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1 Introduction

A fundamental feature of supersymmetric (SUSY) theories is the structure of their SUSY-
preserving vacua, commonly referred to as the moduli space. The study of these spaces is
of central interest, as they reveal many intrinsic properties of the underlying theories. In
3d theories, the moduli space is parametrised by operators constructed from elementary
fields-known as mesonic operators-as well as by monopole operators, which may be dressed
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by elementary fields. Semiclassically, these monopole operators can be understood as the
insertion of point-like defects in the path integral, such that the magnetic flux through a
sphere enclosing the point is non-vanishing.

In 3d theories, another remarkable phenomenon occurs: mirror symmetry [1]. This
infrared (IR) duality relates pairs of 3d theories such that the mesonic operators of one theory
are exchanged with the (dressed) monopole operators of the dual theory. This leads to a
plethora of consequences encoded in the structure of the moduli space, which consequently
exhibits a rich variety of features.

A standard strategy for studying the moduli space of 3d theories involves brane config-
urations [2], a method that has proven extremely successful for 3d N = 4 theories. These
techniques have been extended to brane setups involving generic (p, q) fivebranes [3, 4], which
are expected to engineer 3d N = 3 theories [5]. In this work, we provide a field-theoretic
analysis of the moduli space of 3d N = 3 theories.1

A similar field-theoretic approach for N = 4 theories consists of taking suitable limits
of the superconformal index [7–14] to extract the Hilbert series of the two main branches:
the Higgs and the Coulomb branch [15]. This strategy exploits a specific property of N = 4
theories: the R-symmetry group is SU(2)H × SU(2)C , where operators belonging to the Higgs
or Coulomb branches transform non-trivially under only one of the two SU(2) subgroups.
One can thus take a limit that effectively projects onto the desired operators to obtain
the Hilbert series.2

In N = 3 theories, the picture becomes more complex. The moduli space does not
generally consist of only two main branches, but is instead expected to be the intersection of
multiple branches. These branches are readily enumerated in the brane picture, where each
corresponds to the motion of D3-branes along (p, q) fivebranes of identical type. Consequently,
for a given type of (p, q) fivebrane, the number of branches is simply the number of pairs
of such fivebranes between which D3-branes can be suspended. However, counting these
branches from a field-theoretic perspective is significantly more difficult, as it requires precise
knowledge of the relations among the operators parametrising the branches. Since these are
typically dressed monopole operators, their relations are intrinsically non-perturbative. A
second complication arises because the R-symmetry group of N = 3 theories is only SU(2).
Consequently, the N = 4 approach cannot be directly extended, as there is no clear SU(2)
subgroup decomposition to distinguish operators belonging to different branches.

In this work, we propose a strategy to overcome these challenges. While our approach
takes inspiration from brane analysis, it is grounded in field-theoretic considerations. We
demonstrate the effectiveness of this method through a variety of examples that replicate
known results and provide Hilbert series for branches of theories where a brane construction
is not readily available.

Our strategy is as follows: given a 3d N = 3 theory, we provide a prescription to identify
the dressed monopole operators that give rise to the branches of the theory, clarifying when

1An approach using a mixture of field-theory and brane techniques has been already proposed for Abelian
N = 3 theories in [6].

2It is worth mentioning that a limit of the superconformal index for certain 3d N = 2 theories was also
studied in [16, 17].

– 2 –



J
H
E
P
0
7
(
2
0
2
6
)
2
0
3

these operators belong to the same or distinct branches. Once the operators are identified,
the task reduces to a counting problem that accounts for the relations among them. To
achieve this, we analyse the superconformal index, which is expected to encode the full
operator spectrum and their non perturbative relations. For generic N = 3 theories, the
superconformal index depends solely on a fugacity x associated with the Cartan subgroup
of the SU(2) R-symmetry, on top of fugacities for global symmetries that we will neglect
for the moment. To extract the Hilbert series of a given branch of the moduli space from
the index, we introduce an auxiliary axial fugacity a. While a is not associated with a
global symmetry of the full theory, it becomes a well-defined symmetry when we restrict
our attention to a specific branch where vacuum expectation values of the operators that
explicitly break such a symmetry vanish.

By carefully introducing this fugacity, the operators (which include dressed monopoles)
are graded by a combination of x and a. We then extract the Hilbert series by selecting
operators with a specific weight-specifically, where the power of a is twice the power of x.
This procedure isolates the operators parametrising the branch of interest while projecting
out others. The resulting Hilbert series can then be tested against known descriptions, such
as [6, 18], and with the magnetic quivers recently presented in [3, 4]. This allows us to
propose that this limiting procedure is generally applicable to N = 3 theories.

The theories for which we develop this prescription primarily consist of quiver theories
with unitary gauge groups in linear or circular configurations. These are of particular interest
due to their realisation via Type IIB brane setups preserving six supercharges. We then
generalise the prescription to orthosymplectic quivers and unitary star-shaped theories, the
latter of which lack a standard Hanany-Witten brane construction. Additionally, we study
the geometric branch of a class of affine Dynkin quivers. In certain cases, these theories
are realised by an M2-brane probing ℂ2/Γ singularities, where Γ is a discrete subgroup of
SU(2) following an ADE classification. For these theories, the geometric branch corresponds
precisely to the space transverse to the M2-brane. We prescribe a strategy to compute
this branch, replicating expected results and extending the analysis to theories with generic
Chern-Simons levels. Finally, we provide quantitative comments on the geometric branch
limit for cases involving multiple M2-branes.

The paper is organised as follows. In section 2, we propose the prescription to identify
the branches of N = 3 quivers and compute the corresponding Hilbert series as a limit of
the superconformal index. In section 3, we provide a series of examples involving Chern-
Simons quivers with unitary gauge nodes. In section 4, we consider orthosymplectic quivers.
Finally, in section 5, we propose a method to compute the geometric branch for a set of
affine Dynkin quivers.

2 The prescription

The moduli space of 3d N = 3 theories consists of an intersection of multiple hyperKähler
cones, typically parametrised by the vacuum expectation values (VEVs) of dressed monopole
operators. In this section, we propose a strategy to derive the Hilbert series of each cone
by taking a specific limit of the superconformal index, following the spirit of [15]. Before
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describing our prescription for N = 3 theories, we briefly review the well-established case
of N = 4 theories.

2.1 Moduli space of 3d N = 4 theories from the index

In 3d N = 4 theories, there are two primary branches, each of which is a hyperKähler
cone. These branches are effectively distinguished by their R-symmetry. Specifically, the
R-symmetry of 3d N = 4 theories is SU(2)H ×SU(2)C , and the chiral operators parametrising
each branch transform under only one of these SU(2) subgroups.

The superconformal index of 3d N = 4 theories typically depends on two fugacities,
I(x, a). These are associated, respectively, with the U(1)R subgroup of the R-symmetry (the
diagonal combination of the two Cartan generators of SU(2)H × SU(2)C) and its commutant
U(1)A (the anti-diagonal combination). While the index also depends on additional fugacities
associated with global symmetries, we neglect them for the present discussion. We work in the
convention where a hypermultiplet carries charge 1/2 under U(1)R and charge +1 under U(1)A.

The strategy proposed in [15] consists of first redefining the fugacities as

x = ch , a =
(
h

c

)1/2
, (2.1)

so that the pair (h, c) is associated with the SU(2)H and SU(2)C subgroups of the R-symmetry,
respectively. The Hilbert series of the two branches is then obtained as follows:

H[Higgs](t) = lim
c→0

I(x, a)
∣∣
(2.1),h=t

,

H[Coulomb](t) = lim
h→0

I(x, a)
∣∣
(2.1),c=t

.
(2.2)

These limits are guaranteed to be well-defined if the theory satisfies a “goodness” condition in
the sense of [19]. This condition ensures that no chiral monopole operator in the low-energy
theory has a conformal dimension (computed from the UV R-symmetry group) that violates
the unitarity bound.

To illustrate the strategy and set the notation for later convenience, let us consider the
example of N = 4 U(N) SQCD with F flavours. The superconformal index reads

I(x; a;w;v) = 1
N !

∑
{m(α)}∈ℤN

∮ N∏
α=1

du(α)

2πiu(α)w
∑N

α=1 m(α)
ZU(N)(x; {u(α)}; {m(α)})

×
N∏

α,β=1
Z1

chir(x; a−2u(α)(u(β))−1;m(α) −m(β))

×
∏

s=±1

N∏
α=1

F∏
ρ=1

Z
1/2
chir(x; a(u

(α)v−1
ρ )s; sm(α)) ,

(2.3)

where the contributions of the vector and chiral multiplets are

ZU(N)
vec (x; {u(α)}; {m(α)})

=
∏

1≤α<β≤N

x−|m(α)−m(β)| ∏
s=±1

(
1− (−1)m(α)−m(β)

x|m
(α)−m(β)|(u(α))s(u(β))−s

)
,

ZR
chir(x; f ;m) =

(
fxR−1

)− |m|
2

∞∏
j=1

1− (−1)mx2−R+|m|+2jf−1

1− (−1)mxR+|m|+2jf
.

(2.4)
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To extract the Hilbert series, we compute the limits as in (2.2) by first redefining the
fugacities according to (2.1):

I(c;h;w;v)

= 1
N !

∑
{m(α)}∈ℤN

∮ N∏
α=1

du(α)

2πiu(α)w
∑N

α=1 m(α)
c2∆({m(α)})

×
∏

1≤α ̸=β≤N

(
1− (−1)m(α)−m(β)(hc)|m(α)−m(β)|u

(α)

u(β)

)

×
N∏

α,β=1

∞∏
j=1

1− (−1)|m(α)−m(β)|h2+|m(α)−m(β)|+2jc|m
(α)−m(β)|+2j(u(α))−1u(β)

1− (−1)|m(α)−m(β)|h|m
(α)−m(β)|+2jc2+|m(α)−m(β)|+2ju(α)(u(β))−1

×
∏

s=±1

N∏
α=1

F∏
ρ=1

∞∏
j=1

1− (−1)m(α)
h1+|m(α)|+2jc2+|m(α)|+2j(u(α)v−1

ρ )s

1− (−1)m(α)
h1+|m(α)|+2jc|m

(α)|+2j(u(α)v−1
ρ )s

.

(2.5)

Here, the c factor in the first line is obtained by collecting all exponential prefactors from
the definition of the vector and chiral multiplets in (2.4). The function ∆({m(α)}) in the
exponent represents the dimension of the bare BPS monopole operator for a given flux:

∆({m(α)}) = −
∑

1≤α<β≤N

|m(α) −m(β)|+ F

2

N∑
α=1

|m(α)| . (2.6)

Higgs branch limit. We begin with the Higgs branch limit. To obtain this Hilbert series,
we take c → 0. Each flux sector contributes a term weighted by c∆({m(α)}). Crucially, if
we assume the goodness condition F ≥ 2N , then ∆({m(α)}) ≥ 1 for any flux {m(α)} ≠ 0.
Consequently, only the zero-flux sector contributes, while any non-zero flux contribution is
suppressed. This is consistent with the expectation that the Higgs branch Hilbert series is
parametrised solely by mesonic operators rather than monopoles.

The limit c → 0 is well-defined, with no divergent terms, and yields

H[Higgs](t; {v(ρ)}) = 1
N !

∮ N∏
α=1

du(α)

2πiu(α)

∏
1≤α ̸=β≤N

(
1− u(α)

u(β)

)

× PE

t ∑
s=±1

N∑
α=1

F∑
ρ

(
u(α)

v(ρ)

)s

− t2

 n∑
i=1

N∑
α,β=1

u(α)

u(β)

 ,
(2.7)

where we use the asymptotic behaviour of the various terms in the index. Explicitly, for
chiral multiplets, they are as follows:

lim
c→0

Z
1/2
chir(x; af ;m)

∣∣
(2.1),h=t

∼ (cf−1)
|m|

2

( 1
1− tf

)δm,0

=
(
cf−1

) |m|
2 PE [δm,0tf ] ,

lim
c→0

Z1
chir(x; a−2f ;m)

∣∣
(2.1),h=t

∼
(
t

c
f−1

) |m|
2 (

1− t2f−1
)δm,0 =

(
t

c
f−1

) |m|
2
PE

[
−δm,0t

2f−1
]
,

(2.8)

while the asymptotic behaviour for a vector multiplet is

lim
c→0

ZU(N)
vec (x; {u(α)}, {m(α)})

∣∣
(2.1),h=t

∼
∏

1≤α<β≤N

(tc)−|m(α)−m(β)| ∏
s=±1

(
1− (u(α))s(u(β))−s

)δ
m(α),m(β)

.
(2.9)
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The exponential prefactors reconstruct the c∆({m(α)}) term in (2.5), while the remaining terms
form the integrand of (2.7), which is evaluated at zero magnetic flux. The resulting integral
expression correctly provides the Hilbert series of the Higgs branch of SQCD.

Coulomb branch limit. To compute the Coulomb branch Hilbert series, we take the limit
h → 0. In this case, in principle, every magnetic flux contributes:

lim
h→0

I(c = t;h;w;v) =H[Coulomb](t;w)

=
∑

{m(α)}∈ℤN

t∆({m(α)}) 1
N !

∮ N∏
α=1

du(α)

2πiu(α)
1

(1− t2)N

×
∏

1≤α ̸=β≤N

(
1− u(α)(u(β))−1

1− t2u(α)(u(β))−1

)δ
m(α),m(β)

.

(2.10)

The result is interpreted as a sum over the magnetic charge lattice, where t is raised to the
dimension of the monopole operator associated with a lattice point, weighted by the integral
evaluating to the dressing (or P -) factor [20]. To compute the limit in (2.10), we use the
leading-order contribution of each term. For chiral multiplets, they are given by

lim
h→0

Z
1/2
chir(x; af ;m)

∣∣
(2.1),c=t

∼
(
tf−1

) |m|
2 ,

lim
h→0

Z1
chir(x; a−2f ;m)

∣∣
(2.1),c=t

∼
(
h

t
f−1

) |m|
2
( 1
1− t2f

)δm,0

,

(2.11)

while for the vector multiplet, the leading order term reads

lim
h→0

ZU(N)
vec (x; {u(α)}, {m(α)})

∣∣
(2.1),c=t

∼
∏

1≤α<β≤N

(ht)−|m(α)−m(β)| ∏
s=±1

(
1− (u(α))s(u(β))−s

)δ
m(α),m(β)

.
(2.12)

As before, the exponential prefactors form the t∆({m(α)}) contribution, with the rest con-
stituting the integrand in (2.10).

2.2 The prescription for 3d N = 3 theories

Let us now turn our attention to 3d N = 3 theories. These theories differ substantially from
their N = 4 counterparts. A primary distinction is that the moduli space generally consists
of an intersection of multiple hyperKähler cones. These cones cannot be easily distinguished
by R-symmetry, as in the N = 4 case, because the R-symmetry is reduced to a single SU(2)R.
Furthermore, each cone is typically parametrised by dressed monopole operators, implying
that the branches exhibit a mixture of the qualitative features characteristic of both the
Higgs and Coulomb branches of N = 4 theories.

Since we lack a clear distinction between the various cones-which, in N = 4 theories, is
provided by the two SU(2) subgroups of the R-symmetry-the strategy to extract the Hilbert
series must be adapted. Although the superpotential does not permit a global U(1)A axial
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symmetry, we nonetheless introduce an auxiliary fugacity a by assigning specific charges
(positive, negative, or zero) to each hypermultiplet.

The logic of this strategy is that this new fugacity allows us to grade the operators
residing on a specific branch in such a way that we can perform a limit that projects onto
the operators of a single branch, analogous to the N = 4 case. While this procedure should
be regarded as an effective strategy that reproduces the correct counting formula for the
operators on a branch, it successfully passes a number of non-trivial tests and hints at a
deeper physical interpretation.

The prescription consists of two steps. The first is the identification of the operators that
can simultaneously acquire a VEV and thus form a branch of the moduli space. The second
step is the practical implementation, which involves introducing the auxiliary axial fugacity a
and assigning charges to every field. To extract the Hilbert series, we perform the redefinition

x = 𝔷t , a = 𝔷−1/2t1/2 or equivalently 𝔷 = a−1x1/2 , t = ax1/2 , (2.13)

and then compute the following limit of the superconformal index:

H(t) = lim
𝔷→0

I(x; a)
∣∣

(2.13) . (2.14)

Criteria for goodness and badness

This limit is well-defined, provided that potential divergences are under control. These
divergences can originate from several sources. First, for a 3d N = 3 theory to avoid
divergences, each local U(N) node with Chern-Simons (CS) level k ̸= 0 and F fundamental
hypermultiplets must satisfy the condition

k + F ≥ N , (2.15)

which can be derived from the Giveon-Kutasov duality [21]. When this bound is saturated,
the gauge theory confines to a trivial theory. For k + F = N − 1 the theory exibits chiral
symmetry breaking and, finally, for k + F < N − 1 there is a runaway potential. It is
important to emphasise that this condition differs significantly from the standard N = 4
goodness condition [19], namely, if gauge nodes with k = 0 are present, they should satisfy

F ≥ 2N , (2.16)

as violation in that case leads to the presence of monopole operators falling below the
unitarity bound.

Once the local goodness conditions are satisfied for every node, further conditions ensure
the unitarity bound is not violated for the dressed monopole operators parametrising the
branches. This requirement is analogous to the criteria in [19]. For example, consider the
following N = 3 theory:

Nk N0 · · · N0 N−k

F1 F2 FL−1 FL

(2.17)
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In this theory, composed of a sequence of L U(N) gauge nodes with the depicted CS-levels,
the lowest-dimensional dressed monopole operator arises from turning on a minimal flux
{m(α)} = (1, 0, . . . , 0) for each node. To ensure gauge invariance, it must be dressed k times
with all the bifundamentals connecting the nodes. Since the bare monopole has dimension
1
2
∑L

i=1 Fi + (L− 1)(N − 1)− L(N − 1), the resulting dressed monopole has dimension:

1
2(L− 1)|k|+ 1

2

L∑
i=1

Fi − (N − 1) . (2.18)

Requiring this dimension to be larger than or equal to one yields the condition

(L− 1)|k|+
L∑

i=1
Fi ≥ 2N . (2.19)

This is a non-local condition, as it refers to the global topology and properties of the quiver.
Specifically, it depends only on the total sum of the Fi values, rather than on their individual
values, and on the length of the quiver. This is not the only scenario that may appear in
N = 3 theories, and we do not attempt to provide a universal rule to avoid “badness”, which
can be studied case by case with a similar strategy.

Method of assigning auxiliary axial fugacities

The class of theories for which we implement this strategy consists mainly of linear and
circular quivers with unitary gauge nodes and non-zero CS-levels. As we will demonstrate, the
strategy also generalises with minor modifications to star-shaped theories and orthosymplectic
quivers. A particularly interesting extension is provided by N = 3 quiver theories containing
T [U(N)] blocks [19] coupled via the gauging of their global symmetries. These theories
are closely connected to Type IIB brane setups involving generic (p, q) fivebranes [5, 22].
We will comment on these generalisations later. For now, let us consider the simpler setup
of a linear or circular quiver with unitary gauge groups and CS levels. To illustrate the
procedure, consider the following linear quiver:3

Nk1 N−k1 Nk2 Nk1−k2 Nk2−k1 Nk1−k2 N0

1 1 N

(2.20)

3The moduli space of this example in the Abelian case N = 1 was studied in [6, section 5.1].
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It is helpful to consider this theory in N = 2 notation:

Nk1 N−k1 Nk2 Nk1−k2 Nk2−k1 Nk1−k2 N0

1 1 N

a1 a2 a3 a4 a5 a6

c4 c6 c7

b1 b2 b3
b4 b5 b6 b7

(2.21)

where each double-headed arrow represents a hypermultiplet, and the loops stand for the
adjoint chiral multiplets belonging to the N = 4 vector multiplets. The (𝔞i, 𝔟i, 𝔠i) labels
denote auxiliary axial fugacities. Typically, superpotential constraints require these fugacities
to be set to one. Furthermore, the supersymmetrisation of CS interactions imposes quadratic
superpotential terms for the adjoint chirals of the form W ∼ −ki

2 ϕ
2
i , see e.g. [23]. While

one could integrate out the adjoint chirals, we retain them here as they play a key role
in our analysis.

We now proceed to describe the systematic extraction of the Hilbert series for each
branch of this theory.

Mesonic branch or the D5-branch. In (almost) any N = 3 theory, there is a primary
branch typically parametrised by mesonic operators.4 As discussed later, this corresponds to
the moduli space of D3-branes suspended between D5-branes, hence its name. To compute
the Hilbert series of this branch, we propose the following prescription:

• Assign axial fugacities as if the theory had no CS interactions, effectively treating the
theory as having N = 4 supersymmetry. The Hilbert series is then obtained by taking
the Higgs branch limit of the superconformal index.

For the example, in (2.21), this implies fixing the axial fugacities as

𝔞i = a , 𝔟i = a−2 , 𝔠i = a . (2.22)

The Hilbert series is then computed using the limit defined in (2.14).
Note that this strategy is applicable only when the starting theory satisfies the local

condition F ≥ 2N . While this condition is not strictly required for the N = 3 theory to
be “good”, it ensures that the limit (2.14) yields the Molien integral associated with the
theory [24], which is independent of CS levels. Consequently, the D5-branch of the N = 3
theory is described by the Higgs branch of the corresponding N = 4 theory obtained by
setting all CS levels to zero.

If this prescription fails, one can employ mirror symmetry (or a more general SL(2,ℤ)
duality) to compute the D5-branch of the original theory as the corresponding monopole
branch of the dual theory, using the prescription described below.

4With an exception in certain specific instances, such as when general (p, q) fivebranes are present, this
branch may be parametrised by dressed monopole operators, see (3.57).
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Monopole branches or the (1, k)-branch. Beyond the D5-branch, N = 3 theories possess
other branches typically parametrised by the VEVs of dressed monopole operators. These
branches describe the motion of D3-branes along (1, k) fivebranes.5

The first step is to identify the potential dressed monopole operators that contribute to
a branch. The criteria for identifying such monopoles are as follows:6

• Each minimal sequence of consecutive gauge nodes whose CS levels sum to zero is
associated with a potential dressed monopole operator.

A sequence is “minimal” if it contains no proper subsequence of consecutive nodes whose CS
levels also sum to zero. Each sequence is associated with a dressed monopole operator that can
acquire a VEV. The interaction between these monopoles is determined by the following rules:

• If two sequences of nodes overlap, their corresponding dressed monopoles cannot simul-
taneously acquire a VEV.

• If two sequences are non-adjacent, the two monopoles can acquire VEVs independently,
resulting in a moduli space that is the product of their individual spaces.

• If two sequences are adjacent, their individual moduli spaces fuse into a larger space
that is generally not a simple product.

From these rules, we can identify the maximal branches, defined as those where the largest
possible number of dressed monopole operators acquire a VEV:

• The set of cones of the N = 3 theory is obtained by assigning VEVs to dressed monopole
operators associated with the largest possible union of minimal sequences of gauge nodes
such that the total sum of their CS-levels is zero.7

Applying this to (2.21), we identify the minimal sequences as

(1, 2), (2, 3, 4), (4, 5), (5, 6), (7) , (2.23)

where gauge nodes are numbered from lefto to right. According to our rules, the monopoles for
(1, 2) and (2, 3, 4) cannot acquire VEVs simultaneously and thus belong to different branches.
Conversely, the monopoles for (2, 3, 4), (5, 6), and (7) can acquire VEVs simultaneously,
forming a maximal branch. There are two additional maximal branches: one defined by

5We will explicitly discuss the case of general (p, q) fivebrane in section 3.2.
6To establish the existence of the monopole branch discussed here, it suffices to require the presence of

gauge-invariant chiral dressed operators arising from minimal magnetic fluxes. These operators are constructed
solely from bare monopoles carrying a sequence of minimal fluxes, which are then dressed with chiral fields from
the bifundamental hypermultiplets to ensure gauge invariance. We observe that all other dressed monopole
operators are either composite or non-chiral, where the latter do not contribute to the branch of the moduli
space in question. The dressed monopole operators corresponding to the geometric branch are discussed
separately in section 5.

7For dressed elementary monopole operators, the “total sum” refers to
∑

j
kj for unitary nodes with CS

levels kj . For orthosymplectic gauge groups, the symplectic CS levels k′
j are weighted twice relative to the

orthogonal levels kj , i.e.
∑

j
(kj + 2k′

j).
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(1, 2) and another by (4, 5). Together with the D5-branch, these constitute the full set of
independent maximal branches for this theory.

To extract the Hilbert series for an identified branch, we use the following prescription:

• For a sequence of consecutive nodes associated with monopoles that can acquire a VEV
simultaneously, we assign an auxiliary U(1)A axial charge +1 to each bifundamental
field linking two nodes within the sequence, −1 to any bifundamental or fundamental
linked to only one node of the sequence, and zero to all other fields. Adjoint chirals are
assigned non-zero charges if they join any two bifundamentals with the same axial charge
(consistent with a cubic superpotential) or if the node has zero CS level. Remaining
adjoint chirals are assigned zero charge, effectively becoming massive.

In the example (2.21), we label the three maximal branches as Branch I (nodes (1, 2)), Branch
II (nodes (4, 5)), and Branch III (nodes (2, 3, 4), (5, 6), (7)). The axial charge assignments
are summarised below:

Branch 𝔞1 𝔞2 𝔞3 𝔞4 𝔞5 𝔞6 𝔠4 𝔠6 𝔠7
I a a−1 1 1 1 1 1 1 1
II 1 1 a−1 a a−1 1 a−1 1 1
III a−1 a a a−1 a a−1 a−1 a−1 a−1

Branch 𝔟1 𝔟2 𝔟3 𝔟4 𝔟5 𝔟6 𝔟7
I 1 1 1 1 1 1 1
II 1 1 1 1 1 1 1
III 1 1 a−2 1 1 1 a+2

(2.24)

The Hilbert series is then obtained by applying the limit (2.14) to the superconformal index
with these assignments.

Before detailing the specific examples that validate our prescription, let us comment on
its general consistency. For Chern-Simons theories that possess N = 4 supersymmetry, the
SU(2)× SU(2) R-symmetry is obtained from the manifest N = 3 SU(2)R symmetry and an
extra U(1)A axial symmetry, which provides the extra supersymmetry current leading to
N = 4 supersymmetry [25–30]. In such cases, we observe that the assigned auxiliary fugacity
becomes physical, in the sense that it corresponds to a genuine global symmetry of the
theory, coinciding precisely with this U(1)A. Conversely, when the theory is strictly N = 3
supersymmetric, U(1)A is not an exact symmetry of the full theory. However, we expect
that, upon restricting to a specific branch, thereby setting to zero the operators that violate
this symmetry, the SU(2)R symmetry and the auxiliary U(1)A effectively combine into an
SU(2)×SU(2) structure, parametrised by the fugacities (t, 𝔷). This property is crucial for the
𝔷 → 0 limit to be well-defined. It implies that all operators not belonging to the branch are
positively graded with respect to 𝔷, such that the limit simply projects out these contributions.

Further details and examples are provided in the following sections: linear quivers in
sections 3.1, 3.3, and 3.4; circular quivers in section 3.5; star-shaped examples in section 3.6;
orthosymplectic quivers in section 4. The Type IIB brane setup analysis is detailed in
section 3.2, while the “geometric branch” found in certain circular quivers is discussed in
section 5. Two examples of 3d N = 4 circular Chern-Simons-matter quivers are given in
appendix D.
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2.3 Comments on the relation with Type IIB brane setups

Certain 3d N = 3 theories are known to admit a Type IIB realisation [2, 5], consisting of a
stack of D3-branes intersecting a setup of fivebranes. The set of allowed fivebranes includes
D5 and NS5-branes, oriented to preserve eight supercharges, as well as bound states of p NS5
and q D5-branes, referred to as (p, q) fivebranes. The orientation of the branes is chosen such
that a setup composed of generic (p, q)-branes preserves at least six supercharges.

The field theory residing on a stack of D3-branes intersecting a generic fivebrane setup-
whether linear or circular-can be constructed via the diagonal gauging of atomic QFT blocks,
each corresponding to a single fivebrane [22, 31]. To (0, 1)-branes (D5-branes), we associate a
standard fundamental hypermultiplet, or simply a flavour. To (1, 0)-branes (NS5-branes),
we associate a bifundamental hypermultiplet.

The contribution of generic (p, q)-branes can be obtained by acting with an SL(2,ℤ)
transformation of the form Tk1STk2S . . . STkr on a (1, 0)-brane,8 where the set of ki exponents
is determined by the continued fraction:

p

q
= 1
k1 − 1

k2− 1
···− 1

kr

. (2.25)

The field theory realisation of this statement is that the contribution of a (p, q)-brane is
generally a non-Lagrangian block that, in quiver notation, can be expressed as follows:9

N Nk1
Nk2 · · · Nkr

N−kr · · · N−k2
N−k1 N

T [U(N)] T [U(N)] T [U(N)] T [U(N)] T [U(N)] T [U(N)] T [U(N)] T [U(N)] (2.26)

where we use the fact that a stack of D3-branes intersecting an S (or S−1) operator corresponds
to a T [U(N)] (or T [U(N)]) theory.10 Additionally, a stack of D3-branes intersecting a
Tk operator corresponds to level-k Chern-Simons interactions [19]. Note that whenever
p > 1, q ̸= 0, the corresponding field theory building block is non-Lagrangian. More precisely,
it is quasi-Lagrangian, as it involves the gauging of the IR emergent symmetries of the
Lagrangian T [U(N)] theory.

The theories addressed by the prescription in section 2.2 involve brane setups with
(p, q)-branes, where we only allow p = 1 and (0, 1)-branes. For instance, the theory in (2.20)

8We adopt the following notation for the S and T generators of the SL(2,ℤ) group:

S =
(

0 −1
1 0

)
, T =

(
1 0
1 1

)
.

9Note that, with respect to the notation of [22, 31], we adopt the opposite convention by “acting” with the
operator on the left of the bifundamental and with its inverse on the right.

10A T [U(N)] theory consists of the T [SU(N)] theory with an extra BF coupling extending the SU(N)×SU(N)
symmetry to U(N) × U(N). The T [U(N)] theory employs a different choice of background configuration. We
describe these theories in more detail, including their superconformal indices, in section 3.2.
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corresponds to the following brane setup:

D3

NS5 NS5(1, k1) (1, k2) (1, k1) (1, k2) (1, k1) (1, k1)

D5
· · ·

(2.27)

The prescription described in section 2.2 admits a direct interpretation from the brane setup
perspective. The branches of the theory correspond to the possible motion of D3-branes
suspended on a chosen type of fivebrane. The D5-branch corresponds to the motion of
D3-branes on D5-branes, while the branches typically parametrised by dressed monopole
operators correspond to the motion of D3-branes on NS5 or generic (1, k)-branes. Each
independent motion corresponds to a VEV for a dressed monopole operator. The simultaneous
motion of D3-branes on two different types of fivebranes is not permitted and does not yield a
branch, whereas independent motions give rise to independent branches. These observations
replicate the rules established in section 2.2. Referring back to the example in (2.27) (theory
in (2.20)), we can immediately see that the theory should possess four branches, i.e. one for
each distinct type of fivebrane in the setup. Aside from the D5-branch, we can identify the
dressed monopoles contributing to each branch from the setup. For example, the monopoles
associated with nodes (1, 2) and (4, 5) correspond to the motion of D3-branes on NS5 and
(1, k2)-branes, respectively. Meanwhile, the monopoles associated with nodes (2, 3, 4), (5, 6),
and (7) correspond to motion along (1, k1)-branes. It is thus conventional to refer to branches
I, II and III in (2.24) as the NS5, (1, k2), and (1, k1) branches, respectively.

This interpretation facilitates the identification of possible branches from the brane setup
and informs the prescription for assigning the axial fugacity a:

• Once a branch corresponding to the motion of D3-branes along a chosen type of (1, k)-
brane is selected, we assign fugacity a−1 to each bifundamental associated with that (1, k)-
brane,11 and fugacity a to each bifundamental corresponding to different (1, k̃)-branes
between any pair of the primary fivebrane type. Flavours associated with D5-branes
located between the (1, k)-branes are assigned fugacity a−1. Every other hypermultiplet
is assigned an axial fugacity of a0 = 1.

This rule replicates the prescription of section 2.2 from the point of view of the brane
configuration.

Finally, we can consider more generic brane setups involving (p, q)-branes. While identi-
fying the possible branches remains straightforward from the brane perspective, the field-
theoretic rules in section 2.2 must be generalised to account for T [U(N)] links. The analysis
of such theories is quite complex. To provide a viable approach, we propose an example in
section 3.2 demonstrating that our prescription can be generalised to these cases.

11This refers to the bifundamental hypermultiplet arising from the string stretched between the two D3-branes
intersecting the (1, k)-brane in question.
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3 Unitary quivers

In this section, we report examples to motivate the prescription presented in section 2 and,
most importantly, to describe in detail how the computation of the branches can be performed.
The examples considered in this section include quivers with unitary gauge nodes and with
linear, circular or star shape. We will also include an example with T [U(N)] links, which,
as commented previously, is connected to Type IIB brance setups with generic (p, q) branes.
Examples of quivers with orthosymplectic gauge groups are given later, in section 4.

3.1 Linear quiver with U(N)k × U(N)−k × U(N)k gauge group

We consider the 3d N = 3 theory described by the following quiver diagram:

Nk N−k Nk

F1 F2 F3

(3.1)

This theory can be realised in string theory via the brane configuration shown below:

N D3

NS5 NS5(1, k) (1, k)

F1 D5 F2 D5 F3 D5

(3.2)

For the special case of N = 1, F1 = 1, F2 = 0, and F3 = 1, this model was named the
T [3] theory, and its moduli space was analysed in [6, section 4.4]. The magnetic quivers
associated with each branch of the moduli space were proposed in [3, section 5.1.1]. In what
follows, we analyse this theory by computing its superconformal index and limits thereof,
as described in section 2.

It is useful to consider the theory in 3d N = 2 notation, where the field content and
fugacity assignments are:

Nk N−k Nk

F1 F2 F3

a1 a2

c1 c2 c3

b1 b2 b3

(3.3)

The specific assignments of axial fugacities 𝔞i, 𝔟i, and 𝔠i depends on which branch we aim
to compute and are assigned according to the rules in section 2.2. The assignment of axial
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charges is summarised in the following table:

Branch 𝔞1 𝔞2 𝔠1 𝔠2 𝔠3 𝔟1 𝔟2 𝔟3
NS5 a a−1 a−1 a−1 1 1 1 1
(1, k) a−1 a 1 a−1 a−1 1 1 1
D5 a a a a a a−2 a−2 a−2

(3.4)

The index for the theory in (3.3) is then given by

I (3.3) =
1

(N !)3

∑
{m

(α)
1 },{m

(α)
2 },{m

(α)
3 }∈ℤN

∮ ( 3∏
i=1

N∏
α=1

du
(α)
i

2πiu(α)
i

(u(α)
i )κim

(α)
i w

m
(α)
i

i

)

×
3∏

i=1
ZU(N)

vec (x; {u(α)
i }; {m(α)

i })
N∏

α,β=1
Z1

chir

(
x; 𝔟iu

α
i (u

β
i )

−1;m(α)
i −m

(β)
i

)

×
∏

s=±1

2∏
i=1

N∏
α,β=1

Z
1/2
chir

(
x; 𝔞i(biu

(α)
i (u(β)

i+1)
−1)s; s(m(α)

i −m
(β)
i+1)

)

×
∏

s=±1

3∏
j=1

Fj∏
ρj=1

N∏
α=1

Z
1/2
chir

(
x; 𝔠j((f (ρj)

j )−1u
(α)
j )s; sm(α)

j

)
,

(3.5)

where the Chern-Simons levels are

κ1 = k , κ2 = −k , κ3 = k . (3.6)

For definiteness, we take k > 0 throughout this discussion. In the above, the fugacities
bi are turned on only for the sake of convenience in keeping track of each bifundamental
hypermultiplet, and can be absorbed in the redefinition of the fugacities for topological
symmetries wi.

The goodness condition for this theory is

F1 + F2 + k ≥ N

2 , F2 + F3 + k ≥ N

2 , (3.7)

which ensures that no monopole operator violates the unitarity bound.
The Hilbert series for each branch is obtained by first performing the redefinition

x = 𝔷t , a = 𝔷−1/2t1/2 , (3.8)

and then taking a specific limit of the index:

H (3.3)[branch](t; {wi}; {bi}; {fi}) = lim
𝔷→0

I (3.3)

∣∣∣
(3.4), (3.8)

. (3.9)
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3.1.1 Abelian case: N = 1

Let us focus on the N = 1 case, where the index (3.5) simplifies to:

I (3.3),N=1 =
∑

m1,m2,m3∈ℤ

∮ ( 3∏
i=1

dui

2πiui
uκimi

i wmi
i Z1

chir (x; 𝔟i; 0)
)

×
∏

s=±1

2∏
i=1

Z
1/2
chir

(
x; 𝔞i(biuiu

−1
i+1)

s; s(mi −mi+1)
)

×
3∏

j=1

Fj∏
ρj=1

Z
1/2
chir

(
x; 𝔠j((f (ρj)

j )−1uj)s; smj

)
.

(3.10)

To compute the limit, we first replace the definition of the chiral multiplet contribution, given
in (2.4), and, for each assignment of axial fugacities in (3.4), we collect an overall exponential
𝔷 factor. A non-vanishing result in the 𝔷 → 0 limit imposes the following constraints on
the magnetic fluxes mi:

Branch Power of 𝔷 Condition
NS5 𝔷|m1−m2|+ F3

2 |m3| m1 = m2, m3 = 0
(1, k) 𝔷|m2−m3|+ F1

2 |m1| m2 = m3, m1 = 0
D5 𝔷|m1−m2|+|m2−m3|+

∑3
i=1 Fi|mi| m1 = m2 = m3 = 0

(3.11)

We now discuss the computation for each branch explicitly.

The NS5-branch

The limit of the index for the NS5-branch is

H[NS5](t; {wi}; {bi}) = lim
𝔷→0

∑
m1,m2,m3∈ℤ

𝔷|m1−m2|+ F3
2 |m3|t2∆(m1,m2,m3)

×
∮ 3∏

i=1

dui

2πiui
uκimi

i wmi
i PE

δm1,m2t
∑

s=±1
(b1u1u

−1
2 )s

 . (3.12)

Here, the argument of the plethystic exponential only includes contributions from chiral fields
with axial fugacity a, as the contribution of a chiral field with axial fugacity a−1 becomes
trivial in the 𝔷 → 0 limit (see (2.8) and (2.11)). The function ∆(m1,m2,m3) is the conformal
dimension of a bare monopole:

∆(m1,m2,m3) =
1
2(F1|m1|+ |m1 −m2|+ F2|m2|+ |m2 −m3|+ F3|m3|) . (3.13)
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In the limit 𝔷 → 0, only terms carrying zero power of 𝔷 can contribute, which imposes the
condition on the magnetic fluxes: m1 = m2 and m3 = 0.12 We thus obtain the following
expression for the Hilbert series:

H (3.3)[NS5](t;{wi};{bi})=
∑

m1=m2=m∈ℤ
t2∆(m1=m,m2=m,m3=0)

×
∮

du1
2πiu1

du2
2πiu2

du3
2πiu3

uκ1m1
1 uκ2m2

2 wm1
1 wm2

2 PE

t ∑
s=±1

(b1u1u
−1
2 )s


(A.1)=

∑
m∈ℤ

t(F1+F2+1+k)|m| 1
1−t2 y

m
1 , y1=b−k

1 w1w2

=PE
[
t2+(y1+y−1

1 )tF1+F2+k+1−t2(F1+F2+k+1)
]
.

(3.14)

In the first step, we recognise that the integral over u3 yields one, while the integral over u1,2 is
non-trivial and evaluates to the function tk|m|ym

1 (1− t2)−1 upon applying identity (A.1). The
t factor at the numerator adds up to the conformal dimension of the bare monopole operator
and represents the contribution of the dressing of bifundamental fields, so that the final
power of t proportional to |m| is (twice) the conformal dimension of a gauge invariant dressed
monopole operator. The denominator instead is analogous to a P -factor in the language
of [20]. The final expression in (3.14) is the Hilbert series for the orbifold ℂ2/ℤF1+F2+k+1. As
shown in the preceding line, this matches the Coulomb branch Hilbert series of a U(1) gauge
theory with F1 +F2 +k+1 flavours, which is the proposed magnetic quiver for this branch [3].

The elementary bare monopole operators on this branch, V±(1,1,0), have an R-charge of
1
2(F1 + F2 + 1) and axial charge of F1 + F2 + 1. The generators of this branch are

G0 = X12X21 , G+ = Xk
21V(1,1,0) , G− = Xk

12V(−1,−1,0) , (3.15)

which satisfy the relation

G+G− = GF1+F2+k+1
0 , (3.16)

where X12 and X21 are the chiral and antichiral fields in the bifundamental hypermultiplet
connecting the first and second gauge nodes, respectively.13

12As a technical aside, if F3 is set to zero, then no condition on m3 arises. However, the integral over u3

now simply reads ∮
du3uk m3

3
2πiu3

= δm3,0 ,

thus forcing m3 to be zero. This argument holds for any value F3 ̸= 0 regardless of the condition imposed by
the power of 𝔷.

13Here and throughout the paper, we denote by Xij the chiral field in the bifundamental hypermultiplet
going from the i-th gauge node to the j-th gauge node. This is conventional in the literature of quiver
gauge theories.
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The (1, k)-branch

The result for this branch can be obtained from that of the NS5-branch by exchanging
the nodes 1 and 3:

H (3.3)[(1,k)](t;{wi},{bi})=
∑

m2=m3=m∈ℤ
t2∆(m1=0,m2=m,m3=m)

×
∮

du1
2πiu1

du2
2πiu2

du3
2πiu3

uκ2m2
2 uκ3m3

3 wm2
2 wm3

3 PE

t ∑
s=±1

(b2u2u
−1
3 )s


(A.1)=

∑
m∈ℤ

t(F2+F3+k+1)|m| 1
1−t2 y

m , y2=bk
2w2w3

=PE
[
t2+(y2+y−1

2 )tF2+F3+k+1−t2(F2+F3+k+1)
]
.

(3.17)

This is the Hilbert series for ℂ2/ℤF2+F3+k+1, matching the Coulomb branch Hilbert series
of a U(1) gauge theory with F2 + F3 + k + 1 flavours.

The generators of this branch are analogous to those of the NS5-branch, with the
replacements V±(1,1,0) → V±(0,1,1) and (X12, X21) → (X32, X23).

The D5-branch

Finally, assuming that F1 ̸= 0 and F3 ̸= 0, the Hilbert series for the D5-branch is14

H (3.3)[D5](t; b1,2,3) =
∮

du1
2πiu1

du2
2πiu2

du3
2πiu3

× PE

t ∑
s=±1


2∑

i=1
(biuiu

−1
i+1)

s +
3∑

j=1

Fj∑
ρj=1

(f (ρj)
j u−1

j )s

− 3t2
 .
(3.18)

The term −3t2 in the plethystic exponential accounts for the three adjoint chiral multiplets,
which have an axial fugacity of a−2. This result corresponds to the Higgs branch Hilbert
series of the theory in (3.1) with the Chern-Simons levels set to zero (k = 0), which is
the 3d N = 4 theory:

1 1 1

F1 F2 F3

(3.19)

The magnetic quiver for this branch is simply the mirror theory for this quiver. For example,
in the special case of F1 = 1, F2 = 0, and F3 = 1, (3.19) is mirror dual to the magnetic quiver
consisting of the U(1) gauge theory with four flavours [3, section 5.1.1].

14Notice that this assumption is sufficient, but not necessary, to have a good theory. For cases in which
F1 = 0 and/or F3 = 0, we need an improved strategy to compute the D5-branch Hilbert series. We leave this
analysis for a future work.
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In summary, the results for each branch are:

Branch Hilbert series Geometry
NS5 (3.14) ℂ2/ℤF1+F2+k+1
(1, k) (3.17) ℂ2/ℤF2+F3+k+1
D5 (3.18) Higgs branch of (3.19)

(3.20)

These Hilbert series can also be derived using the methods presented in [18]; see appendix C
therein for related examples.

3.1.2 The case of N = 2

We now turn to the non-Abelian case of N = 2.

The NS5-branch

Following a similar analysis as in the Abelian case, we compute the limit

H[NS5](t,{wi},{bi})= lim
𝔷→0

∑
{{m

(α)
1 },{m

(α)
2 },{m

(α)
3 }∈ℤ2

𝔷∆𝔷(m1,m2,m3)t2∆(m1,m2,m3)

×
∮ 3∏

i=1

∏
α=1,2

du
(α)
i

2πiu(α)
i

(
u

(α)
i

)κim
(α)

w
m

(α)
i

i

∏
1≤α ̸=β≤2

3∏
i=1

(
1−u

(α)
i

u
(β)
i

)δ
m

(α)
i

,m
(β)
i

×PE

t ∑
s=±1

2∑
α,β=1

δ
m

(α)
1 ,m

(β)
2

(b1u
(α)
1 )s(u(β)

2 )−s

 .
(3.21)

The argument of the plethystic exponential only includes contributions from chiral fields
with axial fugacity a. The function ∆(m1,m2,m3) is the conformal dimension of the bare
monopole operator:

∆(m1,m2,m3) =
1
2

( 3∑
j=1

Fj

2∑
α=1

|m(α)
j |+

∑
α,β=1,2

(|m(α)
1 −m

(β)
2 |

+ |m(α)
2 −m

(β)
3 |)− 2

3∑
i=1

|m(1)
i −m

(2)
i |
)
.

(3.22)

The condition for a non-vanishing limit requires the exponent of 𝔷 to be zero:

∆𝔷(m1,m2,m3)

=
∑

α,β=1,2
|m(α)

1 −m
(β)
2 |+ F3

2

2∑
α=1

|m(α)
3 | −

3∑
i=1

|m(1)
i −m

(2)
i | = 0 .

(3.23)

We observe that the exponent of 𝔷 might be negative, which happens for F3 = 0, and this
could lead to divergencies in the 𝔷 → 0 limit. However, notice that the u3 integral, for generic
values of the magnetic fluxes and in the 𝔷 → 0 limit, reads

1
2

∮ ∏
α=1,2

du
(α)
3 (u(α)

3 )k m
(α)
3

2πiu(α)
3

∏
s=±1

[
1− (u(1)

3 )s(u(2)
3 )−s

]
= δm3,0 , (3.24)

– 19 –



J
H
E
P
0
7
(
2
0
2
6
)
2
0
3

thus setting m3 to zero and avoiding possible negative powers of 𝔷.15 Then we just need to
look for zero powers of 𝔷, which give a non-vanishing contribution to the limit 𝔷 → 0. All in
all, we restrict the magnetic fluxes to be of the form m3 = (0, 0) and m2 = m3 = (𝔪,𝔫) ∈ ℤ2.
Furthermore, using the Weyl symmetry, we can impose 𝔪 ≥ 𝔫.

Taking the limit (3.9), the Hilbert series receives two distinct contributions, analogous
to the examples in [18, appendix C], namely one from fluxes where 𝔪 = 𝔫, and another
from fluxes where 𝔪 > 𝔫:

H (3.3)[NS5](t;w1,2; b1,2) = H𝔪=𝔫 +H𝔪>𝔫 . (3.25)

For fluxes with 𝔪 = 𝔫, each U(2) gauge group is unbroken, and the contribution is

H𝔪=𝔫 = 1
22

∑
𝔪∈ℤ

∮ 2∏
i=1

2∏
α=1

du
(α)
i

2πiu(α)
i

(
u

(1)
1 u

(2)
1

u
(1)
2 u

(2)
2

)k𝔪

(w1w2)2𝔪t2∆(m1=m2=(𝔪,𝔪), m3=0)

×
∏

1≤α ̸=β≤2

2∏
i=1

(
1− u

(α)
i

u
(β)
i

)
PE

t ∑
s=±1

∑
α,β=1,2

(b1u
(α)
1 )s(u(β)

2 )−s

 .
(3.26)

We can simplify (3.26) by explicitly evaluating the integral using identity (A.2), which leads to

H𝔪=𝔫 =
∑
𝔪∈ℤ

tk(2|𝔪|)(b−k
1 w1w2)2𝔪

(1− t2)(1− t4) × t(F1+F2+2)(2|𝔪|)

=
∑
𝔪∈ℤ

t(F1+F2+k+2)(2|𝔪|)

(1− t2)(1− t4) (b−k
1 w1w2)2𝔪 .

(3.27)

Notice that the evaluation of the integral, which is the ratio in the first line, has two
contributions. The t exponential factor modifies the dimension of the bare monopole operator,
so that it is included the contribution from the dressing. Also, the denominator can be
interpreted as a P -factor in the language of [20]; see also (A.3).

For fluxes with 𝔪 > 𝔫, each U(2) gauge group is broken to its maximal torus U(1)2.
The corresponding contribution to the Hilbert series is

H𝔪>𝔫 =
∑

𝔪>𝔫∈ℤ
H(𝔪)H(𝔫) t2∆(m1=m2=(𝔪,𝔫),m3=0) , (3.28)

where H(m) is the integral part of the N = 1 result from (3.14):

H(m) =
∮

du1
2πiu1

du2
2πiu2

uκ1m
1 uκ2m

2 wm
1 w

m
2 × PE

t ∑
s=±1

(b1u1u
−1
2 )s


= tk|m|

1− t2
(b−k

1 w1w2)m .

(3.29)

15This is a general feature. Whenever a gauge node sees only hypermultiplets with fugacity a−1 or a0, then
its integral can be solved to effectively set its corresponding magnetic flux to zero. As expected, gauge nodes
that are distant from those that are involved in the construction of dressed monopole operators do not play
any role.
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Notice again that the result gives a t exponential factor, that accounts for the dressing of
bare monopoles, and a P -factor. Therefore, we have

H𝔪>𝔫 =
∑
𝔪>𝔫

t(F1+F2+k+2)(|𝔪|+|𝔫|)−2|𝔪−𝔫|

(1− t2)2 (b−k
1 w1w2)𝔪+𝔫 . (3.30)

Summing the two contributions as indicated in (3.25) yields the total Hilbert series:

H (3.3)[NS5](t;w1,2; b1,2)

=
∑

𝔪≥𝔫∈ℤ
t(F1+F2+k+2)(|𝔪|+|𝔫|)−2|𝔪−𝔫| y𝔪+𝔫

1 PU(2)(t;𝔪,𝔫)

= PE
[
t2 + t4 +

(
y1 + y−1

1

)
(tF1+F2+k + tF1+F2+k+2)

− t2(F1+F2+k+1) − t2(F1+F2+k+2)
]
, y1 = b−1

1 w1w2 ,

(3.31)

where the P -factor is defined as in (A.3). This result matches the Coulomb branch Hilbert
series for the proposed magnetic quiver [3], which is a U(2) gauge theory with F1 +F2 + k+2
flavours. Notice that the PU(2)(t;𝔪,𝔫) factor does not depend on the specific value of (𝔪,𝔫),
but only on whether 𝔪 is equal or not to 𝔫. This agreement follows from the structure of the
Coulomb branch formula in [20]. For m(1) = m(2), the U(2) gauge group is unbroken, and
the factor PU(2)(t;𝔪 = 𝔫) =

[
(1− t2)(1− t4)

]−1 is the character for the Casimir invariants.
For 𝔪 ≠ 𝔫, the group is broken to U(1)2, and PU(2)(t;𝔪 ≠ 𝔫) = (1 − t2)−2 accounts for
the Casimirs of the residual symmetry.

The (1, k)-branch

The analysis for this branch is identical to that of the NS5-branch, with the nodes 1 and
3 exchanged (and b1 replaced by b3).

The D5-branch

We now compute the D5-branch, assuming F1 > 1 and F3 > 1.16 As in the Abelian case,
the magnetic fluxes are constrained to be m1 = m2 = m3 = 0, meaning that monopole
operators do not contribute to this branch. The resulting Hilbert series is therefore the Higgs
branch series of the corresponding theory with zero Chern-Simons levels (k = 0):

2 2 2

F1 F2 F3

(3.32)

The magnetic quiver for this branch is simply the mirror theory for this quiver.

16As in the Abelian case, this condition is sufficient, but not necessary, for the theory to be good. We will
however leave the analysis for more general values of the flavours to a future work.
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3.2 The T(p,q)[3] theory and its generalisation

Let us consider the following brane system:

N D3

NS5 NS5(2p, 2pq− 1) (2p, 2pq− 1)

D5 D5

(3.33)

This system and the corresponding field theory, known as the T(p,q)[3] theory, were considered
in [6, section 7]. We take p = 2𝔭 and q = 2𝔭𝔮 − 1, such that 𝔭, 𝔮 ∈ ℤ≥1. We define the
generators of SL(2,ℤ) as follows:

S =
(
0 −1
1 0

)
, T =

(
1 0
1 1

)
, (3.34)

where S2 = −1 and (ST)3 = 1. We define

J = −T𝔮ST2𝔭 . (3.35)

Since Jk

(
1 0
)t

=
(
2𝔭 2𝔭𝔮− 1

)t
, it follows that each (2𝔭, 2𝔭𝔮− 1)-brane can be regarded an

NS5-brane between a J wall on the left and a J−1 wall on the right (see [22]). Note that the
Tκ wall gives rise to the gauge group U(N)κ, the S wall gives rise to the T [U(N)] theory, and
the S−1 wall gives rise to the T [U(N)] theory.17 The corresponding theory is therefore

Nq N2p N−2p N−q Nq N2p

1 1

T [U(N)] T [U(N)] T [U(N)] (3.36)

17As defined in [19], the T [U(1)] theory is the supersymmetric completion of the Chern-Simons coupling
1

2π

∫
F ∧dW between two U(1) gauge fields F and W , where each of them resides in an N = 4 vector multiplet.

The T [U(N)] theory is defined as the product of the T [SU(N)] theory and the T [U(1)] theory, in such a way that
the 𝔰𝔲(N) × 𝔰𝔲(N) global symmetry of T [SU(N)] is promoted to 𝔲(N) ×𝔲(N) with the mixed Chern-Simons
term due to the T [U(1)] theory. In terms of the index, if we denote by {(f1, f2, . . . , fN ), (m1, m2, . . . , mN )}
the flavour fugacities and corresponding magnectic fluxes, and by {(w1, w2, . . . , wN ), (n1, n2, . . . , nN )} the
topological fugacities and corresponding magnectic fluxes, then the T [U(1)] contribution to the index is
(f1f2 · · · fN )nN (w1w2 · · ·wN )mN . The T [SU(N)] theory can be contain from T [U(N)] by setting fj → f−1

j

and mj → −mj , for all j = 1, . . . , N .
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3.2.1 The Abelian case

Let us focus on the case of N = 1. In order to compute the limit of the index, we assign
the following axial fugacities to the chiral fields in the quiver.

1q 12p 1−2p 1−q 1q 12p

1 1

T [U(1)] a2 T [U(1)] a4 T [U(1)]

c1 c5

b1 b2 b3 b4 b5 b6

(3.37)

The index of (3.37) is then

I (3.37) =
∑

m1,...,m6∈ℤ

∮ ( 6∏
i=1

dui

2πiui
uκimi

i wmi
i Z1

chir (x; 𝔟i; 0)
)

×
∏

s=±1

∏
i=2,3

Z
1/2
chir

(
x; 𝔞i(uiu

−1
i+1)

s; smi − smi+1
) ∏

j=1,5
Z

1/2
chir

(
x; 𝔠j(f−1

j uj)s; smj

)
× (um2

1 um1
2 )(u−m4

3 u−m3
4 )(um6

5 um5
6 ) ,

(3.38)

where

κ1 = 𝔮 , κ2 = 2𝔭 , κ3 = −2𝔭 , κ4 = −𝔮 , κ5 = 𝔮 , κ6 = 2𝔭 , (3.39)

and for each branch the axial fugacities are as follows:

Branch 𝔞2 𝔞4 𝔠1 𝔠5 𝔟1 𝔟2 𝔟3 𝔟4 𝔟5 𝔟6
NS5 a a−1 a−1 1 1 1 1 1 1 1

(2𝔭, 2𝔭𝔮− 1) a−1 a 1 a−1 1 1 1 1 1 1
D5 a a a a a−2 a−2 1 1 a−2 1

(3.40)

We can now analyse each branch separately.

The NS5-branch

On the right hand side of (3.9), we find that the power of 𝔷 is |m2 −m3| + 1
2 |m5|. Thus,

a non-vanishing result in the limit 𝔷 → 0 restricts

m2 = m3 = 𝔪 ∈ ℤ , m5 = 0 . (3.41)

The dimension of the monopole operators is

∆(m1, . . . ,m5) =
1
2(|m1|+ |m2 −m3|+ |m4 −m5|+ |m5|) , (3.42)

and the limit of the index for the NS5-branch reads
H (3.36)[NS5](t; {wi}; {bi}) =

∑
m1,𝔪,m4∈ℤ

t2∆(m1,𝔪,𝔪,m4,0)wm1
1 (w2w3)𝔪wm4

4

×

 5∏
j=1

∮
duj

2πiuj

um1𝔮+𝔪
1 u2𝔪𝔭+m1

2 u−2𝔪𝔭−m4
3 u−m4𝔮−𝔪

4 PE

t ∑
s=±1

(b2u2u
−1
3 )s

 . (3.43)
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The integrals over u1 and u4 impose the following conditions:

𝔪 = −m1𝔮 , 𝔪 = −m4𝔮 ⇒ m1 = m4 = 𝔫 , 𝔪 = −𝔫𝔮 , (3.44)

whereas the integral over u6 and the magnetic flux m6 are neglected for the reason explained
in footnote 15. The expression in (3.43) reduces to

H (3.36)[NS5](t; {wi}; {bi}) =
∑
𝔫∈ℤ

t2∆(𝔫,−𝔫𝔮,−𝔫𝔮,𝔫,0)
(
w1w4

w𝔮
2w

𝔮
3

)𝔫

×

 3∏
j=2

∮
duj

2πiuj

u−(2𝔭𝔮−1)𝔫
2 u

(2𝔭𝔮−1)𝔫
3 PE

t ∑
s=±1

(b2u2u
−1
3 )s

 ,
(3.45)

from which we see that the “effective Chern-Simons levels” for the second and third nodes
are now −(2𝔭𝔮− 1) and (2𝔭𝔮− 1), respectively. To form the gauge invariant quantities, we
need to dress bare the monopole operator V(1,−𝔮,−𝔮,1,0,0) associated with 𝔫 = 1 with X23 and
V(−1,𝔮,𝔮,−1,0,0) associated with 𝔫 = −1 with X32. Similarly to (3.14), we obtain

H (3.36)[NS5](t; {wi}; {bi})
(A.1)=

∑
𝔫∈ℤ

t|𝔫|[1+1+(2𝔭𝔮−1)] 1
1− t2

y𝔫 , y = b2𝔭𝔮−1
2

w1w4
w𝔮

2w
𝔮
3

= PE
[
t2 + (y + y−1)t2𝔭𝔮+1 − t2(2𝔭𝔮+1)

]
.

(3.46)

This is the Hilbert series of ℂ2/ℤ2𝔭𝔮+1, in agreement with [6, (7.1)]. This space can be
realised as the Coulomb branch of the magnetic quiver described by the U(1) gauge theory
with 2𝔭𝔮 + 1 flavours [3, (5.12)]. In summary, this branch is generated by

G0 = X23X32 , G+ = V(1,−𝔮,−𝔮,1,0,0)X
2𝔭𝔮−1
23 , G− = V−(1,−𝔮,−𝔮,1,0,0)X

2𝔭𝔮−1
32 , (3.47)

satisfying G4𝔭𝔮+2
0 = G+G−.

The (2𝖕, 2𝖕𝖖− 1)-branch

In this case, we have 𝔷 1
2 |m1|+|m4−m5|. In the limit of 𝔷 → 0, a non-vanishing result imposes

the conditions

m4 = m5 = 𝔪 ∈ ℤ , m1 = 0 . (3.48)

The limit (3.9) of the index in this case reads

H (3.36)[(2𝔭, 2𝔭𝔮− 1)](t; {wi}; {bi}) =
∑

m3,𝔪,m6∈ℤ
t2∆(0,m2,m3,𝔪,𝔪)wm3

3 (w4w5)𝔪wm6
6

×

 6∏
j=1

∮
duj

2πiuj

um2
1 u2m2𝔭

2 u−2m3𝔭−𝔪
3 u−m3−𝔮𝔪

4 um6+𝔮𝔪
5 u2m6𝔭+𝔪

6 PE

t ∑
s=±1

(b4u4u
−1
5 )s

 . (3.49)

The integrations over u1, u2, u3, u6 impose

m2 = 0 , m3 = 𝔫 , m6 = 𝔫 , 𝔪 = −2𝔭𝔫 , (3.50)
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from which the expression above simplifies to

H (3.36)[(2𝔭,2𝔭𝔮−1)](t;{wi};{bi})=
∑
𝔫∈ℤ

t2∆(0,0,𝔫,−2𝔭𝔫,−2𝔭𝔫)

(
w3w6

w2𝔭
4 w2𝔭

5

)𝔫

×

 5∏
j=4

∮
duj

2πiuj

u(2𝔭𝔮−1)𝔫
4 u

−(2𝔭𝔮−1)𝔫
5 PE

[
t
∑

s=±1
(b4u4u

−1
5 )s

]
.

(3.51)

We thus obtain

H (3.36)[(2𝔭,2𝔭𝔮−1)](t;{wi};{bi})

(A.1)=
∑
𝔫∈ℤ

t|𝔫|[1+2𝔭+(2𝔭𝔮−1)] 1
1−t2 y

𝔫 , y=b−(2𝔭𝔮−1)
4

w3w6

w2𝔭
4 w2𝔭

5

=PE
[
t2+(y+y−1)t2𝔭(𝔮+1)−t4𝔭(𝔮+1)

]
,

(3.52)

which is the Hilbert series of ℂ2/ℤ2𝔭(𝔮+1), in agreement with [6, (7.1)]. This space can be
realised as the Coulomb branch of the magnetic quiver described by the U(1) gauge theory
with 2𝔭(𝔮 + 1) flavours [3, (5.13)]. In particular, this branch is generated by

G0 = X45X54 , G+ = V(0,0,1,−2𝔭,−2𝔭,1)X
2𝔭𝔮−1
45 , G− = V−(0,0,1,−2𝔭,−2𝔭,1)X

2𝔭𝔮−1
54 , (3.53)

satisfying G8𝔭𝔮+8
0 = G+G−. As usual, we denote by X45 and X54 the chiral and antichiral

fields in the bifundamental hypermultiplet connecting the gauge nodes 4 and 5.

The D5-branch

In this case, we have 𝔷|m1|+|m2−m3|+|m4−m5|+|m5|. In the limit 𝔷 → 0, a non-vanishing result
imposes the conditions

m1 = 0 , m2 = m3 = 𝔪 , m4 = m5 = 0 . (3.54)

The limit (3.9) of the index in this case is given by

H (3.36)[D5](t; {wi}; {bi}) =
∑

𝔪,m6∈ℤ
t2∆(0,𝔪,𝔪,0,0)(w2w3)𝔪wm6

6

×

 6∏
j=1

∮
duj

2πiuj

u𝔪1 u2𝔪𝔭
2 u−2𝔪𝔭

3 u−𝔪4 um6
5 u2m6𝔭

6

× PE

−3t2 + t
∑

s=±1
{(f1u

−1
1 )s + (u2u

−1
3 )s + (u4u

−1
5 )s + (f5u

−1
5 )s}

 ,
(3.55)
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where the integral over u6 sets m6 = 0. We thus obtain

H (3.36)[D5](t;{wi};{bi})=
∑
𝔪∈ℤ

(w2w3)𝔪
 5∏

j=1

∮
duj

2πiuj

u𝔪1 u2𝔪𝔭
2 u−2𝔪𝔭

3 u−𝔪4

×PE

−3t2+t
∑

s=±1
{(f1u

−1
1 )s+(b2u2u

−1
3 )s+(b4u4u

−1
5 )s+(f5u

−1
5 )s}


(A.1)=

∑
𝔪∈ℤ

 ∏
j=1,5

∮
duj

2πiuj

u𝔪1 u−𝔪5 ×t2𝔭|𝔪|(b−2𝔭
2 w2w3)𝔪×t|𝔪|b𝔪4

×PE

−t2+t ∑
s=±1

{(f1u
−1
1 )s+(f5u

−1
5 )s}


=
∑
𝔪∈ℤ

t(2𝔭+3)|𝔪|

1−t2 y𝔪=PE
[
t2+

(
y+y−1

)
t2𝔭+3−t4𝔭+6

]
, y=f1b

−2𝔭
2 b4f

−1
5 w2w3 .

(3.56)

This is the Hilbert series of ℂ2/ℤ2𝔭+3, in agreement with [6, (7.1)]. This space can be
realised as the Coulomb branch of the magnetic quiver described by the U(1) gauge theory
with 2𝔭 + 3 flavours [3, (5.14)].

We point out that, in contrast to the previous cases in which the quivers contain only
fundamental and bifundamental hypermultiplets, the D5-branch in this theory is generated
also by dressed monopole operators. From (3.56), we see that such generators are

G+ = V(0,1,1,0,0,0)Q̃1X
2𝔭
32X45Q5 , G+ = V−(0,1,1,0,0,0)Q1X

2𝔭
23X54Q̃5 . (3.57)

The other generators can be taken as one among the following combinations: Q1Q̃1, X23X32,
X45X54 and Q5Q̃5, depending on which adjoint chiral field we turn on in (3.37). In particular,
the choice given in the last line (3.40) sets Q1Q̃1 = 0, X23X32 = 0, X45X54 = Q5Q̃5, and
so the aforementioned generator can be taken as

G0 = X45X54 = Q5Q̃5 . (3.58)

These generators satisfy the relation G4𝔭+6
0 = G+G−.

3.2.2 The non-Abelian case

Let us now generalise the discussion above and analyse the limit of the index for theories
with (p, q)-branes and non-Abelian nodes. For simplicity, we focus on the N = 2 case,
which corresponds to a Chern-Simons theory with interpolating T [U(2)] and T [U(2)] SCFTs.
Specifically, let us consider the following brane system:

2 D3

NS5 NS5(2p, 2pq− 1)

L D5 R D5

(3.59)
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where the associated quiver theory reads

2q 22p 2−2p 2−qL R
T [U(2)] T [U(2)] (3.60)

in which the flavour and topological symmetries of the T [U(2)] theory are coupled to N = 3
U(2) vector multiplets with Chern-Simons levels 𝔮 and 2𝔭, respectively. Similarly, the flavour
and topological symmetries of the T [U(2)] theory are gauged with Chern-Simons levels −2𝔭
and −𝔮, respectively. We can assign axial fugacities to the various chiral fields appearing in
quiver (3.60), which can be depicted in 3d N = 2 notation as follows:

2q 22p 2−2p 2−qL R
T [U(2)]

a1

a2 T [U(2)]

a3

c1 c4

b1 b2
b3 b4

(3.61)

The index of theory (3.61), compatible with the axial charge assignments, is then given by

I(3.61) =
1
24

∑
{m

(α)
1 }∈ℤ2

∑
{m

(α)
2 }∈ℤ2

∑
{m

(α)
3 }∈ℤ2

∑
{m

(α)
4 }∈ℤ2

∮ ( 4∏
i=1

2∏
α=1

du
(α)
i

2πiu(α)
i

(u(α)
i )κim

(α)
i w

m
(α)
i

i

)

×
4∏

i=1
ZU(2)

vec

(
x; {u(α)

i }; {m(α)
i }

) 2∏
α,β=1

Z1
chir

(
x; 𝔟iu

α
i (u

β
i )

−1;m(α)
i −m

(β)
i

)ϵ

×
∏

s=±1

2∏
α,β=1

Z
1/2
chir

(
x; 𝔞2

(
u

(α)
2 (u(β)

3 )−1
)s

; s
(
m

(α)
2 −m

(β)
3

))

×
∏

s=±1

∏
j={1,4}

Fj∏
ρj=1

2∏
α=1

Z
1/2
chir

(
x; 𝔠j

(
u

(α)
j (f (ρj)

j )−1
)s

; sm(α)
j

)
× ZT [U(2)]

(
x; 𝔞1|u(α)

1 ;m(α)
1 |u(α)

2 ;m(α)
2

)
Z

T [U(2)]

(
x; 𝔞3|u(α)

3 ;m(α)
3 |u(α)

4 ;m(α)
4

)
,

(3.62)

where

κ1 = 𝔮, κ2 = 2𝔭, κ3 = −2𝔭, κ4 = −𝔮 . (3.63)

For definiteness, we take 𝔭, 𝔮 > 0. We denote by {u(α)
i ,m

(α)
i }, with α = 1, 2, the fugacities

and magnetic fluxes for the i-th U(2) gauge node, where i = 1, . . . , 4, and with f
(ρj)
j the

fugacities for the j-th flavour node, with ρ1 = L and ρ2 = R. The index contribution due
to the T [U(2)] theory is

ZT [U(2)](x; y|f ;mf |w;nw)

=
∑
lz∈ℤ

∮
dz

2πiz (f1f2)nw2 w
mf 1+mf 2
2

(
w1
w2

)lz

znw1−nw2

× Z
U(1)
adj (x; y)ZU(1)×U(2)

hyper (x; y|z; lz|f ;mf ) ,

(3.64)

where the term highlighted in violet is the index of the T [U(1)] theory, and we denote with
(z, lz), (f ,mf ) and (w,nw) the fugacities and magnetic fluxes for the U(1) gauge group,
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the flavour and the topological symmetry, respectively. Furthermore, the adjoint chiral field
in the U(1) vector multiplet and the hypermultiplet in the bifundamental representation
of U(1) × U(2) contribute as

Z
U(1)
adj (x; y) = Z1

chir

(
x; y−2; 0

)
, (3.65a)

Z
U(1)×U(2)
hyper (x; y|z; lz|f ;mf ) =

∏
s=±1

2∏
j=1

Z
1/2
chir

(
x; y; zsf−s

j ; slz − smf j

)
, (3.65b)

respectively. The index of the T [U(2)] theory is then defined as

Z
T [U(2)](x; y|f ;mf |w;nw) = ZT [U(2)](x; y|f−1;−mf |w;nw) , (3.66)

with {f−1,−mf} = {(f−1
1 , f−1

2 ), (−mf 1,−mf 2)}.
Subsequently, we focus on the NS5-branch, in which case the axial fugacities and the

parameter ϵ, which appears in the second line of (3.62), are assigned as follows:

Branch 𝔞1 𝔞2 𝔞3 𝔠1 𝔠4 𝔟1 𝔟2 𝔟3 𝔟4 ϵ

NS5 a a a−1 a−1 a−1 1 1 1 1 0
(3.67)

The limit of the index in question is

H (3.60)[NS5](t) = lim
𝔷→0

I(3.61)

∣∣∣
(3.67), (2.13)

. (3.68)

Limit of the T [U(2)] index

Let us consider the 𝔷 → 0 limit of the index of the T [U(2)] theory, depicted as

2

f ,mf

2

w,nw

T [U(2)]

y
(3.69)

whose index is given by (3.64), with y taking values in {a, a−1}. Observe that the variables
𝔷 and t defined in (2.13) are swapped upon sending a→ a−1. As a consequence, the 𝔷 → 0
limit in the theory with axial fugacity a−1 is equivalent to taking the t → 0 limit in the
theory with axial fugacity a, and then redefining 𝔷 = t. Using the self-mirror property of
T [U(2)], we thus obtain

Z𝔷→0
T [U(2)](𝔷; t|f ;mf |w;nw) = Zt→0

T [U(2)](t; 𝔷|w;nw|f ;mf ) . (3.70)
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The derivation of each of such limits is presented in appendix B. We report the important
results as follows:

Z𝔷→0
T [U(2)](𝔷; t|f ;mf |w;nw)

= δmf 1,mf 2
(w1w2)mf 1 t|nw1−nw2|

×
Θ(nw1 − nw2)Ψ

(nw1,nw2)
U(2)

(
t2; f1, f2

)
+Θ(nw2 − nw1 − 1)Ψ(nw2,nw1)

U(2)
(
t2; f1, f2

)(
1− t2 f1

f2

) (
1− t2 f2

f1

)
+
(
1− δmf 1,mf 2

)
𝔷|mf 1−mf 2|

{
δnw1,nw2 (f1f2)nw1 1(

1− 𝔷2 w1
w2

) (
1− 𝔷2 w2

w1

)
×
(
Θ(mf 1 −mf 2)

[
Ψ(mf 1,mf 2)

U(2)

(
𝔷2;w1, w2

)
− t2Ψ(mf 1−1,mf 2+1)

U(2)

(
𝔷2;w1, w2

)
+O

(
𝔷2
) ]

+Θ(mf 2 −mf 1 − 1)
[
(mf1 ↔ mf2) +O

(
𝔷2
) ])

+ (1− δnw1,nw2) t
|nw1−nw2|

2∑
i ̸=j=1

[
w

mf i
1 Ψ(nw1)

U(1) (fi)
] [
w

mf j

2 Ψ(nw2)
U(1) (fj)

]}
,

(3.71)

where we denote by Θ(x) the Heaviside step function, such that Θ(x) = 1 for x ≥ 0 and
Θ(x) = 0 for x < 0. The expressions for the U(1) and U(2) Hall-Littlewood polynomials
are given by (see [32, (B.13)])

Ψ(n)
U(1) (x) = xn ,

Ψ(n1,n2)
U(2) (t;x1, x2) =

tx1+n2
1 xn1

2 − xn2
1 x1+n1

2 + x1+n1
1 xn2

2 − txn1
1 x1+n2

2
x1 − x2

.
(3.72)

Limit of the index of quivers with T [U(2)] building block

We are now ready to discuss the NS5-limit of quiver (3.61), where the axial fugacity assignments
are summarised in table (3.67). This can be obtained starting from the expression

1
24

∮ 4∏
i=1

2∏
α=1

du
(α)
i

2πiu(α)
i

(u(α)
i )κim

(α)
i w

m
(α)
i

i ×
[ 4∏

i=1
ZU(2)

vec

(
𝔷; t; {u(α)

i }; {m(α)
i }

)

×
∏

s=±1

L∏
i=1

2∏
α=1

Z
1/2
chir

(
t; 𝔷; (f (i)

L )−s(u(α)
1 )s; sm(α)

1

)

×
∏

s=±1

2∏
α,β=1

Z
1/2
chir

(
𝔷; t; (u(α)

2 )s(u(β)
3 )−s; sm(α)

2 − sm
(β)
3

)

×
∏

s=±1

R∏
i=1

2∏
α=1

Z
1/2
chir

(
t; 𝔷; (f i

R)−s(u(α)
4 )s; sm(α)

4

) ]
𝔷→0

× Z𝔷→0
T [U(2)](𝔷; t|{u

(α)
1 }; {m(α)

1 }|{u(α)
2 }; {m(α)

2 })

× Zt→0
T [U(2)](t; 𝔷|{(u

(α)
3 )−1}; {−m(α)

3 }|{u(α)
4 }; {m(α)

4 }) ,

(3.73)
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where

ZU(2)
vec

(
𝔷; t; {u(α)}; {m(α)}

)
= (𝔷t)−|m(1)−m(2)| + (−1)2m(1)−2m(2) (𝔷t)|m(1)−m(2)|

− (−1)m(1)−m(2)
[
u(1)

u(2) + u(2)

u(1)

]
,

(3.74a)

Z
1/2
chir (𝔷; t;u;mu) =

(
𝔷u−1

) |mu|
2

×
∞∏

j=0

1− (−1)mu𝔷2+|mu|+2jt1+|mu|+2ju−1

1− (−1)mu𝔷|mu|+2jt1+|mu|+2ju
.

(3.74b)

Observe that the lowest possible power of 𝔷 in (3.73) is

F (𝔷) =−
∣∣∣m(1)

2 −m
(2)
2

∣∣∣− ∣∣∣m(1)
3 −m

(2)
3

∣∣∣
+
∣∣∣m(1)

2 −m
(1)
3

∣∣∣+ ∣∣∣m(1)
2 −m

(2)
3

∣∣∣+ ∣∣∣m(2)
2 −m

(1)
3

∣∣∣+ ∣∣∣m(2)
2 −m

(2)
3

∣∣∣ , (3.75)

where, thanks to the triangle inequality, it follows that F (𝔷) ≥ 0 for all values of the magnetic
fluxes,18 leading to the crucial fact that there is no divergence in taking the 𝔷 → 0 limit.
Moreover, if F (𝔷) > 0, the expression (3.73) vanishes in the 𝔷 → 0 limit, meaning that the
relevant contribution is the one coming from the choice of magnetic fluxes satisfying F (𝔷) = 0.
This can happen in three different ways:

• when all magnetic fluxes associated with the second and third U(2) gauge nodes in (3.60)
are equal,

• when {m(1)
2 = m

(1)
3 ,m

(2)
2 = m

(2)
3 },

• when {m(1)
2 = m

(2)
3 ,m

(2)
2 = m

(1)
3 }.

Let us discuss the various possible cases separately, using the fact that Z1/2
chir (𝔷; t;u;mu) in

the 𝔷 → 0 limit reduces to
(
𝔷u−1) |mu|

2 if mu ̸= 0, or to PE [tu] if mu = 0.

1. {m(1)
2 = m

(2)
2 = m

(1)
3 = m

(2)
3 = 𝔪}: the only non-trivial contributions come from the

sectors with {m(1)
1 = m

(2)
1 = 𝔩}, {m(1)

4 = m
(2)
4 = 𝔫}, for which the expression (3.73)

18Observe that, in the case
∣∣∣m(1)

2 − m
(2)
2

∣∣∣ ≥
∣∣∣m(1)

3 − m
(2)
3

∣∣∣, we can use the inequality
∣∣∣m(1)

2 − m
(i)
3

∣∣∣ +∣∣∣m(2)
2 − m

(i)
3

∣∣∣ ≥
∣∣∣m(1)

2 − m
(2)
2

∣∣∣ for i = {1, 2}, which leads to F (𝔷) ≥
∣∣∣m(1)

2 − m
(2)
2

∣∣∣ − ∣∣∣m(1)
3 − m

(2)
3

∣∣∣ ≥ 0.

Analogously, if
∣∣∣m(1)

3 − m
(2)
3

∣∣∣ ≥ ∣∣∣m(1)
2 − m

(2)
2

∣∣∣, the inequality
∣∣∣m(1)

3 − m
(i)
2

∣∣∣ +
∣∣∣m(2)

3 − m
(i)
2

∣∣∣ ≥ ∣∣∣m(1)
3 − m

(2)
3

∣∣∣
ensures that F (𝔷) ≥ −

∣∣∣m(1)
2 − m

(2)
2

∣∣∣+
∣∣∣m(1)

3 − m
(2)
3

∣∣∣ ≥ 0.
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simplifies to

1
24

∑
𝔩,𝔪,𝔫

∮ ( 4∏
i=1

2∏
α=1

du
(α)
i

2πiu(α)
i

)
w2𝔩

1 (w2w3)2𝔪w2𝔫
4

×
(
u

(1)
1 u

(2)
1

)𝔮𝔩 (
u

(1)
2 u

(2)
2

)2𝔭𝔪 (
u

(1)
3 u

(2)
3

)−2𝔭𝔪 (
u

(1)
4 u

(2)
4

)−𝔮𝔫
×
[ 4∏

i=1

(
2− u

(1)
i

u
(2)
i

− u
(2)
i

u
(1)
i

)]
× t2L|𝔩|+2R|𝔫|

× PE

 ∑
s=±1

2∑
α,β=1

t(u(α)
2 )s(u(β)

3 )−s


×
(
u

(1)
1 u

(2)
1

)𝔪 (
u

(1)
2 u

(2)
2

)𝔩
× 1 + t2(

1− t2
u

(1)
1

u
(2)
1

)(
1− t2

u
(2)
1

u
(1)
1

)
×
(
u

(1)
3 u

(2)
3

)−𝔫 (
u

(1)
4 u

(2)
4

)−𝔪
× 1 + t2(

1− t2
u

(1)
4

u
(2)
4

)(
1− t2

u
(2)
4

u
(1)
4

) ,

(3.76)

whre the Chern-Simons levels are parametrised as in (3.63). The integration over the
variables {u(α)

1 } and {u(α)
4 } yields a non-zero result if 𝔪 = −𝔮𝔩 = −𝔮𝔫, with 𝔮 ∈ ℤ>0.

Such a condition on the magnetic fluxes reduces the expression above into a single
summation, for instance by expressing 𝔩 and 𝔫 as functions of 𝔪. Upon introducing
the variable w = w−1

1 (w2w3)𝔮w−1
4 , the computation of the residues at the poles of the

gauge fugacities finally results in

∑
𝔪∈𝔮ℤ

w
2𝔪
𝔮 t

2(−1+2𝔭𝔮+L+R)|𝔪|
𝔮

(1− t2) (1− t4) =
∑

m∈ℤ

w2mt2F |m|

(1− t2) (1− t4) ,
(3.77)

where we set m = 𝔪
𝔮 , and define

F = L+R+ 2𝔭𝔮− 1 . (3.78)

We will demonstrate in appendix B.3 that the contributions from the magnetic fluxes
satisfying m(1)

1 ̸= m
(2)
1 and m

(1)
4 ̸= m

(2)
4 vanish due to the residue theorem.

2. {m(1)
2 = m

(1)
3 = 𝔪1,m

(2)
2 = m

(2)
3 = 𝔪2}: the only non-vanishing contributions come

from the sectors with {m(1)
1 = 𝔩1 ̸= m

(2)
1 = 𝔩2}, {m(1)

4 = 𝔫1 ̸= m
(2)
4 = 𝔫2}, for which

the expression (3.73) becomes

1
24

∑
𝔩1,𝔩2,𝔪1,𝔪2,𝔫1,𝔫2

∮ ( 4∏
i=1

2∏
α=1

du
(α)
i

2πiu(α)
i

)
w𝔩1+𝔩2

1 (w2w3)𝔪1+𝔪2 w𝔫1+𝔫2
4

×
(
u

(1)
1

)𝔮𝔩1 (
u

(2)
1

)𝔮𝔩2 (u(1)
2

u
(1)
3

)2𝔭𝔪1 (
u

(2)
2

u
(2)
3

)2𝔭𝔪2 (
u

(1)
4

)−𝔮𝔫1 (
u

(2)
4

)−𝔮𝔫2

×
[
(𝔷t)−(|𝔩1−𝔩2|+2|𝔪1−𝔪2|+|𝔫1−𝔫2|)

]
× tL(|𝔩1|+|𝔩2|)+R(|𝔫1|+|𝔫2|)

– 31 –



J
H
E
P
0
7
(
2
0
2
6
)
2
0
3

× 𝔷2|𝔪1−𝔪2| PE

 ∑
s=±1

2∑
α=1

t(u(α)
2 )s(u(α)

3 )−s


× 𝔷|𝔩1−𝔩2|t|𝔪1−𝔪2|

[ (
u

(1)
1

)𝔪1 (
u

(2)
1

)𝔪2 (
u

(1)
2

)𝔩1 (
u

(2)
2

)𝔩2
+
(
u

(1)
1

)𝔪2 (
u

(2)
1

)𝔪1 (
u

(1)
2

)𝔩2 (
u

(2)
2

)𝔩1 ]
× 𝔷|𝔫1−𝔫2|t|𝔪1−𝔪2|

[ (
u

(1)
3

)−𝔫1 (
u

(2)
3

)−𝔫2 (
u

(1)
4

)−𝔪1 (
u

(2)
4

)−𝔪2

+
(
u

(1)
3

)−𝔫2 (
u

(2)
3

)−𝔫1 (
u

(1)
4

)−𝔪2 (
u

(2)
4

)−𝔪1 ]
. (3.79)

Upon performing the integration over the gauge fugacities {u(α)
1 } and {u(α)

4 }, these
pick up residues at the poles for the following four choices of magnetic fluxes: {𝔪1 =
−𝔮𝔩1,𝔪2 = −𝔮𝔩2 ∨𝔪1 = −𝔮𝔩2,𝔪2 = −𝔮𝔩1} and {𝔪1 = −𝔮𝔫1,𝔪2 = −𝔮𝔫2 ∨𝔪1 =
−𝔮𝔫2,𝔪2 = −𝔮𝔫1}. These conditions simplify the integral above, which can now be
expressed just as a sum over two magnetic fluxes, say 𝔪1 and 𝔪2, as follows:

1
4

∑
𝔪1,𝔪2∈𝔮ℤ

w
𝔪1+𝔪2

𝔮 t
−2|𝔪1−𝔪2|+(−1+L+R+2𝔭𝔮)(|𝔪1|+|𝔪2|)

𝔮

(1− t2)2

=1
4

∑
m1,m2∈ℤ

wm1+m2t−2|m1−m2|+F(|m1|+|m2|)

(1− t2)2 ,

(3.80)

where we set w = w−1
1 (w2w3)𝔮w−1

4 and, in the second equality, we define mα = 𝔪α
𝔮 for

α = 1, 2 and use (3.78).

On the other hand, we will demonstrate in appendix B.3 that the magnetic fluxes
satisfying {m(1)

1 = m
(2)
1 = 𝔩}, {m(1)

4 = m
(2)
4 = 𝔫} do not contribute to the 𝔷 → 0 limit

of the index.

3. {m(1)
2 = m

(2)
3 = 𝔪1,m

(2)
2 = m

(1)
3 = 𝔪2}: this choice of magnetic fluxes is analogous

to the previous case, to which is related simply by permuting m
(1)
3 and m

(2)
3 . Upon

setting the topological fugacities of the theory to one, the action of the U(2) Weyl group
ensures that the limit of the index (3.73) in this case is the same as (3.80).

We can finally consider the total contribution coming from (3.77) and twice (3.80). Taking
into account the action of the U(2) Weyl group, the sum in the latter expression can be
reformulated by considering an ordered set of magnetic fluxes satisfying m1 ≥ m2, and thus
multiplying by an overall factor of two. If we further use the definition of the U(2) dressing
factor given in (A.3), the resulting total contribution can then be expressed as

(3.77) + 2 (3.80)

=
∑

m1≥m2∈ℤ
PU(2)(t;m1,m2)wm1+m2t−2|m1−m2|+F(|m1|+|m2|)

=

(
1− t2F−2

) (
1− t2F

)
(1− t2) (1− t4) (1− w±tF−2) (1− w±tF )

= PE
[
t2 + t4 +

(
w + 1

w

)
tF−2 +

(
w + 1

w

)
tF − t2(F−1) − t2F

]
,

(3.81)
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where 1− w±t stands for (1− wt)
(
1− w−1t

)
. This expression matches the Coulomb branch

Hilbert series of N = 4 U(2) SQCD with F = L+ R + 2𝔭𝔮− 1 flavours. This result finds
agreement with the magnetic quiver prediction for the NS5-branch reported in [3, (5.15)].19

As we can read from (3.81), there are six generators subject to two relations, which can
be mapped to those described for 3d N = 4 U(2) SQCD in [20, around (5.4)] as follows.20

The generators of the Coulomb branch of U(2) SQCD can be built from the adjoint field
Φ in the N = 4 vector multiplet, which can be put in a diagonal form as Φ = diag(ψ, ϕ),
and the monopole operator with U(2) magnetic fluxes ±(1, 0), denoted V±(1,0), as detailed
in the aforementioned reference. We tabulate such generators and the corresponding gauge
invariant quantities in theory (3.60) below.

Generators of U(2) SQCD Corresponding operators in (3.60)
tr(Φ) tr(Y0)
tr(Φ2) tr(Y 2

0 )
V(1,0) Y+

[
(X23)1

1
]2𝔭𝔮−1

V(−1,0) Y−
[
(X32)1

1
]2𝔭𝔮−1

V(1,0)ϕ Y+
[
(X23)1

1
]2𝔭𝔮−1

y

V(−1,0)ϕ Y−
[
(X32)1

1
]2𝔭𝔮−1

y

(3.82)

where we define Y0 = X23X32, which can be put in a diagonal form as Y0 = diag(x, y), and
the monopole operators Y± are those with fluxes ±(1, 0;−𝔮, 0;−𝔮, 0; 1, 0) under the four U(2)
gauge groups. Note that the gauge charge of such bare monopole operators can be read off
from the second, fifth and seventh lines of (3.79), namely (u(1)

1 )𝔮(u(1)
2 /u

(1)
3 )−2𝔭𝔮(u(1)

4 )−𝔮 ×
(u(1)

1 )−𝔮(u(1)
2 ) × (u(1)

3 )−1(u(1)
4 )𝔮 = (u(1)

2 /u
(1)
3 )−2𝔭𝔮+1.21

3.3 The T [4] theory

We consider the following theory

1k1 1−k1 1k2 1k1−k2 1k2−k1 1k1−k2 10

1 1 1

(3.83)

19Note that the authors of that reference consider a slightly different brane setup with respect to the one
depicted in (3.59).

20The case we are interested in corresponds to setting k = 2 and n = L + R + 2𝔭𝔮− 1 in the notation used
in that reference, where N = 4 U(k) SQCD with n flavours is considered.

21In particular, the terms t2 and t4 appearing in the plethystic exponential in (3.81) correspond to
the generators tr Y0 and tr Y 2

0 , respectively. Note that the operators tr Y m+2
0 , with m > 0, can be

built from the two said generators thanks to the Cayley-Hamilton theorem as tr Y m+2
0 = tr Y0 tr Y m+1

0 +
1
2

[
tr Y 2

0 tr Y m
0 − (tr Y0)2 tr Y m

0
]
.
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We assume, for convenience, that k2 > k1 > 0. The corresponding brane system is

D3

NS5 NS5(1, k1) (1, k2) (1, k1) (1, k2) (1, k1) (1, k1)

D5

(3.84)

In order to compute the limit of the index for each branch, we assign the following axial
fugacities to the chiral fields in the quiver as follows.

1k1 1−k1 1k2 1k1−k2 1k2−k1 1k1−k2 10

1 1 1

a1 a2 a3 a4 a5 a6

c4 c6 c7

b1 b2 b3 b4 b5 b6 b7

(3.85)

The index of (3.85) is then

I (3.85) =
∑

m1,...,m7∈ℤ

∮ ( 7∏
i=1

dui

2πiui
uκimi

i wmi
i Z1

chir (x; 𝔟i; 0)
)

×
∏

s=±1

6∏
i=1

Z
1/2
chir

(
x; 𝔞i(uiu

−1
i+1)

s; smi − smi+1
) ∏

j=4,6,7
Z

1/2
chir

(
x; 𝔠j(f−1

j uj)s; smj

)
,

(3.86)

where
κ1 = k1 , κ2 = −k1 , κ3 = k2 ,

κ4 = −(k2 − k1) , κ5 = k2 − k1 , κ6 = −(k2 − k1) , κ7 = 0 ,
(3.87)

and, for each branch, the fugacities 𝔞i, 𝔟i and 𝔠i are given as follows:

Branch 𝔞1 𝔞2 𝔞3 𝔞4 𝔞5 𝔞6 𝔠4 𝔠6 𝔠7
NS5 a a−1 1 1 1 1 1 1 1
(1, k2) 1 1 a−1 a a−1 1 a−1 1 1
(1, k1) a−1 a a a−1 a a−1 a−1 a−1 a−1

D5 a a a a a a a a a

Branch 𝔟1 𝔟2 𝔟3 𝔟4 𝔟5 𝔟6 𝔟7
NS5 1 1 1 1 1 1 1
(1, k2) 1 1 1 1 1 1 1
(1, k1) 1 1 a−2 1 1 1 a+2

D5 a−2 a−2 a−2 a−2 a−2 a−2 a−2

(3.88)

The limits of the index for the NS5-branch and the D5-branch are similar to the analyses
in the precedent examples. The analysis for the (1, k1)-branch is slightly more intricate and
we provide a detailed computation below.
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The (1, k1)-branch

The power of 𝔷 on the right hand side of (3.9) is 𝔷|m2−m3|+|m3−m4|+|m5−m6|. A non-vanishing
result in the limit 𝔷 → 0 imposes

m2 = m3 = m4 = 𝔪 , m5 = m6 = 𝔫 . (3.89)

The limit of the index for this branch is
H (3.85)[(1, k1)](t; {wi}, {bi})

=
∑

m1,𝔪,𝔫,m7∈ℤ
t2∆(m1,𝔪,𝔪,𝔪,𝔫,𝔫,m7)wm1

1 (w2w3w4)𝔪(w5w6)𝔫wm7
7

×

 7∏
j=1

∮
duj

2πiuj

uk1m1
1 u−k1𝔪

2 uk2𝔪
3 u

(k1−k2)𝔪
4 u

−(k1−k2)𝔫
5 u

(k1−k2)𝔫
6

× PE

t ∑
s=±1

{(b2u2u
−1
3 )s + (b3u3u

−1
4 )s + (b5u5u

−1
6 )s}

 ,
(3.90)

where the dimension of the monopole operators is

∆(m1, . . . ,m7) =
6∑

i=1
|mi −mi+1|+ |m4|+ |m6|+ |m7| . (3.91)

The integral over u1 sets m1 = 0. Hence, the monopole operators on this branch possess
fluxes of the form

(0,𝔪,𝔪,𝔪,𝔫,𝔫,m7) , 𝔪,𝔫,m7 ∈ ℤ . (3.92)

The expression (3.90) reduces to
H (3.85)[(1, k1)](t; {wi}, {bi})

=
∑

𝔪,𝔫,m7∈ℤ
t|𝔪−𝔫|+|𝔫−m7|+2|𝔪|+|𝔫|+|m7|(w2w3w4)𝔪(w5w6)𝔫wm7

7

×

 6∏
j=2

∮
duj

2πiuj

u−k1𝔪
2 uk2𝔪

3 u
−(k2−k1)𝔪
4 u

(k2−k1)𝔫
5 u

−(k2−k1)𝔫
6

× PE

t ∑
s=±1

{(b2u2u
−1
3 )s + (b3u3u

−1
4 )s + (b5u5u

−1
6 )s}


(A.1)=

∑
𝔪,𝔫,m7∈ℤ

t|𝔪−𝔫|+|𝔫−m7|+2|𝔪|+|𝔫|+|m7|(w2w3w4)𝔪wm7
7 × t(k2−k1)|𝔫|

(1− t2) (b−(k2−k1)
5 w5w6)𝔫

×

 4∏
j=2

∮
duj

2πiuj

u−k1𝔪
2 uk1𝔪

3 u
(k2−k1)𝔪
3 u

−(k2−k1)𝔪
4

× PE

t ∑
s=±1

{(b2u2u
−1
3 )s + (b3u3u

−1
4 )s}


(A.1)=

∑
𝔪,𝔫,m7∈ℤ

t|𝔪−𝔫|+|𝔫−m7|+2|𝔪|+|𝔫|+|m7|wm7
7 × t(k2−k1)|𝔫|

(1− t2) (b−(k2−k1)
5 w5w6)𝔫

× tk1|𝔪|t(k2−k1)|𝔪|

(1− t2)2 (bk1
2 b

−(k2−k1)
3 w2w3w4)𝔪

=
∑

𝔪,𝔫,m7∈ℤ
t|𝔪−𝔫|+|𝔫−m7|+(k2+2)|𝔪|+(k2−k1+1)|𝔫|+|m7| × y𝔪1 y

𝔫
2w

m7
7

(1− t2)3 ,

(3.93)
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where

y1 = bk1
2 b

−(k2−k1)
3 w2w3w4 , y2 = b

−(k2−k1)
5 w5w6 . (3.94)

The last line is the Coulomb branch Hilbert series of the following 3d N = 4 theory:

1 1 1

k2 + 2 k2 − k1 + 1 1

(3.95)

which is the magnetic quiver for this branch, in agreement with [3, (5.7)]. The fugacities for
topological symmetry associated with each gauge group from left to right are (y1, y2, w7),
respectively. The corresponding gauge magnetic fluxes are (𝔪,𝔫,m7), respectively.

The NS5-branch

On this branch, we have m1 = m2 = 𝔪, m3 = m4 = . . . = m7 = 0 The limit of the
index for this branch is

∑
𝔪∈ℤ

∮
du1
2πiu1

du2
2πiu2

t2∆(𝔪,𝔪,0,0,0,0,0)uk1𝔪
1 u−k1𝔪

2 (w1w2)𝔪 PE

t ∑
s=±1

(b1u1u
−1
2 )s


(A.1)=

∑
𝔪∈ℤ

t(1+k1)|𝔪|

1− t2
y𝔪 = PE

[
t2 + (y + y−1)tk1+1 − t2(k1+1)

]
, y = b−k1

1 w1w2 .

(3.96)

This is the Coulomb branch Hilbert series of the U(1) gauge theory with k1+1 flavours, which
is the magnetic quiver for this branch [3, (5.4)]. The corresponding moduli space is ℂ2/ℤk1+1.

The D5-branch

On this branch, all of the gauge magnetic fluxes are zero: m1 = m2 = . . . = m7 = 0. In
the limit 𝔷 → 0, the index reduces to the Molien integral that computes the Higgs branch
Hilbert series of (3.83) with k1 = k2 = 0:∮ ( 7∏

i=1

dui

2πui

)
PE

−7t2 +
∑

s=±1


6∑

j=1
(bjuju

−1
j+1)

s +
∑

l=4,6,7
(f−1

l ul)s


 . (3.97)

Using (A.1), we see that the integrals over u1, u2 and u3 are trivial. Hence, the above
formula reduces to∮ ( 7∏

i=4

dui

2πui

)
PE

−4t2 +
∑

s=±1


6∑

j=4
(bjuju

−1
j+1)

s +
∑

l=4,6,7
(f−1

l ul)s


 . (3.98)

This is the Higgs branch Hilbert series of the following 3d N = 4 theory:

1 1 1 1

1 1 1

(3.99)
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The magnetic quiver for this branch is simply the mirror theory of this quiver, namely

1 13 2 (3.100)

in agreement with [3, (5.6)].

3.4 A unitary linear quiver with unequal ranks

We consider the 3d N = 3 theory described by the following quiver diagram:

1k 2−k 1k

F1 F2 F3

(3.101)

which can be realised in string theory via the brane configuration shown below:

D3

NS5 NS5(1, k) (1, k)

F1 D5 F2 D5 F3 D5

(3.102)

As usual, we analyse this theory by computing its superconformal index. In order to compute
the various limits of the index we assign axial fugacities to the chiral fields. In 3d N = 2
notation the field content and fugacity assignments are:

1k 2−k 1k

F1 F2 F3

a1 a2

c1 c2 c3

b1 b2 b3

(3.103)

The specific assignments of axial fugacities 𝔞i, 𝔟i, and 𝔠i for each branch are summarised
in the following table:

Branch 𝔞1 𝔞2 𝔠1 𝔠2 𝔠3 𝔟1 𝔟2 𝔟3
NS5 a a−1 a−1 a−1 1 1 1 1
(1, k) a−1 a 1 a−1 a−1 1 1 1
D5 a a a a a a−2 a−2 a−2

(3.104)
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The index for the theory in (3.103) is then given by

I (3.103) =
1
2

∑
m1,m3∈ℤ

∑
{m

(α)
2 }∈ℤ2

∮ ( 2∏
α=1

du
(α)
2

2πiu(α)
2

(u(α)
2 )κ2m

(α)
2 w

m
(α)
2

2

)∮
du1
2πiu1

(u1)κ1m1wm1
1

×
∮

du3
2πiu3

(u3)κ3m3wm3
3 × ZU(2)

vec

(
x; {u(α)

2 }; {m(α)
2 }

)
× Z1

chir (x; 𝔟1; 0)Z1
chir (x; 𝔟3; 0)

2∏
α,β=1

Z1
chir

(
x; 𝔟2u

α
2 (u

β
2 )−1;m(α)

2 −m
(β)
2

)

×
∏

s=±1

2∏
α=1

Z
1/2
chir

(
x; 𝔞1(b1u1(u(α)

2 )−1)s; sm1 − sm
(α)
2

)

×
∏

s=±1

2∏
α=1

Z
1/2
chir

(
x; 𝔞2(b2u

(α)
2 (u3)−1)s; sm(α)

2 − sm3
)

×
∏

s=±1

F1∏
ρ1=1

Z
1/2
chir

(
x; 𝔠1((f (ρ1)

1 )−1u1)s; sm1
) ∏

s=±1

F3∏
ρ3=1

Z
1/2
chir

(
x; 𝔠3((f (ρ3)

3 )−1u3)s; sm3
)

×
∏

s=±1

F2∏
ρ2=1

2∏
α=1

Z
1/2
chir

(
x; 𝔠2((f (ρ2)

2 )−1u
(α)
2 )s; sm(α)

2

)
,

(3.105)

where the Chern-Simons levels are

κ1 = k , κ2 = −k , κ3 = k . (3.106)

For definiteness, we take k > 0 throughout this discussion. The Hilbert series for each branch
is obtained by taking a specific limit of the index:

H (3.103)[branch](t; {wi}; {bi}; {fi}) = lim
𝔷→0

I (3.103)

∣∣∣
(3.104), (2.13)

. (3.107)

To compute the limit, we first examine the overall power of 𝔷 in the integrand for each
branch. A non-vanishing result in the 𝔷 → 0 limit imposes the following constraints on
the magnetic fluxes mi:22

Branch Power of 𝔷 Condition
NS 𝔷|m1−m

(1)
2 |+|m1−m

(2)
2 |−|m(1)

2 −m
(2)
2 |+ F3

2 |m3| m3 = 0 , {m1 = m
(1)
2 or m1 = m

(2)
2 }

(1, k) 𝔷|m3−m
(1)
2 |+|m3−m

(2)
2 |−|m(1)

2 −m
(2)
2 |+ F1

2 |m1| m1 = 0 , {m3 = m
(1)
2 or m3 = m

(2)
2 }

D5 𝔷
∑2

i=1(|m1−m
(i)
2 |+|m3−m

(i)
2 |)−2|m(1)

2 −m
(2)
2 | m1 = m

(1)
2 = m

(2)
2 = m3 = 0

+F1|m1|+F2

(∑2
i=1 |m(i)

2 |
)

+F3|m3|

(3.108)

We now discuss the computation for each branch explicitly.

The NS5-branch

The condition in table (3.108) for a non-vanishing limit requires the exponent of 𝔷 to be zero:

|m1 −m
(1)
2 |+ |m1 −m

(2)
2 | − |m(1)

2 −m
(2)
2 |+ F3

2 |m3| = 0 . (3.109)

22Setting the exponent of 𝔷 to zero may yield more solutions than those reported here. However, one can
check explicitly that such solutions lead to zero upon computing the limit of the index.
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This condition restricts the magnetic fluxes to be m3 = 0, m1 = 𝔪, and m2 = (𝔫,𝔪) or
m2 = (𝔪,𝔫), with 𝔪,𝔫 ∈ ℤ. Using the Weyl symmetry of the U(2) gauge group, we restrict
our attention to the option 𝔪2 = (𝔪,𝔫). In summary, we can consider the fluxes of the form

m3 = 0 , m1 = 𝔪, m2 = (𝔪,𝔫) . (3.110)

Taking the limit (3.107), the Hilbert series receives two distinct contributions: one from
fluxes where 𝔪 = 𝔫 and another from fluxes where 𝔪 ≠ 𝔫:

H (3.103)[NS5](t;w1,2; b1,2) = H𝔪=𝔫 +H𝔪̸=𝔫 . (3.111)

For fluxes with 𝔪 = 𝔫, the U(2) gauge group is unbroken, and the contribution is

H𝔪=𝔫 = 1
2
∑
𝔪∈ℤ

t2∆(m1=𝔪, m2=(𝔪,𝔪), m3=0)
∮ ( 2∏

α=1

du
(α)
2

2πiu(α)
2

(u(α)
2 )κ2m

(α)
2 w

m
(α)
2

2

)
m2=(𝔪,𝔪)

×
∮

du1
2πiu1

(
(u1)κ1m1wm1

1

)
m1=𝔪

∏
1≤α ̸=β≤2

(
1− u

(α)
2

u
(β)
2

)
PE

t ∑
s=±1

∑
α=1,2

(b1u1)2(u(α)
2 )−s

 ,
(3.112)

where the dimension of the monopole operators is now given by

∆(m1,m2,m3) =
1
2

[ 2∑
i=1

(
|m3 −m

(i)
2 |+ |m(i)

2 −m1|
)

− 2|m(1)
2 −m

(2)
2 |+ F1|m1|+ F2

2∑
i=1

|m(i)
2 |+ F3|m3|

]
.

(3.113)

In fact, the only magnetic flux that contributes to (3.112) is 𝔪 = 0. The expression thus
reduces to

H𝔪=𝔫 = 1
2

∮ 2∏
α=1

du
(α)
2

2πiu(α)
2

∏
1≤α ̸=β≤2

(
1− u

(α)
2

u
(β)
2

)∮
du1
2πiu1

PE

t ∑
s=±1

∑
α=1,2

(b1u1)s(u(α)
2 )−s


= 1

1− t2
.

(3.114)

For fluxes with 𝔪 ̸= 𝔫, the U(2) gauge group is broken to U(1)2. The corresponding
contribution to the limit of the index is23

H𝔪̸=𝔫 =
∑

𝔪̸=𝔫∈ℤ
t2∆(m1=𝔪, m2=(𝔪,𝔫), m3=0)

∮
du1
2πiu1

(
(u1)κim1wm1

1

)
m1=𝔪

×
∮ ( 2∏

α=1

du
(α)
2

2πiu(α)
2

(u(α)
2 )κim

(α)
2 w

m
(α)
2

2

)
m2=(𝔪,𝔫)

PE

t ∑
s=±1

(b1u1)s(u(1)
2 )−s

 . (3.115)

In this case, the magnetic fluxes that contribute non-trivially to (3.115) are those with
𝔪 ̸= 𝔫 = 0. We have ∆(m1 = 𝔪, m2 = (𝔪, 0), m3 = 0) = (F1 + F2)|𝔪|. Moreover, with

23Note that we have an overall factor of 1 here, in contrast to that of (3.105), which is 1
2 . This is because

the results for the allowed choices m2 = (𝔪,𝔫) and (𝔫,𝔪) are equal.
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this magnetic flux, we have

∏
s=±1

2∏
α=1

Z
1/2
chir

(
x; a(b1u1(u(α)

2 )−1)s; sm1 − sm
(α)
2

) ∣∣∣
m1=𝔪, m2=(𝔪,0), (2.13)

𝔷→0−→ 𝔷|𝔪| PE

t ∑
s=±1

(b1u1)s(u(1)
2 )−s

 . (3.116)

This explains why the argument of the plethystic exponential in (3.115) does not depend
on u

(2)
2 . Using (A.1), we obtain

H𝔪̸=𝔫 =
∑
𝔪̸=0

t(F1+F2+k)|𝔪|

(1− t2) (b−k
1 w1w2)𝔪

=
∑
𝔪∈ℤ

t(F1+F2+k)|𝔪|

(1− t2) (b−k
1 w1w2)𝔪 − 1

1− t2
.

(3.117)

Summing the two contributions as indicated in (3.111) yields the total Hilbert series:

H (3.103)[NS5](t;w1,2; b1,2)

=
∑
𝔪∈ℤ

t(F1+F2+k)(|𝔪|)

(1− t2) (b−k
1 w1w2)𝔪

= PE
[
t2 + tF1+F2+k(y + y−1) + t2(F1+F2+k)

]
, y = b−k

1 w1w2 .

(3.118)

The final expression in (3.118) is the Hilbert series for the orbifold ℂ2/ℤF1+F2+k. This
matches the Coulomb branch Hilbert series of a U(1) gauge theory with F1 + F2 + k flavours,
which can be derived using the method described in [4].

The elementary bare monopole operators on this branch, V±(1,(1,0),0), have an R-charge
of 1

2(F1 + F2) and axial charge of F1 + F2. The generators of this branch are

G0 = X12X21 , G+ = Xk
21V(1,(1,0),0) , G− = Xk

12V(−1,(−1,0),0) , (3.119)

which satisfy the relation

G+G− = GF1+F2+k
0 . (3.120)

The (1, k)-branch

Since the result for this branch can be obtained from that of the NS5-branch by exchanging
the nodes 1 and 3, we report only the final result:

H (3.103)[(1, k)](t; {wi}; {bi})

= PE
[
t2 + tF3+F2+k(y + y−1) + t2(F3+F2+k)

]
, y = bk

2w2w3 .
(3.121)

This is the Hilbert series for ℂ2/ℤF2+F3+k, matching the Coulomb branch Hilbert series of
a U(1) gauge theory with F2 + F3 + k flavours.

The generators of this branch are analogous to those of the NS5-branch, with the
replacements V±(1,(1,0),0) → V±(0,(1,0),1) and (X12, X21) → (X32, X23).
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The D5-branch

Finally, the Hilbert series for the D5-branch is:

H (3.103)[D5](t; b1,2,3) =
∮

du1
2πiu1

( 2∏
α=1

du
(α)
2

2πiu(i)
2

) ∏
1≤α ̸=β≤2

(
1− u

(α)
2

u
(β)
2

)
du3
2πiu3

× PE

t ∑
s=±1


2∑

i=1
(b1u1(u(i)

2 )−1)s +
2∑

i=1
(b2u3(u(i)

2 )−1)s +
F1∑

ρj=1
(f (ρj)

1 u−1
1 )s

+
2∑

i=1

F2∑
ρj=1

(f (ρj)
2 (u(i)

2 )−1)s +
F3∑

ρj=1
(f (ρj)

3 u−1
3 )s

− 2t2 − t2
2∑

α,β=1

u
(α)
2

u
(β)
2

 .
(3.122)

The terms with −t2 in the argument of the plethystic exponential account for the adjoint
chiral multiplets of the three gauge nodes, which possess an axial fugacity a−2. This result
corresponds to the Higgs branch Hilbert series of the theory in (3.103) with the Chern-Simons
levels set to zero (k = 0), which is the 3d N = 4 theory

1 2 1

F1 F2 F3

(3.123)

The magnetic quiver for this branch is simply the mirror theory for this quiver. For example,
in the special case of F1 = 0, F2 = 2, and F3 = 0, (3.123) is mirror dual to the U(2) gauge
theory with four flavours.

In summary, the results for each branch are:

Branch Hilbert series Geometry
NS5 (3.118) ℂ2/ℤF1+F2+k

(1, k) (3.121) ℂ2/ℤF2+F3+k

D5 (3.122) Higgs branch of (3.123)

(3.124)

3.5 A circular quiver

Let us consider the following 3d N = 3 theory:

Nk N−kF (3.125)

where, for k = F = 1, this is the worldvolume theory on N M2-branes probing the cone
over N0,1,0 [33].
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This theory can be realised on a system of a D3-brane on a circle, along with an NS5-brane,
a (1, k)-brane, and F D5-branes in one of the NS5–(1, k) intervals. The index is given by

I (3.125) =
1

(N !)2

∑
{m

(α)
1 }∈ℤN

∑
{m

(α)
2 }∈ℤN

∮ ( 2∏
i=1

N∏
α=1

du
(α)
i

2πiu(α)
i

(u(α)
i )κim

(α)
i w

m
(α)
i

i

)

×
2∏

i=1
ZU(N)

vec (x; {u(α)
i }; {m(α)

i })
N∏

α,β=1
Z1

chir

(
x; 𝔟iu

α
i (u

β
i )

−1;m(α)
i −m

(β)
i

)

×
∏

s=±1

2∏
i=1

N∏
α,β=1

Z
1/2
chir

(
x; 𝔞i(bu(α)

i (u(β)
i+1)

−1)s; sm(α)
i − sm

(β)
i+1

)

×
∏

s=±1

F∏
ρ=1

N∏
α=1

Z
1/2
chir

(
x; 𝔠(f−1

ρ u
(α)
j )s; sm(α)

j

)
, κ1 = −κ2 = k > 0 ,

(3.126)

where, for each branch, 𝔞1,2, 𝔟1,2 and 𝔠 are as follows:

Branch 𝔞1 𝔞2 𝔟1 𝔟2 𝔠
NS5 a a−1 1 1 a−1

(1, k) a−1 a 1 1 a−1

D5 a a a−2 a−2 a

Geometric (N = 1) a a 1 1 a−1

(3.127)

We consider the limit

H (3.125)[branch] = lim
𝔷→0

I (3.125)

∣∣∣
(3.127), (2.13)

. (3.128)

The limit of the index for the geometric branch will be discussed in section 5. Using the
symmetry of the theory, we see that the limits for the NS5-branch and (1, k)-branch are
equal upon exchanging b1 and b2.

We will show that the NS5-branch and (1, k)-branch are given by SymN (ℂ2/ℤk+F ), and
that the corresponding magnetic quiver is the 3d N = 4 U(N) gauge theory with one adjoint
hypermultiplet and k+F fundamental hypermultiplets, whose Coulomb branch is the moduli
space of N U(1) instantons on ℂ2/ℤk+F .

3.5.1 The Abelian case: N = 1

The NS5-branch. From (3.128), the power of 𝔷 for the NS5-branch limit is |m1 − m2|.
In order to obtain a finite non-vanishing result in the limit 𝔷 → 0, we require this to be
zero, namely we have m1 = m2 = 𝔪 ∈ ℤ. The dimension of the monopole operators is
∆(m1,m2) = 1

2 (|m1 −m2|+ F |m1|). The limit of the index yields the Hilbert series

H (3.125)[NS5] =

∑
𝔪∈ℤ

t2∆(𝔪,𝔪)
∮

du1
2πiu1

du2
2πiu2

uk𝔪
1 u−k𝔪

2 (w1w2)𝔪 PE

 ∑
s=±1

(bu1u
−1
2 )s


(A.1)=

∑
𝔪∈ℤ

tk|𝔪|

1− t2
(b−kw1w2)𝔪 × tF |m| = PE

[
t2 + (y + y−1)tk+F − t2(k+F )

]
,

(3.129)
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where y = b−k
1 w1w2. This is the Hilbert series of ℂ2/ℤk+F . The result for the (1, k)-branch

is the same.

The D5-branch. For the D5-branch limit, the power of 𝔷 is 2|m1 −m2|+ F |m1|. Setting
this to zero yields m1 = m2 = 0. The limit of the index in this case is given by

H (3.125)[D5] =∮
du1
2πiu1

du2
2πiu2

PE

−2t2 + (b+ b−1)(u1u
−1
2 + u2u

−1
1 ) +

∑
s=±1

F∑
ρ=1

(fρu
−1
1 )s

 . (3.130)

This is the Higgs branch Hilbert series of the 3d N = 4 quiver (3.125) with k = 0. It
can be identified with the moduli space of one SU(F ) instanton on ℂ2/ℤ2. As pointed
out in [34, 35], this is isomorphic to ℂ2/ℤ2 times the reduced moduli space of one SU(F )
instanton on ℂ2, whose Hilbert series is

H (3.125)[D5] = PE
[
(b2 + 1 + b−2)t2 − t4

]
×

∞∑
n=0

[n, 0, . . . , 0, n]t2n . (3.131)

The geometric branch. Using the result in section 5, in particular (5.20), the Hilbert
series of the geometric branch is given by

H (3.125)[geom]

=
∑

m∈ℤ
tF |m|

∮
du1
2πiu1

du2
2πiu2

wmukm
1 u−km

2 PE
[
(b+ b−1)(u1u

−1
2 + u−1

2 u1)
]

=
∑

m∈ℤ
tF |m| × wm

1− t2

∞∑
p=0

[k|m|+ 2p]b tk|m|+2p

= 1
1− t2

∞∑
p=0

∑
m∈ℤ

[k|m|+ 2p]bwm t(F +k)|m|+2p ,

(3.132)

where [x]b is the character of the 𝔰𝔲(2) representation with highest weight x written in
terms of b. This is in agreement with the unrefined Hilbert series [18, (6.19)]. Moreover,
for k = F = 1, the manifest symmetry 𝔰𝔲(2)⊕ 𝔲(1) of the theory gets enhanced to 𝔰𝔲(3),
corresponding to the symmetry of the field theory dual to the AdS4 ×N0,1,0 theory [36].24

In particular, the above expression can be rewritten as [18, (6.21)]

H (3.125)k=F =1
[geom] =

∞∑
n=0

[n, n]b,wt
2n , (3.133)

namely the Hilbert series of the reduced moduli space of one SU(3) instanton on ℂ2 [37],
where [n, n]b,w is the character of the 𝔰𝔲(3) representation with highest weight [n, n] in
terms of b and w.

24If the character of the fundamental representation of 𝔰𝔲(3) is denoted by x1 + x2x−1
1 + x−1

2 , then a fugacity
map is b = x1x

−1/2
2 , w = x

3/2
2 .
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3.5.2 The case of N = 2

As we pointed out above, the results for the NS5-branch and the (1, k)-branch are equal. We
will analyse the former for definiteness. From (3.128), the power of 𝔷 for the NS5-branch is

2∑
α,β=1

|m(α)
1 −m

(β)
2 | − |m(1)

1 −m
(2)
1 | − |m(2)

1 −m
(2)
2 | . (3.134)

Setting this to zero, we focus on the following solution:

m1 = m2 = (𝔪,𝔫) , 𝔪 ≥ 𝔫 , (3.135)

where we use the Weyl symmetry of U(2) to arrange 𝔪 ≥ 𝔫. The dimension of the monopole
operators is

∆(m1,m2)

= 1
2
(
F

2∑
α=1

|m(α)
1 |+

2∑
α,β=1

|m(α)
1 −m

(β)
2 | − 2

2∑
i=1

|m(1)
i −m

(2)
i |
)
.

(3.136)

We proceed in the same way as in the previous section, namely the limit of the index receives
the contributions from the cases 𝔪 = 𝔫 and 𝔪 > 𝔫:

H (3.125)[NS5] = H𝔪=𝔫 +H𝔪>𝔫 . (3.137)

For fluxes with 𝔪 = 𝔫, the limit of the index is

H𝔪=𝔫 = 1
22

∑
𝔪∈ℤ

∮ 2∏
i=1

2∏
α=1

du
(α)
i

2πiu(α)
i

(
u

(1)
1 u

(2)
1

u
(1)
2 u

(2)
2

)k𝔪

(w1w2)2𝔪

×
∏

1≤α ̸=β≤2

2∏
i=1

(
1− u

(α)
i

u
(β)
i

)
PE

t ∑
s=±1

∑
α,β=1,2

(bu(α)
1 )s(u(β)

2 )−s

 t2∆(m1=m2=(𝔪,𝔪)) ,

(3.138)

where κ1 = −κ2 = k > 0. This can be simplified using (A.2) as follows:

H𝔪=𝔫 =
∑
𝔪∈ℤ

tk(2|𝔪|)(b−k
1 w1w2)2𝔪

(1− t2)(1− t4) t2F |𝔪| =
∑
𝔪∈ℤ

t(2F +2k)|𝔪|

(1− t2)(1− t4)(b
−kw1w2)2𝔪 . (3.139)

For fluxes with 𝔪 > 𝔫, the limit of the index is instead

H𝔪>𝔫 =
∑

𝔪>𝔫∈ℤ
H(𝔪)H(𝔫) t2∆(m1=m2=(𝔪,𝔫))

= tk(|𝔪|+|𝔫|)

(1− t2)2 (b−kw1w2)𝔪+𝔫 × tF (|𝔪|+|𝔫|) = t(F +k)(|𝔪|+|𝔫|)

(1− t2)2 (b−kw1w2)𝔪+𝔫 ,

(3.140)

where H(m) is the integral part of the N = 1 case, given in (3.129):

H(m) = tk|m|

1− t2
(b−kw1w2)m . (3.141)
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Summing the two contributions, we obtain

H (3.125)[NS5] =
∑

𝔪,𝔫∈ℤ
t(F +k)(|𝔪|+|𝔫|)PU(2)(t;𝔪,𝔫)(b−kw1w2)𝔪+𝔫

= 1
2
{
PE

[
t2 + (y + y−1)tk+F − t2(k+F )

]2
+ PE

[
t4 + (y2 + y−2)t2(k+F ) − t4(k+F )

] }
,

(3.142)

where y = b−kw1w2. This is indeed the Coulomb branch Hilbert series of the 3d N = 4
U(2) gauge theory with one adjoint hypermultiplet and k + F fundamental hypermultiplets,
which is isomorphic to Sym2(ℂ2/ℤk+F ), as expected.

3.6 A non-linear Abelian quiver

Let us consider the following 3d N = 3 non-linear unitary quiver:

12k 1−k

1k

1−kF1

F2

F3

F4

(3.143)

Note that this theory does not admit a usual brane configuration as in the other sections in
this paper. Henceforth, we shall label the branches of the moduli space without referring
to the types of branes.

To compute the various limits of the index, we first assign axial fugacities to the chiral
fields. In 3d N = 2 notation, the field content and fugacity assignments are

12k 1−k 1−k

1k

F1

F2

F3

F4

a1 a2

a3

c1

c2

c3

c4

b1 b2 b3

b4

(3.144)
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For convenience, we refer to the gauge nodes attached to F1, F2, F3 and F4 as nodes 1, 2, 3
and 4, respectively. The gauge fugacity and the corresponding magnetic flux for each of them
will be denoted by uj and mj (with j = 1, 2, 3, 4), respectively. Following the prescription of
section 2.2, we can identify operators parametrising different branches of the theory. Applying
the prescription for this theory, we find two maximal branches parametrised by VEVs of
dressed monopole operators. Branch I involves the dressed monopole operators with minimal
fluxes turned on along the horizontal line consisting of gauge nodes 1, 2 and 3, whose Chern-
Simons levels sum to zero. Branch II involves to the dressed monopole operators with minimal
fluxes turned on along the vertical line consisting of gauge nodes 2 and 4, whose Chern-Simons
levels also sum to zero. Then, Branch III is the mesonic branch. The specific assignments of
axial fugacities 𝔞i, 𝔟i, and 𝔠i for each branch are summarised in the following table:

Branch 𝔞1 𝔞2 𝔞3 𝔠1 𝔠2 𝔠3 𝔠4 𝔟1 𝔟2 𝔟3 𝔟4
I a a a−1 a−1 a−1 a−1 1 1 a−2 1 1
II a−1 a−1 a 1 a−1 1 a−1 1 1 1 1
III a a a a a a a a−2 a−2 a−2 a−2

(3.145)

The index for the theory in (3.144) is then given by

I (3.144) =
∑

m1,m2,m3,m4∈ℤ

∮ ( 4∏
i=1

dui

2πiui
uκimi

i wmi
i Z1

chir (x; 𝔟i; 0)
)

×
∏

s=±1

2∏
i=1

Z
1/2
chir

(
x; 𝔞i(biuiu

−1
i+1)

s; smi − smi+1
)

×
∏

s=±1

4∏
j=1

Z
1/2
chir

(
x; 𝔞3(b3u2u

−1
4 )s; s(m2 −m4)

) Fj∏
ρj=1

[
Z

1/2
chir

(
x; 𝔠j(f (ρj)

j )−sus
j ; smj

)]
,

(3.146)

where the Chern-Simons levels are

κ1 = 2k , κ2 = −k , κ3 = −k , κ4 = k . (3.147)

We then consider the limit

H (3.143)[branch] = lim
𝔷→0

I (3.143)

∣∣∣
(3.145), (2.13)

. (3.148)

A non-vanishing result in the 𝔷 → 0 limit imposes the condition that the exponent of 𝔷
must be zero, so we have

Branch Exponent of 𝔷 Condition
I |m1 −m2|+ |m2 −m3|+ F4

2 |m4| m1 = m2 = m3 = m , m4 = 0
II |m2 −m4|+ F1

2 |m1|+ F3
2 |m3| m2 = m4 , m1 = m3 = 0

III
∑4

i=1 Fi|mi|+ |m1 −m2| m1 = m2 = m3 = m4 = 0
+|m2 −m3|+ |m2 −m4|

(3.149)

We now discuss the computation for each branch explicitly.
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Branch I

The limit of the index for Branch I is

H (3.144)[I](t;{wi};{bi})=
∑

m1=m2=m3=m∈ℤ
t2∆(m1=m2=m3=m,m4=0)

×
∮ 3∏

j=1

duj

2πiuj
u

κjmj

j w
mj

j PE

t ∑
s=±1

(b1u1u
−1
2 )s

PE
−t2+t ∑

s=±1
(b2u2u

−1
3 )s


=
∑

m∈ℤ
t(F1+F2+F3+1)|m|× t3k|m|

1−t2 y
m
1 , y1 = b−2k

1 b−k
2 w1w2w3

=PE
[
t2+(y1+y−1

1 )tF1+F2+F3+1+3k−t2(F1+F2+F3+1+3k)
]
,

(3.150)

where the result in the second equality can be obtained similarly to (A.1). Note that the
terms inside the plethystic exponential with coefficient t are precisely the contributions of
chiral fields with axial fugacity a, whereas the term −t2 comes from the adjoint chiral field
with axial fugacity a−2. The dimension of the monopole operators is given by

∆(m1,m2,m3,m4)

= 1
2

( 4∑
i=1

(Fi|mi|) + |m1 −m2|+ |m2 −m3|+ |m2 −m4|
)
,

(3.151)

where, in this case, ∆(m1 = m2 = m3 = m, m4 = 0) = (F1 + F2 + F3 + 1)|m|. The final
expression in (3.150) is the Hilbert series of ℂ2/ℤF1+F2+F3+1+3k, with generators

G0 = X12X21 = X23X32 , G+ = V(1,1,1,0)X
2k
21X

k
32 , G− = V(−1,−1,−1,0)X

2k
12X

k
23 , (3.152)

satisfying G+G− = G
2(F1+F2+F3+1+3k)
0 . This is, in fact, the Coulomb branch Hilbert series

of the U(1) gauge theory with F1 + F2 + F3 + 1 + 3k flavours, which can be regarded as
a magnetic quiver for this branch.

Branch II

The limit of the index for Branch II is
H (3.144)[II](t; {wi}, {bi}) =

∑
m2=m4=m∈ℤ

t2∆(m1=0, m2=m, m3=0, m4=m)

×
∮

du2
2πiu2

∮
du4
2πiu4

uκ2m2
2 uκ4m4

4 wm2
2 wm4

4 PE

t ∑
s=±1

(b3u2u
−1
4 )s


(A.1)=

∑
m∈ℤ

t(F2+F4+2+k)|m| 1
1− t2

ym
2 , y2 = bk

3w2w4

= PE
[
t2 + (y2 + y−1

2 )tF2+F4+2+k − t2(F2+F4+2+k)
]
.

(3.153)

The final expression in (3.153) is the Hilbert series of ℂ2/ℤF2+F4+2+k, with generators

G0 = X24X42 , G+ = V(0,1,0,1)X
k
24 , G− = V(0,−1,0,−1)X

k
42 , (3.154)

satisfying G+G− = G
2(F2+F4+2+k)
0 . This is the Coulomb branch Hilbert series of a U(1) gauge

theory with F2+F4+2+k flavours, which can be regarded as a magnetic quiver for this branch.
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Branch III

The limit of the index for Branch III is

H (3.144)[III](t; {wi}, {bi}) =
∮ 4∏

j=1

duj

2πiuj
PE

[
− 4t2 + t

∑
s=±1

{
(b1u1u

−1
2 )s

+ (b2u2u
−1
3 )s + (b3u2u

−1
4 )s +

4∑
j=1

Fj∑
ρj=1

(f (ρj)
j u−1

j )s
}]

.

(3.155)

The term −4t2 in the plethystic exponential accounts for the four adjoint chiral multiplets,
which possess axial fugacity a−2. This result corresponds to the Higgs branch Hilbert series
of the theory in (3.143) with the Chern-Simons levels set to zero (k = 0), which is the
3d N = 4 theory

1 1

1

1F1

F2

F3

F4

(3.156)

It is worth discussing the mirror dual of (3.156), which serves as a magnetic quiver of this
branch. Since this theory is Abelian, we can adopt the method discussed in [38, section 4]
(see also [39], [40, around eq. (8)] and [20, section 6]), which involves the charge matrix of
quiver (3.156). For simplicity, let us focus on the case of F1 = F2 = F3 = F4 = 1. The
charge matrix R for (3.156) is then

R =


1 0 0 0 1 0 0
0 1 0 0 −1 1 1
0 0 1 0 0 −1 0
0 0 0 1 0 0 −1

 , (3.157)

where the rows correspond to each gauge group and the columns correspond to each hyper-
multiplet in the quiver. In particular, the entry Ria is the charge of the a-th hypermultiplet
under the i-th gauge group. The charge matrix S for the mirror dual is given by solving
the set of equations given by

RST = 0 . (3.158)

In this case, we obtain

S =

 0 −1 0 1 0 0 1
0 −1 1 0 0 1 0
1 −1 0 0 −1 0 0

 , (3.159)
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which indicates that the mirror theory has three U(1) gauge groups. The matter content
consists of two charge-one hypermultiplets under each gauge group, along with a (trifunda-
mental) hypermultiplet with charge (−1,−1,−1) in all gauge groups. We denote the latter
by a junction in the following mirror quiver:

1

1

12

2

2 (3.160)

In summary, the results for each branch are as follows:

Branch Hilbert series Geometry
I (3.150) ℂ2/ℤF1+F2+F3+1+3k

II (3.153) ℂ2/ℤF2+F4+2+k

III (3.155) Higgs branch of (3.156)

(3.161)

4 Orthosymplectic quivers

The main focus of this section is to generalise our prescription also in the case of three-
dimensional quiver gauge theories with (special) orthogonal and symplectic gauge groups.
One of the primary interesting aspects of this class of theories lies in the rich global symmetry
structure associated with the 𝔰𝔬(N) gauge algebra, for which different variants of the gauge
group can be considered, e.g. SO(N), Spin(N), O(N)± and Pin(N). These variants can
be related to each other through the gauging of ℤ2 symmetries [41]. Explicitly, the SO(N)
gauge theory possesses a ℤ2 magnetic (or topological) symmetry and a ℤ2 charge conjugation
symmetry. Gauging the former changes the global form to Spin(N), whereas gauging the
latter turns the gauge group into O(N)+.25 The O(N)− variant can be reached upon gauging
the diagonal combination of the said ℤ2 symmetries,26 and, finally, the Pin(N) gauge theory
arises from the sequential gauging of both the magnetic and charge conjugation symmetries.

The various global forms described above generally give rise to different physics, as the
operator content of theories whose gauge group consists of distinct variants of the 𝔰𝔬(N)
algebra is usually not the same. For instance, the minimal monopole operator of SO(N)
with fluxes (1, 0, . . . , 0) is even under charge conjugation and is odd under the magnetic
symmetry [14].27 As a consequence, it survives as the minimal monopole operator of the
O(N)+ theory, whereas it gets projected out in both the Spin(N) and O(N)− theories.

25When N = 2n is even, the charge conjugation symmetry can be regarded as the outer automorphism of
the Dn Dynkin diagram.

26Note that, in the N = 2 case, there is no distinction between O(2)+ and O(2)−. Throughout this paper,
we refer to it simply as O(2).

27In the N = 2 case, neither minimal monopole operator with one unit of positive and negative SO(2) flux
possesses a definite charge conjugation parity. Monopole operators which are even (resp. odd) under charge
conjugation can be built from the positive (resp.) negative linear combination between the said minimal
monopole operators, see e.g. [14, (2.13) and (2.14)].
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When the gauge theory is coupled to Nf vector hypermultiplets, a non-trivial role is also
played by the background magnetic fluxes for the 𝔲𝔰𝔭(2Nf ) flavour symmetry. In particular,
turning on an elementary flux (1, 0, . . . , 0) for the flavour symmetry renders the associated
monopole operator odd under charge conjugation, whereas the parity under the magnetic
symmetry depends on the specific values of the SO(N) fluxes. This observation becomes
of essential importance when 3d N = 3 and N = 4 orthosymplectic quiver gauge theories
are considered, in which hypermultiplets in the vector representation of an SO(N) gauge
node are usually also connected to a USp(2M) gauge node.

In the following, we analyse the limits of the superconformal index for various examples
of 3d N = 3 orthosymplectic theories, for which the conventions of [14, 42] are employed.
We turn on the fugacities associated with both the ℤ2 magnetic and charge conjugation
symmetries, denoted by ζ and χ, respectively, which allow us to keep track of the various
possible global forms associated with an 𝔰𝔬(N) gauge node. Considerable emphasis is
especially placed on the distinction between the SO(N) and O(N) gauge groups.

4.1 Linear quiver with USp(2)k × SO(2)−2k × USp(2)k gauge group

Let us consider the linear quiver

USp(2)k SO(2)−2k USp(2)k

F1 F2 F3

(4.1)

which can be realised through the following brane setup [43]:28

D3

O3− O3+ O3− O3+ O3−
NS5 NS5(1, 2k) (1, 2k)

F1 D5 F2 D5 F3 D5

(4.2)

For definiteness, we take F1 > 1, F2 ≥ 0, F3 > 1.29 In order to take the various limits
of the index which reproduce the Hilbert series associated to the different branches in the
moduli space of the theory, we assign axial fugacities to the chiral fields of the theory, as
usual. We can easily keep track of the various choices of axial assignments by resorting to

28We draw only physical branes in the brane configuration. The types of the orientifold plane for each brane
interval is denoted at the bottom of the diagram.

29This condition ensures that the D5-branch of theory (4.1) coincides with the Higgs branch of a good 3d
N = 4 quiver, discussed in section 4.1.3.
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the 3d N = 2 description of quiver (4.1), namely

USp(2)k SO(2)−2k USp(2)k

SO(2F1) USp(2F2) SO(2F3)

a1 a2

c1 c2 c3

b1 b2 b3

(4.3)

where the specific forms of the fugacities 𝔞i, 𝔟i and 𝔠i which appear in the limits of the index
corresponding to each possible branch of the moduli space are collected in the following table:

Branch 𝔞1 𝔞2 𝔠1 𝔠2 𝔠3 𝔟1 𝔟2 𝔟3
NS5 a a−1 a−1 a−1 1 1 1 1
(1, 2k) a−1 a 1 a−1 a−1 1 1 1

D5 a a a a a a−2 a−2 a−2

(4.4)

The index of the theory (4.3) reads

I (4.3) =
1
4

∑
m1,m2,m3∈ℤ

∮  3∏
j=1

duj

2πiuj

 (u1)2κ1m1(u2)κ2m2ζm2(u3)2κ3m3

× ZUSp(2)
vec (x;u1;m1) ZUSp(2)

vec (x;u3;m3) Zadj-chir(χ) Zmatter(χ) ,

(4.5)

where the Chern-Simons levels are chosen as

κ1 = k, κ2 = −2k, κ3 = k , (4.6)

where we take k > 0 for simplicity. Moreover, the USp(2) vector multiplet contribution reads

ZUSp(2)
vec (x;u;n) = x−|2n| ∏

s=±1
(1− (−1)2snu2sx|2n|) . (4.7)

The contribution coming from the adjoint chiral fields in the vector multiplets appearing
in (4.5) are given explicitly by

Zadj-chir(χ) = Z
USp(2)
adj-chir(x; 𝔟1;u1;m1)ZSO(2)

adj-chir(x; 𝔟2;χ)ZUSp(2)
adj-chir(x; 𝔟3;u3;m3) , (4.8)

with

Z
USp(2)
adj-chir(x; 𝔟;u;n) = ZR=1

chir (x; 𝔟; 0)
∏

s=±1
ZR=1

chir (x; 𝔟u2s; 2sn) , (4.9a)

Z
SO(2)
adj-chir(x; 𝔟;χ) = ZR=1

chir (x;χ𝔟; 0) , (4.9b)
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whereas the matter fields in the bifundamental representation of the USp(2) and SO(2) gauge
groups participate to the index (4.5) as

Zmatter(χ)

= Z
USp(2)−SO(2)
bifund (x; 𝔞1|u1;m1|u2;m2|χ)ZUSp(2)−SO(2)

bifund (x; 𝔞2|u3;m3|u2;m2|χ)

× Z
USp(2)−SO(2F1)
bifund (x; 𝔠1|u1;m1|f1;0|χ)ZUSp(2F2)−SO(2)

bifund (x; 𝔠2|f2;0|u2;m2|χ)

× Z
USp(2)−SO(2F3)
bifund (x; 𝔠3|u3;m3|f3;0|χ) ,

(4.10)

where

Z
USp(2L)−SO(2M)
bifund (x; 𝔞|{uα;nα}|{vβ ; lβ}|χ = +1)

=
L∏

α=1

M∏
β=1

∏
s1,s2=±1

Z
1/2
chir(x; 𝔞us1

α v
s2
β ; s1nα + s2lβ) ,

(4.11a)

Z
USp(2L)−SO(2M)
bifund (x; 𝔞|{uα;nα}|{vβ ; lβ}|χ = −1) = (4.11a)

∣∣∣∣∣
v±1

M =±1, lM =0

. (4.11b)

The limit of the index reproducing the Hilbert series associated to each branch reported
in (4.4) is obtained, as in the unitary case, by performing the substitution (2.13) and,
subsequently, taking the limit 𝔷 → 0:

H (4.3)[branch](t; {wi}, {bi}, {fi}) = lim
𝔷→0

I (4.3)

∣∣∣
(4.4), (2.13)

. (4.12)

In particular, the terms contributing to the index with a positive power of 𝔷 get suppressed
upon taking the above limit. In the case of the three branches we are interested in, the set of
magnetic fluxes yielding a non-zero limit of the index are summarised in the table below:

Branch Exponent of 𝔷 Relevant fluxes
NS |m1 ±m2| − 2|m1| − 2|m3|+ F3|m3| m1 = ±m2 , m3 = 0

(1, 2k) |m2 ±m3| − 2|m1| − 2|m3|+ F1|m1| m1 = 0 , m2 = ±m3
D5 |m1 ±m2|+ |m2 ±m3| − 4|m1| − 4|m3| m1 = m2 = m3 = 0

+2F1|m1|+ 2F2|m2|+ 2F3|m3|

(4.13)

where |mi ±mj | = |mi +mj |+ |mi −mj |. Observe that, for such choices of magnetic fluxes,
the exponent of 𝔷 is always zero. We now discuss the computation of the limit of index
associated to each branch explicitly, and, finally, we also provide an explanation regarding
the choices of magnetic fluxes yielding non-trivial contributions reported in (4.13).

4.1.1 The NS5-branch

As anticipated in (4.13), the only magnetic fluxes participating to the NS5-branch limits
of the index are those satisfying the constraint

m1 = ±m2 , m3 = 0 . (4.14)
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Let us start by considering the χ = +1 case. When all the magnetic fluxes are set to zero,
the 𝔷 → 0 limit of the index (4.5) takes the form

1
4

∮  3∏
j=1

duj

2πiuj

(2− u2
1 −

1
u2

1

)(
2− u2

3 −
1
u2

3

)

× PE

t ∑
s1,s2=±1

us1
1 u

s2
2

 = 1
1− t2

.

(4.15)

On the other hand, when m1 = m2 = m, the limit is given by

1
4
∑

m∈ℤ ̸=0

∮  3∏
j=1

duj

2πiuj

(u1
u2

)2km

ζm (𝔷t)−2|m|
(
2− u2

3 −
1
u2

3

)

× 𝔷2|m| PE

t ∑
s=±1

u1
su2

−s

 t2|m|(1+F1+F2)

= 1
2
∑

m∈ℤ ̸=0

ζmt2|m|(F1+F2+k)

1− t2
.

(4.16)

Analogously, when m1 = −m2 = −m, the expression of the limit can be obtained from the
one above by sending u2 → u−1

2 and ζ → ζ−1. Taking into account that ζ2 = 1, the result
of the integral turns out to be the same as the one in the third line of (4.16). The final
result for the NS5-branch limit of the χ = +1 sector of the index can then be obtained by
adding (4.15) and twice (4.16), thus yielding

(4.15) + 2× (4.16) =
∑

m∈ℤ
PSO(2)(t;m)ζmt2F |m| , (4.17)

where the SO(2) dressing factor is PSO(2)(t;m) = PE[t2] =
(
1− t2

)−1, and we define F =
F1 + F2 + k.

Next, we can move on to the χ = −1 sector. Since the SO(2) fugacity m2 is set to
zero for negative charge conjugation, due to (4.14), the only non-zero contribution to the
limit is obtained by setting all of the magnetic fluxes to zero in this case. The 𝔷 → 0 limit
of the index (4.5) can then be obtained as described in [14, 42], namely by substituting
u2 → 1 and u−1

2 → −1 in the expression of the plethystic exponent appearing in the integrand
in (4.15). The final result is simply

2× PUSp(2)(t; 0)− PSO(2)(t; 0) =
1

1 + t2
= 1

PEF [t2]
, (4.18)

which coincides with the dressing factor for the SO(2) gauge group with χ = −1, as discussed
in [42, (5.9)], where PUSp(2)(t; 0) =

(
1− t4

)−1. Here, the fermionic plethystic exponential
function PEF is defined as in [44, Page 10] and [45, (1.1)].

The NS5-branch limit of the index of theory (4.1), refined with both fugacities ζ and
χ, can then be obtained from (4.17) and (4.18) as [42, (5.10)]

1
2 [(4.17) + (4.18)] + 1

2 [(4.17)−−(4.18)]χ

= 1− t4F

(1− χt2) (1− ζt2F ) (1− ζχt2F ) = PE
[
χt2 + (ζ + ζχ) t2F − t4F

]
.

(4.19)
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This expression coincides with the Coulomb branch Hilbert series of SO(2) SQCD with F
flavours, where both ℤ2 fugacities ζ and χ are turned on. This theory can thus be identified
as the magnetic quiver for (4.1).

According to the discussion in [20, around (5.22) and (5.23)], there are three generators
satisfying a single relation. Explicitly, the generator at order t2 can be constructed from
the USp(2) × SO(2) bifundamental chiral fields X12 with axial fugacity 𝔞1 = a in (4.3) as
the Pfaffian operator Pf (X12X12) ∼ ϵi1i2 (X12X12)i1i2

, where i1, i2 = 1, 2 are SO(2) indices.
In order to identify the remaining two generators at order t2F , let us consider the bare
monopole operators with magnetic fluxes (1;±1; 0) under the three gauge groups. These can
be appropriately dressed by a combination of 2k chiral fields X12 to form gauge invariant
quantities. Let us denote the said gauge invariant dressed monopole operators V±, where the
notation indicates the magnetic flux ±1 under the SO(2) gauge group. While both operators
V± are odd under the magnetic symmetry associated with the SO(2) gauge group, they lack
definite parity under the charge conjugation symmetry. As pointed out in [14, (2.14)] and [42,
(6.2)], it is then convenient to define the linear combinations W± = V+ ± V−, such that W+
(resp. W−) carries even (resp. odd) parity under charge conjugation, thus corresponding to
the generator contributing as ζt2F (resp. ζχt2F ) in the plethystic exponent of (4.19).

Gauging the charge conjugation symmetry. If the charge conjugation symmetry of
the SO(2) gauge group is gauged-replacing the SO(2) node in (4.1) with an O(2) node-the
NS5-branch limit of the index is obtained by summing over χ = ±1 and dividing by two:

1
2 [(4.17) + (4.18)] =

∑
m∈ℤ≥0

PUSp(2)(t;m)ζmt2F |m| , (4.20)

where we use the property PSO(2)(t;m) = PUSp(2)(t; |m|) for m ≠ 0. This result coincides with
the Coulomb branch Hilbert series of 3d N = 4 O(2) SQCD with F flavours (with vanishing
background flavour fluxes) as discussed in [46, appendix A]. Upon setting ζ = 1, (4.20) also
matches the Coulomb branch Hilbert series of 3d N = 4 USp(2) SQCD with F + 2 flavours,
discussed in [20, (5.12)]. This confirms that USp(2) SQCD is the magnetic quiver for the
NS5-branch of theory (4.1) specifically when the charge conjugation symmetry is gauged.

Resolving the ambiguity in magnetic quivers. Let us compare our results (4.19)
and (4.20) with the magnetic quivers for the NS5-branch of theory (4.1) proposed in [4, v1,
(4.15)].30 In that work, both SO(2) SQCD with Nf flavours and USp(2) SQCD with Nf + 2
flavours were suggested as candidates for the magnetic quiver capturing the NS5-branch of the
original theory (4.1). Our analysis clarifies this ambiguity: while SO(2) SQCD is the correct
magnetic quiver for the NS5-branch of theory (4.1), USp(2) SQCD arises as the magnetic
quiver only when the SO(2)−2k gauge group of (4.1) is replaced by O(2)−2k.

4.1.2 The (1, 2k)-branch

The magnetic fluxes contributing non-trivially to the index limit for this branch satisfy
the condition

m1 = 0 , m2 = ±m3 . (4.21)
30Note that the case F2 = 0 is the primary focus of that reference.
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Comparing these fluxes with those in (4.14), and considering the axial fugacity assignments
in (4.4), it is evident that the (1, 2k)-branch limit can be derived directly from the NS5-branch
limit via the exchange {u1,m1} ↔ {u3,m3} and F1 ↔ F3. The resulting expression for the
(1, 2k)-branch is given by (4.19), with F replaced by F ′ = F2 + F3 + k. This corresponds
to the Coulomb branch Hilbert series of 3d N = 4 SO(2) SQCD with F ′ flavours, which we
identify as the magnetic quiver for the (1, 2k)-branch of (4.1). The generators follow directly
from those of the NS5-branch discussed below (4.19) by substituting X12 ↔ X23, where the
latter denotes the chiral fields with axial fugacity 𝔞3 = a in (4.3). Furthermore, the gauge
invariant operators analogous to V± are constructed from bare monopole operators with
magnetic fluxes (0;±1; 1), appropriately dressed with a combination of 2k chiral fields X23.

Similarly to (4.20), gauging the charge conjugation symmetry of the SO(2)−2k node in (4.1)
— effectively replacing SO(2)−2k with O(2)−2k — recovers the Coulomb branch Hilbert series of
O(2) SQCD with F ′ flavours (with vanishing background flavour fluxes). In particular, setting
the magnetic fugacity ζ to unity yields the Coulomb branch Hilbert series of USp(2) SQCD
with F ′ + 2 flavours. Consequently, this theory is identified as the magnetic quiver for the
(1, 2k)-branch of theory (4.1) specifically when the charge conjugation symmetry is gauged.

In this instance as well, we resolve the ambiguity noted in [4, v1, below (4.15)], where
both SO(2) SQCD with F flavours and USp(2) SQCD with F ′ + 2 flavours were proposed as
candidate magnetic quivers for the (1, 2k)-branch of theory (4.1). Specifically, we demonstrate
that SO(2) SQCD is the magnetic quiver for the original theory (4.1), whereas USp(2) SQCD
is the magnetic quiver for the variant of theory (4.1) in which the SO(2)−2k gauge group
is replaced by O(2)−2k.

4.1.3 The D5-branch

The D5-branch limit of the index receives a non-trivial contribution only when the magnetic
fluxes for the three gauge groups are turned off, namely

m1 = m2 = m3 = 0 . (4.22)

When the charge conjugation fugacity is set to unity, the said limit can then be achieved
by simply evaluating the integral

1
4

∮  3∏
j=1

duj

2πiuj

(2− u2
1 −

1
u2

1

)(
2− u2

3 −
1
u2

3

)

× PE
[
−t2

{(
u2

1 + 1 + 1
u2

1

)
− 1 +

(
u2

3 + 1 + 1
u2

3

)}]

× PE

t ∑
s1,s2=±1

{us1
1 u

s2
2 + us1

2 u
s2
3 }


× PE

t ∑
s1,s2=±1


F1∑

α=1
us1

1 (f (α)
1 )s2 +

F2∑
β=1

us1
2 (f (β)

2 )s2 +
F3∑

γ=1
us1

1 (f (γ)
3 )s2


 ,

(4.23)

which precisely coincides with the expression of the Higgs branch Hilbert series of the 3d
N = 4 version of theory (4.1), with the Chern-Simons levels set to zero, when χ = +1.
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Let us analyse the Higgs branch (resp. D5-branch) moment map operators of the said
N = 4 theory (resp. the N = 3 theory (4.1)). Let us denote with Q1, Q2 and Q3 the chiral
fields carrying axial fugacity 𝔠1, 𝔠2 and 𝔠3 in (4.3). Explicitly, Q1, Q2 and Q3 connect the three
gauge groups and the SO(2F1), USp(2F2) and SO(2F3) flavour nodes, respectively. In addition
to the F1 (2F1 − 1) + F2 (2F2 + 1) + F3 (2F3 − 1) mesons Q1JQ1, Q2Q2 and Q3JQ3, where
the SO(2) indices of the chiral fields Q2 are contracted with a Kronecker delta and J is the
USp(2) invariant tensor, there are also baryons acquiring a VEV.31 These can be built using
the epsilon tensor of SO(2), hence they are odd under the charge conjugation symmetry.32 In
this case, F2 (2F2 − 1) baryons can be constructed by appropriately contracting the gauge
indices of Q2Q2, and a further baryon is recovered by a gauge invariant combination of two
copies of the chiral fields Q1 and Q3. As a result, there are F2 (2F2 − 1) + 1 moment map
operators which get projected out upon gauging the charge conjugation symmetry associated
with the SO(2) gauge group.

This can be checked explicitly by averaging the expression (4.23) with the D5-branch
limit of the index in the χ = −1 sector of theory (4.1), which reads

1
4

∮  3∏
j=1

duj

2πiuj

(2− u2
1 −

1
u2

1

)(
2− u2

3 −
1
u2

3

)

× PE
[
−t2

{(
u2

1 + 1 + 1
u2

1

)
+ 1 +

(
u2

3 + 1 + 1
u2

3

)}]

× PE

t ∑
s=±1

{us
1 + us

3}

× 1

PEF

[
t
∑

s=±1
{us

1 + us
3}
]

× PE

t ∑
s1,s2=±1


F1∑

α=1
us1

1 (f (α)
1 )s2 +

F3∑
γ=1

us1
1 (f (γ)

3 )s2




× PE

t ∑
s=±1

F2∑
β=1

(f (β)
2 )s

× 1

PEF

[
t
∑

s=±1

∑F2
β=1(f

(β)
2 )s

] ,

(4.24)

where PEF [t
∑

i ui] =
∏

i (1 + tui).
The D5-branch limit of the index of theory (4.1) refined with the charge conjugation

fugacity χ can then be obtained in a similar fashion as in (4.19). Upon setting the flavour
fugacities to one, this yields

1
2 [(4.23) + (4.24)] + 1

2 [(4.23)−−(4.24)]χ

= 1 + {F1 (2F1 − 1) + F2 (2F2 + 1) + F3 (2F3 − 1) + χ [F2 (2F2 − 1) + 1]} t2 + . . . ,
(4.25)

31As explained in [47, (2.7)], the baryons can be defined in the SO(Nc) theory with Nf flavours if 2Nf ≥ Nc.
For instance, we can define baryons out of the chiral fields Q2 of theory (4.1) if F2 ≥ 1.

32As a consequence, the Higgs branch of SO(Nc) SQCD with Nf flavours differs from the one of O(Nc)+

SQCD with Nf flavours if baryons can be constructed, i.e. if 2Nf ≥ Nc. On the other hand, if twice the
number of flavours is smaller than the number of colours, there are no baryons and the charge conjugation
symmetry acts trivially in the Higgs branch of the theory. Subsequently, the Higgs branch of the theory
with SO(Nc) gauge group equals the one of the theory with O(Nc)+ gauge group, as pointed out in [46,
appendix B.3].
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where the term highlighted in cerulean gets projected out when the charge conjugation
symmetry associated with the SO(2)−2k gauge node is gauged, in agreement with the analysis
discussed above (4.24). As a consequence, the Hilbert series for the D5-branch of the variant
of theory (4.1) in which the SO(2)−2k gauge node is replaced by O(2)−2k, upon setting the
flavour fugacities to one, is given by

1
2 [(4.23) + (4.24)] = 1 + [F1 (2F1 − 1) + F2 (2F2 + 1) + F3 (2F3 − 1)] t2 + . . . , (4.26)

where the terms at order t2 are in the adjoint representation of the 𝔰𝔬(2F1)⊕𝔰𝔬(2F2)⊕𝔰𝔬(2F3)
D5-branch global symmetry.

As a final observation, we point out that a magnetic quiver for the D5-branch of (4.14)
is proposed in [4, v1, (4.17)] in the case F2 = 0. Such a magnetic quiver possesses an
𝔰𝔬(2F1)⊕𝔰𝔬(2F3) Coulomb branch global symmetry, with F1 (2F1 − 1)+F3 (2F3 − 1) Coulomb
branch moment map operators. However, in order to match the D5-branch of theory (4.14)
with F2 = 0, an extra operator is missing. This operator would get mapped to the baryon
which is acted upon non-trivially by charge conjugation. As a consequence, our method
clarifies that the magnetic quiver of [4, v1, (4.17)] captures the D5-branch of theory (4.14)
with F2 = 0 when the central gauge node is O(2)−2k, instead of SO(2)−2k.

4.1.4 Magnetic flux configurations contributing to the limits

In order to derive the NS5-branch limit of the index (4.5), we first observe that there
are no non-trivial contributions if m3 ̸= 0. We can discard such fluxes by the following
argument. Upon taking the 𝔷 → 0 limit, the integrand in principle might pick up a residue
in u3 = 0. Indeed, possible non-trivial contributions might arise since the gauge fugacity
u3 appears in the integration measure du3

2πiu3
, in the Chern-Simons term u2km3

3 and in the
USp(2) vector contribution, which contains a term 𝔷0(−1)2m3

(
u2

3 + u−2
3

)
.33 In particular, a

non-zero contribution arises from the residue computation if 2km3 ± 2 = 0, which also implies
|m3| > 0. Now, let us look at the lowest possible power of 𝔷 appearing in the integrand
before taking the 𝔷 → 0 limit. There is a factor 𝔷−2|m1| coming from the USp(2) vector
contribution associated with the fugacity u1, a term 𝔷|m1+m2|+|m1−m2| due to the chiral fields
in the bifundamental representation of the USp(2)× SO(2) gauge groups associated with the
fugacities u1 and u2, and, finally, there is also a factor O

(
𝔷F3|m3|

)
coming form the chiral

fields transforming in the bifundamental representation of USp(2)× SO(2F3). The overall
power of 𝔷 is then −2 |m1|+ |m1 +m2|+ |m1 −m2|+ F3 |m3|, which is always larger than
zero if m3 ̸= 0, thus vanishing in the 𝔷 → 0 limit.

Next, we also point out that a non-zero contribution coming from (4.5) can be extracted
only if the magnetic fluxes satisfy the further condition m1 = ±m2. In order to show the
validity of this statement, let us suppose, for the sake of contradiction, that m1 ̸= ±m2.
Under this hypothesis, the appearance of the gauge fugacities u1 and u2 in the integrand
is restricted to the integration measure du1

2πiu1
du2

2πiu2
, the Chern-Simons factors u2km1

1 u2km2
2 ,

33Note that, in the USp(2) vector contribution associated with the fugacity u3, there are also the factors
(𝔷t)−2|m3| + (−1)4m3 (𝔷t)2|m3|, which do not depend on u3. While contributing trivially to the integral if
m3 ̸= 0, such terms are responsible for a non-zero result of the residue computation in u3 = 0 if m3 = 0.
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and the USp(2) vector contribution (𝔷t)−2|m1|+(−1)4m1 (𝔷t)2|m1|+(−1)2m1
(
u2

1 + u−2
1

)
. The

integrand picks up a residue in u2 = 0 if m2 = 0, which also implies, by our assumption,
that m1 ̸= 0. On the other hand, a non-trivial contribution due to the residue in u1 = 0
arises if 2km1 ± 2 = 0, which is perfectly consistent with m1 being non-zero. However, the
lowest possible power of 𝔷 arising from such a non-trivial contribution to the integral (4.5)
reads |m1 −m2| + |m1 +m2| = 2 |m1|,34 which is larger than zero, resulting in a trivial
term upon taking the 𝔷 → 0 limit.

An analogous argument can also be applied to the (1, 2k)-branch limit of the index, since
this is related to the NS5-branch limit discussed above by swapping {u1,m1} ↔ {u3,m3}
and F1 ↔ F3, as pointed out below (4.21).

Finally, the D5-branch limit of the index (4.5) does not vanish only when all the magnetic
fluxes are set to zero. Indeed, the triangle inequality implies that the power of 𝔷 in this
particular limit, which is reported in the last row of (4.13), is always larger than or equal
to −2 |m1| − 2 |m3|+ 2F1 |m1|+ 2F2 |m2|+ 2F3 |m3|, which is always larger than or equal to
zero if the initial assumption that both F1 and F3 are larger than one. Moreover, since a
positive power of 𝔷 results in a vanishing contribution upon taking the limit 𝔷 → 0, the only
non-trivial contribution originates from the set of magnetic fluxes whic are all equal to zero.

4.2 Linear quiver with SO(2)2k × USp(4)−k × SO(2) gauge group

We consider the theory described by the following quiver diagram:

SO(2)2k USp(4)−k SO(2)

F1 F2 F3

(4.27)

This theory can be realised in string theory via the brane configuration shown below:

D3

O3+ O3− O3+ O3− O3+

NS5 NS5NS5 NS5(1, 2k)

F1 D5 F2 D5 F3 D5

(4.28)

Note that, for F1, F2, F3 = 0, this is the N = 4 theory considered in [4, v1, section 5]. We
analyse this theory by computing its superconformal index. In order to compute the various
limits of the index, we assign axial fugacities to the chiral fields. In 3d N = 2 notation,

34This power of 𝔷 originates from the chiral fields in the bifundamental representation of the USp(2) and
SO(2) gauge groups associated with the fugacities u1 and u2.
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the field content and fugacity assignments are

SO(2)2k USp(4)−k SO(2)

USp(2F1) SO(2F2) USp(2F3)

a1 a2

c1 c2 c3

b1 b2 b3

(4.29)

The specific assignments of axial fugacities 𝔞i, 𝔟i, and 𝔠i for each branch are summarised
in the following table:

Branch 𝔞1 𝔞2 𝔠1 𝔠2 𝔠3 𝔟1 𝔟2 𝔟3
NS5 a a−1 a−1 a−1 a−1 1 1 a2

D5 a a a a a a−2 a−2 a−2
(4.30)

The index for the theory in (4.29) is then given by:

I (4.29) =
1
8

∑
m1,m3∈ℤ

∑
{m

(α)
2 }∈ℤ2

∮ ( 2∏
α=1

du
(α)
2

2πiu(α)
2

(u(α)
2 )2κ2m

(α)
2

)∮
du1
2πiu1

(u1)2κ1m1wm1
1

×
∮

du3
2πiu3

wm3
3 ZUSp(4)

vec (x; {u(α)
2 }; {m(α)

2 }) Zadj-chir Zmatter ,

(4.31)

where the Chern-Simons levels are

κ1 = k , κ2 = −k , (4.32)

and we define

Zadj-chir =
∏

s1,s2=±1

2∏
α=1

∏
β>α

Z1
chir

(
x; 𝔟2(uα

2 )s1(uβ
2 )s2 ; s1m

(α)
2 + s2m

(β)
2

)

×
∏

s=±1

2∏
α=1

Z1
chir

(
x; 𝔟2(uα

2 )2s; 2sm(α)
2

)
Z1

chir (x; 𝔟2; 0)2 Z1
chir (x; 𝔟1; 0)Z1

chir (x; 𝔟3; 0) ,

Zmatter =
[ ∏

s1=±1

∏
s2=±1

2∏
α=1

Z
1/2
chir

(
x; 𝔞1(b1u1)s1(u(α)

2 )s2 ; s1m1 + s2m
(α)
2

)

× Z
1/2
chir

(
x; 𝔞2(u(α)

2 )s1(b2u3)s2 ; s1m
(α)
2 + s2m3

) ]

×
∏

s1=±1

∏
s2=±1

F2∏
ρ2=1

2∏
α=1

Z
1/2
chir

(
x; 𝔠2(u(α)

2 )s1(f (ρ2)
2 )s2 ; s1m

(α)
2

)

×
∏

s1=±1

∏
s2=±1

F1∏
ρ1=1

Z
1/2
chir

(
x; 𝔠1(u1)s1(f (ρ1)

1 )s2 ; s1m1
)
(1 ↔ 3) .

(4.33)

Note that b1 and b2 are introduced for convenience in keeping track of bifundamental
hypermultiplets. They do not correspond to a symmetry of the theory and can be set to unity.
Moreover, the refinement with respect to the charge conjugation symmetry fugacities χ1 and
χ2 for gauge groups SO(2)2k and SO(2) in (4.29) can be done in a similar fashion to (4.5).
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For definiteness, we take k > 0 throughout this discussion. The Hilbert series for each
branch is obtained by taking a specific limit of the index:

H (4.29)[branch](t; {wi}; {bi}; {fi}) = lim
𝔷→0

I (4.29)

∣∣∣
(4.30), (2.13)

. (4.34)

To compute the limit, we first examine the overall power of 𝔷 in the integrand for each
branch. A non-vanishing result in the 𝔷 → 0 limit sets the exponent of 𝔷 to zero, imposing
the following constraints on the magnetic fluxes mi:

Branch Exponent of 𝔷 Condition

NS5
∑2

i=1

(
|m1 ±m

(i)
2 | − 2|m(i)

2 |
)
− |m(1)

2 ±m
(2)
2 | m1 = ±m(i)

2 , m
(j≠i)
2 = 0

D5
∑2

i=1(|m1 ±m
(i)
2 |+ |m3 ±m

(i)
2 |) m1 = m

(1)
2 = m

(2)
2 = m3 = 0

+2F1|m1|+ 2F2
∑2

i=1(|m
(1)
2 |) + 2F3|m3|

−2|m(1)
2 ±m

(2)
2 | − 4

∑2
i=1 |m

(i)
2 |

(4.35)

where |mi ±mj | = |mi +mj |+ |mi −mj |, and, in the first case, there is no restriction on m3.
Notice that the conditions in table 4.35 are not the only ones that can be obtained searching
for solutions of the exponent of 𝔷 equal to zero.35 ,36 We now discuss the computation
for each branch explicitly.

The NS5-branch

The condition obtained in table (4.35) for the NS5-branch limit of the index is

m1 = ±m(i)
2 , m

(j≠i)
2 = 0 , i, j = 1, 2 . (4.36)

Using the Weyl symmetry of the USp(4) gauge group, we can restrict our attention to
the option m1 = ±m(1)

2 ,m
(2)
2 = 0. Taking the limit (4.34), the Hilbert series receives the

following contributions: one with m1 = 𝔪,m2 = (±𝔪, 0),m3 = 𝔫, where 𝔪, ≠ 0, and the
other with m1 = 0,m2 = (0, 0),m3 = 𝔫. In the first case, the signs + and − contribute
equally to the limit of the index, so

H (4.29)[NS5](t; {wi}; {bi}) = 2×Hm1=𝔪,m2=(𝔪,0),m3=𝔫 +Hm1=0,m2=(0,0),m3=𝔫 . (4.37)

35The same argument as in footnote 22 applies here.
36In this case, another subtlety arises. There are values of the fluxes for which the exponent of 𝔷 is negative.

We conjecture that the integral has no residues for these values of the fluxes. This can be easily checked
expanding the index up to low order and seeing that it gives zero for values of the fluxes different from the
one considered. This is because monopole operators corresponding to those fluxes cannot be dressed properly
and so cannot be made gauge invariant.
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For the fluxes m1 = 𝔪,m2 = (𝔪, 0),m3 = 𝔫, the USp(4) gauge group is broken to
SU(2) × U(1). In this case, when both charge conjugation fugacities χ1 and χ2 are set to
one, the limit of the index is37

Hm1=𝔪,m2=(𝔪,0),m3=𝔫=
1
4
∑

𝔪∈ℤ ̸=0

∑
𝔫∈ℤ

t2∆(m1=𝔪, m2=(𝔪,0),m3=𝔫)

×
∮

du1

2πiu1
u2κ1𝔪

1 w𝔪
1

∮
du3

2πiu3
w𝔫

3

∮ ( 2∏
α=1

du
(α)
2

2πiu(α)
2

(u(α)
2 )2κ2m

(α)
2

)
m2=(𝔪,0)

×
∏

s=±1

[
1−
(
u

(2)
2

)2s
]
PE
[
t2+t

∑
s=±1

(
b1u1

u
(1)
2

)s]
,

(4.38)

where the dimension of the monopole operators is given by

∆(m1,m
(1)
2 ,m

(2)
2 ,m3)

= 1
2

( 2∑
i=1

∑
s=±1

(
|m3 + sm

(i)
2 |+ |m1 + sm

(i)
2 |
)
− 2

2∑
i=1

(
|2m(i)

2 |
)

− 2|m(1)
2 −m

(2)
2 | − 2|m(1)

2 +m
(2)
2 |+ 2F1|m1|+ 2F2

2∑
i=1

|m(i)
2 |+ 2F3|m3|

)
.

(4.39)

Explicitly, for this set of magnetic fluxes, the monopole dimension reads

2∆(m1 = 𝔪, m2 = (𝔪, 0), m3 = 𝔫)
= |𝔪− 𝔫|+ |𝔪+ 𝔫|+ |𝔪|(2F1 + 2F2 − 4) + |𝔫|(2F3 + 2) .

(4.40)

Similarly to (A.1) and (A.2), the contribution (4.38) gets simplified to:

Hm1=𝔪,m2=(𝔪,0),m3=𝔫

= 1
2
∑

𝔪∈ℤ ̸=0

∑
𝔫∈ℤ

t2k|𝔪|

(1− t2)2 (b
−2k
1 w1)𝔪w𝔫

3 × t2∆(m1=𝔪, m2=(𝔪,0), m3=𝔫)

= 1
2
∑

𝔪∈ℤ ̸=0

∑
𝔫∈ℤ

t2(F1+F2+k−2)|𝔪|+2(F3+1)|𝔫|+|𝔪+𝔫|+|𝔪−𝔫|

(1− t2)2 (b−2k
1 w1)𝔪w𝔫

3 .

(4.41)

The analogous expression with χ2 = −1 can be obtained from (4.38) by setting 𝔫 = 0, replacing
the contribution PE[t2] = 1

1−t2 due to the adjoint chiral multiplet with 1
P EF [t2] =

1
1+t2 , and

multiplying by an overall phase factor (−1)|𝔪| arising from the chiral fields with axial fugacity
𝔞2 = a−1 connecting the USp(4)k gauge node with the SO(2) gauge node in (4.29). Observe,
instead, that χ1 is always equal to one when this set of magnetic fluxes is considered, since
the SO(2)−2k flux 𝔪 is different from zero. Explicitly, the result refined with respect to
the charge conjugation symmetry fugacities χ1 and χ2 for gauge groups SO(2)2k and SO(2)

37Note that we have an overall factor of 1
4 here, in contrast to that of (4.31), which is 1

8 . This is because
the results for the allowed choices m2 = (𝔪, 0) and (0,𝔪) are equal.
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in (4.27), respectively, is

Hm1=𝔪,m2=(𝔪,0),m3=𝔫

= 1
2
∑

𝔪∈ℤ ̸=0

χ𝔪2
∑
𝔫∈ℤ

D(t;χ1 = +1)D(t;χ2)(b−2k
1 w1)𝔪w𝔫

3

× t2(F1+F2+k−2)|𝔪|+2(F3+1)|𝔫|+|𝔪+𝔫|+|𝔪−𝔫|
∣∣∣
𝔫 = 0 if χ2 = −1

,

(4.42)

where

D(t;χ) =

PSO(2)(t) = PE[t2] = (1− t2)−1 , χ = 1
2PUSp(2)(t)− PSO(2)(t) = 1

PEF [t2] = (1 + t2)−1 χ = −1
, (4.43)

defined as in (4.17) and (4.18). We emphasise that, in the expression (4.42), χ1 is always
equal to +1 and, when χ2 = −1, we have to set the flux 𝔫 = 0.

For m1 = 0,m2 = (0, 0),m3 = 𝔫, the USp(4) gauge group is unbroken and the corre-
sponding contribution to the limit of the index with χ1 = χ2 = +1 reads

Hm1=0,m2=(0,0),m3=𝔫=
1
8
∑
𝔫∈ℤ

t2∆(m1=0, m2=(0,0),m3=𝔫)
∮

du1
2πiu1

∮
du3
2πiu3

w𝔫
3

×
∮ 2∏

α=1

du
(α)
2

2πiu(α)
2

2∏
i=1

∏
s=±1

[
1−
(
u

(i)
2

)2s
] ∏

s1,s2=±1

[
1−
(
u

(1)
2

)s1(
u

(2)
2

)s2]

×PE

t2+t ∑
s1,s2=±1

[(
bs1

1 u
s1
1 (u(i)

2 )s2
)] ,

(4.44)

where, in this case, we have

∆(m1 = 0, m2 = (0, 0), m3 = 𝔫) = (2F3 + 4)|𝔫| . (4.45)

When χ2 = −1, the expression (4.44) gets modified analogously to the discussion below (4.41):
we have to set the flux 𝔫 = 0 and replace PE[t2] = 1

1−t2 with PEF [t2] = 1
1+t2 , as in (4.43).

On the other hand, when χ1 = −1, we have to set u1 = 1 and u−1
1 = −1 in the contribution

due to the plethystic exponential in the last line of (4.44), which then contains the terms∏2
i=1

∏
s=±1

(
1− t(u(i)

2 )s
)−1 (

1 + t(u(i)
2 )s

)−1
. As above, we obtain the following result refined

with the charge conjugation fugacities χ1 and χ2:

Hm1=0,m2=(0,0),m3=𝔫 =
∑
𝔫∈ℤ

t2(F3+2)|𝔫|D(t;χ1)D(t;χ2)w𝔫
3 , (4.46)

where D(t;χ) is given by (4.43). We remark that, when χ2 = −1, we have to set the flux 𝔫 = 0.
Summing the three contributions as indicated in (4.37), we obtain

H (4.29)[NS5](t; {wi}, {bi})

=
∑

𝔪,𝔫∈ℤ
t2(F1+F2+k−2)|𝔪|+2(F3+1)|𝔫|+|𝔪+𝔫|+|𝔪−𝔫|

×D(t;χ1)D(t;χ2)χ𝔪2 (b−2k
1 w1)𝔪w𝔫

3

∣∣∣
(𝔪,𝔫) = 0 if (χ1, χ2) = −1

,

(4.47)
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which is the Coulomb branch Hilbert series of the following quiver:38

SO(2) SO(2)k + F1 + F2 − 2 F3 + 1 (4.48)

Note that the half-hypermultiplet in the representation [2;2] of SO(2)× SO(2) is exactly as
described in [48, (2.5), (2.6)] with M = 1. In particular, it contributes to the dimension of
the monopole operator as 1

2(|𝔪 + 𝔫| + |𝔪 − 𝔫|). For F1 = F2 = F3 = 0, this matches the
magnetic quiver proposed in [4, v1, (5.2)] with M = N = L = 1.

Further comments on the magnetic quiver. Following the appearance of this paper
on the arXiv, ref. [4, v2] was released. The authors of that reference moved the discussion
regarding theory (4.27) to section 4.2.2, where they consider the special case F1 = F2 = F3 = 0.
Consequently, they no longer provide (4.48) as a magnetic quiver for the NS5-branch of (4.27).
Their revised magnetic quiver candidate is instead given by [4, v2, (4.22)], which, for generic
F1, F2, and F3, reads

USp(2) SO(2)k + F1 + F2 F3 + 1 (4.49)

whose Coulomb branch Hilbert series can be obtained from (4.47) by restricting the summation
to run over 𝔪 ∈ ℤ≥0 and by replacing D(t;χ1) with PUSp(2)(t;𝔪). As observed from (4.43),
this modification is exactly equivalent to summing the fugacity χ1 over ±1 and dividing by
two in (4.47), see also the discussion around (4.20). As a result, we conclude that (4.49) is
a magnetic quiver capturing the NS5-branch of the variant of theory (4.27) in which the
charge conjugation symmetry associated with the SO(2)2k node is gauged, thus turning
it into an O(2)2k node.

A magnetic quiver describing the NS5-branch of theory (4.27), where the leftmost gauge
node is truly SO(2)2k, can also be realised starting from (4.49) by turning on the background
flux νb = (b, 0, . . . , 0), with b ∈ {0, 1}, for the SO(2k+2F1 +2F2) flavour node. Denoting the
magnetic and charge conjugation fugacities associated with the SO(2k + 2F1 + 2F2) flavour
node of (4.49) by ζ̃1 and χ̃1, respectively, the Coulomb branch Hilbert series of (4.49) summed
over b ∈ {0, 1} equals the NS5-branch limit (4.47), provided the identification ζ̃1 = χ1 and
χ̃1 = ζ1χ1 holds, see [4, v2, (4.23)]. Specifically, the contribution due to ν1 to the Coulomb
branch Hilbert series of (4.49) coincides with the terms in the NS5-branch limit of the index

38Here (𝔪,𝔫), (χ1, χ2) are the quantities associated with the left and right SO(2) nodes, respectively. Note
that only the phase χ𝔪

2 (but not χ𝔫
1) appears. The explanation is due to the fact that, as summarised in (4.35),

the magnetic flux m3 = 𝔫 associated with the rightmost SO(2) gauge node in theory (4.27) is unconstrained,

hence, when χ2 = −1 and, consequently, 𝔫 = 0, a non-trivial phase factor (−1)
∣∣𝔫−m

(1)
2

∣∣
= (−1)|𝔪| can arise

in the 𝔷 → 0 limit of the index due to the contribution associated with the chiral fields with axial fugacity
𝔞2 = a−1 in (4.29). On the other hand, the magnetic flux m1 = 𝔪 associated with the leftmost SO(2)−2k

gauge node in theory (4.27) is forced to be equal to one of the two USp(4) fluxes, say m
(1)
2 , with the other flux

m
(2)
2 being equal to zero, see (4.35). Hence, upon taking the 𝔷 → 0 limit when χ1 = −1 and, consequently,

𝔪 = 0, the chiral fields with axial fugacity 𝔞1 = a in (4.29) only give rise to trivial phases (−1)
∣∣𝔪−m

(1)
2

∣∣
= 1

and (−1)
∣∣𝔪−m

(2)
2

∣∣
= 1.
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of (4.27) that are projected out upon gauging the charge conjugation symmetry with fugacity
χ1. This implies the following equality:

H (4.49)[Coulomb](ζ̃1 = χ1, χ̃1 = ζ1χ1)
∣∣∣
νb=ν1=(1,0,...,0)

= (4.47)χ1 −
1
2
[
(4.47)χ1=1 + (4.47)χ1=−1

]
ζ1→ζ1χ1

,
(4.50)

where we point out that ζ1 must be redefined as ζ1χ1 in the contribution appearing inside
the square brackets on the second line of the above identity.39 The validity of (4.50) can
be checked for generic values of the fugacities ζ1, ζ2, χ1, and χ2 by expanding both sides
up to a sufficiently high order in t.40

The D5-branch

Finally, the Hilbert series for the D5-branch is

H (4.29)[D5](t; b1,2) =
∮

du1
2πiu1

(
1
8

2∏
α=1

du
(α)
2

2πiu(i)
2

)∮
du3
2πiu3

×
2∏

i=1

∏
s=±1

(
1− (u(i)

2 )2s
) ∏

s1,s2=±1

(
1− (u(1)

2 )s1(u(2)
2 )s2

)

× PE
[
t

∑
s1,s2=±1

{ 2∑
i=1

bs1
1 u

s1
1 (u(i)

2 )s2 + bs2
2 u

s1
3 (u(i)

2 )s2

}

+ t
∑

s1,s2=±1

{ F1∑
ρj=1

(u1)s1(f (ρ1)
1 )s2 +

2∑
i=1

F2∑
ρj=1

(u(i)
2 )s1(f (ρ2)

2 )s2 +
F3∑

ρj=1
(u3)s1(f (ρ3)

3 )s2
}

− 2t2 − t2
{ ∑

s1,s2=±1
(u(1)

2 )s1(u(2)
2 )s2 +

2∑
i=1

∑
s=±1

(u(i)
2 )2s + 2

}]
.

(4.51)

The coefficient of −t2 inside the plethystic exponential accounts for the adjoint chiral multiplets
associated with the three gauge nodes, which have an axial fugacity of a−2. This result
corresponds to the Higgs branch Hilbert series of the theory in (4.29) with the Chern-Simons
levels set to zero (k = 0), which is the 3d N = 4 theory

SO(2) USp(4) SO(2)

F1 F2 F3

(4.52)

39Recall that, without turning on any background flux for the flavour symmetry, (4.49) is a magnetic quiver
for the NS5-branch of theory (4.27) with the SO(2)2k gauge node replaced by O(2)2k, whose Hilbert series is
given by the quantity appearing inside the square brackets in (4.50), divided by two. Note that this quantity
does not depend on χ1, since the corresponding charge conjugation symmetry has been gauged. On the other
hand, the Coulomb branch Hilbert series of (4.49) refined with ζ̃1 and χ̃1 contains a term χ̃𝔪

1 = ζ𝔪1 χ𝔪
1 , even if

ν1 is turned off. The redefinition ζ1 → ζ1χ1 is thus necessary to match the two Hilbert series.
40Actually, for the case χ2 = −1, the validity of (4.50) can be easily shown analytically using the identity∑

𝔪∈ℤ>0

t2(F1+F2+k−2)|𝔪|+|𝔪+1|+|𝔪−1| =
∑

𝔪∈ℤ>0

t2(F1+F2+k−1)|𝔪| .

– 64 –



J
H
E
P
0
7
(
2
0
2
6
)
2
0
3

The refinement with respect to the charge conjugation symmetry fugacities is straightforward.

4.3 Linear quiver with USp(2)k × SO(5)−2k × USp(2) gauge group

We consider the 3d N = 3 theory given by the following quiver diagram:

USp(2)k SO(5)−2k USp(2)

F1 +
1
2

F2 F3 +
1
2

(4.53)

which can be realised in string theory via the brane configuration shown below:

D3

Õ3
−

Õ3
+

Õ3
−

Õ3
+

Õ3
−

NS5 NS5NS5 NS5(1, 2k)

F1 D5 F2 D5 F3 D5

(4.54)

Note that, for F1, F2, F3 = 0, this is the N = 4 theory considered in [4, v1, section 5]. We
analyse this theory by computing its superconformal index. As usual, in order to compute
the various limits of the index we assign axial fugacities to the chiral fields. In 3d N = 2
notation, the field content and fugacity assignments are

USp(2)k SO(5)−2k USp(2)

SO(2F1 + 1) USp(2F2) SO(2F3 + 1)

a1 a2

c1 c2 c3

b1 b2
b3

(4.55)

where the specific assignments of axial fugacities 𝔞i, 𝔟i, and 𝔠i for each branch are summarised
in the following table:

Branch 𝔞1 𝔞2 𝔠1 𝔠2 𝔠3 𝔟1 𝔟2 𝔟3
NS5 a a−1 a−1 a−1 a−1 1 1 a2

D5 a a a a a a−2 a−2 a−2
(4.56)

The index for the theory in (4.55) is then given by

I (4.55) =
1
32

∑
m1,m3∈ℤ

∑
{m

(α)
2 }∈ℤ2

∮
du1
2πiu1

u2κ1m1
1

( 2∏
α=1

du
(α)
2

2πiu(α)
2

(u(α)
2 )2κ2m

(α)
2

)
du3
2πiu3

× ζm
(1)
2 +m

(2)
2 × Zvec Zadj-chir Zmatter ,

(4.57)
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where the Chern-Simons levels are

κ1 = k > 0 , κ2 = −k , (4.58)

and we define the following abbreviated notations:

Zvec = ZSO(5)
vec (x; {u(α)

2 }; {m(α)
2 };χ)ZUSp(2)

vec (x; {u1}; {m1})ZUSp(2)
vec (x; {u3}; {m3}) , (4.59)

Zadj-chir=
∏

s1,s2=±1

∏
1≤α<β≤2

Z1
chir

(
x;𝔟2(uα

2 )s1(uβ
2 )s2 ;s1m

(α)
2 +s2m

(β)
2

)

×
∏

s=±1

2∏
α=1

Z1
chir

(
x;𝔟2(uα

2 )s;sm(α)
2

)
Z1

chir(x;𝔟2;0)2Z1
chir(x;𝔟1;0)

×
∏

s=±1
Z1

chir

(
x;𝔟1u

2s
1 ;2sm1

)
Z1

chir(x;𝔟3;0)
∏

s=±1
Z1

chir

(
x;𝔟3u

2s
3 ;2sm3

)
,

(4.60)

Zmatter =
∏

s1=±1

∏
s2=±1

2∏
α=1

Z
1/2
chir

(
x; 𝔞1u

s1
1 (u(α)

2 )s2 ; s1m1 + s2m
(α)
2

)

×
∏

s=±1
Z

1/2
chir (x; 𝔞1χu

s
1; sm1)

∏
s1=±1

∏
s2=±1

2∏
α=1

Z
1/2
chir

(
x; 𝔞2(u(α)

2 )s1us2
3 ; s1m

(α)
2 + s2m3

)

×
∏

s=±1
Z

1/2
chir (x; 𝔞2χu

s
3; sm3)

∏
s1=±1

∏
s2=±1

F2∏
ρ2=1

2∏
α=1

Z
1/2
chir

(
x; 𝔠2(u(α)

2 )s1(fρ2
2 )s2 ; s1m

(α)
2

)

×
∏

s=±1

F2∏
ρ2=1

Z
1/2
chir (x; 𝔠2χ(f

ρ2
2 )s; 0)

∏
s1=±1

∏
s2=±1

F1∏
ρ1=1

Z
1/2
chir

(
x; 𝔠1(u1)s1(f (ρ1)

1 )s2 ; s1m1
)

×
∏

s=±1

∏
s1=±1

∏
s2=±1

F3∏
ρ3=1

Z
1/2
chir

(
x; 𝔠3(u3)s1(f (ρ3)

3 )s2 ; s1m3
)
,

(4.61)

with

ZSO(5)
vec (x; z;m;χ) = x−|m1|−|m2|−|m1−m2|−|m1+m2|

2∏
j=1

∏
s=±1

(
1− (−1)smjx|mj |zs

jχ
)

×
∏

s1,s2=±1

(
1− (−1)s1m1+s2m2x|s1m1+s2m2|zs1

1 z
s2
2

)
.

(4.62)

The Hilbert series for each branch is obtained as follows:

H (4.55)[branch](t; {wi}, {bi}, {fi}) = lim
𝔷→0

I (4.55)

∣∣∣
(4.56), (2.13)

. (4.63)

To compute the limit, we consider the exponent of 𝔷 in the integrand for each branch. A
non-vanishing result in the 𝔷 → 0 limit sets such exponents to zero, and thus imposes the
following constraints on the magnetic fluxes mi:

Branch Exponent of 𝔷 Condition
NS

∑2
i=1

(
|m1 ±m

(i)
2 | − |m(i)

2 |
)
− |m(1)

2 ±m
(2)
2 | − |m1| m1 = ±m(i)

2 , m
(j≠i)
2 = 0

D5
∑2

i=1(|m1 ±m
(i)
2 |+ |m3 ±m

(i)
2 |)− 2|m(1)

2 ±m
(2)
2 | m1 = m

(1)
2 = m

(2)
2 = m3 = 0

−2|m3| − 2|m1|+ 2F1|m1|+ 2F2
∑2

i=1(|m
(1)
2 |)

+2F3|m3| − 3
∑2

i=1 |m
(i)
2 |

(4.64)

where |mi ±mj | = |mi +mj |+ |mi −mj |, and, in the first case, there is no restriction on m3.
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The NS5-branch

The condition obtained in table (4.64) for the NS branch limit of the index is

m1 = ±m(i)
2 , m

(j ̸=i)
2 = 0 , i, j = 1, 2 . (4.65)

Using the Weyl symmetry of the SO(5) gauge group, we can restrict our attention to the option
m1 = ±m(1)

2 ,m
(2)
2 = 0. Taking the limit (4.63), the Hilbert series receives contributions

from the following sets of fluxes:

1. m1 = 0 , m2 = (0, 0) , m3 = 0 ,

2. m1 = 𝔪 , m2 = (±𝔪, 0) , m3 = 0 ,

3. m1 = 𝔪 , m2 = (±𝔪, 0) , m3 = 𝔫 ,

4. m1 = 0 , m2 = (0, 0) , m3 = 𝔫 ,

with 𝔪,𝔫 ̸= 0. Note that the contributions from the + and − signs in the second and third
cases are equal, so the total Hilbert series is given by

H (4.55)[NS5](t; {wi}; {bi}) = Hm1=0,m2=(0,0),m3=0 + 2×Hm1=𝔪,m2=(𝔪,0),m3=0

+ 2×Hm1=𝔪,m2=(𝔪,0),m3=𝔫 +Hm1=0,m2=(0,0),m3=𝔫 .
(4.66)

For the fluxes m1 = 0,m2 = (0, 0),m3 = 0, all the gauge groups are unbroken. In this
case, the limit of the index is

Hm1=0,m2=(0,0),m3=0=
1
32 t

2∆(m1=0, m2=(0,0),m3=0)×

×
∮

du1
2πiu1

∮
du3
2πiu3

∮ 2∏
α=1

du
(α)
2

2πiu(α)
2

∏
s=±1

[
1−(u1)2s

] ∏
s=±1

[
1−(u3)2s

]
×

∏
s1,s2=±1

[
1−(u(1)

2 )s1(u(2)
2 )s2

] ∏
s=±1

[
1−χ(u(1)

2 )s
] ∏

s=±1

[
1−χ(u(2)

2 )s
]

×PE

t2(u2
3+1+ 1

u2
3

)
+t

χ ∑
s=±1

(u1)s+
2∑

i=1

∑
s1,s2=±1

(u1)s1(u(i)
2 )s2

 ,
(4.67)

where the dimension of the monopole operators is given by

∆(m1,m
(1)
2 ,m

(2)
2 ,m3)

= 1
2

(
−2|m1| − 2|m3|+

2∑
i=1

∑
s=±1

(
|m3 + sm

(i)
2 |+ |m1 + sm

(i)
2 |
)
− 2

2∑
i=1

(
|m(i)

2 |
)

− 2|m(1)
2 −m

(2)
2 | − 2|m(1)

2 +m
(2)
2 |+ 2F1|m1|+ 2F2

2∑
i=1

|m(i)
2 |+ 2F3|m3|

)
.

(4.68)

The contribution gets simplified to

Hm1=0,m2=(0,0),m3=0 = PUSp(2)(t; 0)× PE[t4] = 1
(1− t4)2 , (4.69)
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where PUSp(2)(t; 0) = PE[t4] = 1
1−t4 is the contribution of tr(ϕ2), where ϕ is the adjoint chiral

field in the vector multiplet of the rightmost USp(2) gauge group, and the other PE[t4] = 1
1−t4

factor is the contribution of the gauge invariant quantity ϵα1α2ϵα3α4δi1i3δi2i4X
i1
α1X

i2
α2X

i3
α3X

i4
α4 ,

where Xi
α is the bifundamental chiral field in SU(2)k × SO(5)−2k with i = 1, 2, . . . , 5 and

α = 1, 2.
For m1 = 0,m2 = (0, 0),m3 = 𝔫, the SO(5) and the first USp(2) gauge group are

unbroken, while the last USp(2) group is broken to U(1), and the corresponding limit of
the index is

Hm1=0,m2=(0,0),m3=𝔫 = 1
32

∑
𝔫∈ℤ ̸=0

t2∆(m1=0, m2=(0,0), m3=𝔫) χ|𝔫|

×
∮

du1
2πiu1

∮
du3
2πiu3

∮ 2∏
α=1

du
(α)
2

2πiu(α)
2

∏
s=±1

[
1− (u1)2s

]
×

∏
s1,s2=±1

[
1− (u(1)

2 )s1(u(2)
2 )s2

] ∏
s=±1

[
1− χ(u(1)

2 )s
] ∏

s=±1

[
1− χ(u(2)

2 )s
]

× PE

t2 + t

χ ∑
s=±1

(u1)s +
2∑

i=1

∑
s1,s2=±1

(u1)s1(u(i)
2 )s2

 ,
(4.70)

where, in this case, the dimension of the monopole operator simplifies to

∆(m1 = 0, m2 = (0, 0), m3 = 𝔫) = (F3 + 1)|𝔫| . (4.71)

As above, we have

Hm1=0,m2=(0,0),m3=𝔫 =
∑
𝔫>0

t2(1+F3)|𝔫|)χ𝔫

(1− t2)(1− t4) . (4.72)

For m1 = 𝔪,m2 = (𝔪, 0),m3 = 0, the SO(5) and the first USp(2) gauge group are broken,
while the last USp(2) group is unbroken, and the corresponding contribution to the Hilbert
series is41

Hm1=𝔪,m2=(𝔪,0),m3=0

= 1
16

∑
𝔪∈ℤ ̸=0

t2∆(m1=𝔪, m2=(𝔪,0), m3=0)ζ𝔪χ|𝔪|
∮

du1
2πiu1

u2k1𝔪
1

∮
du3
2πiu3

×
∮ ( 2∏

α=1

du
(α)
2

2πiu(α)
2

(u(α)
2 )2κ2m

(α)
2

)
m2=(𝔪,0)

∏
s=±1

[
1− χ(u(2)

2 )s
]

×
∏

s=±1

[
1− (u3)2s

]
PE

t2 (u2
3 + 1 + 1

u2
3

)
+ t

 ∑
s=±1

us
1(u

(1)
2 )−s

 ,

(4.73)

where, in this case, we have

∆(m1 = 𝔪, m2 = (𝔪, 0), m3 = 0) = (−1 + F1 + F2)|𝔪| . (4.74)
41Note that we have an overall factor of 1

16 here, in contrast to that of (4.57) which is 1
32 . This is because

the results for the allowed choices m2 = (𝔪, 0) and (0,𝔪) are equal.
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As above, we find

Hm1=𝔪,m2=(𝔪,0),m3=0 = 1
2
∑
𝔪>0

t2(−1+F1+F2+k)|𝔪|)ζ𝔪χ𝔪

(1− t2)(1− t4) . (4.75)

For m1 = 𝔪,m2 = (𝔪, 0),m3 = 𝔫, all gauge groups are broken to subgroups, and the
corresponding limit of the index is

Hm1=𝔪,m2=(𝔪,0),m3=𝔫=
1
16

∑
𝔫∈ℤ ̸=0

∑
𝔪∈ℤ ̸=0

t2∆(m1=𝔪, m2=(𝔪,0),m3=𝔫)ζ𝔪χ|𝔪|+|𝔫|

×
∮

du1
2πiu1

u2k1𝔪
1

∮
du3
2πiu3

∮ ( 2∏
α=1

du
(α)
2

2πiu(α)
2

(u(α)
2 )2κ2m

(α)
2

)
m2=(𝔪,0)

×
∏

s=±1

[
1−χ(u(2)

2 )s
]
PE

t2+t
 ∑

s=±1
us

1(u
(1)
2 )−s

 ,
(4.76)

where, in this case, the monopole dimension reduces to

∆(m1 = 𝔪, m2 = (𝔪, 0), m3 = 𝔫)

= 1
2(−4|𝔪|+ |𝔪− 𝔫|+ |𝔪+ 𝔫|+ 2(F1 + F2)|𝔪|+ 2F3|𝔫|) .

(4.77)

As above, we have

Hm1=𝔪,m2=(𝔪,0),m3=𝔫=
1
2
∑

𝔪,𝔫>0

t2((−2+F1+F2+k)|𝔪|+ 1
2 |𝔪−𝔫|+ 1

2 |𝔪+𝔫|+F3|𝔫|)ζ𝔪χ𝔪+𝔫

(1−t2)2 . (4.78)

Summing the four contributions as indicated in (4.66), we obtain

H (4.55)[NS5](t; {wi}, {bi}; ζ, χ)

=
∑

𝔪,𝔫>0

t2∆̂(𝔪,𝔫)ζ𝔪χ|𝔪|+|𝔫|

(1− t2)2 +
∑
𝔪>0

t2∆̂(𝔪,0)ζ𝔪χ|𝔪|

(1− t2)(1− t4)

+
∑
𝔫>0

t2∆̂(0,𝔫)χ|𝔫|

(1− t2)(1− t4) +
1

(1− t4)2

=
∑

𝔪,𝔫≥0
t2∆̂(𝔪,𝔫)ζ𝔪χ|𝔪|+|𝔫|PUSp(2)(t;𝔪)PUSp(2)(t;𝔫) ,

(4.79)

with

∆̂(𝔪,𝔫) = (−2 + F1 + F2 + k)|𝔪|+ 1
2 |𝔪− 𝔫|+ 1

2 |𝔪+ 𝔫|+ F3|𝔫| , (4.80)

where we highlight in orange the presence of factors of 1
2 in the monopole dimension. This

turns out to be equal to the Coulomb branch Hilbert series of the following quiver:42

USp(2) USp(2)SO(2k + 2F1 + 2F2) SO(2F3 + 4)

1
2 (4.81)

42In this quiver, the magnetic symmetry associated with ζ is not manifest. We shall henceforth set it to
unity in the subsequent discussion.
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where the line in orange with label 1
2 corresponds to the half-hypermultiplet in the repre-

sentation [2;2] of USp(2)×USp(2).43 This is in accordance with the factors of 1
2 in (4.80).

For F1 = F2 = F3 = 0 this matches the magnetic quiver proposed in [4, v1, (5.4)] with
M = N = L = 1. Note that quiver (4.81) can be rewritten as

USp(2) USp(2)SO(2k + 2F1 + 2F2 − 1) SO(2F3 + 3)

SO(1) SO(1)

1
2 (4.82)

Gauging the charge conjugation symmetry associated with χ, whose Hilbert series is
1
2
∑

χ=±1H (4.55)[NS5](t; {wi}, {bi}; ζ = 1, χ), corresponds to the Coulomb branch of the
following theory:

USp(2) USp(2)

O(1)

SO(2k + 2F1 + 2F2 − 1) SO(2F3 + 3)

1
2 (4.83)

Further comments on the magnetic quiver. Following the initial release of this work,
an updated version of ref. [4, v2] appeared on the arXiv. In this revision, the discussion
regarding theory (4.53) was relocated to section 4.2.2. Replacing the previous proposal (4.81),
a new candidate for the magnetic quiver capturing the NS5-branch of (4.53) is presented
in [4, v2, (4.30)]:44

SO(3) USp(2)USp(2k + 2F1 + 2F2 − 2) SO(2F3 + 3) (4.84)

The Coulomb branch Hilbert series of this quiver matches that of (4.79),45 provided that the
magnetic and charge conjugation fugacities, ζ̃ and χ̃, satisfy the identification ζ̃ = ζχ and

43This should be contrasted with the line connecting two USp(2k) gauge group in quiver [35, (2.29)] (see
also [49, section 4.2], [34, figure 28], and [50, figure 6]), whose Higgs branch describes the moduli space
of instantons of SO(8) on ℂ2/ℤ2. In that reference, such a line denotes the full hypermultiplet in the
representation [2k; 2k] of USp(2k) × USp(2k). In the case of USp(2) × USp(2) with fluxes 𝔪 and 𝔫, such a
full hypermultiplet contributes to the dimension of the monopole formula as |𝔪− 𝔫| + |𝔪 + 𝔫|, without a
factor of 1/2.

44We note that [4, v2] explicitly considers the case F1 = F2 = F3 = 0.
45Observe that the SO(3) vector multiplet contributes − |𝔪| to the monopole dimension in (4.80), whereas

the USp(2) vector multiplet contributes −2 |𝔪|. However, accounting for the differing contributions from the
hypermultiplets in (4.81) and (4.84), the total monopole dimension of the latter equals that of the former,
namely (4.80).
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χ̃ = χ.46 ,47 A key advantage of this description is that the magnetic fugacity associated
with ζ becomes manifest in (4.84).

The D5-branch

Finally, the Hilbert series for the D5-branch is

H (4.55)[D5](t;b1,2,3)=
1
32

∮
du1
2πiu1

( 2∏
α=1

du
(α)
2

2πiu(i)
2

)∮
du3
2πiu3

×
2∏

i=1

∏
s=±1

(
1−χ(u(i)

2 )s
) ∏

s1,s2=±1

(
1−(u(1)

2 )s1(u(2)
2 )s2

) ∏
s=±1

(1−u2s
1 )(1↔ 3)

×PE
[
t

∑
s1,s2=±1

{ 2∑
i=1

us1
1 (u(i)

2 )s2+us1
3 (u(i)

2 )s2

}
+2tχ

∑
s=±1

(us
1+us

3)+tχ
F2∑

ρj=1

∑
s2=±1

(f (ρ2)
2 )s2

< +t
∑

s1,s2=±1

{ F1∑
ρj=1

(u1)s1(f (ρ1)
1 )s2+(1↔ 3)+

2∑
i=1

F2∑
ρj=1

(u(i)
2 )s1(f (ρ2)

2 )s2
}

−t2
(
1+u−2

1 +u2
1

)
−(1↔ 3)−t2

( ∑
s1,s2=±1

(u(1)
2 )s1(u(2)

2 )s2+χ
2∑

i=1

∑
s=±1

(u(i)
2 )s+2

)]
.

(4.85)

The coefficient of −t2 inside the plethystic exponential accounts for the adjoint chirals in the
vector multiplets of the three gauge nodes, which have an axial fugacity of a−2. This result
corresponds to the Higgs branch Hilbert series of the theory in (4.55) with the Chern-Simons
levels set to zero (k = 0), which is the 3d N = 4 theory

USp(2) SO(5) USp(2)

F1 +
1
2

F2 F3 +
1
2

(4.86)

Gauging charge conjugation symmetry by summing χ over ±1 and dividing the result by
two amounts to replacing SO(5) by O(5)+.

5 Geometric branch

In this section, we describe how to generalise the prescription to study the geometric branches
of affine-shaped quivers.

46With these assignments, the fugacities appear in the Coulomb branch Hilbert series as ζ̃𝔪χ̃𝔫 = ζ𝔪χ𝔪+𝔫,
in agreement with (4.79).

47In [4, v2, (4.31)], the authors instead consider the map ζ̃ = ζχ, χ̃ = s, and χ̃F = sχ, where χ̃F is the
charge conjugation fugacity associated with the SO(2F3 + 3) flavour node of (4.84). These fugacities contribute
to the Coulomb branch Hilbert series as ζ̃𝔪χ̃𝔫χ̃𝔫

F = ζ𝔪χ𝔪+𝔫s2𝔫. Since 𝔫 is an integer and s is a ℤ2 fugacity,
this result remains consistent with (4.79).
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5.1 Circular Abelian quivers: affine AN quivers

Let us consider the following theory:

1k1

1k2

1k31k4

1k5

1kn f1

f2

f3f4

f5

fn

(5.1)

where we write

F = f1 + f2 + · · ·+ fn , (5.2)

and assume that
n∑

i=1
ki = 0 . (5.3)

Let us denote the chiral multiplets in each bifundamental hypermultiplet Si between node
U(1)ki

and U(1)ki+1 by (Ai, Bi), and those in each fundamental hypermultiplet Qi of the
node U(1)ki

by (Qi, Q̃i). The superpotential is

W =
n∑

i=1
ϕi(AiBi −Bi−1Ai−1 +QiQ̃i) +

1
2

n∑
i=1

kiϕ
2
i . (5.4)

This theory was studied in [33], and the special case in which fi = 0 for all i = 1, . . . , n was
studied in [51]. Since ϕi are massive, we can integrate them out and obtain

Weff =
n∑

i=1

2π
ki

(AiBi −Bi−1Ai−1 +QiQ̃i)2 . (5.5)

The index of this theory is given by

I (5.1)(x; {wi}; {vi}; {yi,ℓ})

=
∑

m1,...,mn∈ℤ

∮
du1
2πu1

. . .
dun

2πun

∏
i=1

ukimi
i wmi

i

×
∏

s=±1

n∏
i=1

Z
1/2
chir

(
x; (viuiu

−1
i+1)

s; s(mi −mi+1)
) fi∏

ℓ=1
Z

1/2
chir

(
x; (y−1

i,ℓ ui)s; smi

)
,

(5.6)

where the contribution of a chiral multiplet with R-charge R is given by (2.4).
Theory (5.1) can be realised on D3-brane on a circle along with various fivebranes. There

are several branches of the moduli space that can be obtained from the limit of the index,
as explained in the preceding sections. In the following, we will describe another branch
of the moduli space, known as the geometric branch.
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Geometric branch

The geometric branch is obtained by considering

ϕi = ϕ , for all i = 1, . . . , n . (5.7)

For simplicity, we set fi = 0 for all i = 1, . . . , n for now. We will discuss the case in which
some or all fi are non-zero later. We also assume that Ai, Bi are non-zero on this branch.
Varying Weff with respect to Ai (or Bi) and dividing by Bi (or Ai), we obtain the F -terms:

(k−1
i + k−1

i+1)AiBi − k−1
i+1Ai+1Bi+1 − k−1

i Ai−1Bi−1 = 0 . (5.8)

As pointed out in [51, (2.36), (2.6)], the F -terms and D-terms corresponding to (5.8) can
be written together as48

0 =
n∑

j=1
MijS†

jσαSj , (5.9)

where σα are the Pauli matrices, and

Mij =



k−1
i + k−1

i+1 if j = i

−k−1
i+1 if j = i+ 1

−k−1
i if j = i− 1

0 otherwise

. (5.10)

As pointed out in [51, (2.36)], we can also write Mij as Mij =
∑

a k
−1
a XaiXaj , where the

index a runs over the nodes and the index i over the hypermultiplets, and Xai is the charge
matrix such that has value 1 if Ai is ingoing to the node a, −1 if it is outgoing from it, and 0
otherwise. The rank of the matrix M is n− 2, provided that the sum of the Chern-Simons
levels is zero [51] as in (5.3). Indeed,

Mβt = 0 , with β =
(
1 1 · · · 1
p1 p2 · · · pn

)
, (5.11)

where pi =
∑i

j=1 kj , so that kj = pj − pj−1. In fact, (1, p1), (1, p2), . . . , (1, pn) are the
fivebranes involving in the brane realisation of theory (5.1) with fi = 0. It was shown in [51]
that the geometric branch is isomorphic to the hypertoric manifold

ℍn/// ker(β) . (5.12)

The authors of [33] generalised this result to the case in which some or all of the fi are
non-zero. In the corresponding brane configurations, there are F D5-branes partitioned as
in (5.2). In which case, the quantum corrected geometric branch is described by

ℍn+1/// ker(β̃) , with β̃ =
(
1 1 · · · 1 0
p1 p2 · · · pn F

)
. (5.13)

The set of holomorphic functions on (5.13) contains chiral fields Ai and Bi appropriately
dressed with such monopole operators.

48Here, our matrix M corresponds to Mgen in [51, (2.36)].
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The Hilbert series as a limit of the index

The Hilbert series of the geometric branch of this quiver can be computed from the limit of
the index of the theory with the following axial fugacity assignments:

1k1

1k2

1k31k4

1k5

1kn f1

f2

f3f4

f5

fn

a−2

a−2a−2

a−2

a

a

a

a

a

a

a−1

a−1

a−1a−1

a−1

a−1

(5.14)

where the quiver is depicted in the 3d N = 2 notation, and each bidirectional arrow between
the circular nodes denotes the chiral multiplets Ai and Bi, whereas that between a circular
node and a square node represents Qi and Q̃i.

The corresponding index (5.6) is

I (5.14)(x; a;w, v)

=
[
Z1

chir

(
x; a−2; 0

)]n−2 ∑
m∈ℤ

∮
du1
2πu1

· · · dun

2πun

∏
i=1

ukim
i wm

i

×
∏

s=±1

n∏
i=1

Z
1/2
chir

(
x; a(buiu

−1
i+1)

s; s(mi −mi+1)
) fi∏

ℓ=1
Z

1/2
chir

(
x; a−1(ui)s; smi

)
.

(5.15)

where we identify un+1 ≡ u1. The factor
[
Z1

chir
(
x; a−2; 0

)]n−2 is the contribution of the
Lagrange multipliers (or “flipping fields”) that impose the (n − 2) independent relations
0 =

∑n
j=1 MijS†

jσαSj , where we recall that (n − 2) is equal to the rank of the matrix M.
We denote these (n− 2) Lagrange multipliers in (5.14) by the loops at every circular node,
except at U(1)k1 and U(1)kn .

Let us substitute (2.13) in the index (5.15). The power of 𝔷 is

|m1 −m2|+ |m2 −m3|+ . . .+ |mn−1 −mn| . (5.16)

To obtain a finite result in the limit 𝔷 → 0 (while keeping t fixed), the above expression must
be zero. This puts the following constraint on the magnetic fluxes:

m1 = m2 = . . . = mn ≡ m ∈ ℤ , (5.17)

in agreement with (5.7). The dimension of the monopole operator is

∆(m1, . . . ,mn)

= 1
2

(
|m1 −m2|+ |m2 −m3|+ . . .+ |mn−1 −mn|+

n∑
i=1

fi|mi|
)
,

(5.18)
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where, with the flux configuration (5.17), we have

∆(m, . . . ,m) = F |m| . (5.19)

In the limit 𝔷 → 0, the index becomes the following Hilbert series:

H(t, v, w) = PE
[
−(n− 2)t2

] ∑
m∈ℤ

wmtF |m|

×
(

n∏
i=1

∮
dui

2πiui
ukim

i

)
PE

[
t

n∑
i=1

(
b
ui

ui+1
+ b−1ui+1

ui

)]
,

(5.20)

where w =
∏n

j=1wj is the fugacity for the diagonal combination of the topological symmetries
associated to each gauge group. This is in agreement with [18, (6.18)]. Note that b and
w correspond to the two Cartan elements of the isometry of the geometric branch. The
terms in the plethystic exponential in the second line are the contributions of Ai and Bi, and
their associated flavour fugacities are v and v−1. The factor tF |m| is the dimension of the
monopole operator given by (5.19). The factor PE

[
−(n− 2)t2

]
corresponds to the (n− 2)

independent F -terms given by the rank of the matrix M discussed above. Observe that the
chiral fields Qi and Q̃i do not appear in the chiral ring. Only the sum F of the number of
flavours contributes to the dimension of the monopole operators.

When ki = 0 for all i = 1, . . . , n, the theory has a manifest N = 4 supersymmetry, and
its geometric branch is simply ℂ2/ℤn × ℂ2/ℤF , since the theory can be realised on a single
M2-brane probing such a space in this case [52]. Other explicit examples can be found in [18].

5.2 Comments on general non-Abelian circular quivers

In the previous subsection, we have considered the case where all gauge groups of (5.14) are
Abelian. We now analyse the theories with non-Abelian gauge groups.

Nk1

Nk2

Nk3Nk4

Nk5

Nkn f1

f2

f3f4

f5

fn

(5.21)

To begin, we consider the special case where all the CS-levels are set to zero, namely
ki = 0 ∀ i = 1, . . . , n, and take the values fo the fi parameters to be generic as long as
F =

∑n
i=1 fi ̸= 0 (the case of F = 0 is commented in [53]). This is the case of a 3d N = 4

theory whose brane setup consist of only NS5 and D5 branes. This provides a simpler setup
to study the problem and obtain a result that, as we will comment later in the subsection,
holds also for generic ki levels.
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We focus on the case where all gauge groups are U(2). The index reads

IN=2(x; {wi}, {vi}, {yi,l})

= 1
(2!)n

∑
{m

(α)
1 },...,{m

(α)
n }∈ℤ2

∮ 2∏
α=1

du
(α)
1

2πiu(α)
1

. . .
du

(α)
n

2πiu(α)
n

n∏
i=1

w

∑2
α=1 m

(α)
i

i

1
[Z1

chir(x; a−2, 0)]2

×
n∏

i=1
ZU(2)

vec (x; {u(α)
i }; {m(α)

i })
2∏

α,β=1
Z1

chir(x; a−2u
(α)
i (u(β)

i )−1;m(α)
i −m

(β)
i )

×
∏

s=±1

n∏
i=1

2∏
α,β=1

Z
1/2
chir

(
x; a(bu(α)

i )s(u(β)
i+1)

−s; sm(α)
i − sm

(β)
i+1

)

×
∏

s=±1

n∏
i=1

F∏
ρ=1

2∏
α=1

Z
1/2
chir(x; a

−1(f−1
ρ uα

i )s; sm(α)
i ) ,

(5.22)

with periodic parameters such that un+1 ≡ u1 and mn+1 ≡ m1. Notice that, in the second
line, we divide by the contribution of two chiral multiplets with axial charge −2. This
is conventional and is part of the prescription that we propose to compute the geometric
branch. The computation that we will present will depend very little on this factor. It is
also part of the prescription that we assign axial charge −1 to all the adjoint chiral fields
and flavours while we assign charge +1 to each bifundamental. This choice is instead crucial
for the computation that will follow.

The geometric branch is expected to arise as the limit of the index

H (5.22)[geom](t) = lim
𝔷→0

I (5.22)

∣∣∣
(2.13)

. (5.23)

In the limit of 𝔷 → 0 only the flux sectors carrying zero power of 𝔷 contribute. The power
of 𝔷 reads

−
n∑

i=1

2∑
α>β

|m(α)
i −m

(β)
i |+

n∑
i=1

2∑
α,β=1

|m(α)
i −m

(β)
i+1| , (5.24)

which is a non-negative quantity for any set of fluxes mi and is zero if and only if m1 =
. . . = mn ≡ m.49 Since all the magnetic fluxes are identified, the limit does not depend
on the FI parameters of all the nodes but only on their diagonal combination w =

∏n
i=1wi.

The limit yields

H (5.22)(t;w; b) =
∑

m1>m2

tF (|m1|+|m2|)wm1+m2A1(t, b)2 +
∑
m

t2F |m|w2mA2(t, b)
1− t2

, (5.25)

where the first contribution comes from the situation where m(1) = m1 ̸= m(2) = m2, thus
each U(2) gauge group is broken to U(1)×U(1), while the second contribution comes from
the case m(1) = m(2) = m, which preserves each U(2) gauge group. In (5.25), we defined

49Indeed the fluxes can be equal up to permutations of their components. However, in the following, we
pick a fixed Weyl chamber such that m

(α)
i ≥ m

(β)
i if α < β for any i = 1, . . . , n. Therefore, we do not need to

take into account permutations in the computation that follows.
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the contribution

AN (t, b) = 1
(N !)n

∮ N∏
α=1

du
(α)
1

2πiu(α)
1

· · · du
(α)
n

2πiu(α)
n

∏
1≤α ̸=β≤N

n∏
i=1

(
1− u

(α)
i

u
(β)
i

)

× PE

t ∑
s=±1

N∑
α,β=1

n∑
i=1

b

 u(α)
i

u
(β)
i+1

s

− t2

−1 +
n∑

i=1

N∑
α,β=1

u
(α)
i

u
(β)
i

 ,
(5.26)

in a such way that A1(t, b) is the Hilbert series of ℂ2/ℤn:

A1(t, b) = Hℂ2/ℤn
(t, b) = PE[t2 + (b+ b−1)tn − t2n] . (5.27)

The term −1, highlighted in red, deserves some explanations as follows. First of all, its
presence renders A1(t, b) the Hilbert series of ℂ2/ℤn, as it should be for the Higgs branch
of a Kronheimer-Nakajima quiver. Secondly, upon substituting (5.26) into (5.25), we see
that each term in the latter contains the factor PE

[
2 t2

]
= 1

(1−t2)2 , which is in agreement
with the limit of the term 1/[Z1

chir(x; a−2, 0)]2 in (5.22).
For N > 1 the quantity AN is related to A1. For example, the relations enjoyed by

A2,3 are given by

A2(t, b) =
1

2(1− t2) ×
[
(1− t2)2A1(t, b)2 + (1− t4)×A1(t2, b2)

]
,

A3(t, b) =
1

6(1− t2)
[
(1− t2)3 ×A1(t, b)3 + 2(1− t4)(1− t2)×A1(t, b)A1(t2, b2)

+ 3(1− t6)×A1(t3, b3)
]
.

(5.28)

These relations, and those for higher N , have been found first in [53] (see the analogous
relations also in [54, (2.1), (2.5)]), from the analysis of the F = 0 case.

Going back to (5.25), we perform a couple of manipulations. For the first term, we split
the sum into two independent summations over m1 and m2, which requires to introduce the
missing contributions of m1 = m2 in the sum. By doing that we are led to

H (5.22)(t;w; b) =
1
2(1− t2)2

(
1

1− t2

∑
m

tF |m|wm

)2

A1(t, b)2

+
∑
m

t2F |m|w2m
[
A2(t, b)
1− t2

− 1
2A1(t, b)2

]
,

(5.29)

where, in the first line, we also multiplied and divided by (1 − t2)2, so that we recognise
that the sum yields the Hilbert series of ℂ2/ℤF , namely

Hℂ2/ℤF
(t;w) = 1

1− t2

∑
m

tF |m|wm = PE
[
t2 + (w + w−1)tF − t2F

]
. (5.30)
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We then use the relation for A2 in (5.28) to get

H (5.22)(t;w; b)

= 1
2(1− t2)2

(
1

1− t2

∑
m

tF |m|wm

)2

A1(t, b)2

+
∑
m

1
1− t4

t2F |m|w2m

[
(1− t2)2A1(t, b)2 + (1− t4)A1(t2, b2)

2(1− t2)2 − 1
2A1(t, b)2

]

= 1
2(1− t2)2

(
1

1− t2

∑
m

tF |m|wm

)2

A1(t, b)2 + 1
2(1− t4)2∑

m

1
1− t4

t2F |m|w2mA1(t2, b2)

= 1
2(1− t2)2

[
Hℂ2/ℤF

(t, w)2Hℂ2/ℤn
(t, b)2 + (1 + t2)2

(1− t2)2Hℂ2/ℤF
(t2, w2)Hℂ2/ℤn

(t2, b2)
]
.

(5.31)

We then recognise the contribution of the Hilbert series of ℂ2/ℤn × ℂ2/ℤF to write

H (5.22)(t;w; b)

= 1
2(1− t2)2

[
Hℂ2/ℤn×ℂ2/ℤF

(t;w; b)2 + (1 + t2)2

(1− t2)2Hℂ2/ℤn×ℂ2/ℤF
(t2;w2; b2)

]
.

(5.32)

Notice that the factor (1+t2)2

(1−t2)2 = PE[4t2 − 2t4] is a deviation from the formula being equal to
the symmetric product of two ℂ2/ℤn × ℂ2/ℤF spaces (up to a prefactor), each of which is
the geometric branch in the Abelian case. In particular, the formula for the Hilbert series
for such a symmetric product is

HSym2(ℂ2/ℤn×ℂ2/ℤF )(t;w; b)

= 1
2
[
Hℂ2/ℤn×ℂ2/ℤF

(t;w; b)2 +Hℂ2/ℤn×ℂ2/ℤF
(t2;w2; b2)

]
.

(5.33)

Using relations of the form in (5.28), it is quite straightforward to generalise this result
to the case of U(N) gauge groups to find a similar deviation from the symmetric product
of N ℂ2/ℤn × ℂ2/ℤF spaces.

To conclude, we now comment on the generalisation of this result for the case of circular
quivers with non-zero CS levels, thus to brane setups including other type of fivebranes
besides D5 and NS5. The steps leading to (5.25) are identical, the difference is that the AN

contribution now depends on the values of the magnetic fluxes due to the presence of CS
levels. This makes the computation quite more difficult and we will not attempt to carry it
out. However, we propose that the formula in (5.32) should hold for any quiver by replacing
ℂ2/ℤn × ℂ2/ℤF with the geometric branch of the Abelian case:

HN=2(t;w; b) =
1
2(1− t2)2

[
HN=1(t;w; b)2 + (1 + t2)2

(1− t2)2HN=1(t2;w2; b2)
]
. (5.34)

A direct check of this proposal is given in the example discussed below.

5.2.1 Circular quiver (3.125)

In this subsection, we consider the geometric branch of the circular quiver (3.125) with N = 2
and k = F = 1. This can be computed in a similar way to (3.126) and (3.127), but with
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the following modifications. First of all, the factor
2∏

i=1

2∏
α,β=1

Z1
chir

(
x; 𝔟iu

α
i (u

β
i )

−1;m(α)
i −m

(β)
i

)
(5.35)

in (3.126) should be further divided by Z1
chir (x; 𝔟i; 0)2 to remove the trace of the adjoint chiral

multiplet for each gauge group. Secondly, the parameters 𝔟i should be taken as 𝔟i = a−2

(with i = 1, 2) for the geometric branch, whereas the other parameters are taken as the last
line of (3.127). These modifications are parts of the prescription and are necessary to obtain
the limit of the index that contains a contribution from the global symmetry current 𝔰𝔲(3),
which is a global symmetry for the theory corresponding to N0,1,0.

On the geometric branch, the magnetic fluxes of each gauge node are equal and take
the form

m1 = m2 = (𝔪,𝔫) , (5.36)

where, as usual, we can use the U(2) Weyl group to set 𝔪 ≥ 𝔫. The limit of the index
receives two contributions, one from 𝔪 = 𝔫 and the other from 𝔪 > 𝔫:

H (3.125)N=2,k=F =1
[geom] = H𝔪=𝔫 +H𝔪>𝔫 . (5.37)

Similarly to (3.26), for fluxes with 𝔪 = 𝔫, the limit of the index is

H𝔪=𝔫 = 1
22

∑
𝔪∈ℤ

∮ ( 2∏
i=1

2∏
α=1

du
(α)
i

2πiu(α)
i

(u(α)
i )κim

(α)
i w

m
(α)
i

i

)
m1=m2=(𝔪,𝔪)

t2F |m|

×
∏

1≤α ̸=β≤2

2∏
i=1

(
1− u

(α)
i

u
(β)
i

)
PE

t ∑
s,σ=±1

2∑
α,β=1

(
bσ u

(α)
1

u
(β)
2

)s

− t2

−2 +
2∑

i=1

2∑
α,β=1

u
(α)
i

u
(β)
i

 ,
(5.38)

where κ1 = −κ2 = k > 0, and the term −2 in takes into account of the tracelessness of
the adjoint chiral multiplet for each gauge group. This is in agreement with the discussion
below (5.26). The power 2F |m| of t in the first line comes from two times (3.136) with
𝔪 = 𝔫. For reference, we report the result for the unrefined Hilbert series for H𝔪=𝔫 (with
b = w1 = w2 = 1) as follows:

1 + 4t2 + 18t4 + 46t6 + 109t8 + . . . . (5.39)

For fluxes with 𝔪 > 𝔫, similarly to (3.28), the limit of the index is

H𝔪>𝔫 =
∑

𝔪>𝔫∈ℤ
H(𝔪)H(𝔫) tF (|𝔪|+|𝔫|)

=
∑
𝔪>𝔫

(w1w2)𝔪+𝔫

(1− t2)2

∞∑
p1,p2=0

[k|𝔪|+ 2p1]b[k|𝔫|+ 2p2]b t(k+F )(|𝔪|+|𝔫|)+2p1+2p2 ,
(5.40)

where H(m) is the integral part of the N = 1 case, given in the third line of (3.132) with
w = w1w2:

H(m) = (w1w2)m

1− t2

∞∑
p=0

[k|m|+ 2p]b tk|m|+2p , (5.41)
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and the power F (|𝔪|+ |𝔫|) of t in the first line comes from two times (3.136) with 𝔪 > 𝔫.
For reference, we report the result for H𝔪>𝔫 (with b = w1 = w2 = 1) as follows:

4t2 + 30t4 + 132t6 + 409t8 + . . . . (5.42)

Summing (5.38) and (5.40), we obtain the following result written in terms of the character
of 𝔰𝔲(3) representations as in (3.133), with the subscripts b and w omitted for brevity:

H (3.125)[geom](t; b;w) = 1 + [1, 1]t2 + (2[2, 2] + 2− [1, 1])t4

+ (2[3, 3] + [4, 1] + [1, 4]− [3, 0]− [0, 3])t6 + . . . ,
(5.43)

where we use the fugacity map as stated in footnote 24. Due to the fact that this result
contains terms with negative coefficients, the limit of the index in this case cannot be
interpreted as a Hilbert series, since the latter counts gauge invariant quantities parametrising
the moduli space. Note that we can also derive (5.43) directly from formula (5.34) simply
by taking HN=1(t;w; b) to be (3.133). This confirms the consistency between the analysis
in this subsection and that in the previous one.

It is instructive to compare this with the Hilbert series of the second symmetric power
of the closure of the minimal nilpotent orbit of 𝔰𝔲(3), which is the expected geometric
branch of this theory:

H
[
Sym2(min 𝔰𝔲(3))

]
(t; b;w) = 1

2

[ ∞∑
n=0

[n, n]b,wt
2n +

∞∑
n=0

[n, n]b2,w2t4n

]
= 1 + [1, 1]t2 + (2[2, 2] + [1, 1] + 1)t4

+ (2[3, 3] + [4, 1] + [1, 4] + 2[2, 2] + [3, 0] + [0, 3] + [1, 1])t6 + . . . ,

(5.44)

where we drop the subscripts b, w in the last equality.

5.3 Affine N = 4 DN quiver

The prescription for studying the geometric branch can also be extended to general affine
quivers, beyond the AN type. In particular, in this section, we study the geometric branch
of the N = 4 DN affine quiver with an arbitrary number of flavours attached to each node
of the quiver. The theory is realised by the following quiver:

1

1

1

1

2 2 · · · 2

F1

F2

F4

F3F5 F6 FN+1

(5.45)

For convenience, we refer to the gauge nodes attached to Fj as the j-th gauge node. As
usual, we denote by Xij the chiral field in the bifundamental hypermultiplet going from the
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i-th gauge node to the j-th gauge node. The theory can be obtained by a single M2-brane
probing ℂ2/D̂N × ℂ2/ℤF ; see [52], with F given by

F = F1 + F2 + F3 + F4 + 2
N+1∑
i=5

Fi . (5.46)

Hence, ℂ2/D̂N × ℂ2/ℤF is the expected geometric branch of the theory. We confirm this
prediction with the explicit computation of the Hilbert series. To compute the various limits
of the index, we first assign axial fugacities to the chiral fields. In 3d N = 2 notation, the
field content and fugacity assignments are

1

1

1

1

2 2 · · · 2

F1

F2

F4

F3F5 F6 FN+1

a

a

a

a

a

a−1

a−1

a−1

a−1

a−1 a−1 a−1

a−2

a−2

a−2 a−2 a−2

(5.47)

where we omit two adjoint chirals in the vector multiplets of two U(1) gauge groups, as part
of the prescription to compute the limit of the index for the geometric branch. As the result
will not depend on the specific choice of the values Fi, let us consider the simplified case
where F1 = F , while every other Fi = 0. The index for the theory (5.47) is given by

I (5.47)(x; {yi}, {wi}) =

= 1
2N−3

∑
m1,...,m4∈ℤ

∑
n1,...,nN−3∈ℤ2

∮ 4∏
i=1

duiw
mi
i

2πiui

N+1∏
i=5

2∏
α=1

dv
(α)
i w

n
(α)
i

i

2πiv(α)
i

ZU(N)
vec (x;vi;ni)

×
[
Z1

chir(x; a−2; 0)
]2 N+1∏

i=5

2∏
α,β=1

Z1
chir(x; a−2v

(α)
i (v(β)

i )−1;n(α)
i − n

(β)
i )

×
N∏

i=5

2∏
α,β=1

∏
s=±1

Z
1/2
chir

(
x; a(v(α)

i )s(v(β)
i+1)

−s; sn(α)
i − sn

(β)
i+1

)

×
2∏

i=1

2∏
α=1

∏
s=±1

[
Z

1/2
chir

(
x; aus

i (v
(α)
5 )−s; smi − sn

(α)
5

)

× Z
1/2
chir

(
x; aus

i+2(v
(α)
N+1)

−s; smi+2 − sn
(α)
N+1

) ]

×
F∏

ρ=1

∏
s=±1

Z
1/2
chir

(
x; a−1us

1(y(ρ))−s; sm1
)
,

(5.48)

where, in the third line, the factor
[
Z1

chir(x; a−2; 0)
]2 corresponds to two chiral multiplets

with R-charge one and fugacity a−2 under the two U(1) gauge groups attached to F3 and
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F4. To compute the geometric branch, as usual, we redefine

x = 𝔷t , a = 𝔷−1/2t1/2 , (5.49)

and then perform the 𝔷 → 0 limit. A non-vanishing result in the 𝔷 → 0 limit imposes the
condition that the exponent of 𝔷 must be zero. In this case, the exponent of 𝔷 is given by

−
N+1∑
i=5

|n(1)
i − n

(2)
i |+

N∑
i=5

2∑
α,β=1

|n(α)
i − n

(β)
i+1|+

+
2∑

i=1

2∑
α=1

(|mi − n
(α)
3 |+ |mi+1 − n

(α)
N+1|) + F |m1| .

(5.50)

In the limit, the following conditions are imposed on the fluxes in the theory:

mi = m, ni = (m,m) . (5.51)

The limit of the index for the geometric branch is then given by

H (5.45)[geom](t; y) =

=
∑

m∈ℤ

tF |m|ym

1− t2

(1
2

)N−3 ∮ 4∏
i=1

dui

2πiui

N+1∏
i=5

2∏
α=1

dv
(α)
i

2πiv(α)
i

(1− t2)2

×
N+1∏
i=5

∏
s=±1

(
1− (v(1)

i )s(v(2)
i )−s

) ∏
α,β=1,2

PE
[
−t2(v(α)

i )s(v(β)
i )−s

]

×
N∏

i=5

2∏
α,β=1

∏
s=±1

PE
[
t(v(α)

i )s(v(β)
i+1)

−s
]

×
2∏

i=1

2∏
α=1

∏
s=±1

PE
[
tus

i (v
(α)
5 )−s + tus

i+2(v
(α)
N+1)

−s
]
,

(5.52)

where we redefine the topological fugacity as

y = w1w2w3w4

N+1∏
i=5

w2
i . (5.53)

We then recognise that the integral, which does not depend on the magnetic flux, evaluates
to the Hilbert series of ℂ2/D̂N , while the sum over fluxes yields the Hilbert series of ℂ2/ℤF .
Thus the geometric branch Hilbert series is that of ℂ2/D̂N × ℂ2/ℤF .

Let us discuss this in further details, focusing on the case of N = 4 for simplicity. The
generators of ℂ2/ℤF are given by

G0 = tr(X15X51) = tr(X25X52) , G± = V±(1,1,1,1,(1,1)) , (5.54)

satisfying G+G− = G2F
0 . The equalities on the left follow from the F -terms associated with

the adjoint chiral in the vector multiplet of the U(2) gauge group, and tr denotes the trace
over the fundamental representation of such a gauge group. On the other hand, the generators
of ℂ2/D̂4, along with their relation, are explicitly given in [55, (3.4), (3.7), figure 3].
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We discuss the geometric branch of D4 affine Dynkin quivers with Chern-Simons levels
in appendix C. It is straightforward to generalise the above analysis to EN affine Dynkin
quivers. Furthermore, we anticipate that rank-two — and more generally higher-rank —
DN affine Dynkin quivers will admit a treatment analogous to that presented for the AN

case in section 5.2.
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A Some useful identities

In this appendix, we collect various identities used in the main text.
For linear quivers, we apply the following identity for the U(1)κ ×U(1)−κ gauge group

with a bifundamental hypermultiplet and gauge magnetic fluxes (m,m):

∮
du

2πiu
dv

2πivw
muκmv−κm PE

t ∑
s=±1

(buv−1)s

 = t|κ||m|

1− t2
(b−κw)m . (A.1)

Note that the factor (1− t2)−1 is actually the P -factor PU(1)(t;m) introduced in [20].
Observe that identity (A.1) can be generalised, for example, to a linear quiver containing

the U(2)κ ×U(2)−κ gauge group and a bifundamental hypermultiplet. We consider the gauge
magnetic fluxes m1 = m2 = (m1,m2). There are two contributions: one from the case of
m1 = m2 (each U(2) gauge factor is preserved), and the other from the case of m1 ̸= m2
(each U(2) gauge factor is broken to U(1)2):

∮ ( 2∏
i=1

2∏
α=1

du
(α)
i

2πiu(α)
i

(u(α)
i )κim

(α)
i w

m
(α)
i

i

)
m1=m2=(m1,m2)

κ1=−κ2=κ

×
{
δm1,m2 ·

1
2

∏
1≤α ̸=β≤2

2∏
i=1

(
1− u

(α)
i

u
(β)
i

)
PE

t ∑
s=±1

∑
α,β=1,2

(bu(α)
1 )s(u(β)

2 )−s


+ (1− δm1,m2) PE

t ∑
s=±1

∑
α=1,2

(bu(α)
1 )s(u(α)

2 )−s

}

= t|κ|
∑

i
|mi| PU(2)(t;m1,m2) (b−κw1w2)

∑
i

mi ,

(A.2)
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where PU(2)(t;m1,m2) is defined as in [20, (A.2)]:

PU(2)(t;m1,m2) =


[
(1− t2)(1− t4)

]−1
m1 = m2

(1− t2)−2 m1 ̸= m2
. (A.3)

Moreover, throughout the paper, we consider various limits of the index. For convenience,
we collect the contributions of a chiral field with R-charge R, whose expression is given
by (2.4), to the index in these limits below:

Chiral field Limit 𝔷 → 0 Limit t→ 0

Z
1
2
chiral(x; az,m)

(
𝔷z−1) |m|

2 PE [δm,0tz]
(
𝔷z−1) |m|

2

Z
1
2
chiral(x; a−1z,m)

(
tz−1) |m|

2
(
tz−1) |m|

2 PE [δm,0𝔷z]
Z

1
2
chiral(x; z,m) (𝔷t)

|m|
4 z−

|m|
2 (𝔷t)

|m|
4 z−

|m|
2

Z1
chiral(x; a2z,m)

(
𝔷t−1z−1) |m|

2 PE
[
δm,0t

2z
] (

𝔷t−1z−1) |m|
2 PE

[
−δm,0𝔷2z−1]

Z1
chiral(x; a−2z,m)

(
𝔷−1tz−1) |m|

2 PE
[
−δm,0t

2z−1] (
𝔷−1tz−1) |m|

2 PE
[
δm,0𝔷2z

]
Z1

chiral(x; z,m) z−
|m|

2 z−
|m|

2

(A.4)

B Detailed computation of section 3.2.2

In this appendix, we collect the derivations of various formulae and arguments presented
in section 3.2.2.

B.1 The 𝖟 → 0 limit of the index of T [U(2)]

Let us derive the 𝔷 → 0 limit of the index of the T [U(2)] theory. We depict such a theory
schematically as follows:

1

z, lz

y−2 2

f ,mf

y 2

f ,mf

2

w,nw

T [U(2)]

y× T [U(1)] ≡ (B.1)

where y ∈ {a, a−1}. In terms of the variables 𝔷 and t, from (2.4) and (3.65a), the contribution
to the index of the adjoint chiral field in the U(1) vector multiplet takes the form

Z
U(1)
adj (𝔷, t) =

∞∏
j=0

1− 𝔷2jt2+2j

1− 𝔷2+2jt2j
, (B.2)

which admits the following behaviour in the limits 𝔷 → 0 and t → 0:

Z
U(1)
adj (𝔷, t) 𝔷→0= 1− t2 , (B.3a)

Z
U(1)
adj (𝔷, t) t→0= 1

1− 𝔷2 . (B.3b)
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Let us also analyse the contribution coming from the hypermultiplet in the bifundamental
representation of U(1) × U(2), which, using (2.4) and (3.65b), is given by

Z
U(1)×U(2)
hyper (𝔷, t) = 𝔷

∑2
i=1|lz−mf i|

×
∏

s=±1

2∏
i=1

∞∏
j=0

1− (−1)slz−smf i𝔷2+|slz−smf i|+2jt1+|slz−smf i|+2jz−sf s
i

1− (−1)slz−smf i𝔷|slz−smf i|+2jt1+|slz−smf i|+2jzsf−s
i

.
(B.4)

In the limits 𝔷 → 0 and t → 0, the expression above simplifies to50

Z
U(1)×U(2)
hyper (𝔷, t) 𝔷→0= δmf 1,mf 2

δlz ,mf 1

∏
s=±1

2∏
i=1

1
1− tzsf−s

i

, (B.5a)

Z
U(1)×U(2)
hyper (𝔷, t) t→0= 𝔷|lz−mf 1|+|lz−mf 2| . (B.5b)

It follows that, in the case mf 1 = mf 2, the index of the T [U(2)] theory admits the following
expression in the limit 𝔷 → 0:

ZT [U(2)](𝔷, t;mf 1 = mf 2)
𝔷→0=

∑
lz∈ℤ

∮
dz

2πiz (f1f2)nw2 w
mf 1+mf 2
2

(
w1
w2

)lz

znw1−nw2

×
(
1− t2

)
δmf 1,mf 2

δlz ,mf 1

∏
s=±1

2∏
i=1

1
1− tzsf−s

i

=
∮

dz

2πiz (f1f2)nw2 w
2mf 1
2

(
w1
w2

)lz

znw1−nw2

× 1− t2(
1− t z

f1

) (
1− tf1

z

) (
1− t z

f2

) (
1− tf2

z

) .

(B.6)

Upon computing the residues at the poles of the gauge fugacity z, this yields the Hall-
Littlewood formula for the Hilbert series of T [U(2)], as defined in [32, section 3.1.2],51 where
we take nw1 ≥ nw2:

ZT [U(2)](𝔷, t;mf 1 = mf 2)
𝔷→0= (w1w2)mf 1 tnw1−nw2

× 1(
1− t2 f1

f2

) (
1− t2 f2

f1

)Ψ(nw1,nw2)
U(2)

(
t2; f1, f2

)
,

(B.7)

50Observe that a single chiral field of R-charge 1
2 , whose expression is given in (2.4), behaves as

Z
1
2

chiral(𝔷, t; z, m) 𝔷→0= δm,0
1

1−tz
, Z

1
2

chiral(𝔷, t; z, m) t→0=
(
𝔷z−1) |m|

2 , see [15].
51Actually, in that reference, the Hall-Littlewood formula is provided for the T [SU(2)] theory. Here, instead,

we are dealing with the T [U(2)] theory, hence an extra term (w1w2)mf 1 , which is absent in the Hall-Littlewood
formula for T [SU(2)], appears. As a further comment, observe that we can rewrite 1(

1−t2 f1
f2

)(
1−t2 f2

f1

) in (B.7)

as
(
1 − t2)2

K
U(2)
[12] (t2; f1, f2), where

K
U(2)
[12] (t; x1, x2) = PE

[
tχ

U(2)
adj (x1, x2)

]
=

∏
1≤α,β≤2

1
1 − txαx−1

β

is defined in [32, (3.20)].
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where the expression for the U(2) Hall-Littlewood polynomial is given by [32, (B.13)]

Ψ(n1,n2)
U(2) (t;x1, x2) =

tx1+n2
1 xn1

2 − xn2
1 x1+n1

2 + x1+n1
1 xn2

2 − txn1
1 x1+n2

2
x1 − x2

. (B.8)

If nw1 < nw2, it is sufficient to swap nw1 ↔ nw2 in the equation (B.7). Let us now consider the
casemf 1 ̸= mf 2 in the 𝔷 → 0 limit. Since (B.5a) vanishes, we have to study the leading order in
𝔷, i.e. the expression with the lowest non-zero power of 𝔷 which appears in the limit of the index
of the T [U(2)] theory. As can be observed from (B.5b), given that we sum over lz ∈ ℤ, the
leading order in 𝔷 is reached when mf min ≡ min{mf 1,mf 2} ≤ lz ≤ max{mf 1,mf 2} ≡ mf max,
for which the power of 𝔷 is

∣∣mf 1 −mf 2
∣∣. For instance, if we focus on the contribution coming

from lz = mf 1, the hypermultiplet in the bifundamental representation of U(1) × U(2)
behaves as

Z
U(1)×U(2)
hyper (𝔷, t; lz = mf 1)

𝔷→0=

δlz ,mf 1

1(
1− t z

f1

) (
1− tf1

z

)
 𝔷|lz−mf 2| , (B.9)

then the expression for the T [U(2)] theory in the lz = mf 1 ̸= mf 2 sector reads

∑
lz∈ℤ

∮
dz

2πiz (f1f2)nw2 w
mf 1+mf 2
2

(
w1
w2

)lz

znw1−nw2

×
(
1− t2

)
δlz ,mf 1

1(
1− t z

f1

) (
1− tf1

z

)𝔷|lz−mf 2|

=
∮

dz

2πiz (f1f2)nw2 w
mf 1
1 w

mf 2
2 znw1−nw2

1− t2(
1− t z

f1

) (
1− tf1

z

)𝔷|mf 1−mf 2|

=
[
w

mf 1
1 Ψ(nw1)

U(1) (f1)
] [
w

mf 2
2 Ψ(nw2)

U(1) (f2)
]
𝔷|mf 1−mf 2|t|nw1−nw2| ,

(B.10)

where Ψ(n)
U(1) (x) = xn. This is just the product of the Hall-Littlewood formulae of two T [U(1)]

theories, multiplied by an overall factor 𝔷|mf 1−mf 2|t|nw1−nw2|. Similarly, the contribution
coming from the lz = mf 2 sector can be obtained immediately from (B.9) and (B.10) by
swapping the pair (f1,mf 1) with (f2,mf 2). Finally, we also have to consider the mf min <

lz < mf max sectors, which contribute to the limit as

mf max−1∑
lz=mf min+1

∮
dz

2πiz (f1f2)nw2 w
mf 1+mf 2
2

(
w1
w2

)lz

znw1−nw2
(
1− t2

)
𝔷|lz−mf 1|+|lz−mf 2|

= δnw1,nw2

(
1− t2

)
𝔷|mf 1−mf 2|

|mf 1−mf 2|−1∑
i=1

[
w

mf min+i
1 Ψ(nw1)

U(1) (f1)
] [
w

mf max−i
2 Ψ(nw2)

U(1) (f2)
]
.

(B.11)

The expressions (B.10) and (B.11), together with the one for the lz = mf 2 contribution to
the limit, can be also written in a more meaningful way by manifestly distinguishing the
two cases in which the background fluxes nw1 and nw2 either differ or take the same value.
In particular, in the latter case, the said expressions can be incorporated by reformulating
the various terms of the type wmf i

1 w
mf j

2 in terms of U(2) Hall-Littlewood polynomials as
functions of 𝔷2, (w1, w2) and the background fluxes (nw1, nw2). In such a way, taking into
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account also (B.7), we finally obtain the complete expression for the 𝔷 → 0 limit of the
index of the T [U(2)] theory, which reads

Z𝔷→0
T [U(2)](𝔷; t|f ;mf |w;nw) = δmf 1,mf 2

(w1w2)mf 1 t|nw1−nw2|

×
Θ(nw1 − nw2)Ψ

(nw1,nw2)
U(2)

(
t2; f1, f2

)
+Θ(nw2 − nw1 − 1)Ψ(nw2,nw1)

U(2)
(
t2; f1, f2

)(
1− t2 f1

f2

) (
1− t2 f2

f1

)
+
(
1− δmf 1,mf 2

)
𝔷|mf 1−mf 2|

{
δnw1,nw2 (f1f2)nw1 1(

1− 𝔷2 w1
w2

) (
1− 𝔷2 w2

w1

)
×
(
Θ(mf 1 −mf 2)

[
Ψ(mf 1,mf 2)

U(2)

(
𝔷2;w1, w2

)
− t2Ψ(mf 1−1,mf 2+1)

U(2)

(
𝔷2;w1, w2

)
+O

(
𝔷2
) ]

+Θ(mf 2 −mf 1 − 1)
[
Ψ(mf 2,mf 1)

U(2)

(
𝔷2;w1, w2

)
− t2Ψ(mf 2−1,mf 1+1)

U(2)

(
𝔷2;w1, w2

)
+O

(
𝔷2
) ])

+ (1− δnw1,nw2) t
|nw1−nw2|

2∑
i ̸=j=1

[
w

mf i
1 Ψ(nw1)

U(1) (fi)
] [
w

mf j

2 Ψ(nw2)
U(1) (fj)

]}
,

(B.12)

where we denote by Θ(x) the Heaviside step function, such that Θ(x) = 1 for x ≥ 0
and Θ(x) = 0 for x < 0. Let us comment on the result (B.12). As already pointed out
around (B.7), when the two magnetic fluxes associated with the U(2) flavour symmetry are
equal, i.e. mf 1 = mf 2, the 𝔷 → 0 limit of the index reproduces the Hall-Littlewood formula
of the T [U(2)] theory. On the other hand, when the two magnetic fluxes mf 1 and mf 2 take
different values, the 𝔷 → 0 limit of the index of the T [U(2)] theory yields a sum of various
terms. Explicitly, when nw1 = nw2, these can be expressed in terms of U(2) Hall-Littlewood
polynomials in the variables 𝔷, (w1, w2) and (nw1, nw2), which give rise to a modified T [U(2)]
Hall-Littlewood-type formula which is proportional to a positive power of 𝔷, appearing from
the third to the fifth line in (B.12). On the other hand, when both mf 1 ̸= mf 2 and nw1 ̸= nw2,
then the various terms appearing in the last line of the above limit of the T [U(2)] limit
correspond to the product of two T [U(1)] couplings.

B.2 The t → 0 limit of the index of T [U(2)]

Let us now consider the t → 0 limit of the T [U(2)] theory. Taking into account (B.3b)
and (B.5b), this reads

∑
lz∈ℤ

∮
dz

2πiz (f1f2)nw2 w
mf 1+mf 2
2

(
w1
w2

)lz

znw1−nw2
𝔷|lz−mf 1|+|lz−mf 2|

(1− 𝔷2)

= δnw1,nw2

∑
lz∈ℤ

(f1f2)nw2 wlz
1 w

mf 1+mf 2−lz
2 𝔷|lz−mf 1|+|lz−mf 2|

(1− 𝔷2) .

(B.13)

The infinite series in the expression above can be resummed in closed form thanks to the
following identities, valid for mf 1 ≥ mf 2:

+∞∑
lz=mf 1+1

(
w1
w2

)lz 𝔷|lz−mf 1|+|lz−mf 2|

(1− 𝔷2) =

(
w1
w2

)1+mf 1 𝔷2+mf 1−mf 2

(1− 𝔷2)
(
1− 𝔷2 w1

w2

) , (B.14a)

mf 1∑
lz=mf 2

(
w1
w2

)lz 𝔷|lz−mf 1|+|lz−mf 2|

(1− 𝔷2) =
w1
(

w1
w2

)mf 1 − w2
(

w1
w2

)mf 2

(1− 𝔷2) (w1 − w2)
𝔷mf 1−mf 2 , (B.14b)
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mf 2−1∑
lz=−∞

(
w1
w2

)lz 𝔷|lz−mf 1|+|lz−mf 2|

(1− 𝔷2) =

(
w1
w2

)−1+mf 2 𝔷2+mf 1−mf 2

(1− 𝔷2)
(
1− 𝔷2 w2

w1

) . (B.14c)

Upon summing together the contributions (B.14a)–(B.14c), the expression (B.13) for mf 1 ≥
mf 2 reduces to

δnw1,nw2 (f1f2)nw1 𝔷mf 1−mf 2
1(

1− 𝔷2 w1
w2

) (
1− 𝔷2 w2

w1

)Ψ(mf 1,mf 2)
U(2)

(
𝔷2;w1, w2

)
, (B.15)

whereas, in the case mf 2 > mf 1, it is sufficient to swap mf 1 ↔ mf 2 in the expression above.
Observe that this reproduces exactly (B.7) upon exchanging (t;f ,mf ) with (𝔷;w,nw), in
agreement with the self-mirror property of the T [U(2)] theory.52 Since (B.15) vanishes when
nw1 ̸= nw2, in such a case we have to isolate the terms appearing with the lowest power of t,
which contribute when the gauge flux lz takes one of the following values: lz = mf 1 ̸= mf 2,
lz = mf 2 ̸= mf 1, and lz = mf 1 = mf 2. For instance, in the lz = mf 1 ̸= mf 2 sector,
we consider53

Z
U(1)×U(2)
hyper (𝔷, t; lz = mf 1)

t→0=

δlz ,mf 1

(
1− 𝔷2t z

f1

) (
1− 𝔷2tf1

z

)
(
1− t z

f1

) (
1− tf1

z

)
 𝔷|lz−mf 2| , (B.16)

then the corresponding contribution to the t→ 0 limit of the index of the T [U(2)] theory reads∮
dz

2πiz (f1f2)nw2 w
mf 1
1 w

mf 2
2 znw1−nw2

× 1
1− 𝔷2

(
1− 𝔷2t z

f1

) (
1− 𝔷2tf1

z

)
(
1− t z

f1

) (
1− tf1

z

) 𝔷|mf 1−mf 2|

=

[
fnw1

1 Ψ(mf 1)
U(1) (w1)

] [
fnw2

2 Ψ(mf 2)
U(1) (w2)

] (
1− 𝔷2t2

)
𝔷|mf 1−mf 2|t|nw1−nw2|

(1− t2) .

(B.17)

Analogously, the contribution coming from the lz = mf 2 ̸= mf 1 sector can be achieved by
swapping (f1,mf 1) with (f2,mf 2) in both (B.16) and (B.17). Finally, when lz = mf 1 = mf 2,
the U(1) × U(2) bifundamental hypermultiplet contributes as

Z
U(1)×U(2)
hyper (𝔷, t; lz = mf 1 = mf 2)

t→0= δmf 1,mf 2
δlz ,mf 1

(
1− 𝔷2t z

f1

) (
1− 𝔷2tf1

z

) (
1− 𝔷2t z

f2

) (
1− 𝔷2tf2

z

)
(
1− t z

f1

) (
1− tf1

z

) (
1− t z

f2

) (
1− tf2

z

) (B.18)

52The 𝔷 → 0 and t → 0 limits of the T [U(2)] theory, as defined in (2.13) with axial fugacity y = a in (B.1),
coincide with the Higgs and Coulomb branch limits, respectively, introduced in [15, (3.37)]. Since the T [U(2)]
SCFT enjoys self-mirror symmetry, the two limits coincide.

53Let us comment on the difference between the expressions (B.16) and (B.9). The quantity inside the
square bracket in (B.16) is 1+O(𝔷2t)

1+O(t) , which reduces to 1
1+O(t) when 𝔷 → 0, which explains why the numerator

is equal to one in (B.9). On the other hand, in (B.16), since we are interested in the lowest order in t, the
numerator and the denominator are of the type 1 + O(t), hence we have to keep them both.
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to the limit. For such value of the gauge flux lz, the t→ 0 limit of the index of the T [U(2)]
theory with nw1 ≥ nw2 then reads∮

dz

2πiz (f1f2)nw2 (w1w2)mf 1 znw1−nw2

× 1
1− 𝔷2

(
1− 𝔷2t z

f1

) (
1− 𝔷2tf1

z

) (
1− 𝔷2t z

f2

) (
1− 𝔷2tf2

z

)
(
1− t z

f1

) (
1− tf1

z

) (
1− t z

f2

) (
1− tf2

z

)
= (w1w2)mf 1 tnw1−nw2

(
1− 𝔷2t2

)
(1− t2)

(
1− t2 f1

f2

) (
1− t2 f2

f1

)
×
[
Ψ(nw1,nw2)

U(2)

(
t2; f1, f2

)
− 𝔷2Ψ(nw1−1,nw2+1)

U(2)

(
t2; f1, f2

)
− 𝔷2t2Ψ(nw1+1,nw2−1)

U(2)

(
t2; f1, f2

)
+ 𝔷4t2Ψ(nw1,nw2)

U(2)

(
t2; f1, f2

) ]
,

(B.19)

whereas, for nw2 ≥ nw1, it is sufficient to swap nw1 ↔ nw2 in the expression above.
From (B.15), (B.17) and (B.19), we can finally report a closed formula for the t → 0
limit of the index of the T [U(2)] theory, which can be written compactly as

Zt→0
T [U(2)](𝔷, t|f ;mf |w;nw) = δnw1,nw2 (f1f2)nw1 𝔷|mf 1−mf 2|

×
Θ(mf 1 −mf 2)Ψ

(mf 1,mf 2)
U(2)

(
𝔷2;w1, w2

)
+Θ(mf 2 −mf 1 − 1)Ψ(mf 2,mf 1)

U(2)
(
𝔷2;w1, w2

)(
1− 𝔷2 w1

w2

) (
1− 𝔷2 w2

w1

)
+ (1− δnw1,nw2) t

|nw1−nw2|
{
δmf 1,mf 2

(w1w2)mf 1
1(

1− t2 f1
f2

) (
1− t2 f2

f1

)
×
(
Θ(nw1 − nw2)

[
Ψ(nw1,nw2)

U(2)

(
t2; f1, f2

)
− 𝔷2Ψ(nw1−1,nw2+1)

U(2)

(
t2; f1, f2

)
+O

(
t2
) ]

+Θ(nw2 − nw1 − 1)
[
Ψ(nw2,nw1)

U(2)

(
t2; f1, f2

)
− 𝔷2Ψ(nw2−1,nw1+1)

U(2)

(
t2; f1, f2

)
+O

(
t2
) ])

+
(
1− δmf 1,mf 2

)
𝔷|mf 1−mf 2|

2∑
i ̸=j=1

[
fnwi

1 Ψ(mf 1)
U(1) (wi)

] [
f

nwj

2 Ψ(mf 2)
U(1) (wj)

]}
.

(B.20)

Observe that the limit above coincides with (B.12) upon exchanging (t;f ,mf ) with (𝔷;w,nw),
in agreement with the self-mirror property of the T [U(2)] theory:

Z𝔷→0
T [U(2)](𝔷; t|f ;mf |w;nw) = Zt→0

T [U(2)](t; 𝔷|w;nw|f ;mf ) . (B.21)

B.3 Comments on various magnetic flux configurations

Below (3.73), we discuss the nontrivial contributions of the following configurations of
magnetic fluxes:

1. {m(1)
2 = m

(2)
2 = m

(1)
3 = m

(2)
3 = 𝔪}: the only non-trivial contributions come from the

sectors with {m(1)
1 = m

(2)
1 = 𝔩}, {m(1)

4 = m
(2)
4 = 𝔫}.

2. {m(1)
2 = m

(1)
3 = 𝔪1,m

(2)
2 = m

(2)
3 = 𝔪2}: the only non-vanishing contributions come

from the sectors with {m(1)
1 = 𝔩1 ̸= m

(2)
1 = 𝔩2}, {m(1)

4 = 𝔫1 ̸= m
(2)
4 = 𝔫2}.

3. {m(1)
2 = m

(2)
3 = 𝔪1,m

(2)
2 = m

(1)
3 = 𝔪2}: this choice of magnetic fluxes is analogous to

case (2), to which is related simply by permuting m(1)
3 and m

(2)
3 .

We now provide the arguments for the trivial contribution of the magnetic fluxes {m(α)
1 }

and {m(α)
4 } that do not satisfy the above conditions.
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Point (1). If one considers the monopole sectors with m
(1)
1 ̸= m

(2)
1 instead, the only

contributions of the gauge fugacities {u(α)
1 } appearing in the 𝔷 → 0 limit of (3.73) are the

integration measure
2∏

α=1

du
(α)
1

2πiu
(α)
1

, the terms containing the Chern-Simons couplings (u(1)
1 )κ1m

(1)
1

and (u(2)
1 )κ1m

(2)
1 , as well as the factor

(
u

(1)
1 u

(2)
1

)𝔪
coming from the T [U(2)] block connecting

the U(2) nodes with gauge fugacities {u(α)
1 } and {u(α)

2 }. The integrand picks up a residue in
u

(1)
1 = 0 for 𝔪 = −κ1m

(1)
1 , but there is no residue in u

(2)
1 = 0 since 𝔪 ̸= −κ1m

(2)
1 in these

sectors. Analogous arguments also hold when m
(1)
4 ̸= m

(2)
4 .

Point (2). The magnetic fluxes satisfying {m(1)
1 = m

(2)
1 = 𝔩}, {m(1)

4 = m
(2)
4 = 𝔫} do not

contribute to the 𝔷 → 0 limit of the index. This statement can be explained by focusing,
for instance, just on the gauge fugacities {u(α)

1 }, where we can assume 𝔪1 > 𝔪2. These
fugacities appear in (3.73) due to the contributions coming from the integration measure

2∏
α=1

du
(α)
1

2πiu
(α)
1

, the Chern-Simons terms (u(1)
1 u

(2)
1 )𝔮𝔩, the factor 2 − u

(1)
1

u
(2)
1

− u
(2)
1

u
(1)
1

associated with

the leftmost U(2) vector multiplet in (3.60), as well as the contribution associated with the

T [U(2)] block on the left, namely Ψ(𝔪1,𝔪2)
U(2)

(
t2;u(1)

1 , u
(2)
1

)
×PE

[ ∑
s=±1

t2(u(1)
1 )s(u(2)

1 )−s

]
. Upon

parametrising 𝔮𝔩 +𝔪1 = 𝔵 and 𝔮𝔩 +𝔪2 = 𝔶, with 𝔵 > 𝔶, the whole {u(α)
1 }-dependence of

the integrand in (3.73) can be expressed compactly as

(
u

(1)
1 − u

(2)
1

) [(u(1)
1 )𝔵−1(u(2)

1 )𝔶−1

t2u
(1)
1 − u

(2)
1

+ (u(1)
1 )𝔶−1(u(2)

1 )𝔵−1

u
(1)
1 − t2u

(2)
1

]
. (B.22)

Two different possibilities must be taken into account here.

• Let us consider the situation in which there are no poles in u
(1)
1 = 0 first. This happens

if 𝔶 ≥ 1, which also implies 𝔵 ≥ 2. In such a case, the computation of the residue in
u

(1)
1 = t2u

(2)
1 yields a contribution coming from the gauge fugacity u

(2)
1 with power

𝔵+ 𝔶− 1, which is always positive. Consequently, there is no residue to be taken with
respect to u(2)

1 .

• Next, let us focus, for instance, on the quantity

(u(1)
1 )𝔶−1(u(2)

1 )𝔵

u
(1)
1 − t2u

(2)
1

, (B.23)

which possesses a pole of order 1− 𝔶 in u
(1)
1 = 0. The computation of the residue at

such pole yields a negative term −t2𝔶−2(u(2)
1 )𝔵+𝔶−1, which perfectly cancels the result

coming from the computation of the residue in u
(1)
1 = t2u

(2)
1 , that is t2𝔶−2(u(2)

1 )𝔵+𝔶−1.
The total contribution then cancels, meaning that the integral vanishes also in this case.
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C Affine D4 quiver with Chern-Simons levels

In this appendix, we discuss some examples of the affine D4 quiver with Chern-Simons levels.
Let us first consider the following theory:

1k

1−k

1

1

2 (C.1)

In order to compute the geometric branch limit of the index, we assign the auxiliary axial
fugacities to the chiral fields as follows:

1k

1−k

1

1

2

a

a

a

a

a−2

a−2

a−2

(C.2)

The index is very similar to (5.48), with F = 0 and factor ukm1
1 u−km2

2 added to the integrand.
Upon taking the 𝔷 → 0 limit, we obtain

1
k

k−1∑
j=0

∑
m1≥m2>−∞

t4|m1|+4|m2|−2|m1−m2|PU(2)(t;m1,m2)
(
ωj

ky
1/k
)m1+m2

, (C.3)

where ωk = exp(2πi/k). This is simply the ℤk orbifold of the Coulomb branch Hilbert
series of U(2) SQCD with four flavours, where ℤk acts in the same way as the topological
symmetry associated to the U(2) gauge group.54 The fugacity y can be mapped to the
topological fugacities w1,...,5 in (5.48) as

y = w1w2w3w4w
2
5 . (C.4)

With the aid of [20, (5.6)], this result can be written more explicitly as

(C.3) = 1
k

k−1∑
j=0

PE
[
(ωj

ky
1/k + 1 + ω−j

k y−1/k)(t2 + t4)− t6 − t8
]
. (C.5)

For general k, the moment map operator contributing at order t2 is X15X51 = X25X52,
where the equality follows from the F -term with respect to the adjoint chiral field of the
central U(2) gauge group. The dressed monopole operators are Xk

51X
k
25V(1,1,1,1;(1,1)) and

54This is very similar to the ABJM theory [56]; see [18, (4.17)].
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Xk
15X

k
52V−(1,1,1,1;(1,1)).55 Inspired by mirror symmetry, we observe that (C.3) can also be

realised from the ℤk orbifold of the Higgs branch of U(2) SQCD with four flavours, with two
combinations of Cartan subalgebra of the 𝔰𝔲(4) flavour symmetry being gauged, namely

(C.3) = 1
k

k−1∑
j=0

(1− t2)2
∮

df1
2πif1

∮
df2

2πif2
H(t; f1, f2, f3 = ωj

ky
1/kf4, f4) , (C.6)

where the Higgs branch Hilbert series of U(2) SQCD with four flavours is given by56

H(t; f1, f2, f3, f4)

= 1
2

∮ 2∏
j=1

(
duj

2πiuj

)(
1− u1

u2

)(
1− u2

u1

)

× PE
[ ∑

s=±1

( 4∑
i=1

f s
i

)
(u−s

1 + u−s
2 )t− (u1 + u2)(u−1

1 + u−1
2 )t2

]
.

(C.7)

The next examples are the following quivers:

1k

1k

1−k

1−k

2

1k

1k

1k

1k

2−2k
(C.8)

Although these are different theories, we will demonstrate that they have the same geometric
branch. We assign the auxiliary axial fugacities to the chiral fields as follows:

1k

1k

1−k

1−k

2

a

a

a

a

a−2

a−2

a−2
1k

1k

1k

1k

2−2k

a

a

a

a

a−2

a−2

a−2

(C.9)

As before, the index is very similar to (5.48), where we take F = 0 and add factor∏2
j=1 u

kmj

j

∏4
l=3 u

−kml
l for the left quiver,

∏4
j=1 u

kmj

j

∏2
α=1(v

(α)
5 )−2km

(α)
5 for the right quiver.

Upon taking the 𝔷 → 0 limit, we obtain a geometric branch Hilbert series similar to (C.6),
55Note that the bare monopole operators V±(1,1,1,1;(1,1)) have dimension zero, but they are not gauge

invariant themselves due to the presence of non-trivial Chern-Simons levels. Upon dressing by the chiral fields,
the dressed monopoles in question have R-charge k and contribute at order t2k.

56The highest weight generating function of the Higgs branch of this theory is given in [45, table 4] with
label (22).
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namely

1
k

k−1∑
j=0

(1− t2)2
∮

du

2πiu

∮
dv

2πiv

×H(t; f1 = u, f2 = uv, f3 = vωj
ky

1/k, f4 = 1) .

(C.10)

For reference, we report the result for k = 1 as follows:

(C.10) = PE
[
t2 +

(
2y + 2 + 2y−1

)
t4 +

(
y + 1 + y−1

)
t6

−
(
y + 4 + y−1

)
t8 −

(
2y + 4 + 2y−1

)
t10 + . . .

]
.

(C.11)

We observe that, upon taking k → ∞, we obtain (1 − t2)−1 times the Hilbert series of
ℂ2/D̂4, where the latter is given by PE

[
2t4 + t6 − t12]. As before, the moment map operator

contributing at order t2 is X15X51 = X25X52, where the equality follows from the F -term with
respect to the adjoint chiral field of the central U(2) gauge group. The gauge invariant dressed
monopole operators are

∏2
j=1X

k
5j

∏4
l=3X

k
l5V(1,1,1,1;(1,1)),

∏2
j=1X

k
j5
∏4

l=3X
k
5jV−(1,1,1,1;(1,1)) for

the left quiver in (C.9), and
∏4

j=1X
k
5jV(1,1,1,1;(1,1)),

∏4
j=1X

k
j5V−(1,1,1,1;(1,1)) for the right quiver

in (C.9).

D Further examples

In this appendix, we present further examples concerning the theories depicted in figures 1(b)
and 2(b) of [57], as suggested by the JHEP referee. We refer to them as the triangle and the
rectangular quiver, respectively. The triangle quiver has gauge group U(N)k×U(N)−k×U(N)0,
whereas the rectangular quiver has gauge group U(N)k × U(N)−k × U(N)k × U(N)−k. In
both cases, there is one bifundamental hypermultiplet between each pair of adjacent nodes,
arranged cyclically. Note that [57] focuses on the case k = 1.

The aim of this appendix is to show that, when the 3d N = 3 theory under consideration
is in fact N = 4 supersymmetric — as is the case for the circular Chern-Simons-matter
quivers studied below, by the construction of [25] — our prescription correctly reproduces
the assignment of the physical axial U(1)A symmetry.

In the brane picture, the triangle theory arises from N D3-branes on a circle intersecting
two NS5-branes and one (1, k)-fivebrane, whereas the rectangular theory arises from N D3-
branes on a circle intersecting two NS5-branes and two (1, k)-fivebranes in alternating order.
Each theory features distinct branches of moduli space corresponding to the motion of D3-
branes along a chosen type of fivebrane. Since the auxiliary U(1)A axial symmetry introduced
in section 2.2 is here promoted to a genuine global symmetry, the assignment of axial charges
to the chiral fields takes the simple form a±1 on the bifundamentals and a±2 on those adjoint
chirals associated with U(N)0 vector multiplets, with specific signs dictated by the rules of
section 2.2 for the NS5- and (1, k)-branches and of section 5 for the geometric branch.
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In 3d N = 2 notation, the two quivers, with the axial fugacity assignments marked in
red, are depicted as follows:

N0

Nk N−k
c1

c2c3

b

Nk N−k

NkN−k

c1

c2

c3

c4

(D.1)

For the triangle quiver, the labelling of the nodes is such that nodes 1, 2 and 3 carry CS levels
k, −k and 0, respectively, with the bifundamental 𝔠1 between nodes 1 and 2, 𝔠2 between nodes
2 and 3, and 𝔠3 between nodes 3 and 1. We denote by Qi, Q̃i the two chirals in 𝔠i, and write
Mi = QiQ̃i for the corresponding meson; ϕ3 stands for the adjoint scalar in the U(N)0 vector
multiplet of node 3. We use the same notation for the rectangular quiver, namely Qi, Q̃i

denote the two chirals in 𝔠i, and we write the meson as Mi = QiQ̃i. The specific axial charge
assignments for each branch are summarised in the following tables. For the triangle quiver:

Branch 𝔠1 𝔠2 𝔠3 𝔟
NS5 a−1 a a a−2

(1, k) a a−1 a−1 a2

Geometric (N = 1) a a a a−2

(D.2)

For the rectangular quiver, the ℤ2 symmetry of the brane setup that exchanges NS5- and
(1, k)-fivebranes implies that the corresponding two branches yield identical Hilbert series,
and we therefore list a single representative. The geometric branch additionally requires
the introduction of (n − 2) = 2 adjoint Lagrange multipliers with axial charge a−2, as
discussed below (5.15):

Branch 𝔠1 𝔠2 𝔠3 𝔠4
NS5/(1, k) a a−1 a a−1

Geometric (N = 1) a a a a

(D.3)

The Hilbert series of each branch is then computed by applying the limit (2.14) to the
superconformal index, with the axial fugacities assigned as above. The resulting moduli
spaces are summarised below:

Branch Triangle (n = 3) Rectangular (n = 4)
NS5 (N ≥ 1) SymN (ℂ2/ℤ2k) MSU(2)

N inst(ℂ2/ℤ2k)
(1, k) (N ≥ 1) MSU(2)

N inst(ℂ2/ℤk) MSU(2)
N inst(ℂ2/ℤ2k)

Geometric (N = 1)
(
ℂ2 × ℂ2/ℤ2

)
/ℤk

(
ℂ2/ℤ2 × ℂ2/ℤ2

)
/ℤk

(D.4)

We emphasise that the (1, k)- and geometric branches of the triangle quiver are genuinely
distinct sub-varieties of the moduli space, even though they happen to coincide as algebraic
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varieties at N = 1, k = 1: as we shall see below, they are generated by different gauge-
invariant operators, with the geometric branch involving uniform-flux monopoles V±(1,1,1)
rather than the flux-on-node-3 monopoles V(0,0,±1) that populate the (1, k)-branch. In what
follows, we report the explicit results for the Abelian case N = 1 at minimal Chern-Simons
level k = 1, providing a non-trivial test of our prescription against the duality results of [57].

Triangle quiver

The superconformal index for N = 1 and k = 1, refined under the global symmetries of
the three branches, reads (see also [58, (7.5)])

IN=1
k=1,△(x;u, v, w; a) = 1 + a−1 x1/2 χ

SU(2)
[1] (u)

+ x
[
a2 χ

SU(2)
[2] (v) + a−2

(
χ

SU(2)
[2] (u) + χ

SU(2)
[2] (w)

)]
+ x3/2

[
aχ

SU(2)
[1] (u)χSU(2)

[2] (v)− aχ
SU(2)
[1] (u)

+a−3
(
χ

SU(2)
[3] (u) + χ

SU(2)
[1] (u)χSU(2)

[2] (w)
)]

+ x2
[
a4 χ

SU(2)
[4] (v) + χ

SU(2)
[2] (u)χSU(2)

[2] (v)

+ a−4
(
χ

SU(2)
[4] (u) + χ

SU(2)
[4] (w) + χ

SU(2)
[2] (u)χSU(2)

[2] (w)
)

−χSU(2)
[2] (u)− χ

SU(2)
[2] (w)− χ

SU(2)
[2] (v)− 1− 1

]
+O(x5/2) ,

(D.5)

where the SU(2) fugacities u, v, w are related to the topological fugacities wi (i = 1, 2, 3) of
the gauge nodes and to the flavour fugacities fi of the bifundamental hypermultiplets 𝔠i via

u = f1
w1w2w3

, v =
√
f2f3w1w2w3 , w =

√
w3 . (D.6)

The unrefined index, obtained by setting u = v = w = a = 1, agrees with that reported
in [57, below (5.1)]:

1 + 2x1/2 + 9x+ 14x3/2 + 22x2 + 20x5/2 + 25x3 + 34x7/2 + 62x4 + 74x9/2 +O(x5) . (D.7)

Applying the limit (2.14) with the axial assignments (D.2), the Hilbert series of the three
branches read

H△[NS5](t; v) = PE
[
χ

SU(2)
[2] (v) t2 − t4

]
= H[ℂ2/ℤ2](t; v) ,

H△[(1, k)](t;u,w) = PE
[
χ

SU(2)
[1] (u) t+ χ

SU(2)
[2] (w) t2 − t4

]
= H[ℂ2 × ℂ2/ℤ2](t;u,w) ,

H△[Geom](t;u, v) = PE
[
χ

SU(2)
[1] (u) t+ χ

SU(2)
[2] (v) t2 − t4

]
= H[ℂ2 × ℂ2/ℤ2](t;u, v) ,

(D.8)

where the geometric branch result is computed directly from (5.20) and is in agreement
with [18, (C.11)]. The corresponding generators of each branch are summarised below, where
we denote by V± ≡ V±(1,1,1) the bare monopole with uniform unit flux on the three gauge nodes:

Branch Generators R-charge
NS5 M2 =M3, V+ Q̃2Q̃3, V−Q2Q3 1
(1, k) V+Q1, V− Q̃1 1/2

ϕ3, V(0,0,1), V(0,0,−1) 1
Geom V+Q1, V− Q̃1 1/2

M2 =M3, V+ Q̃2Q̃3, V−Q2Q3 1

(D.9)
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On the NS5-branch, the three generators at R-charge 1 form an SU(2)v triplet subject to
the relation M2

2 = (V+Q̃2Q̃3)(V−Q2Q3), where we have used the bare-monopole identity
V+V− = 1. On the (1, k)-branch, the doublet at R-charge 1/2 generates the ℂ2 factor, while ϕ3
and V(0,0,±1) form an SU(2)w triplet at R-charge 1 subject to ϕ2

3 = V(0,0,1)V(0,0,−1), generating
the ℂ2/ℤ2 factor. The geometric branch shares the same ℂ2 factor as the (1, k)-branch, but
has a different ℂ2/ℤ2 factor, generated by the same operators as the NS5-branch — crucially,
by the uniform-flux monopoles V± rather than the flux-on-node-3 monopoles V(0,0,±1).

Rectangular quiver

The superconformal index for N = 1 and k = 1, refined under the global symmetries of
the three branches, reads

IN=1
k=1,□(x;u, v; a) = 1 + x

[
a2
(
χ

SU(2)
[2] (u) + 1

)
+ a−2

(
χ

SU(2)
[2] (v) + 1

)]
+ x3/2

[
a3
(

f1
w1w2

+ w1w2
f1

+ f3
w3w4

+ w3w4
f3

)
+a−3

(
f2w2w3 +

1
f2w2w3

+ f4w4w1 +
1

f4w4w1

)]
+ x2

[
a4
(
χ

SU(2)
[4] (u) + χ

SU(2)
[2] (u) + 1

)
+ a−4

(
χ

SU(2)
[4] (v) + χ

SU(2)
[2] (v) + 1

)
+χSU(2)

[2] (u)χSU(2)
[2] (v)− χ

SU(2)
[2] (u)− χ

SU(2)
[2] (v)− 1− 1− 1

]
+O(x5/2) ,

(D.10)

with the fugacity map

u =
√

f1f3
w1w2w3w4

, v =
√
f2f4w1w2w3w4 . (D.11)

Also in this case, fi stands for the flavour fugacity of the bifundamental hypermultiplets 𝔠i
and wj stands for the topological symmetry of the j-th node (we can assign numbers to the
nodes by starting with a node at CS level +k and then assigning the subsequent numbers in
a clockwise direction). The unrefined index agrees with that reported in [57, (5.4)]:

1 + 8x+ 8x3/2 + 18x2 + 16x5/2 + 28x3 + 63x4 + 80x9/2 + 56x5 +O(x11/2) . (D.12)

Applying the limit (2.14) with the axial assignments (D.3), the Hilbert series of the two
distinct branches read

H□[NS5](t;u, q) = H
[
MSU(2)

1 inst (ℂ2/ℤ2)
]
(t;u, q) ,

H□[(1, k)](t; v, q′) = H
[
MSU(2)

1 inst (ℂ2/ℤ2)
]
(t; v, q′) ,

H□[Geom](t;u, v) = PE
[(
χ

SU(2)
[2] (u) + χ

SU(2)
[2] (v)

)
t2 − 2 t4

]
= H[ℂ2/ℤ2 × ℂ2/ℤ2](t;u, v) ,

(D.13)

where the geometric branch result is computed directly from (5.20). The moduli space
appearing in the NS5- and (1, k)-branches is the moduli space of one SU(2) instanton on
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ℂ2/ℤ2, which can equivalently be realised as the Higgs branch — or, by 3d mirror symmetry,
as the Coulomb branch — of the 3d N = 4 quiver

1 1 1 1 (D.14)

where the double link denotes two bifundamental hypermultiplets between the two U(1)
gauge nodes. The corresponding refined Hilbert series, manifesting the SU(2)u × U(1)q

global symmetry on the NS5-branch (resp. SU(2)v × U(1)q′ on the (1, k)-branch), is given
explicitly by [34, (2.26)–(2.28)]. The U(1) fugacities q, q′ are emergent on each branch and
not expressible in terms of u, v alone; they are fixed by the dictionary

q2 = f1w3w4
f3w1w2

, (q′)2 = f2w2w3
f4w4w1

, (D.15)

under which the four monomials at order x3/2 in (D.10) reorganise as a3 χ
SU(2)
[1] (u) (q+ q−1) +

a−3 χ
SU(2)
[1] (v) (q′ + q′−1), in agreement with the analogous structure at order t3 in [34, (2.26)].

The corresponding generators of each branch are summarised below, where, with a slight
abuse of notation, we now denote by V± ≡ V±(1,1,1,1) the bare monopole with uniform unit
flux on the four gauge nodes; the bare monopoles with adjacent unit fluxes are written out
explicitly via their flux vector:

Branch Generators R-charge
NS5 M1, M3, V+ Q̃1Q̃3, V−Q1Q3 1

V(1,1,0,0) Q̃1, V(−1,−1,0,0)Q1, V(0,0,1,1) Q̃3, V(0,0,−1,−1)Q3 3/2
(1, k) M2, M4, V+Q2Q4, V− Q̃2Q̃4 1

V(0,1,1,0)Q2, V(0,−1,−1,0) Q̃2, V(1,0,0,1)Q4, V(−1,0,0,−1) Q̃4 3/2
Geom M1 =M3, V+ Q̃1Q̃3, V−Q1Q3 1

M2 =M4, V+Q2Q4, V− Q̃2Q̃4 1

(D.16)

On the geometric branch, the F-term constraints M1M2 = M2M3 = M3M4 = M4M1
(which in the Abelian case reduce to M1 = M3 and M2 = M4) leave two independent
SU(2) triplets at R-charge 1, refined respectively by u and v and subject to the relations
M2

1 = (V+Q̃1Q̃3)(V−Q1Q3) and M2
2 = (V+Q2Q4)(V−Q̃2Q̃4), generating the two ℂ2/ℤ2

factors. As in the triangle case, only the uniform-flux monopoles V± enter the geometric
branch; the adjacent-flux monopoles V(...,±1,±1,...), which generate the higher-R-charge sector
of the NS5- and (1, k)-branches, are absent here.
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