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1 Introduction

Many years of work have yielded a lot of progress in understanding supersymmetric com-
pactifications of string theory. The fermionic supersymmetry parameters define natural
G-structures, which can be used to classify solutions and sometimes to find them explicitly.

The lack of such structures makes supersymmetry-breaking vacua much harder to tackle.
We have fewer techniques to find and classify them. Many of those we know appear to be
unstable or metastable. A vacuum can be unstable because of a tachyonic field, or because
of quantum tunneling, via the appearance of a bubble of an alternative vacuum [1]. The
latter is sometimes also known as non-perturbative instability, to contrast it to tachyons.
It is both more common and more subtle, as it is difficult to list all decay channels and
check if they actually occur. This phenomenon was suggested as a possible mechanism to
reduce the cosmological constant [2, 3]. In the context of AdS vacua, it is likely to signal that
the dual CF'T cannot be unitary; many examples of such decays have been found, starting
with [4-6]. The membrane version of the weak gravity conjecture even suggests that all



non-supersymmetric AdS vacua decay in such a way [7]. Learning to control such effects
would be important for building realistic vacua, and (in the AdS case) for holography.

In this paper, we take a step in that direction: we will extend to supersymmetry-breaking
one of the mechanisms that make supersymmetric AdS vacua stable. Powerful positive
energy arguments [8-12] protect the latter from any decay; replicating this success for
supersymmetry-breaking is possible in four dimensions [13], but a lot more challenging for
compactifications [12]. A much simpler argument was found in ([12], section 2) to show
protection from decays where the bubble of new vacuum is a D-brane localized at a value
of the spacetime radial coordinate. This easier argument is the one we will extend to

supersymmetry-breaking vacua.

Supersymmetric vacua obey a system of pure spinor equations [14] (section 2). Pure
spinors are bilinears defined naturally by the supersymmetry parameters. Importantly for
us, they can be interpreted [15] as calibrations, forms whose integrals measure the minimal
energy of a brane in a given homology class. One of these calibrations was shown in [12] to
be responsible for the stability of supersymmetric vacua under D-brane bubbles (section 3).

Here we will look for vacua where this type of calibration exists even if supersymmetry
is broken. In a sense, it becomes an auxiliary variable, in the spirit of fake supersymmetry
techniques [13, 16]. This object provides a quick lower bound to a D-brane’s DBI action,
which in turn can establish that a given D-brane bubble does not lead to an instability. On
the other hand, sometimes we also find instabilities by exhibiting branes that are calibrated,

i.e. that saturate the lower bound.

This method can also handle abelian bound states, namely branes with an abelian
world-sheet flux. It is natural to conjecture that the method would also apply to non-abelian
bound states, but this would require more work on the non-abelian DBI action. Presumably
these more general objects would be needed in order to cover all possible topological classes
for D-branes (which are classified by K-theory [17, 18].) Another possible extension of the
formalism would be to cover oblique branes that are not localized in the radial direction,
but where the latter is a function of the internal coordinates; these more general objects
would look like thick branes from the four-dimensional point of view. We hope to return
to these points in the future.

As another important limitation, we stress again that our technique in this paper only
covers brane bubbles. They are the most commonly found decay modes, but several more
types exist, like bubbles of nothing [19], their variants [20], Blonic instabilities [21], NS5
instabilities [22] among others. Finally, we are working in the supergravity approximation;
as usual, string corrections could change some of our conclusions.

We have illustrated the idea on several classes of type II vacua. Some of them were
already known, and our contribution is their stability analysis; some of them appear to be
new, in spite of their simplicity. Here is a list of the classes that we consider:

o AdSyx a twistor fibration (section 4.1). Most prominently, this includes CP3, in which
case these vacua were already found in [23]. About half of these resisted all the decay
channels we were able to check.



o AdS; x F(1,2;3) (section 4.2). These are new, but have similar properties to the
previous class, which in fact they include (since some metrics on F(1,2;3) are twistor
fibrations).

o AdS;x a Kéhler-Einstein manifold [6, 24, 25] (section 4.3). A large subset of these
is destabilized by D2-branes, but in a certain limit, the only instability channels we
find are peculiar bound states with very large world-sheet flux. These are likely to be
beyond the domain of validity of our methods.

o AdSsx a stretched, regular Sasaki-Einstein manifold [26] (section 5.2). We find no
instabilities here.

o AdSs;x an S'-fibration over S% x S? (section 5.3). This includes the so-called T}, ,-
spaces [26], but we find additional vacua here, and again no instabilities.

For several of these vacua, the internal space is a round sphere fibration; this might make
them vulnerable to bubbles of nothing and their variants. One was indeed found for the
AdSs x CP? vacua of M-theory [27]; it would be interesting to check if this also happens
for the twistor vacua of section 4.1. In that context, the surviving Kéhler-Einstein vacua of
section 4.3 hold particularly nice features within the set of vacua we investigated: beyond
our brane bubble analysis, the possibility of bubbles of nothing and their variants would
seem more remote, given the wide variety of available topologies. Moreover, these vacua
are protected against Blonic and NS5 instabilities, as they have no NS flux. (Our other
AdS, solutions have no three-cycles, so they are also protected from these.) The cobordism
conjecture does predict that there is no topological protection against more general bubbles,
but that still does not mean that they do nucleate and destabilize the vacuum. Other vacua
have so far resisted non-perturbative instabilities [28-30].

In a related development, we show in section 6 how calibrations can also be used to
establish the stability of Dp-branes already present in a supersymmetry-breaking vacuum.
We illustrate this on a non-supersymmetric solution found recently in [31] as a modification
of the ITA reduction of the Gaiotto-Maldacena solutions [32].

Our work was partially inspired by the idea of using pure spinors and calibrations to
find supersymmetry-breaking vacua [33-35]. We opted not to use this formalism here, but
it has now progressed to the point that it covers almost all Minkowski, vacua where only
one of the three pure spinor equations is satisfied [35, 36]. As we will see, this is the same
equation that ensures brane bubble stability; so an AdS, extension of these results would
yield N' = 0 solutions where all Dp-branes are automatically stable. It would be interesting
to pursue this further.

2 Pure spinors and generalized calibrations
We begin with a quick review of some techniques that are useful for supersymmetric vacua.

2.1 Flux backgrounds and pure spinors

We consider type II supergravity solutions that are vacua: namely, the ten-dimensional
geometry is given by a warped product between a maximally symmetric four-dimensional



spacetime X4 and a compact six-dimensional internal manifold Mg, with the metric taking
the form

ds?y = e*4ds? 4 dsg = AWy, dztda” + gmndy™dy", (2.1)

where ¥, u = 0,...,3 are the external coordinates on X4, and y™, m = 1,...,6 are the
coordinates on Mg. The NSNS three-form H is purely internal. The ten-dimensional RR
field strength takes the form

Fio=F+ e4Avol4 AN F, (2.2)

with F' = *\F, = the internal Hodge-star operator, and X the reversal of all form indices:
Adz™ Ao Ada™ = dax™k AL A da™.

We specialise the discussion to backgrounds admitting two globally defined ten-dimensional
spinors €; and €2, splitting as

€1 =C(®m +c.c. €2 =(®mn + c.c., (2.3)

with ¢ a Weyl spinor of positive chirality on X4, and 11, 7o Weyl spinors of Mg. n always

has positive chirality, and in type IIA/IIB, 1, has negative/positive chirality.

We introduce the pure spinors ®; and ®,, polyforms defined via the internal spinors’

Oy = @0 (2.5a)
Dy =m @03, (2.5b)

with their norms defined with the Mukai pairing as (®1, ®1) = (®g, Bo) = —8il|n1]|||12]vols
and volg the string-frame internal volume form. In type ITA/IIB, ®; and ®5 are odd/even
and even/odd:

O =0, Py=004. (2.6)
The pure spinors satisfy a compatibility condition:
(®1,V - ®3) = (®1,V - Do) =0 V¥V V =wv+¢ sections of TMg ® T*Mg,  (2.7)

with V- ¥ = ,U + £ AW for ¥ a form.
For N = 1 supersymmetric backgrounds, the Killing spinor equations satisfied by the
internal spinors 71 and 72 can be written in terms of the pure spinors as? [14]

2
d(e34 % Bo,) = ZeQA_¢e_BRe<I>1 (2.8a)
d(e*4~%e BRe®1) = 0 (2.8b)
3
d(e4A_¢e_BIm‘I>1) = fegA_d)e_BIm‘lb —eMe P 5 AF, (2.8¢)

!One should think of these tensor products in terms of the Fierz identity

6

1
n@x' =Y 7 (M i) 7 (2.4)
k=0

Such tensor products are then isomorphic to polyforms via the Clifford map.
2The B field twist should simply be understood here as the operator e 2¥ = e 2 A U for U a form.



The second follows from the first upon acting with d. In the case where the internal space is
Minkowski: X4 = Minky, the cosmological constant A = —3/L? vanishes and these equations
have an interpretation in terms of generalized calibration conditions for different probe branes.

2.2 Generalized calibrations

We will use generalized calibrations throughout this paper. These are a natural extension
of ordinary calibrations.

A calibration form w is a p-form of Mg which satisfies two conditions, a differential one
and an algebraic one. The differential calibration condition simply imposes the closure of the
calibration form dw = 0. The algebraic condition states that at every point g € Mg, for every
p-dimensional oriented subspace 7 of the tangent space Tj; Mg, the following must be respected:

wlr < y/det g|; dT = vol,, (2.9)

where d7 = t' A ... A tP, with t* a basis for the dual of 7, and det g|, the determinant of the
pulled-back metric on 7. Additionally, at every point there must exist at least one subspace
7 such that the above bound is saturated.

A submanifold is said to be calibrated by w if its corresponding tangent space is such
that the above bound is saturated. Through both calibration conditions, we conclude that
a calibrated submanifold minimizes the volume of its homology class.

For supersymmetric compactifications without fluxes, there is a direct relation between
the Mg cycles wrapped by D-branes and calibrations. Indeed, one can construct calibration
forms from the internal spinors of a given background, as spinor bilinears. The closure of such
calibration forms then follows from supersymmetry. Given that the energy of these D-branes
is merely given by their volume, a D-brane wrapping a calibrated cycle is energy minimizing.
Moreover, the saturation of the calibration bound (2.9) is equivalent to a kappa symmetry
condition, such that a D-brane wrapping a calibrated cycle preserves the bulk supersymmetry.

In flux compactification, the energy of a D-brane isn’t simply given by its volume, but
receives additional background and world-volume fluxes contributions. The generalized calibra-
tion theory provides a natural generalization of the standard calibration theory to incorporate
these additional contributions, within the context of generalized Complex Geometry [15].

More concretely, we consider D-branes in the warped geometry (2.1) with a four-
dimensional Minkowski spacetime. These D-branes can wrap an internal cycle ¥ and they
are said to be string, domain-wall or space-filling, when they are codimension two, one and
zero respectively in the external space. As discussed in [15], one can show that a static brane
wrapping a cycle ¥ in the internal manifold of an A/ = 1 flux backgrounds is supersymmetric
if it wraps a calibrated generalized submanifold.

To make this statement precise, we recall here the notions of generalized submanifolds
and generalized calibration forms.

A generalized submanifold is a pair (X, F) with ¥ C Mg a submanifold and F a two-form.
For a D-brane, it is a world-volume two-form satisfying

dF = Hls, (2.10)



with H |y, the pull-back of H on X. The generalized submanifold is said to be a generalized
cycle if 09X = 0.
One can construct polyforms from the pure spinors characterising the A” = 1 background:

wstring _ e2A—¢e—BReq)1 (211&)
WPW — 34-¢—Bg, (2.11Db)
W = 440" BImd, — ¢ BC, (2.11c¢)

with C' the RR potentials such that d(e"2C) = e*4e™BF. As shown in [15], these satisfy the
properties of a generalized calibration: again this consists of an algebraic and of a differential
condition. The algebraic condition is the minimization of the D-brane energy density

(wAeR) g < E(I,R)dP~IT1¢ (2.12)

at every point p C Mg and for any generalized submanifold (II, R), with

E(T,R) = e %, /det(g|n + R) — d4—1.3¢*C11, (2.13)

q the number of external dimensions, and £ the world-volume coordinates. Additionally, at
any point p C Mg there must exist at least one generalized submanifold (IT, R) such that the
above bound is saturated. The differential calibration condition is closure once again.

The polyforms (2.11a), (2.11c), and the real and imaginary parts of (2.11b) can be
shown to satisfy (2.12) using their definition (2.5) in terms of spinorial parameters. Moreover,
their closure

dwPV =0 domain-wall BPSness (2.14a)
dwstring — ( D-string BPSness (2.14b)
dwf =0 gauge BPSness, (2.14c¢)

corresponds to the supersymmetry conditions (2.8) with A = 0, L — oc.

As in the standard calibration case, a generalized cycle calibrated by w is saturating
the calibration bound (2.12). A D-brane in a N' = 1 backgrounds is supersymmetric, or
BPS, if it wraps a calibrated generalized cycle.

The above generalized calibration forms are associated to space-filling, domain-wall, and
string-like D-branes, respectively extended in four, three, and two spacetime dimensions. The
N = 1 supersymmetry conditions can thus be thought of as the BPSness for domain-wall,
D-string and gauge (space-filling) probe branes.

This clear-cut interpretation of the supersymmetry conditions as calibration conditions
for internal calibration forms is lost in the case of N/ =1 AdS backgrounds. A non-vanishing
cosmological constant indeed switches on terms in the supersymmetry conditions (2.8) that
violate the closure conditions (2.14a) and (2.14c) of the would-be domain-wall and space-filling
calibration forms. Instead, one can define ten-dimensional calibration forms for networks of
branes,® whose calibration conditions are equivalent to the N = 1 supersymmetry conditions,
see [37, 38].

3The network is a brane wrapping an internal cycle and extended in g external dimensions, together with
another brane wrapping the same internal cycle and extended in ¢ — 1 external dimensions. The latter brane
can be thought of as the boundary of the former in AdS.



However, given the supersymmetry conditions (2.8), we can now define the following
domain-wall calibration form*

WwPW = 34796~ BImd,, (2.15)

since supersymmetry still ensures dwPW = 0. In what follows, we will make use of the
corresponding calibration theory for AdS domain-wall branes in the case where supersymmetry
is broken, but the closure of this calibration form is still preserved. Saturating the bound (2.12)
won’t be associated with the brane preserving N’ = 1 supersymmetry any more, but with
its stability.

3 Stability criteria for (anti) Dp-brane bubbles

We now focus on backgrounds with a four-dimensional external space X4 = AdSy.

3.1 Non-perturbative stability

We begin with a very quick review of vacuum tunneling. This is a quantum effect, and it can
be investigated using the path integral approach. After a Wick rotation, the question becomes
whether there can exist an instantonic bubble in Euclidean AdS (localized in Euclidean
time 7 as well as space) that encloses the new vacuum inside the old. In gravity this was
pioneered in [1] for theories with scalars, and extended in [2] for form fields. A simplified
setting is when the bubble is a probe brane, whose back-reaction can be neglected. This
case was considered in ([5], section 4) by solving the equations of motion for the bubble’s
shape as a function of 7. In ([22], section 4.1) it was shown that this bubble is in fact a
half-sphere (bottom part of figure 1): in line with earlier expectations from [1], it respects
an SO(d) subgroup of the SO(d, 1) isometry group of Euclidean AdS. One can make this
symmetry manifest by writing the metric as

dsgaqg = L*(dr? + sinh? rds%a.) . (3.1)

r is an overall radial coordinate, which mixes 7 and the more customary spatial radial
coordinates. We can now just assume SO(d) invariance for the instanton: we take it to be a
half-sphere at a fixed r. The boundary of this half-sphere (the slice at time = 0 in figure 1)
represents the physical bubble being nucleated by a quantum effect.

Consider a brane action consisting of the usual volume term and a coupling to a
top-dimensional gauge field: S = —7 [d%'o\/—g — q [ Ag_1. The field strength will be
proportional to the volume form: Fy = hvol,. Specializing the Wick-rotated action to (3.1)
one finds [22]

S = —L¥Wol(847 1) (7 sinh® 1 r + ghc(r)) (3.2)
where /(1) = sinh?~1 7. Thanks to the assumption of SO(d) symmetry, finding the instanton
has been reduced to extremizing (3.2) in r; this gives tanhry = —(d;;)f for the radius rq

4There can be no string BPS branes in AdS, as the would-be calibration form is exact, which signals the
vanishing of the four-dimensional effective tension.
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new vacuum

old vacuum

Figure 1. A bubble of new vacuum. The bottom gray part represents the instanton in Euclidean
time; the upper black part, its subsequent Lorentzian time evolution.

of the instanton. In particular, the instability does not exist if

lqlh
(d—1)T—|¢qlh >0, or ng. (3.3)
We will use both formulations in what follows. Intuitively, the 7 term in the action tends
to shrink the instanton, and the ¢ term tends to expand it; the vacuum is unstable when
the latter term wins, forcing the bubble into existence.

We will now specialize the above to domain-wall (anti) Dp-brane wrapping an internal
cycle . The (anti) Dp-brane carries a closed world-volume gauge field fys, and we introduce
the gauge invariant world-volume two-form field F = By + 27 fys, such that dF = H|y.?
Now the parameters above are evaluated as 7 = T}, [y, dP~9+2¢ eld=DA=0 /lgls + F|, q¢h =
T,L [ e« A\F ANe | with T, » the tension of the Dp-brane and {™ the internal world-volume
coordinates. (3.3) becomes

TS, F) =T, / (d—1)el D46 [det(gls, + F)dP~ 426 T Le™ « AF|s Ae T >0, (3.4)
>

with the upper/lower sign for D-branes/anti D-branes respectively. The pair (X, F) is often
called a generalized cycle [15], but from now on we mostly omit the world-volume gauge
field F when referring to generalized cycles.

A notable point about (3.4) is that the coefficients 7 and ¢ in (3.3) have now become
dependent on the choice of X. Even when 3 is a point, p = d — 2, T is often a function on
the internal manifold, because of A and ¢; this was important in some applications [22, 39].
For our vacua below, A and ¢ will be constant, but for higher-dimensional branes, p > d — 2,
T will depend in a complicated way on the choice of the internal cycle .

So far we have focused on the quantum process that nucleates a bubble of new vacuum.
The subsequent evolution can be obtained by an analytic continuation of the above SO(d)-
invariant spherical Euclidean solution, to an SO(d — 1, 1)-invariant hyperboloid, representing
the evolution of a sphere in AdS [1, 2] (upper part of figure 1). As an alternative, one can

5Tn what follows, if the world-volume flux fys is non-vanishing, we will sometimes refer to such a D-brane
as a bound state: this is because it makes a Dp couple to RR potentials Cx with k < p + 1. For fus =0, we
will sometimes refer to it as a simple D-brane.



consider the expansion of branes that are localized along the Poincaré radial coordinate [6, 39].
This leads again to (3.3) ([22], section 5.1).

Let us stress that the criteria in this subsection regards stability of the background
against decays mediated via these bubbles; these are not statements about the stability
of the branes themselves.

3.2 Supersymmetric solutions

We now specialize to N' = 1 vacua and d = 4.
The supersymmetry condition (2.8¢) allows to rewrite the second term in (3.4); discarding
the total derivative term, we obtain [12]

T(E,F)= 3Tp/ =9 (y [det(g|s + F)dP~2 T ImPy|s A e 7). (3.5)
b

On the other hand, for every generalized cycle, we have

‘Im<1>2|g Ne T ]mp < \/det(g|s, + F)dP~2¢. (3.6)

Taken together, these ensure that (3.4) are satisfied for both D-branes and anti D-branes,
provided that (2.8¢) is satisfied. We recover here the fact that N' = 1 supersymmetric
solutions are protected from (anti) Dp-brane bubbles as a non-perturbative decay channel.

Let us define the corresponding calibrated and anti-calibrated cycles, respectively re-
specting

det(g|s, + Fe)dP ¢ = Im®yy, Ae 7 (3.7)

top
\/det(g‘Eac + faC)dp72§ = — Im®s[y,. A o Tue

, (3.8)

top

and now possibly wrapped by domain-wall (anti) Dp-branes. Using (3.5) and these definitions,
we therefore have

T (X, Fe) =0 for D-branes, Y (Xac, Fac) = 0 for anti D-branes. (3.9)

Intuitively this signals that when a (anti) Dp-brane bubble wraps a (anti-)calibrated gen-
eralized cycle, its DBI and WZ contributions even out, and said (anti) Dp-brane bubble
neither expand nor contracts.

3.3 Non-supersymmetric solutions

Let us now turn to the non-supersymmetric case. We keep on using the stability condition (3.4),
as it is a statement independent from supersymmetry. However, supersymmetry-breaking
will prevent the reformulation (3.5) of Y.

We consider solutions respecting the following modified pure spinor equations

2 2
d(e?’A*%*B(I)g) = ZeQA*‘ﬁe*BReCI)l + EefB\I' (3.10a)
d(ezA*%*BRe(I)l) = d(e*BRe\If) (3.10b)
d(e4A_¢e_BIm<I)1) = %e3A_¢e_BIm<I>2 —eMe By \F + %G_B@, (3.10c)

with ¥ and © supersymmetry breaking forms.



Following the procedure of [12] and using (3.10c), the quantities T in (3.4) for a domain-
wall Dp-brane and anti Dp-brane wrapping a generalized cycle 3 can now be reformulated as

T(%,F) = 3T,,/ 479\ /det(gly + F)dP72¢ TImPy|s Ae F) £ Ol Ae™.  (3.11)
>

Combining these with the bounds (3.4) and (3.6), we can write down some inequalities
ensuring the stability of the background under both the brane and anti brane decay channels.

There are two distinct cases:

if ¥ is such that/ e‘o’A*d’ImCI)g]g ne ™l >0
b

—2/ A Imdy s Ae T < / O]y A e <0 = stability against bubbles wrapping ¥
b b
(3.12)
and
if ¥ is such that/ A Imdy |y Ae™ <0
b
0< / Olg e < —2/ e*4=9Imd,|5; A e~ = stability against bubbles wrapping .
b b

(3.13)
For a generic generalized cycle X, these conditions are stronger than stability: in principle a
given background could violate them and still be stable under these decay channels.
Using equation (3.10c), these two bounds can be reformulated and unified as

_ Lfget s AFnae
T 3 [ge347Im®Po|y AeF

<1 = stability against bubbles wrapping 3. (3.14)

rs

We will call r the stability ratio of the bubble.
If e 2O is closed, we have

d(e*4 % BImd,) = 0, (3.15)

and e34~%¢~BIm®, is a proper calibration form.% This eases significantly the stability analysis
of N = 0 backgrounds satisfying (3.15), since the stability ratio in (3.14) now depends only
on the homology class of 3. By the RR equations of motion, the integrand in the numerator
of (3.14) is closed, so it also only depends on homology classes. In particular, it vanishes
for cycles that are homologically trivial.

Let us now specialise these inequalities to the cases of generalized cycles saturating the
bound (3.6) in two distinct ways:

det(gls, + Fe)dP ¢ = ImPyls, Ae™7 (3.16a)

top
\/det(g|ga~c + ./T"gc)dp72§ = — Im<I>2|Ea~C A e Fae

(3.16b)

top ’

STf there exists at least one generalized submanifold such that the inequality (3.6) is saturated.

,10,



We call the generalized cycles satisfying (3.16a) almost calibrated, and the ones satisfy-
ing (3.16b) almost anti-calibrated —introducing the corresponding subscripts z and 4. These
calibration conditions can be formulated as [15]

RG‘I’2|§; Nne

=0 (3.17a)
top

(dy™ A +¢™00) 1 s A e—f’mp — 0, (3.17b)

while the orientation of ¥ determines whether the cycle is almost calibrated or almost
anti-calibrated.

A particular case that will be useful later is that of an SU(3)-structure. Recall that this
is defined as a pair (J,2) of a real two-form and complex three-form such that

1 i
JAQ=0,  volg=-cJ° = —%Q/\Q. (3.18)

The corresponding pure spinors are ®; = , ®; = e/, (3.17) imply then that the cycle
should be holomorphic, and that

Re(e ™ nelle ) =0, (3.19a)
Fa0=0. (3.19b)

This system was first identified in [40]. For the Ké&hler case, it was studied mathematically
in e.g. [41-43]. For small F, one can ignore higher powers in F term, and one recovers the
Hermitian-Yang-Mills (or Donaldson-Uhlenbeck-Yau) equation [44, 45]. Eq. (3.19a) is now
reduced to a stability condition that holds for holomorphic Abelian bundles, and that is
more non-trivial in the non-Abelian case.

Coming back to the general case, the above inequalities for generalized almost (anti-)cali-
brated cycles are now equivalent to the stability of the background against the nucleation
and expansion of brane and anti brane bubbles:

— 2/ A7 Imdy|y, Ae 7T < / Oz, Ae T <0
Ea 26
& (3.20)
stability against bubbles wrapping >z

and

0< [ Olg, e Fe <2 A Imdy|y  Ae T
ch Zefc

& (3.21)
stability against bubbles wrapping .

These can be once again reformulated as

’7’26 | S1 = stability against bubbles wrapping /. (3.22)

In particular, violating these bounds now means that it is energetically favourable for a
brane or an anti brane bubble to nucleate and expand, triggering a decay of the background.
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Stable against brane and anti brane

Expanding anti brane  bubbles wrapping (3¢, Fz) Expanding brane
bubble wrapping (3¢, Fz) bubble wrapping (Xz, Fz)
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D/
—2/ A mdy |5, A e e 0
3z
Skew-whiffed SUSY

Figure 2. Behaviour of anti brane and brane bubbles wrapping an almost calibrated generalized
cycle (Xz, Fz) in terms of the value of the integrated supersymmetry breaking term.

Almost (anti-)calibrated generalized cycles therefore appear as particularly simple candi-
dates for the destabilisation of non-supersymmetric background through these decay channels.

If d(e34~%e~PImd,) = 0 is satisfied on top of the almost (anti-)calibration condi-
tion (3.16), the generalized cycle is now (anti-)calibrated and the stability ratio depends
again only on its homology class.

Interestingly, the saturation of the upper bound corresponds to the case of supersymmetric
backgrounds, or backgrounds at least preserving the supersymmetry equation (2.8c), and the
saturation of the lower bound of (3.20) corresponds to the non-supersymmetric solutions
which are usually called skew-whiffed, where all the RR fluxes take a minus sign with respect
to the supersymmetric case. This is illustrated in figure 2, for branes wrapping an almost
calibrated generalized cycle. From the stability criteria written in terms of the stability
ratio (3.14), we see that the numerator can be interpreted as a WZ like term, contributing
to the expansion of the bubble, while one can think of the denominator as an estimate for
the DBI term, contributing to its contraction. The criterion then states that the expanding
force shouldn’t win against the contracting one.

This highlights one strength of this formalism: the bounds directly depend on a pure
spinor of the background. In the supersymmetric case, the pure spinors are tightly constrained
by the pure spinor equations (2.8). However, departing from supersymmetry, one has quite a
lot of freedom in picking ®-, the only requirements being its compatibility with the other
pure spinor and the compatibility of the pair with the generalized metric [14]. This freedom
can be used to choose convenient DBI estimates, or even combine them to span the parameter
space of some solutions in the most efficient way. We will make use of this consideration
throughout our study of the non-perturbative stability of various non-supersymmetric AdS
flux vacua in the next section.

4 AdS, solutions

We start by considering several AdS, vacua in ITA supergravity. We will consider some
known solutions, whose non-perturbative stability we will analyze using our method, and
some new ones. The known solutions are AdS;x a twistor space, which includes the CP?
case considered in [23] (section 4.1), and AdSy x KE¢ [6, 24, 25] in section 4.3. The new
ones are AdSyx the flag manifold F(1,2;3) (section 4.2)
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The setup was discussed in section 2; in particular, the metric is as in (2.1), and the
three-form H is purely internal. The ITA equations of motion for the NSNS fields are”

Runn — A(V om0 A+ O AD A) + 2 Vi Vo — %LmH i H (4.1a)
= 1 F 1 F — gl F?);
e 2AN — V24 — 4|dAJ? + 2dA - dp — —ie2¢|F]2; (4.1b)
2V26 — 4|d¢|? + 8dA - d + |H|? = %e% S5 — k) Ff: (4.1¢)
k
d (M2 H) = o™ (<Fyx Fy — Fy AxFy — Fy AxFy) . (4.1d)

The Bianchi identities and equations of motion for the RR fields are:
(d— HAN)F =0=(d— HA)(e* « \F). (4.1e)
(The operators d and * are on Msg.)

4.1 AdS4Xx twistor spaces

We will now consider twistor spaces Mg = Tw(QK,); that is, the total space of the twistor
bundle over a quaternionic Kéhler four-manifold QK,. In practice, we will focus almost
exclusively on the case Mg = CP3.

The reason is that there are only two smooth QK, manifolds in four dimensions: CP? =
Tw(S?), and the flag manifold F(1,2;3) = Tw(CP?) [46]. Both are also homogeneous; for
the latter, this property gives rise to additional solutions, so it deserves its own separate
treatment in the next subsection. There are additional quaternionic Kéhler four-manifolds
with orbifold singularities ([47], 12.5).

For CP3, the solutions in this subsection were discussed in [23]. Our new contribution
is the study of its non-perturbative stability, as an application of the method outlined in
section 3. There are also some supersymmetric vacua in this set, which were first found in [48]
and later reformulated in [49] for Tw(S?) = CP3, again by viewing it as a homogeneous space.

4.1.1 Twistor geometry

The twistor bundle Tw(QK,) is the sphere bundle inside the bundle A2 T*(QK,) of anti-
self-dual two-forms. Since the latter has rank three, the fiber of Tw(QK,) is S2. We
define coordinates y,, a = 1, 2, 3 such that y,y, = 1, and their covariant derivatives
Dy, = dyq + €apecApye, with A a connection for the bundle. The latter can be taken to
satisfy dA, + €qpcAp A we = 0, where w, make up a basis of anti-self-dual two-forms. Since
QK, is quaternionic Kéhler, the curvature F, = dA, + €gpcAp A A, satisfies Fy = 4wy, in a
normalization where the Ricci scalar is R4 = 6. One can now define the forms

. 1 . .

Jr = 5 €abcyaDyp A Dye, JB = Y%Jja; (4.2a)

¥ = Dya A o, ¥ = eabeypDye A - (4.2b)
"The inner product of two k-forms af = %afnl,_,mkdxml A ... Adz™ is defined as o' - a® =

ﬁainlmmka . The pointwise norm of a k-form is then |a|> = a - «. Finally, the total pointwise

norm of the polyform F' =", F} is just |F|? = D |Fy|?.

2my...myg
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jr and jp can be thought of as being along the fiber and base, respectively. These forms
satisfy the algebraic conditions

jE=0=3j8, JrAv=jsAv=jrAY=jgA=0. (4.3)
One can also show that
djp =4¢,  djs=v,  di =2jp Ajs+8j3. (4.4)

For more information, see ([50], section 7.5.2).
The metric we will consider is

2 1
ds2 = R? <stgK4 + 4Dy“Dy“> , (4.5)

The peculiar parameterization for the metric coefficients is chosen so as to match with
that in [48].
For later use we also introduce the SU(3)-structure

2. 1.
J = R? (UJB+4]F)EJB+JF

5 (4.6)

R _
Q= — (- ] .
. ( Y+ zw)
4.1.2 The solutions

The Ansatz now consists in taking the fluxes to be proportional to the forms in (4.2), (4.6)
and their products:

J? J3
Fy = fopJp + forJr, Fi= f4B7B + farJB AN Jr, Fg= fﬁz = —fevolg, H = hRe(}.
(4.7)
We can take
hR?
B=——9jp. 4.
15 F (4.8)

The total flux is

sAF = fo — (fipds + fapJr) + (fapJB A Jp + forJ§/2) + fo(=J3 A Jr/2).  (4.9)

The Ricci tensor for the metric (4.5) can be found in this language in ([48], (3.16)); for
CP3, it can also be obtained by considering it as a coset space Sp(2)/Sp(1) x U(1), using
a formula in the next section.

We consider no warping, A = 0, and the equations of motion (4.1) now become purely
algebraic:

o(6—o h?2 1
o R A ) (4102)

4+02 K2 1
PR g =4I 2B S — L+ 2Ll + 13 (4.10b)
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4
—gﬁA:fg+2f22B+f22F+fZB+2fZF+f62; (4.10c)

S

8
—h? =5f3 + 655 + 3f3 + fin + fir — 15 (4.10d)
4h
Rg? fofes + fopfaB + far far + fav fo; (4.10e)
doh
RZ fofor + 2fop far + for far + faB fo; (4.10f)
—fohR = 2fop + 0 for, (4.10g)
fehR = fap +2far . (4.10h)

We studied these algebraic equations numerically; our results appear to be in excellent
agreement with those in ([23], figure 2).
The supersymmetric solution [48] reads

_.m 30 —2 _ —50+6 B ,m _ 3(2+0)
f0—5gsv fQB_ QQSR ) fQF_ 295R y f4B—f4F—3gs, fﬁ— 2gsR
1 12 2
h:_2m7 m:ﬁ (2—0')(50'—2), A:—W(20’+1), tan@z fj_RU
(4.11)

We see that this only exists for o € [2/5,2]. The Romans mass Fy vanishes at the endpoints of
this interval. For these two cases, the solution can be uplifted to eleven dimensions. For CP?,
we obtain in this way AdSs x S7, with the S7 round (o = 2) and squashed (o = 2/5). The
o = 2 case is thus the famous N = 6 solution [51-54]. As found in [23], non-supersymmetric
solutions exist for a slightly larger interval in o, as we will see in more detail later.

Flux quantization demands

(27r)1—’“/B (e BF)e. (4.12)

As in ([55], section 3.2), we take B = By + b(jr — 4jB); recalling d(jr — 4j8) =0, b is a free
parameter. The other free parameters are o, g5, L = y/—3/A. These four are fixed by the four
conditions in (4.12). We first compute the periods nf = (2r)! =% IB, (e=BoF),; they are of the
form n) = LF=1 /gy, where 1)y, are multi-valued functions of 0. The actual flux quanta are
then given by a b-transform: ng = n{), na = n3 — bng, and so on. b can be eliminated from
the system thanks to two invariants under b-transform: Iy = n3 — 2ngng = (n9)? — 2ndnY,
Is = n3 + 3ngng — 3ngnang = (n9)> + 3nind — 3ndnIng [55].

The quotient I3/ 162 then only depends on o, and determines it in terms of the flux quanta.
We obtained this function numerically; it is multi-valued, and contains the supersymmetric
result in [55] as one of its branches. The limits studied there, ng < n3/n2 and ng > n3/n?
(for ny = 0) were motivated by holography; I3/I2 — 1 and 0 respectively. In the first
limit we find that o can have the same values of the supersymmetric case, namely 2, 2/5
and one more value near 2/5. In the second limit, besides the supersymmetric case o = 1,
several additional values appear. Finally, L = é/GnEI/Q(wg’ + 3p3bs — 3¢0¢2¢4)*1/6wé/2’
and g = Ig1/6n51/2 (V3 + 331bg — 3w0¢2¢4)1/6¢é/2. The functions of o that appear in these
expressions are of order one on most of the interval.
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5
Figure 3. Stability ratio of D2 bubbles for the supersymmetric solutions and various non-
supersymmetric solutions. The red line indicates instability of the given solution under the nucleation

and expansion of such bubbles, and the black lines signify stability. Note that the o interval for
non-supersymmetric solutions is wider than the supersymmetric one, as discussed in [23].

4.1.3 Stability: bubbles of simple branes

Our stability analysis will take advantage of the fact that there are two possible choices for J:
2 1
Jy = R2 (:l:O_jB + 4]F> =+Jg+ Jr, (4.13)

0 0,—i

J-_ We can then simply pick the
8

so two possible pure spinors: & = ele ™+ or &, = elfe
most advantageous one to evaluate our stability criteria.

We first look at simple domain-wall Dp-branes, before switching on a world-sheet flux.

D2. Here we will evaluate the stability bound derived in the previous section for D2 bubbles.
To make our criterion most efficient, we minimize our stability ratio: we maximize (Im®, )y =
sinf in 6 by taking § = /2. In doing so, we trivially satisfy the almost calibration
condition (3.16a) for points of M. In this case, we can therefore use the criterion (3.14),
which is both necessary and sufficient for stability. The corresponding stability ratio is
o2 = 50sLfs. (414

Note that here, the almost calibration condition (3.16a) is satisfied for § = /2, which is
different from the 6 set by supersymmetry in (4.11). This shows that the domain-wall D2
branes are not BPS in the A/ = 1 case. The criterion for the stability of D2 brane bubbles
is illustrated in figure 3 for the supersymmetric solution and different non-supersymmetric
solutions.

We conclude from figure 3 that most non-supersymmetric solutions are stable against
the nucleation and expansion of D2 bubbles, with one solution being unstable in the region
o € [1/2,3/4] and two in the region o € [3/4,1].

8The odd pure spinor compatible with &4 = e'%e™/~ is only locally defined, but we won’t be needing it

for our construction.
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D4. We consider here D4 bubbles wrapping a two-cycle By. Im(e BA®, )y = —sin §B+cos0.J
is in general not closed. As discussed earlier, this would cause the problem that the integral
B, Im(e 2 A @, )5 would depend on Bs, and not on its homology class alone; in other
words, we would have to perform the integral over infinitely many possibilities. Fortunately,
d(Ime_B A ®1)9 = 0 can be arranged by choosing 6 appropriately: this is, in fact, what
happens in the supersymmetric case, where the pure spinor is e'?e~*/+ and the angle is given
by tanf = (o + 2)/hR. This provides one estimate for the DBI term entering the stability
ratio. Another comes from the pure spinor ee™/~ with § now such that tan = (o —2)/hR.
In both cases separately, both (Ime™? A®, )3 and (e=Z A*\F)y are proportional to —45p + jr,
which is indeed closed by (4.2). In the stability ratio, the integral of this two-form on Bj is
present in both the numerator and denominator, and cancels out.

However, in choosing 6 these ways, no two-cycle can be almost calibrated with respect
to (Ime~5 A @, )a. We therefore evaluate our criterion (3.14), sufficient but not necessary
for stability. We do so by picking the pure spinor built out of J_, since it yields a smaller
stability ratio than its J; counterpart. All in all this gives

gsLfar
3hR

rDa = VR2R? + (0 - 2)2. (4.15)
D6. We consider now D6 bubbles wrapping a four-cycle By. (Ime™2 A &, )4 is automatically
closed for any 6. To compute its integral over By, we can use the fact that 4]'}23 + jr A\ jB is
exact. Alternatively, —4jg + jr is a closed two-form, so it can be taken to be the generator
of the only cohomology class up to rescaling; so it is the Poincaré dual of B4. Either way,
we conclude [p, (pj& + qjr A jB) = JB,(p — 4q)j&. Finally, we are allowed to choose 6 so as
to maximize [p, (Ime=B A ®),. By doing so, we minimize our stability ratio, but here we
remain agnostic as to whether or not By is an almost calibrated cycle. Indeed, maximizing the
pure spinor four-form in 6 is equivalent to satisfying (3.17a), but we don’t know whether or
not (3.17b) holds. Our criterion is therefore once again the one stronger than stability, (3.14).
Simplifying [5, j&, we obtain

_ 9sL(for + farhR — foB)
3Vh2R? + (0 —1)2

(4.16)

D8. Finally we consider D8 bubbles wrapping the whole internal space. In this case, the
integrals are straightforward. maximizing in 6, we end up almost-calibrating the internal
space with respect to (Ime™2 A @ )g, since both (3.19) are satisfied. We obtain the following
stability ratio entering (3.14)

—_— gsL(forhR — foo)
3vVh2R2 4+ o2

Combining all bubbles. Let us bring these results together and define a combined stability

(4.17)

ratio rmax = max{|rpz|, |7p4l, |7Dsl, |7Ds|} for each solution at a given value of 0. Violating the
stability bound with 7, does not necessarily mean that the given solution is unstable, since
it combines ratios entering bounds either strictly equivalent to stability or more restrictive.
Figure 4 illustrates the combined stability analysis.
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Figure 4. Combined stability ratio for D2, D4, D6, and D8 bubbles, for the supersymmetric solution
and various non-supersymmetric ones. The red line indicates the inconclusiveness of our criteria to
determine whether or not the given solution is stable under the nucleation and expansion of bubbles,
and the black lines signify stability against all bubbles.

Figure 4 shows that most non-supersymmetric solutions are stable against the nucleation
and expansion of any pure brane bubbles.

At 0 = 1, the geometry becomes nearly-Kéhler, and some solutions have a vanishing
NSNS flux. For D4 bubbles in the H — 0 branch approaching such solutions, our DBI estimate
becomes particularly inaccurate, resulting in the divergence of the stability ratio (4.15), as
seen in the o = 1 vicinity of figure 4. Our D4 stability analysis therefore remains inconclusive
for these solutions, but these are precisely the ones that are destabilised by D2 bubbles anyway.

4.1.4 Stability: bubbles of bound states

We switch on a world-sheet flux 27 fys = f(—4jB + jr), and from now on, we denote the
D8/D6/D4/D2, D6/D4/D2, and D4/D2 bound states simply as D8, D6, D4 bound states
respectively.

D4. As for the pure D4, we need to fix 6 so as to make (Ime~7®, ), closed. By doing so
we again prevent any two-cycle to be almost calibrated by (Ime™ @, ),. But we face a new
issue: the integral of (Ime™7 ® )s would always vanish for at least one choice of f.° In fact:

gsL(FhR3 + 2fo(o £2))

Ime 7 ®, )y =
(Ime +)e 20/h2R2 + (0 + 2)2

(4.18)

where the signs are relative to the choice J = Ji. Fortunately, we are not forced to choose
one of the signs once and for all: both choices give a lower bound on the minimum value of
the DBI action in the homology class, and for each solution and choice of f we may take the
largest of the two. In figure 5 we show the maximum over the two signs of the absolute value

In fact f is restricted by world-sheet flux quantization and such a value could not be chosen exactly; but
one could get arbitrarily close to it at large R.
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Figure 5. Lower and upper bounds on the minimal DBI action for a cycle on the fiber, shown here
for one of the solutions at o = 1.3.

of [z, (Ime=7®, )y, taking By the fiber over a point; this gives the lower piecewise-linear
plot. For reference, we have also directly evaluated the DBI action on the fiber, which gives
7/ RY+ (4f — R3h/0)%2. We don’t know for sure if the DBI is in fact minimized over this
cycle representative, or perhaps over another that is homologous to it. The real value of the

DBI minimum might lie anywhere between the curve and the piecewise-linear function.
Overall we get

D4 = O’ + 23)2 . (4.19)

sL(—fipR? + 2f feo) \/h2R2
sE{:tl} —3shR3 +6fo(o+2s)

To check which solutions are stable according to the criterion in (3.14), we now need
to check that |rps| < 1 for every f. It is enough to maximize in f, so as to check the
worst-case scenario.'?

Other bound states. For D6 bound states, when we choose 27 fys = f(4j8—jF), it turns out
that the choice J = J_ always gives the largest value of (Ime™” ®),. For the vast majority of
solutions, these bound states do not yield an instability. These results contribute to figure 6.

A general four-cycle By has a larger cohomology H?(Bj) than that of its ambient CP3,
and in principle one might want to consider fys to be a general element of it. We were not able
to find a protection mechanism for these more general objects. This is an incompleteness in our
approach, beyond our omission of non-Abelian bound states, mentioned in the Introduction.
On the other hand, we also have no indication that either of the calibration conditions (3.19)
can be solved on such configurations. We will be able to say much more about these objects
for the Kéhler-Einstein solutions of section 4.3.

For D8 bound states, both choices J = J; and J = J_ give the same result for
27 fws = f(4j — jr). In both cases the resulting functions are quite complicated and we
do not write them down explicitly. For each solution, we maximize in 6 just like in the
bubble case, and we maximize in f numerically. Again these seldom cause instabilities, and
are presented as part of figure 6 below.

10An efficient way to do so is to notice that it is monotonic in f for both s = +1. So we really only need to
maximize among the values of f where the two branches intersect, and the limits f — +oo.
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Figure 6. Combined stability ratio for bound states, for the supersymmetric solution and various
non-supersymmetric ones. The red line indicates the inconclusiveness of our criteria to determine
whether or not the given solution is stable under the nucleation and expansion of bound states, and
the black lines signify stability against all the 27 fs = f(4js — jr) bound states.

Combining bound states. Let us now bring together all the bound states we analyzed.
We define once again a combined stability ratio rmax = max{|rpz|, |7pal, |7Ds|, |7Ds|} for each
solution at a given value of o. Figure 6 illustrates the combined stability analysis.

Figure 6 shows that some non-supersymmetric solutions remain stable under the nu-
cleation and expansion of any 27 fys = f(4jp — jr) bound states. We witness the same
divergence behaviour for the rp4 stability ratio of solutions approaching the nearly-Kéhler
H = 0 solutions. The ryax = rps = 1 black line corresponds to the supersymmetric solutions,
given that having rpy = 1 is equivalent to the supersymmetry equation (2.8c).!!

One could refine our results by studying further the stability properties of the solutions
having a stability ratio larger than one, for which we didn’t reach a conclusion. This could
be done by direct evaluation of the DBI contribution for D4 bound states wrapping the fiber
for instance. We don’t pursue this further as here we are using our stability criteria to show
that some solutions are actually stable against the 27 fys = f(4jB — jr) bound-state bubbles.

Finally, let us mention that a partial perturbative stability analysis of these vacua has
been conducted in [23]; loosely speaking, they found tachyonic instabilities for some solutions
in the vicinity of o = % and o = 2, we thus conclude from figure 6 that there are solutions
resisting both these tachyonic instabilities and the 27 fys = f(4j — jr) bound-state bubbles.

4.2 AdS4x flag manifold

We now consider the so-called flag manifold F(1,2;3). A (complete) flag in C3 is a complex
plane, together with a line belonging to it. F(1,2;3) is the space of all such flags. It has
a rich geometry, which can be treated from multiple points of view; see [56] for a recent

"This employs the supersymmetric pure spinor e'?e ™'+, Given that the stability ratio lies at the intersection
of the pure spinor values for the D4 bound states, as mentioned in the previous footnote, this is effectively
what we are using.
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mathematical review. It is topologically Tw(CP?), and as such it was covered in section 4.1.
However, it is also a homogeneous space SU(3)/U(1) x U(1); this gives access to more forms,
and thus to a richer space of solutions. This possibility was actually mentioned in [23],
but not explicitly realized; we are now going to do so. This parallels the developments for
supersymmetric solutions, which were first found using the twistor metric [48] and then
extended to a more general metric using the homogeneous structure [49].

4.2.1 Coset space geometry

Given a fiber bundle £ 5 M, if a form on the total space E is invariant and horizontal
(annihilated by both ¢, and L, = {d, ¢, }, for v any vertical vector field), then it is the pullback
under 7 of a form on M. In other words, such a form is basically a form on the base.

Consider now the particular case G — G/H. On a group manifold G, there are left-
invariant one-forms A’ obtained by expanding g~'dg over the generators. In general few (if any)
of these are invariant and horizontal under G — G/H. However, it is more common for some
higher forms %Wil...ik A1 A N to be invariant and horizontal. In the context of homogeneous
spaces these are often just called invariant. For more details see for example ([49], section 3)
or ([50], section 4.4.2).

For our case G = SU(3), H = U(1) x U(1), there are three invariant two-forms j, and
two invariant three-forms v, ¢. They satisfy

) ) ) 1 ~ ) ~ . . . ) ) )
DN A3 == A, dja =1, d =4(j1 Njo+j2 Nz +i3Aj1).  (4.20)

The two-forms can be written locally as j; = AL A A2, jo = A3 AN, 52 = A5 A XS, In terms
of these, we write the metric as

ds? = a?(N2 + A + 2(\2+ 0D + a2(A\2+22). (4.21)
We can also introduce the SU(3)-structure
J=J1+ o+ J3, Jo = Odgja ; Q= 041042043(—1/1 + 11;) . (4.22)

This geometry reduces to that in 4.1 on the three loci
R? R? R?
{a%—a%—,ag—Rg}, {ag—ag—,a%—RQ , d=a3=", al=R?}.
o o o

Indeed, there are three ways to fiber F(1,2;3) over CP? ([56], section 5).

4.2.2 The solutions

Our Ansatz for the form fields consists in expanding them over the invariant forms:
Fo = foudy, Fy = fa1Jo A J3 + cycl., Fs = feJ1 N Ja AN Js; H = hRe2. (4.24)
We can take

B = —thOzQCkg jl. (4.25)
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The total flux is
*AF = fo — faada + (f21J2 A J3 + cycl.) — fo J1 A Jo A Js. (4.26)
To compute the Ricci tensor, we used the following formula ([57], (7.33)):
PR R i ta 1 ik | pi
Ry, = €elel {—Qf gifi’ = S F = Glaf i+ fiani + FrifGor| - (4.27)

f are the structure constants, i are indices along M = G/H, « along H.
Once again the equations of motion become algebraic:

4 (af —aj—ai+6a2a? A2
o ( el ) T e I = S fl Tl R
and cycl. ; (4.28a)
4
_?A:fg+f2af2a+f4af4a+fg; (428b)
8
?hQ = 5f02 + 3 f2af2a + faaf1a — fg ; (4.28¢)
Qa3 h2
m fofos + forfaz + foafar + fasfe and cycl.; (4.28d)
> foatth = —harazasfy, (4.28e)
Y fia0 = honasas fs. (4.28f)

Notice that these admit more solutions than (4.10) even on the twistor loci (4.23), because
the flux Ansatz (4.24) is more general than (4.7). With additional restrictions on the flux
parameters, (4.28) do reduce to (4.10), so the twistor solutions are indeed part of the solutions
to the new system.

While the «a, parameterization is nice and symmetric, to study solutions we also find
it practical to switch to an overall radius R and two shape parameters, similar to the R
and o in section 4.1:
2 2
a%—i, a%—i, o3 = R%. (4.29)
The twistor loci (4.23) are now {01 = o2}, {01 = 1}, {02 = 1}.

The symmetry among the «, is of course not lost; it becomes

(027 01, R)

1 o2 _R
(0'170'27R)’_> 01’01’ \Jo1) -

oo 1 _R
02’ 027 /o2

A fundamental region in the (o1, 02) plane is {01 > 092,02 > 1}. The boundary of this region

(4.30)

consists of the half-lines {01 > 1,09 = 1} and {01 = 02,09 > 1}, which are part of the twistor
locus. They include the solutions of (4.10) with {¢ > 1} and {0 < 1}, respectively.
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The supersymmetric solution [49] is

-5 2 3 2 3 2 5
fo=5—, for = —2 T00 305 and cyel.,  fi=32, fo =32
s 2gsaraza s s
- \/6(oz%a% + a?a? + adad) — 5(af + af + af) _— _a% + a3 + a3 (4.31)
vV 20&1&2043 ’ 2041@2043
h=-2m, tanf = m.
m

4.2.3 Stability: bubbles of bound states

As for the CP? case, our stability analysis will take advantage of the fact that there are
different possible choices for J: the first is

J=J1+ Jo+ Js, (4.32)

and three others correspond to flipping the sign of Jy, Jo, or J3. We thus have four pure
spinors ®, = e?e/ at our disposal, with the four different versions of J.'?
Here we directly consider bubbles of bound states, since bubbles of simple branes are

merely a particular case. By (4.20), the most general closed world-sheet flux can be written as

27 fuws = f1(J1 — J2) + fo(J1 — J3) - (4.33)

D2. We start by considering D2 bubbles. All available versions of the pure spinor have
(Im®, )p = sinf. We again maximize in 6 so the points of Mg are again almost calibrated
with respect to (Im®, )y, yielding a stability ratio similar to the CP? case:

1
o2 = 59sLfs. (434

The criterion for the D2 bubbles is therefore necessary and sufficient for stability. It is
illustrated in figure 7 for the supersymmetric solution and different non-supersymmetric
solutions.

D4. There are two classes of homologically distinct two-cycles, with Poincaré duals propor-
tional to j; — jo and j; — j3. We evaluate the stability ratio for both classes separately.

As for the CP? case, we need to fix 6 so as to make (Ime™7 @), closed, so that the
stability ratio doesn’t depend on the specific two-cycle considered in each class. We do so
for each of the pure spinors constructed out of the four versions of J. For the pure spinor
constructed out of J (4.32), this yields the stability ratios

2
hR\/o1 (fa2R* — f1f602) \/1 - %#

i, = 4.35
ralj—sa 3(hR3\/a1 — fi1\/o2 (01 + 09 + 0102)) (4.332)
2 (o1+02+0102)>
hR\/0102 (fasR? = fafs) \/1 + “Tfmg o
(4.35b)

TD4’j1—j3 = 3(hR3W — f2 (0'1 + 09 + 0102))

12The odd pure spinors compatible with the different even pure spinors constructed out of J’s with sign

flips are only locally defined, but we won’t be needing them for our construction.
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Figure 7. Stability ratio of D2 bubbles for the supersymmetric solutions and various non-
supersymmetric solutions, with oo = 1.5. The red line indicates instability of the given solution under
the nucleation and expansion of such bubbles, and the black lines signify stability.

Given that neither class of two-cycles is almost calibrated with respect to (Ime™7 @ ),, we
now need to evaluate our criterion (3.14), and to do so for every world-volume fluxes.

The stability ratios (4.35) have the same structure than in the CP? case: they each
depend on a single world-volume flux, and they have a pole for one of its value. Fortunately
we are not forced to choose among our four different pure spinors once and for all: all four
choices give a lower bound on the minimum value of the DBI action in the homology class,
and for each solution and value of the world-volume flux we may select whichever is the
largest.'® To ensure that our stability criterion is respected for all possible world-volume flux,
it suffices to consider the worst case scenario where a given value maximizes the stability
ratio. We do so for each solutions and values of o1 and o5.

D6. For bubbles of bound states wrapping a four cycle By, we have fB4 (aji Njo+bji Ajs+cja A
Jj3) = [p,((a—c)j1 Aj2+ (b—c)j1 Ajs), which comes from the fact that ji Aj2+j2 Ajs +J3 Aji
is exact. We therefore calculate the stability ratios for the j; A jo and j; A j3 components
separately, with their integral over B4 again dropping out of the stability ratios. We maximize
the DBI estimates in # as before, and numerically maximize in both world-sheet fluxes f;
and fo to encompass all cases of world-volume flux values. Just like in the CP? case, the
B, we consider aren’t necessarily almost calibrated so these stability ratios are the ones of
the criterion (3.14). It turns out that they are the smallest when evaluated with the pure
spinor having the sign of J; flipped.

When considering world-volume fluxes more general than (4.33), the situation is closely
analogous to the CP? case: a general four-cycle By can have a larger cohomology H?(By)
than that of its ambient F(1,2;3), which would give access to more general possibilities
for fus. As for the CP? case, we were not able to find a protection mechanism for these

3In practice we do so by comparing pairs of pure spinors for every world-volume flux value, and selecting
the best ratios among the pairs. This might get optimised by comparing more DBI estimates simultaneously
but as we will see later on the resulting stability ratios will be small enough to reach stability conclusions.
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Figure 8. Combined stability ratio for bound states, for the supersymmetric solution and various
non-supersymmetric ones, with o9 = % The red line indicates the inconclusiveness of our criteria to
determine whether or not the given solution is stable under the nucleation and expansion of bound
states, and the black lines signify stability against all 27 fs = f1(j1 — j2) + f2(j1 — j3) bound states.

objects. However, we also have no indication that either of the calibration conditions (3.19)
can be solved on such configurations. We refer the reader to the Kéhler-Einstein solutions of
section 4.3, for which we are able to say much more about the analogous objects.

D8. Finally we consider bubbles of bound states wrapping the whole internal space. maxi-
mizing in 6, we end up almost calibrating the internal space with respect to (Ime=2 A @ )g,
just like in the CP? case. The resulting stability ratio thus enters the criterion (3.22). We
again maximize in both world-volume fluxes. This time the pure spinor constructed out of
the standard J suffices to reach small enough stability ratios for most solutions.

Combining bound states. Let us once again bring the bound states results together and
define a combined stability ratio ryax = max{|rpa|, |rpal, |rD6|, |rD8|} for each solution at a
given value of 1 and oy. Figure 8 illustrates the combined stability analysis.

Figure 8 shows that some non-supersymmetric solutions remain stable under the nucle-
ation and expansion of any 27 fys = f1(j1 — Jj2) + f2(j1 — j3) bound states.

One could refine our results by studying further the stability properties of the solutions
having a stability ratio larger than one, for which we didn’t reach a conclusion. We don’t
pursue this further as here we were mainly interested in using our stability criteria to
show that some solutions are actually stable against the 27 fs = f1(j1 — j2) + f2(j1 — J3)
bound-state bubbles.

The rmax = 1 line corresponds to the supersymmetric solutions. From figure 8 we see
that the region of the oy interval admitting supersymmetric solutions coincides precisely with
the one where there is at least one unstable/inconclusive solution, since one of these N =0
solution merges with the supersymmetric branch at its extremity. Going beyond the o9 = %
slice, this is true in the whole o1, oo plane, as we can see in figure 9.
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Figure 9. Different regions of the o109 plane: the inside of the grey triangle-like contour corresponds
to the region admitting supersymmetric solutions. The sub-regions delimited by light grey lines
are equivalent up to the symmetries (4.30). We therefore analyse only the fundamental region
{01 > 02,09 > 1}. Along the light grey lines lie the twistor solutions. The red region admits at least
one unstable non-supersymmetric solution; the black one admits at least one solution with inconclusive
stability results; in the green one, all solutions are stable against the bound states with world-sheet

fluxes 27 fus = f1(J1 — j2) + f2 (41 — J3)-

4.3 AdS4; X KEg solutions

Non-supersymmetric solutions on Kéhler-Einstein manifolds KEg were already considered
in [6, 24], and even partially in [25]. This is one of the first examples where bubble stability
was addressed ([6], section 4.1.2), but only for D2-branes and near the supersymmetric limit
in parameter space, for reasons related to the AdS/CFT correspondence. In that limit, a
conclusion of instability was reached. Here we will greatly expand that analysis, finding
possible islands of stability near the skew-whiffed solutions (already mentioned in section 3.3).

There exist many examples of Kihler-Einstein manifolds. Some famous ones are CP?
and the d < 5 Fermat equations {37_; Z¢ = 0} € CP*, and the flag manifold F(1,2;3). The
problem has famously been reduced [58-61] to the notion of K-stability. This has been used
to great effect in recent years; see e.g. ([62], section 6) for a large set of examples.

4.3.1 The solutions

We normalize the internal curvature such as

8

The fluxes are taken to be proportional to the Kéhler form:

J? J3
Fy = fod, Fy = f47, Fs = fGE- (4.37)
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We take H = 0, as there is no natural three-form in this general class of manifolds. Two cases
where such a three-form exists are CP? and F(1,2;3), which were considered in section 4.1.
As we saw, those spaces admit a richer space of solutions, generically not Kahler. CP? admits
a Kihler structure for o = 2, while F(1,2;3) does when two of the a2 are half of the third.

Considering no warping, A = 0, the equations of motion (4.1) reduce to

4
B i R LR R (4.38)
= R-B+R (1.350)
0=>5f3+9f3 +3f7 = 5, (4.38¢)
0= fofa+2fafa+ fafe. (4.38d)

Following [6], we can solve (4.38d) for fs = — fofa/(fe6+2f2), as (4.38¢c) ensures that fg # —2fa.
Eq. (4.38¢) then determines fy. The remaining two give R and A. We can keep fg, R, and
2z = fo/fs,'* as free parameters, and give everything else in terms of them:

; (1—922)(1+ 22)? F 5 ; 2v/1 — 922
= =z = ——,
0= "5 120z +2322 2 6 1T T 51202 + 2322

2 [, = / A

L is the usual AdS radius. We see that z € [—1/3,1/3]. Given a solution, there are three
more obtained by reversing the sign of fy and that of fs. We can thus assume fy, fg > 0

(4.39)

v | =

without loss of generality.

For z = 1/3, fo = Fy = 0, and the solution can be uplifted to eleven-dimensional
supergravity; f4 = 0 and fy becomes part of the internal metric, so the only flux left is
G, signaling a Freund-Rubin solution AdS, x M7. It turns out that M5 in this case is a
Sasaki-Einstein and the solution is supersymmetric. For z = —1/3, once again fy = f4 =0,
but the other fluxes have the opposite sign; so this time in eleven dimensions we obtain the
skew-whiffed solution, which is non-supersymmetric.

Flux quantization proceeds similarly to the procedure outlined for the twistor solutions
in section 4.1.2. The main difference is the possible presence of many two- and four-cycles.
Given our normalization (4.36), J = Z¢,PD(Ba,)/R?, where ¢, € Z are the components of
the first Chern class and PD(Bsy,) are the Poincaré duals of the two-cycles. B is closed. Flux
quantization is satisfied if no = g2 fSR?/8, N4 = guf? %, ng = ge fg% are integers, where
g2 = ged(ca), g2 = ged(D%Ccye,), gs = D™ cqcpe./6, DU is the triple intersection form,
and (f°)x = (e’f)x. In terms of the invariants introduced in section 4.1.2, Iy = fgf4(z)§—:,
Is = fgfﬁg—s. I3/12 is now a (complicated) function of z and determines it; the remaining

> ng 2 fov1 2 3272 (1-922)(1+22)2
arameters are fixed by f2 = 51t20z+232" 1o = 4r-JoVi4 — 32m
p Yy f6 (1-92)2(1+22)2 472> R nofﬁ\/i’ 9s ngRZ (1+2)4 )

. We will soon see that the region z ~ —1/3 is important for stability; in

h = f2 167no

fo g2R%ng

Y This is the inverse of the quantity by the same name introduced in [6], and turns out to be more convenient.
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that limit, and taking for simplicity nqy = 0, ng > 0, nong < 0,

1 8g5 ni —51272 3/ 2
PO SR T L L S Oy B S SO
3 8lge nj 3geno g6 3n3 T30z
(4.40)
4.3.2 Stability: bubbles of simple branes
We now study non-perturbative stability using the methods in section 3. We take
o, =elfe . (4.41)

On a 2k-cycle By, Im®, is proportional to J* times a trigonometric function. We can
maximize in § independently for each k. This leads to maxy(Im® )ox = J*/k!. The form
J and its powers are closed and therefore proper calibrations.

Locally we can complete ®, to a compatible pair of pure spinors by taking &_ = (.
In general this is not globally defined as a form, but only as a section of the trivial bundle
A3Y® K1, with K the canonical bundle. Applying (3.16) now reduces to Wirtinger’s theorem
in Kéhler geometry: for a holomorphic cycle Boy,

Jk
/sz F .

For homology classes that have a holomorphic representative, our criterion (3.22) is then

vol(Bay) = (4.42)

both necessary and sufficient for stability. Not all homology classes have this property.
When we integrate *Af and Im®_ over the cycle, a factor |, By k appears both in the
numerator and denominator of (3.22), and cancels out. This leads to evaluating the quantities

gsit
6

fs—p (4.43)

for the stability of a Dp-brane bubble. These functions are plotted in figure 10. Their absolute
values are < 1, except for D2-branes, which have that property only for'®

1
z € {—3, -2+ \/3} : (4.44)
(Recall that z = —1/3 corresponds to the skew-whiffed solution.)

4.3.3 Stability: bubbles of bound states

We now repeat the previous analysis with a non-zero F = B + 27 fys. When fys # 0,
these represent bound states.

5 As mentioned earlier, the D2 case was analyzed in [6], but only for z > 0. This was presumably motivated
by that paper’s focus on the holographic interpretation of these solutions for KEg = CP3, which was only
justified near the supersymmetric case, z ~ 1/3.
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Figure 10. The stability ratio (4.43) for various Dp-branes.'%

D4. On a two-cycle By, h?(B2,R) = 1: all closed two-forms are proportional up to exact

forms, so we can just take F = fJ. Im(e™" A ®, )y = —(sin ff + cos #).J; maximizing this in
6 we obtain /1 + f2J. Once again | B, J simplifies in the stability ratio, which becomes
_ gsR f4 + ffﬁ

r . 4.45
Both f and the fi are restricted by flux quantization, but at large R their values cover
almost all possible real values. In any case, let us look now for the worst case scenario for
stability, and maximize (4.45) in f. This yields

_gsR o 2
MaxTDa = =5/ fi+fs- (4.46)

This function turns out to be > 1. In particular, near z = —1/3, the function in (4.46) is
~ 1+ %522, with 0z = z 4+ 1/3. So stability would appear to be violated for any z > —1/3.
However, it is instructive to investigate the values of f for which this happens. This

is the region between the two curves in figure 11. We see that it diverges near z = —1/3;
asymptotically,

2
f-<[f<[f+, fiNﬁil- (4.47)

In other words, for z ~ —1/3, the window of instability is located at very large values of f.
In this regime, it is not clear whether we should trust the leading order brane action we have
been using. (See [63] for a review of corrections to brane actions.) So it is not clear that this
window represents an actual instability, when z is very close to the skew-whiffed limit.

D6. A holomorphic four-cycle By is simply-connected, by the Lefschetz hyperplane theorem
(see e.g. [64], section 1.2). However, H?(By4,R) can be larger than that of the KEg itself.!”

16Here we didn’t take the absolute value of the stability ratio like we usually do, for aesthetic reasons.

"For a By C CP® of degree d, the Chern classes are ¢; = (4 — d)w, ca = (6 — 4d + d*)w?, with w the
hyperplane class in H?(CP?). Now the dimension ho(B4) = =2+ x(Ba1) = -2 + fB4 c2 = —2+d(6 —4d + d?).
On H?, the intersection form has signature (2272, 22te) & = %fle (¢i —2¢2) = 1d(4 — d*), but on H"' it
has signature (1, "' —1). As a famous example, for d = 4 we have the quartic K3; it has ho = 22, signature

(3,19) on H?, and (1,19) on H"'.
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Figure 11. The window of instability ratio for D4 bound states diverges as z — —1/3, the skew-
whiffed limit.

Given F € H?(B4,R), let us introduce ki, ko such that I, FANF = ko f? I, J? and
Jg, F NI =kif [, J2. Due to (3.19b), fus is (1,1) (and in particular belongs to the Picard
lattice HY(By) N H?(By,Z)). By the signature theorem ([65], (IV.2.13)), the intersection
pairing has signature (1,h"! — 1) on H'!. Applying this to our definitions, one obtains

ko < k2. (4.48)
Now [Im(e " A®, )y = (sin (ko f2—1)+2cosbf) [, J?. Maximizing the coefficient in 6:

_gsR fo+2kiffa+ kaf?fe
6 ((kaf?—1)2+ 4R f2)120

TDe6 (449)

Similarly to (4.47), we find that instabilities would be present in a window f_ < f < fy, where

1 k
5(2+3fi(3k%—k2)) - 2—\}3(—1+3k2fi)f\@~0. (4.50)

By (4.48), again there are no finite solutions in the ¢z — 0 limit: rather, fi diverge in that

limit. For the particular case k1 = ko =1, fo ~ 4(?7\/%/5) — %(:t23 +8v/3)V62. So it is again

not clear whether these instabilities should be trusted.

D8. Now we introduce ki, kg, k3 such that [y Fi3=k3f3 JKEq J3, JE, F2NT =ky f? JKEq J3,
Jge F NI 2=k f Jieg 7 3. Again the signature theorem implies (4.48). The stability ratio is

gsR fo+ 3kif fa+ 3kaf?fa+ ksf? fe
C 6 (1= 3kaf2)? 4 (Bkf — ks f?))V2

In the limit z — —1/3, the instability window is f_ < f < f4, with

D8 (4.51)

L+ (8T — k) f3 + (9k3 — dkiks) fL + V3fx(1+ 3kof3)(ksfi — k1)Voz ~0.  (4.52)

For F = fJ, ki = ko = k3 = 1, the instability window is divergent as z — —1/3, as for the
previous bound states. For general k;, taking into account (4.48) we find that the instability
window could become finite only if

kyks > 9k3 . (4.53)
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It might be that this never happens, perhaps along the lines of the Khovanskii-Teissier
inequalities ([66], section 1.6). In any case, (4.53) is not an issue when h?(KEg) = 1, such as
for CIP3, since in that case F = f.J is the only possibility. More generally, (4.53) is less likely to
be problematic when H?(KEg) is small. When (4.53) is satisfied, we cannot tell whether there
is an actual instability; this would involve solving the six-dimensional case of (3.19a), namely

cos O(—F3 +3F ANJ?) +sin0(3F*ANJ —J3) =0. (4.54)

This ends our treatment of non-perturbative stability for these solutions. Regarding
tachyons, the KEg = CP3, z = +1 /3 solutions are perturbatively stable; moreover, all masses
lie strictly above the BF bound [51]. By continuity, a neighborhood of those two points
is then expected to be also perturbatively stable [6]. It would be interesting to check how
generally this property holds for other Kéhler-Einstein manifolds.

4.3.4 A generalization: AdS; x (§?)3

We now briefly discuss a natural generalization of the K&hler-Einstein case: we consider
52 x 8% x S? with a product metric dsg = 23_, R2ds%,. Defining J, to be the volume forms
of the three S?, we can take the fluxes to be

Fy = foudg, Fy = fa1do N Js + cycl. s = feJi N Ja N J3, H=0. (4.55)
The equations of motion are very similar to (4.38), and can be solved in a similar fashion. It

is convenient to define z, = fo,/ f6, mk = 23:1 zij, P = 212923, and D = mo — 6my + 2mg —
12p + 4m3 — mamy — 4pma + 6p? + 5(1 — ma + 2p). The solution then reads

Fo 1—3m2
V= 9 )
7, (1 —m2+2p)y/ B

1—-3m
—f41 = (z1(1— zf + zg + zg) — 22923) -2 ,
fe V™D

A :m2—1+1—3m2(1_m2+2p)2 (4.56)
922 2 D ’

1 (1 _ 22)2 + (22 _ 22)2
o :fG(l-l-z%—z%—z%)\/ 1 o) 2 3 ,

plus the cyclically similar equations for the other fi,, Ry. The free parameters can be taken
to be fg, gs, the 24, plus the three parameters in B = b,J,. These eight parameters are then
fixed by flux quantization. The solution is restricted to the two-ball {ms = 3", 22 < 1/3}
in z, space.

Given the limited physical interest of the (52)3 geometry, we don’t lay out a comprehensive
study of bound-state bubble instability here, we merely investigate how simple bubble decay
constrains the two-ball parameter space of solutions.

As in the Kéhler-Einstein case, we take

o, =elle (4.57)
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Figure 12. Region of stability for all simple Dp-branes for the AdS, x (52)? solution.

with J = J; + Jo + J3. Maximizing in 6, the stability ratio for D2 bubbles yields

1 [1—my 3mg—1 —1/2
gslfel 1 20Ty 4 2p)? , (4.58)

2| = —3A V3l 2 D

We don’t display the expressions of the stability ratios for other simple Dp bubbles,'® as
they are lengthy and yield no regions of instabilities within the the two-ball parameter
space of solutions.

Figure 12 shows the subregions of stability against simple bubble decay. This can
be thought of as the generalization of the stability result for simple Dp branes shown in
figure 10. Only D2 brane bubbles can decay, and they are stable only near the boundary
of the parameter space.

5 AdSj; vacua

We now consider AdSs5 vacua in IIB. The setup is similar to the previous sections: the metric
is egAds%dS5 + ds%&, the warping A and the dilaton only depend on the internal coordinates,
and the NSNS flux is purely internal.

5.1 General formalism

The internal spaces we will consider are S'-fibrations over Kahler-Einstein manifolds KE4
(section 5.2) and over a product of Riemann surfaces (section 5.3). Some of these solutions
were already found in [26]; some are new.

18They can be calculated as before, maximizing in 6.
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In terms of internal quantities, the IIB equations of motion and Bianchi identities are

Runn — 5(VinOpA + 0y A0LA) + 2V, V p — %LmH i H (5.1a)
= ie%(%mF o F = g FI?) ;

e — -5 + 2dA - = ——e?|F|7; 5.1

2AN _ V24 — 5|dAP2 + 2dA - do i 2| |2 (5.1b)
1
2V2¢p — 4|d¢|? + 10dA - do + |H|* = 5e2¢> > (5= k)| Fyl*; (5.1c)
k

d (54720 5 H) = ™ (Fy A By + Fy x Fy) ; (5.1d)
(A—HA)f=0=(d— HA)( % \f). (5.1e)

The pure spinor equations can be obtained from (2.8c) with the usual trick [67] of

rewriting the solution as a Minky x Mg warped product e2A4d5§4ink .t ds2, with 24 = plea

and “internal” metric ds%w6 = L262A%2 + ds?\/fs. Here p is the radial coordinate of AdSs, and

L=,/-A/4 (5.2)

is its curvature radius. The corresponding pure spinors decomposition reads, in I1IB:*
d d
Oy = LeAL At il By = LeAT A2 +ig? (5.3)
P P

The forms ¢ can also be written as bilinears of the spinors on M5 obtained by reducing those
on Mg. The Minkowskiy pure spinor equations (which we will see in the next section) can be
obtained from (2.8) by sending A — 0, L — o0; together with (5.3) they now give ([69], (2.15))

2
dp (e~ PReyp? ) = —ZeQA_¢Im1ﬁr, (5.4a)
dp(e*=0yl) = i%e3A_¢¢£ , (5.4b)
dp (¥4 Imy? ) = %e‘lA*d’Rewi + e % \F . (5.4¢)

Now F'is the flux along Ms5; the total flux is determined as usual via Fyg=F+ ed4vol AdSs A*AE.
We can now repeat the logic of section 3. The sufficient criterion for stability (3.14)
is modified to

[x e x AF Ne T . . .

0< |ry = <1 = stability against bubbles wrapping (3, F).
S 2= o Repd i Ao | = y ag wrapping (2, F)

(5.5)

Just as for AdSy, all the examples we will consider in this section have constant dilaton

and A = 0, and have no sources. There is a stability result that is common to all such AdSs
solutions; we can point it out already now. Egs. (5.1b), (5.2) imply

== [EIAE 2 15 (56)
$ k

This was done in IIB in a slightly different language [68], and in this language but in TTA [69].
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The volume of a point is just 1; a point is calibrated if Rewi =1 on it. Now for D3-branes
the bound (5.5) reads

s oy (5.7)

N ST

In other words, D3 bubbles are always stable in this class.

5.2 Circle bundles over Kahler-Einstein

First we consider S'-fibrations over Kéhler-Einstein manifolds KE4. These admit the so-called
regular Sasaki-Finstein metrics, which are known to admit supersymmetric Freund-Rubin
vacua (see [70] and [50], section 7.4 for reviews), but also non-supersymmetric vacua ([26],
section 3), whose stability we will analyze.

5.2.1 The fibrations

A Sasaki-Einstein manifold SE5 is defined by its cone C(SE5) being a Calabi-Yau. One can
decompose the SU(3)-structure on the latter in terms of the radial direction p:

J=pdpAn+p*j,  Q=p*dp+im) Aw. (5.8)

This gives rise to an SU(2)-structure (7, j,w) on SEs. These are respectively a real one-form,
a real two-form and a complex two-form such that

n-j=n-w=0, wWwr=0, jAw=0, wA@=25%#0. (5.9)
Closure of J and © on C(SEs) then gives the differential conditions
dn =27, dw=3inAw. (5.10)

The metric determined by this SU(2)-structure can be written as ds3 + n?, where ds3 =

4 et and j = e A+ e net, w= (el +ie) A (e? +ie?). When the orbits of the
vector field dual to n are circles of the same size, the SE5 is said to be regular: it is then
the total space of a circle bundle over ds?. If we introduce a coordinate y = y + Ay on the
S1 fiber, we can write n = dy + a. Eq. (5.10) imply?°

da =27, p=06j. (5.11)

We see that the base metric ds? is Einstein. Eq. (5.10) implies that the form j is horizontal
and invariant (section 4.2.1), so it is the pull-back of a form on the base. Moreover we can
write w = e 3wy, for wy a (2,0)-form on the base. j and wy now show that the base is in
fact a Kéhler-Einstein manifold KE4. In general wy is not globally well-defined on this base
(it is a section of the canonical Kkg,), but w is well-defined on SEs.

The first Chern class ¢;(KE4) is then represented on a basis of two-cycles By; C KE4
by % IB,, P = ni € Z. Integrality of c; of the fibration then gives Aiy IB,, da € Z, which
fixes Ay = %’Tﬁ, where ¢ has to divide ged(n;).

2The Ricci form p is defined as usual by Rpn = ppnl®m, with I the complex structure.
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Kihler-Einstein four-manifolds are classified [71]: they are CP?, CP* x CP!, and del
Pezzo manifolds dPy, for 3 < k < 8. These are all simply connected. The Gysin sequence

0 — HY(KE,Z) =0 — H'(SE5,Z) — H°(KEy,Z) = Z

4 H*(KEy,Z) — H*(SEs,Z) — H'(KE4,Z) =0 (5.12)

— H3(KE4,Z) — H?(SEs,Z) — H*(KEy4,Z) — ...
now shows that H*(SEs, Z)={Z,0, Z* ' ©Z,, 7=, Zn, 7.}, for some m and b = dimH?(KEy,
R) ([72], section 4.3). Using Poincaré duality and the universal coefficient theorem, we also
obtain Hy(SEs,Z) = {Z,Z,,, 271,27 & Z,,,0,Z}.

Instead of the ordinary Sasaki-Einstein metric we just described, we are going to consider

its variant defined as

ds? = R*(dsgg, + o°n°), (5.13)

where o is a real parameter; one often calls this a squashed or stretched SE if 0 < 1 or > 1

respectively. We have also introduced an overall radius R. We will often use e> = o1 to
complete the vielbein el4 for the KE4. The Ricci tensor for such a metric reads
4 o2 )
Rapee = Z (Rfbe“ — 2(da)ac(da)bc> eel + ?]dalzeg (5.14a)
a=1 .
= (6 —20?) Z e2 — 40t (5.14b)
a=1

The Einstein case is recovered when o = 1.

5.2.2 The solutions

As we mentioned, we are now going to assume constant dilaton, A = 0, and no sources.
Moreover, it is natural to consider an Ansatz where the fluxes are expanded on the SU(2)-

structure forms:2!

. 1
Fr =0, F5 = R3e5 A (fsj + f3Rew), F5 = fsvols = —§f5R5j2 Aed. (5.15)

(A possible term in Imw in F3 can be reabsorbed by multiplying w by a phase.) The RR
equation d x5 F3 + H A F5 = 0 then implies f3 = 0 and

H = hR% Amw, (5.16)
with h = — gj;”% 22 The full set of equations of motion (5.1) gives
6—-20% K2 1, 402 K2 14 1,
g§R2 29? 4f5 ’ ggRQ gg 2f3 + 4f5 ) ( a‘)
16 . h? .

—— =224+ 12, — = f2. 5.17b
gng 3 5 gg 3 ( )

. 9 3/3

R’fs — ———) =0; = — =0. 5.17

I3 ( 5 ggJQJ%) ; Rofy f3 (5.17¢c)

21As we saw in (5.4), we only consider here the part of the RR flux; the total Fio is self-dual, and in
particular it also includes a component fsvolaass for the five-form.

221 00king at this equation alone would seem to suggest another branch with f5 = f3 = 0 and undetermined
H, but this is actually eliminated by (5.1c).
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The first in (5.17¢) gives rise to two branches; both survive the remaining equations in (5.17),
and eventually read

g:\/? fo=0, f3:\f;2, f5:g::;107 h=—s1gsf3, (Branch1) (5.18)

where s; € {+1,—1} are two signs, and

~ 4
c=1, f3=f3=0, f5::|:g—R, h=0. (Branch 2) (5.19)

Branch 2 consists of the supersymmetric and skew-whiffed solutions (with the minus
and plus sign, respectively). Branch 1 breaks supersymmetry with a stretched SE; it was
found in a slightly different language in ([26], section 3). Notice that the case s; = 1 has
Gy = F3 — e ?H = fgw.

We also briefly discuss flux quantization. We can take

1
B = —ghaR?’Rew. (5.20)
The total internal closed flux is then
~ 1 1 ~
e BF = R3f3¢® A Rew + R® (—2g5 — 3hO'Rf3) eS A2, (5.21)

The three-form part is exact (by (5.10)), so its periods are automatically zero. The five-form
part (e"BF)5 is zero on Branch 1. On Branch 2 we get

Rio

F VO]O =ns €7 (522)

8mgs

where Vol is the volume of the original SE5 at R = o = 1.

5.2.3 Stability
Using (5.20) and the value of h below (5.16), we compute

—-F —2nf RQJ[? -2
(S N*AF = e WA f5 - T] . (523)
5

By (5.10), j? is exact.

For the denominator of (3.14), in view of (5.8) it might look natural to consider ¢ =
el¥e 1R The problem with this is that there would be no choice of @ such that e A Rei/)_zF
would be closed. As we have seen with the AdS, solutions, the integral of a non-closed
quantity would then depend on the representative of the homology class, and thus would be
difficult to bound. For an SU(2)-structure in four dimensions, j, Rew and Imw have similar
properties, and can be rotated into each other. This inspires the following choice:

2 = elle i Rew (5.24)

We have already evaluated the stability ratio (5.5) for a D3 in (5.7), finding stability.
For D5 bound states, as we mentioned,

(e ARey? )2 = — cos 027 fiys + R (— cos 0;23 + sin 9) Rew (5.25)

5
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fs
V22

remains in (5.25). It also appears in (5.23), and the integrals [p, fws simplify in the stability

D5 = fo _ ViR . (5.26)
0089\/2]?324—]? \/2f§+f§

This is < 1, so D5 bound states are also stable.
We can carry out a similar computation for D7 bound states; now 6 will be fixed (to

is not closed in general; but it is if we choose cosf = Now only the term fs

ratio (5.5), giving

the same value as above) by requiring that fys A Rew terms drop out from (e=% A Re¢i)4,
and we end up with the same result as in (5.26). However, there are in fact no four-cycles,
as we saw below (5.12).

5.3 Circle bundles over product of Riemann surfaces

We now consider the total space of an S'-bundle over ¥; x ¥, two Riemann surfaces. When
the latter have genus zero, we obtain the so-called TP!"P2-spaces. The p; = po = 1 case admits
a famous Sasaki-Einstein structure related [73] to the conifold; our attempts in this case
have produced solutions that are specializations either of the previous subsection, or of the
results below. Thus in the following we focus on p; # po.

5.3.1 The fibrations

We introduce two-forms j, = vol%a, the volume forms with respect to metrics normalized
as R0%a = g,g0%  with k, € {—1,0,1}.

We take the bundle connection to be n = dy + pi1a; + p2as, where da, = j,. Notice
that for p; # ps we cannot introduce an analogue of the w of the previous subsection.??
Gauss-Bonnet gives [y jo = 27X, = 47(1 — ga) for g, # 1 (and no constraint for g, = 1).
Quantization of ¢ gives Z—‘;j Js, Ja € Z.

We consider the metric

ds* = R? (ds%zl +a?dsdy, + 02772) . (5.27)

Its Ricci tensor can be obtained from (5.14a). The role of the two 3, can be exchanged
by implementing

1
R — Ra, o — —, O'—)g, K1 > Ko, P1 <> P2 (5.28)
« o
5.3.2 The solutions
We assume the form fields to be
F =0, F3y = R3(f31€° A ji + fa0€” A ja) (5.29)
F5 = fsvols, H = R3(h165 ANj1+ h2a2€5 /\jg) . ‘

231n section 5.2.1, SEs was basically the circle bundle inside the canonical Kkgy; wo was a section of this
bundle, and eP'¥ makes it well-defined globally exactly for p = 3. Writing a (1,0)-form h, on each X,, the
(2,0)-form wo = h1 A h2 can be similarly repaired on each X, with a different choice of exponent, but not on
both simultaneously unless p1 = ps.
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The Bianchi identity dH = 0 imposes right away that

p2h1 = —pihac®. (5.30)
The equations of motion give
1 pio? ht 1, 2 2 16 2 2 2
PR S _— —_— = - — = 5.31
9. 2 (”1 5 242 4(f31 [+ 15), L2 fa+fa+f, (5.3la)
1 p3o” h3 1 2 2 2 2
g R2\ 7 00t | T 22 1(‘]031 + [+ 15), p2fs1 = —p1faa”, (5.31b)
o 5 | D5 hi+h3 1, ., 2 2 hi+h3 2 2
21 _ == : = . 5.31
22 R2 1+ o 297 4(f31+f32+f5)7 7 s+ I3, (5.31c)
f5f31 = f5f32=0, fshi = fsha =0. (5.31d)

Due to (5.31d), there are again two branches:

fsi=faa=h1=ha=0, K1 =re=1,
g2 2% £ A(pia’ + p3)
piat + 2pj G2 R?02(p2a’ + 2p3)
piat(e® = 2) +p3(20° 1) =0

(Branch 1) (5.32)

and
pafs1 = —pifsea®,  pohi = —prhoa?, f5=0,
2p202 6roa?
_ 2 _ 2 2
h2 — gsf32 f32 = 73931%20(4 s o = m s (Branch 2) (533)

p%a4(/£1a2 + 6K2) — p%(GmaQ +k2)=0.

In both branches, « is determined implicitly by the last equation.

The solutions in Branch 1 were found by Romans ([26], section 2): they are of Freund-
Rubin type, with Mj; Einstein (but not Sasaki). Those in Branch 2 appear to be new.
Imposing positivity and reality of the parameters shows that (k1,x2) = (1,1), (0,1), (=1,1)
are allowed (as well as the symmetric (1,0), (1,—1)).2

For Branch 1, flux quantization gives

AyR*
3m2gs

Xix2 € Z, (5.34)

where x, = x(24) = (2 — 2¢,). For Branch 2, we need to choose a potential for H in (5.29);
we can take

B = hR*(—¢e® A (p1a1 — p2a2) — pipacar A az) + b(—qj1 + qij2) ; (5.35)

the last term is a closed contribution, so the parameter b is free.?> From [(e=B A F)35
we then obtain

A A
—ng’afgana €7 (nosum), —yplpgbfgaRE’ €. (5.36)
27 272

24In deriving (5.33) we have assumed s2 # 0; the case k2 = 0 can be studied separately, and is related
by (5.28) to the case k1 =0 .
25p171 + p2jo is exact and represents a gauge transformation, so only one of the g, really matters.
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5.3.3 Stability
We take 92 = e with J = R2(j; & a2js).

First we briefly consider Branch 1. D3 stability was considered in (5.7). Note that f5
is the only non-zero RR field, so rp3 = 1 and the D3 is only marginally stable. This is of
course at danger of becoming unstable once string corrections are taken into account. These
solutions were anyway found to be perturbatively unstable [74]. In view of all this, we are
not going to give details for D5-brane stability; our conclusion is that it does in fact hold.

We focus instead on Branch 2. Here D3 stability is very solid, as f; = 0, so rp3 = 0.
For D5 bound states, we take 27 fws = f(—q2j1 + q1j2), similar to the closed term in (5.35);
for simpler expressions we take b = 0. For the generic case p, # 0, again by the Gysin
sequence (5.12) there is only one two-cycle By C Ms; its Poincaré dual is proportional to
n A (p1j1 — p2je), which is closed but not exact (again if p, # 0). Now

4 4w — .
/32 ZGM %™ ARev: = \/f3 + f3 /}32(cos0f+81n0J) (5.37)

VP Pl cosOfputa + sin0R¥(—pa £ i) [ 0 g na.
5
On the other hand
/ (77 A¥AF) = —RQ/ (a®f172 + faoj1) = —R*(p1 f51 — p2f32)/ nAj1AJga. (5.38)
B2 B2 M5

After some simplification we find

R*\/ptat + p3 (5.30)
\/(paQa)2f2 + R4(:Fp1a2 +p2)2 . .
This is < 1 if we choose F = sign(p1).

D5 =

Just as in the SE solutions of the previous subsection, there are no four-cycles in this
geometry, and hence no D7 instabilities.

6 The Minkowski case

Throughout this paper, we took advantage of the fact that the WZ action of domain-wall
Dp-branes can be reformulated in terms of a corresponding calibration form. When the
cosmological constant vanishes, it is the WZ action of space-filling Dp-branes that can be
reformulated in a similar fashion, yielding stability results for such branes. We will therefore
no longer discuss the possibility of non-perturbative decay through branes, but the stability
of background space-filling Dp-branes themselves.

6.1 Space-filling (anti) p-brane stability

Supersymmetric case. We specialise the discussion to the case of a four-dimensional
Minkowski external space: X4 = Minky. N = 1 supersymmetric solutions satisfy the pure
spinor equations

d(e*4 % Bdy) =0 (6.1a)
d(e*' =% BRed;) = 0 (6.1b)
d(e* =% PImd,) = e*e P « AF . (6.1c)



These are the A = 0, L — oo limit of (2.8); we mentioned earlier in (2.14) that they can be
recovered as closure of calibrations. We locally pick a gauge for the RR potentials such that

M Imd, = C, (6.2)

with d(e"BC) = e*4e= B« AF. The choice (6.2) is therefore consistent with the supersymmetry
condition (6.1c).

Let us now consider a space-filling Dp-brane wrapping an internal cycle 3. The Dp-brane
energy per unit of (Euclidean) external volume is

E(S.F) =T, / 46 [det(gls: + F)dP=3¢ — Cls Ao 7. (6.3)
b

Through (6.2), it can be written as

E(S,F)=T, /Z =2 (y /det(g|s, + F)dP73¢ — Im® |5 Ae™ ). (6.4)

On the other hand, we have

[y A e*f]t < \/det(g|s + F)dP3¢, (6.5)
op

for every generalized cycle X, and with ¢, selecting the top-form component on X.
Through (6.4) and (6.5), we therefore have that

E(Z,F) >0. (6.6)

Let us now focus on calibrated generalized cycles, the ones saturating the bound (6.5):

Vdet(gls, + Fo)dP73¢ = Im®y |y, Ae e . (6.7)
op
Using (6.4), we therefore have
E(Se, F) = 0. (6.8)

We recover here the fact that a space-filling Dp-brane wrapping a calibrated generalized cycle
minimizes its energy within its generalized homology class [15].

As mentioned above, a Dp-brane wrapping a calibrated generalized cycle preserves the
background supersymmetry.2°

Non-supersymmetric case. Let us now consider non-supersymmetric type II backgrounds
respecting the following modified pure spinor equations:

d(e34~ % Bd,) = e BT (6.9a)
d(2~%¢~BRe®,) = o BT (6.9b)
d(e* % PImd,) = e*e B« AF 4+ d(e P2), (6.9¢)

26Indeed, spelled in the x-symmetry formalism, (6.7) is simply the supersymmetry condition for a Dp-brane
Tre = ¢, with €T = (91 12).
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where U, T and = are supersymmetry breaking forms. We introduce the following local
gauge for the RR potentials

M Imd, — C =3, (6.10)

now consistent with the supersymmetry breaking equation (6.9¢).
Let us now consider space-filling Dp-branes and anti Dp-branes wrapping a generalized
cycle . Their energies per unit of external volume are

E(S,F) = Tp/ 440 [det(gls + F)dP 3¢ 5 Cls Ao, (6.11)
>

and the upper/lower sign is for D-branes/anti D-branes respectively. Through (6.10), these
can now be written as

E(S, F) = Tp/ M40 [det(gly + F)dP 3¢ FIm®i|ss Ao F) £ Ejg AeF  (6.12)
b

Let us focus on the generalized cycles saturating the bound (6.5) in two distinct ways:

det(gls, + Fe)d? 3¢ = Imdy |5, Ae™7* . (6.13a)
op
Vdet(gls,, + Fa)d? 3¢ = — Iy |, e~ t (6.13b)
op

We call the generalized cycles satisfying (6.13a) almost calibrated, and the ones satisfy-
ing (6.13b) almost anti-calibrated —hence the corresponding subscripts ¢ and 4.
The energies of a (anti) Dp-brane wrapping an almost (anti-)calibrated cycle are thus

D-brane: E(Xs, Fe) = Tp/ S|y, Ae e (6.14a)
Yz
anti D-brane: E(Xae, Fae) = —Tp/ Ely. Ae T, (6.14b)
Yac

Let us focus on Dp-branes only and consider a Dp-brane wrapping a generalized cycle (X', F')
in the generalized homology class of an almost calibrated generalized cycle (¥z, Fz). This
means that there is a generalized cycle (X, F) such that 0% = ¥/ — % and Fly, = Fs,
Flsy = F.

The energy of such a Dp-brane is then

E(X,F)>T, /Z By Ael =T, /Z Elz, Ae T+ T, /az Bl Ne (6.15a)

= E(Xs, Fe) + Tp/ dEAe™), (6.15b)
)
where we have used (6.5), (6.12), (6.14a), and Stokes’ theorem. This entails
E(Y,F) - E(Se, Fs) > Tp/ dEAe ). (6.16)
5

Similarly, for anti Dp-branes in the generalized homology class of an anti Dp-brane wrapping
an almost anti-calibrated cycle X4, we get

E(Y, F') — E(Sae, Fa) > —Tpf dE e 7)., (6.17)
>
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We could therefore conclude that an (anti) Dp-brane wrapping an almost (anti-)calibrated
generalized cycle is energy minimizing within its generalized homology class if

_ . X =% — %
Dp-branes: / dEAe™) >0 V(X,F), (%, F)such that { ¢
by Fls. = Fe, Flsr = F
(6.18)
. - IX =% — Yg
anti Dp-brane: / dEAe ) <0 Y (X, F), (%, F) such that { .
b Floe = Fae, Flor = F
(6.19)

From the point of view of calibration theory, the supersymmetry breaking term d(e”?Z)

44-¢6=BIm®, to be a generalized calibration for

entering (6.9c) prevents the pure spinor e
space-filling Dp-branes. In general, it therefore spoils the stability of Dp-branes wrapping
almost calibrated generalized cycles. The above bound now gives a criterion for the super-
symmetry breaking term and the almost (anti-)calibrated generalized cycle to preserve the

classical stability of a (anti) Dp-brane wrapping said cycle.

However, failure to meet this criterion doesn’t necessarily mean that the said (anti)
Dp-brane is unstable.

Regarding this criterion, a particularly simple class of supersymmetry breaking-vacua is
the one where ¥ # 0, T # 0, and = = 0. For such backgrounds, almost calibrated space-filling
Dp-branes are stable, as they automatically satisfy (6.18). There are several examples of
such backgrounds in the literature [33-36].

One of the strengths of this formalism is the ability to tune = to meet this criterion via
the gauge freedom of the RR potentials, as we will illustrate in the next section. Indeed, we
will do so and use this criterion to demonstrate the stability of the space-filling D6-branes
present in some non-supersymmetric type IIA solutions of [31].

6.2 A Minkowskis application

In this section, we evaluate the stability criterion constructed in 6.1 for the space-filling
D-branes present in some solutions of [31]. The authors of this paper construct AdSs solutions
of type ITA supergravity by dimensionally reducing in various ways the Gaiotto-Maldacena
(GM) class of N' =2 AdS5 solutions of eleven-dimensional supergravity [32], itself obtained
by imposing a U(1) isometry on the general classification.

The supersymmetric solutions. The N/ = 2 supersymmetric reduction to ITA of the
GM class is:

3 1
ds® = f7 f7 [ds3as, + fadsa + fa(do® + dn?) + fody’] (6.20)
e3® = fifs H=dfs Avol(S?) )= fedx Cs= frdxAvolg,
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with volgz = sin #df A d¢, and the functions f; all depending on a single function V' = V (o, n):

1 .
2 (VA3 2V"V 402 2V 20V
J1= kK3 <2V”> fz—T f3_T fa= 7 f5_VT
2VV 4RV 1A%
f6:W f7:—T f8:2’f< = _77> (6.21)
< : 2V -V
A=AMV2H(V) A=,
where V' should satisfy the Laplace equation in cylindrical coordinates:
V4oV =0, V=00,V, V'=9,V. (6.22)
The boundary conditions
Vip=op =0,  V]p=o = R(n), (6.23)

ensure that the metric remains regular with the shrinking of the two-sphere [32], with 7
belonging to a finite interval [0, P]. R(n) is a function related to the M-theory orbifold
singularities, and is highly constrained by flux quantization. See [31, 32, 75| for detailed
discussions.

Ref. ([31], section 2.3) parameterizes the piecewise-linear function as

Nin n € [0,1]
R(M) =4 N+ (Neg1 — Ni)(n — k) n €[k, k+1] (6.24)
Np_1(P —mn) nepP—1P].

The solution to the Laplace equation (6.22) respecting the boundary conditions (6.23) is
- i R, sin (m ) K, (ma> (6.25)
~ n P n 0 P ) .

where Ky is a modified Bessel function of the second kind, and

nk
R, = P/ R(n) sin (P") Z by sin ( ) . by =2N, — Njy1 — Nj_1.

(6.26)
This ansatz divides the n direction into P unit cells with £ = 0,..., P — 1, and we define
the B field in the cell with n € [k, k + 1] as

B = (2kk + fs)volg2 , (6.27)

which means that a large gauge transformation By — By + 27k volge is performed when
traversing between cells in the direction increasing 7.

We will be mainly interested in the behaviour of this solution in the neighbourhood of
the region {o = 0,7 = k}, for reasons that will soon become clear. We expand around this
region as 0 = rsina,n = k — rcosa for r small, yielding [31]

: b o, b
V=N, V'=2L v= 2’“

5 (1 4+ cosa) + Nit1 — Np. (6.28)
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To leading order, the solution tends to

2 2 ka 2 27.2 Nkbz :
(4ds3s, +dsta) + VNk (dr? +r2dsk,) , e7? = (kzﬁﬁ%?’) , (6.29)

ds? 1
2K~/ Ny, N / bk
from which we can see that there are D6-branes wrapping AdSs x S? at the locus {o = 0,7 = k}.
In this context, by is the charge of the D6-branes [31]. S? is spanned by (a, x).

The non-supersymmetric solutions. We now focus on a non-supersymmetric class of
solutions presented in [31] and preserving an SU(2)xU(1) isometry. It corresponds to a
different dimensional reduction of the GM class than the one used for the supersymmetric
solution, and it is parametrised by a supersymmetry breaking parameter ¢:

f

ds? = fl%fé\/Z 4dshas, + fodsge + fa(do® +dn?) + ngxz :

2
A= fifd A= S Hod(hr g avls,  (630)
Cl:<f6+£(£+f(?)>dx7 C3:f7dX/\V0152.

(See [31] for details and for the discussion of the precise dimensional reduction.) This class of
vacua is a parametric deformation of the supersymmetric class of solutions (6.20).

We will focus here on the solutions satisfying (6.25), and thus (6.28) in the vicinity of
{o0 = 0,7 = k}. We now take the B field in the k-th cell to be

B = (2kk + fs + £f7) Avolge. (6.31)

We will be specifically interested in the properties of the stack of space-filling D6-branes,
once supersymmetry is broken.

For starters, in the vicinity of {o = 0,7 = k}, the solution now tends to [31]

b )
1 V7
= <4dsid55 + dsgz) + (dr2 +r? (doz2 + snlang))]
k

Np. Ak

BN/ v
2k+/ Ny, N F

T

(6.32)

at leading order in r, with

M= {0 sinat (14 €()?, gla) = cos® (§ ) (N = M) #sind (§ ) (News = M),

(6.33)

This metric suggests that the stack of D6-branes extended along AdS; x S? at the {0 =

0,n = k} locus now backreacts on a cone with a WCP[llk_l,lk] spindle base, spanned by (a, X),

with lp_1 = Ag(a = 0), Iy = Ag(a = 7). See [31] for a detailed discussion on the spindle,
including how it modifies the D6-branes charge into lklbﬁ.

Regarding the potential stability of this stack of D6-branes, in [31] a particular gauge
is discussed for the RR potential such that the action of a probe D6-brane placed at the
locus of the stack vanishes: Sppr + Swz = 0, suggesting that the contracting and expanding
forces felt by the probe brane cancel each other out.
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Stability from pure spinors. We now turn to the pure spinor formalism to investigate this
further, in particular considering these AdSs solutions as Minky solutions as in section 5.1;
in particular,

dSQAdS5 = ezpdSIQ\/[ink4 + dpQ, (634)

with the ten-dimensional metric and fluxes decompositions (2.1) and (2.2). The radial AdS
direction is therefore now understood as being part of the six-dimensional internal space.

We introduce the following pure spinors, defined in terms of an internal SU(2) struc-
ture (z,7j,w)

O, =wA 02217 P_=izNe Y, (6.35)
while we write the SU(2) structure via a complex vielbein (Ej, Es, F3) as
w=E A Es j:%(ElAE1+E2/\E2) : = E. (6.36)

Starting with the class of supersymmetric solutions (6.20), we introduce the following
complex vielbein

_ 261 k20 cos OV a0 + 46 k20sinOV dp+ 2iel? k2o sin OV do
VVEET T RINVER VI
2el? k20 sin O V' 2619 k202 sin V"
9/4 1z 41— 9/4 1/4 (6.37a)
Vst vV s ks
' ‘ ix £3/4 1/4
By = —eX /N Fafd dp — 1N s £ ax — flf"“" do (6.37b)
if;/4/<csin0f/ 0 /‘5<if13/2\/ﬁf60059+2/‘ﬁv) Vld
By = - 3/4 do + e n
1 1 Js
2K (—iff/2f4\/f75(:os€f/ + QRV,) Ko (del - iff)/Q\/fEcos@V”)
- dp + do. (6.37c)

e 7y s kel

The pure spinors (6.35) constructed out of the above vielbein preserve supersymmetry: they
solve the pure spinor equations (6.1). The cycle ¥ = (p, S?), with voly, = sin 0dp A df A d¢ is
calibrated (6.7) precisely at the locus {o = 0,7 = k} [31]. The stack of space-filling D6-branes
wrapping ¥ at {o = 0,7 = k} is therefore BPS.

Let us now move to the case of the supersymmetry-breaking class of solutions (6.30).
One can then define the corresponding following non-supersymmetric vielbein

2e1%k205 cos § AVAY n 46'9k20 sin O AVAV dp + 2iei?k20 sin § AL/4AV do
= p 9/4 1/4
ANV YA eV VTt
i¢,2 1/477 i¢,.2 2 s 1/4y/1
2e'Pk o sin 0 AV 2e'PKk°0“sin 0 AV do (6.382)

g T g

- ieixff’/4\/ﬁf5l/4 . eixff/4\/ﬁf51/4A1/4

By = =X Fafy AV dp i dx -

do,  (6.38b)
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i sing AAy ok (U focosd + 26V ) VAL

By = — a9 + dn (6.38¢)
% T,
2ik (ff/2f4\/f75005 0V + 2i/<cV’) Al/4 KO (/{V’ - iff’/zx/fr,cos QV”) A4
+ 9/4 , ,1/4 dp + /111 do.
1 Jafs i fs

This is a parametric deformation in £ of the supersymmetric vielbein (6.37a), (6.37Db)
and (6.37c). It is actually merely a global A% rescaling of the supersymmetric vielbein,
with the exception of the y direction in Es. The pure spinors defined with this vielbein
now breaks all the supersymmetry conditions (6.1).

At this stage, these pure spinors characterise the general class of solutions (6.30). However,
the supersymmetry breaking terms in this setting are lengthy and not particularly insightful.

We now focus on the solutions (6.25), and in particular on their behaviour in the region
of the internal space close to {o = 0,7 = k}. We will assess the potential stability of a probe
D6-brane placed at that locus by comparing its energy to that of nearby probe D6-branes,
using the bound (6.16) derived in the previous section.

First of all, given that in this region the geometry of such solutions tends to the near
horizon geometry of a stack of D6-branes sitting at {o = 0,7 = k}, the DBI action for a probe
D6-brane vanishes at this locus.?” Furthermore, using the non-supersymmetric pure spinors
defined through the complex vielbein (6.38), one can show that the would-be space-filling

1A—¢,,

calibration form e “BIm®_ also vanishes at the locus {o = 0,7 = k}.

The cycle ¥ = (p,S?) is therefore almost calibrated:

Vet (glip,s2) + F)dP 3¢ = Tm®_|(, g0 A~ (6.39)

top
precisely at the locus {o = 0,n = k}.

We now introduce a secondary probe D6-brane, wrapping Y, in the generalized homology
class of the one wrapping X: there is therefore a generalized cycle (f], F ) such that X =Y -%
and Fly = F, Flsy = F'. We take this probe brane to be in the vicinity of the locus, as
shown in figure 13. In order to assess the potential stability of our probe D6-brane sitting
at {o = 0,n = k}, we compare its energy to the one of the probes in its generalized
homology class. To do so, we make use of the bound (6.16). We need to write down the
supersymmetry breaking term Z from (6.10), responsible for the violation of the third pure
spinor equation (6.1c), which calibrates space-filling Dp-branes in the supersymmetric case.
The RR potentials are given in [31], up to their closed components. We introduce

~ 1
Co = e*pdp A volg: + Ze4” Avolgz A dp, (6.40)

with p = p(o,n) an arbitrary function. We choose it to be
R3§2

b= __x/§i7ﬁ7

(6.41)

so that, at leading order in 7:

~Bz (0, o, x

2"The world-sheet flux F contribution to the DBI action also vanishes, given the B field (6.31).




Y~ (p,S?)

by
/E ~ (p, 52)

e jg??}?’/?’/?

0

Figure 13. The probe D6-brane wrapping ¥ = (p, S?) at the locus {o = 0,7 = k}, and a neighbouring
probe D6-brane wrapping ¥/ = (p, 5?) at {o = rsina,n = k — r cosa}, where r is small and r and «
are arbitrary functions of the internal coordinates. (We don’t take r and a to be arbitrary functions
of p, the radial direction of AdS5.) We introduced & = m — « for visual clarity.

Given that this supersymmetry breaking term vanishes at the locus {¢ = 0,7 = k}, the
bound (6.16) simplifies into

B(S,F) = ES,F) 2T [ Sl ne™” (6.43)
E/

> T6m352/64p1 / T(e})mdp A volge . (6.44)
k

The right-hand side of this bound being always positive,?® we conclude that the probe
D6-brane at the locus {o = 0, = k} is classically stable, as it minimizes its energy within
its homology class.
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