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Abstract

Gravitational waves in general relativity are non-dispersive, yet a host of modified theories predict
dispersion effects during propagation. In this work, we consider the impact of dispersion effects
on gravitational-wave bursts from highly eccentric binary black holes. We consider the disper-
sion effects within the low-energy, effective field theory limit, and model the dispersion relation
via standard parameterized deformations. Such modified dispersion relations produce two modi-
fications to the burst waveform: a modification to the time of arrival of the bursts in the detector,
which appears as a 2.5PN correction to the difference in burst arrival times, and a modification to
the arrival time of individual orbital harmonics within the bursts themselves, resulting in a Bessel-
type amplitude modulation of the waveform. Using the Fisher information matrix, we study pro-
jected constraints one might obtain with future observations of repeating burst signals with LIGO.
We find that the projected constraints vary significantly depending on the theoretical mechan-
ism producing the modified dispersion. For massive gravitons and multifractional spacetimes that
break Lorentz invariance, bounds on the coupling parameters are generally weaker than current
bounds. For other Lorentz invariance breaking models such as Hotava—Lifschitz gravity, as well

as scenarios with extra dimensions, the bounds in optimal cases can be 1-3 orders of magnitude
stronger than current bounds.

1. Introduction

In general relativity (GR), gravitational waves (GWs) travel at the speed of light regardless of their
wavelength. Thus, GWs in GR are said to be non-dispersive, a fact that is confirmed to high confidence
by the third GW transient catalog (GWTC-3) [1], as well as the combined observations of electromag-
netic emission and GWs from binary neutron star mergers [2, 3].

However, from a mathematical standpoint, GR is known to possess unresolved theoretical issues [4,
5]. In particular, the theory is not UV complete, leading to an incompatibility with quantum physics [5-
10]. Many attempts have been made to resolve this conflict, a few among many being string theory [11—
13], loop quantum gravity [14, 15], causal dynamical triangulations [16, 17], and Hofava—Lifschitz grav-
ity [18, 19]. All of these high energy theories predict new physics appearing at the relevant energy scale
associated with the theory. More specifically, string theory predicts the existence of additional spacetime
dimensions, while quantum gravity theories often break Lorentz invariance through the introduction of a
minimum length scale. Generally, these energy and length scales are taken to be the Planck scale for the-
oretical reasons, with experimental particle physics results indicating that these scales cannot be less than
the electroweak scale [20-22].

Probing such high-energy theories is a key, open challenge in modern physics. While a complete UV
theory of gravity is currently not known, even in the low-energy, so-called effective field theory (EFT)
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limit, modifications to GR are expected, and these effects are often used to construct phenomenological
models of beyond-GR physics [23-30]. Such models are parameterized by, effectively, undetermined
coupling parameters that capture the leading order modifications to GR and can then be constrained

by current experiments. This is the central idea behind the parameterized post-Einsteinian formalism
(PPE) [31-34] targeting tests of GR with GWs, in analogy to the parameterized post-Newtonian [35, 36]
and post-Keplerian [37-39] formalisms for Solar System and binary pulsar tests, respectively. The ppE
formalism complements current tests of GR with GWs [1, 40-42] and has provided the link to mapping
theory agnostic constraints on the amplitudes of GW phase deformations to specific theories [43, 44].

The effects the ppE formalism seeks to constrain can be split into two sets: generation effects, which
modify how the GWs are generated by a binary, and propagation effects, which modify the propagation
of GWs as they travel from source to detector. Dispersion, which considers GWs propagating at differ-
ent speeds, falls into the latter category. This effect is modeled by modifying the standard GR dispersion
relation for GWs, and allowing it to become momentum (or wavelength, depending on how the disper-
sion relation is written) dependent. These modifications to the dispersion relation specifically capture the
leading order modifications to GW propagation in GR, despite a complete UV theory not current being
known [45]. For an extensive analysis of how modified dispersion impacts GWs from quasi-circular bin-
aries, see [46, 47].

A great deal of work in population synthesis has, however, shown that not all GWs detected by LIGO
are expected to originate from quasi-circular binaries. There is even evidence that some of the detections
in GWTC-3 may possess non-negligible eccentricity [48-50], including GW190521 [51], which may have
been generated from a high-eccentricity merger [52]. Although such high eccentricity events are rare [53,
54], both modeled [55] and unmodeled [56] search strategies currently exist to detect such signals, and
they may prove to be important laboratories for probes of fundamental physics. Tests of GR with GWs
from eccentric binaries, much like waveform modeling efforts, have historically lagged behind those of
quasi-circular binaries. However, a few analyses for low and moderate eccentricity binaries have shown
that orbital eccentricity can have a non-monotonic impact on bounds on beyond-GR physics [57, 58].
Further, neglecting eccentricity in waveform modeling can lead to false claims of new physics [59-63].

In this work, we seek to fill in one of these gaps by considering probes of modified GW dispersion
with eccentric binaries, focusing on highly eccentric burst sources with ground-based GW detectors. We
study the high eccentricity limit for one reason, specifically, highly eccentric binaries emit GWs at every
overtone of the orbital frequency, as opposed to quasi-circular and low eccentricity sources. In the time
domain, the GW signal resembles a repeating burst signal, with bursts of radiation emitted at each peri-
center passage. Meanwhile in the frequency domain, the GWs are broadband, and peak at a harmonic
number that can be significantly greater than unity [64]. This broadband emission makes them ideal
candidates for considering modified dispersion effects where GWs can travel at different velocities depe-
onding on their wavelength or frequency.

To this end, we employ the effective fly-by (EFB) formalism we developed in [65, 66], with some
slight modifications to the Fourier domain waveform that are detailed in appendix herein. When includ-
ing modified dispersion effects into the EFB waveform model, two modifications appear. The first is an
amplitude modulation, due to the fact that different orbital harmonics within the burst travel at dif-
ferent velocities. The modulation is captured in both the time and frequency domains by a Bessel-type
generating functions, which unfortunately does not cleanly fit into the standard PPE formalism.

The second modification appears in the time of arrival of the bursts in the detector frame. In GR,
the burst can be modeled as having a time-frequency centroid (¢;,f;) where the time between bursts
Atj iy =t; — t;_; is related to the parameters of the binary through the orbital period and radiation
reaction effects. Including modified dispersion into this creates a new 2.5PN deformation that captures
all dispersion effects that fit into the standard EFT dispersion relation given by equation (1) below.
Putting both of these effects together, we obtain an EFB waveform model with parameterized dispersion
effects, that is both purely analytic and fast to evaluate.

Since the waveform model is analytic, we study what bounds can be placed on dispersion effects with
observations of highly eccentric binaries using the Fisher information method [67, 68], which is com-
monly used in GW forecasting (see [69] for some limitations). We consider a small subset of such bin-
aries as sources for a single LIGO GW detector. How stringent these bounds are depends heavily on the
type of dispersion effect considered. More specifically, it depends strongly on the exponent parameter
a that controls the power law modification to the GW dispersion relation. The larger a, the better con-
straints obtained. For dispersion effects with a < 3, such as gravitons possessing a mass, we generally find
that the projected constraints do not beat current bounds from GWTC-3. On the other hand, for effects
with a > 3, the bounds from single eccentric burst sources can beat the current GWTC-3 bounds by up
to six orders of magnitude for specific theoretical scenarios, and under optimal binary parameters. More
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specifically, binaries with moderately high initial eccentricity (e ~ 0.8) and higher chirp masses (at fixed
luminosity distance) lead to better constraints on modified dispersion effects.

This paper is organized as follows. In section 2.1, we present a brief overview of dispersion effects
in the EFT limit, and provide details of some example theories. In sections 2.2 and 2.3, we derive the
modifications to the EFB burst waveforms in the time and frequency domain, respectively. The modi-
fication to the burst arrival times is derived in section 2.4, while section 3.1 presents the details for our
Fisher analysis. Finally, the bounds obtained from the Fisher analysis are presented in section 3.2, and we
provide discussion in section 4. We work in geometrized units where G = ¢ = 1. Note that in this unit
system, for Planck’s constant one has /i = L? where Lp is the Planck length.

2. Modified dispersion in eccentric binaries

2.1. Modified gravitational-wave dispersion: a primer

A host of different non-GR phenomena can modify the propagation of GWs, but only a subset of these
result in dispersion. Dispersion effects may be captured in the GWs through the parameterized disper-
sion relation [43, 44, 46]

w =K+ aLf,“74k“, (1)

where (w, k) are the angular frequency and wave number of the graviton, and («,a) are non-GR para-
meters that capture the strength and type of dispersion effect, respectively. The above parameterized dis-
persion relation causes GWs at different frequencies to propagate at different velocities, which can be
seen from the group velocity of the gravitons, specifically
dw (a—1)

Vg — =14

= oLy (2)

Due to the modification of the above group velocity, gravitons emitted at the same instant, but at dif-
ferent frequencies, will arrive at a GW detector at different times. A thorough calculation of this effect,
including the influence of cosmological redshift, can be found in [46]. For simplicity, we neglect the
effect of cosmological backgrounds’, and thus, for two gravitons of frequency (f,f') and emitted at times
(te, 1)), the observed times of arrival are related by

Dy 1 1
Aty=Ate+ o (o= ) 3
T <f2—“ f’z‘“> ©

where Dy is the (luminosity) distance to the source, At, . = t,, —t, ,, and
Ao = 277L§oz1/(“_2) , (4)

which is the ‘wavelength’ associated with «.

The parameters («,a) map to specific non-GR scenarios. Many of these arise due to the introduc-
tion of a minimal length scale and the breaking of Lorentz invariance, since these concepts are usually
connected. A few examples include:

o Massive gravitons [45, 70-72]: The simplest, and largely phenomenological, deviation is for gravitons
to possess a mass . In this case, the dispersion relation obtains a momentum/wave number inde-
pendent term. Thus a = mf, and a=0, and hence A\, = 2w L} /m, is the Compton wavelength of the
graviton.

o Extra dimensions [73]: A postulated dispersion relation obtained by comparing to a generalized
uncertainty principle in a Universe with extra dimensions reveals o = veqi/L3 and a =4, where req
is a dimensionless constant. In this case Aegi = 27 Lp+/Ctedr-

o Doubly special relativity [74-76]: A modification of special relativity through nonlinear modifica-
tion of the Lorentz group by introducing an invariant length/momentum scale, in addition to the
invariant speed of light. The length scale is taken to be the Planck length, and in the limit of the

> There is a further, more physical motivation to neglect cosmological backgrounds in this study. Individual bursts from highly eccent-
ric binaries are generally not very loud and are expected to have modest SNRs (see [66]). As such, they are unlikely to be detectable at
large cosmological distances with LIGO, where cosmological effects become important.
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Table 1. Table summarizing the various theoretical mechanisms (first column) that lead to modified GW dispersion. Each of these
theoretical mechanisms breaks a fundamental pillar of GR (second column), where LI is short for Lorentz invariance. The third column
provide the coupling parameter that appears in « in equation (1), while the fourth column provides the exponent parameter. The fifth
column shows the current bounds on the coupling parameters found by mapping the theory agnostic constraints from GWTC-3 (table
VII of [1]) to each specific scenario. Lastly, the final column show the projected bounds obtained in the work from eccentric GW burst
(EGWB) source. See section 3 for the full details of how these bounds are obtained.

Theory Current Projected
Theoretical mechanism GRpillar  parameter a GW bound [1] EGWB bound
Massive gravity mg =10 myg [eV] 0 1.27 x 107 % 4.8x1073
Extra dimensions 4D Qedt 4 1.10 x 1090 5.7 x 10%8
Doubly special relativity LI Ndrst 3 2.84 x 1020 1.3 x 10"
Hotava-Lifschitz gravity LI K [eV™2] 4 0.74 x 10* 0.039 x 10*
Multifractional spacetime LI wy [eVT!] (time) €[2,3] 5.44x107?(a=2.5) 1.3x107%
wx [eV™!] (space) 2.27 x 1078(a =2.5) 4.9x 10731
Gravitational SME LI kt(if) [em?—*] (even) d—2 1.17 x 107%(d = 6) 1.5x 1077
+kEL\1/)) [cmd74] (odd) 1.30 x 10_::(111 5) 2.0 X 10_14
4.60 x 10~11(d = 5) 20x1071

—kE’f/)) [em?—*] (odd)

wavelength of the wave being much larger than this scale, &« = 14,t/Lp and a= 3, where 7q, is here
dimensionless. In this case Agrsy = 27 Lp7qrst-

e Hotava—Lifschitz gravity [18, 19, 77, 78]: A proposed quantum theory of gravity that introduces a
preferred time foliation, such that Lorentz invariance only arises at large distances compared to the
Planck length. In this theory, GWs obey a dispersion relation with o = x{,u?/16 and a =4, where
(Knl, 1) are coupling constants of the theory related to the bare gravitational constant and balance
conditions of the theory, respectively.

e Multifractional spacetime theory [79-82]: Another proposed quantum theory of gravity that allows the
effective dimension of spacetime to vary at different scales by replacing the D-dimensional measure
of the action d”x with a Lebesgue-Stieltjes measure dp(x). For this theory, the GW dispersion rela-
tion takes different forms depending on the preferred foliation of the spacetime. For timelike fractal
foliations, a = 2w2~*/(3 — a), while for spacelike fractal foliations o = —2 x 3'=%/2(,2=%/(3 — qa),
with w, a characteristic frequency (energy) scale. For both scenarios, a need not be an integer val-
ues, but a =2 — 3 and typically one choses a=2.5.

o Gravitational standard model extension (SME) [83]: An EFT that combines the standard model of
particle physics with GR, and includes Lorentz symmetry breaking. The exact form of the modi-
fied dispersion relation varies depending on the dimension of the Lorentz breaking operators intro-
duced into the action. For even d > 4, o = —ZkEf)) /L%,dfs, while for odd d > 5, o = :l:kgi)) /Lf,dfs, and

a=d — 2. The constant coefficients kEf)V) control the Lorentz violating operators in the action. Note

that each k() has units of length?—*.

The above list is far from exhaustive, but provides a general sense of the physics that the modified dis-
persion relation in equation (1) captures. For further details of these scenarios, see [43] and references
therein. Table 1 provides a brief overview of the specific scenarios considered here, and the current
bounds from GWTC-3 [84]. In the next section, we will visually show the imprint of a few of these
cases on the propagation of eccentric bursts.

2.2. Eccentric binaries and time-domain GWs

The first formulation of the gravitational waveform for eccentric binaries at leading post-Newtonian
(PN) [85] order was derived by Wahlquist [86] and later reformed with newer notation by Martel and
Poisson [87]. We follow Martel and Poisson and define the GW polarizations as

hy =— 1% { {Zcos (29 —28)+ gecos(¢> —20)

1
—|—Eecos (3¢ —23) + €* cos23 (1 + cos? L) (5)
+ [ecosqS + ez] sin’ L} ,
4



10P Publishing

Class. Quantum Grav. 43 (2026) 075010 N Loutrel et al

and

hy = — 1%1 [4sin (26 —26) + Sesin (¢ —25) ()

+esin (3¢ — 23) — 2¢* sinZﬂ] cost,

where 3 and ¢ are the angles that define the polarization axes, 7 is the symmetric mass ratio, m is the
total mass of the system, e is the orbital eccentricity, p is the semilatus rectum which is related to eccent-
ricity and semi-major axis by p = a(1 — ¢?), and Dy is the luminosity distance.

The time-domain signal of the waveforms can be decomposed into harmonics of the mean orbital
frequency [88, 89]

B () =—heY [s;k; sin (k€) + C1, cos (ke)} , 7)
k=1

where we introduce the notation used in [89] such that the coefficients SS’?X and Cg’f?x are functions
of eccentricity and the polarization angles and hy is dependent upon the individual masses of the bin-
ary constituents, semi-major axis, eccentricity, and luminosity distance. These coefficients are explicitly
defined as:

ng) = ;2 [1 + cos? L] sinZﬂM{eIk_l (ke) — [1 +k(1 - 32)]]k (ke)}v (8)
c® = ;2 {[cos2B (1 +cos’t) e (1 —e*) k(Jxt1 (ke) — Tk (ke))]

—[cos2B (14 cos’t) (¢¥ —2) + e*sin’ 1] Jy (ke) } )

S(Xk) = %cosZBcos&ﬂ{e]k,l (ke) — [1+ (1 =€) k| Jx (ke) }, (10)

>
ch = :—zsinZﬂcou {Ze(l — &) ki—1 (ke) =2 |1+ (1+¢€*) k— 62} ]k(ke)}’ (11)
- 2m1m2 i
hoiiﬂ(l—ez) D (12)

Equation (7) is also dependent upon the mean anomaly ¢ which is given as ¢ = 27 (t — t,) Forp, with Fop,
being the orbital frequency, and ¢, the time of pericenter passage.

These waveforms describe a continuous radiative signal that is non-dispersive. Under modifications
to GR, the waveforms become dispersive requiring the study and consideration of time shifts between
the time at which GWs are emitted and when they are observed. At leading PN order, quasi-circular
binaries only emit GWs at twice the orbital frequency, which can be seen by taking the limit e — 0 of
equations (5) and (6). As a result, dispersion effects modify the observed frequency evolution of the bin-
ary (see [46] for details). However, comparison to the eccentric case in equation (7) reveals that eccent-
ric binaries emit GWs in many orbital harmonics simultaneously. Since each harmonic possesses a dif-
ferent frequency, they will arrive at the detector at different times, resulting in an observed modulation
of the waveform. Here, we are primarily interested in the high eccentricity limit, where the waveforms
resemble discrete bursts instead of continuous waves. While the discussion will primarily focus on this
case, the formalism we develop here is general enough to apply to low and moderately eccentric systems
as well.

The mean anomaly ¢ appearing in equation (7) is a function of coordinate time t which, in GR, is
measured without distinction between emitted and observed times. Under dispersion effects and modi-
fications to GR, the time ¢ which characterizes the mean anomaly maps to emitted time ¢,, i.e. the
coordinate time at which the GW is emitted in the binary’s center-of-mass rest frame. Under dispersion,
the mean anomaly should be expressed as £, = 27 Fop (£, — t}(,e)) = 27 Fy i, AAt,, where tée) is the ‘emitted’
time of pericenter passage, and we relabel ¢ with the ‘¢’ subscript to indicate its dependence on the emit-
ted time. Each harmonic in equation (7) will propagate at a different velocity, and will thus be observed
at time t,. We further define ¢, = 27 For, (2, — tl(,o)) = 27 Fop Ay, with tl(,”) the ‘observed’ time of peri-
center passage. For the kth harmonic of the waveform, the quantities ¢, and /, are then related to each
other by equation (3) taking f = kFo,

7w Dy, 1 1
bt <k2—“ - k%n) ’ 1
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where we have also chosen [ = kyaxForb, with [64]

1.1954
kmax = %7 (14)
(1—e2)*?

which corresponds to the harmonic with maximum power.

We have made two choices to arrive at equation (13), namely that the constant time shifts physic-
ally associated with pericenter passage [tlg ),tlg )] are different for [¢,/,], and that the reference frequency
f’ is chosen to be fixed at kiqayForh- Both of these stem from the burst formalism originally developed
for power stacking searches in [32]. There, eccentric bursts were treated as regions of excess power in
a time-frequency spectrogram, each of which possessing a central coordinate (#;,f;). Since the modeling
therein was performed in the context of GR (i.e. no dispersion), the time centroid is trivially the time of
pericenter passage of the orbit from which the burst originates, while the frequency centroid is related
to the peak of the waveform power spectrum or amplitude. The former can be mapped to the pericen-
ter passage time of the previous orbit by incorporating radiation reaction effects into a timing model,
which we will discuss in more detail in section 2.4. The latter was first considered by Turner [90], who
showed that the peak of the power spectrum for nearly parabolic orbits is related to the characteristic
timescale of pericenter passage, although a more thorough computation was carried out in [64], leading
to equation (14). Making these choices will allow us to address how the time-frequency centroid of each
burst is modified due to dispersion effects in section 2.4.

At this point, we may implement the dispersion effects into the time-domain waveform. We are able
to express equation (7) in terms of complex exponentials with an harmonic coefficients dependent upon
SSf?X and C(f?x through manipulating Euler’s formula. This gives a new, equivalent expression for the
polarizations,

By (1) = —ho Z[H(k) ikC ( g® )Teiklg:|7 (15)

where HSQX = (C(f’)X - iS(f))X )/2, and 1 indicates the complex conjugate of the specified terms. Now that
the time-dependent term ¢, has been isolated into an exponential term, we use equation (13) to separate
the exponential into a product of two terms one of which depends solely on ¢, and another which is
time-independent, specifically

ke = By (@) et | (16)

. 1—¢ T
By (a) = exp{;&k“/z [(kk> - (kk> ] } ; (17)

with the dimensionless coupling parameter

where

2w DLk ™!
/\2 aFl a :

orb

o= (18)

Thus, the final expression of the dispersion modulated waveform is

hy o (t) =—ho Z[ 1’““+(H‘f)x> Bl (a) ‘““50}, (19)

where recall that ¢, is related to the time at which the GWs are observed.

We show an illustrative plot of the dispersion modulated time-domain waveform in the top pan-
els of figures 1 and 2, for the massive graviton and extra dimension scenarios, respectively. We refer-
ence equation (18) in the plot titles to give clear values of & which correspond to the changing values
of luminosity distance, specifically [10,100,1000] Mpc. We also plot the non-dispersive GR waveform
(dashed lines) in each plot for comparison. Both of these figures reveal that dispersion causes an oscil-
latory modulation of the burst, before time of pericenter passage in the massive graviton case (figure 1),
and after for the extra dimensions case (figure 2).

Why does this behavior occur? The answer can be seen from equation (13). For the massive grav-
iton case, the disperive effect scales with negative powers of k. As a result, higher frequency components

6
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Figure 1. Top: Time-domain burst waveform from a binary with m; = 10M = m,, e= 0.9, and n = 9.4 Hz subject to dispersion
from massive gravitons (a = 0) at different distances from the source, specifically Dy, = [10, 100, 1000] Mpc (left, center, right).
For this comparison, we have chosen Ayg = 1.2 x 107 m , which results in & = [0.049, 0.49, 4.9] at the respective luminosity
distances. The waveforms are plotted as functions of £ = n(t — t,) for simplicity, and are normalized by the maximum amplitude.
The GR, non-dispersive, waveform (dashed line) is plotted for comparison. Botform: The same waveforms but in the frequency
domain, where fmax = f1kmax /27, and again, the waveforms are normalized by the maximum Fourier amplitude.
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Figure 2. Top: Time-domain burst waveform from a binary with m; = 10Mg = my, e=0.9, and n = 9.4 Hz subject to disper-
sion from extra dimensions (a = 4) at different distances from the source, specifically Dy = [10, 100, 1000] Mpc (left, center,
right). For this comparison, we have chosen Aegr = 1.0 X 107> m, which results in @ = 1.4 x [107°,1074,107°] at the respective
luminosity distances. The waveforms are plotted as functions of £ = n(t — t,) for simplicity, and are normalized by the maximum
amplitude. The GR, non-dispersive, waveform (dashed line) is plotted for comparison. Bottorn: The same waveforms but in the
frequency domain, where fnax = 1kmax /27, and again, the waveforms are normalized by the maximum Fourier amplitude.

travel faster than lower frequency components, and would thus arrive sooner in a simulated detector ref-
erence frame. This causes a ‘ringing’ in the early stages of the burst. For extra dimensions, and indeed
for all cases with a > 2, the opposite is true. High frequency harmonics travel slower than lower fre-
quency harmonics, arriving later at a simulated detector, and causing the ringing to appear ‘after’ the
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burst. It is worth noting that, at sufficiently high luminosity distance, the burst becomes completely
smeared out to the point it no longer resembles a burst source, but instead resembles noise. However,
in order to visualize this effect, one has to break the weak coupling assumption & < 1 in this case.

2.3. Dispersion effects in frequency-domain eccentric burst waveforms

The discussion of the previous section functions for both illustrative purposes, as well as to devise a
general formalism of how to adjust for non-GR dispersion effects in eccentric PN waveforms. However,
these are not the most useful for performing studies of projected constraints on non-GR effects, and we
must move to the frequency domain to do so. This can be performed numerically, but to limit numer-
ical error in our final results, we focus on implementing the dispersion effects into analytic frequency-
domain eccentric waveforms. To do this, we break from the generality of the previous section, and
restrict our attention to GW bursts from highly eccentric sources, which may be described by the EFB
framework [91]. We will use a slightly modified EFB-F waveform which is derived in appendix herein,
which we will refer to as EFB-D waveforms.

The EFB-D waveforms in the absence of dispersion are obtained by double application of the sta-
tionary phase approximation (SPA), first to transform from the time-domain waveform in equation (7),
and second to perform the resummation of the sum over k in the frequency domain. To implement
dispersion effects into this, we must Fourier transform equation (19) which has the dispersion effect
implemented in the time-domain polarizations, and determine whether either SPA is corrected by the
introduction of such effects. First, the evolution of the binary under leading PN order radiation reac-
tion is given by equations (A.1)—(A.3) where t is promoted to f,, and subsequently, ¢ is promoted
to £,. One can rigorously show that these expressions do not change when mapping to (t,,%,), since
0t,/0t, = 1 from equation (3). However, there is a simpler, and more physical, reason for this, specific-
ally, equations (A.1)—(A.3) are related to the generation of the waves from the binary, and thus, disper-
sion should not alter them.

The second application of the SPA, to perform the resummation over k, can be modified due to
Bi(@) in equation (17). If the dispersion effects are large, the phase of By(@) can dominate over the
phase U, (k,f) in equation (A.7). However, we are interested in parameterized tests of GR, for which the
region of parameter space of interest is @ < 1, since this is relevant dimensionless quantity for disper-
sion effects in eccentric binaries. Under this assumption, the dispersion effects should be small, and thus
a slowly varying function compared to the orbital contribution to the phase from ¢,. We can then use
the generating function of Bessel functions of the first kind,

oo

) = 3 w2, (20)

m=—0o0

to recast the phase modulation of B(@) into an amplitude modulation, specifically

Mimax m(l—g)
Bi(a)= Y i’“( £ ) L, (ak?), (21)

kmax
M=—1Mmax

where we have made use of the connection formula [92]
L (x)=i"], (ix) , (22)

and we have introduced m,, to allow for the summation over m to be truncated at a finite value.
The observed time-domain waveform is still given by equation (19), but with B(@&) now given by
equation (21).

Mathematically, #,,x — 00 in order for equation (21) to be an exact analytical representation of
equation (17). However, considering the numerical impossibility of evaluating such a sum over infinite
bounds, we must find adequate limits on the summation to recover an accurate value while also main-
taining computational viability. From the standpoint of tests of GR, @ < 1, and since I,,(ak*?) ~ @™ in
this limit, one should choose #1,, = 1 when preforming tests of the null hypothesis. For more general
cases where & can take any arbitrary value, m,,, > 1 and must be chosen such that equation (21) is a
sufficiently accurate approximation of equation (17).

The frequency-domain waveform can now be obtained by computing

R, (f) = / dtohy  (t,) €M% (23)
8
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where hy «(t,) is given by equation (19) with Bi(&) given in equation (21). The time integral over t,
and resummation over k are computed using the exact same methods as detailed in appendix, thus we
may write the final waveform directly,

RO () = —hidy (™5 (24)
where
_ 1/3
h= 2T <M> , (25)
DL n;
Aex(p={ tim [04k-DHY, (0)B ()] (26)
’ k—2m f/n; X A ’

with M = mn>/> the chirp mass of the binary, n; = 27 Foy, ; the mean frequency at pericenter, ¢; the
orbital eccentricity at pericenter, ©(x) the Heaviside step function, and tl(,o) a time offset that we will dis-
cuss in more detail in section 2.4.

In the bottom panels of figures 1 and 2, we show normalized plots of the dispersion-modulated +
polarization for the EFB frequency-domain waveforms at the same luminosity distances at the time-
domain waveforms. Again, the non-dispersive GR waveform (dashed line) in the frequency domain
is shown for comparison. This illustrative plot shows how the burst is also distorted in the frequency
domain by dispersion effects as the wave propagates and moves away from its source.

2.4. Modifications to time of arrival

Under the EFB framework, the GW signal is modeled as one distinct burst over a finite time interval.
To correctly model the orbital inspiral with multiple GW bursts, it is necessary to implement a timing
model over which the EFB waveform evolves accounting for changes in eccentricity, semilatus rectum,
and time of the GW signal arrival. Thus we must redefine the EFB waveform equation in equation (24)
to account for such changes [91], specifically

~ ~ - r(0) 40
o (FM,pises) = — il e (M7, piyei) ™00 (Mompicon) (27)

where we have promoted the previously constant time shift tl(,o) to a function of the binary’s parameters.
Here, i denotes the values of eccentricity e, semilatus rectum p, and time at which the signal is observed
tl(,o) at the end of the i™-orbit which are related to the values of these quantities during the previous

i— 1 orbit by the following equations [65, 93, 94]:

| s (om 5/2 L7 08)
pi = Ppi—1 5 n Pt gfi-1 )

b | 0BT m N\ 1 (29)
71— €i—1 15 n pi—l 304 i—1 )

3/2 - 3/2
1+ nm (-2 €

() _ (e 2 | Pt (pfl)
bpi = lpi1 T mi/2 ) (30)

5/2
€117 (pinfl) B(e)

where € = 1 — ¢%. Arredondo and Loutrel [93] propose the following definitions for the functions A and
B,

A(Gi):ao+01€i, (31)
B(G,’) = bo-‘rbléi—‘rbzﬁ?. (32)

The a and b coefficients have been calibrated against numerical evolution of the relative Newtonian
order osculating equations to obtain [93]:

ap,3
n ' ( p )“““‘

_ P 33
ap = do,1 + a0, (1/4> Tom ) (33)
a; = —16.823395797589278, (34)
by = 1707T/3 =178.0235837034216, (35)
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by = —139.3766232947201, (36)
b, = —1.088578314814299, (37)
where
ap,1 = 14.1774066465967 , (38)
a9, = —0.236903393660227, (39)
ap;3 = 0.962439591179757 (40)
ap,4 = —2.415912280582671 . (41)

The above timing model given by equations (28)—(41) models the evolution of the binary under relative
Newtonian order radiation reaction (2.5PN quadrupole radiation). We implement these equations to
adjust the time of pericenter ¢, and its time shift behavior to reflect the changing values of eccentricity
and semilatus rectum due to the loss of orbital energy and angular momentum from GW emission.
When considering dispersion effects, the shift in pericenter passage time in equation (30) corres-
ponds to a observer’s clock at the location of the binary and does not account for any dispersion effects.

Thus we define the time variables as tl(,e) because this models the time as a measurement from the

moment the burst is emitted. To introduce dispersion effects and obtain a timing model for t}(,o), we

must again use the time shift in equation (3) to relate tl(,e) in equation (30) to the observed time tI(,a) in
equation (27). To do this, we treat the bursts as discrete objects in time-frequency space with centroids
( i) fmax ;). Thus, for general implementation of dispersive effects, the shift in the observed pericenter

time of the burst is

D
1(701) = l‘(o 1t Atée) 2)\2H7L_uga (fmax7i7fmax,i—l) )
max,i—1
@ Ko |
e Qi1 max
pl |+ AL mga (fmax,iafmax,i—l) (42)
where &; in the second equality is defined by evaluating equation (18) on the ith orbit, Atp )= I(”)
tz(f?fl and is given in equation (30), and we have defined
2—a
&a (fmaxpfmaxz 1) (fmaXl 1) - 1; (43)
fmax,t

with the subscript a corresponding to the exponent of the non-GR dispersion effect.

We may make a simplification to equation (42), specifically to the dispersive factor g,. This dispers-
ive term g, can be expressed in terms of ky.x in equation (14), since fmax = kmaxForb- The kmay term is
a function of e; which is in turn a function of ¢;_; through equation (29). Likewise, Fo, ; is a function
of (pi,e;), which also maps to the previous values through the timing model. Thus, it is possible to per-
form a PN expansion on g, by series expanding in equation (43) about (m/p;,—_;) < 1. Then, g, becomes
a function of ¢;_; and p;_; without ¢; and p; dependence. We choose to PN-expand the dispersive term
because it simplifies the g, term as previously mentioned now solely depends on i — 1 terms, which will
make waveform parameter estimations simpler and calculations more efficient (section 3). Performing
the PN expansion to the first order yields

5/2
m ) (Ite )

Pi—1

27
S (pic1,6i-1) = —Eﬁ(ﬂ -2) <
x [—288+16(19x — 18) ei_y — 252¢;_, + (121K — 252) €]_| (44)

where k= 1.1954.

Figure 3 shows a comparison between the PN expansion of g, in equation (44) (dashed lines) and
the exact expression in equation (43) (circles) for three different binary systems: a BBH (magenta), an
NSBH (blue), and a BNS (red). Table 2 shows the orbital parameters for each of the binary systems. The
exact expression and PN result show excellent agreement, with the relative error (bottom panel) being ~
O(107° — 107?) after five hundred orbits, depending on the system. Note that we plot the combination
2a/8a,0» where g, ¢ is the initial value obtain from the orbital parameters in table 2. From equation (44),
we see that this is independent of the value of 4, and numerically we have checked that the same hold
effectively true for the exact expression in equation (43), despite its more complicated dependence on a.

10
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Table 2. Initial parameters used to evaluate equations (43) and (44) for the binary systems considered in figure 3.

System ml[Mg)] m2[Mo] e(0) a(0)
NS-NS 1.4 1.4 0.9 1360
NS-BH 1.4 10 0.9 535
BH-BH 10 10 0.9 368
T T T T T
-== BBH [
I
5F === NSBH P
-~~~ BNS 0
7
II
41 K N
o /
g 4
S 7
> 3 Vi .

107 ol
21074; ——————————————————— - |
S0 f
R ;
3} L o e —————————- ]
=10k E
ettt - ittt ettt po—===——1]
0 100 200 300 400 500
Orbit(4)

Figure 3. Top: Comparison between the exact expression for g, in equation (43) (circles) to its PN expansion in equation (44)
(dashed lines) for three different binaries (colors) with initial parameters given in table 2. Each binary is evolved using the burst
mapping in equations (28)—(28) for five hundred orbits. Note that the combination g, /ga,0 is effectively independent of a for the
exact sequence, and actually independent in the case of the PN expansion in equation (44). Bottom: Relative error between the
exact and PN expressions for g,.

As a result, we do not show comparisons between different dispersion cases, i.e. the analysis in figure 3
is universal.

3. Parameter estimation

3.1. Fisher analysis for eccentric burst waveforms
To study plausible constraints on modified dispersion effects with current and future GW detectors, we
make use of the Fisher information matrix, an approximate method of obtaining parameter uncertainties
(see [69, 95] for caveats of Fisher analyses). In the context of GWs, the Fisher method relies on taking
derivative of, usually analytic, waveforms with respect to the model’s underlying physical parameters to
compute a covariance matrix, from which uncertainties can be extracted. Before considering the con-
straints on modified dispersion effects with eccentric burst sources, we provide the details of the general
formalism of the Fisher analysis used for both single and repeated burst waveforms.

The likelihood that, after subtracting a waveform model h, a detector data stream s is purely given by
noise is

lnﬁz—%(s—h|s—h), (45)
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where (| ) corresponds to the noise-weighted inner product

fhigh
(A|B) :4Re/f Snd(ff)A(f)BT () (46)

with S,,(f) the one-sided power spectral density for the GW detector in question, and [fiow. fhigh] =
[10,1024] Hz for the analysis carried out here. The waveform model will depend on a set of paramet-
ers 6°. Suppose that the detector data s = h(6%,,.), where 67, are the ‘true’ parameters of the source
generating GWs, and the detector noise can be neglected. Under such an approximation, the likelihood
around the 6., reduces to

Int = —%FabAeﬂAa” +O[(A0)h], 47

where A§* = 6% — 62

true? and

Ty = (Ouh|8bh) (48)

is the Fisher information matrix with 9,h = 0h/00°. The variance ¢ on a given parameter can be found
by computing the inverse of the Fisher matrix, the covariance matrix Y, = [['!],, specifically

o=\ 2ua- (49)

Further, the correlation coefficient c,; between two parameters is given by the off-diagonal components
of X, le.

Eab

e (50)
0,0

Cap =
In the case of null tests of non-GR parameters, o, determines the upper or lower bound on said
parameters.

Before proceeding, there are a few extra details included in our analysis. First, the results of the
Fisher analysis, specifically the variances ¢¢ and correlation coefficients ¢,, can vary significantly depend-
ing on the sources sky location (6s,¢s) and orientation with respect of the binary’s angular momentum
vector with respect to the line of sight (¢, ). To avoid this oscillatory dependence, we average over both
these. The average of the sky localization reduces the inner produce to

1 1 1
(A[B) = 3 (A+[By)+ 3 (Ax|Bx) = 3 Z (Ap|Bp) , (51)
P={+,x}

while the average of the source orientation is more involved. From equations (8)—(11), we see that we
may write

hy = (1+ cos’t) [cos(28) h§ +sin (28) hi] +sin®1 b9, (52)
hy = cost [cos (28) hS +sin (28) bS] (53)

where hi’fx and h{ do not depend on the orientation angles (1, 3). The average over (1, 3) results in

(A4[By)ip = {7 (AT|BS) +4 (A$|B$) +7 (AS+|Bi)} , (54)

Gl

(Ax|Bs)up = ¢ [(ASIBS) + (A% IB%)] . (55)

A=

where we have assumed the polarizations [A4 «,By x] follow the decompositions in equations (52) and
(53). Thus, the final expression for the averaged Fisher matrix we consider in this work is

av: l
Loy’ = (DahlOph) = > (Oahe|Oshy). s (56
P={+,x}

where the average over [1, 5] is given by equations (54) and (55).

Another consideration comes from the nature of the emission itself, namely that highly eccentric
binary systems emit GWs as repeated burst signals. The formalism above readily applies to single burst
sources, but requires some modifications due to the fact that each subsequent burst is time-offset from
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the previous by an amount that depends on the parameters of the binary, which may be seen from the
timing model in equations (28)—(44). Normally, this would not be an issue, since the total waveform
would simply become a sum over the individual bursts, i.e

ﬁ(]‘) _ Zfl] (f) eZTriftP,j(GJ“) , (57)
j

with flj( f)= ﬁ(@;’; f). The real challenge comes from the recursive nature of the burst timing model when
confronted with the derivatives with respect to waveform parameters in the Fisher matrix. For single
bursts, the waveform parameters are only those of the individual burst, so . However, when consid-
ering a train of bursts, the entire sequence is only specified by the initial parameters 6§, and the Fisher
analysis should be performed with respect to these, not the ¢ of the individual bursts. As a result, the
waveform derivative in the case of multiple bursts becomes [66]

D h = XN:j%“faajﬁj (58)
i=0
where
-T2 (59
0 k=1 aezk—_ll

is the Jacobian associated with the mapping ,ui(uifl) produced by the iterative timing model in
equations (28), (30), and (42), and O, h; = Oh;/ 0;6-1" . Note that for the first burst in the sequence, the
Jacobian is simple the identity matrix.

The last consideration to note before presenting the results of the Fisher analysis is what paramet-
ers should be chosen as the waveform parameters 6°. It is well documented that eccentric burst wave-
forms contain significant parameter degeneracies, found first in studies of repeating burst sources [66]
and later independently discovered in studies of unbound scattering encounters [96]. The reason why is
fairly straightforward: individual burst sources are not a full wave cycle, and thus, do not contain signi-
ficant physical information.

For the analysis carried out herein, we make use of the new Fourier domain EFB waveforms derived
in appendix and extended to include dispersion effects in section 2.3. Due to the fact that this wave-
form is only leading PN order, the degeneracies found in [66] are still present in this model, and hence
the parameters for the Fisher analysis should be 67 = [M, Py, e, ty,0, D1, &), where P = (p>/M)'/? is
the ‘radius of curvature’ of the orbit, and the underscore 0 indicates these are the initial parameters
of the burst sequence, i.e. those of the first burst. However, when performing the Fisher analysis on
the first burst, an immediate degeneracy appears. Specifically, #, o is independent of any other para-
meter, while the waveform will only depend M and Dy through the amplitude constant /. Thus, for
single burst waveforms, these two parameters cannot be measured independently due to this degen-
eracy, but ho can be measured. As a result, the parameters that we actually use for the Fisher analysis
are 07 = [M, Py, e, tp70,h~0,640], and priors in these parameters are chosen to be flat so that the posterior
probability distribution is proportional to the likelihood. The EFB-D waveforms can be mapped into this
parameterization by suitable transformation of variables on the timing model in equations (28)—(42),
and using the relationship n; = (1 — ¢?)*/2/P; in the waveform amplitudes.

3.2. Constraints of modified dispersion

To obtain projected bounds one might obtain on modified dispersion effects, we consider two repres-
entative binary sources for LIGO, specifically m; = m, = 10Mg and m; = m; = 30My. The model used
herein only depends on the chirp mass, so we do not consider binaries of different mass ratios. For
the two binaries in question, we vary the initial eccentricity in the range [0.8,0.99] and fix the peak
frequency of the initial burst of the sequence to be fi, =40 Hz. This is to ensure that the individual
bursts would be approximately detectable via a burst search algorithm (see figure 1 of [66]). For this
value of the peak frequency, the signal-to-noise ratio (SNR) of the initial burst for the lighter binary is
p ~ 7, while for the heavier binary p ~ 45. The luminosity distance for all computations herein is fixed
at Dp = 100 Mpc. Since Dy does not explicitly enter the Fisher analysis, varying this parameter primar-
ily affects the SNR p, which changes the uncertainties in a Fisher analysis due to the known fact that
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Figure 4. Marginalized posterior distributions for the binary with m; = m, = 10M and ey = 0.99, for one burst (cyan) and

a sequence of forty-eight bursts ending at e; = 0.70 (magenta). The posteriors are shown for different values of the dispersion
exponent parameter, thus changing the theoretical mechanism: a = 0 (top left), a = 2.5 (top right), a =3 (bottom left), and a =4
(bottom right). For the single burst event, the dispersion parameter &y is highly correlated with the time of pericenter of the
burst #, o. Further, because of the degeneracies in the waveform, the luminosity distance and chirp mass cannot be measured
independently, and thus any bounds on &, cannot be mapped to bounds on specific theoretical mechanisms. For the multi-
burst sequence, the correlation between & and #, o is weakened, and the measurement uncertainty on the former improves.
Further, the degeneracy between M and Dy, broken, and the bounds on &g can then be mapped to bounds on the theory specific
mechanisms in table 1. Contours specify the (0.5,1,1.5,2)—sigma credible levels of each distribution.

0% ~ p~'. For each initial eccentricity value, we evolve each binary using the timing model up to a final
eccentricity of e = 0.70, ensuring that the GW signal is still burst-like and the approximations used
herein remain valid. All inner products are numerically integrated from fio, = 10Hz to fhn = 1024 Hz,
and we use the theoretical design sensitivity curve for LIGO available at [97] to compute S,(f).

For the initial burst of the sequence, the Fisher analysis, more specifically the inversion of the Fisher
matrix, is ill-posed, due to the initial burst’s independence of the chirp mass. However, the Fisher mat-
rix can be inverted by eliminating the corresponding row and column from the matrix. Doing so reveals
reasonable uncertainties on ¢,y and &, while the uncertainties for the other parameters remain large,
which is consistent with previous results [66]. In figure 4, we plot marginalized posteriors generated
from the covariance matrix for the lighter binary with ey = 0.99, and for varying values of the exponent
parameter a. For the posteriors of the initial burst (cyan contours), &y shows significant correlation with
the time offset ¢, . There is no strong correlation with any of the other waveform parameters. For com-
parison, the posteriors of the full burst sequence (magenta contours) is also displayed. For this initial
eccentricity value, there are forty-eight bursts in the full sequence, after which the covariance between
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Figure 5. Uncertainty on the parameter &y as a function of eccentricity for a sequence of bursts, starting at ey =
[0.99,0.95,0.90,0.85,0.80] and ending at e = 0.70. Left and right panels display two different binaries, m; = 10Mg = m,
and m; = 30M = my, respectively. From top to bottom, the panels corresponds to different dispersion scenarios with
a =[0,2.5,3,4], respectively. The right axes show the projection of the uncertainty on &y into theory specific bounds for a subset
of the mechanisms in table 1, specifically massive gravitons (a = 0), timelike multifractional spacetime (a = 2.5), doubly spe-
cial relativity (a = 3), and extra dimensions (a = 4). The theory specific bounds are multiplied by a factor of kmax,0 = kmax(€o)
to ensure that the mapping from the values of &g on the left axis are eccentricity independent. For more details, see section 3.2.
Colored numbers next to each curve in the top panels display the total SNR of the burst sequence. Note that the SNR does not
change when considering different dispersion effects.

ag and ¢, is effectively broken, and the uncertainty on the former improves significantly. The uncer-
tainty on the latter is largely set by the maximum frequency sampled, and thus, only improves margin-
ally throughout the sequence.

For the binaries studied here, figure 5 shows the uncertainty on & (colored diamonds) plotted
against e;, showcasing how the uncertainty changes as the burst sequence proceeds for different values
of the dispersion exponent parameter a. Shaded regions correspond to points contained within the 1-
sigma contours as determined by the uncertainty computed through equation (49). The sequence starts
from the second burst due to the ill-posedness of the matrix inversion on the first burst. In general, the
uncertainty on &, decreases as the sequence proceeds. Higher chirp mass and higher initial eccentricity,
save for the case a =0, lead to better bounds on &.

The uncertainty on &y, specifically og,, can be mapped into theory specific bounds on the coupling
parameters using equation (18) for the initial burst, i.e.

l1—a
k_a/z g (2’IT)

max,0 ¢ TLUaoLé_zafi_u (60)

max,0

where [kmax,0,fmax,0, D] can be inferred from the recovered parameters [eo,Po,ﬁo,./\/l]. As a reminder,

all of the binaries considered here have fnx o =40 Hz and D; = 100 Mpc, hence the only parameter that
vary in the above equation are kpyax o and og,. Inserting the uncertainty on & from the results of the
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Figure 6. Violin plots on theory parameters found from taking the uncertainties on &g obtained from figure 5 and using the map-
ping in equation (60), along with the appropriate expression for c.. The latter can be found in section 2 as well as table 1. Solid
distributions correspond to results for the binary with chirp mass M = 8.71M¢, (m; = m, = 10M ), while the dashed distri-
butions are for a binary with M = 26.1 M (m; = my = 30Mg ). Each plot corresponds to a different theoretical mechanism,
specifically massive gravitons (top row, left), Horava—Lifschitz gravity (top row, right), multifractional spacetimes (upper middle
row, left and right), doubly special relativity (bottom middle row, left), gravitational SME for d = 5 (bottom middle row, right)
and d = 6 (bottom row, right), and lastly extra dimensions (bottom row, left).

Fisher analysis into equation (60) gives the bound on theory specific parameters. For figure 5, the right
axis displays this specific mapping for a subset of the theoretic mechanisms in table 1. Note that the
combination k;:xf)a, or more specifically the right-hand-side of equation (60), is independent of the
initial eccentricity.

Naively, one might expect from figure 5 that the strongest bounds come from the binaries with the
highest initial eccentricity e). However, this is not necessarily true since kmayo0 ~ (1 —€2)~>/2, and can
thus vary by several orders of magnitude as ey — 1. To showcase the theory specific bounds obtained
from the complete burst sequences, we simulate violin plots in figure 6 by generating normal distribu-
tions using the uncertainty on &, with the correct theory specific conversion factors. Solid line corres-
pond to result from the lighter binary, while dashed lines correspond to the heavier binary. For three of
the cases, namely massive gravitons (top left), and space-like (upper middle left) and time-like (upper
middle right) multifractional spacetimes, the bounds on the theory parameters do not change signi-
ficantly with the initial eccentricity ey. The remaining cases, specifically doubly special relativity (lower
middle left), extra dimensions (bottom left), Hofava—Lifschitz gravity (top right), and gravitational
standard model extensions (lower middle and bottom right), show significant variation over several
orders of magnitude in the theory parameters. In all of these cases, ey = 0.80 gives the best constraint
of the systems studied here. Further, the heavier binary generally gives better constraints regardless of the
theoretical mechanism considered, but this is due to the increase in SNR compared to the lighter binary.
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Figure 7. Cumulative probability distribution of the bound on « for an ensemble of one thousand GW capture binaries for
different exponent parameters a. The ensemble is chosen such that M € [8,80] M and fuax € [10,30] Hz, with ep = 1 and
Dy = 100 Mpc. The distributions are plotted versus cv/ aumax, where aumax corresponds to the largest bound obtained from the
ensemble. This is simply to normalize all bounds for different values of a so they appear on the same plot.

As a final piece of our analysis, we repeat the Fisher computation for an ensemble of 10° binaries at
Dy = 100 Mpc. To obtain the ensemble, we randomly select the chirp masses and peak frequencies of the
initial burst uniformly in the ranges M € [8,80]Mg and fmax € [10,30] Hz. We start all of the binaries
on initially parabolic orbits (ey = 1), thus constituting a set of dynamical capture binaries that become
bound due to GW emission during the first pericenter passage. These three values in hand fix P and all
subsequent waveform parameters. We then allow all of the binaries to evolve up to eccentricity e=0.7,
and stop the analysis there to ensure that we are still under the burst assumptions.

The analysis of the ensemble gives us bounds on the theory agnostic parameter & for any given a,
which can then be mapped to bounds on the theory specific parameter by equation (60). Thus, we
obtain a distribution p(«) for the bounds on «. We plot the cumulative distribution function P(«)
for this distribution in figure 7 as a function of &/ may, Where qp,y is the largest (weakest) bound
obtained from the ensemble of binaries. Note that theory-specific bounds can vary by many orders of
magnitude depending on the specific scenario and the value of a. Figure 7 shows that eighty percent
of the binaries in our ensemble provide bounds o ggo < [0.25,0.32,0.20,0.15] ey As an example,
this implies that eighty percent of the binaries in our sample will produce bounds on the graviton mass
mg < 4.8 X 107% eV. The equivalent values for the remainder of the theory parameters are given in the
last column of table 1.

Table 1 also contains the constraints obtained from analysis of GWTC-3 [1] mapped into the the-
ory specific parameters for each scenario. An important thing to note regarding the constraints from
eccentric burst sources is that we fixed the luminosity distance, which is useful to interpret our results
but cannot be directly compared with detection catalogs. Nonetheless, a more reasonably comparison
can be made by rescaling our results by the average SNR of the sources. For our ensemble, the average
SNR is approximately 140, while for GWTC-3, the average is approximately 11. Since uncertainties in a
Fisher analysis scale inversely with SNR, the constraints in the last column would get weaker by an order
of magnitude when rescaling to the average SNR of the GWTC-3 events. This indicates that dispersion
scenarios with smaller a value, massive gravitons and multifractional spacetimes for example, would per-
form worse compared to equivalent constraints from quasi-circular binaries. On the other hand, the lar-
ger a is, i.e. extra dimensions and the gravitational SME, the better our results are compared to equival-
ent quasi-circular bounds.
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4. Discussion

Eccentricity has a non-trivial impact on our ability to probe modified GW dispersion effects. Figure 6
and table 1 shows how this depends heavily on which type of effect one is considering. For effects such
as massive gravitons and multifractional spacetimes, the projected bounds obtained here are not better
than those obtained from the population-level analysis of GWTC-3 [1]. This naively seems to indicate
that current detectors have already hit the limit of how well these dispersion effects can be constrained
with single events. This further implies that improvements over current bounds can only be obtained by
building more sensitive dectors or combining inference from multiple events, such as those found with
GWTC-3 [1].

On the other hand, for effects with dispersve exponent parameters a > 3 (Hotava—Lifschitz gravity,
extra dimensions, gravitational SME, doubly special relativity, etc), improved bounds can be obtained
from eccentric burst sources under optimal conditions. These improvements can be an order of mag-
nitude as in the case of doubly special relativity, and up to three orders of magnitude for the d =6 grav-
itational SME. The reason for this is that, for a > 2, the time of arrival of different harmonics within the
burst, as well as the difference in times of arrival of the bursts themselves, grows like ~ f*~2, where here
f is the relevant frequency value. Hence, the larger the value of a, the more small changes to the disper-
sion coupling parameter will have a large impact on the propagation of GWs.

There are a few things to note about the results in figure 6. First, higher eccentricity does not always
lead to better constraints on modified dispersion effects, despite the fact that it improves the bounds on
the dimensionless coupling parameter &, (see figure 5). The reason for this is entirely due to the diver-
gence of the peak harmonic number kpy.x as e — 1.

Second, under optimal conditions, i.e. high SNR, lack of glitches, optimal template searches, etc the
bounds obtained from the eccentric GW bursts studied here can be stronger than the current bounds
obtained from the GWTC-3 catalog. Both the GWTC-3 constraints and the results of figures 6 and 7
are summarized in table 1 for convenience. This is despite the fact that the burst signals considered
here do not constitute full inspiral waveforms. The improvement appears to be due to the excitation of
additional waveform harmonics by non-zero orbital eccentricity. This is not always true, however. For
example, for massive gravitons, the projected constraints with both sets of binary masses considered here
is worse than the combined constraint from GWTC-3.

Further, from equation (60), one might expect that the bound improves by considering events at
higher luminosity distances D;. However, this is not necessarily true. The uncertainties in Fisher analysis
are known to scale inversely with SNR p. Since p = /(h[h), then p ~ D;!, and equation (60) is, approx-
imately, independent of the luminosity distance. We say here ‘approximately’ because the proportionality
coefficient between o5, and p can depend weakly on the luminosity distance through covariances with
other parameters. Further, in this initial study we have neglected cosmological redshift effects, which, if
included in this model, would cause the distance appearing in the definition of & in equation (18) to
be different from the luminosity distance Dy, which still appears in the waveform amplitude through
ho (see [46] for further details in the quasi-circular limit). This will introduce a cosmological redshift
z dependent factor into equations (18) and (60) which, in turn, introduces weak dependence on the
luminosity distance provided z < 1. So in general, we do not expect the projected bounds to change sig-
nificantly when considering more distant LIGO sources.

One may also be concerned with what happens to parameter uncertainties when considering next-
generation GW detectors, such as Einstein Telescope (ET) [98, 99] and Cosmic Explorer (CE) [100].

For both of these detectors, the main effect of relevance to this analysis is an increase in SNR due to

the detectors being more sensitive. A reasonable estimate is that these detectors would increase the SNR
by an order of magnitude compared to LIGO [101, 102]. Since uncertainties in Fisher analyses scale
inversely with SNR, i.e. o, o< p~!, this implies that uncertainties will become tighter by approximately
an order of magnitude. We say approximately here as there are some subtleties due to the increased low-
frequency sensitivity of ET and CE, but the general effect on parameter uncertainties are still controlled
by the above SNR argument.

Lastly, it is interesting to compare our projected constraints to those obtained from other observa-
tions and experiments beyond GW observations. The most up-to-date bounds on Lorentz invariance
violations (LIVs) across all sectors can be found at [103]. Of particular interest are the electromag-
netic bounds from astrophysical observations, of which the most stringent come from afterglow of GRB
22 1009A [104—107]. Constraints from those observations place bounds on LIVs at ~ 10Ep for a=3 and
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1078Ep for a =4, where Ep is the Planck energy. These bounds are significantly more stringent than cur-
rent GW bounds, as well as those forecasted here, owing to the significantly higher energy (or altern-
atively, higher frequency) of the gamma-ray radiation. Note that a similar phenomena explains the res-
ults we found here: eccentric GW bursts probe higher energy scales than quasi-circular binaries in the
inspiral phase [32], thus leading to slightly stronger constraints for a > 3.

Regardless of the subtleties of the analysis herein, the final results show a promising future for test-
ing GW dispersion effects once high eccentricity sources are definitively detected. Due to this, it may
be worth considering tests beyond the standard parameterized/phenomenological ones considered here
and throughout the literature. If GR is modified at sufficiently high energies, then the parameterized
dispersion relation in equation (1) arises as the low-energy/EFT expansions of whatever the correct high-
energy gravitational theory is. Non-linear effects become more important at higher energy scales, and
eccentric sources can probe scales higher than those for quasi-circular sources [32]. In fact, many pro-
posed quantum gravity scenarios and theories introduce non-linear modified dispersion relations, such
as logarithmic (causal set theory & asymptotic safety), exponential (infinite-derivative gravity), and tri-
gonometric (polymer quantization) [108]. Such modification will likely introduce a richer modulation
structure to the eccentric bursts beyond the simply Bessel structure found herein. Further, drawing from
solid-state physics for some examples, if spacetime is discrete, then a plausible non-linear effect that
may arise is the existence of band gaps in the GW energy/frequency spectrum. Band gaps are known to
exist in the propagation of electrons in metals [109—111], as well as the propagation of light in photonic
materials [112—114]. Other examples include scenarios where the dispersion effects are not just depend-
ent on the wave number as in equation (1), but also intensity dependent [115-118]. Such effects could
be interesting avenues for future research.
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Appendix. Revisiting frequency-domain effective fly-by waveforms

The EFB approach seeks to accurately model the GW burst emission from highly eccentric binaries.
While a time-domain approach showed strong agreement with numerical leading-PN-order wave-
forms [65], frequency-domain waveforms have stumbled on numerical computation issues [65], com-
plicated analytical computations [66], and limitations of suitable approximations [119]. We here revisit
the original, leading-PN-order, frequency-domain EFB waveform from [65], and provide a significant
simplification for the construction of current and future EFB waveform templates.

At leading PN order, the two-body dynamics reduce to Keplerian orbits perturbed by 2.5PN order
radiation reaction, which constitues the quadrupole approximation of Peters & Mathews [120, 121].
Under the assumption of adiabatic evolution of the orbital elements, the eccentricity e, semilatus rectum
p» and mean anomaly ¢ evolve according to [65]:

5/2
e(1) :ei—%nei (m) (l-l-me?)g(t) ) (A.1)
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pi)=p, [1 () (4 1) w)] , (42

0(t) = 2:; {exp[2nFu (t—1,)] — 1}, (A3)

where [e;, p;] are the values at pericenter, and

1— 2 3/2
n;=m'/? ( ¢ ) , (A.4)
pi
4
9% n (m n1/2 73 5, 37,
Frrzif —_— 17 i l ~— € —€; . A.5
107rm(pi> (1-¢) ( EETARETS (&.5)

The quadrupole order waveform polarizations are then given by equations (7), and, when combined
with equations (A.1)—(A.3), are valid for ¢ € [—7,7]. To obtain the time-domain EFB-T waveforms,
one applies a resummation procedure originally developed in [122, 123] directly to these waveform
polarizations.

However, [65] showed that the Fourier transform of the time-domain waveforms can be obtained
analytically by application of the SPA, before performing the resummation procedure. After transforming
the waveforms into the form of equation (7) and defining € = 1 — ¢?, application of the SPA gives [65]:

12} - |: v ( ):|T
k, X k, iv, (kf)
h = — — | 7= _eF N A.6
o (f) Dllrrk < ) \/2”X ’ ( )

=1

where X = f/Fur, Xorb = 1;/27 Fyr, U, is the waveform’s stationary phase

U, (k,f) = kXorb — X {I—Hn <kX;rb>] —§+27rftp, (A7)

and [ef _,p; _,€f ] correspond to the time evolving orbital elements evaluated at the stationary point

1 2T
i =t,+ nEo In (kn,f> . (A.8)

With application of the resummation procedure from [122, 123], the above waveform can be resummed
to obtain the EFB-F waveform which has known complications when one attempts to numerically eval-
uate the model [65], and analytic simplifications to speed up the waveform evaluation are complic-
ated [66].

Instead, we apply a slightly different resummation procedure here. After converting the sum in
equation (A.6) to an integral over k, the integral takes the standard form of a generalized Fourier integ-
ral and we apply the SPA again to the stationary phase W, (k,f). The new stationary point is given by
ke = X/Xoro = 27 f/n;, and the EFB waveform reduces to

H+,x (f) = _I:ll'H-‘r,X (f ei)ezmﬂ”’i, (A9)

where h; = (2/Dp) (M®/ ni)l/ * with M = m/* the chirp mass, and the Fourier amplitude is given by

Hyx(fe)= lim |©(k-1)HP, (¢ )T (A.10)
A +x Vh=/] >

with ©(x) the Heaviside step function, which accounts for the fact that the original sum over k begins
at k= 1. It is worth noting that, after both applications of the SPA (first over time, then over k for
resummation),

li Dk €r | = [ei,piseil, A.ll
k_)éwmf/n‘ ek Pk _ €k _] = lei,pis€i] ( )
and thus,
H, o (fe)= lim [@(kq)HU‘) (ei)}T (A.12)
’ ’ k—2m f/n; X ’
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which is simply the time-domain harmonic coefficient evaluated at continuous frequency f instead of the
discrete harmonic index k. This should not be surprising since adiabatic radiation reaction, by its nature,
should have little effect on the dynamics of the binary over a single orbit.

As a last point, the amplitude functions HE&?X (e) can be obtained from equations (8)—(11) and the
relationship

HY, = (1/2) (e s, ). (A.13)

These are then dependent on the Bessel function Ji(ke) and its derivative J}(ke). However, k =

27 f/n(e,p) and when performing the Fisher analysis in section 3, one would have to take a derivative
of these Bessel functions with respect to their order, not just their argument. To address this, we rely on
the uniform asymptotic expansion of Bessel functions of the form Ji(ke), specifically [92]

12 ¢\ 2 _

Kt~y /2 (i5e) % (3r) vou), (A1
1 /2 2

Ji (ke) ~ m\ﬁ [ (1-)] 'Ky 5 (3k<3/2> +O (K1, (A.15)

where Kj(x) are modified Bessel functions of the second kind, and

2/3

1++v1—¢?
=2 (=) e b (A.16)
€

2

This ensures that the waveform derivative needed for the Fisher analysis are purely analytical and closed-
form.
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