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1 Introduction

A fundamental feature of supersymmetric (SUSY) theories is the structure of their SUSY-

preserving vacua, commonly referred to as the moduli space. The study of these spaces is

of central interest, as they reveal many intrinsic properties of the underlying theories. In

3d theories, the moduli space is parametrised by operators constructed from elementary

fields-known as mesonic operators-as well as by monopole operators, which may be dressed



by elementary fields. Semiclassically, these monopole operators can be understood as the
insertion of point-like defects in the path integral, such that the magnetic flux through a
sphere enclosing the point is non-vanishing.

In 3d theories, another remarkable phenomenon occurs: mirror symmetry [1]. This
infrared (IR) duality relates pairs of 3d theories such that the mesonic operators of one theory
are exchanged with the (dressed) monopole operators of the dual theory. This leads to a
plethora of consequences encoded in the structure of the moduli space, which consequently
exhibits a rich variety of features.

A standard strategy for studying the moduli space of 3d theories involves brane config-
urations [2], a method that has proven extremely successful for 3d A = 4 theories. These
techniques have been extended to brane setups involving generic (p, q) fivebranes [3, 4], which
are expected to engineer 3d N = 3 theories [5]. In this work, we provide a field-theoretic
analysis of the moduli space of 3d A/ = 3 theories.!

A similar field-theoretic approach for N/ = 4 theories consists of taking suitable limits
of the superconformal index [7-14] to extract the Hilbert series of the two main branches:
the Higgs and the Coulomb branch [15]. This strategy exploits a specific property of N/ = 4
theories: the R-symmetry group is SU(2) g x SU(2)¢, where operators belonging to the Higgs
or Coulomb branches transform non-trivially under only one of the two SU(2) subgroups.
One can thus take a limit that effectively projects onto the desired operators to obtain
the Hilbert series.?

In NV = 3 theories, the picture becomes more complex. The moduli space does not
generally consist of only two main branches, but is instead expected to be the intersection of
multiple branches. These branches are readily enumerated in the brane picture, where each
corresponds to the motion of D3-branes along (p, ¢) fivebranes of identical type. Consequently,
for a given type of (p,q) fivebrane, the number of branches is simply the number of pairs
of such fivebranes between which D3-branes can be suspended. However, counting these
branches from a field-theoretic perspective is significantly more difficult, as it requires precise
knowledge of the relations among the operators parametrising the branches. Since these are
typically dressed monopole operators, their relations are intrinsically non-perturbative. A
second complication arises because the R-symmetry group of N' = 3 theories is only SU(2).
Consequently, the N' = 4 approach cannot be directly extended, as there is no clear SU(2)
subgroup decomposition to distinguish operators belonging to different branches.

In this work, we propose a strategy to overcome these challenges. While our approach
takes inspiration from brane analysis, it is grounded in field-theoretic considerations. We
demonstrate the effectiveness of this method through a variety of examples that replicate
known results and provide Hilbert series for branches of theories where a brane construction
is not readily available.

Our strategy is as follows: given a 3d NV = 3 theory, we provide a prescription to identify
the dressed monopole operators that give rise to the branches of the theory, clarifying when

! An approach using a mixture of field-theory and brane techniques has been already proposed for Abelian
N = 3 theories in [6].

2Tt is worth mentioning that a limit of the superconformal index for certain 3d N = 2 theories was also
studied in [16, 17].



these operators belong to the same or distinct branches. Once the operators are identified,
the task reduces to a counting problem that accounts for the relations among them. To
achieve this, we analyse the superconformal index, which is expected to encode the full
operator spectrum and their non perturbative relations. For generic N = 3 theories, the
superconformal index depends solely on a fugacity x associated with the Cartan subgroup
of the SU(2) R-symmetry, on top of fugacities for global symmetries that we will neglect
for the moment. To extract the Hilbert series of a given branch of the moduli space from
the index, we introduce an auxziliary axial fugacity a. While a is not associated with a
global symmetry of the full theory, it becomes a well-defined symmetry when we restrict
our attention to a specific branch where vacuum expectation values of the operators that
explicitly break such a symmetry vanish.

By carefully introducing this fugacity, the operators (which include dressed monopoles)
are graded by a combination of  and a. We then extract the Hilbert series by selecting
operators with a specific weight-specifically, where the power of a is twice the power of x.
This procedure isolates the operators parametrising the branch of interest while projecting
out others. The resulting Hilbert series can then be tested against known descriptions, such
as [6, 18], and with the magnetic quivers recently presented in [3, 4]. This allows us to
propose that this limiting procedure is generally applicable to N = 3 theories.

The theories for which we develop this prescription primarily consist of quiver theories
with unitary gauge groups in linear or circular configurations. These are of particular interest
due to their realisation via Type IIB brane setups preserving six supercharges. We then
generalise the prescription to orthosymplectic quivers and unitary star-shaped theories, the
latter of which lack a standard Hanany-Witten brane construction. Additionally, we study
the geometric branch of a class of affine Dynkin quivers. In certain cases, these theories
are realised by an M2-brane probing C?/I" singularities, where I is a discrete subgroup of
SU(2) following an ADE classification. For these theories, the geometric branch corresponds
precisely to the space transverse to the M2-brane. We prescribe a strategy to compute
this branch, replicating expected results and extending the analysis to theories with generic
Chern-Simons levels. Finally, we provide quantitative comments on the geometric branch
limit for cases involving multiple M2-branes.

The paper is organised as follows. In section 2, we propose the prescription to identify
the branches of N' = 3 quivers and compute the corresponding Hilbert series as a limit of
the superconformal index. In section 3, we provide a series of examples involving Chern-
Simons quivers with unitary gauge nodes. In section 4, we consider orthosymplectic quivers.
Finally, in section 5, we propose a method to compute the geometric branch for a set of
affine Dynkin quivers.

2 The prescription

The moduli space of 3d N' = 3 theories consists of an intersection of multiple hyperKéhler
cones, typically parametrised by the vacuum expectation values (VEVs) of dressed monopole
operators. In this section, we propose a strategy to derive the Hilbert series of each cone
by taking a specific limit of the superconformal index, following the spirit of [15]. Before



describing our prescription for N' = 3 theories, we briefly review the well-established case
of N' = 4 theories.

2.1 Moduli space of 3d N = 4 theories from the index

In 3d N = 4 theories, there are two primary branches, each of which is a hyperKéahler
cone. These branches are effectively distinguished by their R-symmetry. Specifically, the
R-symmetry of 3d N = 4 theories is SU(2) g x SU(2)¢, and the chiral operators parametrising
each branch transform under only one of these SU(2) subgroups.

The superconformal index of 3d N = 4 theories typically depends on two fugacities,
Z(z,a). These are associated, respectively, with the U(1)z subgroup of the R-symmetry (the
diagonal combination of the two Cartan generators of SU(2)gy x SU(2)¢) and its commutant
U(1)4 (the anti-diagonal combination). While the index also depends on additional fugacities
associated with global symmetries, we neglect them for the present discussion. We work in the
convention where a hypermultiplet carries charge 1/2 under U(1)z and charge +1 under U(1) 4.

The strategy proposed in [15] consists of first redefining the fugacities as

1/2
x=ch, a= <h> , (2.1)

Cc

so that the pair (h, c¢) is associated with the SU(2) and SU(2)¢ subgroups of the R-symmetry,
respectively. The Hilbert series of the two branches is then obtained as follows:
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H[Coulomb](t) = hmI (x,a |(21
These limits are guaranteed to be well-defined if the theory satisfies a “goodness” condition in
the sense of [19]. This condition ensures that no chiral monopole operator in the low-energy
theory has a conformal dimension (computed from the UV R-symmetry group) that violates
the unitarity bound.
To illustrate the strategy and set the notation for later convenience, let us consider the
example of N =4 U(N) SQCD with F flavours. The superconformal index reads
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To extract the Hilbert series, we compute the limits as in (2.2) by first redefining the
fugacities according to (2.1):
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Here, the ¢ factor in the first line is obtained by collecting all exponential prefactors from
the definition of the vector and chiral multiplets in (2.4). The function A({m(®}) in the
exponent represents the dimension of the bare BPS monopole operator for a given flux:

N
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Higgs branch limit. We begin with the Higgs branch limit. To obtain this Hilbert series,
we take ¢ — 0. Each flux sector contributes a term weighted by AUm @), Crucially, if
we assume the goodness condition F > 2N, then A({m(®}) > 1 for any flux {m(®} # 0.
Consequently, only the zero-flux sector contributes, while any non-zero flux contribution is
suppressed. This is consistent with the expectation that the Higgs branch Hilbert series is
parametrised solely by mesonic operators rather than monopoles.
The limit ¢ — 0 is well-defined, with no divergent terms, and yields
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where we use the asymptotic behaviour of the various terms in the index. Explicitly, for
chiral multiplets, they are as follows:
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The exponential prefactors reconstruct the AU torm in (2.5), while the remaining terms
form the integrand of (2.7), which is evaluated at zero magnetic flux. The resulting integral
expression correctly provides the Hilbert series of the Higgs branch of SQCD.

Coulomb branch limit. To compute the Coulomb branch Hilbert series, we take the limit
h — 0. In this case, in principle, every magnetic flux contributes:
lim Z(c = t; h; w; v) =H|[Coulomb](t; w)
h—0
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The result is interpreted as a sum over the magnetic charge lattice, where t is raised to the
dimension of the monopole operator associated with a lattice point, weighted by the integral
evaluating to the dressing (or P-) factor [20]. To compute the limit in (2.10), we use the
leading-order contribution of each term. For chiral multiplets, they are given by
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As before, the exponential prefactors form the tA{m @) contribution, with the rest con-
stituting the integrand in (2.10).

2.2 The prescription for 3d A/ = 3 theories

Let us now turn our attention to 3d N = 3 theories. These theories differ substantially from
their N’ = 4 counterparts. A primary distinction is that the moduli space generally consists
of an intersection of multiple hyperKé&hler cones. These cones cannot be easily distinguished
by R-symmetry, as in the A/ = 4 case, because the R-symmetry is reduced to a single SU(2)z.
Furthermore, each cone is typically parametrised by dressed monopole operators, implying
that the branches exhibit a mixture of the qualitative features characteristic of both the
Higgs and Coulomb branches of N' = 4 theories.

Since we lack a clear distinction between the various cones-which, in N' = 4 theories, is
provided by the two SU(2) subgroups of the R-symmetry-the strategy to extract the Hilbert
series must be adapted. Although the superpotential does not permit a global U(1)4 axial



symmetry, we nonetheless introduce an auziliary fugacity a by assigning specific charges
(positive, negative, or zero) to each hypermultiplet.

The logic of this strategy is that this new fugacity allows us to grade the operators
residing on a specific branch in such a way that we can perform a limit that projects onto
the operators of a single branch, analogous to the N’ = 4 case. While this procedure should
be regarded as an effective strategy that reproduces the correct counting formula for the
operators on a branch, it successfully passes a number of non-trivial tests and hints at a
deeper physical interpretation.

The prescription consists of two steps. The first is the identification of the operators that
can simultaneously acquire a VEV and thus form a branch of the moduli space. The second
step is the practical implementation, which involves introducing the auxiliary axial fugacity a
and assigning charges to every field. To extract the Hilbert series, we perform the redefinition

r=3t, a=3 Y*Y? orequivalently 3=a'2"?, t=az'/?, (2.13)

and then compute the following limit of the superconformal index:

H(t) = lim Z(x; a)|

limy 1) (2.14)

Criteria for goodness and badness

This limit is well-defined, provided that potential divergences are under control. These
divergences can originate from several sources. First, for a 3d AN/ = 3 theory to avoid
divergences, each local U(NN) node with Chern-Simons (CS) level k # 0 and F' fundamental
hypermultiplets must satisfy the condition

k+F>N, (2.15)

which can be derived from the Giveon-Kutasov duality [21]. When this bound is saturated,
the gauge theory confines to a trivial theory. For k 4+ F' = N — 1 the theory exibits chiral
symmetry breaking and, finally, for kK + FF < N — 1 there is a runaway potential. It is
important to emphasise that this condition differs significantly from the standard N = 4
goodness condition [19], namely, if gauge nodes with k& = 0 are present, they should satisfy

F >2N, (2.16)

as violation in that case leads to the presence of monopole operators falling below the
unitarity bound.

Once the local goodness conditions are satisfied for every node, further conditions ensure
the unitarity bound is not violated for the dressed monopole operators parametrising the
branches. This requirement is analogous to the criteria in [19]. For example, consider the
following N' = 3 theory:
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In this theory, composed of a sequence of L U(N) gauge nodes with the depicted CS-levels,
the lowest-dimensional dressed monopole operator arises from turning on a minimal flux
{m(a)} = (1,0,...,0) for each node. To ensure gauge invariance, it must be dressed k times
with all the bifundamentals connecting the nodes. Since the bare monopole has dimension
%Zle Fi+(L—-1)(N—1)— L(N — 1), the resulting dressed monopole has dimension:

L
1 1
—(L—-1 -y F;—(N-1). 2.18
(=Dl 5 3R = (V=) (2.18)
Requiring this dimension to be larger than or equal to one yields the condition

L
(L—1)|k|+ > Fi>2N. (2.19)
=1

This is a non-local condition, as it refers to the global topology and properties of the quiver.
Specifically, it depends only on the total sum of the F; values, rather than on their individual
values, and on the length of the quiver. This is not the only scenario that may appear in
N = 3 theories, and we do not attempt to provide a universal rule to avoid “badness”, which
can be studied case by case with a similar strategy.

Method of assigning auxiliary axial fugacities

The class of theories for which we implement this strategy consists mainly of linear and
circular quivers with unitary gauge nodes and non-zero CS-levels. As we will demonstrate, the
strategy also generalises with minor modifications to star-shaped theories and orthosymplectic
quivers. A particularly interesting extension is provided by N' = 3 quiver theories containing
T[U(N)] blocks [19] coupled via the gauging of their global symmetries. These theories
are closely connected to Type IIB brane setups involving generic (p,q) fivebranes [5, 22].
We will comment on these generalisations later. For now, let us consider the simpler setup
of a linear or circular quiver with unitary gauge groups and CS levels. To illustrate the

procedure, consider the following linear quiver:?

CRON SRR No
Ni, N_g, Ni, Niy ks )
NN

3The moduli space of this example in the Abelian case N = 1 was studied in [6, section 5.1].



It is helpful to consider this theory in N' = 2 notation:

53600 -

1 1 N

where each double-headed arrow represents a hypermultiplet, and the loops stand for the
adjoint chiral multiplets belonging to the N = 4 vector multiplets. The (a;, b;, ¢;) labels
denote auxiliary axial fugacities. Typically, superpotential constraints require these fugacities
to be set to one. Furthermore, the supersymmetrisation of CS interactions imposes quadratic
superpotential terms for the adjoint chirals of the form W ~ —% 7, see e.g. [23]. While
one could integrate out the adjoint chirals, we retain them here as they play a key role
in our analysis.

We now proceed to describe the systematic extraction of the Hilbert series for each

branch of this theory.

Mesonic branch or the D5-branch. In (almost) any AN/ = 3 theory, there is a primary
branch typically parametrised by mesonic operators.? As discussed later, this corresponds to
the moduli space of D3-branes suspended between D5-branes, hence its name. To compute
the Hilbert series of this branch, we propose the following prescription:

o Assign axial fugacities as if the theory had no CS interactions, effectively treating the
theory as having N' = 4 supersymmetry. The Hilbert series is then obtained by taking
the Higgs branch limit of the superconformal index.

For the example, in (2.21), this implies fixing the axial fugacities as
a, =a, 52 = a_2 s G =a. (2.22)

The Hilbert series is then computed using the limit defined in (2.14).

Note that this strategy is applicable only when the starting theory satisfies the local
condition F' > 2N. While this condition is not strictly required for the A’ = 3 theory to
be “good”, it ensures that the limit (2.14) yields the Molien integral associated with the
theory [24], which is independent of CS levels. Consequently, the D5-branch of the N' = 3
theory is described by the Higgs branch of the corresponding N = 4 theory obtained by
setting all CS levels to zero.

If this prescription fails, one can employ mirror symmetry (or a more general SL(2,7)
duality) to compute the D5-branch of the original theory as the corresponding monopole
branch of the dual theory, using the prescription described below.

4With an exception in certain specific instances, such as when general (p,q) fivebranes are present, this
branch may be parametrised by dressed monopole operators, see (3.57).



Monopole branches or the (1, k)-branch. Beyond the D5-branch, ' = 3 theories possess
other branches typically parametrised by the VEVs of dressed monopole operators. These
branches describe the motion of D3-branes along (1, k) fivebranes.?

The first step is to identify the potential dressed monopole operators that contribute to
a branch. The criteria for identifying such monopoles are as follows:°
e FEach minimal sequence of consecutive gauge nodes whose CS levels sum to zero is

associated with a potential dressed monopole operator.

A sequence is “minimal” if it contains no proper subsequence of consecutive nodes whose CS
levels also sum to zero. Each sequence is associated with a dressed monopole operator that can
acquire a VEV. The interaction between these monopoles is determined by the following rules:

e If two sequences of nodes overlap, their corresponding dressed monopoles cannot simul-
taneously acquire a VEV.

o If two sequences are non-adjacent, the two monopoles can acquire VEVs independently,
resulting in a moduli space that is the product of their individual spaces.

o If two sequences are adjacent, their individual moduli spaces fuse into a larger space

that is generally not a simple product.

From these rules, we can identify the maximal branches, defined as those where the largest
possible number of dressed monopole operators acquire a VEV:

e The set of cones of the N' = 3 theory is obtained by assigning VEVs to dressed monopole
operators associated with the largest possible union of minimal sequences of gauge nodes
such that the total sum of their CS-levels is zero.”

Applying this to (2.21), we identify the minimal sequences as
(1,2), (2,3,4), (4,5), (5,6), (7), (2.23)

where gauge nodes are numbered from lefto to right. According to our rules, the monopoles for
(1,2) and (2, 3,4) cannot acquire VEVs simultaneously and thus belong to different branches.
Conversely, the monopoles for (2,3,4),(5,6), and (7) can acquire VEVs simultaneously,
forming a maximal branch. There are two additional maximal branches: one defined by

5We will explicitly discuss the case of general (p, q) fivebrane in section 3.2.

5To establish the existence of the monopole branch discussed here, it suffices to require the presence of
gauge-invariant chiral dressed operators arising from minimal magnetic fluxes. These operators are constructed
solely from bare monopoles carrying a sequence of minimal fluxes, which are then dressed with chiral fields from
the bifundamental hypermultiplets to ensure gauge invariance. We observe that all other dressed monopole
operators are either composite or non-chiral, where the latter do not contribute to the branch of the moduli
space in question. The dressed monopole operators corresponding to the geometric branch are discussed
separately in section 5.

"For dressed elementary monopole operators, the “total sum” refers to Zj k; for unitary nodes with CS
levels k;. For orthosymplectic gauge groups, the symplectic CS levels Ic; are weighted twice relative to the
orthogonal levels kj, i.e. Zj (kj + 2Kk3).

,10,



(1,2) and another by (4,5). Together with the D5-branch, these constitute the full set of
independent maximal branches for this theory.
To extract the Hilbert series for an identified branch, we use the following prescription:

e For a sequence of consecutive nodes associated with monopoles that can acquire a VEV
stmultaneously, we assign an auziliary U(1) 4 azxial charge +1 to each bifundamental
field linking two nodes within the sequence, —1 to any bifundamental or fundamental
linked to only one node of the sequence, and zero to all other fields. Adjoint chirals are
assigned non-zero charges if they join any two bifundamentals with the same axial charge
(consistent with a cubic superpotential) or if the node has zero CS level. Remaining
adjoint chirals are assigned zero charge, effectively becoming massive.

In the example (2.21), we label the three maximal branches as Branch I (nodes (1,2)), Branch
IT (nodes (4,5)), and Branch IIT (nodes (2,3,4),(5,6),(7)). The axial charge assignments

are sumimarised below:

Branch | a3 as as ay as ag 4 (o c7
I a ot 1 1 1 1 1 1 1
11 1 1 o' a o' 1 at
111 a~ ! a a a~ ! a al a1 a1 @t
(2.24)
Branch [11 52 [)3 [)4 [)5 56 [17
I 1 1 1 1 1 1 1
II 1 1 1 1 1 1 1
111 1 1 a2 1 1 1 at?

The Hilbert series is then obtained by applying the limit (2.14) to the superconformal index
with these assignments.

Before detailing the specific examples that validate our prescription, let us comment on
its general consistency. For Chern-Simons theories that possess N' = 4 supersymmetry, the
SU(2) x SU(2) R-symmetry is obtained from the manifest N’ =3 SU(2)g symmetry and an
extra U(1)4 axial symmetry, which provides the extra supersymmetry current leading to
N = 4 supersymmetry [25-30]. In such cases, we observe that the assigned auxiliary fugacity
becomes physical, in the sense that it corresponds to a genuine global symmetry of the
theory, coinciding precisely with this U(1)4. Conversely, when the theory is strictly N’ =3
supersymmetric, U(1)4 is not an exact symmetry of the full theory. However, we expect
that, upon restricting to a specific branch, thereby setting to zero the operators that violate
this symmetry, the SU(2)r symmetry and the auxiliary U(1) 4 effectively combine into an
SU(2) x SU(2) structure, parametrised by the fugacities (¢, 3). This property is crucial for the
3 — 0 limit to be well-defined. It implies that all operators not belonging to the branch are
positively graded with respect to 3, such that the limit simply projects out these contributions.

Further details and examples are provided in the following sections: linear quivers in
sections 3.1, 3.3, and 3.4; circular quivers in section 3.5; star-shaped examples in section 3.6;
orthosymplectic quivers in section 4. The Type IIB brane setup analysis is detailed in
section 3.2, while the “geometric branch” found in certain circular quivers is discussed in
section 5. Two examples of 3d N = 4 circular Chern-Simons-matter quivers are given in
appendix D.
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2.3 Comments on the relation with Type IIB brane setups

Certain 3d N = 3 theories are known to admit a Type IIB realisation [2, 5], consisting of a
stack of D3-branes intersecting a setup of fivebranes. The set of allowed fivebranes includes
D5 and NSb5-branes, oriented to preserve eight supercharges, as well as bound states of p NS5
and ¢ D5-branes, referred to as (p, q) fivebranes. The orientation of the branes is chosen such
that a setup composed of generic (p, g)-branes preserves at least six supercharges.

The field theory residing on a stack of D3-branes intersecting a generic fivebrane setup-
whether linear or circular-can be constructed via the diagonal gauging of atomic QFT blocks,
each corresponding to a single fivebrane [22, 31]. To (0, 1)-branes (D5-branes), we associate a
standard fundamental hypermultiplet, or simply a flavour. To (1,0)-branes (NS5-branes),
we associate a bifundamental hypermultiplet.

The contribution of generic (p, g)-branes can be obtained by acting with an SL(2,Z)
transformation of the form T*1ST*2S ... ST*" on a (1,0)-brane,® where the set of k; exponents
is determined by the continued fraction:

L — (2.25)

The field theory realisation of this statement is that the contribution of a (p,q)-brane is
generally a non-Lagrangian block that, in quiver notation, can be expressed as follows:?

<>1@ Ny, YL e M/ T N\ (2.26)

where we use the fact that a stack of D3-branes intersecting an S (or S™!) operator corresponds

to a T[U(N)] (or T[U(N)]) theory.!® Additionally, a stack of D3-branes intersecting a
T* operator corresponds to level-k Chern-Simons interactions [19]. Note that whenever

p > 1,q # 0, the corresponding field theory building block is non-Lagrangian. More precisely,
it is quasi-Lagrangian, as it involves the gauging of the IR emergent symmetries of the
Lagrangian T[U(N)] theory.

The theories addressed by the prescription in section 2.2 involve brane setups with
(p, q)-branes, where we only allow p =1 and (0, 1)-branes. For instance, the theory in (2.20)

8We adopt the following notation for the S and T generators of the SL(2,7) group:

~(13) ()

9Note that, with respect to the notation of [22, 31], we adopt the opposite convention by “acting” with the
operator on the left of the bifundamental and with its inverse on the right.
10A T[U(N)] theory consists of the T[SU(N)] theory with an extra BF coupling extending the SU(N) x SU(N)

symmetry to U(N) x U(N). The T[U(N)] theory employs a different choice of background configuration. We
describe these theories in more detail, including their superconformal indices, in section 3.2.
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corresponds to the following brane setup:

NS5 (1, k1) NS5 (1, ko) (1, k1) (1,ks) (1, k1) (1, k1)

The prescription described in section 2.2 admits a direct interpretation from the brane setup
perspective. The branches of the theory correspond to the possible motion of D3-branes
suspended on a chosen type of fivebrane. The D5-branch corresponds to the motion of
D3-branes on D5-branes, while the branches typically parametrised by dressed monopole
operators correspond to the motion of D3-branes on NS5 or generic (1, k)-branes. Each
independent motion corresponds to a VEV for a dressed monopole operator. The simultaneous
motion of D3-branes on two different types of fivebranes is not permitted and does not yield a
branch, whereas independent motions give rise to independent branches. These observations
replicate the rules established in section 2.2. Referring back to the example in (2.27) (theory
in (2.20)), we can immediately see that the theory should possess four branches, i.e. one for
each distinct type of fivebrane in the setup. Aside from the D5-branch, we can identify the
dressed monopoles contributing to each branch from the setup. For example, the monopoles
associated with nodes (1,2) and (4,5) correspond to the motion of D3-branes on NS5 and
(1, ko)-branes, respectively. Meanwhile, the monopoles associated with nodes (2,3,4), (5,6),
and (7) correspond to motion along (1, k1 )-branes. It is thus conventional to refer to branches
I, IT and III in (2.24) as the NS5, (1, k2), and (1, k1) branches, respectively.

This interpretation facilitates the identification of possible branches from the brane setup
and informs the prescription for assigning the axial fugacity a:

e Once a branch corresponding to the motion of D3-branes along a chosen type of (1,k)-
brane is selected, we assign fugacity a=* to each bifundamental associated with that (1,k)-
brane,"' and fugacity a to each bifundamental corresponding to different (1,%)—branes
between any pair of the primary fivebrane type. Flavours associated with D5-branes
located between the (1,k)-branes are assigned fugacity a='. Every other hypermultiplet
is assigned an azial fugacity of a® = 1.

This rule replicates the prescription of section 2.2 from the point of view of the brane
configuration.

Finally, we can consider more generic brane setups involving (p, ¢)-branes. While identi-
fying the possible branches remains straightforward from the brane perspective, the field-
theoretic rules in section 2.2 must be generalised to account for T[U(NV)] links. The analysis
of such theories is quite complex. To provide a viable approach, we propose an example in
section 3.2 demonstrating that our prescription can be generalised to these cases.

1 This refers to the bifundamental hypermultiplet arising from the string stretched between the two D3-branes
intersecting the (1, k)-brane in question.

,13,



3 Unitary quivers

In this section, we report examples to motivate the prescription presented in section 2 and,
most importantly, to describe in detail how the computation of the branches can be performed.
The examples considered in this section include quivers with unitary gauge nodes and with
linear, circular or star shape. We will also include an example with T[U(N)] links, which,
as commented previously, is connected to Type IIB brance setups with generic (p, q) branes.
Examples of quivers with orthosymplectic gauge groups are given later, in section 4.

3.1 Linear quiver with U(N); X U(N)_r X U(NN); gauge group

We consider the 3d N' = 3 theory described by the following quiver diagram:

OnOn0 o

Py Fy F3

This theory can be realised in string theory via the brane configuration shown below:

F, D5 / F, D5 FyD5
X /X X /
. ) (3.2)
N D3
NS5 (1,k) NS5 (1,k)

For the special case of N =1, F} = 1, F5 = 0, and F3 = 1, this model was named the
T3] theory, and its moduli space was analysed in [6, section 4.4]. The magnetic quivers
associated with each branch of the moduli space were proposed in [3, section 5.1.1]. In what
follows, we analyse this theory by computing its superconformal index and limits thereof,
as described in section 2.

It is useful to consider the theory in 3d N' = 2 notation, where the field content and

fugacity assignments are:
bl bz b?i
I €1 I €2 I €3

F Fy F3

The specific assignments of axial fugacities a;, b;, and ¢; depends on which branch we aim
to compute and are assigned according to the rules in section 2.2. The assignment of axial
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charges is summarised in the following table:

Branch ap as C1 Co C3 51 52 53
NS5 a a ' at a! 1 1 1

3.4
(L) |a ! a 1 at' ot 1 (34)
D5 a a a a a a? a? a?
The index for the theory in (3.3) is then given by
1 3 N (a) (a) (@) (@
1(3_3):W Z %(HH )R,
) ) ez it 2w
HZ&LJ“ ) @) TT Zhe (2 Bsu () L5l — )
. (3.5)
2T Nome @ _, ®)
X H H H ZChlI" (LL‘ al iU 7 ( H—l) )7S(mi _mi—i-l))
s=*xli=1qa,0=1
3 Fj
1/2 i)\ — a o
X H H H H ch{u« (:v ¢ (( ](p])) lug- )) Smg )) ,
s=x1j=1p;=1a=1
where the Chern-Simons levels are
k1 =k, ko = —k, k3 =k. (3.6)

For definiteness, we take k > 0 throughout this discussion. In the above, the fugacities
b; are turned on only for the sake of convenience in keeping track of each bifundamental
hypermultiplet, and can be absorbed in the redefinition of the fugacities for topological
symmetries w;.

The goodness condition for this theory is

h+FB+Ek>

N N
5 F2+F3+k25,

which ensures that no monopole operator violates the unitarity bound.

The Hilbert series for each branch is obtained by first performing the redefinition
r=3t, a=3 YUY, (3.8)
and then taking a specific limit of the index:

H (g branch](t {w}: {0} () = BT o]
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3.1.1 Abelian case: N =1

Let us focus on the N = 1 case, where the index (3.5) simplifies to:

3
dui Ky mz
TNt = 3, f (H Sriu (8 Zlir (365 0))

m1,ma,m3€Z

<11 HZCII{E (x a;(biuguih ) s(m; —mi+1)) (3.10)
s==x1i=1

X H H Zil{?r (w e (( f](pj))flu]‘)s;smj) .
Jj=1p;=1

To compute the limit, we first replace the definition of the chiral multiplet contribution, given
n (2.4), and, for each assignment of axial fugacities in (3.4), we collect an overall exponential
3 factor. A non-vanishing result in the 3 — 0 limit imposes the following constraints on
the magnetic fluxes m;:

Branch Power of 3 Condition
NS5 3|m1—m2|+%|m3| m1 =mg, mg =10
(1’k) 5|WL2—WL3|—|—%|TN,1| me = ms, mj = 0 (311)
D5 5|m1—mz\-‘:—\7712—7713|-&-Z§:1 F;lm;| my=my=ms=0
We now discuss the computation for each branch explicitly.
The NS5-branch
The limit of the index for the NS5-branch is
F:
HINSS|(: {wdi b)) = lim 3o glmmmelrimlgatmomams)
mi1,mo,m3EZ
(3.12)

j{H duy U W PE | Sy ot Z (bruyuy ')

27rwZ 11

Here, the argument of the plethystic exponential only includes contributions from chiral fields
with axial fugacity a, as the contribution of a chiral field with axial fugacity a~! becomes
trivial in the 3 — 0 limit (see (2.8) and (2.11)). The function A(mq,ma, m3) is the conformal

dimension of a bare monopole:

1
A(myi, ma, m3) = §(F1!m1| + [m1 — ma| 4 Fa|ma| + [m2 — mg3| 4 F3|ms|) . (3.13)

,16,



In the limit 3 — 0, only terms carrying zero power of 3 can contribute, which imposes the
condition on the magnetic fluxes: m; = mo and mg = 0.2 We thus obtain the following
expression for the Hilbert series:

H (3.3)[NS5](t;{w; };{b;}) = Z ¢2A (ma=m,ma=m,m;=0)

m1=mo=mE€EZ

du1 dUQ dU3 _
x]{ - , ——ut"M us? " w " wy? PE |t Z (bruguy ')*
2miuy 2miug 2mius %

(A:U Z t(F1+F2+1+k)‘m‘ L

—k
1_t2y71”, y1="b1 "wiws

meZ
=PE [t2+(y1+yl—1)tF1+F2+k‘+l_t2(F1+F2+k+1)} '

(3.14)

In the first step, we recognise that the integral over u3 yields one, while the integral over u o is
non-trivial and evaluates to the function t*™ly(1 —¢2)~1 upon applying identity (A.1). The
t factor at the numerator adds up to the conformal dimension of the bare monopole operator
and represents the contribution of the dressing of bifundamental fields, so that the final
power of ¢ proportional to |m| is (twice) the conformal dimension of a gauge invariant dressed
monopole operator. The denominator instead is analogous to a P-factor in the language
of [20]. The final expression in (3.14) is the Hilbert series for the orbifold C2/Z g, 1 4 pi1. As
shown in the preceding line, this matches the Coulomb branch Hilbert series of a U(1) gauge
theory with F + F+ k+ 1 flavours, which is the proposed magnetic quiver for this branch [3].

The elementary bare monopole operators on this branch, V4 ; ), have an R-charge of
%(Fl + Fy + 1) and axial charge of F} + Fy + 1. The generators of this branch are

Go=X12Xo1, Gy =X5Vii0), G- =XpVi1-10), (3.15)
which satisfy the relation
G G_ = ghrirktl (3.16)

where X2 and X9 are the chiral and antichiral fields in the bifundamental hypermultiplet
connecting the first and second gauge nodes, respectively.!?

12 A5 a technical aside, if Fs is set to zero, then no condition on ms arises. However, the integral over us

duzub™s
A = 6m3,0 )
2mius

thus forcing mg to be zero. This argument holds for any value F3 # 0 regardless of the condition imposed by

now simply reads

the power of 3.

3Here and throughout the paper, we denote by X;; the chiral field in the bifundamental hypermultiplet
going from the i-th gauge node to the j-th gauge node. This is conventional in the literature of quiver
gauge theories.
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The (1, k)-branch

The result for this branch can be obtained from that of the NS5-branch by exchanging
the nodes 1 and 3:

H ao[(LR)(E ) (b)) = 30 28mtmemm

mo=m3z=meZ

du1 dUQ dU3

Kamg, K3mM3 m3
- - ——u U w *wy *PE |t (bougug
2miug 2miug 2miusg 2 3 [ Z 3 )

s==+1

Z (FatFstk+1)|m|
meZ
—PE [t2+(y2+y2—1)tF2+F3+k+l_t2(F2+F3+k+1)} .

- to Y2 = b5 wywy

(3.17)

This is the Hilbert series for C?/Z g, 4 py+ k11, matching the Coulomb branch Hilbert series
of a U(1) gauge theory with Fy + F5 + k + 1 flavours.

The generators of this branch are analogous to those of the NS5-branch, with the
replacements Vi(l,LO) — Vi(07171) and (Xlg,Xgl) — (X32,X23).

The D5-branch

Finally, assuming that F; # 0 and F3 # 0, the Hilbert series for the D5-branch is'*

du dus du
H (33)[D5](t;b1,23) = - - -

27r7ju1 27T’iU2 27TiU3

xPE[tZ{ibul Z+1S+§: FJ }—37&2].

s==1 7j=1 pJ:
(3.18)

The term —3t? in the plethystic exponential accounts for the three adjoint chiral multiplets,
which have an axial fugacity of a=2. This result corresponds to the Higgs branch Hilbert
series of the theory in (3.1) with the Chern-Simons levels set to zero (k = 0), which is
the 3d N' = 4 theory:

(3.19)

I3 I I3

The magnetic quiver for this branch is simply the mirror theory for this quiver. For example,
in the special case of F1 =1, Fy =0, and F3 = 1, (3.19) is mirror dual to the magnetic quiver
consisting of the U(1) gauge theory with four flavours [3, section 5.1.1].

MNotice that this assumption is sufficient, but not necessary, to have a good theory. For cases in which
Fy =0 and/or F5 =0, we need an improved strategy to compute the D5-branch Hilbert series. We leave this
analysis for a future work.
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In summary, the results for each branch are:

Branch | Hilbert series Geometry
NS5 (3.14) C?)Zpy 4 Fyrkin (3.20)
(1, k) (3.17) C? /Ly + Pyt
D5 (3.18) Higgs branch of (3.19)

These Hilbert series can also be derived using the methods presented in [18]; see appendix C
therein for related examples.

3.1.2 The case of N = 2

We now turn to the non-Abelian case of N = 2.
The NS5-branch
Following a similar analysis as in the Abelian case, we compute the limit

. )15 Az (m1,ma,m3) 1 2A(m,m2,m3)
H[NS5](t,{wl},{bz})—;1_>né Z gRs(mamama)y 1,m2,ms3
{m{™}, {mé”} {m{”}ez?

) L@ (@) 3 (@) 0 (@) (8
(@) rem m; P v g
f@ la= 1227TZU )<Ui ) i H H (1_ ®) )

1<a#B<2i=1 U;

ty Z B ) i (brt™)? <ué‘”>—1-

xPE
s=*xla,f=1

(3.21)

The argument of the plethystic exponential only includes contributions from chiral fields
with axial fugacity a. The function A(m, mg, m3) is the conformal dimension of the bare
monopole operator:

A(my, mg, mg) = (ZF Z\m e 3 (md® —md?)

o (3.22)
+]méa) 2Z\m —m )
The condition for a non-vanishing limit requires the exponent of 3 to be zero:
Ag(mlv ma, m3)
B 3.23
= Xl Yl Yl 0. O
2
a,f=1,2 a=1

We observe that the exponent of 3 might be negative, which happens for F3 = 0, and this
could lead to divergencies in the 3 — 0 limit. However, notice that the w3 integral, for generic
values of the magnetic fluxes and in the 3 — 0 limit, reads

dug”) (uf’ )) m” (s (2)—
2% 11 s 11 [1—(u3 ) (ug™) ] = 0ms0 5 (3.24)

a=1,2 2mi Wg s=+1
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thus setting mj3 to zero and avoiding possible negative powers of 3.!> Then we just need to
look for zero powers of 3, which give a non-vanishing contribution to the limit 3 — 0. All in
all, we restrict the magnetic fluxes to be of the form mg = (0,0) and my = m3 = (m, n) € Z2.
Furthermore, using the Weyl symmetry, we can impose m > n.

Taking the limit (3.9), the Hilbert series receives two distinct contributions, analogous
to the examples in [18, appendix C|, namely one from fluxes where m = n, and another
from fluxes where m > n:

H (3.3) [NS5] (tS w1,2; b1,2) = Hy—n + Hu>n - (3'25)

For fluxes with m = n, each U(2) gauge group is unbroken, and the contribution is

2 @ (ugnugz)
@ BONE

Hoew =3 3 1111

mez” i=1a=1 2miu,

< I H( g) [Z S () ()

1<a#p<L2i=1 s==*1a,8=1,2

) (wywg) 2™y 2Am1=ma=(m,m), m;=0)

(3.26)

We can simplify (3.26) by explicitly evaluating the integral using identity (A.2), which leads to

k —k
e R (b K wq) 2™ « {(F1+Fa+2)(2|m])

B A R GRrEy

[(Fr+ Fati2) 2l (3:27)
= (bl_ wi1w9

2 @) - .

Notice that the evaluation of the integral, which is the ratio in the first line, has two
contributions. The ¢ exponential factor modifies the dimension of the bare monopole operator,
so that it is included the contribution from the dressing. Also, the denominator can be
interpreted as a P-factor in the language of [20]; see also (A.3).

For fluxes with m > n, each U(2) gauge group is broken to its maximal torus U(1)2.
The corresponding contribution to the Hilbert series is

Hupsn = Z H(m) H(n) 2A0m=mz=(mn)ms=0) (3.28)

m>nez

where H(m) is the integral part of the N = 1 result from (3.14):

du; dug

H(m) = p 5o Zuf ™ s g x PE (Y (buuy ')
2miuy 2miug s=%1 (3.29)
7fk|m| k m

5This is a general feature. Whenever a gauge node sees only hypermultiplets with fugacity ™! or a°, then
its integral can be solved to effectively set its corresponding magnetic flux to zero. As expected, gauge nodes
that are distant from those that are involved in the construction of dressed monopole operators do not play
any role.

— 20 —



Notice again that the result gives a t exponential factor, that accounts for the dressing of
bare monopoles, and a P-factor. Therefore, we have

t(F1+F2+k+2)(|m|+|n\)72|m7n|
(1-2)2

Hpon = (b7 Fwywe) ™" (3.30)

m>n

Summing the two contributions as indicated in (3.25) yields the total Hilbert series:

H (3.3)[NS5](t; w125 b1,2)

_ Z (P14 Fatk+2)(Jm|+|n))—2[m—n]| yin—&-n PU(Q) (t;m, n)
m>nez

=PE [tQ + 11+ (yl + yl_l) (tFlJrFQJFk 4 tF1+F2+k+2)

_ 2Pt Fatk+l) t2(F1+F2+k+2)}

(3.31)

—1
;Y1 = b wiwa,

where the P-factor is defined as in (A.3). This result matches the Coulomb branch Hilbert
series for the proposed magnetic quiver 3], which is a U(2) gauge theory with F} + Fy + k +2
flavours. Notice that the Py (2)(t; m, n) factor does not depend on the specific value of (m, n),
but only on whether m is equal or not to n. This agreement follows from the structure of the
Coulomb branch formula in [20]. For m(®) = m(? the U(2) gauge group is unbroken, and
the factor Py (t;m = n) = [(1 —2)(1 — t*)] ~! is the character for the Casimir invariants.
For m # n, the group is broken to U(1)?, and Py)(t; m # n) = (1 — t*)~2 accounts for
the Casimirs of the residual symmetry.

The (1, k)-branch
The analysis for this branch is identical to that of the NS5-branch, with the nodes 1 and
3 exchanged (and by replaced by bs).

The D5-branch

We now compute the D5-branch, assuming F; > 1 and F3 > 1.16 As in the Abelian case,
the magnetic fluxes are constrained to be m; = my = m3 = 0, meaning that monopole
operators do not contribute to this branch. The resulting Hilbert series is therefore the Higgs
branch series of the corresponding theory with zero Chern-Simons levels (k = 0):

(3.32)

13 Fy Fy

The magnetic quiver for this branch is simply the mirror theory for this quiver.

16 As in the Abelian case, this condition is sufficient, but not necessary, for the theory to be good. We will
however leave the analysis for more general values of the flavours to a future work.
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3.2 The T\, 4)[3] theory and its generalisation

Let us consider the following brane system:

D5 /) D5 /!
X / X /!
. ; (3.33)
N D3
NS5 (2p,2pg — 1) NS5 (2p,2pg — 1)

This system and the corresponding field theory, known as the 7}, )[3] theory, were considered
in [6, section 7]. We take p = 2p and ¢ = 2pq — 1, such that p,q € Z>;. We define the
generators of SL(2,7Z) as follows:

S = <O _1> ., T= (1 0) : (3.34)
10 11

where S? = —1 and (ST)? = 1. We define
J = —TIST?. (3.35)

Since Jj (1 O)t = (2]3 2pq — 1)t, it follows that each (2p,2pq — 1)-brane can be regarded an
NS5-brane between a J wall on the left and a J~! wall on the right (see [22]). Note that the
T* wall gives rise to the gauge group U(N),, the S wall gives rise to the T[U(N)] theory, and
the S~! wall gives rise to the T[U(N)] theory.!” The corresponding theory is therefore

1 1

17 As defined in [19], the T[U(1)] theory is the supersymmetric completion of the Chern-Simons coupling
ﬁ f F AdW between two U(1) gauge fields F' and W, where each of them resides in an N = 4 vector multiplet.
The T[U(N)] theory is defined as the product of the T[SU(N)] theory and the T[U(1)] theory, in such a way that
the 81u(N) x 8u(N) global symmetry of T[SU(N)] is promoted to u(N) x u(N) with the mixed Chern-Simons
term due to the T[U(1)] theory. In terms of the index, if we denote by {(f1, f2,..., fn), (m1,ma,...,mn)}
the flavour fugacities and corresponding magnectic fluxes, and by {(w1,ws2,...,wn), (n1,n2,...,nn)} the
topological fugacities and corresponding magnectic fluxes, then the T[U(1)] contribution to the index is
(fife - fn)"N (wrwa - -wy)™N. The T[SU(N)] theory can be contain from T[U(N)] by setting f; — f;l
and m; = —my, forall j =1,..., N.
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3.2.1 The Abelian case

Let us focus on the case of N = 1. In order to compute the limit of the index, we assign
the following axial fugacities to the chiral fields in the quiver.

1 1

The index of (3.37) is then

6
du; W ™
Z (3.37) = Z % ( S ZZchlr (.73; Bi; 0) >

27rzu
mi,...,megEZ v

<1111 2 (:U ai(uiui )" smi - Sm”l) Zefn (1" ¢;(f; uy)® ;smj> (339

s==£1i=2,3 7=1,5
x (g uy' ) (ug ™ ug ™) (ugug'®)
where
K1 =q, /{2:2‘13) /{3:_2]37 K4 =—q, Ks =4, 56:21’7 (339)

and for each branch the axial fugacities are as follows:

Branch (15} as C1 C5 51 52 53 54 [15 [’6
N Rt | 1 1 1 1 1 1

55 “or o (3.40)
(2p,2pq — 1) a a 1 a 1 1 1 1 1 1
D5 a a a a a2 a2 1 1 a2 1

We can now analyse each branch separately.

The NS5-branch

On the right hand side of (3.9), we find that the power of 3 is [my — m3| + 3|ms|. Thus,
a non-vanishing result in the limit 3 — O restricts

mo=mg=mE~ecZ, ms =0. (3.41)
The dimension of the monopole operators is
1
A(ma,...,ms) = g (fma| +[ma —ms| +[my —ms| +[ms]), (3.42)

and the limit of the index for the NS5-branch reads
H (356 [NS5](t; {wi s {bi}) = > 2A0memmma0) i (yoqng) ™)

my,m,my€”Z

d _ _
(Hf 2ty ) T T mPE{ 5" (a1
2miu;

s=+1

] (3.43)
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The integrals over u; and u4 impose the following conditions:
m=-miq, m=—myq = MmMi=myg=n, m=-nq, (3.44)

whereas the integral over ug and the magnetic flux mg are neglected for the reason explained
in footnote 15. The expression in (3.43) reduces to

n
_ _ ww
H (3.36)[NS5](t; {w; }; {bi}) = Z 280 —ne,na,n0) ( ; ﬁ)

nez Wa W3

du; —(2pq—1)n (2pq71)n —1y\s
(H}{QTFZUJ) PE tsz (bauzuz )|

==1
(3.45)

from which we see that the “effective Chern-Simons levels” for the second and third nodes
are now —(2pq — 1) and (2pq — 1), respectively. To form the gauge invariant quantities, we
need to dress bare the monopole operator V(; _q _41,0,0) associated with n =1 with Xo3 and
V(1,4,q,-1,0,0) associated with n = —1 with X32. Similarly to (3.14), we obtain

1 wiw
H (3.36) [NS5] (t {wz} {b } § : t|n\[1+1+(2pq 1)] 2yn L y= bQPq 1 c1I ﬁ
1-t¢ WoW

nez 273 (3.46)

— PE [t2 + (y 4y yeeatt t2(2*’q+1>} .

This is the Hilbert series of C?/Zaopq+1, in agreement with [6, (7.1)]. This space can be
realised as the Coulomb branch of the magnetic quiver described by the U(1) gauge theory
with 2pq + 1 flavours [3, (5.12)]. In summary, this branch is generated by

Go = X23X32, Gy = ‘/(1,—q,—q,1,0,0)X22?fq_1 , Go = V—(l,—q,—q,1,0,0)X32§q_1 ; (3.47)
satisfying Ggpq+2 = G4+G_.
The (2p,2pq — 1)-branch

5%|m1|+\m47m5\.

In this case, we have In the limit of 3 — 0, a non-vanishing result imposes

the conditions
myg=ms=mE~e2Z, m1=0. (348)
The limit (3.9) of the index in this case reads

H (35620, 2pq = D)(t: {wis {oi}) = D 220m2memmyis () g

m3,m,mgEZ

du; _ _
(Hyg J ) ma 2m2P 32m3P mu4m3 qmugn6+qm gmep-i-m PE[ Z (b4U4u5_1)S

2miu; =t

] (3.49)

The integrations over wy, ug, us, ug impose

me=0, mg=n, mg=n, m=-2pn, (3.50)
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from which the expression above simplifies to

n,—2pn,—2pn w3zw
H (3.50)[(20,2pa—1)] (t: {w; }s{bi}) = Y 240 0m—2m.=2p >( % §p>

nez Wy Wy

H]{ duj ) (-1, ~Cha-Dupp |,
2miu;

Z (b4U4’LLg1)S‘| .

s==+1
(3.51)
We thus obtain
H (3.36)[(2p,2pq—1)] (t;{w; };{b:})
(A1) _ 1 —(2pg—1) W3W
= Ztlu\[1+2p+(2pq 1)]1_t2yn’ y=b; (2pa—1) 2]?; gp (3.52)
nez Wy Wy

—=PE {t2+(y+y_1)t2p(q+l) ft4¥'(q+1)} ’
which is the Hilbert series of €2 /Zay(q11), in agreement with [6, (7.1)]. This space can be

realised as the Coulomb branch of the magnetic quiver described by the U(1) gauge theory
with 2p(q + 1) flavours [3, (5.13)]. In particular, this branch is generated by

Go = Xy5X54, Gy = V(o,o,1,-2p,-2p,1)Xz§q_1 , G- = V—(0,0,1,—2p,—2p,1)X§fq_1 , (3.53)

satisfying Ggpq+8 = G4+G_. As usual, we denote by X5 and X34 the chiral and antichiral
fields in the bifundamental hypermultiplet connecting the gauge nodes 4 and 5.

The D5-branch

In this case, we have gl"1lFlm2—mal+lma—ms|+ims| Ty the limit 3 — 0, a non-vanishing result
imposes the conditions

m1:0, mog =Mm3=m, mg =ms5=20. (3.54)
The limit (3.9) of the index in this case is given by

H (3.56)[D5)(t: {wids (bi}) = D0 22000 (wywg) Mg

m,meg€EZ

du

J m 2mp mp_ —m,_ me, 2mep
Uy U O,

(Hf%mu]) 4 75 76

x PE

=32+t Y {(frur ) + (uguz')® + (ugus')* + (fsuz ')}
s==+1

(3.55)
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where the integral over ug sets mg = 0. We thus obtain

H (3.36)[D5](t;{wi};{bi}) = Z (wow3z)™ (Hf du )u’f‘ugmp y™

oy’ 2miu;
xPE | =362+t Y {(frug")*+(bauguz ) + (bauguz ")+ (fruz ')*}
s==+1
S0 TT o |t ™ <25 g™l
meZ j=1,57 “TtUj
xPE | ~t*+t 3 {(frug ') +(fsuz; )}
s=+1
+(2p+3)m| 7 . _ _
_ Z Wym:PE [t2+<y—|—y 1)t2p+3_t4p+6] ’ y=f1b; 2"b4f5 1w2w3.
mez

(3.56)

This is the Hilbert series of C?/Zay3, in agreement with [6, (7.1)]. This space can be
realised as the Coulomb branch of the magnetic quiver described by the U(1) gauge theory
with 2p + 3 flavours [3, (5.14)].

We point out that, in contrast to the previous cases in which the quivers contain only
fundamental and bifundamental hypermultiplets, the D5-branch in this theory is generated
also by dressed monopole operators. From (3.56), we see that such generators are

Gi = Vi011.000@1 Xy X15Q5, Gi =V (01.1000Q1 X8 X54Qs5 . (3.57)

The other generators can be taken as one among the following combinations: (1 @1, Xo3 X309,
X 45 X354 and Q5C~25, depending on which adjoint chiral field we turn on in (3.37). In particular,
the choice given in the last line (3.40) sets Q1Q1 =0, X93X30 = 0, Xu5X54 = Q5Q5, and
so the aforementioned generator can be taken as

Go = X45X51 = Q5Qs . (3.58)
These generators satisfy the relation G4p+6 GiG_.

3.2.2 The non-Abelian case

Let us now generalise the discussion above and analyse the limit of the index for theories
with (p,q)-branes and non-Abelian nodes. For simplicity, we focus on the N = 2 case,
which corresponds to a Chern-Simons theory with interpolating 7[U(2)] and T[U(2)] SCFTs.
Specifically, let us consider the following brane system:

LD /" RD
X / X
. (3.59)
2 D3
NS5 (2p, 2pq — 1) NS5
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where the associated quiver theory reads

L R (3.60)

in which the flavour and topological symmetries of the T'[U(2)] theory are coupled to N' =3

U(2) vector multiplets with Chern-Simons levels q and 2p, respectively. Similarly, the flavour
and topological symmetries of the T[U(2)] theory are gauged with Chern-Simons levels —2p
and —q, respectively. We can assign axial fugacities to the various chiral fields appearing in
quiver (3.60), which can be depicted in 3d A/ = 2 notation as follows:

. 4[‘ ‘T{U - (3.61)

The index of theory (3.61), compatible with the axial charge assignments, is then given by

Ot )f@ m( )wm( >>
1

H e (b5 )il mgm)]

4
x JT 252 (s {ul™}; {m™})
i=1 a,f=1

< 1 ﬁ chlflr (a:; as <ug")(u§ﬂ))71>s;s<mg@)7mgﬁ)>> (3.62)

s=*1q,/=1

Fj
<11 11 11 HZiﬁ(w & () ) )

s==+1j={1,4} pj=1 a=1

ek YOY Yy (I

{mga)}GZ2 {mé,a)}GZ2 {mg“)}eZQ {m<a)}€Z2 ' =1

2mu

X ZT[U(Q)] (.’L’ a1|u1 ;My )|u ,mga)> Z

T[U(2)] (4”% ‘13\’“;&); mga) |uz(fl)§ mz(fl)) )

where
K1 =4q, ko =2p, K3=—2P, kgi=—(. (3.63)

For definiteness, we take p,q > 0. We denote by {ul(-a), mga)}, with a = 1, 2, the fugacities
and magnetic fluxes for the i-th U(2) gauge node, where i = 1,...,4, and with f;pj) the

fugacities for the j-th flavour node, with p; = L and ps = R. The index contribution due
to the T[U(2)] theory is

Zro(2)) (o5 Y| F; meplw; ny)

L
— Z% flf TLwQ mf1+rn’f2 (U]l) Z?’Lwl—an (364)
2miz

ez w2

% Zot! (@5 y) Zygo P s ylz Ll fimy)

adj yper

where the term highlighted in violet is the index of the T[U(1)] theory, and we denote with
(2,12), (f,my) and (w,n,) the fugacities and magnetic fluxes for the U(1) gauge group,
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the flavour and the topological symmetry, respectively. Furthermore, the adjoint chiral field
in the U(1) vector multiplet and the hypermultiplet in the bifundamental representation
of U(1) x U(2) contribute as

Zo) @59) = Z (af y%0) (3.65a)
U2 1/2 s p—s
Zhy<p§f (33 ylz; LI fsmy) = 111 I_IIZC}{H (w;y;z fi%sl: — smfj) , (3.65b)
s J

respectively. The index of the T[U( )] theory is then defined as
Zray (@ ylfimylwine) = Zrye) (el —mylwing) (3.66)

with {f_l,*mf} = {(fflafil)v(*mfp*mh)}'

Subsequently, we focus on the NS5-branch, in which case the axial fugacities and the
parameter €, which appears in the second line of (3.62), are assigned as follows:

Branch ap a9 as C1 Cq4 51 52 [13 54 €
— — — (3.67)
NS5 a a a a a 11 1 1 0
The limit of the index in question is
H NS5](t) = lim Z, .
(3.60)[NS5](t) JmL@en (3.67). (2.15) (3.68)
Limit of the T[U(2)] index
Let us consider the 3 — 0 limit of the index of the T[U(2)] theory, depicted as
T[U(2
o | U@L |, (3.69)
Y
f7 mf wﬂ Ny

whose index is given by (3.64), with y taking values in {a,a™1}. Observe that the variables
3 and t defined in (2.13) are swapped upon sending a — a~!. As a consequence, the 3 — 0

limit in the theory with axial fugacity a=!

is equivalent to taking the ¢ — 0 limit in the
theory with axial fugacity a, and then redefining 3 = t. Using the self-mirror property of

T[U(2)], we thus obtain

ZE 0ty (3t Fmplwim) = ZE5a), (6 3lw; | f3my) (3.70)
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The derivation of each of such limits is presented in appendix B. We report the important
results as follows:

ZE 0y @5 Fimglwiny)

= 67nf1,mf2 (wlwz)mfl t‘nwlf’ﬂwﬂ
e(nwl - nw?) 81(2)1 ) (t2§ fi, f2) + G(nuﬂ — N1 — 1)\1181(15)2’711”1) (tz; fi, f2)
f [
(1-28) (1-28)
1

+ (1 — 5mf17mf2) $|mf1—mf2‘ {6711017%2 (flf?)nwl ( 1172) (1 — 32%)

X

3.71
1 _ 527171 ( )

% (@(mfl —my,) [\I,g'éf)l M) (52;w1,w2) t2\1,87(b2f)1—1 myyFl) (52;w1,w2) ) ((,)2)]

#00mg =y =Dy ) + 0 (3) )

+(1— S, '”wz t‘“wl Nawal Z [ iy ”(1{)1) (ﬁ)} [ fJ\I/[?(ll)z (f])] } R
i#j=1

where we denote by O(x) the Heaviside step function, such that ©(z) = 1 for x > 0 and
O(z) = 0 for x < 0. The expressions for the U(1) and U(2) Hall-Littlewood polynomials
are given by (see [32, (B.13)])

1 1
tey T2t — a2t g T — ot

ni 1+n2 (372)

I — 22

Limit of the index of quivers with T'[U(2)] building block

We are now ready to discuss the NS5-limit of quiver (3.61), where the axial fugacity assignments
are summarised in table (3.67). This can be obtained starting from the expression

4 2 (a)

94 j{ —1a=1 27T1u (Uga))"”vzm lH vee (5775 {u }; {mz(a)})
<1111 ﬁ Zii (t 5 (F)" (u%“)f;sm%“))

12 (0% S —8 (e}
< JTTT 2ae (@) ()~ smi® — smi”) (3.73)
s=+1q,0=1
R 2

< T1 T1 I 245 (t: 8 ()~ (ud™) smf))]
3—0

s=*1li=1a=1

X Z8 0oy @l Y i Y g™ Y ()
X Zify (3l (™) {=mi Y () fmi))
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where

vec

253 (35t {u s {ml@}) = (5t)7Im7mO]p (caypm =2 gl -m ]

- (_Dm(ltm(?) ﬂ N @ (3.74a)
w®@ M7
[ma|
1/2 _
Zi (situsmy) = (3u 1) ’
0 )mu32+\mu|+2]t1+\mu|+2ju71 (374]3)
s H 1) gl P27 mal + 27y,

Observe that the lowest possible power of 3 in (3.73) is

F(5) = — [ — @) 2 — )
(3.75)
+ ‘mgl) — m3 ‘ + ‘mg) — méz)‘ + ‘mgg) — mél)’ + ‘mg) — mgf)’ ,

where, thanks to the triangle inequality, it follows that F'(3) > 0 for all values of the magnetic
fluxes,'® leading to the crucial fact that there is no divergence in taking the 3 — 0 limit.
Moreover, if F(3) > 0, the expression (3.73) vanishes in the 3§ — 0 limit, meaning that the
relevant contribution is the one coming from the choice of magnetic fluxes satisfying F'(3) = 0.
This can happen in three different ways:

e when all magnetic fluxes associated with the second and third U(2) gauge nodes in (3.60)

are equal,
e when {m(QI) = mél),m(;) = mg)},
e when {mé ) = mi()) ),mg) = mé )}.

Let us discuss the various possible cases separately, using the fact that Zd{lr (3;t;u;my,) in
Ima]
the 3 — 0 limit reduces to (zu~!) 2 if my, # 0, or to PE [tu] if m, = 0.

1. {m(l) g ) = mg ) = m:(f) = m}: the only non-trivial contributions come from the
sectors with {m(l) = mg2) =1}, {mfll) = mf) = n}, for which the expression (3.73)
!8Observe that, in the case mél) - méQ) > ‘mé” m§2) , we can use the inequality ’mél) — m:(;) —+
’m? méi) > ‘mgl) —mP| for i = {1,2}, which leads to F(3) > |m{” —m{?| — mél) —mf) > 0.
Analogously, if [m{" mgz) > )mgl) (2) , the inequality |m ( ) m(;) + ’méz) - my) > ‘mél) - mf)
ensures that F(3) > — ‘mgl) —-mP |+ ‘m3 - méQ) > 0.
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simplifies to

4 2 du(a) )
31 2 (T2 ) ot

« (ugl)uf )qI (ugl)ug))”m (ugl)ugz))—mam (ugll)uglg))—qn
1

: ul) o 2L|U|+2R|n|
2 2 n
X [Il (2 @ (DN Xt

i

2
« PE Z Z t(uéa))s(ugﬂ))_s (3.76)
s=*1a,/=1

no@\™ /(1) 2\ 1+t

o N o)) (g L
) ()
1 1

D @\ "/ 1) (2™ 1+t

e (002) ™ () ™

(1) 2\ 7’
(EAICE
Uy Uy

whre the Chern-Simons levels are parametrised as in (3.63). The integration over the
variables {uga)} and {uff)} yields a non-zero result if m = —ql = —qn, with q € Z~.
Such a condition on the magnetic fluxes reduces the expression above into a single
summation, for instance by expressing [ and n as functions of m. Upon introducing
the variable w = wy l(wag)qwzl, the computation of the residues at the poles of the
gauge fugacities finally results in

2m  2(—142pg+L+R)|m|
Im Ao Aoeplsrml w2my2F|m|

meqz meZ

where we set m = %, and define

F=L+R+2pq—1. (3.78)

We will demonstrate in appendix B.3 that the contributions from the magnetic fluxes

(2)

satisfying mgl) # m§2) and mf) # my~ vanish due to the residue theorem.

2. {mgl) = mél) = ml,mg) = m:(f) = my}: the only non-vanishing contributions come
from the sectors with {mgl) =1 # mgQ) = [y}, {mil) =ny # mf) = ny}, for which

the expression (3.73) becomes

1 S duz('a) (1412 mit+ma  ni4ng
o Z f HHW wy (waws) wy

[, 02, my,ma,ny,m2 i=1a=1 27”“1’

1)\ £ (2)\al2 ugl) s qu) apme (1)) M [ (2)) —an2
™ () () ) )

(1
U3
X [(315)—(|I1—Iz|+2|m1—m2\+\n1—n2|)} o LI+ +R(|n [+ nz2])
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2
x gmmel PR | ST S T t(uf) (uh)

s=t1la=1

im0 () () ()"

()™ ()™ ()" ()"
o) () 40 ()

+ () () () () (3.79)

Upon performing the integration over the gauge fugacities {u1 } and {u } these
pick up residues at the poles for the following four choices of magnetic fluxes: {m; =
—qliy,my = —qla Vmy = —qly, my = —qu} and {m1 = —qni;,myg = —qng Vm; =
—qngy, mg = —qn}. These conditions simplify the integral above, which can now be
expressed just as a sum over two magnetic fluxes, say m; and my, as follows:

mitmo  —2[my—mo|+(=1+L+R+2pq)(|my [+|ma])
> o “
_ 1232
mi,ma€qZ (1 t ) (3 80)
Z wm1+m2t72|m1fm2|+.7:(\m1|+|m2\)

3 )
m1,mo€7Z (1 _t2)

| =

=

where we set w = wy l(wgwg)qwéfl and, in the second equality, we define m,, = % for
a = 1,2 and use (3.78).

On the other hand, we will demonstrate in appendix B.3 that the magnetic fluxes
satisfying {mgl) = m§2) =1}, {mil) = mf) = n} do not contribute to the 3 — 0 limit

of the index.

. {m V= (2) =my mg) = mgl) = my}: this choice of magnetic fluxes is analogous

to the previous case, to which is related simply by permuting mi(,)l) and mg). Upon
setting the topological fugacities of the theory to one, the action of the U(2) Weyl group

ensures that the limit of the index (3.73) in this case is the same as (3.80).

We can finally consider the total contribution coming from (3.77) and twice (3.80). Taking

into account the action of the U(2) Weyl group, the sum in the latter expression can be

reformulated by considering an ordered set of magnetic fluxes satisfying mi > ms, and thus

multiplying by an overall factor of two. If we further use the definition of the U(2) dressing

factor given in (A.3), the resulting total contribution can then be expressed as

(3.77) + 2 (3.80)

= Z PU(Q) (t§ mi, mZ)wm1+m2t_2‘ml ~mal+F(Imaftima])
m1>ma€Z

(1-22772) (1-7) (3.81)
T A-) (15 (1 - wrF2) (1 — wEF)

1 1
=PE {t2+t4+(w+)tf_2+(w+)tf—tQ(f_l)—th ,
w w
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where 1 — w*t stands for (1 — wt) (1 — w™'t). This expression matches the Coulomb branch
Hilbert series of N' =4 U(2) SQCD with F = L + R + 2pq — 1 flavours. This result finds
agreement with the magnetic quiver prediction for the NS5-branch reported in [3, (5.15)].%

As we can read from (3.81), there are six generators subject to two relations, which can
be mapped to those described for 3d /' = 4 U(2) SQCD in [20, around (5.4)] as follows.?
The generators of the Coulomb branch of U(2) SQCD can be built from the adjoint field
® in the NV = 4 vector multiplet, which can be put in a diagonal form as ® = diag(¢, ¢),
and the monopole operator with U(2) magnetic fluxes +(1,0), denoted Vi oy, as detailed
in the aforementioned reference. We tabulate such generators and the corresponding gauge
invariant quantities in theory (3.60) below.

Generators of U(2) SQCD | Corresponding operators in (3.60)
(@) (Vo)
(@) (V)
Vivo) Y [(Xag)}) P (3.82)
Vic1,0) Yo [(Xa2)i] !
V1,09 Vi [(Xag)l] 7y
V1,009 Y [(X32)H2pq_l Y

where we define Yy = X23X39, which can be put in a diagonal form as Y = diag(z,y), and
the monopole operators Y are those with fluxes +(1,0; —q,0; —q,0;1,0) under the four U(2)
gauge groups. Note that the gauge charge of such bare monopole operators can be read off
from the second, fifth and seventh lines of (3.79), namely (ugl))q(ug)/ugl))_”q(ug))_q X
(uf)) (s x (us) ()1 = (uf) fugl)) a2

3.3 The T'[4] theory

We consider the following theory

1 1 1

19Note that the authors of that reference consider a slightly different brane setup with respect to the one
depicted in (3.59).

20The case we are interested in corresponds to setting & = 2 and n = L + R + 2pq — 1 in the notation used
in that reference, where N' =4 U(k) SQCD with n flavours is considered.

2n particular, the terms t*> and t* appearing in the plethystic exponential in (3.81) correspond to
the generators trYy and trYZ, respectively. Note that the operators tr YO’"+2, with m > 0, can be
built from the two said generators thanks to the Cayley-Hamilton theorem as tr Yom+2 = trYptr Yom+1 +
% [tr Y@ trYg™ — (trYp)? tr Yom] .
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We assume, for convenience, that ko > k1 > 0. The corresponding brane system is

I, II D5 I, l, I, I,
II II >< II II >< II >< II
II II II /I II II (3-84)
D3 III /Il III I/I III II
NS5 (1,k1) NS5 (1, ks) (1, k1) (1, k2) (1,kp) (1, k1)

In order to compute the limit of the index for each branch, we assign the following axial
fugacities to the chiral fields in the quiver as follows

bbbyl

The index of (3.85) is then

dui
I — K;Zml le . 74_,
(3.85) — § : f < 27T’Lu chir (xa b ’ 0) )

bs

[]6

rH

I Co

1

mi,....m7€Z

(3.86)
X H Hch}ﬁ (:v,al U U z+1) ;Smi—Smi+1) H chﬁ (a:,c] fi u]) ;smj) ,
s=+1i=1 §=4,6,7
where
k1 = k1, —k1, k3 = ko, (3.87)
/i4=—(k‘2—k‘1), 5:k}2—k‘1, I€6:—(k'2—/€1), /€7:0,
and, for each branch, the fugacities a;, b; and ¢; are given as follows
Branch ap as as ay as ag Cq Co C7
NS5 a al!t 1 1 1 1 1 1 1
(1,kg) | 1 1 o' a at -1 1
(1,ky) |[a ! a a at!' a at!' at!' at! ot
D5 a a a a a a a a
(3.88)
Branch [11 [12 [13 [14 [15 [’6 [17
NS5 1 1 1 1 1 1 1
(1, k2) 1 1 1 1 1 1 1
(1,ky) | 1 1 a2 1 1 1 a'?
D5 a? a2 a? a? a? a? a2

The limits of the index for the NS5-branch and the D5-branch are similar to the analyses

in the precedent examples. The analysis for the (1, k1)-branch is slightly more intricate and
we provide a detailed computation below
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The (1, k1)-branch

The power of 3 on the right hand side of (3.9) is glm2—msltlms=mal+lms—ms| - A non-vanishing

result in the limit 3 — 0 imposes
mo =M3=Myg =M, M5=Mg=MN.

The limit of the index for this branch is
H (385 (1, k)] (t; {wi}, {b:})

— Z tQA(ml,m,m,m,n,n,mﬂw;m (w2w3w4)m(w5w6)nw;n7

mi,mnmyEZ

(H% du] ) k1m1uflc1m kzm Elk17k2)mug(k17k2)nuéklfk2)n

2miu;

x PE [t Z {(b2u2u3_1)5 + (b3U3u21)5 + (b5U5u6_1)8} ,
s==+1

where the dimension of the monopole operators is
6

A(my,...,m7) = Z [mi — mig1| + [mal + |me| + [m7].
=1

(3.89)

(3.90)

(3.91)

The integral over u; sets m; = 0. Hence, the monopole operators on this branch possess

fluxes of the form
(0, m,m, m,n,n,ms), m,n,mr €7Z.

The expression (3.90) reduces to

H (3.85)[(1, k1)) (; {wi}, {bi})

_ Z t\m n|+|n— m7\+2|m\+|n\+|m7\(w2w3w4)m(w5w6)nw;n7
mn,mrEZ
6
duj \  gim kem —(ke—ky)m (ka—ki)n —(ka—ki)n
« 1 om 2—k1 2—k1 2—k1
(H%%riuj)% Uz™ Uy Us Ug
Jj=2
x PE |t Z { baugug ) (b3u3U4 )+ (b5U5u6 )° }
s==+1
Al tle2a=k)m|
(:) Z t\mfn\+|n7m7\+2|m\+|n\+|m7\(w2w3w4) w;m « (1 _t2) 5(k2 kl)’LU5’LUG)n
mnmrEZ
H% du] 7k1m klm (kQ k1)m —(kg ki)m
2miu;
x PE |t Z {(bQUngl)S + (b3U3uZl)s}
s=+1
A tlka=k1)n|
(A1) Z t\m—n\+|n—m7\+2|m\+|n\+|m7\w?w % = (5(k2 kl)w5w6)n
mnmyEZ
ghrmlg(ha—k)lm|
o O
m
=Y gmenbnemr 2l e D e yryzwr '
(1—1¢2)3"

mnmyEZ
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where
Y1 = bglbg(k27kl)w2w3w4 ; Y = bg(krkl)wg,wﬁ . (3.94)

The last line is the Coulomb branch Hilbert series of the following 3d N = 4 theory:

| @ :

ko + 2 ko —k1+1 1

(3.95)

which is the magnetic quiver for this branch, in agreement with [3, (5.7)]. The fugacities for
topological symmetry associated with each gauge group from left to right are (y1,y2, w7),
respectively. The corresponding gauge magnetic fluxes are (m, n,my7), respectively.

The NS5-branch

On this branch, we have m1 = mg = m, mg = myqy = ... = m7 = 0 The limit of the
index for this branch is

d d
Z %2 up dug 2A(m,m,0,0,0,070)u11€1mu2—k1'm(wlwz)m PE |t Z (blulugl)s
<z iUy 2mu2 1
m (3.96)

(A1) = tFR)m

2 y™ =PE [tZ + (y + y_l)tk1+1 — t2(k1+1)} TS bfklwlwg .

mezZ

This is the Coulomb branch Hilbert series of the U(1) gauge theory with k; + 1 flavours, which
is the magnetic quiver for this branch [3, (5.4)]. The corresponding moduli space is C2/Z, ;1.

The D5-branch

On this branch, all of the gauge magnetic fluxes are zero: m; = mg = ... = my = 0. In
the limit 3 — 0, the index reduces to the Molien integral that computes the Higgs branch
Hilbert series of (3.83) with k1 = ko = O:

7 . 6
%(H Q(jru;)PE —TH Z {Z (bju; J+1)S+ Z (fllm)s}

i=1 s==1 1=4,6,7

(3.97)

Using (A.1), we see that the integrals over uj, ug and ug are trivial. Hence, the above
formula reduces to

7
du;
f (H - > PE
i 2mu;
This is the Higgs branch Hilbert series of the following 3d N = 4 theory:

' (1) . (3.99)

—4t* + ) {26: (bjujuily )+ Y (f, }] . (3.98)

s==x1 | j=4 1=4,6,7
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The magnetic quiver for this branch is simply the mirror theory of this quiver, namely

F @ @ ﬂ (3.100)

in agreement with [3, (5.6)].

3.4 A unitary linear quiver with unequal ranks

We consider the 3d N' = 3 theory described by the following quiver diagram:

(3.101)
F2
which can be realised in string theory via the brane configuration shown below:
F, D5  F,D5 FD5 )
X S X X /
. ) (3.102)
D3 -
NS5 (1,k) NS5 (1,k)

As usual, we analyse this theory by computing its superconformal index. In order to compute
the various limits of the index we assign axial fugacities to the chiral fields. In 3d N = 2
notation the field content and fugacity assignments are:

by bo b3
bubed
T T

Fy F F3

The specific assignments of axial fugacities a;, b;, and ¢; for each branch are summarised
in the following table:

Branch ap as C1 Co C3 51 52 53
NS5 a a ' at a! 1 1 1
(LE) |a ! a 1 at' ot

D5 a a a a a a a a

(3.104)
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The index for the theory in (3.103) is then given by

1 2 duga) (@) gm(®  ms duy kimi . i
T (3.103) = 5 > > ?{ I — oy ()™ wy — (u1)™" wy
2

m1mIEL () e a=1 2T 2miug

dus Kgms, ma o 7UQ2) (. g @y, [, (@)
i ()W X 2L (x,{uz i (m3”})
X Zhlr (I blv ) Chl[‘ x 537 H chlr (I;b?ug(ug)_l;mga) _mgﬂ)>
a,f=1
< T1 12 (s @1 by (us™) 1) sy — smi™) (3.105)
s=+1a=1

X H H chlfr (:c as( bgué )(u;;)*l)s;smga) - sm;;)

s=+1la=1
« TT T 2802 (e s TTTE 2862 (s ) Lug)®; sms)
s= ilpl 1 s==+1 p3=1

< 1 H HZ;{?,( () ) 5ml)

s==x1 pe=1a=1

where the Chern-Simons levels are
R1 :k‘, 112:—]{3, ngk. (3106)

For definiteness, we take k > 0 throughout this discussion. The Hilbert series for each branch
is obtained by taking a specific limit of the index:

H (3.103)[branch](¢; {wi}; {b:}; { fi}) = %1_1}(1)1 (3.103) (3.107)

(3.104), (2.13)

To compute the limit, we first examine the overall power of 3 in the integrand for each
branch. A non-vanishing result in the 3 — 0 limit imposes the following constraints on

the magnetic fluxes m;:%?
Branch Power of 3 Condition
NS 5\m1*mgl)|+\m1*m§2)|*\m(1)*m§2)\+%|m3‘ m3=0, {m = mél) or my = mg)}
(1, k) | gmo=ms Flma=m =m =m 1 Bl |y 0 {mg = ml or mg = m®) (3.108)
D5 | i (ma—ms? e —mg? ) —2lmg” —mg?| my = mi) 7m§2> —mg =0
+F1|m |+ Fy (Zizl \m(21'>|>+F3\m3|

We now discuss the computation for each branch explicitly.

The NS5-branch

The condition in table (3.108) for a non-vanishing limit requires the exponent of 3 to be zero:

F
lmq — mgl)\ + |my — mgQ)\ — ]mél) — m§2)| + ?3|m3‘ =0. (3.109)

22Getting the exponent of 3 to zero may yield more solutions than those reported here. However, one can
check explicitly that such solutions lead to zero upon computing the limit of the index.
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This condition restricts the magnetic fluxes to be msg = 0, m; = m, and my = (n, m) or
mgo = (m,n), with m, n € Z. Using the Weyl symmetry of the U(2) gauge group, we restrict
our attention to the option my = (m, n). In summary, we can consider the fluxes of the form

ms3 = 0, mp=m, Mmy = (m, ﬂ) . (3.110)

Taking the limit (3.107), the Hilbert series receives two distinct contributions: one from
fluxes where m = n and another from fluxes where m # n:

H (3103)[NS5](t; w1,2;01,2) = Hm=n + Hmzn - (3.111)

For fluxes with m = n, the U(2) gauge group is unbroken, and the contribution is

2 (a) o
Hypey = = 2 tQA(ml =m, mo=(m,m), m3=0) %( duQ(a) (u(a))nzmg )w;”(z )>
mo=(m,m)

m a=1 2Ty
< e (3.112)
. dul ( Kimi,, m Ug (0‘)
. (ug)™™w 1) ( )PE t b1u1 ,
2miuy ' mi—m 1§a1;[ﬁ§2 (ﬁ) ézi:mz;z
where the dimension of the monopole operators is now given by
12 A .
A(my, ma, mz) =5 [Z(!mz& —m| + [m{ —my )

= (3.113)

2
—2lm{") — mP |+ Fima| + B Y md] +F3|m3\]
=1

In fact, the only magnetic flux that contributes to (3.112) is m = 0. The expression thus
reduces to

(@)
Us duy s/ (a)
11 < (B)) P lt 2, 2 ()l

)—s
) \<arpe s=t1a=12 (3.114)

For fluxes with m # n, the U(2) gauge group is broken to U(1)2.

23

The corresponding
contribution to the limit of the index is

Hm;én = Z tQA(mlzm’mzz(m’n)’m?’:O) qu.“ ((ul)mml’lU;m)
TIUL
m#ncz mi=m

(3.115)
2 d (@)

U (a) ™) s s
(TG0 ®) el 3ty
a=1 2miugy ma=(m,n)

s==1

In this case, the magnetic fluxes that contribute non-trivially to (3.115) are those with
m # n = 0. We have A(m; = m, my = (m,0), m3 = 0) = (F} + F»)|m|. Moreover, with

23Note that we have an overall factor of 1 here, in contrast to that of (3.105), which is % This is because

the results for the allowed choices mgy = (m, n) and (n, m) are equal.
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this magnetic flux, we have

H H chk{i (:L' a blul(ug ))—1)5; smy — Smga)

s=+1a=1 )’m1:m,m2:(m70)7(2,13)

} (3.116)

=3 g PE [t > () ()
s==1

This explains why the argument of the plethystic exponential in (3.115) does not depend
on qu). Using (A.1), we obtain
t(F1+F2+k)‘m| A
Hm;én = ﬁ(bl_ ’LUIU]Q)m
m=£0 ( —t )

t(F1+Fa+k)|m| 1 (3'117)

E m__ 1
o (=17 (b eoruen) 1—¢2

Summing the two contributions as indicated in (3.111) yields the total Hilbert series:

H (3.103)[NS5](t; w1 2; b1 2)
tF1+Fa+k)(Im])

@_—tg)(bf wiwz)™

(3.118)
mez

= PE [ 4 Pty oy ™) 4 2Oy = bk,

The final expression in (3.118) is the Hilbert series for the orbifold C?/Zp, 1. This
matches the Coulomb branch Hilbert series of a U(1) gauge theory with F} + F5 + k flavours,
which can be derived using the method described in [4].

The elementary bare monopole operators on this branch, V4 (1 (10),0), have an R-charge
of %(Fl + F3) and axial charge of F} + F». The generators of this branch are

Go=X12Xo1, Gy =X5Viia00, G- =XV 1,100 (3.119)
which satisfy the relation
G G_ =Gtk (3.120)

The (1, k)-branch

Since the result for this branch can be obtained from that of the NS5-branch by exchanging
the nodes 1 and 3, we report only the final result:

H (3.103)[(1, k)] (t; {w; }; {b:})

(3.121)
= PE 2 4 5tk (y 1) 4 25 ERER] 0y = g

This is the Hilbert series for C2/Z g, g, +k, matching the Coulomb branch Hilbert series of
a U(1) gauge theory with Fy + F3 + k flavours.

The generators of this branch are analogous to those of the NS5-branch, with the
replacements Vi(l,(l,O),O) — Vi(O,(l,O),l) and (Xlg,Xgl) — (X32,X23).
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The D5-branch

Finally, the Hilbert series for the D5-branch is:

du 2 du(a) u(a) du
H (3.103)[D5](t; b1,2,3) = - (H 2 i)) 11 (1 B % ”
Ug

(
2miur \ 5 2miuy 1<a#8<2 2miug

2 Fy
x PE {t > {Z (brun (@)™ + 3 (bous ()™ + 3 (Fur ) (3.122)

s==x1 | i=1 i=1 pj=1

2 (o)
p]) —1 _ o2 _ 42 Uy
! ; p]z—:l - p;z—:l } o Ogjl “gﬁ)]

The terms with —t? in the argument of the plethystic exponential account for the adjoint
chiral multiplets of the three gauge nodes, which possess an axial fugacity a~2. This result
corresponds to the Higgs branch Hilbert series of the theory in (3.103) with the Chern-Simons

levels set to zero (k = 0), which is the 3d N/ = 4 theory

: ? 1

F F F3

(3.123)

The magnetic quiver for this branch is simply the mirror theory for this quiver. For example,
in the special case of F} = 0, Fy = 2, and F3 = 0, (3.123) is mirror dual to the U(2) gauge
theory with four flavours.

In summary, the results for each branch are:

Branch | Hilbert series Geometry
NS5 (3.118) C?)Zp, s Fyrke (3.124)
(1,k) (3.121) C?/Z s+ Ryt
D5 (3.122) Higgs branch of (3.123)

3.5 A circular quiver

Let us consider the following 3d A/ = 3 theory:

@.@ (3.125)

where, for k = F = 1, this is the worldvolume theory on N M2-branes probing the cone
over NO1.0 [33].
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This theory can be realised on a system of a D3-brane on a circle, along with an NS5-brane,
a (1, k)-brane, and F' D5-branes in one of the NS5—(1, k) intervals. The index is given by

N du (a) (@) n-m<“) (@)
T 3125 = 7ymy2 > 2. f(HH oy (v wz)

(m{™)ezN (m{Pyezn” \i=la=1 2T;

Hz&é&” Dyt TT Zh (a3 B () Ll = )
=1 (3.126)

< I1 H H Zofa (37 a; (b ‘”)(uE_’?l)*l)s;smE“’—smﬁi{)
s=+1i= 104,5 1

X H H H chlﬁ ( 1u§‘a))s§3m§a)) , ki =—Ka=k>0,
s==x1p=1a=1

where, for each branch, aj, bi2 and ¢ are as follows:

Branch qap as 51 52 o
NS5 a a! 1 1 ot
(1,k) al a1 1 at (3.127)
D5 a a a? a? a

Geometric (N = 1) ‘ a a 1 1 at

We consider the limit

H (3195 [branch] = %i_ff(l)f (3.125) (3.128)

(3.127), (2.13)

The limit of the index for the geometric branch will be discussed in section 5. Using the
symmetry of the theory, we see that the limits for the NS5-branch and (1, k)-branch are
equal upon exchanging b; and bs.

We will show that the NS5-branch and (1, k)-branch are given by Sym®™ (C?/Zyr), and
that the corresponding magnetic quiver is the 3d /' =4 U(N) gauge theory with one adjoint
hypermultiplet and k + F' fundamental hypermultiplets, whose Coulomb branch is the moduli
space of N U(1) instantons on C?/Zj. .

3.5.1 The Abelian case: N =1

The NS5-branch. From (3.128), the power of 3 for the NS5-branch limit is [m; — ma|.
In order to obtain a finite non-vanishing result in the limit 3 — 0, we require this to be
zero, namely we have m; = mg = m € Z. The dimension of the monopole operators is
A(m1,ma) = L (jm1 — ma| + F|ma). The limit of the index yields the Hilbert series

H (3.195)[NS5] =

d d
Z £20(m,m) 1.51 1%2 ullchZ—k:m(wIMQ)m PE
s 2miug 2mius

> (bU1u2_1>S] (3.129)

s==£1

(A1) R m o Flm| _ 2 1\ kHE 2k F)
= Z 5 (0 wywa)™ x t =PE|t°+ (y+y )t t )
mez 1—t
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where y = by *wjws. This is the Hilbert series of C2/Zy . The result for the (1, k)-branch
is the same.

The D5-branch. For the D5-branch limit, the power of 3 is 2|m; — mg| + F|mq|. Setting
this to zero yields m; = mg = 0. The limit of the index in this case is given by

H (3.125) [D5] =

du1 dU,Q (3.130)

PE

F
=2t + (b+ b ") (uruy " Fugur )+ D> D (fourh)

2miug 2miug s==+1 p=1

This is the Higgs branch Hilbert series of the 3d N/ = 4 quiver (3.125) with £ = 0. It
can be identified with the moduli space of one SU(F) instanton on C?/Zs. As pointed
out in [34, 35], this is isomorphic to C?/Zs times the reduced moduli space of one SU(F)
instanton on C2, whose Hilbert series is

o0

H (3.125[D5] = PE[(6? + 1+ 6722 — ] x Y[n.0,...,0n)" . (3131)

n=0

The geometric branch. Using the result in section 5, in particular (5.20), the Hilbert
series of the geometric branch is given by

H (3.195)[geom]

dup du
_ F|m| 1 auz W™ k. —km 4 .
Z ! ]{ 2miug 271'2u2 upuy " PE [(b +b )(U1u + Uqy ul)]

meZ
= 3 tFiml —r S klml + 2p]y tHmH2 ( )
mez p=0
1
= 3 Z Z [klm| + 2pp w™ t(FR)m|+2p
—t p=0meZ

where [z], is the character of the 8u(2) representation with highest weight x written in
terms of b. This is in agreement with the unrefined Hilbert series [18, (6.19)]. Moreover,
for k = F = 1, the manifest symmetry 8u(2) @ u(1) of the theory gets enhanced to 3u(3),
corresponding to the symmetry of the field theory dual to the AdS,; x N%!0 theory [36].24
In particular, the above expression can be rewritten as [18, (6.21)]

o0

H (3.125), ,_,[geom] = > [n,nlp,t*", (3.133)
n=0

namely the Hilbert series of the reduced moduli space of one SU(3) instanton on C? [37],
where [n,nly,, is the character of the $u(3) representation with highest weight [n,n] in
terms of b and w.

241f the character of the fundamental representation of 81(3) is denoted by x1 4 z2x] ! +a, 1 then a fugacity

1 3/2
map is b = z125 /,w—xQ/A
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3.5.2 The case of N = 2

As we pointed out above, the results for the NS5-branch and the (1, k)-branch are equal. We
will analyse the former for definiteness. From (3.128), the power of 3 for the NS5-branch is

2
o 2 2 2
S ™ —mdP| = i) = mP| = - m) (3.134)
a,f=1

Setting this to zero, we focus on the following solution:
m; =mgo = (m,n), m>n, (3.135)

where we use the Weyl symmetry of U(2) to arrange m > n. The dimension of the monopole
operators is

A(my, mo)
LpS i 2 o e 2 (3.136)
—5(FX i 3 ) =23l ).
a=1 O‘:BZI =1

We proceed in the same way as in the previous section, namely the limit of the index receives
the contributions from the cases m = n and m > n:

H (3.125) [NS5] = Hpw=n + Hy>n . (3137)

For fluxes with m = n, the limit of the index is

04) ugnu?) km ,
m
Himen =59 Z?{ @ (uu)u@)) (wiws)

mez” i=1a=1 2T,

o (3.138)
<TI0 ( ) PE |t S0 S (bul®)s(uf?)—s | 2A0m=ma=(mm)
1<a#B<2i=1 s=%1a,/=12
where k1 = —kg = k > 0. This can be simplified using (A.2) as follows:
tk(2\m|) b*k 2m t(2F+2k)‘m|
Hm:n — ( 1 w1w2) t2F|m| — Z (bfkwle)Qm ) (3139>

(1—¢2)(1—t4) (1—¢2)(1—1t4)

mezZ mezZ

For fluxes with m > n, the limit of the index is instead

Hywsn = Z H(m t2A(m1 mo=(m,n))
m>nez
geminD m+n o, 2 F(|m|+n|) DD m+n (3.140)
— m(b wiwe) ™ X ¢ =~ ep wiwe)™HM
where H(m) is the integral part of the N = 1 case, given in (3.129):
tklm| L
H(m) = 75 (0" wiwy)™. (3.141)
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Summing the two contributions, we obtain

H (3.195)[NS5] = Z t(FJrk)('mlHnDPU@)(t;myn)(bfkw1w2)m+n

m,nez

1 _ 2
= L{PE [ 4 (4 y )T 2000 (3.142)

+PE [t4 + (yz + y—2)t2(k+F) - t4(k+F)} } :

where y = b=Fwiwy. This is indeed the Coulomb branch Hilbert series of the 3d N = 4
U(2) gauge theory with one adjoint hypermultiplet and k + F' fundamental hypermultiplets,
which is isomorphic to Sym?(C?/Zy. ), as expected.

3.6 A non-linear Abelian quiver

Let us consider the following 3d N/ = 3 non-linear unitary quiver:

F

A1) ED @ 5 (3.143)

=

Note that this theory does not admit a usual brane configuration as in the other sections in
this paper. Henceforth, we shall label the branches of the moduli space without referring
to the types of branes.

To compute the various limits of the index, we first assign axial fugacities to the chiral
fields. In 3d N = 2 notation, the field content and fugacity assignments are

Fy

by

as
bl bz bf&
C1 a ag €3
g

F,
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For convenience, we refer to the gauge nodes attached to Fi, Fy, F3 and Fy as nodes 1, 2, 3
and 4, respectively. The gauge fugacity and the corresponding magnetic flux for each of them
will be denoted by u; and m; (with j = 1,2,3,4), respectively. Following the prescription of
section 2.2, we can identify operators parametrising different branches of the theory. Applying
the prescription for this theory, we find two maximal branches parametrised by VEVs of
dressed monopole operators. Branch I involves the dressed monopole operators with minimal
fluxes turned on along the horizontal line consisting of gauge nodes 1, 2 and 3, whose Chern-
Simons levels sum to zero. Branch II involves to the dressed monopole operators with minimal
fluxes turned on along the vertical line consisting of gauge nodes 2 and 4, whose Chern-Simons
levels also sum to zero. Then, Branch III is the mesonic branch. The specific assignments of
axial fugacities a;, b;, and ¢; for each branch are summarised in the following table:

Branch ap as as C1 o C3 Cq bl bz bg b4
-1 -1 -1 -1 —2
I c_tl C_L1 a a a_1 a 31 1 a (3.145)
11 a a a 1 a 1 a 1 1
111 a a a a a a a a2 a2 a? a2
The index for the theory in (3.144) is then given by
4 dug
T (3.140) = > ]{ (H gt L (w;5¢;0)>
mi,ma,m3,mysEZ =1 g
H Hchlfi <$ ai(biuiu z+1) sMmy; — 3mi+1) (3.146)
s==£1i=1
Fj
X H H Z(}}{lzr (:r as(bsuguy 1)5; s(mg — m4)> H [Z;}ﬁ (I;(j(fj(p])) u],smj)] ,
s==x1j=1 pi=1
where the Chern-Simons levels are
K1 :2k, Ko = —k, ng—k‘, H4:k. (3.147)
We then consider the limit
H b h] =1lim7Z .
(3.143) [branch] St (3143) (3.145), (2.13) (3.148)

A non-vanishing result in the 3 — 0 limit imposes the condition that the exponent of 3
must be zero, so we have

Branch | Exponent of 3 Condition
I |m1—m2|+|m2—m3|+%|m4\ mi=mg=m3=m,my =0
IL | [mo —ma| + B ma| + 53 |mg| mo=my, my =mg=0 (3.149)
I | S Filmil + [my — mo| my =mg =mz=my =0
+|m2 — m3| + ‘mg — m4\

We now discuss the computation for each branch explicitly.
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Branch I
The limit of the index for Branch I is

Hgugllt (ool = Y @Aimemmmmmic0

mi1=mao=m3=meEZ

d
7TZU s= :I:l s==+1
Fi+Fot+Fy+1 Bkim| 2kp—k

_ Z H(Fi+Fa+Fs+ )Imlx - —r, y1 = by “"by "wiwaws

mEeZ
=PE [tQ F(yp oy ) FFat LSk _t2(F1+F2+F3+1+3k)]

7

(3.150)

where the result in the second equality can be obtained similarly to (A.1). Note that the
terms inside the plethystic exponential with coefficient ¢ are precisely the contributions of
chiral fields with axial fugacity a, whereas the term —t? comes from the adjoint chiral field

with axial fugacity a=2. The dimension of the monopole operators is given by
A(my,mg, m3, my)

4

1 (3.151)
== [ D (Filmal) + Im1 — ma| 4 |mg — ms| + |ma — mal |

2 i=1

where, in this case, A(m; = mg = m3 = m, my = 0) = (F} + F» + F3 + 1)|m|. The final
expression in (3.150) is the Hilbert series of C2/Zp, 1 Fy+ 31143k, With generators

Go = X12Xo1 = X3 X320, Gi = V(1,1,1,0)X22{€X§27 G- = V(—1,—1,—1,0)X12§X§37 (3.152)
satisfying G.G_ = G(Z)(F1+F2+F3+l+3k). This is, in fact, the Coulomb branch Hilbert series

of the U(1) gauge theory with F; + F5 + F3 + 1 + 3k flavours, which can be regarded as
a magnetic quiver for this branch.

Branch 11
The limit of the index for Branch II is
H aan [ i, {bi) = 30 p2ammtmemmmatmsm

mo=mq=meZ

K2m2, K4ama4 , M2, M4 —1\s
uy 2" uyt M wy P wy " PE [t Z (bsuguy *) ]
s==+1

dusg duy

2miug J 2miug

(3.153)

(A1)
= 75(F2+F4+2+k)‘m‘1 t2y2 ; Y2 = biwowy

meZ
The final expression in (3.153) is the Hilbert series of C?/Zp, r, 121k, With generators

Go = Xa1Xao, Gy =VoronXss, G- =Vo_10-1Xls, (3.154)

satisfying G4 G_ = GS(FQ+F4+2+k). This is the Coulomb branch Hilbert series of a U(1) gauge
theory with Fs+ Fy+2-+k flavours, which can be regarded as a magnetic quiver for this branch.

— 47 —



Branch II1
The limit of the index for Branch III is

H (340 [T (¢ {w;}, {b:}) %H du; PE[ -4+t 3 {(hruruz?)

2miu, 1
R R
+ (bpuguz)® + (baugug ' )* + Y > (f;” “J’l)s}] '
j=1p;=1

The term —4t? in the plethystic exponential accounts for the four adjoint chiral multiplets,

(3.155)

which possess axial fugacity a=2. This result corresponds to the Higgs branch Hilbert series
of the theory in (3.143) with the Chern-Simons levels set to zero (k = 0), which is the
3d N' = 4 theory

e

()
NI

o
)

(1) & :
() Y (3.156)

P —
N

)

Fy

It is worth discussing the mirror dual of (3.156), which serves as a magnetic quiver of this
branch. Since this theory is Abelian, we can adopt the method discussed in [38, section 4]
(see also [39], [40, around eq. (8)] and [20, section 6]), which involves the charge matrix of
quiver (3.156). For simplicity, let us focus on the case of F} = F, = F3 = Fy = 1. The
charge matrix R for (3.156) is then

10001 O O
1 -1 1 1

r—|0100 , (3.157)
0010 0 -1 O

0001 0 0 -1

where the rows correspond to each gauge group and the columns correspond to each hyper-
multiplet in the quiver. In particular, the entry R;, is the charge of the a-th hypermultiplet
under the i-th gauge group. The charge matrix S for the mirror dual is given by solving
the set of equations given by

RST =0. (3.158)
In this case, we obtain

0-101 001
S=|0-110010], (3.159)
1-100-100
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which indicates that the mirror theory has three U(1) gauge groups. The matter content
consists of two charge-one hypermultiplets under each gauge group, along with a (trifunda-
mental) hypermultiplet with charge (—1,—1,—1) in all gauge groups. We denote the latter
by a junction in the following mirror quiver:

2

&

() () (3.160)
2 1 1 2 .
N N
In summary, the results for each branch are as follows:
Branch | Hilbert series Geometry

I (3.150) C?/ZFy 1Py 4 Pyt 143K (3.161)

I (3.153) C?)ZpysFyrosk

111 (3.155) Higgs branch of (3.156)

4 Orthosymplectic quivers

The main focus of this section is to generalise our prescription also in the case of three-
dimensional quiver gauge theories with (special) orthogonal and symplectic gauge groups.
One of the primary interesting aspects of this class of theories lies in the rich global symmetry
structure associated with the 80(N) gauge algebra, for which different variants of the gauge
group can be considered, e.g. SO(N), Spin(N), O(N)* and Pin(N). These variants can
be related to each other through the gauging of Zs symmetries [41]. Explicitly, the SO(V)
gauge theory possesses a Zo magnetic (or topological) symmetry and a Zso charge conjugation
symmetry. Gauging the former changes the global form to Spin(N), whereas gauging the
latter turns the gauge group into O(N)*.2> The O(N)~ variant can be reached upon gauging
the diagonal combination of the said Zy symmetries,?® and, finally, the Pin(N) gauge theory
arises from the sequential gauging of both the magnetic and charge conjugation symmetries.
The various global forms described above generally give rise to different physics, as the
operator content of theories whose gauge group consists of distinct variants of the 8o(V)
algebra is usually not the same. For instance, the minimal monopole operator of SO(V)
with fluxes (1,0,...,0) is even under charge conjugation and is odd under the magnetic
symmetry [14].27 As a consequence, it survives as the minimal monopole operator of the
O(N)* theory, whereas it gets projected out in both the Spin(N) and O(N)~ theories.

2’When N = 2n is even, the charge conjugation symmetry can be regarded as the outer automorphism of
the D, Dynkin diagram.

26Note that, in the N = 2 case, there is no distinction between O(2)* and O(2)~. Throughout this paper,
we refer to it simply as O(2).

?"In the N = 2 case, neither minimal monopole operator with one unit of positive and negative SO(2) flux
possesses a definite charge conjugation parity. Monopole operators which are even (resp. odd) under charge
conjugation can be built from the positive (resp.) negative linear combination between the said minimal
monopole operators, see e.g. [14, (2.13) and (2.14)].
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When the gauge theory is coupled to Ny vector hypermultiplets, a non-trivial role is also
played by the background magnetic fluxes for the ugp(2Ny) flavour symmetry. In particular,
turning on an elementary flux (1,0,...,0) for the flavour symmetry renders the associated
monopole operator odd under charge conjugation, whereas the parity under the magnetic
symmetry depends on the specific values of the SO(/NN) fluxes. This observation becomes
of essential importance when 3d /' = 3 and N/ = 4 orthosymplectic quiver gauge theories
are considered, in which hypermultiplets in the vector representation of an SO(N) gauge
node are usually also connected to a USp(2M) gauge node.

In the following, we analyse the limits of the superconformal index for various examples
of 3d N = 3 orthosymplectic theories, for which the conventions of [14, 42] are employed.
We turn on the fugacities associated with both the Zs magnetic and charge conjugation
symmetries, denoted by ¢ and x, respectively, which allow us to keep track of the various
possible global forms associated with an 30(N) gauge node. Considerable emphasis is
especially placed on the distinction between the SO(N) and O(N) gauge groups.

4.1 Linear quiver with USp(2); X SO(2)_2r X USp(2): gauge group

Let us consider the linear quiver

(4.1)
F Fy F3
which can be realised through the following brane setup [43]:2%
mDs [/ FD5 £y D5
X /! X X /
. / (4.2)
D3 III ,/,
NS5 (1,2k) NS5 (1,2k)
03~ 03+ 03~ 03+ 03~

For definiteness, we take Fy > 1, Fb > 0, F3 > 1.?% In order to take the various limits
of the index which reproduce the Hilbert series associated to the different branches in the
moduli space of the theory, we assign axial fugacities to the chiral fields of the theory, as
usual. We can easily keep track of the various choices of axial assignments by resorting to

28We draw only physical branes in the brane configuration. The types of the orientifold plane for each brane
interval is denoted at the bottom of the diagram.

29This condition ensures that the D5-branch of theory (4.1) coincides with the Higgs branch of a good 3d
N = 4 quiver, discussed in section 4.1.3.
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the 3d N = 2 description of quiver (4.1), namely

SO(2F71) USp(2F2) SO(2F3)

where the specific forms of the fugacities a;, b; and ¢; which appear in the limits of the index
corresponding to each possible branch of the moduli space are collected in the following table:

Branch ajg a9 C1 Co C3 51 52 53
NS5 a a ' ot a7t 1 1 1 1 (4.4)
(1,2k) | a™t a 1 at! at 1 '
D5 a a a a a a2 a2 a2
The index of the theory (4.3) reads
T 1 Z %‘ ﬁ du] ( )2H1m1 ( )Hgmg Cmg ( )253m3
43) = 4 —— | (W1 U2 U3
4 mi1,m2,m3€EZ j=1 271—1“3 (45)
X Z\[;Jegp@) (x; Uui; ml) Z\I;{Sp@) (l‘; us; mS) Zadj—chir (X) Zmatter (X) )
where the Chern-Simons levels are chosen as
K1 = k, Ko = —Qk, R3 = k’, (4.6)

where we take k > 0 for simplicity. Moreover, the USp(2) vector multiplet contribution reads

USp(2) (... ,,. — 27| _ (_1)2sn,,2s,.|2n|
Z (z;u;n) =z Sgl(l (=1)= ") (4.7)

The contribution coming from the adjoint chiral fields in the vector multiplets appearing
in (4.5) are given explicitly by

Zadj-chir(X) = Zfﬁiﬁl(ﬁ; by;u; ml)ZSc(l?_(fﬁir(x; bo; x)Z;iSi(}i)r(x; b3; usg;ms), (4.8)
with
Zuaan @it m) = 205 2 0:0) [T 205 o 20m), (4.92)
s==+1
Zo (5 x) = ZE (@5 x6;0) (4.9b)

,51,



whereas the matter fields in the bifundamental representation of the USp(2) and SO(2) gauge
groups participate to the index (4.5) as

Zmatter(X)
Sp(2)—SO Sp(2)—SO
= Zger D750 (4 g furs malugs ma|x) Zgpoy) >0 (@ azlus; mi uzs ma| ) (4.10)
USp(2)—SO(2F; USp(2F5)—S0O(2 :
X Zbiﬁfn(d) ( 1)(37§Cl|U1§m1\f1;0\X)Zbif§rfd 27500 (4 ¢o| fa; O uz; max)
USp(2)—SO(2F:
x ZppP 7SO0 (- ey ug; ms) £3:0]x) |
where
USp(2L)—-SO(2M
Zeb @GP SO (4 | {ug; na Y {ugs s}y = +1)
L (4.11a)
=11 1T 1II chﬁ(a:;auzlv?;sma+52l5),
a=1B=1s1,s2==%1
USp(2L)—SO(2M
ZogPGISOCM) (- a{ug; na} {vgs I} Ix = —1) = (4.11a) (4.11b)

vil=+1,1)=0

The limit of the index reproducing the Hilbert series associated to each branch reported
in (4.4) is obtained, as in the unitary case, by performing the substitution (2.13) and,
subsequently, taking the limit 3 — 0:

H (4 3)[branch](t; {w:}, {b:}, {fi}) = éh_fg%l (4.3) (4.12)

(4.4),(2.13)
In particular, the terms contributing to the index with a positive power of 3 get suppressed
upon taking the above limit. In the case of the three branches we are interested in, the set of
magnetic fluxes yielding a non-zero limit of the index are summarised in the table below:

Branch | Exponent of 3 Relevant fluxes
NS |m1:|:m2|—2]m1|—2|m3|—|—F3|m3| mp =t+mo, mg=20
(1,2]{) |m2:|:m3| —2]m1| —2|m3|+F1|m1\ m1 =0, mg = +tms (4.13)
D5 \mlzl:mgl—i—]mg:tmg\—4\m1\—4\m3] mi=mo=m3=20
+2F1|my| + 2Fy|mo| + 2F5|mg|

where |m; & m;j| = |m; + mj| 4+ |m; — m;|. Observe that, for such choices of magnetic fluxes,
the exponent of 3 is always zero. We now discuss the computation of the limit of index
associated to each branch explicitly, and, finally, we also provide an explanation regarding
the choices of magnetic fluxes yielding non-trivial contributions reported in (4.13).

4.1.1 The NS5-branch

As anticipated in (4.13), the only magnetic fluxes participating to the NS5-branch limits
of the index are those satisfying the constraint

mi1 = +xmy, mg=0. (4.14)
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Let us start by considering the y = 41 case. When all the magnetic fluxes are set to zero,
the 3 — 0 limit of the index (4.5) takes the form

3
2—uj— = | 2—u; — —
4%( 2mu]) ( “ u%) ( 43 u%

(4.15)
1
x PE [t > uilu?] =1
s1,82==+1
On the other hand, when m; = mgy = m, the limit is given by
3 2km
du; 1
A () @) cwr s
meZ# T U u3
x 32 PE |t Z upSug | ¢2mIA+FL+E) (4.16)
s==+1
1 Cmt2|m|(F1+F2+k)
D) _ 42
mEZ;,go 1 ¢
Analogously, when m; = —msy = —m, the expression of the limit can be obtained from the

one above by sending us — uy Vand ¢ — ¢!, Taking into account that ¢2 = 1, the result
of the integral turns out to be the same as the one in the third line of (4.16). The final
result for the NS5-branch limit of the x = +1 sector of the index can then be obtained by
adding (4.15) and twice (4.16), thus yielding

(4.15) +2 x (4.16) = > Psor(t;m)¢m¢27 1M (4.17)
meEZ
where the SO(2) dressing factor is Pso)(t;m) = PE[t?] = (1 — t2)_1, and we define F =
Fi + F5 + k.

Next, we can move on to the x = —1 sector. Since the SO(2) fugacity mq is set to
zero for negative charge conjugation, due to (4.14), the only non-zero contribution to the
limit is obtained by setting all of the magnetic fluxes to zero in this case. The 3 — 0 limit
of the index (4.5) can then be obtained as described in [14, 42], namely by substituting
ug — 1 and ugy 15 _1 in the expression of the plethystic exponent appearing in the integrand
n (4.15). The final result is simply

1 1
2 X PUSp(2) (t; 0) PSO(2) (t O) 1 = PEF[tQ] , (4.18)

which coincides with the dressing factor for the SO(2) gauge group with y = —1, as discussed
n [42, (5.9)], where Pygp2)(t;0) = (1 — t4)_1. Here, the fermionic plethystic exponential
function PEp is defined as in [44, Page 10] and [45, (1.1)].

The NS5-branch limit of the index of theory (4.1), refined with both fugacities ¢ and
X, can then be obtained from (4.17) and (4.18) as [42, (5.10)]

[(417) + (418)] + 5 [(4.17) — —(4.18) x
11—t , o (4.19)
ST BB Xt + (CH )T =]

N | —
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This expression coincides with the Coulomb branch Hilbert series of SO(2) SQCD with F
flavours, where both Zs fugacities ( and x are turned on. This theory can thus be identified
as the magnetic quiver for (4.1).

According to the discussion in [20, around (5.22) and (5.23)], there are three generators
satisfying a single relation. Explicitly, the generator at order t?> can be constructed from
the USp(2) x SO(2) bifundamental chiral fields X9 with axial fugacity a; = a in (4.3) as
the Pfaffian operator Pf (X12X12) ~ €12 (X12X12)Z-1i2,
In order to identify the remaining two generators at order t>/, let us consider the bare

where i1,i2 = 1,2 are SO(2) indices.

monopole operators with magnetic fluxes (1;+1;0) under the three gauge groups. These can
be appropriately dressed by a combination of 2k chiral fields Xi5 to form gauge invariant
quantities. Let us denote the said gauge invariant dressed monopole operators Vi, where the
notation indicates the magnetic flux +1 under the SO(2) gauge group. While both operators
Vi are odd under the magnetic symmetry associated with the SO(2) gauge group, they lack
definite parity under the charge conjugation symmetry. As pointed out in [14, (2.14)] and [42,
(6.2)], it is then convenient to define the linear combinations Wy = V4 £+ V_| such that W,
(resp. W_) carries even (resp. odd) parity under charge conjugation, thus corresponding to
27 (resp. (xt*)

the generator contributing as ¢ in the plethystic exponent of (4.19).

Gauging the charge conjugation symmetry. If the charge conjugation symmetry of
the SO(2) gauge group is gauged-replacing the SO(2) node in (4.1) with an O(2) node-the
NS5-branch limit of the index is obtained by summing over xy = +1 and dividing by two:
% [(4.17) + (4.18)] = Z PUSp(Z) (t; m)(thflml , (4'20)
meZ>q
where we use the property Pso(2)(t;m) = Pygp(2)(t; [m]) for m # 0. This result coincides with
the Coulomb branch Hilbert series of 3d N' =4 O(2) SQCD with F flavours (with vanishing
background flavour fluxes) as discussed in [46, appendix A]. Upon setting ¢ = 1, (4.20) also
matches the Coulomb branch Hilbert series of 3d N/ =4 USp(2) SQCD with F + 2 flavours,
discussed in [20, (5.12)]. This confirms that USp(2) SQCD is the magnetic quiver for the
NS5-branch of theory (4.1) specifically when the charge conjugation symmetry is gauged.

Resolving the ambiguity in magnetic quivers. Let us compare our results (4.19)
and (4.20) with the magnetic quivers for the NS5-branch of theory (4.1) proposed in [4, v1,
(4.15)].3Y In that work, both SO(2) SQCD with Ny flavours and USp(2) SQCD with Ny + 2
flavours were suggested as candidates for the magnetic quiver capturing the NS5-branch of the
original theory (4.1). Our analysis clarifies this ambiguity: while SO(2) SQCD is the correct
magnetic quiver for the NS5-branch of theory (4.1), USp(2) SQCD arises as the magnetic
quiver only when the SO(2)_o; gauge group of (4.1) is replaced by O(2)_o.

4.1.2 The (1,2k)-branch

The magnetic fluxes contributing non-trivially to the index limit for this branch satisfy
the condition

mp = 0, mo = img . (4.21)

3%Note that the case Fy = 0 is the primary focus of that reference.
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Comparing these fluxes with those in (4.14), and considering the axial fugacity assignments
in (4.4), it is evident that the (1, 2k)-branch limit can be derived directly from the NS5-branch
limit via the exchange {ui, m1} <> {us, ms} and Fy <> F3. The resulting expression for the
(1,2k)-branch is given by (4.19), with F replaced by F' = F; + F5 + k. This corresponds
to the Coulomb branch Hilbert series of 3d AN/ =4 SO(2) SQCD with F’ flavours, which we
identify as the magnetic quiver for the (1,2k)-branch of (4.1). The generators follow directly
from those of the NS5-branch discussed below (4.19) by substituting X9 <> Xo3, where the
latter denotes the chiral fields with axial fugacity a3 = a in (4.3). Furthermore, the gauge
invariant operators analogous to Vi are constructed from bare monopole operators with
magnetic fluxes (0;+1;1), appropriately dressed with a combination of 2k chiral fields Xos.

Similarly to (4.20), gauging the charge conjugation symmetry of the SO(2)_ox node in (4.1)
— effectively replacing SO(2) o with O(2)_o; — recovers the Coulomb branch Hilbert series of
0(2) SQCD with F’ flavours (with vanishing background flavour fluxes). In particular, setting
the magnetic fugacity ¢ to unity yields the Coulomb branch Hilbert series of USp(2) SQCD
with ' 4+ 2 flavours. Consequently, this theory is identified as the magnetic quiver for the
(1,2k)-branch of theory (4.1) specifically when the charge conjugation symmetry is gauged.

In this instance as well, we resolve the ambiguity noted in [4, v1, below (4.15)], where
both SO(2) SQCD with F flavours and USp(2) SQCD with F’ + 2 flavours were proposed as
candidate magnetic quivers for the (1, 2k)-branch of theory (4.1). Specifically, we demonstrate
that SO(2) SQCD is the magnetic quiver for the original theory (4.1), whereas USp(2) SQCD
is the magnetic quiver for the variant of theory (4.1) in which the SO(2)_o; gauge group
is replaced by O(2)_o.

4.1.3 The D5-branch

The D5-branch limit of the index receives a non-trivial contribution only when the magnetic
fluxes for the three gauge groups are turned off, namely

m1p = mg = ms = 0. (4.22)

When the charge conjugation fugacity is set to unity, the said limit can then be achieved
by simply evaluating the integral

! (4.23)
xPE [t Y {ui'u3? + uj'ui?}

L s1,s2==+1

_ J = 8) . )
< PE |t Z u?(fl(oc))sz + Z u;l (f2( )52 + Z u? (fE‘EW >52 ,

L s1,s2=*x1 | a=1 ps=1 v=1

which precisely coincides with the expression of the Higgs branch Hilbert series of the 3d
N = 4 version of theory (4.1), with the Chern-Simons levels set to zero, when x = +1.
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Let us analyse the Higgs branch (resp. D5-branch) moment map operators of the said
N = 4 theory (resp. the N'= 3 theory (4.1)). Let us denote with Q1, Q2 and Q3 the chiral
fields carrying axial fugacity ¢1, ¢2 and ¢3 in (4.3). Explicitly, Q1, Q2 and Q3 connect the three
gauge groups and the SO(2F1), USp(2F,) and SO(2F3) flavour nodes, respectively. In addition
to the Fy (2F) — 1) + F» (2F, + 1) + F3 (2F3 — 1) mesons Q1JQ1, Q2Q2 and Q3JQ3, where
the SO(2) indices of the chiral fields @2 are contracted with a Kronecker delta and J is the
USp(2) invariant tensor, there are also baryons acquiring a VEV.3! These can be built using
the epsilon tensor of SO(2), hence they are odd under the charge conjugation symmetry.?? In
this case, Fy (2F; — 1) baryons can be constructed by appropriately contracting the gauge
indices of Q2Q)2, and a further baryon is recovered by a gauge invariant combination of two
copies of the chiral fields @1 and Q3. As a result, there are F5 (2F5 — 1) + 1 moment map
operators which get projected out upon gauging the charge conjugation symmetry associated
with the SO(2) gauge group.

This can be checked explicitly by averaging the expression (4.23) with the D5-branch
limit of the index in the x = —1 sector of theory (4.1), which reads

17{ 5 duj ( ) 1)( , 1
L ) (2ot L) (2o )
4 (jl;[12muj) u? u3

1 1
x PE —tz{(u%+1+2)+1+(u§+1+2)H
L ui U3

1

PEg [t > {u] +us}
s==+1

x PE |t Z {uf +u3}
| s==*1

X

(4.24)

i F1 FS
<« PE |+ Z { u‘il (fl(a))sz + Z uil (f?gv))sz }]
1

L s1,89=x1 | a=

Py
xPE |t Z(féﬁ))S] x
| s=*18=1 PEr [
where PEp [t >0, wi] = [1; (1 + tu;).

The D5-branch limit of the index of theory (4.1) refined with the charge conjugation
fugacity x can then be obtained in a similar fashion as in (4.19). Upon setting the flavour
fugacities to one, this yields

1 1
5 [(4:23) + (4.24)] + 5 [(4.23) — —(4.24)] x (4.25)

=14+{F Q2R -1)+FR 2R +1)+F2F—1)+ [ (2F, — 1) + 1]} 2 + ...,

31 As explained in [47, (2.7)], the baryons can be defined in the SO(N.) theory with Ny flavours if 2Ny > N..
For instance, we can define baryons out of the chiral fields Q2 of theory (4.1) if F5 > 1.

32 As a consequence, the Higgs branch of SO(N.) SQCD with N; flavours differs from the one of O(N,)™"
SQCD with Ny flavours if baryons can be constructed, i.e. if 2Ny > N.. On the other hand, if twice the
number of flavours is smaller than the number of colours, there are no baryons and the charge conjugation
symmetry acts trivially in the Higgs branch of the theory. Subsequently, the Higgs branch of the theory
with SO(N,) gauge group equals the one of the theory with O(N.)" gauge group, as pointed out in [46,
appendix B.3].
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where the term highlighted in cerulean gets projected out when the charge conjugation
symmetry associated with the SO(2)_o gauge node is gauged, in agreement with the analysis
discussed above (4.24). As a consequence, the Hilbert series for the D5-branch of the variant
of theory (4.1) in which the SO(2)_o; gauge node is replaced by O(2)_g, upon setting the
flavour fugacities to one, is given by

[(4.23) + (4.24)] =1+ [FL (2F1 — 1) + F, 2Fy +1) + F3 (2F3 — )]t + ..., (4.26)

Do =

where the terms at order #? are in the adjoint representation of the 80(2F))®80(2F>)©80(2F3)
Db-branch global symmetry.

As a final observation, we point out that a magnetic quiver for the D5-branch of (4.14)
is proposed in [4, v1, (4.17)] in the case F» = 0. Such a magnetic quiver possesses an
80(2F)®80(2F3) Coulomb branch global symmetry, with Fy (2F; — 1)+ F3 (2F3 — 1) Coulomb
branch moment map operators. However, in order to match the D5-branch of theory (4.14)
with F> = 0, an extra operator is missing. This operator would get mapped to the baryon
which is acted upon non-trivially by charge conjugation. As a consequence, our method
clarifies that the magnetic quiver of [4, v1, (4.17)] captures the D5-branch of theory (4.14)
with F» = 0 when the central gauge node is O(2)_g, instead of SO(2)_o.

4.1.4 Magnetic flux configurations contributing to the limits

In order to derive the NS5-branch limit of the index (4.5), we first observe that there
are no non-trivial contributions if ms # 0. We can discard such fluxes by the following
argument. Upon taking the 3 — 0 limit, the integrand in principle might pick up a residue
in ug = 0. Indeed, possible non-trivial contributions might arise since the gauge fugacity

dus 2kms
3

ug appears in the integration measure Trieg o L the Chern-Simons term u and in the

USp(2) vector contribution, which contains a term 3°(—1)2"s (u% + u§2>.33 In particular, a
non-zero contribution arises from the residue computation if 2kms 4+ 2 = 0, which also implies
|ms| > 0. Now, let us look at the lowest possible power of 3 appearing in the integrand
before taking the 3 — 0 limit. There is a factor 372! coming from the USp(2) vector
contribution associated with the fugacity u;, a term glm1+m2l+lmi—ma| que to the chiral fields
in the bifundamental representation of the USp(2) x SO(2) gauge groups associated with the

E 3|m3|) coming form the chiral

fugacities u; and wueo, and, finally, there is also a factor O (5
fields transforming in the bifundamental representation of USp(2) x SO(2F3). The overall
power of 3 is then —2|mq| + |m1 + ma| + |m1 — ma| + F3|ms|, which is always larger than
zero if m3 # 0, thus vanishing in the 3 — 0 limit.

Next, we also point out that a non-zero contribution coming from (4.5) can be extracted
only if the magnetic fluxes satisfy the further condition m; = £mg. In order to show the
validity of this statement, let us suppose, for the sake of contradiction, that mi # +meo.
Under this hypothesis, the appearance of the gauge fugacities u; and wuo in the integrand

duy  duo _qQ 2kmy  2kmo
iy 3miey the Chern-Simons factors uy™ " u;

is restricted to the integration measure

)

33Note that, in the USp(2) vector contribution associated with the fugacity us, there are also the factors
(3t)72msl 4 (—1)*ms (3¢)2I™3] which do not depend on us. While contributing trivially to the integral if
ms # 0, such terms are responsible for a non-zero result of the residue computation in uz = 0 if ms = 0.
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and the USp(2) vector contribution (3t) 2! 4 (—1)4m (z¢)2mal 4 (—1)2m (u% + ul_Q). The
integrand picks up a residue in us = 0 if mo = 0, which also implies, by our assumption,
that m; # 0. On the other hand, a non-trivial contribution due to the residue in u; = 0
arises if 2kmy £ 2 = 0, which is perfectly consistent with m; being non-zero. However, the
lowest possible power of 3 arising from such a non-trivial contribution to the integral (4.5)
reads |mj — ma| + |m1 +ma| = 2|m1|,3* which is larger than zero, resulting in a trivial
term upon taking the 3 — 0 limit.

An analogous argument can also be applied to the (1, 2k)-branch limit of the index, since
this is related to the NS5-branch limit discussed above by swapping {u1,m1} <> {us, ms}
and F <> F3, as pointed out below (4.21).

Finally, the D5-branch limit of the index (4.5) does not vanish only when all the magnetic
fluxes are set to zero. Indeed, the triangle inequality implies that the power of 3 in this
particular limit, which is reported in the last row of (4.13), is always larger than or equal
to —2|mq| — 2 |ms| + 2F) |my| + 2F |ma| + 2F5 |ms|, which is always larger than or equal to
zero if the initial assumption that both F} and Fj are larger than one. Moreover, since a
positive power of 3 results in a vanishing contribution upon taking the limit 3 — 0, the only
non-trivial contribution originates from the set of magnetic fluxes whic are all equal to zero.

4.2 Linear quiver with SO(2)2r X USp(4)_r X SO(2) gauge group

We consider the theory described by the following quiver diagram:

o) e

F1 F2 F3

This theory can be realised in string theory via the brane configuration shown below:

F, D5 / F,D5 £ D5
X ;X X
/ (4.28)
D3 , !
NS5 (1,2k) NS5 NS5
03+ 03~ 03+ 03~ 03+

Note that, for Fy, Fy, F5 = 0, this is the N’ = 4 theory considered in [4, v1, section 5]. We
analyse this theory by computing its superconformal index. In order to compute the various
limits of the index, we assign axial fugacities to the chiral fields. In 3d N’ = 2 notation,

34This power of 3 originates from the chiral fields in the bifundamental representation of the USp(2) and
SO(2) gauge groups associated with the fugacities u1 and wua.
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the field content and fugacity assignments are

(4.29)

USp(2Fy) SO(2Fy) USp(2F3)

The specific assignments of axial fugacities a;, b;, and ¢; for each branch are summarised
in the following table:

Branch a; as C1 Co C3 [11 [12 [13
NS5 a at at alt ot 1 1 a’ (4.30)
D5 a a a a a a2 a a

The index for the theory in (4.29) is then given by:

1 2 duga) () 2m2m(a> duy 2k1m1,, M1
T (420 = 5 Z Z 7{ H (@) (Uz ) — (u1) wy
8 O 2miug
mi,m3€Z {m(a)}EZQ a=1 2 (431)
dU3
e Wi ZUSp4) (¢ {u;‘)} {m2 )}) Zadj-chir Lmatter »
where the Chern-Simons levels are
R1 = k‘, R = —k, (4.32)
and we define
Zadj-chir = H H H chir (I BQ UQ)SI (u )52; Slm(2a> + Sngﬂ))
s1,82=11 a=1B>a
2
x TT T Zee (3 02?5 26mi™ ) Zis, (893 0)° Zly (36130) Zis, (3 B3:0)
s=+1a=1
Zmatter = [ IT II H Zi (50 ay (byun)* ()2 symy +82m(2a>>
s1=*1so=*%1a=1 (433)
X chlflr <T a2(112 ))sl(bgu?,)s2 slm( @) + 92m3)

X H H H H Zj}{?r (.I o UQ ))n(f(f’z )52 s1m a))

s1==+1 s9= ilpz 1a=1

< 11 1I 1‘[ Zili (wsea(w) ™ (F™) 3 s0m1) (15 3).
s1=+1sp=+1p1=1
Note that by and by are introduced for convenience in keeping track of bifundamental
hypermultiplets. They do not correspond to a symmetry of the theory and can be set to unity.
Moreover, the refinement with respect to the charge conjugation symmetry fugacities x1 and
X2 for gauge groups SO(2)9; and SO(2) in (4.29) can be done in a similar fashion to (4.5).
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For definiteness, we take k > 0 throughout this discussion. The Hilbert series for each
branch is obtained by taking a specific limit of the index:

H (4.99)[branch](t; {w;}; {bi}; {fi}) = ;i_fg%z @29)| (o0 013 (4.34)

To compute the limit, we first examine the overall power of 3 in the integrand for each
branch. A non-vanishing result in the 3 — 0 limit sets the exponent of 3 to zero, imposing
the following constraints on the magnetic fluxes m;:

Branch | Exponent of 3 Condition
NS5 2. (\ml + mg)\ - 2|m§i)|> - |m§1) =+ m(22)| mi = :tmg) ; mgj#) =0
D5 2 (lm1 + mg)| + |ms + mg>|) my = m<21) = még) =mg=0 (4.35)

F2F my| + 28, Y2 (jm$”]) + 2F3|ms|
1 2 )
—2m{Y £m$P| - 452 Imd|

where |m; = mj| = |m; + m;| + |m; —m;|, and, in the first case, there is no restriction on ms.
Notice that the conditions in table 4.35 are not the only ones that can be obtained searching

35

for solutions of the exponent of 3 equal to zero.?® 36 We now discuss the computation

for each branch explicitly.

The NS5-branch

The condition obtained in table (4.35) for the NS5-branch limit of the index is
my =+m$?, W =0, i,j=1,2. (4.36)

Using the Weyl symmetry of the USp(4) gauge group, we can restrict our attention to
the option my = :l:mél),m;) = 0. Taking the limit (4.34), the Hilbert series receives the
following contributions: one with m; = m,my = (£m,0), m3 = n, where m,# 0, and the
other with m; = 0, my = (0,0),m3 = n. In the first case, the signs + and — contribute
equally to the limit of the index, so

H (4.29) [NS5] (tﬂ {w’l}7 {bl}) =2x Hm1=m,m2=(m,0),m3=n + Hm1=0,m2=(0,0),m3=n . (437)

35The same argument as in footnote 22 applies here.

36In this case, another subtlety arises. There are values of the fluxes for which the exponent of 3 is negative.
We conjecture that the integral has no residues for these values of the fluxes. This can be easily checked
expanding the index up to low order and seeing that it gives zero for values of the fluxes different from the
one considered. This is because monopole operators corresponding to those fluxes cannot be dressed properly
and so cannot be made gauge invariant.

— 60 —



For the fluxes m; = m,my = (m,0),mg = n, the USp(4) gauge group is broken to
SU(2) x U(1). In this case, when both charge conjugation fugacities x1 and y2 are set to

one, the limit of the index is3’
1 2A = = 0 =
ltfml:m’mz:(m’o),m?):“:Z Z Zt (mi=m, my=(m,0),mz=n)
MEZonEZ

2 e’
X% du1 u%nlmwin% du3 wg% H dug) (uga))anm(za)
2miuy 2miug a=1 27Tiuéa) ma=(m,0)

< I1 [1_(u(22>>25] PE|t24¢ ) (%)]

s==1 s==1 2
(4.38)
where the dimension of the monopole operators is given by
A(mla mgl)a mgQ)a m3)
(s (@) (i) ° @
2 2 2
= 2(2 > (Ims+ smy”| + [ma + smy”]) =23 (12m5”)) (4.30)
i=1s==%1 i=1 .
2 .
—2m$Y —m$| = 2im$ + mP| + 2R | + 2B Y Imd) | + 2F3|m3|).
i=1
Explicitly, for this set of magnetic fluxes, the monopole dimension reads
2A(my =m, mo = (m,0), mg=mn
(m 2= (m,0), ms =n) (4.40)
=|m —n|+ |m+ n| + |m|(2F) +2F, — 4) + [n|(2F5 + 2) .
Similarly to (A.1) and (A.2), the contribution (4.38) gets simplified to:
Hmlzm,mgz(m,ﬂ),mgzn
_ } Z Z $2k|m| (b—kal)mwn x t2A(m1:m, ma=(m,0), m3=n)
(1—¢2)21 ’ 4.41
meZo nEZ ( : )
1 $2(F1+Fo+k=2)|m|+2(F3+1)[n|+|m+n|+|[m—n| o
MEZo NEL
The analogous expression with xyo = —1 can be obtained from (4.38) by setting n = 0, replacing
the contribution PE[t?] = ﬁ due to the adjoint chiral multiplet with m = H%’ and

multiplying by an overall phase factor (—1)'"“ arising from the chiral fields with axial fugacity
! connecting the USp(4); gauge node with the SO(2) gauge node in (4.29). Observe,

instead, that y; is always equal to one when this set of magnetic fluxes is considered, since

a =a

the SO(2)_gx flux m is different from zero. Explicitly, the result refined with respect to
the charge conjugation symmetry fugacities x1 and x2 for gauge groups SO(2)9; and SO(2)

3"Note that we have an overall factor of % here, in contrast to that of (4.31), which is %. This is because
the results for the allowed choices mo = (m,0) and (0, m) are equal.

— 61 —



n (4.27), respectively, is

Hm1 m,ma=(m,0),m3=n
53 Y DUt = 1D x2) (P un) ™ (4.42)
meZ#) nez ’
% t2(F1+F2+k—2)|m|+2(F3+1)|n\+\m+n\+|m—n\
n=0ifyz=—1
where

Dit:x) = Pso(2)(t) = PE[t?] = (1 —1*)7, x=1 (4.43)

2Pysp(2)(t) — Pso(2)(t) = ﬁ[tz] = (1+¢)7! x=-1

defined as in (4.17) and (4.18). We emphasise that, in the expression (4.42), x; is always
equal to +1 and, when y2 = —1, we have to set the flux n = 0.

For m; = 0,mg = (0,0),m3 = n, the USp(4) gauge group is unbroken and the corre-
sponding contribution to the limit of the index with x; = xo = +1 reads

du du

2A 0, 0,0) 1 3

Hy=0,ma=(0,0),m3=n = *Zt =0, ma (00 ma n)%Zmulj{%mu:a ws
neZ

2

IR Hlﬂ ()] T [ ()" (o))

a= 1277-2”2 i=1s 81,80==1

xPE [+t > [(bfluil(ug))SQH ;
sl,s2=+1
(4.44)
where, in this case, we have
A(my =0, ma = (0,0), mg =n) = (2F; + 4)|n]. (4.45)

When x2 = —1, the expression (4.44) gets modified analogously to the discussion below (4.41):
we have to set the flux n = 0 and replace PE[t?] = 1 with PEp[t?] = 1+t2= as in (4.43).
On the other hand, when y; = —1, we have to set u; = 1 and ul_l = —1 in the contribution
due to the plethystic exponential in the last line of (4.44), which then contains the terms

Aoy —1
T2 Ty (1 —t(u (l)) ) (1 + t(ug))s) . As above, we obtain the following result refined
with the charge conjugation fugacities y; and yo:

Hm1:0,m2:(0,0)7m3:tl = Z t2(F3+2)|"‘D(t; Xl)D(t; X2)w§ ’ (446)
nez

where D(t; x) is given by (4.43). We remark that, when x2 = —1, we have to set the flux n = 0.
Summing the three contributions as indicated in (4.37), we obtain

H (4.29)[NS5](t; {w;}, {b:i})
Z £2(Fi+ Fotk=2)[m[+2(F3+1)[n|+|m+n|+|m—n|
m,nez (4.47)

x D(t; x1)D(t; x2) x5 (by *Fwr) " w}

(m,n) =0 if (x1,x2) = —1

— 062 —



which is the Coulomb branch Hilbert series of the following quiver:3®

k+F1+F2—2F3+1 (4.48)

Note that the half-hypermultiplet in the representation [2;2] of SO(2) x SO(2) is exactly as

described in [48, (2.5), (2.6)] with M = 1. In particular, it contributes to the dimension of

the monopole operator as £(|/m + n| + [m — n|). For F; = F; = F3 = 0, this matches the

magnetic quiver proposed in [4, v1, (5.2)] with M = N =L = 1.

Further comments on the magnetic quiver. Following the appearance of this paper
on the arXiv, ref. [4, v2] was released. The authors of that reference moved the discussion
regarding theory (4.27) to section 4.2.2, where they consider the special case F; = Fy = F3 = 0.
Consequently, they no longer provide (4.48) as a magnetic quiver for the NS5-branch of (4.27).
Their revised magnetic quiver candidate is instead given by [4, v2, (4.22)], which, for generic
Fi, Fy, and F3, reads

k+ Fi+ Py USp(2) @ P41 (4.49)

N

whose Coulomb branch Hilbert series can be obtained from (4.47) by restricting the summation

to run over m € Zxo and by replacing D(t; x1) with Pygp(2)(t; m). As observed from (4.43),
this modification is exactly equivalent to summing the fugacity x1 over £1 and dividing by
two in (4.47), see also the discussion around (4.20). As a result, we conclude that (4.49) is
a magnetic quiver capturing the NS5-branch of the variant of theory (4.27) in which the
charge conjugation symmetry associated with the SO(2)g; node is gauged, thus turning
it into an O(2)9r node.

A magnetic quiver describing the NS5-branch of theory (4.27), where the leftmost gauge
node is truly SO(2), can also be realised starting from (4.49) by turning on the background
flux v, = (b,0,...,0), with b € {0, 1}, for the SO(2k + 2F} + 2F5) flavour node. Denoting the
magnetic and charge conjugation fugacities associated with the SO(2k + 2F; + 2F») flavour
node of (4.49) by ¢; and Y1, respectively, the Coulomb branch Hilbert series of (4.49) summed
over b € {0,1} equals the NS5-branch limit (4.47), provided the identification ¢; = x; and
X1 = C1x1 holds, see [4, v2, (4.23)]. Specifically, the contribution due to v; to the Coulomb
branch Hilbert series of (4.49) coincides with the terms in the NS5-branch limit of the index

38Here (m, n), (x1,x2) are the quantities associated with the left and right SO(2) nodes, respectively. Note
that only the phase x5 (but not x7) appears. The explanation is due to the fact that, as summarised in (4.35),
the magnetic flux ms = n associated with the rightmost SO(2) gauge node in theory (4.27) is unconstrained,

hence, when y2 = —1 and, consequently, n = 0, a non-trivial phase factor (—1)|" ms | = (—1)""| can arise
in the 3 — 0 limit of the index due to the contribution associated with the chiral fields with axial fugacity
az = a” ' in (4.29). On the other hand, the magnetic flux m; = m associated with the leftmost SO(2)_ax
gauge node in theory (4.27) is forced to be equal to one of the two USp(4) fluxes, say mgm, with the other flux
m(22) being equal to zero, see (4.35). Hence, upon taking the 3 — 0 limit when x; = —1 and, consequently,
m = 0, the chiral fields with axial fugacity a; = a in (4.29) only give rise to trivial phases (—1) ’m—m(;)’ =1

and (—1)|m7m52)| =1
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of (4.27) that are projected out upon gauging the charge conjugation symmetry with fugacity
x1. This implies the following equality:

H (4 49)[Coulomb](C1 = x1, X1 = 1x1) (10,..0)
vy=r1=(1,0,...,
(4.50)

= (447, — 5 [(44T) 001 + (44T)= ]

G—Cix

where we point out that {; must be redefined as (;1x1 in the contribution appearing inside
the square brackets on the second line of the above identity.?? The validity of (4.50) can
be checked for generic values of the fugacities (1, (2, x1, and x2 by expanding both sides
up to a sufficiently high order in ¢.%°

The D5-branch

Finally, the Hilbert series for the D5-branch is

du 12 dul® du
H (4.29)[D5](t;b1,2) = - < - ) L

2miug \ 8 5 27riuél) 2miug

g (=) I1 (1= @) ws))

i=1s==*1 s1,52==%1

t> {Zb? T i>>32+b§?u§l<ué">>sz} (4.51)

81,82= +1

Z {Z )51 ( 91)52+ZZ Z)n P2 52+Z ﬂs)sz}

s1,82=%1 p;=1 i= lp]—l pi=1

sl,sgzztl i=1s= :tl

x PE

The coefficient of —t? inside the plethystic exponential accounts for the adjoint chiral multiplets
associated with the three gauge nodes, which have an axial fugacity of a=2. This result
corresponds to the Higgs branch Hilbert series of the theory in (4.29) with the Chern-Simons
levels set to zero (k = 0), which is the 3d N/ = 4 theory

ORCRS

F1 FQ Fd

39Recall that, without turning on any background flux for the flavour symmetry, (4.49) is a magnetic quiver
for the NS5-branch of theory (4.27) with the SO(2)2x gauge node replaced by O(2)2x, whose Hilbert series is
given by the quantity appearing inside the square brackets in (4.50), divided by two. Note that this quantity
does not depend on X1, since the corresponding charge conjugation symmetry has been gauged. On the other
hand, the Coulomb branch Hilbert series of (4.49) refined with Zl and 1 contains a term x§' = (*'xT', even if
v is turned off. The redefinition {1 — (1x1 is thus necessary to match the two Hilbert series.

40 Actually, for the case x2 = —1, the validity of (4.50) can be easily shown analytically using the identity

E 2(F1+Fetk=2)[m|+[m+1]+[m—1] _ E $2(F1+F2+k—1)|m|

meZso meZx>o
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The refinement with respect to the charge conjugation symmetry fugacities is straightforward.

4.3 Linear quiver with USp(2)r X SO(5)_2r X USp(2) gauge group
We consider the 3d N/ = 3 theory given by the following quiver diagram:

F1+% F2 F3+%

which can be realised in string theory via the brane configuration shown below:

F, D5 / F, D5 Fs D5
X S OX X
D3 ,'
NS5 (1,2k) NS5 NS5
03 03" 03 03" 03

(4.53)

(4.54)

Note that, for Fy, Fy, F5 = 0, this is the N' = 4 theory considered in [4, v1, section 5]. We
analyse this theory by computing its superconformal index. As usual, in order to compute
the various limits of the index we assign axial fugacities to the chiral fields. In 3d N = 2

notation, the field content and fugacity assignments are

USp(2F2)

SO(2F; + 1) SO(2F3 + 1)

(4.55)

where the specific assignments of axial fugacities a;, b;, and ¢; for each branch are summarised

in the following table:

Branch qap as C1 (&) C3 [11 [12 [13
NS5 a a ' at a7t g! 1 1 a?

D5 a a a a a a a a

The index for the theory in (4.55) is then given by

1 du oy 2 dul™ 2ol du
Tum=gy X% f ([ S )

2miu
mi,m3€Z {méa)}EZz 1

(1) (2)
X CmQ +my X Zvcc Zadj—chir Zmattcra
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where the Chern-Simons levels are
k1 =k>0, Ky = —k, (4.58)

and we define the following abbreviated notations:

e = 2500 (2 {us s {m5™ }: x) 202 (s {ur s {mn }) ZP ) (a3 {us}; {ma}) (4.59)

Zogar=[1 T Zéw (w5B2(u)™ (u)2:s1mi” +5omi”)

s1,52==+1 1<a<ﬁ<2

<I1 11 i (582 (u8) 5 5m5™ ) Ziyi, (258210 Zy (w:130) (4.60)
s=tla=1

H Chlr(m;f)lu%‘gﬂsml) Chlr;rbg, H Chlr(z;f)gugs;?smg),

s==+1 s==1

Zmaer = [ ]I H Zi2 (x;alufl(uga))52;51m1+52mga))

s1=+1so==41a=1

1/2
X H Chlr (CL’ apxus; smi) H H H ZC}{H (x as(u a))slu;; slmga) + 52m3>
s==+1 slfiISQ*:tla 1

x H ZC}{II‘ (I QQX’LL3,STTL3 H H H H chir (I CQ )Sl(fp2)82 Slmé )> (461)

s==+1 s1=%1s2=%1pa2=1a=1

1
< 11 H V2 @ex(g)50) T 10 H 22 (w5 ca(w) (7)1 s1ma)
s==£1 pa=1 s1=*1s9=%+1p1=1

< I IT 11 H Zifir (wses(ug)™ (f7)) 25 s1ms)

s==£1s1==%1s2=%1 p3=1

with

2
Z500) (w; z;my x) = g~ Imil=Imal=lma=mal=moema | TTOTT (1 - (‘Usmjx‘mjlzjx)
j=1s==%£1 (462)
« H (1 _ (_1)81m1+82m2x\81m1+82m2| 81252) )
s1,820==+1

The Hilbert series for each branch is obtained as follows:

H (4.55)[branch]|(t; {w;}, {bi}, { fi}) = %1_13%1 (4.55)‘ (4.63)

(4.56), (2.13)
To compute the limit, we consider the exponent of 3 in the integrand for each branch. A
non-vanishing result in the 3 — 0 limit sets such exponents to zero, and thus imposes the
following constraints on the magnetic fluxes m;:

Branch | Exponent of 3 Condition
NS Y2, <|m1 + mgb)\ - |mg')\) - \mgl) + mf)\ —|my| | my = :I:mg‘) , mg#” =0
D5 2 (jmy + mg’)| +|ms £ mg’)\) - Q\mél) + mf)\ my = mgl) = mg) =m3=0 (4.64)

1
—2|mgs| — 2|mq| + 2F1\m1| + 253 Z?:1(|mg )D
+2F3|lms| — 3 E?:l \mg’)|

where |m; £ mj| = |m; +m;| + |m; —m;|, and, in the first case, there is no restriction on ms.
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The NS5-branch
The condition obtained in table (4.64) for the NS branch limit of the index is

my = +m$?, mi* =0, i,j=1,2. (4.65)

Using the Weyl symmetry of the SO(5) gauge group, we can restrict our attention to the option
(2)

my = :I:mél),m2 = 0. Taking the limit (4.63), the Hilbert series receives contributions
from the following sets of fluxes:

1. m =0, mg=(0,0), m3=0,
2.m=m, mo=(tm,0), mg=0,
3. m=m, mg=(tm,0), mg=n,
4. m; =0, my=(0,0), mz=mn,

with m, n # 0. Note that the contributions from the + and — signs in the second and third
cases are equal, so the total Hilbert series is given by

H (455 [NS5](t; {wi }; {bi}) = Hpny=0,ma=(0,0),ms=0 T 2 X Hpi —m mo—(m,0),ms=0

(4.66)
+2 X Hmlzm,mgz(m,o),mgzn + H m1=0,m2=(0,0),m3=n *

For the fluxes m; = 0,my = (0,0),m3 = 0, all the gauge groups are unbroken. In this
case, the limit of the index is

1 _ _ _
H,py 20,m5=(0,0),ms=0 = §t2A(m1—0, m2=(0,0),m3=0)

duy dug du2 0 ”
X%27riu1%2ﬂ'iu?, %a 127T2u2 [1_(u1) } H [1—(U3) }

s=+1 s==%1
x H [1_(1&)) (U§))52} H [1—X(ugl))5} H [1_X(ug2))s}
s1,52==%1 s—t1 =11
xPE t2(“3+1+ )—l—t (XZ (uq) —i—z Z 2)],
s=+1 i=181,52= il
(4.67)

where the dimension of the monopole operators is given by

A(myq, mgl), mg), ms)

1 2 2
=3 <2|m1| —2ima| 4+ Y (Ims+ smy )| + [my + 5m2)|) Z(\m2)|)
i1 s=+1 i1 (4.68)

2
—2m$Y —m$| = 2im$) + m$P |+ 2F | + 253 md) | + 2F3|m3> .
i=1
The contribution gets simplified to

1
H oy —0.ma=(0,0),ms=0 = Pusp(a)(t;0) x PE[t'] = =2 (4.69)
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where Pygp(2)(t;0) = PE[tY] = 13t4 is the contribution of tr(¢?), where ¢ is the adjoint chiral
field in the vector multiplet of the rightmost USp(2) gauge group, and the other PE[t%] = T 1t4
factor is the contribution of the gauge invariant quantity e*®2e“346; ;. 6;,;, X2 X2 X3 X4 |
where X! is the bifundamental chiral field in SU(2); x SO(5) g with i = 1,2,..., 5 and
a = 1,2.

For my = 0,my = (0,0),m3 = n, the SO(5) and the first USp(2) gauge group are

unbroken, while the last USp(2) group is broken to U(1), and the corresponding limit of

the index is

In|

Z tQAml 0 mo= (00) ms3= H)X

EZ#O

duq dug 7{ 2 duga)

1 2s
2miwn J 2miug [ 2 o) Hl[ (“1)}

< 11 [1_(“?))51(“&2))82} 11 [1_X(ugl))s} 11 [1—X(U§2))S}

Hm1 =0,m2=(0,0),m3=n — 32

s1,89==%1 s==+1 s==+1
2
xPE [+t |y Z (up)? —I—Z Z (ul)sl(ug))s2 ,
s==+1 i=1 s1,50==%1
(4.70)
where, in this case, the dimension of the monopole operator simplifies to
A(mi =0, mg = (0,0), m3 =n) = (F3+ 1)[n|. (4.71)
As above, we have
t2(1+F3)|n\)Xn
H, o —0m0=(0.0) ma=n = . 4.72
m1=0,m2=(0,0),mz=n ~ (1—2)(1 —t4) (4.72)

For m; = m,mg = (m,0), m3 = 0, the SO(5) and the first USp(2) gauge group are broken,
while the last USp(2) group is unbroken, and the corresponding contribution to the Hilbert

series is?!

Hﬂ’L1 =m,mo=(m,0),m3=0

3 (20 (my=m, ma=(m.0),ms=0) -m, |m|j{ duy u2m dug
2

16 TiUL 2mius

mEZ?go

2 () §
. % ( 11 : 2 (uf” ))2ram; )> IT [t - x(us?)] (73

a=1 27Uy ma—(m,0) S=*1

% . u 2s 2 (4 1 us u(l) —s
IT [1- (us) }PE[t(3+1+ 3)+t<z s (ul) )]

s==+1 s==+1

where, in this case, we have

A(my =m, my = (m,0), m3 =0) = (—1+ F + Fy)|m|. (4.74)

“INote that we have an overall factor of 1 here, in contrast to that of (4.57) which is i This is because

the results for the allowed choices my = (m 0) and (0, m) are equal.
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As above, we find

1 t2(—1+F1+F2+k)|m|)cme

Hyp oo == , .
mi=m,mo=(m,0),mz=0 2 = (1 — t2)(1 — t4) (4 75)

For m; = m,my = (m,0),m3 = n, all gauge groups are broken to subgroups, and the
corresponding limit of the index is

1 _ _ _
Hml:mﬂnQ:(m’O)mg):n:E Z Z £28(my=m, mz—(m,O%mg—n)CmXImHInl

ﬂEZ#OmGZ;ﬁO
duq dus 2 du(a) reomn (@)
o aom f o (T2 g
X H {1—X(ué2))s} PE |2+t Z uﬁ(ug))_s ,
s==1 s==1

(4.76)

where, in this case, the monopole dimension reduces to

A(ml =m, myo = (m,O), ma = n)
1 (4.77)
(—4|m| + |m — n| + |m + n| + 2(F, + Fo)|m| + 2F3|n]).

T2
As above, we have
1 tZ((—2+F1+F2+k:)|m|+%|m—n|+%\m+n|+F3|n\)<m mtn
Hmlzm,mzz(m,o),mgznzf 2\2 X . (478)
2m,n>0 (1_t )

Summing the four contributions as indicated in (4.66), we obtain

H (4.55)[NS5] (; {wi}, {bi}; ¢, x)

tzﬁ(m,n)cmx|m|+|n\ t2£(m,0)<mx|m|
B m,n>0 (1 o t2)2 m>0 (1 o t2)(1 o t4)
t2£(0,n)x|n\ 1 (4.79)
+
-2t (1—op
= > tm(m’")melmHl"‘PUsp(z) (t; m) Puspa) (1)
m,n>0
with
~ 1 1
Afm,n) = (=24 Fy + Fp + k)jm|+ J|m —n| + J{m + n| + E3[n], (4.80)
where we highlight in orange the presence of factors of % in the monopole dimension. This
turns out to be equal to the Coulomb branch Hilbert series of the following quiver:4?
1
SO(2k + 2 + 2F3) ’ SO(2F + 4) (4.81)

“In this quiver, the magnetic symmetry associated with ¢ is not manifest. We shall henceforth set it to
unity in the subsequent discussion.
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where the line in orange with label % corresponds to the half-hypermultiplet in the repre-
sentation [2;2] of USp(2) x USp(2).*3 This is in accordance with the factors of § in (4.80).
For Fy = F» = F3 = 0 this matches the magnetic quiver proposed in [4, v1, (5.4)] with
M = N = L = 1. Note that quiver (4.81) can be rewritten as

SO(1) S0(1)
1
SO(2k + 2Fy + 2F5 — 1) @ ° [ usp@) SO(2F; + 3) (4.82)

Gauging the charge conjugation symmetry associated with x, whose Hilbert series is
%sz:tl H (455 [NS5](t; {w;}, {bi}; ¢ = 1,x), corresponds to the Coulomb branch of the
following theory:

1
2

SO(2F; + 3) (4.83)

SO(2k+2F1 + 2F5 —1) @

Further comments on the magnetic quiver. Following the initial release of this work,
an updated version of ref. [4, v2] appeared on the arXiv. In this revision, the discussion
regarding theory (4.53) was relocated to section 4.2.2. Replacing the previous proposal (4.81),
a new candidate for the magnetic quiver capturing the NS5-branch of (4.53) is presented
n [4, v2, (4.30)]:4

USp(2k + 2F) + 2F — 2) @ USH(2) SO(2F; + 3) (4.84)

N

The Coulomb branch Hilbert series of this quiver matches that of (4.79),4 pr0v1ded that the
magnetic and charge conjugation fugacities, { and Y, satisfy the identification C (x and

43This should be contrasted with the line connecting two USp(2k) gauge group in quiver [35, (2.29)] (see
also [49, section 4.2], [34, figure 28], and [50, figure 6]), whose Higgs branch describes the moduli space
of instantons of SO(8) on C?/Z,. In that reference, such a line denotes the full hypermultiplet in the
representation [2k; 2k] of USp(2k) x USp(2k). In the case of USp(2) x USp(2) with fluxes m and n, such a
full hypermultiplet contributes to the dimension of the monopole formula as |[m — n| + |m + n|, without a
factor of 1/2.

44\We note that [4, v2] explicitly considers the case F1 = F» = F3 = 0.

“50bserve that the SO(3) vector multiplet contributes — |m| to the monopole dimension in (4.80), whereas
the USp(2) vector multiplet contributes —2|m|. However, accounting for the differing contributions from the
hypermultiplets in (4.81) and (4.84), the total monopole dimension of the latter equals that of the former,
namely (4.80).
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X = x.%6 47 A key advantage of this description is that the magnetic fugacity associated
with ¢ becomes manifest in (4.84).

The D5-branch

Finally, the Hilbert series for the D5-branch is

H (4.55)[D5](t;b1,2,3) =

1 duq 2 dug]) dug
32 ) 2miug (@) 2mius

a=1 2miuy
LTI (1=x@) TI (=) @s)=) T] 1-ud) < 3)

i=1s==%1 s1,80==%1 s==+1

XPE{ Z {Zu (Z )% +ust (u }+2txz (uj4uj +tXZ Z f(p2>

s1,80==%1 s==+1 pj=1lsa==%1

Fy 2 B .
<+ Y X @) e Y] Y @) ()

s1,82==%1 pjil =1 pjzl

2 o
—? <1+uf2+u%)(lﬁ3)t2< S @) W)y S (ug”)mz)} .
s1,52==+1 i=1s==+1
(4.85)
The coefficient of —t2 inside the plethystic exponential accounts for the adjoint chirals in the
vector multiplets of the three gauge nodes, which have an axial fugacity of a=2. This result

corresponds to the Higgs branch Hilbert series of the theory in (4.55) with the Chern-Simons
levels set to zero (k = 0), which is the 3d N' = 4 theory

O

F1+% Fy F3+%

Gauging charge conjugation symmetry by summing y over +1 and dividing the result by
two amounts to replacing SO(5) by O(5)*.
5 Geometric branch

In this section, we describe how to generalise the prescription to study the geometric branches
of affine-shaped quivers.

46With these assignments, the fugacities appear in the Coulomb branch Hilbert series as ¢ mx" =M™
in agreement with (4.79).

“In [4, v2, (4.31)], the authors instead consider the map C=(x, X =s, and xr = sx, where Y is the
charge conjugation fugacity associated with the SO(2F5 + 3) flavour node of (4.84). These fugacities contribute
to the Coulomb branch Hilbert series as E’“)?‘)Ng} = (™x™ s, Since n is an integer and s is a Zj fugacity,
this result remains consistent with (4.79).
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5.1 Circular Abelian quivers: affine An quivers

Let us consider the following theory:

where we write

F=fit+fa+ -+ fun, (5.2)

and assume that
> ki=0. (5.3)

Let us denote the chiral multiplets in each bifundamental hypermultiplet S; between node
U(1)g, and U(1),,, by (As;, B;), and those in each fundamental hypermultiplet Q; of the
node U(1)g, by (Qi,Q;). The superpotential is

n _ 1 n
W =" ¢i(AiB; — Bi1Ai_1 + QiQ:) + 3 > kidy . (5.4)
i=1 i=1
This theory was studied in [33], and the special case in which f; =0 for alli =1,...,n was

studied in [51]. Since ¢; are massive, we can integrate them out and obtain
" 2 ~
= ?(AiBi — Bi1Aio1 + QiQi)* (5.5)
i=1 "M

The index of this theory is given by
Z 5.1y (w; {wits {vi}; {yze})
_ duy ki W™
- Z 7{ 2muy 27run H

mi,...,mMn€ZL =1 (56)

fi
X H H chlflr( (viuiu z+1) ss(mi — mz’+1)) H der( ;(yf,glui)s;smi) )

s=£1li=1 (=1

where the contribution of a chiral multiplet with R-charge R is given by (2.4).

Theory (5.1) can be realised on D3-brane on a circle along with various fivebranes. There
are several branches of the moduli space that can be obtained from the limit of the index,
as explained in the preceding sections. In the following, we will describe another branch
of the moduli space, known as the geometric branch.
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Geometric branch

The geometric branch is obtained by considering
¢o;i=¢, foralli=1,...,n. (5.7)

For simplicity, we set f; =0 for all : = 1,...,n for now. We will discuss the case in which
some or all f; are non-zero later. We also assume that A;, B; are non-zero on this branch.
Varying Weg with respect to A; (or B;) and dividing by B; (or 4;), we obtain the F-terms:

(k' + ki) AB; — ki Aiy1 Biyr — k7' A1 By = 0. (5.8)

As pointed out in [51, (2.36), (2.6)], the F-terms and D-terms corresponding to (5.8) can

be written together as*®

0="> M;;Slaas;, (5.9)

Jj=1

where o, are the Pauli matrices, and

kit ki if =i

—k! if j=i+1

My =4 BEAE (5.10)
—k; if j=i—1
0 otherwise

As pointed out in [51, (2.36)], we can also write M;; as M;; = >, k' X4iXaj, where the
index a runs over the nodes and the index ¢ over the hypermultiplets, and X,; is the charge
matrix such that has value 1 if A; is ingoing to the node a, —1 if it is outgoing from it, and 0
otherwise. The rank of the matrix M is n — 2, provided that the sum of the Chern-Simons
levels is zero [51] as in (5.3). Indeed,

11--- 1
MB"=0, with g= ( ) : (5.11)
P1 P2 " Pn
where p; = 23':1 kj, so that k; = p; —pj—1. In fact, (1,p1), (1,p2), ..., (1,pn) are the

fivebranes involving in the brane realisation of theory (5.1) with f; = 0. It was shown in [51]
that the geometric branch is isomorphic to the hypertoric manifold

H"/// ker (). (5.12)

The authors of [33] generalised this result to the case in which some or all of the f; are
non-zero. In the corresponding brane configurations, there are F' D5-branes partitioned as
in (5.2). In which case, the quantum corrected geometric branch is described by

H )/ fker(B), with = 10 (5.13)
p1p2 - pn F

The set of holomorphic functions on (5.13) contains chiral fields A; and B; appropriately
dressed with such monopole operators.

“8Here, our matrix M corresponds to M&™ in [51, (2.36)].
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The Hilbert series as a limit of the index

The Hilbert series of the geometric branch of this quiver can be computed from the limit of
the index of the theory with the following axial fugacity assignments:

(5.14)

where the quiver is depicted in the 3d N = 2 notation, and each bidirectional arrow between
the circular nodes denotes the chiral multiplets A; and B;, whereas that between a circular
node and a square node represents @); and @1

The corresponding index (5.6) is

7 (5.14)(z; 050, U)

[P () S B g

mep, 2T 2mun (5.15)

< I1 H cllfr (m a(buiu ) s(mi — mip )HZil{?r( ria” (u;)° §Smi> :

s==£11i=1

where we identify u,;1 = u1. The factor [Z}. (z;a7%0)]"" is the contribution of the
Lagrange multipliers (or “flipping fields”) that impose the (n — 2) independent relations
0=>74 M,-jS;aaSj, where we recall that (n — 2) is equal to the rank of the matrix M.
We denote these (n — 2) Lagrange multipliers in (5.14) by the loops at every circular node,
except at U(1)g, and U(1)g,

Let us substitute (2.13) in the index (5.15). The power of 3 is

|mi —ma| + |ma —ms| + ...+ |mp_1 — my|. (5.16)

To obtain a finite result in the limit 3§ — 0 (while keeping ¢ fixed), the above expression must
be zero. This puts the following constraint on the magnetic fluxes:

m=ms=...=mp,=m~&eZ, (5.17)
in agreement with (5.7). The dimension of the monopole operator is

A(my,...,my)

1 n
— 5 (\ml — m2’ + |m2 — m3‘ +...+ \mn_l — mn\ + Zfz‘mz|> ,
=1

(5.18)
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where, with the flux configuration (5.17), we have
A(m,...,m) = F|m|. (5.19)
In the limit 3 — 0, the index becomes the following Hilbert series:

H(t,v,w) = PE |~ (n - 2)2] 3w
mEZ

(I f st 13 (20 st )

where w = H’;Zl wj is the fugacity for the diagonal combination of the topological symmetries

(5.20)

associated to each gauge group. This is in agreement with [18, (6.18)]. Note that b and
w correspond to the two Cartan elements of the isometry of the geometric branch. The
terms in the plethystic exponential in the second line are the contributions of A; and B;, and
their associated flavour fugacities are v and v—1. The factor t/'™l is the dimension of the
monopole operator given by (5.19). The factor PE [—(n — 2)t?] corresponds to the (n — 2)
independent F-terms given by the rank of the matrix M discussed above. Observe that the
chiral fields Q; and Q; do not appear in the chiral ring. Only the sum F' of the number of
flavours contributes to the dimension of the monopole operators.

When k; =0 for all i = 1,...,n, the theory has a manifest A' = 4 supersymmetry, and
its geometric branch is simply C?/Z,, x C?/Zp, since the theory can be realised on a single
M2-brane probing such a space in this case [52]. Other explicit examples can be found in [18].

5.2 Comments on general non-Abelian circular quivers

In the previous subsection, we have considered the case where all gauge groups of (5.14) are
Abelian. We now analyse the theories with non-Abelian gauge groups.

(5.21)

To begin, we consider the special case where all the CS-levels are set to zero, namely
k; = 0Vi = 1,...,n, and take the values fo the f; parameters to be generic as long as
F=%",fi#0 (the case of F' =0 is commented in [53]). This is the case of a 3d N' =4
theory whose brane setup consist of only NS5 and D5 branes. This provides a simpler setup
to study the problem and obtain a result that, as we will comment later in the subsection,
holds also for generic k; levels.
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We focus on the case where all gauge groups are U(2). The index reads

In=a(m; {w;}, {vi}, {yis})
1 2 dul® dul) S m 1

= (2N)n > (@) H

{m<a)} _____ (m@yezz” o=l 2m’uga)” 2miuy =1 [Zghir(Wa*z,O)P
2
Hz&i&? Oy fm™ ) 1T Zhae(esa 2l @) m® —m®)
e (5.22)

<TI0 Zili (w5 aloul®)* @) 75 sml® — smi)

s=x1i= 1o¢,,6’ 1

« T1 TTTT I 220200 g s oml®).

s=+1i=1p=1 a=1
with periodic parameters such that w,+1 = u; and m, 1 = m;. Notice that, in the second
line, we divide by the contribution of two chiral multiplets with axial charge —2. This
is conventional and is part of the prescription that we propose to compute the geometric
branch. The computation that we will present will depend very little on this factor. It is
also part of the prescription that we assign axial charge —1 to all the adjoint chiral fields
and flavours while we assign charge +1 to each bifundamental. This choice is instead crucial
for the computation that will follow.

The geometric branch is expected to arise as the limit of the index

H (5.29)[geom](t) = %i_ff(l)z G2)| 15 (5.23)
In the limit of 3 — 0 only the flux sectors carrying zero power of 3 contribute. The power
of 3 reads

n 2 n 2
D I O ] I S N A B (5.24)

i=1a>p i=1 o,f=1

which is a non-negative quantity for any set of fluxes m; and is zero if and only if m; =

. =m, = m.* Since all the magnetic fluxes are identified, the limit does not depend
on the FI parameters of all the nodes but only on their diagonal combination w =[]}, w;.
The limit yields

As(t,b)

H (5.22) (t, w; b) == Z tF(‘ml|+|m2‘)wm1+m2A1 (t, b)2 + ZtQF‘m‘wQWL 1 t2 ) (525)

mi1>ma

where the first contribution comes from the situation where m) = my £ m®2 = msy, thus
each U(2) gauge group is broken to U(1) x U(1), while the second contribution comes from
the case m) = m?) = m, which preserves each U(2) gauge group. In (5.25), we defined

“Indeed the fluxes can be equal up to permutations of their components. However, in the following, we
pick a fixed Weyl chamber such that m§“) > miﬁ) if « < B for any i = 1,...,n. Therefore, we do not need to
take into account permutations in the computation that follows.
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the contribution

(a) (a)
d dup,
An(t0) = ?{H CUES o 1 H(“%)
N a= 127T2u 2miun 1<a#B<N i=1 u;
s 5.26
MY N (a) (5.26)
xPE [t ) ZZb g 1+ZZ
s==%1a,f=11i=1 H—l i=1 a,f= lu
in a such way that A;(t,b) is the Hilbert series of C?/Z,:
Ay(t,b) = Hezyg, (t,b) = PE[t* + (b+ b~ 1)t" — 2] (5.27)

The term —1, highlighted in red, deserves some explanations as follows. First of all, its
presence renders Aj(t,b) the Hilbert series of C2/Z,, as it should be for the Higgs branch
of a Kronheimer-Nakajima quiver. Secondly, upon substituting (5.26) into (5.25), we see
that each term in the latter contains the factor PE [2 t2] = ﬁ, which is in agreement
with the limit of the term 1/[Z}. (z;a72,0)]? in (5.22).

For N > 1 the quantity Ay is related to A;. For example, the relations enjoyed by

chir
Az 3 are given by

1
2(1-1%)
1
6(1 —2) [(

+3(1 — %) x Ay (3,0%)] .

As(t,b) = X [(1= 2241 (8,0)2 + (1= %) x 41 (12,07)] |

As(t,b) = 1— 2% x Ai(t,0)% +2(1 — 14 (1 — 12) x Ai(t,0) A1 (2,0%)  (5:28)

These relations, and those for higher N, have been found first in [53] (see the analogous
relations also in [54, (2.1), (2.5)]), from the analysis of the F' = 0 case.

Going back to (5.25), we perform a couple of manipulations. For the first term, we split
the sum into two independent summations over m; and ms, which requires to introduce the
missing contributions of m; = ms in the sum. By doing that we are led to

2
1 1
H (5.99)(t;w;0) = 5(1 —1?)? (1 —p ZtF|m|wm> Aj(t,b)?
y T(nt B 1 (5.29)
2F|m|,, 2m 2\ 2

where, in the first line, we also multiplied and divided by (1 — t?)2, so that we recognise
that the sum yields the Hilbert series of C2?/Zy, namely

Hez g, (G 0) = ZtF\m\ = PE [tQ + (w4 w ! — tzF} . (5.30)
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We then use the relation for A, in (5.28) to get

1 2F|m|,, 2m (1 — t2)2A1(t7 b)2 + (1 _ t4)A1(t23 b2) 1

2(1 — 12)2 — A b’ (5.31)

2
1 1 ml m 1 1 ml om
= 5(1 — t2)2 (1_152 ZtF‘ |w > 141(t7 b)2 + 5(1 - t4)2 Z mt2F‘ "I_UQ Al(t2, b2)

1 2\2 2 o (14+#7)? 2 2 2 12
= 5 (1= P [Hea (6 w0) Hez, (1,) + Gy Heee (0 Hean, (.0 )]

We then recognise the contribution of the Hilbert series of C2/Z,, x C?/Zf to write

H (5.92)(t;w;b)

1 (1+1%)?2

(5.32)
= S(1—%)? [H@wznx@?/zF (t;w; b)* + mff@2/znx@2/zp(t2;w2; b -

2
Notice that the factor % = PE[4t? — 2t%] is a deviation from the formula being equal to
the symmetric product of two C2/Z,, x C?/Zp spaces (up to a prefactor), each of which is
the geometric branch in the Abelian case. In particular, the formula for the Hilbert series
for such a symmetric product is

Hgym2(02 /2, xc22.0) (803 D)

1
=3 [HCQ/ZnXCQ/ZF(t§w§b)2 + H@?/anm/zF(t?;wz;bﬂ :

(5.33)

Using relations of the form in (5.28), it is quite straightforward to generalise this result
to the case of U(NN) gauge groups to find a similar deviation from the symmetric product
of N C?/Z, x C%/Zp spaces.

To conclude, we now comment on the generalisation of this result for the case of circular
quivers with non-zero CS levels, thus to brane setups including other type of fivebranes
besides D5 and NS5. The steps leading to (5.25) are identical, the difference is that the Ay
contribution now depends on the values of the magnetic fluxes due to the presence of CS
levels. This makes the computation quite more difficult and we will not attempt to carry it
out. However, we propose that the formula in (5.32) should hold for any quiver by replacing
C?/Z,, x C?/Zp with the geometric branch of the Abelian case:

(1+12)?

2,,.,2.12
mHN:]_(t W ,b ) . (534)

1
Hpy—o(t; w;b) = 5(1 — %)% | Hy—1(t; w; b)? +

A direct check of this proposal is given in the example discussed below.

5.2.1 Circular quiver (3.125)

In this subsection, we consider the geometric branch of the circular quiver (3.125) with N = 2
and k = F = 1. This can be computed in a similar way to (3.126) and (3.127), but with
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the following modifications. First of all, the factor

2 2
[T 11 2. (2 b))~ ml® = mi?) (5.35)
i=1a,8=1
in (3.126) should be further divided by Z}... (x;b;; 0)2 to remove the trace of the adjoint chiral
multiplet for each gauge group. Secondly, the parameters b; should be taken as b; = a2
(with ¢ = 1,2) for the geometric branch, whereas the other parameters are taken as the last
line of (3.127). These modifications are parts of the prescription and are necessary to obtain
the limit of the index that contains a contribution from the global symmetry current 8u(3),
which is a global symmetry for the theory corresponding to N%1.0,

On the geometric branch, the magnetic fluxes of each gauge node are equal and take
the form

m; = mo = (m, TI) y (5.36)

where, as usual, we can use the U(2) Weyl group to set m > n. The limit of the index
receives two contributions, one from m = n and the other from m > n:

H (3125)y_y 4oy [geom] = Hm—n + Hm>n - (5.37)

Similarly to (3.26), for fluxes with m = n, the limit of the index is

Oé

2 2
@ m®
uen = 5 3 f (ITIL 2oy prin
2 i=1 a=1 7mu
mi=mao= (m,m)

mezZ

) )\ S 9 (@) (538)
< ] H( )PEtZ Z()—ﬁ 2+ZZ"
1<a#B<2i=1 s,0=+1a,8=1 i=1 a,f= 1U

where k1 = —kg = k > 0, and the term —2 in takes into account of the tracelessness of

the adjoint chiral multiplet for each gauge group. This is in agreement with the discussion
below (5.26). The power 2F|m| of ¢ in the first line comes from two times (3.136) with
m = n. For reference, we report the result for the unrefined Hilbert series for Hy—pn (with
b =w = wy = 1) as follows:

14 4t% + 18t + 4615 + 10915 + ... . (5.39)

For fluxes with m > n, similarly to (3.28), the limit of the index is

Huon= 3 #H(m)#(n) tF(mltin)
m>nez (5 40)
m+n 0O .
_ Z (w1w2)2 5 Z [k:]m] +2p1]b[kln| +2p2]b t(kJrF)(|m|+|n\)+2}o1+2pz7
m>n (1 —t ) p1,p2=0

where H(m) is the integral part of the N = 1 case, given in the third line of (3.132) with
w = wiwa.

H(m) = (wllﬁ)?t)g > " [k|m| + 2p], tHmI2P (5.41)
p=0

- 79 —



and the power F'(|m|+ |n|) of ¢ in the first line comes from two times (3.136) with m > n.
For reference, we report the result for Hysn (with b = w; = we = 1) as follows:

4% 4 30t* 4 13265 + 4095 + ... . (5.42)

Summing (5.38) and (5.40), we obtain the following result written in terms of the character
of 8u(3) representations as in (3.133), with the subscripts b and w omitted for brevity:

H (3125 [geom](t; b;w) = 1+ [1,1]¢% + (2[2,2] + 2 — [1,1])¢*

’ 6 (5.43)
+(2[3,3] + [4,1] + [1,4] — [3,0] — [0,3])t5 + ... ,

where we use the fugacity map as stated in footnote 24. Due to the fact that this result
contains terms with negative coefficients, the limit of the index in this case cannot be
interpreted as a Hilbert series, since the latter counts gauge invariant quantities parametrising
the moduli space. Note that we can also derive (5.43) directly from formula (5.34) simply
by taking Hpy—1(t;w;b) to be (3.133). This confirms the consistency between the analysis
in this subsection and that in the previous one.

It is instructive to compare this with the Hilbert series of the second symmetric power
of the closure of the minimal nilpotent orbit of 8u(3), which is the expected geometric
branch of this theory:

1 [ 0o
H [Sme (min 311(3))} (t; b; w) = § [ZP’% n]b,wt2n + Z [n, n]bg,w2t4n
n=0 n=0

=1+ (1,12 4 (2[2,2] + [1,1] + 1)t
+(2[3,3]) + [4, 1] + [1,4] + 2[2,2] + [3,0] + [0,3] + [1, 1))t + ...,

(5.44)

where we drop the subscripts b, w in the last equality.

5.3 Affine N' = 4 Dy quiver

The prescription for studying the geometric branch can also be extended to general affine
quivers, beyond the Ay type. In particular, in this section, we study the geometric branch
of the N/ =4 Dy affine quiver with an arbitrary number of flavours attached to each node
of the quiver. The theory is realised by the following quiver:

Fy

(5.45)

Fni F3

For convenience, we refer to the gauge nodes attached to Fj as the j-th gauge node. As
usual, we denote by X;; the chiral field in the bifundamental hypermultiplet going from the
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i-th gauge node to the j-th gauge node. The theory can be obtained by a single M2-brane
probing C?/Dy x C?/Zp; see [52], with F given by
N+1

F=Fi+FR+F+F+2) F. (5.46)
=5

Hence, €2/ Dy x C2 /ZF is the expected geometric branch of the theory. We confirm this
prediction with the explicit computation of the Hilbert series. To compute the various limits
of the index, we first assign axial fugacities to the chiral fields. In 3d N/ = 2 notation, the

field content and fugacity assignments are

(5.47)

where we omit two adjoint chirals in the vector multiplets of two U(1) gauge groups, as part
of the prescription to compute the limit of the index for the geometric branch. As the result
will not depend on the specific choice of the values Fj, let us consider the simplified case
where F} = F, while every other F; = 0. The index for the theory (5.47) is given by

T 5.y (@;{yi}, {wi}) =
dug™ N 2 4@y, n{®

1 (
T 9N-3 Z Z j{H 27”“1 H H WZ\%;N)(JZ;W;”Q

mi,...,mM4€ZL ny,....nN_3EL2 i=5 a=1 27”7)
N+1 2

[Zchlr 72 0] H H Chlr €T;a 2,0(04)( z(ﬁ))il;nz(a) _ngﬂ))
i=5 a,f=1
N 2
X H H H Zc11{12r( )) (v z(f)l) ; ”z(a) 5”5@1) (5.48)
=5 a,f=1s==%1
2

2
<IT1I 11 [ 22 (w003 ()% sm; — sn®)

=la=1s=%+1

1 S « —s «
x chr{ur ((L‘; a’ui+2(v](\/-)|-1) 3 SMyiy2 — 5”5\]_)’_1) :|

F
< T1 TT Zatie (w3 i 0~ ma )

p=1s=%1

where, in the third line, the factor [Zghir(x; a*Z;O)]2 corresponds to two chiral multiplets
with R-charge one and fugacity a~2 under the two U(1) gauge groups attached to F3 and
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Fy. To compute the geometric branch, as usual, we redefine
x=3t, a=3z Y2, (5.49)
and then perform the 3 — 0 limit. A non-vanishing result in the 3 — 0 limit imposes the

condition that the exponent of 3 must be zero. In this case, the exponent of 3 is given by

N+1

B Z ‘ngl (2 H_Z Z ]n ) _nz—i-lH_
22:5 =5 a,=1 (5‘50)

2
+ 35 (Imi = 0§ + Imisy — S + Flmal .
=1 a=1

In the limit, the following conditions are imposed on the fluxes in the theory:
m;=m, mn;=(m,m). (5.51)
The limit of the index for the geometric branch is then given by
H (5.45)[geom](t;y) =

O S i

2miv g 27rw

a

i=5 s=+1 a,f=1,2 (5.52)

S PE [¢(0;")* (i) "]

1=5 a,f=1s=%1

2 2
X H H H PE {tuf(véa))_s + tuf+2(v](\?}rl)_s} ,

i=1a=1s=%1
where we redefine the topological fugacity as

N+1
Y = WiwowswWy H w? . (5.53)
i=5
We then recognise that the integral, which does not depend on the magnetic flux, evaluates
to the Hilbert series of C2/Dy, while the sum over fluxes yields the Hilbert series of C2/Zp.
Thus the geometric branch Hilbert series is that of C2/Dy x C2/Zp.
Let us discuss this in further details, focusing on the case of N = 4 for simplicity. The
generators of C?/Zp are given by

Go = tr(X15X51) = tr(Xos X52), G =Vi1,11,01) (5.54)

satisfying G G_ = G2F. The equalities on the left follow from the F-terms associated with
the adjoint chiral in the vector multiplet of the U(2) gauge group, and tr denotes the trace
over the fundamental representation of such a gauge group. On the other hand, the generators
of C2/ﬁ4, along with their relation, are explicitly given in [55, (3.4), (3.7), figure 3].
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We discuss the geometric branch of D, affine Dynkin quivers with Chern-Simons levels
in appendix C. It is straightforward to generalise the above analysis to Fy affine Dynkin
quivers. Furthermore, we anticipate that rank-two — and more generally higher-rank —
Dy affine Dynkin quivers will admit a treatment analogous to that presented for the Apn
case in section 5.2.
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A Some useful identities

In this appendix, we collect various identities used in the main text.
For linear quivers, we apply the following identity for the U(1), x U(1)_, gauge group
with a bifundamental hypermultiplet and gauge magnetic fluxes (m,m):

% drl,i d? wmu" My PE
2miu 2T

¢lsllm]

12

t Z (buv™1)*

s==+1

(b~ w)™. (A.1)

Note that the factor (1 —¢*)~! is actually the P-factor Py (t;m) introduced in [20].
Observe that identity (A.1) can be generalised, for example, to a linear quiver containing
the U(2), x U(2)_, gauge group and a bifundamental hypermultiplet. We consider the gauge
magnetic fluxes my = mgy = (my, my). There are two contributions: one from the case of
m1 = ma (each U(2) gauge factor is preserved), and the other from the case of m; # mo
(each U(2) gauge factor is broken to U(1)?):
(@) (a))
w’L
2 U my=ma=(m1,ms)

flI -

1 2 CY o s
x{(;mhm? 1;[ H( (B>PE[tZ > (uf™) ) ] (A.2)

OL

) (a)

U

7

<2 s=%1a,8=1,2

(L= ) [z S () i) “
s=+1a=1,2

= ¢l 2 Py2)(t;m1,mo) (b~ wywg) 2™
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where Pyg)(t;m1, m2) is defined as in [20, (A.2)]:

(1 -1t my = my

R 2 (A.3)

Pyg)(t;mi, mo) = {

Moreover, throughout the paper, we consider various limits of the index. For convenience,
we collect the contributions of a chiral field with R-charge R, whose expression is given
by (2.4), to the index in these limits below:

Chiral field Limit 3 =+ 0 Limit t — 0

Zc%hiral(x; az,m) (52’71)‘%' PE [0, 0t2] (5271)m

z2. (xia7lz,m) (tz_l)‘%‘ (tz~ ) 5 PE [61.,032]

2 2,m) ()% - (o) (A1)
Z} vl (Ta%2,m) (5t‘1z_1)@ PE [6,n,0t%z] (3t 1271) 5 PE [—6m,03%27!]

Zh v (@ia™2z,m) | (37 27h) £ PE [~ 0t%27 1] (371tzh B PE [01,03°2]

Zhiea (3 2,m) % <%

B Detailed computation of section 3.2.2

In this appendix, we collect the derivations of various formulae and arguments presented
in section 3.2.2.

B.1 The 3 — 0 limit of the index of T[U(2)]

Let us derive the 3 — 0 limit of the index of the T[U(2)] theory. We depict such a theory
schematically as follows:

Y2 2 , |
Y y x T[U(1)] = y (B.1)

Z,ZZ f*mf f.mf W, Ny

where y € {a,a™1}. In terms of the variables 3 and ¢, from (2.4) and (3.65a), the contribution
to the index of the adjoint chiral field in the U(1) vector multiplet takes the form

00 52742425
u@) B & A
Za,dj (37 t) - ]‘_[0 1 — 32+2jt2j ) (BQ)
]:

which admits the following behaviour in the limits 3 — 0 and ¢ — 0:

5—)0

200 (3,6 %271 (B.3a)
o 1
Zoi (3,8) 2" 1= 2 (B.3b)
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Let us also analyse the contribution coming from the hypermultiplet in the bifundamental
representation of U(1) x U(2), which, using (2.4) and (3.65b), is given by

ZPWXU@) 0y 52?:1‘lz—mfi|

DiilEs

siuljol**

)Slz smy, 52+|slz smy, |+2]t1+|5lz smy, |+2]275f5 (B4)

slz—smfi5|sl 7smfi|+2jt1+|sl 7smfi|+2325fi,

In the limits 3 — 0 and ¢t — 0, the expression above simplifies to®°

U(1)xU(2) 3—0
Zhyper (5;t) - mf17mf25127mf1 H H 1—t25f T, <r—s5" (B5a)
s==+1i=1
2000 V@) (5, ) 120 gltammralltammpal (B.5b)

It follows that, in the case my, = my,, the index of the T[U(2)] theory admits the following
expression in the limit 3 — 0O:

Zrue) (3, timypy = my,)
!
5%0 an my+my, <wl) 8 Nwi—Nwa
Z%sz J1f2)" 2wy z

lez w2

1-t%)0 o1,
( ) Tf Mo bz, My sH:tlzl_[l 1—tZsf s (B.G)
l
_ Nw?2 2mf1 <’LU]_> ? Nwl1—Nw?2
271'22 (flf ) w9 “
1—t2
X

(1) (1-e2) (=) (- 02)

Upon computing the residues at the poles of the gauge fugacity z, this yields the Hall-
Littlewood formula for the Hilbert series of T[U(2)], as defined in [32, section 3.1.2],°! where
we take N1 > Neps:

0 —
Zru) (3 timpy = myy) = (wiw) ™1 g

! \I’SZ(Z)I’M) (tz; f1, fz) ,

-eR)(-h)

590bserve that a single chiral field of R-charge %, whose expression is given in (2.4), behaves as

Im|
Zc2hlra1(5’ t; 'Z?m) - 5”" 072 1— tz’ mem(évt; 2 m) tzo (52"71) 2 ) see [15]
51 Actually, in that reference, the Hall-Littlewood formula is provided for the T[SU(2)] theory. Here, instead,

we are dealing with the T[U(2)] theory, hence an extra term (wywz)™ 1, which is absent in the Hall-Littlewood

(B.7)

. 1 .
formula for T[SU(2)], appears. As a further comment, observe that we can rewrite —(1—z2 7 ) (1 ﬂffi) in (B.7)

as (1 —t ) %?( ; f1, f2), where
1
U U
K[ (]2)(75 z1,72) = PE [txuéf)(xl,xz)} = H _—

is defined in [32, (3.20)].
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where the expression for the U(2) Hall-Littlewood polynomial is given by [32, (B.13)]

1 1 1
tr 1+n2x7211 951 Jj2+n1 +x +n1xgz _ t$7111x2+n2

\I,(nhnz)

vy (Ern,a2) = (B.8)

T — T2

If w1 < Ny, it is sufficient to swap 14,1 > Nywo in the equation (B.7). Let us now consider the
case my, # my., in the 3 — 0 limit. Since (B.5a) vanishes, we have to study the leading order in
3, i.e. the expression with the lowest non-zero power of 3 which appears in the limit of the index
of the T[U(2)] theory. As can be observed from (B.5b), given that we sum over [, € Z, the
leading order in g is reached when my . = min{my,,ms,} <1, <max{ms,ms,} =my .,
for which the power of 3 is [my, —my,|. For instance, if we focus on the contribution coming
from I, = my,, the hypermultiplet in the bifundamental representation of U(1) x U(2)
behaves as

5 1
RAGRIET

then the expression for the T'[U(2)] theory in the I, = my, # my, sector reads

Lz
Z % f1f2 TL'wQ mf1+mf2 <U)1> Z’flwl—an
2miz

w2

U(1)xU(2 3—0
T 0P (3,151, = my) 2

5’lz—mf2‘ , (B9>

1

X (1_t2>51Z7mf1(1—t;1> (1—75%)3

- 271'@2 (frf2)"? w w2 5 12 gmeL T

|lz*mf2|

(B.10)
1—¢2

(1-17) (118)°

) ] 17 e

‘mf1_mf2

where \IlgL()l) (x) = z™. This is just the product of the Hall-Littlewood formulae of two T'[U(1)]

theories, multiplied by an overall factor 5’mf 1= | gl —nwa] Similarly, the contribution
coming from the [, = my, sector can be obtained immediately from (B.9) and (B.10) by
swapping the pair (f1,my,;) with (f2,my,). Finally, we also have to consider the my . <
l, < my_ . sectors, which contribute to the limit as

M f max ™~ Iz
i j{Q flf 711112 mf1+mf2 (ﬂ) SMw1 = Nw2 <1 _ t2) 5|lz—7ﬂf1|+|lz—Tfo2
Tz

l=mj wa
min® (B.11)

gy —mg,|-1 .
I (1 _ t2> z‘mflfmfg‘ Z |:w;n’fmm (nul) (fl)} [w Fmax ™ Jb(ulj)z) (fQ)] )
i=1
The expressions (B.10) and (B.11), together with the one for the I, = my, contribution to
the limit, can be also written in a more meaningful way by manifestly distinguishing the
two cases in which the background fluxes n,,1 and n,9 either differ or take the same value.
In particular, in the latter case, the said expressions can be incorporated by reformulating
the various terms of the type w; T ;n 3 in terms of U(2) Hall-Littlewood polynomials as
functions of 32, (w1, wsz) and the background fluxes (1,1, Mny2). In such a way, taking into
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account also (B.7), we finally obtain the complete expression for the 3 — 0 limit of the
index of the T[U(2)] theory, which reads
zéﬁfa (3t mpwi ) = Oy my, (wiwg)™ 1 gimer—mz|
Ot — 1) W™ (125 1, f2) + O (e — gy — W™ (135 1, fo)
e o)

+ (1 - (57nf11mf2> 5m/l_mj2|{6nw1,nw2 (flf2)nw1 (

X

1
) (o) (B.12)
X (@(mfl — nz,fQ)[\I’grg)“m”) (52'U)1,w2> t2\II(W(Lf)1_1 migt) (52'11)1,1112) + O (52”

+O(myp, —my, — 1) {\1,("(121’)2 e (52; w1,w2) - 752\IJ(W(Lf)2 bt <52; wi, 'lU2) +0 (52) ])

(1= g 1l 3 [wi e (£)] [ws 7wl ()] }
i#j=1

where we denote by ©(x) the Heaviside step function, such that ©(xz) = 1 for z > 0
and ©(x) = 0 for z < 0. Let us comment on the result (B.12). As already pointed out
around (B.7), when the two magnetic fluxes associated with the U(2) flavour symmetry are
equal, i.e. my, = my,, the 3 — 0 limit of the index reproduces the Hall-Littlewood formula
of the T'[U(2)] theory. On the other hand, when the two magnetic fluxes my, and my, take
different values, the 3 — 0 limit of the index of the T'[U(2)] theory yields a sum of various
terms. Explicitly, when n,,1 = nys9, these can be expressed in terms of U(2) Hall-Littlewood
polynomials in the variables 3, (w1, ws2) and (nw1, nws), which give rise to a modified T'[U(2)]
Hall-Littlewood-type formula which is proportional to a positive power of 3, appearing from
the third to the fifth line in (B.12). On the other hand, when both my, # my, and ny; # nws,
then the various terms appearing in the last line of the above limit of the T'[U(2)] limit
correspond to the product of two T[U(1)] couplings.

B.2 The t — 0 limit of the index of T[U(2)]

Let us now consider the ¢ — 0 limit of the T[U(2)] theory. Taking into account (B.3b)
and (B.5Db), this reads

5|l27mf1|+|l27mf2|

I
an mf1+mf2 wy N1 —Nw?2
Z % 2miz (£1f2) < > ‘ (1—3%)

lez w2

B.13
;nflerfz L2 |lz my, |+l —mp,| ( )

3 (frf2)™

=6
1,€7 (1_5 )

Nw1,Nw2

The infinite series in the expression above can be resummed in closed form thanks to the
following identities, valid for my, > my,:

+o0 <%)lz 5’lz_mf1‘+‘lz—mf2‘ <%)1+mf1 52+mf1,mf2
Z (1 —_ 2) = 2 5w (B.14a)
l=my +1 $ (]. ) ) (1 -3 UT;)
l m m
myy (w)* gllammy [Flmmy,| w )\ w )2
Zl (wz) d 1 2 _ w1 (wz) w2 (wg) S (B.14b)
Lo, (1-3% (1—32) (w1 — wy) ’
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my,—1 <ﬂ)lz 5]zzfmf1\+\lfmf2\ (M)—Hmfz 32+mf1—mf2
w2

l.=—00 (1-3% - (1-3?) (1 - 52%)

(B.14c)

Upon summing together the contributions (B.14a)—(B.14c), the expression (B.13) for my, >
my., reduces to

2wz
w1

s 87 gy ) mas

w2

whereas, in the case my, > my,, it is sufficient to swap my, <> my, in the expression above.
Observe that this reproduces exactly (B.7) upon exchanging (t; f,my) with (3;w,n,), in
agreement with the self-mirror property of the T[U(2)] theory.”? Since (B.15) vanishes when
N1 7 Nwa, i such a case we have to isolate the terms appearing with the lowest power of ¢,
which contribute when the gauge flux [, takes one of the following values: [, = my, # my,,
l, = myy, # myy, and I, = my, = my,. For instance, in the [, = my, # my, sector,
we consider®

Z}?(I)XU@) 150 (1 _ 5275%) (1 B 3%%)

PGt =mp) 2, gli=mmaal (B.16)
ype z f1 miy (1—t%) (1—t%)

then the corresponding contribution to the ¢ — 0 limit of the index of the T'[U(2)] theory reads

j{ dz (flf2)nw2 w;nflw;nhznwl_n“’Q

2miz
1 (1 - 5%%) (1 - 52”71) glmsimmisl

X
— 2 z
1-3 (l—tﬁ)(l—t%> (B.17)
|:f{lw1\1187(1{)1) (wl)] {f;“ﬂ\lfggf) (wg)} (1 — 32t2) 5|mf1’mf2|t‘nw1—nw2

(1—1¢%)

Analogously, the contribution coming from the I, = my, # my, sector can be achieved by
swapping (f1,my,) with (f2,my,) in both (B.16) and (B.17). Finally, when [, = my, = my.,
the U(1) x U(2) bifundamental hypermultiplet contributes as

lelif(gngU(Q)(&t? l: =myg, =my,)
=0 5 (1-g2t5) (1=32l) (1-3%2) (1-322)  (BaS)

e ) () (1) ()

®2The 3 — 0 and ¢t — 0 limits of the T[U(2)] theory, as defined in (2.13) with axial fugacity y = a in (B.1),
coincide with the Higgs and Coulomb branch limits, respectively, introduced in [15, (3.37)]. Since the T[U(2)]
SCFT enjoys self-mirror symmetry, the two limits coincide.

3Let us comment on the difference between the expressions (B.16) and (B.9). The quantity inside the
1;2;‘23 ), %O(t) when 3 — 0, which explains why the numerator
is equal to one in (B.9). On the other hand, in (B.16), since we are interested in the lowest order in ¢, the

numerator and the denominator are of the type 1+ O(t), hence we have to keep them both.

square bracket in (B.16) is which reduces to
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to the limit. For such value of the gauge flux [, the ¢ — 0 limit of the index of the T[U(2)]
theory with n,; > nye then reads

d
7Tzz (f1f2)"™2 (wiwg) ™1 ZMen e

L () (1) (1) (1- )
CF () () (1-15) (1 18)

(1—3%t?) (B.19)
(- (1-e4) (1-rf)
(967 () - g (6 )
- 52t2‘1’81(1§)1+17nw2_1) (t2;f1, f2) + 54t2‘11§?(1§)1’nw2 (tQ; f1,f2>} ;
whereas, for ng,e > nyp, it is sufficient to swap n,; ¢ Nwo in the expression above.

From (B.15), (B.17) and (B.19), we can finally report a closed formula for the t — 0
limit of the index of the T'[U(2)] theory, which can be written compactly as

X

= (wywg)™ 1 g2

Mwi 5‘mf1_mf2|

ZEa) (3 s Mgl wi n) = Gnyy s (Fif2)

(mg,,m (mg,,m
o O(mys, — mfz)qlu(2f>l 2) (3% w1, wa) + O(mysy —myg) — 1)\Iju(2f)2 ) (3% w1, wa)
(-e) (-ai)
1
(1= Gy s t"wl”w2{5mfl m, (wiwe)™
it T _2f1 _y2f2
(1-e) (1-r%) (B.20)

(Bl B (7 ) - £ (55 0 ()]
+ O(nwy — Ny — 1){ n”nwl (t2 f1, f2> —52‘1’@("; bt <t2 f17f2) O(tg)])

+(1_ mhmf) |mf1 mfz‘ Z |: Nw; \IJ<7ﬂf1 ( ):| f2uj‘1!$7(11f2>( ]):| }
i#j=1

Observe that the limit above coincides with (B.12) upon exchanging (¢; f, my) with (3; w, n.),
in agreement with the self-mirror property of the T[U(2)] theory:

ZE 0ty 3t mplwimy) = ZESa), (6 3lw; | fF5my) (B.21)

B.3 Comments on various magnetic flux configurations

Below (3.73), we discuss the nontrivial contributions of the following configurations of
magnetic fluxes:

1. {m(l) = mg ) = mé ) = mgg) =m}: the only non-trivial contributions come from the
sectors with {mgl) = m§2) =1}, {m = mf) =n}.

2. {m(l) = mé ) = ml,mg) = mg2) = mgy}: the only non-vanishing contributions come
from the sectors with {m(l) =1 # m§2) = Lo}, {mil) =n; # mf) = ng}.

3. {m(l) = mg ) = my, mg ) = mgl) = my}: this choice of magnetic fluxes is analogous to

(1)

case (2), to which is related simply by permuting mg 2

and my

We now provide the arguments for the trivial contribution of the magnetic fluxes {mga)}
and {mfla)} that do not satisfy the above conditions.
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Point (1). If one considers the monopole sectors with mgl) # m?) instead, the only
contributions of the gauge fugacities {uga)} appearing in the 3 — 0 limit of (3.73) are the

2 (a) (1)
integration measure [] 7;@1(&) , the terms containing the Chern-Simons couplings (ugl))"”"”’"bl1

a=1 71'7/LL1

and (u?))’“m?), as well as the factor (ugl)u?))m coming from the T'[U(2)] block connecting
the U(2) nodes with gauge fugacities {uga)} and {uga)}. The integrand picks up a residue in
ugl) =0 for m = —/ﬂmgl), but there is no residue in u12 = 0 since m # —/ﬂm?) in these

sectors. Analogous arguments also hold when mil) #* mf).

Point (2). The magnetic fluxes satisfying {mgl) = m§2) =}, {mil) = mf) = n} do not
contribute to the 3 — 0 limit of the index. This statement can be explained by focusing,
for instance, just on the gauge fugacities {uga)}, where we can assume mp > my. These
fugacities appear in (3.73) due to the contributions coming from the integration measure
]2[ d?gji), the Chern-Simons terms (ugl)u?))q[, the factor 2 — % — % associated with
a=1 2miu; Uy s

the leftmost U(2) vector multiplet in (3.60), as well as the contribution associated with the

T[U(2)] block on the left, namely \1181(121)’"‘2) (tQ; ugl),ug2)) x PE [ > t2(u§1))5(u§2))51. Upon
s=*1

parametrising ql + m; = ¢ and ql + my = vy, with ¥ >y, the whole {uga)}—dependence of
the integrand in (3.73) can be expressed compactly as

o ey [ P )y @)
() =) P ey |- (B.22)
tPuy — uy uy — truy

Two different possibilities must be taken into account here.

e Let us consider the situation in which there are no poles in ugl) = 0 first. This happens

if y > 1, which also implies ¥ > 2. In such a case, the computation of the residue in
ugl) = t2u§2) yields a contribution coming from the gauge fugacity ugz) with power
£+ Yy — 1, which is always positive. Consequently, there is no residue to be taken with

respect to u§2).

e Next, let us focus, for instance, on the quantity

(St (@)

(B.23)
oD 22

which possesses a pole of order 1 —y in ugl) = 0. The computation of the residue at

such pole yields a negative term —tm’*z(ug?))*“’*l, which perfectly cancels the result
coming from the computation of the residue in u(ll) = t2u§2), that is t2"*2(u§2))”"*1.
The total contribution then cancels, meaning that the integral vanishes also in this case.
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C Affine D4 quiver with Chern-Simons levels

In this appendix, we discuss some examples of the affine D4 quiver with Chern-Simons levels.
Let us first consider the following theory:

OO
6 (C.1)
OO

In order to compute the geometric branch limit of the index, we assign the auxiliary axial
fugacities to the chiral fields as follows:

(C.2)

The index is very similar to (5.48), with F = 0 and factor u}™ uy *™2 added to the integrand.
Upon taking the 3 — 0 limit, we obtain

1 k—1 ol —m . mi-+msa
%Z Z Almal+4ima|=2m, 2|PU(2)(t;m1,m2) (wiylﬂc) ) (C.3)

7=0m1>ma>—00

where wy, = exp(2mi/k). This is simply the Zj orbifold of the Coulomb branch Hilbert
series of U(2) SQCD with four flavours, where Zj, acts in the same way as the topological
symmetry associated to the U(2) gauge group.”® The fugacity y can be mapped to the
topological fugacities w5 in (5.48) as

Y= w1w2w3w4w§. (C.4)

With the aid of [20, (5.6)], this result can be written more explicitly as
= ' 4
(C3) =7 > PE (@lyF + 14w Ty ) (@ 4 ) — 8 — 5] (C.5)
=0

For general k, the moment map operator contributing at order t? is Xi5X51 = Xo5Xs0,
where the equality follows from the F-term with respect to the adjoint chiral field of the
central U(2) gauge group. The dressed monopole operators are X§1X§5V(1 1,1,1;(1,1)) and

byt dy

4This is very similar to the ABJM theory [56]; see [18, (4.17)].
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XkxbEvV. (1,1,1,15(1,1))- %5 Inspired by mirror symmetry, we observe that (C.3) can also be

byt

realised from the Zj, orbifold of the Higgs branch of U(2) SQCD with four flavours, with two
combinations of Cartan subalgebra of the 8u(4) flavour symmetry being gauged, namely

%i ;Z}l QiJ,EQfQH(t;fhfmf?,Zwiyl/kf4,f4), (C.6)

where the Higgs branch Hilbert series of U(2) SQCD with four flavours is given by%

H(t, f17f27f37f4)
2 .
o () () (- 2) e

x PE [ > (Z f1> 5 A up )t — (ug 4 u)(upt + ugl)tQ] .

s==1

The next examples are the following quivers:

O e. OO,
Q @ (C.8)
O G OO

Although these are different theories, we will demonstrate that they have the same geometric
branch. We assign the auxiliary axial fugacities to the chiral fields as follows:

(C.9)

As before, the index is very similar to (5.48), where we take F' = 0 and add factor

2 fmf [1i 5w ¥™ for the left quiver, I ufmj Hizl(véa)) 2kms™ for the right quiver.

Upon taking the 3 — 0 limit, we obtain a geometric branch Hilbert series similar to (C.6),

s4, 1,45

invariant themselves due to the presence of non-trivial Chern Simons levels. Upon dressmg by the chiral fields,
the dressed monopoles in question have R-charge k and contribute at order ¢2*

%6The highest weight generating function of the Higgs branch of this theory is given in [45, table 4] with
label (22).
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namely

k—
1 2:1(1 _ 2y du % dv
k o 2miw J 2miv (C.10)

X H(t; f1 = u, fo = uv, f3 = vwly'/* f1 =1).

For reference, we report the result for £ = 1 as follows:

(C.10) = PE [t2+ (2y+2+2y—1)t4+ (y+1+y‘1)t6
C.11
_(y+4+y*1)t8—(2y+4+2y*1)t10+...}. (©1

We observe that, upon taking k¥ — oo, we obtain (1 — #?)~! times the Hilbert series of
c?/ ]_34, where the latter is given by PE [2754 + 16 — tm]. As before, the moment map operator
contributing at order 2 is X15X51 = Xo5X52, where the equality follows from the F-term with
respect to the adjoint chiral field of the central U(2) gauge group. The gauge invariant dressed
monopole operators are H?zl Xé“j H?:s X{%Wl,l,l,l;(l,l)): H?:l X]’% H?:g Xé“jV_(l,lel;(Ll)) for
the left quiver in (C.9), and Hj;l Xéij(l’l’l,l;(l’l)), H?:l X]’?5V_(171,171;(1,1)) for the right quiver
in (C.9).

D Further examples

In this appendix, we present further examples concerning the theories depicted in figures 1(b)
and 2(b) of [57], as suggested by the JHEP referee. We refer to them as the ¢riangle and the
rectangular quiver, respectively. The triangle quiver has gauge group U(N ) xU(N)_xU(N)o,
whereas the rectangular quiver has gauge group U(N), x U(N)_ X U(N)p x U(N)_g. In
both cases, there is one bifundamental hypermultiplet between each pair of adjacent nodes,
arranged cyclically. Note that [57] focuses on the case k = 1.

The aim of this appendix is to show that, when the 3d N = 3 theory under consideration
is in fact N' = 4 supersymmetric — as is the case for the circular Chern-Simons-matter
quivers studied below, by the construction of [25] — our prescription correctly reproduces
the assignment of the physical axial U(1)4 symmetry.

In the brane picture, the triangle theory arises from N D3-branes on a circle intersecting
two NS5-branes and one (1, k)-fivebrane, whereas the rectangular theory arises from N D3-
branes on a circle intersecting two NS5-branes and two (1, k)-fivebranes in alternating order.
Each theory features distinct branches of moduli space corresponding to the motion of D3-
branes along a chosen type of fivebrane. Since the auxiliary U(1) 4 axial symmetry introduced
in section 2.2 is here promoted to a genuine global symmetry, the assignment of axial charges
to the chiral fields takes the simple form a*! on the bifundamentals and a2 on those adjoint
chirals associated with U(N)g vector multiplets, with specific signs dictated by the rules of
section 2.2 for the NS5- and (1, k)-branches and of section 5 for the geometric branch.
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In 3d N = 2 notation, the two quivers, with the axial fugacity assignments marked in

o
()—— o

For the triangle quiver, the labelling of the nodes is such that nodes 1, 2 and 3 carry CS levels

red, are depicted as follows:

b

k, —k and 0, respectively, with the bifundamental ¢; between nodes 1 and 2, ¢2 between nodes
2 and 3, and ¢3 between nodes 3 and 1. We denote by @, @1 the two chirals in ¢;, and write
M; = Qi@i for the corresponding meson; ¢3 stands for the adjoint scalar in the U(N)g vector
multiplet of node 3. We use the same notation for the rectangular quiver, namely Q;, @Z
denote the two chirals in ¢;, and we write the meson as M; = QZ@Z The specific axial charge
assignments for each branch are summarised in the following tables. For the triangle quiver:

Branch C1 Co C3 b
NS5 al a a a2 (D.2)
(1, k) a at' alt a? '
Geometric (N =1) | a a a a2

For the rectangular quiver, the Zo symmetry of the brane setup that exchanges NS5- and
(1, k)-fivebranes implies that the corresponding two branches yield identical Hilbert series,
and we therefore list a single representative. The geometric branch additionally requires
the introduction of (n — 2) = 2 adjoint Lagrange multipliers with axial charge a=2, as

discussed below (5.15):

Branch (ST & B - S 1
NS5/(1, k) a al' a a! (D.3)
Geometric (N=1) |a a a a

The Hilbert series of each branch is then computed by applying the limit (2.14) to the
superconformal index, with the axial fugacities assigned as above. The resulting moduli
spaces are summarised below:

Branch Triangle (n =3)  Rectangular (n = 4)
NS5 (N21) | SymV(@/Zy) My (C?/Zxy)

D.4
(LK) (N>1) | MY (C/2Zy)  ME(C? 2y Oy

Geometric (N =1) | (C? x C%/Z2)/Zy (C?)Zs x C?|Zs) | Ly,

We emphasise that the (1, k)- and geometric branches of the triangle quiver are genuinely
distinct sub-varieties of the moduli space, even though they happen to coincide as algebraic
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varieties at N = 1, £ = 1: as we shall see below, they are generated by different gauge-
invariant operators, with the geometric branch involving uniform-flux monopoles V4 1 1)
rather than the flux-on-node-3 monopoles V(g +1) that populate the (1, k)-branch. In what
follows, we report the explicit results for the Abelian case N = 1 at minimal Chern-Simons
level k = 1, providing a non-trivial test of our prescription against the duality results of [57].

Triangle quiver

The superconformal index for N = 1 and k = 1, refined under the global symmetries of
the three branches, reads (see also [58, (7.5)])

AN G w-a> = 1ot 2P
+x[a X 2 () + Q(X[S;f@)( )+ e )(w))}
+ z3/2 [ax (u) X[S;f (v )_ax[ltf(z)( )
o™ (g 7 w) + gy ) xgy P w) | (D.5)

+a? [a Xy P )+ x P 0 xpy P (0)
(P ) 45 P ) 4y P )G P w))
—xy D) = xiy P w) =Xy P 0) =1 -1] + 0="?),

where the SU(2) fugacities u, v, w are related to the topological fugacities w; (i = 1,2,3) of
the gauge nodes and to the flavour fugacities f; of the bifundamental hypermultiplets ¢; via

U= h , v =/ fafaswiwows , w = \/ws. (D.6)

w1waws

The unrefined index, obtained by setting ©u = v = w = a = 1, agrees with that reported
n [57, below (5.1)]:

14+22Y2 4 9x + 14232 42222 + 2025/ 4 2523 4 3427/2 + 622 + 74292 + O(2) . (D.7)

Applying the limit (2.14) with the axial assignments (D.2), the Hilbert series of the three
branches read

HANSS)(t;0) = PE[xiy ® (v) 2 — 4] = H[C?/25] (8 ),

Hal(1,B))(tu,w) = PE[x() @ (w) t 4+ x5 @ (w) £ — 1] = H[C? x €*/2s)(t;u,w), (D8

Ha[Geom](t;u,v) = PR @ ()t + X @ (v) 2 = 1] = H[C? x C*/25](t;u,0)

where the geometric branch result is computed directly from (5.20) and is in agreement
with [18, (C.11)]. The corresponding generators of each branch are summarised below, where
we denote by Vi = V. (; 1 1) the bare monopole with uniform unit flux on the three gauge nodes:

Branch Generators R-charge
NS5 | Mz = My, Vi Q2Q3, V- Q2Q3 1
(1, k) ViQi, Vo Qs 1/2 (D.9)
¢35 V(0,0,1) V(0,0,-1) 1
Geom ViQi, Vo Q 1/2
My = Mz, Vi Q2Qs3, V- Q2Qs 1
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On the NS5-branch, the three generators at R-charge 1 form an SU(2), triplet subject to
the relation M3 = (V+@2©3)(V_Q2Q3), where we have used the bare-monopole identity
V. V_ = 1. On the (1, k)-branch, the doublet at R-charge 1/2 generates the C? factor, while ¢3
and V(g0,+1) form an SU(2),, triplet at R-charge 1 subject to 3 = Vio,0,0)V(0,0,-1), generating
the C?/Zs factor. The geometric branch shares the same C? factor as the (1, k)-branch, but
has a different C2/Zs factor, generated by the same operators as the NS5-branch — crucially,
by the uniform-fluz monopoles Vi rather than the fluz-on-node-3 monopoles V(g g +1)-

Rectangular quiver

The superconformal index for N = 1 and k = 1, refined under the global symmetries of
the three branches, reads

Y Slo@iu,via) =1+ {aQ <X[S;]J(2)(u) + 1) (X?;]J( )( )+ 1)}
gV [as ( fi L wwr f3 . w3w4)
wws f w3wy I3
1 1
+a~3 (fz’wg’w?, + + fawqwy + ):|
Jaws fawgwy

12 [ 4 (X[S4U(2)(U) +Xsu(2 ( )+ 1) Lat (XF4U(2)(”) +X[SQI]J(2)(7}> + 1)
iy D) xy P w) = X D) = X P ) 1= 1-1] + 0"?),
(D.10)

with the fugacity map

w= |- frwrwsws. (D.11)

W1WW3wW4

Also in this case, f; stands for the flavour fugacity of the bifundamental hypermultiplets ¢;
and wj; stands for the topological symmetry of the j-th node (we can assign numbers to the
nodes by starting with a node at CS level +k and then assigning the subsequent numbers in
a clockwise direction). The unrefined index agrees with that reported in [57, (5.4)]:

1+ 8z +82%2 41822 +162%/2 + 2823 + 6321 + 802%2 + 56 2° + O(«1/2).  (D.12)

Applying the limit (2.14) with the axial assignments (D.3), the Hilbert series of the two
distinct branches read

1 1nst

Hol(L, k)] (t50,q) = H| M50 (C2)| (150
Ho[Geom](t;u,v) = PE|(xjy * () + Xy )(v)) —2¢4]
= H[C?/Zy x C?)Zs)(t; u,v),

Hp[NS5|(tu, q) = [ MG (C?/2.) } (t;u,q)

(D.13)

where the geometric branch result is computed directly from (5.20). The moduli space
appearing in the NS5- and (1, k)-branches is the moduli space of one SU(2) instanton on
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C? /7, which can equivalently be realised as the Higgs branch — or, by 3d mirror symmetry,
as the Coulomb branch — of the 3d N = 4 quiver

where the double link denotes two bifundamental hypermultiplets between the two U(1)

gauge nodes. The corresponding refined Hilbert series, manifesting the SU(2), x U(1)4
global symmetry on the NS5-branch (resp. SU(2), x U(1)y on the (1, k)-branch), is given
explicitly by [34, (2.26)—(2.28)]. The U(1) fugacities ¢, ¢ are emergent on each branch and
not expressible in terms of u, v alone; they are fixed by the dictionary

o _ Jiwzwy (¢)? = f2 waws (D.15)
fzwiwy’ frwgwy’ '
under which the four monomials at order #3/2 in (D.10) reorganise as a? X[Sllf(z) (u) (g+q 1)+

a3 Xﬁ[f(z)(v) (¢ +¢~1), in agreement with the analogous structure at order #3 in [34, (2.26)].

The corresponding generators of each branch are summarised below, where, with a slight
abuse of notation, we now denote by Vi = V. (11 1,1) the bare monopole with uniform unit
flux on the four gauge nodes; the bare monopoles with adjacent unit fluxes are written out
explicitly via their flux vector:

Branch Generators R-charge
NS5 My, M, Vs Q1Qs, V- Q103 1
Vi1,1,0,0) @1, Vi—1,-1,00) Q15 V(0,0,1,1) @35 Vi0,0,—1,—1) @3 3/2
(1,k) My, My, Vi Q2Qu, V- Q2Q4 - 1 (D.16)
Vi0,1,1,0) @25 Vio,—1,-1,0) @2, V(1,0,0,1) @4, V(—1,00,—1) Q4 3/2
Geom My = M3, Vi QiQ3, V- Q1Q3 1
My = My, Vi Q2Q4, V- Q204 1

On the geometric branch, the F-term constraints MyMs = MoMs = MsMy = MyM;
(which in the Abelian case reduce to My = M3z and My = My) leave two independent
SU(2) triplets at R-charge 1, refined respectively by u and v and subject to the relations
M} = (ViQ1Q3)(VoQ1Qs) and MZ = (V,1Q2Q4)(V_Q2Qu), generating the two C?/Z,
factors. As in the triangle case, only the uniform-flux monopoles Vi enter the geometric
branch; the adjacent-flur monopoles V(11 11..), which generate the higher- R-charge sector
of the NS5- and (1, k)-branches, are absent here.
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