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SUMMARY

Palm distributions play a central role in the study of point processes and their associated summary
statistics. In this work, we characterize the Palm distributions of the superposition of independent
point processes, establishing a simple mixture representation depending on the point processes’ Palm
distributions and moment measures. We explore two statistical applications enabled by our main
result. First, we consider minimum contrast estimation for corrupted point processes. Second, we
investigate the class of shot noise Cox processes and derive explicit expressions for their higher-
order Palm distributions. In the finite case, we further obtain a tractable expression for the Janossy
density, which plays the role of a likelihood function and thus can be used for new likelihood-based
inference strategies. Extensions to the superposition of multiple point processes and to higher-order
Palm distributions are also presented.

Some key words: Matérn cluster process; Minimum contrast estimation; Noisy observation; Shot noise Cox process;
Summary statistic; Superposition of point processes.

1. INTRODUCTION

Real-world point patterns often combine several structured components, some regular or inhomo-
geneous and others explicitly clustered, and may also include random noise. Semiconductor wafer
defect maps (Borgoni et al., 2021), disease-case locations in epidemiology (Meyer et al., 2017), cel-
lular network base-station layouts (Choi et al., 2017), mixed-age tree stands in ecology (Ngo Bieng
et al., 2011) and earthquake aftershock sequences (Ogata, 1998) can all be regarded as superposi-
tions of two or more independent point processes. While the superposition operation is trivial at the
model level, from an inferential standpoint, superposed point processes are notoriously awkward
to deal with. Standard tools such as minimum contrast estimation rely on closed-form expressions
for second-order summaries, such as the J-function, Ripley’s K -function and Besag’s L-function.
However, those summaries remain unknown for a generic superposition (Meller & Waagepetersen,
2003; Diggle, 2013). Hence, practitioners need to rely on complex algorithms often developed on a
case-by-case basis (e.g., Tanaka & Ogata, 2014; Xu et al., 2018).
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In this work, we first focus on the Palm distributions of the superposition of two independent point
processes. Palm distributions (Baccelli et al., 2020) are key mathematical objects in the study of point
processes, describing the conditional behaviour of a process given the location of one or more of its
points or atoms. We establish a mixture representation for the Palm distributions of the superposed
process, in which the mixture components are sums of the two original processes and their Palm
versions, weighted by their respective mean measures. We also show that our analysis easily extends
to the superposition of more than two independent processes.

We demonstrate the practical usefulness of our result for statistical inference in two settings. First,
we consider fitting a point process contaminated by random background noise via minimum con-
trast estimation. Indeed, through the Palm distributions, it is straightforward to obtain functional
summary statistics, enabling robust and fast inference via minimum contrast. This method is partic-
ularly relevant in applied contexts such as the analysis of spatial defect structures in semiconductor
manufacturing (Borgoni et al., 2021).

Second, we investigate structural and distributional properties of the shot noise Cox process
(SNCP; Maoller, 2003), a prominent class of cluster processes. Cluster processes are routinely
employed in several applied areas, including astronomy, materials science and plant ecology; see,
for example, Illian et al. (2008) and Meller & Waagepetersen (2003). Despite their flexibility and
wide applicability, several distributional aspects of SNCP models remain only partially understood.
As an application of our main result, we derive the higher-order Palm distributions of the SNCP, which
were previously unavailable in the literature. In the case of finite SNCPs, we further obtain an explicit
expression for the Janossy density. Since the Janossy density plays the role of a likelihood function
for finite point processes, this result paves the way for new likelihood-based inference strategies in
the context of SNCP models. We also discuss the use of our results in other statistical contexts, both
frequentist and Bayesian.

2. SUPERPOSITION OF POINT PROCESSES

2.1. Background and notation for point processes

Let X be a Polish space equipped with corresponding Borel o-algebra 2". A point process P
on X can be represented as & = }_ .., dx,, where (X;);>1 is a sequence of random variables
(atoms) taking values in X and ¢, denotes the Dirac delta mass at x. The probability distribution
of @ is denoted by Pg. The number of atoms in ® could be either finite or infinite. We will follow
the approach of Baccelli et al. (2020), where & is regarded as a random counting measure; see the
Supplementary Material for further mathematical details, including the o-algebra on the space of
counting measures.

Let Mg(B) = E{®(B)}, for B € 2", be the mean measure of ¢, and define the kth factorial

moment measure Mé’“ to be the mean measure of the kth factorial power of ®, i.e., of the point
process ®¥) defined as

#

where the symbol # means that the sum is taken over all pairwise distinct indexes.

To introduce the notion of Palm distribution, let us define the Campbell measure of ®, €5 (B X
L) := E{®(B)1(® € L)}, where B € 2" and L is an element of the appropriate o-algebra on
the space of random counting measures (see the Supplementary Material). Under the assumption that
M is o-finite, it can be shown that €% admits the representation

(B xL)= [ Pi(L)Ma(do),
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where {P%},cx is the almost surely unique disintegration probability kernel of €3 with respect to
Mg and is referred to as the Palm kernel of ®. For fixed z € X, P} is a probability distribution over
the space of counting measures, termed the Palm distribution of ® at z, and thus it can be identified
with the law of a point process ®, ~ P%_ which is consequently called a Palm version of ® at x. By
Proposition 3.1.12 in Baccelli et al. (2020), for Mg-almost all x € X, the point process P, contains
the atom x with probability 1. This justifies the interpretation of the Palm distribution of ® at x as
the law of ® conditional on ® having an atom at z. In addition, the point process @', := &, — 4,
is well-defined, and <I>;, is called a reduced Palm version of ® at x. Finally, it is possible to extend

the definition of Palm distributions to multiple conditioning points z = (x, ..., x;) € X*. In this
case, the Palm distribution of ® at x is interpreted as the probability distribution of @ conditional on
® having k atoms at locations 1, . . . , Tx. See the Supplementary Material.

2.2. Palm distributions of the superposition of independent processes

From now on, consider independent simple point processes ®; (i = 1,...,m). Their superposi-
tion @ is defined as ¢ := )" | ¥;, i.e., the union of all the point patterns. The following theorem is
the main theoretical result of this work and characterizes the Palm distributions of the superposition
of two independent point processes.

THEOREM 1. Let 1 and P, be two independent point processes on X. Then for any x € X, the
Palm version (®1 + ®3),. can be expressed as the following mixture:

dM
4| ®1e + P2 with probability 1 (x),
((131 ‘l— q)g)z — dM@

M
D, + Dy, with probability (jiM% (x).
®

The proof is given in the Appendix. Theorem 1 admits an intuitive interpretation of the Palm dis-
tributions of the superposed process. Conditioning the superposed process ® = &, + ®, on having
a point at x, its distribution depends on whether x originates from ®; or from ®,, thus reflecting the
respective contributions of each source. The mixture structure in the Palm version (®; + ®,),, explic-
itly accounts for the two mutually exclusive scenarios. The mixing probabilities correspond precisely
to the probabilities that point x originates from one or the other process. Furthermore, exploiting the

relation @, < CID'M + J, for Mg,-almost all x and i = 1,2, we can replace all the Palm versions
appearing in the statement of Theorem 1 with their reduced counterparts.

To generalize Theorem 1 to m processes and k points, we introduce latent allocation variables
Ti,..., T € {1,...,m}, with the interpretation that T; = ¢ if and only if z; was generated from
D,.

THEOREM 2. Let & = Z:il D, be the superposition of the independent simple point processes
&y,..., P, andletx = (x1,...,23) € X* with pairwise distinct coordinates. Assume that the kth
factorial moment measure Mék) is o-finite and that Mgi) admits a density pgi ) with respect to u®",
the r-fold product of a reference measure y, foralli = 1,... ,mandr > 1. For T := (T, ..., T},),

define xz; = (z; : T; = i) and denote by n; the cardinality of z,. Then for Mék)—almost all z,

m

T =1 £ 3 (@), pr@=1) o [] 5 ().

B i—1

where, conditionally on T = t, the (®;)!, are mutually independent and, whenn; = 0, (®;)}, = ®;
and pgzi) =1
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3. INFERENCE FOR CORRUPTED PROCESSES VIA MINIMUM CONTRAST

3.1. Summary statistics for superposed point processes
An application of Theorem 1 yields closed-form and interpretable expressions for commonly used
summary statistics. Here we concentrate on two summary statistics for stationary point processes;
several additional examples are provided in the Supplementary Material. Throughout this section, we
assume that ® = ®; + ®,, where the ®; are stationary with intensity p;, and we let p = p; + ps.
Perhaps the most commonly used summary statistic is Ripley’s K -function (Ripley, 1976). Thanks
to Theorem 1, for a superposed point process P, this takes the following form for r > 0:

Ko(r) := ;E@L{Bw, m = ; {K()’; + Ka, <r>”7§ +2|B(o,7)| plp”?} )

where o denotes a generic point of X and |B(o, 7)| is the volume of the ball B(o, r) with radius r
centred at o, given that B(o, ) C X. Thanks to stationarity, K¢ is invariant with respect to the choice
of the point o, which is called the typical point of ®; the quantity pK g (r) represents the expected
number of points that are r-close to a generic point o, given that ® has an atom at 0. As pointed
out by a reviewer, expression (1) can also be obtained by ad hoc computations, without applying
Theorem 1. A second example of a summary statistic is the reduced Palm distribution generating
function A, defined by Chiu (2008) and with expression

Aa(s,r) = B[00 = Bty (5, 1) B[%707)] 4 P2 Ay, (o, B[00

by virtue of Theorem 1. In contrast to the K -function, the A-function captures higher-order char-
acteristics of the point process and, as shown in Chiu (2008), is particularly suited to cluster point
processes with regularity. Finally, in the Supplementary Material we provide an explicit expression
for the nearest-neighbour distance distribution function in the stationary case, and we also exploit
Theorem 1 to evaluate summary statistics for nonstationary point processes.

3.2. Fitting a corrupted Matérn cluster process via minimum contrast estimation

Minimum contrast estimation (MCE) methods (Meller & Waagepetersen, 2003) constitute a class
of techniques for fitting parametric point process models to observed point patterns. In a nutshell,
given a functional summary statistic, such as K4 (r), and its nonparametric estimator K (r), the
parameters of ® are chosen to minimize a suitable distance between the theoretical functional sum-
mary statistic and its realized estimator, integrated over a specified interval for r. Typically, the
distance is taken to be an L, distance between functions; see Diggle (2013) for further details. Sim-
ilarly, one can use other summary statistics, such as the A-function instead of the more common
Ripley’s K -function. Here, we describe an application of MCE in which ®, is a Matérn cluster pro-
cess, corrupted by a background noise ®,. An additional example is presented in the Supplementary
Material, where we fit a corrupted repulsive point process.

For the sake of illustration, let X = R?. Define the kernel function x(§; ¢) = 1., r)(§)/(TR?),
where R > 0. A Matérn cluster process ®; is a Cox process defined in a hierarchical fashion: ®;|®,
is a Poisson process with intensity measure [, pus(§;¢)®,(de) d, and @, ~ PP(Adc), where
PP (A dc) denotes a Poisson process with intensity A on X, and A, x> 0. Equivalently, ®; is a
cluster process: the parent points are generated by the latent parent process ®,,, while each cluster of
@, consists of points uniformly distributed in B(c;, R), where ®, = 3"~ 4.,

Assume that we observe a realization of the Matérn cluster process ®; corrupted by a background
noise independent of ®;. We further suppose that the corrupting noise @, is a homogeneous Poisson
point process with intensity p,. We propose to fit the superposition ®; + P, to the observed point
pattern via MCE. We compare three different approaches: two based on the A- and K-functions
of the superposed process, and one where we ignore the superposition and fit MCE based on the
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Table 1. Median and interquartile range (in parentheses) of the estimates for the superposed
Matérn—Poisson model over 200 independent replicated datasets

Window Method P1 m R P2

A-MCE (correct) 53.7 (24.5) 5.42 (2.05) 0.05 (0.01) 19.3 (30.8)

[0,1]? K-MCE (correct) 36.1 (16.4) 7.09 (3.65) 0.05 (0.02) 57.5 (16.8)
A-MCE (misspecified) 67.5(29.9) 4.60 (1.37) 0.05 (0.01) —

A-MCE (correct) 50.1(4.9) 5.03 (0.39) 0.05 (0.00) 20.2 (6.7)

[0,5)? K-MCE (correct) 42.1(6.3) 5.54 (0.70) 0.05 (0.00) 36.8 (4.9)
A-MCE (misspecified) 64.2 (3.7) 4.28 (0.24) 0.05 (0.00) —

A-function of ®; (this is equivalent to setting p, = 0). See the Supplementary Material for the
explicit expressions of A and K for our Matérn—Poisson superposition. We generate data from a
Matérn point process with parameters p; = 50, p = 5 and R = 0.05 and corrupt it with a Poisson
process with p, = 20. We consider two observation windows, [0, 1]? and [0, 5]?.

The results reported in Table 1 highlight clear differences between the three estimators. The A-
MCE under the correct superposed model is well centred around the true parameter values, and
its dispersion decreases significantly as the observation window grows, as expected from increas-
ing information. In contrast, the A-MCE that ignores the Poisson background exhibits substantial
bias in estimating p;, while still delivering accurate estimates of 1 and R. Finally, the K-MCE
tends to overestimate p, and hence underestimate p;, underscoring that capturing features beyond
second-order characteristics can be crucial for reliable inference in cluster processes, especially under
superposition.

4. SHOT NOISE COX PROCESSES: PALM DISTRIBUTIONS AND JANOSSY DENSITIES

SNCPs constitute a class of general models for clustered point patterns. To define an SNCP, let
v(df dy) be a locally finite diffuse intensity measure on X X R, . Let {k(-; ) }sex be a family of
parametric probability density functions on X, called the kernel of the SNCP, where the parameter
space is X itself. Assuming that fXXR+ ~vk(x;0)v(df dy) < oo for any 2 € X, we have that ® is a

SNCP directed by v with kernel x if

®|A ~ PP {/ ~vk(x; 0)A(d0 d’y)dx} , A~PP(v). (2)
XxR4

We write & ~ SNCP(k, ). An SNCP is a cluster process: the colouring theorem of Poisson pro-

cesses entails that ® equals in distribution the sum 3., ®;, where ®;|A % PP{~;k(x;6;) dz} and
A =351 0(s; ) Then for each point X; of @, it is possible to introduce a latent cluster allocation
variable T such that ®;({X;}) = 1 ifand only if T; = i and ®;({ X, }) = 0 otherwise, i.e., T; =i
if X arose from ®;. The number of distinct values across I’ := (7}),;>1, denoted by |T'|, represents
the number of clusters among the points. Wang et al. (2023) exploited this construction to draw a
connection with Bayesian mixtures of finite mixtures (Lijoi et al., 2008; Miller & Harrison, 2018) in
the case where A is a finite Poisson process and the ~; are independent and gamma-distributed.

The Palm distributions of an SNCP at a single point  were obtained by Meller (2003), but higher-
order Palm and reduced Palm distributions for SNCPs have not appeared in the literature. We fill
this gap with the next theorem, which follows from a recursive application of Theorem 1. Define
(@1, 2) = Jym, V1121 k(25 0)v(d0 dy) and assume that (1, ..., z,) < oo for any
Z1,...,Tp. The latter assumption imposes constraints on the choices of x and v.
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TueoreM 3. Let @ ~ SNCP(k,v) and x = (21, ..., x;) € X*. Then the reduced Palm version
of ® at x admits the representation

1| |l

d
QUT = &+ @, . pr(T=1t) x [[n(z),
h=1 h=1

where T := (T4, ...,T}.) are latent indicators describing a partition of x into || clusters and

(Pgih |C£h = (0£h77£h) ~ PP{’thH(SL‘, ezh) d$}7
Cop ~ S, (d0dy) o< y™ T (x5 0)v(d8dv),

TEL,

with z, = (x; : T; = h) and ny, denoting the cardinality of x,,. Finally, the processes ® and
&, (h=1,...,|T|) are mutually independent conditional on T.

See the Supplementary Material for the precise definition of the space where 1’ takes its values.

Theorem 3 plays a key role in deriving the likelihood of an SNCP, thereby paving the way for new
strategies in maximum likelihood estimation. Assume that ® has almost surely a finite number of
points. Following Daley & Vere-Jones (2003), we define the likelihood of ® to be its Janossy density
viewed as a function of the parameters of ®. Briefly, we recall that for a regular finite point process ®
with associated Janossy density jj, : X¥ — R, jp(x1,...,2%)dx; ... dx, represents the proba-
bility that ® consists of exactly k points located in infinitesimal neighbourhoods of z; (j = 1, ..., k).
Under suitable regularity conditions, the family of Janossy densities j;(-) (k > 0) characterizes its
probability distribution (Daley & Vere-Jones, 2003, Proposition 5.3.11). The next theorem, derived
from Theorem 3, gives an explicit expression for the Janossy densities when @ is a general finite
SNCP. We remark that a sufficient condition for the finiteness of @ is fXXR+ ~yr(df dy) < oo. For

simplicity, we present here only the case where v(df dy) = p(dy)Gy(df); see the Supplementary
Material for the general statement and the proof.

THEOREM 4. Let ® ~ SNCP(k,v) such that ®(X) < oo almost surely and v(dfdy) =
p(d’y)Gg(dQ) Then

7|
G, ) = Klpe(@(x) = k) E{ ] / T #(xs:0)Go(d6) ¢, 3)
h=1"% ji1;=h
where the expectation is taken with respect to the indicators T = (T4, ..., T}) with distribution
|£]
pr(T =t) o || / exp(—)7"" p(dy). 4)
h=1"R+

The expression of the Janossy density in Theorem 4 naturally enables maximum likelihood esti-
mation for & ~ SNCP(k,v), obtained by selecting the parameters that maximize jj, in (3) and
(4). In particular, the structure revealed by Theorem 4 suggests the potential use of expectation-
maximization algorithms for parameter estimation, thereby providing a viable alternative to existing
inferential methods (Moller & Waagepetersen, 2003). This line of research is currently under active
investigation and will be the subject of future studies.
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5. DiscussION

The implications of Theorem 1 and its generalizations extend well beyond the two concrete applica-
tions presented in this work. As discussed in § 3.1, our main result enables the evaluation of summary
statistics for both stationary and nonstationary point processes, which is useful for both exploratory
analysis and model checking via, say, envelope tests (Chiu et al., 2013).

We also envision applications in the field of Bayesian nonparametrics, where superpositions of
point processes are used to define prior distributions when data are divided into groups (Griffin et al.,
2013; Lijoi et al., 2014); Theorem 1 can be used for posterior analysis and numerical computations
in such models. Finally, Theorem 3 plays a key role in deriving posterior representations in settings
where the SNCP serves as a Bayesian nonparametric prior. Relevant examples include Bayesian mix-
ture modelling (Beraha et al., 2025a) and extended feature allocation models, which are extensions
of Bayesian clustering models that allow individuals to share multiple features (Beraha et al., 2025b).
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SUPPLEMENTARY MATERIAL

The Supplementary Material contains further details on point processes and proofs of the theorems.

APPENDIX

Proof of Theorem 1
Let ® = &, + ®,, with ®, independent of ®,. By Baccelli et al., (2020, Proposition 3.2.1), the Palm
distribution of a point process @ is uniquely characterized by the following relation: for all measurable
f,9 : X — R, such that g is Ms-integrable,

0

aﬁ(b(f +tg)

— E[®(g)exp{-(f)}] = - / 9(2) Lo, (F) Mo (da), (AD)

t=0 X

where L4(f) denotes the Laplace functional of & evaluated at f, ie., La(f) =
Eexp{— [, f(z)®(dz)}], and ®(f) := [, f(z)®(dz). Therefore, we have

Bl en(-20 = £ | [ swen{- [ 10)@ + e | o)
8| e {~ [ 1)@ + w0} #:(a0)

= E[®,(g) exp{—®:(f)}] Elexp{—P5(f)}]
+ E [®5(g) exp{—P2(f)}] Elexp{—®.(f)}],

where the last equality follows from the independence of ®, and ®,. Then, applying Proposition 3.2.1 from
Baccelli et al. (2020) again, we obtain

B[ (g) exp{~®(f)}] = { / g(x)ﬁélz(f)Mél(dx)} Los(f) + { [ s@)er, (97, <dx>} Loy ().

920z aunr L.z uo 1senb Aq 90955G8/1 Z0BESE/Z/E | L/S10IE/}WOIq/L0d"dNO"0IWSPEOE)/:SARY WO} PAPEOUMOQ


https://academic.oup.com/biomet/article-lookup/doi/10.1093/biomet/asag021#supplementary-data

8 M. BERAHA, F. CAMERLENGHI AND L. GHILOTTI

Since My (dx) = My, (dx) + My, (dx) and My, is absolutely contintuous with respect to Mg, we write

Eb() exp{~2(1))] = [ 9(0) { Can 1)Ly, ()G (0) + Loy (1)L, (1) G 2) | M)
Therefore, from (Al), it follows that
Lo, (1) = LoD Lo (NG + Loy (Do, (DT 22 )

which is an alternative expression of the statement of the theorem.
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