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SUMMARY

Palm distributions play a central role in the study of point processes and their associated summarystatistics. In this work, we characterize the Palm distributions of the superposition of independentpoint processes, establishing a simple mixture representation depending on the point processes’ Palmdistributions and moment measures. We explore two statistical applications enabled by our mainresult. First, we consider minimum contrast estimation for corrupted point processes. Second, weinvestigate the class of shot noise Cox processes and derive explicit expressions for their higher-order Palm distributions. In the finite case, we further obtain a tractable expression for the Janossydensity, which plays the role of a likelihood function and thus can be used for new likelihood-basedinference strategies. Extensions to the superposition of multiple point processes and to higher-orderPalm distributions are also presented.
Some key words: Matérn cluster process; Minimum contrast estimation; Noisy observation; Shot noise Cox process;Summary statistic; Superposition of point processes.

1. INTRODUCTION
Real-world point patterns often combine several structured components, some regular or inhomo-geneous and others explicitly clustered, and may also include random noise. Semiconductor waferdefect maps (Borgoni et al., 2021), disease-case locations in epidemiology (Meyer et al., 2017), cel-lular network base-station layouts (Choi et al., 2017), mixed-age tree stands in ecology (Ngo Bienget al., 2011) and earthquake aftershock sequences (Ogata, 1998) can all be regarded as superposi-tions of two or more independent point processes. While the superposition operation is trivial at themodel level, from an inferential standpoint, superposed point processes are notoriously awkwardto deal with. Standard tools such as minimum contrast estimation rely on closed-form expressionsfor second-order summaries, such as the J -function, Ripley’s K-function and Besag’s L-function.However, those summaries remain unknown for a generic superposition (Møller & Waagepetersen,2003; Diggle, 2013). Hence, practitioners need to rely on complex algorithms often developed on acase-by-case basis (e.g., Tanaka & Ogata, 2014; Xu et al., 2018).
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2 M. BERAHA, F. CAMERLENGHI AND L. GHILOTTI
In this work, we first focus on the Palm distributions of the superposition of two independent pointprocesses. Palm distributions (Baccelli et al., 2020) are key mathematical objects in the study of pointprocesses, describing the conditional behaviour of a process given the location of one or more of itspoints or atoms. We establish a mixture representation for the Palm distributions of the superposedprocess, in which the mixture components are sums of the two original processes and their Palmversions, weighted by their respective mean measures. We also show that our analysis easily extendsto the superposition of more than two independent processes.We demonstrate the practical usefulness of our result for statistical inference in two settings. First,we consider fitting a point process contaminated by random background noise via minimum con-trast estimation. Indeed, through the Palm distributions, it is straightforward to obtain functionalsummary statistics, enabling robust and fast inference via minimum contrast. This method is partic-ularly relevant in applied contexts such as the analysis of spatial defect structures in semiconductormanufacturing (Borgoni et al., 2021).Second, we investigate structural and distributional properties of the shot noise Cox process(SNCP; Møller, 2003), a prominent class of cluster processes. Cluster processes are routinelyemployed in several applied areas, including astronomy, materials science and plant ecology; see,for example, Illian et al. (2008) and Møller & Waagepetersen (2003). Despite their flexibility andwide applicability, several distributional aspects of SNCP models remain only partially understood.As an application of ourmain result, we derive the higher-order Palm distributions of the SNCP, whichwere previously unavailable in the literature. In the case of finite SNCPs, we further obtain an explicitexpression for the Janossy density. Since the Janossy density plays the role of a likelihood functionfor finite point processes, this result paves the way for new likelihood-based inference strategies inthe context of SNCP models. We also discuss the use of our results in other statistical contexts, bothfrequentist and Bayesian.

2. SUPERPOSITION OF POINT PROCESSES
2.1. Background and notation for point processes

Let X be a Polish space equipped with corresponding Borel σ-algebra X . A point process Φon X can be represented as Φ =
∑

j⩾1 δXj
, where (Xj)j⩾1 is a sequence of random variables(atoms) taking values in X and δx denotes the Dirac delta mass at x. The probability distributionof Φ is denoted by PΦ. The number of atoms in Φ could be either finite or infinite. We will followthe approach of Baccelli et al. (2020), where Φ is regarded as a random counting measure; see theSupplementary Material for further mathematical details, including the σ-algebra on the space ofcounting measures.LetMΦ(B) = E{Φ(B)}, for B ∈ X , be the mean measure of Φ, and define the kth factorial

moment measure M (k)
Φ to be the mean measure of the kth factorial power of Φ, i.e., of the pointprocess Φ(k) defined as

Φ(k) :=
̸=∑

(j1,...,jk)

δ(Xj1 ,...,Xjk
),

where the symbol ̸= means that the sum is taken over all pairwise distinct indexes.To introduce the notion of Palm distribution, let us define the Campbell measure of Φ, CΦ(B ×
L) := E{Φ(B)1(Φ ∈ L)}, where B ∈ X and L is an element of the appropriate σ-algebra onthe space of random counting measures (see the Supplementary Material). Under the assumption that
MΦ is σ-finite, it can be shown that CΦ admits the representation

CΦ(B × L) =

∫
B

Px
Φ(L)MΦ(dx),
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Miscellanea 3
where {Px

Φ}x∈X is the almost surely unique disintegration probability kernel of CΦ with respect to
MΦ and is referred to as the Palm kernel of Φ. For fixed x ∈ X, Px

Φ is a probability distribution overthe space of counting measures, termed the Palm distribution of Φ at x, and thus it can be identifiedwith the law of a point process Φx ∼ Px
Φ, which is consequently called a Palm version of Φ at x. ByProposition 3.1.12 in Baccelli et al. (2020), forMΦ-almost all x ∈ X, the point process Φx containsthe atom x with probability 1. This justifies the interpretation of the Palm distribution of Φ at x asthe law of Φ conditional on Φ having an atom at x. In addition, the point process Φ!

x := Φx − δxis well-defined, and Φ!
x is called a reduced Palm version of Φ at x. Finally, it is possible to extendthe definition of Palm distributions to multiple conditioning points x = (x1, . . . , xk) ∈ Xk. In thiscase, the Palm distribution of Φ at x is interpreted as the probability distribution of Φ conditional on

Φ having k atoms at locations x1, . . . , xk. See the Supplementary Material.
2.2. Palm distributions of the superposition of independent processes

From now on, consider independent simple point processes Φi (i = 1, . . . ,m). Their superposi-tion Φ is defined as Φ :=
∑m

i=1 Φi, i.e., the union of all the point patterns. The following theorem isthe main theoretical result of this work and characterizes the Palm distributions of the superpositionof two independent point processes.
THEOREM 1. Let Φ1 and Φ2 be two independent point processes on X. Then for any x ∈ X, the

Palm version (Φ1 +Φ2)x can be expressed as the following mixture:

(Φ1 +Φ2)x
d
=


Φ1x +Φ2 with probability

dMΦ1

dMΦ

(x),
Φ1 +Φ2x with probability

dMΦ2

dMΦ

(x).

The proof is given in the Appendix. Theorem 1 admits an intuitive interpretation of the Palm dis-tributions of the superposed process. Conditioning the superposed process Φ = Φ1 + Φ2 on havinga point at x, its distribution depends on whether x originates from Φ1 or from Φ2, thus reflecting therespective contributions of each source. The mixture structure in the Palm version (Φ1+Φ2)x explic-itly accounts for the two mutually exclusive scenarios. The mixing probabilities correspond preciselyto the probabilities that point x originates from one or the other process. Furthermore, exploiting the
relation Φix

d
= Φ!

ix + δx forMΦi
-almost all x and i = 1, 2, we can replace all the Palm versionsappearing in the statement of Theorem 1 with their reduced counterparts.To generalize Theorem 1 to m processes and k points, we introduce latent allocation variables

T1, . . . , Tk ∈ {1, . . . ,m}, with the interpretation that Tj = i if and only if xj was generated from
Φi.
THEOREM 2. Let Φ =

∑m
i=1 Φi be the superposition of the independent simple point processes

Φ1, . . . ,Φm, and let x = (x1, . . . , xk) ∈ Xk with pairwise distinct coordinates. Assume that the kth
factorial moment measureM (k)

Φ is σ-finite and thatM (r)
Φi
admits a density ρ(r)Φi

with respect to µ⊗r,
the r-fold product of a reference measure µ, for all i = 1, . . . ,m and r ⩾ 1. For T := (T1, . . . , Tk),
define xi = (xj : Tj = i) and denote by ni the cardinality of xi. Then forM

(k)
Φ -almost all x,

Φ!
x|(T = t)

d
=

m∑
i=1

(Φi)
!
xi
, pr(T = t) ∝

m∏
i=1

ρ
(ni)
Φi

(
xi

)
,

where, conditionally on T = t, the (Φi)
!
xi
are mutually independent and, when ni = 0, (Φi)

!
xi

= Φi

and ρ(ni)
Φi

≡ 1.
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4 M. BERAHA, F. CAMERLENGHI AND L. GHILOTTI
3. INFERENCE FOR CORRUPTED PROCESSES VIA MINIMUM CONTRAST

3.1. Summary statistics for superposed point processes
An application of Theorem 1 yields closed-form and interpretable expressions for commonly usedsummary statistics. Here we concentrate on two summary statistics for stationary point processes;several additional examples are provided in the Supplementary Material. Throughout this section, weassume that Φ = Φ1 +Φ2, where the Φj are stationary with intensity ρj , and we let ρ = ρ1 + ρ2.Perhaps the most commonly used summary statistic is Ripley’sK-function (Ripley, 1976). Thanksto Theorem 1, for a superposed point process Φ, this takes the following form for r ⩾ 0:

KΦ(r) :=
1

ρ
E[Φ!

o{B(o, r)}] = 1

ρ

{
KΦ1

(r)
ρ21
ρ

+KΦ2
(r)

ρ22
ρ

+ 2|B(o, r)| ρ1ρ2
ρ

}
, (1)

where o denotes a generic point of X and |B(o, r)| is the volume of the ball B(o, r) with radius rcentred at o, given thatB(o, r) ⊂ X. Thanks to stationarity,KΦ is invariant with respect to the choiceof the point o, which is called the typical point of Φ; the quantity ρKΦ(r) represents the expectednumber of points that are r-close to a generic point o, given that Φ has an atom at o. As pointedout by a reviewer, expression (1) can also be obtained by ad hoc computations, without applyingTheorem 1. A second example of a summary statistic is the reduced Palm distribution generatingfunction A, defined by Chiu (2008) and with expression
AΦ(s, r) := E

[
sΦ

!
o{B(o,r)}] = ρ1

ρ
AΦ1

(s, r)E
[
sΦ2{B(o,r)}]+ ρ2

ρ
AΦ2

(s, r)E
[
sΦ1{B(o,r)}]

by virtue of Theorem 1. In contrast to the K-function, the A-function captures higher-order char-acteristics of the point process and, as shown in Chiu (2008), is particularly suited to cluster pointprocesses with regularity. Finally, in the Supplementary Material we provide an explicit expressionfor the nearest-neighbour distance distribution function in the stationary case, and we also exploitTheorem 1 to evaluate summary statistics for nonstationary point processes.
3.2. Fitting a corrupted Matérn cluster process via minimum contrast estimation

Minimum contrast estimation (MCE) methods (Møller & Waagepetersen, 2003) constitute a classof techniques for fitting parametric point process models to observed point patterns. In a nutshell,given a functional summary statistic, such as KΦ(r), and its nonparametric estimator K̂(r), theparameters of Φ are chosen to minimize a suitable distance between the theoretical functional sum-mary statistic and its realized estimator, integrated over a specified interval for r. Typically, thedistance is taken to be an Lq distance between functions; see Diggle (2013) for further details. Sim-ilarly, one can use other summary statistics, such as the A-function instead of the more commonRipley’sK-function. Here, we describe an application of MCE in which Φ1 is a Matérn cluster pro-cess, corrupted by a background noise Φ2. An additional example is presented in the SupplementaryMaterial, where we fit a corrupted repulsive point process.For the sake of illustration, let X = R2. Define the kernel function κ(ξ; c) = 1B(c,R)(ξ)/(πR
2),whereR > 0. A Matérn cluster processΦ1 is a Cox process defined in a hierarchical fashion:Φ1|Φpis a Poisson process with intensity measure ∫R2 µκ(ξ; c)Φp(dc) dξ, and Φp ∼ PP(λ dc), where

PP(λ dc) denotes a Poisson process with intensity λ on X, and λ, µ > 0. Equivalently, Φ1 is acluster process: the parent points are generated by the latent parent process Φp, while each cluster of
Φ1 consists of points uniformly distributed in B(cj, R), where Φp =

∑
j⩾1 δcj .Assume that we observe a realization of the Matérn cluster process Φ1 corrupted by a backgroundnoise independent of Φ1. We further suppose that the corrupting noise Φ2 is a homogeneous Poissonpoint process with intensity ρ2. We propose to fit the superposition Φ1 + Φ2 to the observed pointpattern via MCE. We compare three different approaches: two based on the A- and K-functionsof the superposed process, and one where we ignore the superposition and fit MCE based on the

D
ow

nloaded from
 https://academ

ic.oup.com
/biom

et/article/113/2/asag021/8555606 by guest on 21 June 2026

https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asag021#supplementary-data
https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asag021#supplementary-data
https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asag021#supplementary-data
https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asag021#supplementary-data


Miscellanea 5
Table 1. Median and interquartile range (in parentheses) of the estimates for the superposed

Matérn–Poisson model over 200 independent replicated datasets
Window Method ρ1 µ R ρ2

[0, 1]2
A-MCE (correct) 53.7 (24.5) 5.42 (2.05) 0.05 (0.01) 19.3 (30.8)
K-MCE (correct) 36.1 (16.4) 7.09 (3.65) 0.05 (0.02) 57.5 (16.8)

A-MCE (misspecified) 67.5 (29.9) 4.60 (1.37) 0.05 (0.01) —
[0, 5]2

A-MCE (correct) 50.1 (4.9) 5.03 (0.39) 0.05 (0.00) 20.2 (6.7)
K-MCE (correct) 42.1 (6.3) 5.54 (0.70) 0.05 (0.00) 36.8 (4.9)

A-MCE (misspecified) 64.2 (3.7) 4.28 (0.24) 0.05 (0.00) —

A-function of Φ1 (this is equivalent to setting ρ2 ≡ 0). See the Supplementary Material for theexplicit expressions of A and K for our Matérn–Poisson superposition. We generate data from aMatérn point process with parameters ρ1 = 50, µ = 5 and R = 0.05 and corrupt it with a Poissonprocess with ρ2 = 20. We consider two observation windows, [0, 1]2 and [0, 5]2.The results reported in Table 1 highlight clear differences between the three estimators. The A-MCE under the correct superposed model is well centred around the true parameter values, andits dispersion decreases significantly as the observation window grows, as expected from increas-ing information. In contrast, the A-MCE that ignores the Poisson background exhibits substantialbias in estimating ρ1, while still delivering accurate estimates of µ and R. Finally, the K-MCEtends to overestimate ρ2 and hence underestimate ρ1, underscoring that capturing features beyondsecond-order characteristics can be crucial for reliable inference in cluster processes, especially undersuperposition.

4. SHOT NOISE COX PROCESSES: PALM DISTRIBUTIONS AND JANOSSY DENSITIES
SNCPs constitute a class of general models for clustered point patterns. To define an SNCP, let

ν(dθ dγ) be a locally finite diffuse intensity measure on X × R+. Let {κ(· ; θ)}θ∈X be a family ofparametric probability density functions on X, called the kernel of the SNCP, where the parameterspace is X itself. Assuming that ∫X×R+
γκ(x; θ)ν(dθ dγ) < ∞ for any x ∈ X, we have that Φ is aSNCP directed by ν with kernel κ if

Φ|Λ ∼ PP

{∫
X×R+

γκ(x; θ)Λ(dθ dγ)dx

}
, Λ ∼ PP(ν). (2)

We write Φ ∼ SNCP(κ, ν). An SNCP is a cluster process: the colouring theorem of Poisson pro-
cesses entails thatΦ equals in distribution the sum∑

i⩾1 Φi, whereΦi|Λ
ind∼ PP{γiκ(x; θi) dx} and

Λ =
∑

i⩾1 δ(θi,γi). Then for each pointXj of Φ, it is possible to introduce a latent cluster allocationvariable Tj such that Φi({Xj}) = 1 if and only if Tj = i and Φi({Xj}) = 0 otherwise, i.e., Tj = iifXj arose from Φi. The number of distinct values across T := (Tj)j⩾1, denoted by |T |, representsthe number of clusters among the points. Wang et al. (2023) exploited this construction to draw aconnection with Bayesian mixtures of finite mixtures (Lijoi et al., 2008; Miller & Harrison, 2018) inthe case where Λ is a finite Poisson process and the γi are independent and gamma-distributed.The Palm distributions of an SNCP at a single point xwere obtained by Møller (2003), but higher-order Palm and reduced Palm distributions for SNCPs have not appeared in the literature. We fillthis gap with the next theorem, which follows from a recursive application of Theorem 1. Define
η(x1, . . . , xp) =

∫
X×R+

γp
∏p

j=1 κ(xj; θ)ν(dθ dγ) and assume that η(x1, . . . , xp) < ∞ for any
x1, . . . , xp. The latter assumption imposes constraints on the choices of κ and ν.
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6 M. BERAHA, F. CAMERLENGHI AND L. GHILOTTI
THEOREM 3. Let Φ ∼ SNCP(κ, ν) and x = (x1, . . . , xk) ∈ Xk. Then the reduced Palm version

of Φ at x admits the representation

Φ!
x|T

d
= Φ+

|T |∑
h=1

Φζxh
, pr(T = t) ∝

|t|∏
h=1

η(xh),

where T := (T1, . . . , Tk) are latent indicators describing a partition of x into |T | clusters and

Φζxh
|ζxh

= (θxh
, γxh

) ∼ PP{γxh
κ(x; θxh

) dx},

ζxh
∼ fxh

(dθ dγ) ∝ γnh

∏
xj∈xh

κ(xj; θ)ν(dθ dγ),

with xh = (xj : Tj = h) and nh denoting the cardinality of xh. Finally, the processes Φ and
Φζxh

(h = 1, . . . , |T |) are mutually independent conditional on T .

See the Supplementary Material for the precise definition of the space where T takes its values.Theorem 3 plays a key role in deriving the likelihood of an SNCP, thereby paving the way for newstrategies in maximum likelihood estimation. Assume that Φ has almost surely a finite number ofpoints. Following Daley & Vere-Jones (2003), we define the likelihood ofΦ to be its Janossy densityviewed as a function of the parameters ofΦ. Briefly, we recall that for a regular finite point processΦwith associated Janossy density jk : Xk → R+, jk(x1, . . . , xk) dx1 . . . dxk represents the proba-bility thatΦ consists of exactly k points located in infinitesimal neighbourhoods ofxj (j = 1, . . . , k).Under suitable regularity conditions, the family of Janossy densities jk(·) (k ⩾ 0) characterizes itsprobability distribution (Daley & Vere-Jones, 2003, Proposition 5.3.II). The next theorem, derivedfrom Theorem 3, gives an explicit expression for the Janossy densities when Φ is a general finiteSNCP. We remark that a sufficient condition for the finiteness of Φ is ∫X×R+
γν(dθ dγ) < ∞. For

simplicity, we present here only the case where ν(dθ dγ) = ρ(dγ)G0(dθ); see the SupplementaryMaterial for the general statement and the proof.
THEOREM 4. Let Φ ∼ SNCP(κ, ν) such that Φ(X) < ∞ almost surely and ν(dθ dγ) =

ρ(dγ)G0(dθ). Then

jk(x1, . . . , xk) = k! pr(Φ(X) = k)E


|T |∏
h=1

∫
X

∏
j:Tj=h

κ(xj; θ)G0(dθ)

 , (3)

where the expectation is taken with respect to the indicators T = (T1, . . . , Tk) with distribution

pr(T = t) ∝
|t|∏

h=1

∫
R+

exp(−γ)γnhρ(dγ). (4)

The expression of the Janossy density in Theorem 4 naturally enables maximum likelihood esti-mation for Φ ∼ SNCP(κ, ν), obtained by selecting the parameters that maximize jk in (3) and(4). In particular, the structure revealed by Theorem 4 suggests the potential use of expectation-maximization algorithms for parameter estimation, thereby providing a viable alternative to existinginferential methods (Møller & Waagepetersen, 2003). This line of research is currently under activeinvestigation and will be the subject of future studies.
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5. DISCUSSION

The implications of Theorem 1 and its generalizations extendwell beyond the two concrete applica-tions presented in this work. As discussed in § 3.1, our main result enables the evaluation of summarystatistics for both stationary and nonstationary point processes, which is useful for both exploratoryanalysis and model checking via, say, envelope tests (Chiu et al., 2013).We also envision applications in the field of Bayesian nonparametrics, where superpositions ofpoint processes are used to define prior distributions when data are divided into groups (Griffin et al.,2013; Lijoi et al., 2014); Theorem 1 can be used for posterior analysis and numerical computationsin such models. Finally, Theorem 3 plays a key role in deriving posterior representations in settingswhere the SNCP serves as a Bayesian nonparametric prior. Relevant examples include Bayesian mix-ture modelling (Beraha et al., 2025a) and extended feature allocation models, which are extensionsof Bayesian clustering models that allow individuals to share multiple features (Beraha et al., 2025b).
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SUPPLEMENTARY MATERIAL
The SupplementaryMaterial contains further details on point processes and proofs of the theorems.

APPENDIX
Proof of Theorem 1Let Φ = Φ1 + Φ2, with Φ1 independent of Φ2. By Baccelli et al., (2020, Proposition 3.2.1), the Palmdistribution of a point process Φ is uniquely characterized by the following relation: for all measurable

f, g : X → R+ such that g isMΦ-integrable,
∂

∂t
LΦ(f + tg)

∣∣∣
t=0

= −E [Φ(g) exp{−Φ(f)}] = −
∫
X
g(x)LΦx(f)MΦ(dx), (A1)

where LΦ(f) denotes the Laplace functional of Φ evaluated at f , i.e., LΦ(f) =
E
[
exp{−

∫
X f(x)Φ(dx)}

], and Φ(f) := ∫
X f(x)Φ(dx). Therefore, we have

E [Φ(g) exp{−Φ(f)}] = E

[∫
X
g(x) exp

{
−
∫
X
f(y)(Φ1 +Φ2)(dy)

}
Φ1(dx)

]
+ E

[∫
X
g(x) exp

{
−
∫
X
f(y)(Φ1 +Φ2)(dy)

}
Φ2(dx)

]
= E [Φ1(g) exp{−Φ1(f)}]E[exp{−Φ2(f)}]
+ E [Φ2(g) exp{−Φ2(f)}]E[exp{−Φ1(f)}],

where the last equality follows from the independence ofΦ1 andΦ2. Then, applying Proposition 3.2.1 fromBaccelli et al. (2020) again, we obtain
E[Φ(g) exp{−Φ(f)}] =

{∫
X
g(x)LΦ1x

(f)MΦ1
(dx)

}
LΦ2

(f) +

{∫
X
g(x)LΦ2x

(f)MΦ2
(dx)

}
LΦ1

(f).
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8 M. BERAHA, F. CAMERLENGHI AND L. GHILOTTI
SinceMΦ(dx) = MΦ1

(dx) +MΦ2
(dx) andMΦi

is absolutely contintuous with respect toMΦ, we write
E[Φ(g) exp{−Φ(f)}] =

∫
X
g(x)

{
LΦ2

(f)LΦ1x
(f)

dMΦ1

dMΦ

(x) + LΦ1
(f)LΦ2x

(f)
dMΦ2

dMΦ

(x)

}
MΦ(dx).

Therefore, from (A1), it follows that
LΦx(f) = LΦ2

(f)LΦ1x
(f)

dMΦ1

dMΦ

(x) + LΦ1
(f)LΦ2x

(f)
dMΦ2

dMΦ

(x),

which is an alternative expression of the statement of the theorem.
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