣
∣∣∣2
0,l

}1/2

||∇e||1,�

=
{ ∑

K∈�h

∑
l∈EK ∩E�

J 2
l

}
||e||2,�

� J 2|e|2,�, (43)

where in the last step, we used the Poincaré inequality.
Finally, the proof finishes by replacing (37)-(43) in (36) and using the Cauchy-

Schwarz inequality. ��
The following result is a consequence of Theorem 14.

Corollary 15 The following bound holds

||u − 	0
K uh ||0,� + |u − 	�

K uh |2,h � η + λ + λh

2
||u − uh ||0,�.

As a consequence, it holds

|u − uh |2,� + ||u − 	0
K uh ||0,� + |u − 	�

K uh |2,h � η + λ + λh

2
||u − uh ||0,�.
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Proof Given any K ∈ �h , the following bound holds

||u − 	0
K uh ||0,K � ||u − uh ||0,K + ||uh − 	0

K uh ||0,K � ||u − uh ||2,K + ||uh − 	0
K uh ||0,K .

Next, by adding |u−	�
K uh |2,K in the above inequality and summing for all K ∈ �h ,

we have

||u − 	0
K uh ||20,� + |u − 	�

K uh |22,h � ||u − uh ||22,� +
∑
K∈�h

{
|u − 	�

K uh |22,K + ||uh

− 	0
K uh ||20,K

}

� |u − uh |22,� +
∑
K∈�h

{
|u − 	�

K uh |22,K + ||uh

− 	0
K uh ||20,K

}
.

Finally, the proof is obtained fromLemma4, the definition of the stabilisation estimator
SK , and Theorem 14. ��

Theorem 17 (cf. (17b)) and Corollary 15 provide the following result.

Corollary 16 The following bound holds

|λ − λh | �
{
η + λ + λh

2
||u − uh ||0,�

}2

.

Notice that the terms on the right-hand side in Corollaries 15 and 16 depend of ||u −
uh ||0,�, which are not computable on the basis provided by the output values of
the operators in D1 and D2. Therefore, we establish a result showing that the term
||u − uh ||0,� is asymptotically negligible.

Theorem 17 The following bounds hold

(i) |u − uh |2,� + ||u − 	0
K uh ||0,� + |u − 	�

K uh |2,h � η.
(ii) |λ − λh | � η2.

Proof (i) Using the Theorem 12 and Corollary 15, we deduce

|u − uh |2,� + ||u − 	0
K uh ||0,� + |u − 	�

K uh |2,h
� η + hs

{
|u − uh |2,� + ||u − 	0

K uh ||0,� + |u − 	�
K uh |2,h

}
.

Therefore, the results clear that there exists h0 > 0 such that ∀h < h0 the item
(i) is true.

(ii) Again from Theorem 12 and item (i), we have the existence of h0 > 0 such that
for all h < h0 implies

||u − uh ||0,� � hsη, (44)
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and applying (44) in Corollary 16, we have the result. ��

5.2 Efficiency

This section proves that our error estimator η is efficient up to oscillation terms given
by the polynomial projections 	0

K and 	�
K . We start by recalling properties of bubble

functions in the space H2
0 (K ).

Remark 5 Given any polygon K ∈ �h , consider �K
h its sub-triangulation, which it is

well defined from the star-shaped property of K . In addition, as a consequence of the
assumptions (A1) and (A2), it holds that �̂h := ⋃

K∈�h
�K

h is also a shape-regular
family of triangulations of �. Therefore, by following the arguments established in
[45, Section 3.7], an interior bubble function ψK ∈ H2

0 (K ) can be defined piecewise
as the sum of interior bubble functions of the form ϕT := b2T , where bT ∈ H1

0 (T )

is the triangle interior bubble function constructed on each triangle T of the mesh
element �K

h . In addition, it holds

||qK ||20,K �
∫
K

ψKq
2
K , ∀qK ∈ P2(K ), (45a)

||ψKqK ||0,K ≤ ||qK ||0,K , ∀qK ∈ P2(K ). (45b)

Moreover, for any edge l ∈ E , let K+, K− ∈ �h be the two polygons sharing l as
a common edge. Consider the sub-triangulation �̂h of �h , and define Ê l := {̂l ∈ Ê :
l̂ ⊂ l} and Ê := {̂l ⊂ ∂T : T ∈ �̂h}. In other words, l is the union of edges in Ê l .
Moreover, each edge l̂ ∈ Ê is shared by exactly two triangles T+, T− ∈ �̂h ; a bubble
function ψl ∈ H2

0 (l) is defined piecewise as the sum of bubble functions of the form
ϕ̂l := (bT+ −bT−)b̂l , where b̂l ∈ H1

0 (̂l) is the edge bubble function. Furthermore, the
following holds.

h−1
l ||ql ||20,l �

∫
l
qln

l
K · ∇(ψl ql ), ∀ql ∈ P0(l),

(46a)

||nlK+ · ∇(ψl ql )||0,l � h−1
l ||ql ||0,l , ∀ql ∈ P0(l),

(46b)∑
K=K+,K−

h−2
l ||ψl ql ||0,K �

∑
K=K+,K−

|ψl ql |2,K �
∑

K=K+,K−
h−2
l ||ψl ql ||0,K , ∀ql ∈ P0(l),

(46c)∑
K=K+,K−

||ψl ql ||0,K � h1/2l ||ql ||0,l , ∀ql ∈ P0(l).

(46d)

In addition, we recall the local inverse estimates established in [46] for any virtual
function

|v|2,K � h−2
K ||v||0,K , ∀v ∈ V K

h . (47)
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Now, we are ready to prove the efficiency of the local volume estimator �K .

Lemma 18 The following bound holds

�K � |u − uh |2,K + SK + h2K ||λhuh − λu||0,K . (48)

Proof Given any K ∈ �h , consider its respective interior bubble function ψK (cf.
Remark 5) and define vK := ψKλh	

�
K uh . Since vK = ∂nK vK = 0 on ∂K , we extend

vK by zero in all� such that vK ∈ V . In the rest of the proof, we denote this extension
by v ∈ V . Therefore, from Lemma 13, we have

∫
K

λh	
�
K uhv = aK (e, v) −

[
λbK (u, v) − λhbK (uh, v)

+
{
aK (	�

K uh − uh, v) + λhbK (uh − 	�
K uh, v)

}]
.

Next, for qK ≡ λh	
�
K uh ∈ P2(K ) in (45a) and identity above, we get

||λh	�
K uh ||20,K �

∫
K

ψK (λh	�
K uh)

2 =
∫
K

λh	�
K uhv

= aK (e, v) −
[
bK (λu − λhuh , v) +

{
aK (	�

K uh − uh, v) + λhbK (uh − 	�
K uh , v)

}]

� |e|2,K |v|2,K + ||λu − λhuh ||0,K ||v||0,K + |	�
K uh

− uh |2,K |v|2,K + ||	�
K uh − uh ||0,K ||v||0,K . (49)

Next, from (45b), we have

||v||0,K = ||ψKλh	
�
K uh ||0,K ≤ ||λh	�

K uh ||0,K . (50)

In addition, using 0 ≤ ψK ≤ 1 and the fact that λh	�
K uh ∈ P2(K ) ⊆ V K

h on (47) to
obtain

|v|2,K = |ψKλh	
�
K uh |2,K � |λh	�

K uh |2,K � h−2
K ||λh	�

K uh ||0,K . (51)

Therefore, by inserting (50), (51) in (49), we have

||λh	�
K uh ||20,K � |e|2,K |v|2,K + ||λu − λhuh ||0,K ||v||0,K + |	�

K uh − uh |2,K |v|2,K
+ ||	�

K uh − uh ||0,K ||v||0,K
�

(
h−2
K |e|2,K + ||λu − λhuh ||0,K + h−2

K |	�
K uh − uh |2,K

+ ||	�
K uh − uh ||0,K

)
||λh	�

K uh ||0,K , (52)
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which, together with the fact that 	0
K uh = 	�

K uh , imply

||λh	�
K uh ||0,K �

(
h−2
K |e|2,K + ||λu − λhuh ||0,K + h−2

K |	�
K uh − uh |2,K + ||	0

K uh − uh ||0,K
)
.

Next, using Lemma 4 and definition of the he local stabilisation estimator S2K it follows

||λh	�
K uh ||0,K �

(
h−2
K |e|2,K + ||λu − λhuh ||0,K + h−2

K SK + SK
)
.

Finally, multiplying by h2K in the above inequality and using the definitions of �K ,
we get

�K = h2K ||λh	�
K uh ||0,K

�
(
|e|2,K + h2K ||λu − λhuh ||0,K + SK + h2K SK

)

�
(
|u − uh |2,K + h2K ||λu − λhuh ||0,K + SK

)
.

��
Next, we will show an upper bound for the local stabilisation term SK and the local

jump estimator Jl .

Lemma 19 The following bound holds

SK � |u − uh |2,K + |u − 	�
K uh |2,K + ||u − 	0

K uh ||0,K .

Proof The definition of the stabilisation term and the Cauchy-Schwarz inequality
imply that

SK = ah,K (uh − 	�
K uh, uh − 	�

K uh)
1/2 + bh,K (uh − 	�

K uh, uh − 	�
K uh)

1/2

� aK (uh − 	�
K uh, uh − 	�

K uh)
1/2 + bK (uh − 	�

K uh, uh − 	�
K uh)

1/2

� |uh − 	�
K uh |2,K + ||u − 	0

K uh ||0,K
� |u − uh |2,K + |u − 	�

K uh |2,K + ||u − 	0
K uh ||0,K .

��
Lemma 20 Let ω(l) :=

{
K ′ ∈ �h : l ∈ ∂K ′}. Then, the following bound holds

Jl �
∑

K ′∈ω(l)

{
|u − uh |2,K ′ + h2K ′ ||λu − λhuh ||0,K ′ + SK ′

}
, ∀l ∈ EK ∩ E�. (53)

Proof Given any edge l ∈ E . Let us define ψl as the corresponding edge bubble
function (cf. Remark 5), and v̂ := ψl [[((∇2	�

K uh)n
l
K ) · nlK ]] ∈ H2

0 (T+ ∪ T−) ⊂ V .
Since v̂ is a polynomial function, v̂ can be extended to K+∪K−, where K+, K− ∈ �h

have l as a common edge. For simplicity, we denote this extension by v̂.
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Following [47], we consider the identity

‖[[(∇2	�
K uh)n

l
K ]]‖0,l = ‖[[(∇2	�

K uh)n
l
K ) · nlK ]]‖0,l + ‖[[((∇2	�

K uh)n
l
K ) · tlK ]]‖0,l ,

(54)

where tlK is the tangential counterclockwise vectors of l with respect to ∂K . An inverse
inequality ([47]) and given that ∇vh |∂K ∈ C0(∂K )2 for all K ∈ �h (cf. Section3)
imply that

‖[[((∇2	�
K uh)n

l
K ) · tlK ]]‖0,l � h−1/2

l ‖[[∇	�
K uh]]‖0,l ≤ 0. (55)

Since v̂ ∈ H2
0 (T+ ∪ T−) ⊂ V , we readily see that

∫
l
[[(∇2	�

K uh)n
l
K ) · nlK ]](nlK · ∇v̂) =

∫
l
[[(∇2	�

K uh)n
l
K ]] · ∇v̂. (56)

Putting together (46a), (54)-(56), and Lemma 13, we arrive at

||[[(∇2	�
K uh)n

l
K ]]||20,l �

∫
l
[[(∇2	�

K uh)n
l
K ]] · ∇v̂

=
∑

K=T+,T−

{
aK (−e, v̂) +

{
λbK (u, v̂) − λhbK (uh, v̂)

}
+

∑
K ′∈ωl

aK (	�
K uh − uh, v̂)

+ λhbK (uh − 	0
K uh, v̂) +

∫
K

λh	
�
K uh v̂

}

�
∑

K=T+,T−

{
|e|2,K |v̂|2,K + ||λu − λhuh ||0,K ||v̂||0,K + |uh − 	�

K uh |2,K |v̂|2,K

+ ||uh − 	0
K uh ||0,K ||v̂||0,K + ||λh	�

K uh ||0,K ||v̂||0,K
}

�
∑

K=T+,T−

{(
h−2
K |e|2,K + ||λu − λhuh ||0,K + h−2

K |uh − 	�
K uh |2,K

+ ||uh − 	0
K uh ||0,K + ||λh	�

K uh ||0,K
)
||v̂||0,K

}

�
∑

K=T+,T−

{(
h−1/2
K |e|2,K + h3/2K ||λu − λhuh ||0,K + h−1/2

K |uh − 	�
K uh |2,K

+ h3/2K ||uh − 	0
K uh ||0,K + h3/2K ||λh	�

K uh ||0,K
)
||[[(∇2	�

K uh)n
l
K ]]||0,l

}
,

where e = u − uh and (46b)-(46c) have been used (respectively) in the fourth and
fifth steps. Finally, Lemma 4, the definition of SK together with Lemma 18, conclude
the proof. ��
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The efficiency of ηK is provided next.

Theorem 21 The following bound holds

η2K �
∑

K ′∈ωK

{
|u − uh |22,K ′ + ||u − 	0

K ′uh ||20,K ′ + |u − 	�
K ′uh |22,K ′ + h4||λu − λhuh ||20,K ′

}

Proof The result is obtained from Lemmas 18-20. ��

Finally, the term h2K ||λu − λhuh ||0,K ′ is asymptotically negligible for the global
estimator η, this result is provided below.

Corollary 22 The following bound holds

η2 � |u − uh |22,� + ||u − 	0
K uh ||20,� + |u − 	�

K uh |22,h .

Proof The proof follows as in [42, Corollary 5.14]. ��

Remark 6 We refer the reader to [17] for more details about the construction of the C1

virtual element discretisation in 3D. Note that Lemma 13 includes a boundary term
(c.f. the jump estimator J in (33)), which in this case is defined over the faces of
each polyhedron. Since this term does not require the explicit evaluation of uh on the
faces–where it belongs to a virtual space–the previously given proofs remain valid in
the three-dimensional setting.We refer to [35] for the construction of bubble functions
in H1

0 on faces and polyhedra in the context of virtual element methods; the same ideas
can be extended to H2

0 bubble functions by employing the cut-off functions discussed
in [48].

6 Numerical examples

In this section, we present some numerical results that illustrate the properties of the
estimator introduced in Section 5, showing the optimal behaviour of the associated
adaptive algorithm under different convex polygonal meshes, see Fig. 1. Then, we
introduce the classical L-shape domain to illustrate the capability of capturing singu-
larities in non-convex domains.

The numerical implementation is done with the library VEM++ [40] where the VE
space presented in Section 3 is available. To solve the generalised eigenvalues problem
arising from such discretisations,VEM++ contains awrapper of theC++ librarySLEPC
[49] with the problem type option EPS-GHEP. Regarding the adaptive algorithm, we
follow the usual strategy

SOLVE → ESTIMATE → MARK → REFINE
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Fig. 1 Domain discretisations used for the numerical examples

where the SOLVE and ESTIMATE steps are performed inside VEM++ using SLEPC
as a solver for the linear system, in this way, we exploit the high-speed computation
capabilities of C++. Next, for the 2D REFINE step, we use the Matlab-based method
from [50], which connects edge mid-points to the polygon barycenter. On the other
hand, the 3D adaptive refinement routine operates on cubical meshes with support
for hanging nodes, making use of the p4est library [51] via the GridapP4est
module of the Julia package Gridap [52]. We recall that the refinement procedure
is independent of the VEM++ capabilities. Therefore, the implementation presented
in this paper can be extended to more general (non-convex) polygonal shapes that
satisfy A1, A2 by selecting an appropriate refinement routine. Finally, for the MARK
procedure, we follow a Dörfler/Bulk marking strategy, marking the subset of mesh
elements K ⊆ �h with the largest estimated errors such that for δ = 1

2 ∈ [0, 1], we
have

δ
∑
K∈�h

η2K ≤
∑
K∈K

η2K .

The experimental order of convergence r(∗) against the total number of degrees
of freedom #DoFs applied to either the error |λi,h − λi | or the estimator η, and the
effectivity index eff of the refinement 1 ≤ j for d = 2, 3 are computed as r(∗) j+1 =
−d log

(∗ j+1/∗ j
)
/ log

(
#DoFs j+1/#DoFs j

)
, eff j = η2j/|λi,h − λi | j .

6.1 Example 1: Behaviour under uniform refinement: 2D case.

We consider the vibration problem (1) with boundary clamped boundary conditions
as in (3) for the unit square � = (0, 1)2 under a variety of discretisations (see Fig. 1a-
1c). It is well known that the lowest eigenvalue of this problem is given by λ1 ≈
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1294.93397959171 (see e.g. [53, 54]). In addition, the associated eigenfunction u1 is
a smooth function, which will not affect the convergence rate.

The curves for the error |λ1,h − λ1|, and global error estimator η2 under uniform
refinement are shown in Fig. 2. Note that the error is bounded above by the estimator,
confirming the reliability of the method (see Theorem 17). In addition, we observe the
expected convergence rate of O(h2) given in (17a). Finally, the effectivity index eff
remains bounded for each mesh tested accordingly to Corollary 22.

6.2 Example 2: The role of the stabilisation.

For this numerical experiment, we focus on the vibration problem (1) where � =
(0, 1)2, and we consider simply supported boundary conditions (3). Notably, this
boundary condition does not alter the discrete formulation presented in Section 3.
The main difference is that the linear system incorporates the degrees of freedom
corresponding to ∂nu. A key advantage of this example is that the first eigenvalue is
known explicitly, given by λ1 = 4π4 ≈ 389.6364 (see [55]). So we can compute the
exact error |λ1,h − λ1|.

Here, we analyse the influence of the stabilisation operator by introducing two
coefficients α�, α0 in the stabilisation term (see [30]) as follows:

α�s
�
K (uh − 	�

K uh, uh − 	�
K uh), α0s

0
K (uh − 	�

K uh, uh − 	�
K uh).

These coefficients appear both in the discrete weak formulation (see Problem 2)
and the global stabilisation estimator S. For simplicity, we fix the Voronoi mesh shown
in Fig. 1a

In Figs. 3 and 4, we report the curves for the error |λ1,h − λ1| and global error
estimator η2 (respectively) for the lowest eigenvalue λ1 computed by the method for
different values of α under uniform refinement. We observe that the SLEPC solver
successfully computes an eigenvalue for each uniform refinement and every proposed
value of α. However, the results indicate that for the values α = 1/64 and α =

10 3 10 4

10 -1

10 0

10 1

10 2

10 3

10 3 10 4

1

6

Fig. 2 Example 1. Behaviour of the error |λ1,h − λ1|, global error estimator η (left), and effectivity index
eff (right) for the first eigenvalue λ1 across various meshes under uniform refinement
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10 -1
10 0
10 1
10 2
10 3

10 3 10 4 10 5

10 -1
10 0
10 1
10 2
10 3

10 3 10 4 10 5 10 3 10 4 10 5 10 3 10 4 10 5

Fig. 3 Example 2. Curves of error |λ1,h − λ1|, and global error estimator η for the first eigenvalue λ1 in
the Voronoi mesh under uniform refinement with a variation of the stabilisation parameter α

1/256, the expected convergence rate of O(h2) deteriorates due to the influence of
this parameter. This observation allows us to extend the results in [30] to the minimal
risk interval α ∈ [1/64, 256], noting that more refinements are required to improve
the accuracy of the eigenvalue computed for high values of α.

1

5

25

125

10 3 10 4 10 5

1

5

25

125

10 3 10 4 10 5 10 3 10 4 10 5 10 3 10 4 10 5

Fig. 4 Example 2. Curves of effectivity index eff for the first eigenvalue λ1 in the Voronoi mesh under
uniform refinement with a variation of the stabilisation parameter α
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Fig. 5 Example 3. Curves of effectivity index eff for the first four eigenvalues λi on the L-shaped domain
under adaptive and uniform refinement

6.3 Example 3: Adaptivity in 2D.

In this test, we study the vibration problem (1) defined in the classical L-shape domain
given by � = (0, 1)2 \ (1/2, 1)2 with clamped boundary conditions (3). The domain
is discretised with a Voronoi-type mesh (see Fig. 1d). It is well known that the first

Fig. 6 Example 3. Snapshots of the eigenfunction ui in the L-shaped mesh for distinct eigenvalues λi after
9 refinement steps driven by η
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four eigenvalues are given by λ1 ≈ 6704.2982, λ2 ≈ 11055.5189, λ3 ≈ 14907.0816,
and λ4 ≈ 26157.9673 (see e.g. [12, 30]).

Figure 7 reports the convergence history of the method for the error |λi,h −λi | (i ∈
{1, 2, 3, 4}), and the estimator η under adaptive and uniform refinement. We observe
that the adaptive refinement outperforms the uniform refinement in the presence of a
singularity in the solution, expected by the re-entry corner of the L-shaped domain.
Moreover, the effectivity index eff remains bounded between 1 and 4 (see Fig. 5),
confirming the efficiency and reliability of the method. Finally, Fig. 6 shows snapshots
of the eigenfunctions ui after 9 adaptive refinement steps driven by η (Fig. 7).

6.4 Example 4: Vibration on an aircraft wing.

As an application, we consider (1) defined in a 2D simplification of an aircraft wing
embedded in the unit square whose geometry is shown in Fig. 1e

The initial mesh considered on the adaptive refinement routine is constructed by
applying four iterations of polymesher’s uniform refinement to the mesh shown in
Fig. 1e

The computable global error estimator η2 is reported in Fig. 8, showing the optimal
behaviour of O(h2) given by Corollary 22. Since exact values of λi , i ∈ {1, 2, 3, 4} are
not provided, we can not compute the error |λi,h − λi |. However, previous examples
have already confirmed that the estimator gives an upper bound of this error. The
associated eigenfunctions ui are shown in Fig. 9 after 9 refinement steps driven by η.

Fig. 7 Example 3. Curves of error |λi,h − λi | and global error estimator η for the first four eigenvalues λi
on the L-shaped domain under adaptive and uniform refinement
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5 10 3 10 4 5 10 4 10 5
10 -4

10 -2

10 0

10 2

Fig. 8 Example 4. Behaviour of the global error estimator η for the first four eigenvalues λi on the aircraft
wing

Fig. 9 Example 4. Snapshots of the eigenfunction ui in the aircraft wing mesh for distinct eigenvalues λi
after 9 refinement steps driven by η
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10 3 10 4 10 5

10 0

10 1

10 2

10 3

10 4

Fig. 10 Example 5. Curves of error |λ1,h − λ1|, global error η, volume �, jump J , and stabilisation S
estimators for the first eigenvalue λ1 in the unit cube under uniform refinement

6.5 Example 5: Behaviour under uniform refinement: 3D case

This numerical experiment extends Subsection 6.2 to the three-dimensional case. The
vibration problem (1) with simply supported boundary conditions (2) is now defined
on the unit cube domain � = (0, 1)3 given in Fig. 1f

Due to high computational effort, wewere not able to capture theO(h2) trend. Then,
we decided to split the estimator contributions. This analysis is reported in Fig. 10,
where we observe that the global volume estimator � with convergence rate of O(h4)
dominates over the global stabilisation estimator S with lower convergence rate of
O(h2). However, the trend shows that S becomes dominant as the uniform refinement
progresses while bounding the error |λ1,h − λ1|. This confirms the reliability of the
scheme in the 3D case with the optimal convergence rate.

0.0e+00

4.6e+00

0.5

1

1.5

2

2.5

3

3.5

4

0.0e+00

4.6e+00

0.5

1

1.5

2

2.5

3

3.5

4

Fig. 11 Example 6. Snapshots of the approximated eigenfunction u1,h in the Fichera cube after 14 adaptive
refinement
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10 5
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10 3 10 4 10 5

10 2

10 3

10 4

10 5

10 6

Fig. 12 Example 6. Curves of error |λ1,h − λ1|, global error η (left), volume �, jump J , and stabilisation
S (right) estimators for the first eigenvalue λ1 in the Fichera cube under uniform and adaptive refinement

6.6 Example 6: Adaptivity in 3D.

To illustrate the applicability of the method in 3D, we consider the vibration problem
(1) with clamped boundary conditions (3) in the Fichera cube domain � = (0, 1)3 \
(1/2, 1)3 (see Fig. 1g). We obtain an approximation for the first eigenvalue λ1 ≈
6657.574172648315 after 13 adaptive refinement steps. The closest approximation
of this value is given in [22]. Similarly to Subsection 6.5, we select α� = 1 and
α0 = 10−4 (Fig. 11).

The curves for the error |λ1,h−λ1| and global error estimator η are shown in Fig. 12.
Note that the adaptive refinement outperforms the uniform refinement, recovering the
optimal convergence rate of O(h2). Moreover, the adaptive refinement captures the
singularity of the solution close to the re-entrant corner as shown in Fig. 11.
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