PUBLISHED FOR SISSA BY 4) SPRINGER

pr

RECEIVED: March 4, 2024

REVISED: May 21, 2024
ACCEPTED: May 24, 202/
PUBLISHED: June 11, 2024

G-structures for black hole near-horizon geometries

Andrea Legramandi,®’ Niall T. Macpherson®? and Achilleas Passias ¢

@Pitaevskitc BEC Center, CNR-INO and Dipartimento di Fisica, Universita di Trento,
138123 Trento, Italy

PINFN-TIFPA, Trento Institute for Fundamental Physics and Applications,
Trento, Italy

¢Department of Physics, University of Oviedo,

Avda. Federico Garcia Lorca s/n, 33007 Oviedo, Spain

dInstituto Universitario de Ciencias y Tecnologias Espaciales de Asturias (ICTEA),
Calle de la Independencia 13, 33004 Owviedo, Spain

¢Sorbonne Université, UPMC Paris 06, UMR 7589, LPTHE,

75005 Paris, France

E-mail: andrea.legramandi@unitn.it, macphersonniall@uniovi.es,
achilleas.passias@lpthe. jussieu.fr
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1 Introduction

Black hole mechanics has been a driving force and guide in the quest of a quantum theory
of gravity. Quantum mechanically black holes behave as thermodynamic objects with
temperature and entropy. The Bekenstein-Hawking formula expresses the entropy of a black
hole in terms of the area of its event horizon, and the microscopic origin of the entropy is a
problem that every quantum theory of gravity aspires to address. Extremal black holes play
a prominent role as their quantum description is under better control.

All known supersymmetric extremal black holes possess an AdSs factor in their near-
horizon geometry and one expects that the holographic correspondence between two-
dimensional anti-de Sitter space (AdS2) and superconformal quantum mechanics (SCQM)
is of value in their study. The AdS;/SCQM correspondence is less understood than its
higher-dimensional counterparts owning to the special features of gravity in spacetimes that



asymptote to AdSs. Identifying AdSs/SCQM pairs in string theory is thus desirable and
motivates the analysis of the space of AdSs solutions.

Some interesting existing examples of AdSs solutions and their physical relevance are
the following. There is the GK solution [1, 2] which appears prominently in the holographic
dual to Z-extremisation [3, 4]. Various compactifications of higher-dimensional AdS solutions,
dual to likewise compactified conformal field theories (CFTs), have been constructed; see for
instance [5-8] for compactifications on Riemann surfaces and [9-13] for compactifications
on higher-dimensional spaces. There are also various holographic duals to defects in higher-
dimensional CFTs [14-21] exhibiting AdSy factors.

AdSs solutions in Type I supergravity can often be generated from existing AdS3 solutions
via Hopf fiber T-duality or Hopf fiber reduction from d = 11 supergravity [22]. This has been
exploited in recent works to yield the first examples of new classes of supersymmetic AdS»
solutions whose dual quantum mechanics where explored in [18-21, 23, 24, 54|, see also [25].
Another way to generate AdSy solutions is via SL(2) non-Abelian T-duality [24, 26-28].

Several classifications of maximally supersymmetric AdSsy solutions already exist [14, 29—
32], though the N' = (8,0) AdS; classification of [33] suggests that likely, this only scratches
the surface of such possibilities. Additionally, in [34], minimally supersymmetric AdSs
solutions of d = 11 supergravity were classified under the assumption that they preserve
an SU(4)-structure. We prove here that AdSs solutions not conforming to this assumption
merely embed AdSs inside higher-dimensional AdS spaces, so [34] is actually general. See
also [35, 53] for earlier partial classification.

In this paper we aim for a classification of supersymmetric AdSy solutions of Type 11
supergravity, leveraging the techniques involving bispinors and G-structures, that have been
proven effective in the classification of other supersymmetric solutions. Supersymmetric
AdS, solutions can support a wide variety of superconformal algebras. Those that can be
embedded into d = 10 and d = 11 supergravities were classified in [36]. The possible algebras
are actually the same as the (simple) chiral superconformal algebras that CFTs in d = 2 can
support; see for instance [37]. Like their AdSs; counterparts, sixteen real supercharges, so
N = 8, is maximal for solutions containing an AdSs factor. Our focus here will be on solutions
that preserve at least minimal supersymmetry, i.e. N' = 1, which is two real supercharges.

The layout of the paper is as follows:

In section 2 we present necessary and sufficient conditions for AdSs solutions of Type
IT supergravity to preserve N/ = 1 supersymmetry, under the assumption that they do not
experience an enhancement to a higher-dimensional AdS space, as they do generically. We
then move on to classify these conditions in terms of G-structures. We find that the internal
8-manifold Mg generically supports an SU(3)-structure, though a limit exists where this
gets enhanced to a Go-structure. This section is supplemented by the technical appendix D,
where many of these results are derived.

In section 3 we perform a non-trivial check of the conditions for supersymmetry derived
earlier. All supersymmetric AdSs solutions of d = 11 supergravity and of Type II supergravity
with purely magnetic NSNS flux, can be mapped to supersymmetric AdSs solutions by either
dimensionally reducing or T-dualising on the Hopf fiber of AdSs. Such AdS;3 solutions have
been classified in the literature in terms of G-structures: see [33, 38, 39] for d = 11 and [40-43]



for d = 10. Our AdSs conditions should then reproduce those of these AdSs classifications
in certain limits and we show this is indeed the case.

Section 4 contains a general classification of the possible types of solutions in terms of
SU(3)-structure torsion classes. It turns out that the possible internal manifolds and fluxes
these solutions can support is quite broad. This is perhaps unsurprising as the internal space
is large and the supersymmetry low. Nonetheless, this section will serve as a good road map
of which backgrounds can be obtained for supersymmetric AdSs.

The main text ends with section 5, where, as a display of the utility of the tools we
provide in this work, we derive two new and non-trivial classes of AdSs solutions, one in
each of Type ITA and IIB supergravities. The first, in section 5.1, is a generalisation of a
class of N = 8 solutions in massive Type IIA supergravity, with AdSoxS7 foliated over an
interval [31]. We generalise by replacing S” with an arbitrary weak Gs-manifold, allowing
the fluxes to depend on its associated Ga-structure. The result is a class of AV = 1 solutions
governed by two ordinary differential equations, which in two distinct cases can be solved in
terms of a degree three polynomial. In section 5.2, we derive a class of solutions on a warped
product of AdS, x S? x CYy x X9, governed by a harmonic function on ¥y and a system of
partial differential equations that generalises those of localised D3-branes with D7-branes,
that have CYq as their relative codimensions. It admits a limit in which the near-horizon of
a d = 4 black hole is recovered, so it might be useful for the study of microstate counting
in the future. This class generalises a class of solutions generated via T-duality in [24], and
also has some partial intersection with the classification of [15, 16].

Finally our work is supplemented by several in depth appendices. Our conventions can
be found in appendix A. In appendices B and C we lay the groundwork for the following
appendix, by analysing Killing spinor bilinears on AdS, and refining (for generic spacetimes)
the pairing constraints of [44], for scenarios where the d = 10 Killing spinors define a time-
like Killing vector. As previously mentioned, appendix D derives most of the results of
section 2. Finally, in appendix E, we prove that the classification of AdSs solutions in [34]
is actually fully general if one insists that they are not merely the embedding of AdSs into
some higher-dimensional AdS space.

2 Geometric conditions for A/ = 1 supersymmetric AdS; in Type II
supergravity

In this section we present a set of necessary and sufficient geometric conditions for an AdS»
solution of Type II supergravity to preserve minimal supersymmetry. This section is largely
a summary of appendix D, where these conditions are derived.

An AdSs solution of Type II supergravity has bosonic field content that can, by definition,
be decomposed as

ds? = e*1ds*(AdSy) + ds?(Ms),
F = fi + " vol(AdSy) A xgA(f1), H = e*vol(AdSy) A Hy + Hs, (2.1)

where H is the NSNS 3-form flux and F' is the d = 10 RR polyform flux, with the upper/lower
signs taken in Type ITA/IIB throughout, with £ labelling even/odd form degree when



appearing on forms or chirality when appearing on spinors. The AdS, warp factor €24,
dilaton ® and the forms (fi, H1, H3) have support on the internal manifold Mg alone, and
the operator A\ acts on a k-form as A(Cy) = (—l)ngCk. The fluxes, away from the loci of
sources, should obey the following magnetic

dHs =0, dp,fs =0 (2.2)
and the following electric
d(e*H)) =0,  dp, (e xs M(fx)) = 24 H, A fx. (2.3)

Bianchi identities. Further details of our conventions can be found in appendix A.

When an AdSs solution preserves supersymmetry it does so in terms of the Killing spinors
of AdSs. These come in two chiral variants ((4,{-), which can be taken to be Majorana
without loss of generality, and obey the Killing spinor equations
m
2

m

vatse, = 5

VB¢, VA2 = 4By, (2.4)

where m is the inverse AdSs radius; more details are given in appendix B. In d = 10 each
of these couple to Majorana-Weyl spinors on Mg (Xﬁr, x2) for i = 1,2 such that the d = 10

Majorana-Weyl spinors decompose as'

€1 =C X1+ + (- ®x1—, € =(+ @ xox +(— @ xox, (2.5)

where none of the d = 8 spinors can be zero.? This decomposition preserves 2 out of the
32 supersymmetries in ten dimensions. Going forward, we find it helpful to define the
non-chiral d = 8 spinors

X1:= X1+ + X1—, X2 = X2+ + X2—- (2.6)

From this staring point, in appendix D, we are able to derive necessary and sufficient geometric
conditions for a solution of the form (2.1) to preserve minimal supersymmetry. We will
now summarise these conditions.

The first thing to appreciate is that totally generic AdSsy solutions experience an en-
hancement to AdS3, unless one imposes that

T

Xivax: = £xbvaxe, dAxs = £xdxe,  al? = Ixel? = e, (2.7)

where v, are a basis of gamma matrices on Mg, 4 the corresponding chirality matrix and c
is an integration constant. Thus, if one is interested in true AdSy solutions, (2.7) needs to
be imposed.? Given this, solutions can be defined in terms of the following 0- and 1-form
spinor bilinears

cet cos B := XHX1 = ix;ﬁxg, ce sin BV = XI%Xlea = ixgq/axgea, V.-V=1, (2.8)

'We are assuming a factorization of the d = 10 spinors.

2See the discussion around (D.4).

3Notice that imposing this makes our Ansatz inconsistent with all AdSy for d > 2, not only AdSs, as they
can all be expressed in terms of an AdSs factor.



for e* a vielbein basis on Mg and where sin 8 = 0 is incompatible with m # 0 (for m = 0

AdS; blows up to Minks). In addition to this, we need to define the polyform bilinears*

~

Yi=x1®xh, =% 9 X, (2.9)

with odd/even form degree components (), 1&;) In terms of these, necessary and sufficient
conditions for supersymmetry (when m # 0) are given by

e*AHy = metsin BV — d(ezA cos 3), d(eA sin V') = 0, (2.10a)

i, (e~ %py) = il%ef‘ sin BV A fu, (2.10b)
iy (e Pip) —me Py = :FTC6€2A(*8)\fi + cos Bf), (2.10c)
(Vx, f1)s = :I:ze_<I> <m - %eA sin ,BLVH1>VOI(M8). (2.10d)

Here the final condition is a pairing constraint where in general the bracket defines the
k-dimensional Chevalley-Mukai pairing (X,Y ) := X A A(Y)|x (where j, denotes the k-form
contribution). In the appendix, three further pairing constraints are presented

(=, fr)7 =0, (2.11a)

A 1
(U, fe)7 = igeA*“Pc*g (2dA + cos BH), (2.11b)
(1[1;, *Afi)r = iéeA*q)c *g (2cos fdA + Hy — 2¢ " 4msin Bv), (2.11c)

where it is found that these actually imply (2.10d). However, we establish that (2.11a)-
(2.11c) are implied by (2.10a)—(2.10d) during our torsion classes analysis in section 4. The
above conditions imply several others, for instance one can derive the following condition
independent of fi

dpy (e P1pz) = 0, (2.12)

which follows from (2.10b) AV and can be useful for extracting necessary conditions.

Of course supersymmetry alone is not sufficient to have a solution. By definition, one must
solve the equations of motion of Type II supergravity. One can show that the electric Bianchi
identities (2.3) are implied by (2.10a)—(2.10c) when their magnetic cousins (2.2) are assumed
to hold. Further (2.10b) implies V' A dp, f+ = 0 when dH3 = 0. The integrability arguments
of [45] then inform us that, when supersymmetry is preserved, this amounts to imposing

ng == 0, Lv(dH?)fi) = 0, COS,B d(6_2¢ *8 Hl) + %(fi, fi)g =0. (2.13)

It then follows that the remaining equations of motion of Type II supergravity are implied,
though some additional care is required in the presence of sources for the fluxes, i.e. one

4Strictly speaking the left-hand side of these expressions is not a polyform, rather it is the components
of a polyform whose indices have be contracted with an appropriate number of antisymmetric products of
gamma matrices. However such objects can be mapped to forms under the Clifford map, i.e. ¥ = x1 ® X; =
= Ei:o %xg’y@"mglx1’ygl“‘ﬁn and ¢ = 1= Ei:o %X;’ygnmglXleﬁl“'ﬂn are equivalent objects. We are simply
suppressing the Dirac slash in the above.



must make sure that they have a supersymmetric embedding and that they come with the
appropriate modification of the Bianchi identities.

Let us briefly comment on the Minks limit, m = 0: in general, for such solutions, sin 5 = 0
and the conditions (2.7) are not necessary for supersymmetry to hold (without imposing the
first of (2.7), one necessarily has an additional uncharged U(1) isometry in Mg), however one
can choose to impose these constraints. When one does, (2.10a)—(2.11c) for m = 0 provides
a set of necessary and sufficient conditions for a subclass of N/ = (1,1) Minks solutions;
exploring these is outside the scope of this work, but could be interesting.

In the next section we parametrise the bispinors (¢4, 1+) in terms of a d = 8 SU(3)-
structure.

2.1 Parametrising the d = 8 spinors and G-structures

We expand the d = 8 spinors in terms of two unit-norm Majorana-Weyl spinors x4. Such
spinors define a Go-structure in eight dimensions, spanned by real 1- and 3-forms (\7, d3)
in general as

1 . 1 /-~
Xi®Xit = 16(1:|:V/\(I)3—L‘7*8(I)3:FV01(M8)), X1F®X:rt = m(V:I:@g—*g@gqivaol(Mg)).
(2.14)
We have four Majorana-Weyl spinors that must obey the constraint (D.33). An arbitrary +
chiral spinor may be decomposed in a basis of (x4, U X ), with U a 1-form such that Lf/U =0
and LUU = 1. It is possible to show that we can take

X1+ = Veerd COS<§>X+, Xi- = eerd Sin<§> (ax— + bUx+), (2.15)
o = ﬁeéAsin(%)x_, You = ek A cos@i) (axs +60x),  (2.16)

where a2 + b2 = 1 and

Br=5, B-=p+m, (2.17)

without loss of generality. The presence of U means that the Ga-structure generically
decomposes in terms of an SU(3)-structure as follows

i 1 - 3.
3= —(JAU+ReQ), 1prs 3= J AT ~UAIMQ, JAJAT=TQAD  (218)

We find it useful to introduce the following complex 1-form and SU(3)-structure bilinears
on the space orthogonal to this:

U+iV = (a+ib)T +iV), "% :=(@+ib)e ™, " .=q,

P = 39 1S90 AT (2.19)
The bispinors then take the form
ede (7) (7) ele (7
ve= SR b eosgul nV]. we = Tlsmov aRe[ul] (2200
A A
g = < ReloD AV 4 cos wﬁ], iy = £ sin BRe v . (2.20b)




We note that when b = 0 these bispinors define a Go-structure, while in the opposite
limit, fixing a = 0, they define an orthogonal SU(3)-structure. Generically, the bispinors
define a Gox Go-structure often referred to as an intermediate SU(3)—structure5 which, when
(a,b) are point-dependent, can interpolate between these G-structures as one traverses the
internal space.

We note that sufficient spinors solving (2.8) and giving rise to (2.20a)—(2.20b) can be

expressed in terms of a pair of unit-norm d = 7 Majorana spinors (x§7),x§7)) as

B Bz
cos( 5 " cos( =5 -
x1 = Vede| 5) ox”, xe=Vele| ), ) @ x5, (2.21)
Sin 5) sin %)
where one must decompose the gamma matrices and intertwiner as v, = 02 ® 7&7) for

a=1,...,7, =0 B=1®B" and take iy\t}sss; = L. We find

7
7 . o(7 1 1 (7 7) _ai...an
W) —ipl? = 2 2—:1 —x7TD  geen, (2.22)
and by decomposing
A = ax(” — vty ? (2.23)

we precisely reproduce (2.20a)-(2.20b) and align V = e8.
The second condition in (2.10a) can be locally solved in general by introducing a local
coordinate p and a function of this coordinate e* such that

etsin BV = eFdp, (2.24)

where e* parametrises diffeomorphisms in p so can be set to any convenient non-zero value.
The presence of the additional vielbein direction U then means that one can decompose
the internal 8-manifold as

672A+2k

ds*(Mg) = ds*(Mg) + U? + de% (2.25)
where there exist coordinates with respect to which U and Mg have no legs/components on p
but can have functional dependence on it® and Mg is spanned by the vielbein directions that
make up (J,2). The types of Mg that are compatible with supersymmetry will be explored
in section 4 in terms of SU(3)-structure torsion classes.

In the next section we will perform a highly non-trivial check of the conditions we
have derived so far by recovering known classes of AdSs solution in Type II and d = 11

supergravities, modulo duality.

SWhen a G-structure is a product group one often refers to it via the largest subgroup common to both
factors in the product.

°Le. k = e” sin BV defines an almost product structure that is integrable by the second of (2.10a). This
ensures we can choose local coordinates like this.



3 Recovering known classes of AdS3 solutions with duality

There are several existing G-structure classifications that should be recoverable as certain
limits of (2.10a)—(2.11c). Clearly, any AdSs solution in massless Type ITA supergravity can
be lifted to a solution in d = 11 supergravity. This can result in two types of solutions:
when one has fs = 0 the lifted solution will contain a round AdS, factor, conversely when
fs # 0 the d = 11 circle becomes fibered over AdSs, resulting in general in a squashing (and
when fy # 0 also a fibering over the internal space) of the Hopf fibration of AdSs. Another
way to arrive at a supersymmetric AdS, solution is to take an existing AdSs solution” and
perform T-duality on the Hopf fiber of AdSs or SL(2) T-duality on the entire space [27].
Our system (2.10a)—(2.11c) should thus reproduce the necessary geometric conditions for
each of these classes of solutions. Establishing that this is indeed the case provides a highly
non-trivial check of our results.

There exists a G-structure classification of supersymmetric AdSs solutions in d = 11
in [34]. The case of squashed and fibered AdSs has not received much attention in the
literature, but the simpler case of round AdS3 was considered first in [38] and later in [33, 39].
Finally, supersymmetric AdSs solutions of Type II supergravity received the G-structure
treatment, in the bispinor approach we utilise for AdSs, across [40-43]. In this section, as a
test of what we have derived, we shall recover the geometric conditions defining all known
minimally supersymmetric examples of these classes. The Type ITA reduction of [34] is likewise
recoverable but showing this is a more lengthy computation, so we shall not present it here.

In this section we fix the inverse AdS, radius m = 1 for simplicity.

3.1 AdSj3 solutions in d = 11 supergravity

First, we consider supersymmetic AdSs solutions of d = 11 supergravity presented in [33].
In general the map between the bosonic fields of d = 11 supergravity and massless Type
ITA supergravity is

ds?, = e 3%ds® +e3%(dz + C1)%, dCy=F,, G=Fy+(dz+C))AH,  (3.1)

where z spans the reduction isometry which is assumed to be 27 periodic and (Fy, Fy, H)
are d = 10 fluxes of the Type ITA theory. For the case at hand, we want to map to a
reduction on the Hopf fiber of AdSs, i.e.

ds?, = 624Ad82(AdSQ) + 28 (dz + ;77)2 +ds*(Mg), dn = vol(AdSy),
G= %eQAvol(AdSQ) A (dz + ;n) NGy +G. (3.2)
We must thus constrain the Type ITA fields such that
fe=fi+fs, H3=0, et= %e‘b = %e%A, ds?(Mg) = e®ds*(Mg), (3.3)

which in d = 10 (non-democratic) language means we constrain Fj to be purely magnetic,
(Fy, H) to be purely electric and set the remaining fluxes to zero. We already know that

TAs explained in [27], this process only results in round AdSs when starting from AdSs solutions with
purely magentic NSNS 3-form flux.



the internal space of supersymmetric AdSs solutions in d = 11 supports a Ge-structure,
hence we can fix (a = 1,b = 0). The conditions (2.10a)—(2.10c) and the remaining geometric
conditions reduce to

e ag Mg = %, (3.4a)
d(e3® cos B) + e*2Hy — 2e22 sin BV = 0, d(e%A sin fV) =0, (3.4Db)
d(1y g B3 — cos BV A ®3) = —e22sin BV A fi, (3.4c)
d(e%A sin f®3) — 2(1y +g B3 — cos BV A B3) — 32 (xfy + cos ff1) =0, (3.4d)

the condition (2.11a) becomes trivial, while (2.11b)—(2.11c) become

e 32 xg (6dA + 2 cos SH,) + e~ 38 gin BP3 A f4 =0, (3.5a)
e 38 wg (6722 8in BV — 6cos BdA — 2H;) — e 22 sin fds Axgfy =0.  (3.5b)

Finally, (2.10d) yields

EYN
e 2

vol(Mg) + (ty *g @3 — cos BV A P3) A f1 = 8e 34 (1 T sin Bale)vol(Mg). (3.6)

The condition (3.4a) simply gives the d = 10 RR 2-form we expect, F» = 3vol(AdSs), while
the conditions (3.4b)—(3.5b) precisely reproduce the geometric conditions for supersymmetric
AdS; presented in (5.3a)-(5.3f) of [33]. One needs to identify®

f=—cosB, Wy= e*%Asinﬁég, Uy = 672A<Lv*g¢3—COS/BV/\(IJ3), Fi=H =G4

K=e2%sinBV, A=A, #C,=(—1Pe 2E2)uC,  Fy=f=Gy, m=1, (3.7)
where we add a tilde to the objects appearing in (5.3a)—(5.3f) of [33]. The condition (3.6) is
not quoted in [33], but as (3.5a)—(3.5b) imply this we need not worry. Of course our earlier
claim that (2.11a)—(2.11c) are redundant, which we establish it is indeed true in section 4,
implies that the 7-form constraints in [33] are actually implied by the rest of the conditions
presented there and an 8-form constraint following from (3.6).
3.2 AdSj; solutions in Type II supergravity

In general an AdSs solution in Type II supergravity is decomposable in the form

ds* = e*A7ds?(AdS;) + ds?(My),
HU = cyvol(AdSs) + Hy, Fr = frs + 34 7vol(AdS3) A %7 A(frs), (38)

where (247, fr+, H7) and the dilaton ®7 are defined on My, cg is a constant and the up-
per/lower signs are taken in Type ITA/IIB. As explained in [27], we are free to T-dualise on

8Note that the Hodge duals in Type IIA and d = 11 are taken with respect to different 8-manifolds, and
the conventions for the Hodge dual itself (i.e. whether the components of a form are taken to contract with
the leftmost or rightmost indices of the Levi-Civita symbol) are the opposite.



the Hopf fiber of AdS3 and preserve supersymmetry,’as long as we fix
cg=0 = H(lo) = Hr. (3.9)

If we start in Type IIB/ITA we will end up with an AdSy solution in Type IIA/IIB of
the following form!"

€2A7 N

Tdsz(AdSQ) + e Mrqy? 4 ds?(My), e ® = PrHAT

1 1
H = —§dw VAN VOl(AdSQ) + H;, F= f7:,: ANdy £ 163A7V01(Ad82) A *7)\(f7:|:). (3.10)

ds® =

Comparing the above and the form of H; in (2.10a) it is clear that such solutions should
lie within our AdSs classification for

1 1
e = 16“7, e =¥t Y= oAy, 2AH, = —5dY,  Hy=H;
fr=frs N, *sA(fe) = £ x7 A(fr2), sinf=1, (3.11)

where we note that the conditions involving fi are indeed consistent, as in our conventions
*A(fre A V) = £ %7 A(fr+). This makes (¢, zﬁqc) strictly orthogonal to V' and so, defining

1 1
Py = i?ﬂ?ﬂ:, Yy = —11/17;7 vol(M7) = x5V, (3.12)

which is consistent as cos f = 0, the remaining supersymmetry conditions (2.10b)—(2.10d)
reduce to

1
A, (e PThry) = 0, d(e*ATTPTp) £ 2 PTry = §C€3A7 *7 M fr),
1
(wH[, f7;)7 = :tice_q)vol(l\/b). (3.13)

These conditions precisely reproduce the necessary and sufficient conditions for supersymmetric
AdS3 presented in (B.17) of [43], in the limit that c_ = 0 as (3.9) demands, and where the free
constant is fixed to ¢4 = 2¢. The only not obviously redundant condition that (2.11a)—(2.11c)
produce is

1 4.
(Vs fre)6 = iZeA7 ®7 4r d A7, (3.14)

where we have made use of the pairing identity (v+,*7A(fr+)) = £(¥, fr+). But this
condition is just another way to write (B.15) of [43] which was shown to be redundant there
by more involved methods. This is consistent with our earlier claim that (2.11a)—(2.11c) are
redundant. We have thus established that (2.10a)—(2.10d) are consistent with the Hopf fiber
T-dual of AdS3 solutions providing another non-trivial check of our system.

9AdS3 solutions can support two distinct types of supersymmetries of opposite chirality, the duality can
preserve all of one chirality and project out those of the opposite chirality. Which chirality is preserved is a
choice one is free to make.

19%With respect to [27] we fix some free signs below for convenience.
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4 SU(3)-structure torsion classes analysis

In this section we shall classify the possible internal spaces and physical fields that supersym-
metric AdSs solutions can support in terms of SU(3)-structure torsion classes.

In section 2.1 we established that the internal manifold Mg generically supports an
SU(3)-structure defined on a submanifold Mg orthogonal to the vielbein directions (U, V).
There is an enhancement to Go when b = 0, but as the forms of a Go-structure can be
decomposed in terms of those of the SU(3)-structure it is appropriate to perform our general
analysis in terms of the torsion classes associated to SU(3).

In general the torsion classes of a d = 8 SU(3)-structure are a simple extension of the
well known d = 7 case [46]. Indeed if one formally fixes one of the 1-forms (U, V') to zero
the torsion classes must reproduce this d = 7 case; what remains to consider is the portions
of (dJ,dS?) that have “legs” in U AV, that of dV with “legs” in U and vice-versa. These
extra terms should be consistent with

3 _
JNINT =TIQATD, JAQ=0 (4.1)

under the exterior derivative, which means it is not hard to show that the d = 8 torsion

class decomposition is

dU = RJ + Ty + Re(i5;, Q) + U AWy + V AUy + RU AV,
dV:RJ+T1+Re(L§19)+VAW0+U/\UO+I50U/\V,

_ 2
dJ = glm(WlQ) +Ws+WyANT+UA <3ReE1J + 715 + Re(LVQQ)>
2
+ VA <3R6E2J+T3 + Re(LVBQ)> +2ImV, AU AV,
dQZWlJ/\J-f—Wz/\J—I-Wg,/\Q—FU/\ <E19—2V2/\J+S1>

+ VA (EQQ—2V3/\J+52) +(Lv4Q)/\U/\V. (4.2)

On the Mg orthogonal to (U, V') we have: functions (R, R, Py, ]50) that are real and E1 2, Wy
that are complex, 1-forms Uy, Uy, Wo, Wy, Wy that are real and Vi, Vi, Vo, Vs, Va, Wi that are
(1,0)-forms, primitive (1,1)-forms'! Ty, T, Ty, T3 that are real and Wy which is complex.
Finally, primitive (2,1)-forms Sj2 which are complex and W3 which is the real part of
such a form. These forms transform in irreducible representations of SU(3), and so do not
mix with each other.

(J,€) obey the following useful relations

1 n o __ 1 3—n _ s
m *6 J" = WJ y *GQ = ZQ, (43)

YA real d = 6 (1,1)-form, T, that is primitive obeys T A J A J =T A Q = 0 by definition.
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Mg Vanishing torsion classes
Complex Wi=Wy=0
Symplectic Wi=Ws=Wy4=0
Half-flat ReWi =ReWo =Wy =W5 =0
Special Hermitian Wi=Wo=Wy=W5=0
Nearly Kéahler Wo=W3=W4,=Ws;=0
Almost Kéahler Wi =Ws3=W,=Ws;=0
Kahler Wi =Wo=W3=W4=0
Calabi-Yau Wi=We=W3=Wy;=W5=0

Table 1. A table of well-known SU(3)-structure manifolds in terms of vanishing torsion classes. Note
that a manifold may be conformally one of these for certain values of (Wy, Ws).

where in this notation, J" = /\Zzle forn >0, J°=1forn=0and J* =0 for n < 0.
The torsion classes on the other hand obey

ViANQ =0, ;*G(Vi/\J”):i(Q_ln)!Vi/\Jz_”, x6(VinQ) =itg; Q

135, QAL =0, 15, QNQ=—4V; AT N, 1y, QAT = =iV AQ
TANQ=T;ANJAJ =0, *e(TiNT™) = —T;ANJ™
SinQ=S;ANQ=S;ANT =0, x69; = —i5;. (4.4)

For the case at hand, given that we can locally take

ek
‘/ = 7(1 4
eAsin 8 Ps (4.5)

we can immediately refine (4.2). In order to do this it is useful to decompose the exterior
derivative as

d=d% +UNwd+dpAd,, (4.6)

where d©) is a twisted exterior derivative in general.!> We then have

R=Ti =V = 0o =0, Wo=d®(log(esing)), Py— LUd(eA :inﬂ). (4.7)

When one attempts to solve the conditions (2.10a)—(2.11c), it is possible for several of
the torsion classes Wi 2345 to become fixed. This gives us information about the type of
manifold that can live on Mg, several well-known examples are given in table 1.

12].e. one can introduce a local coordinate y such that U = e (dy + A), where A has no legs in (y, p). Then
d® =d® — AN, where d'® is the usual d = 6 exterior derivative.
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To proceed, we further decompose the fluxes as

fr=gL+UNGE+VAgZ+UAV NG,
Hy=H® +UANHY +VAHZ+UAV AHY, (4.8)

and then introduce a d = 6 Hodge dual such that the RR flux, or indeed any form in

d = 8, behaves as

FA(fr) = — %6 M(g2) + U AxA(g%) — V AxeA(gx) + U AV AxA(gt),
*fi :*ngzt:l:U/\*Gg?F:FV/\*Gg:lF"i_U/\V/\*Gg}I:' (49)

Note we also have
*6%6 Ck = (=) Cl,  A(x6Cx) = —(—)* %6 A(Ch). (4.10)

Examining (2.10a)—(2.10d), at first sight, it appears that these merely serve to fix the RR
flux in terms of SU(3)-structure torsion classes and the NSNS 3-form. However, one should
appreciate that, as'® cos3 # 1, (2.10c) can be manipulated to simply define the entire
RR flux on its own as

e*Asin? Befr = £16(cos f — xg\) (dH3 (€A %qy) — me*(b@bi). (4.11)

Given this, the remaining conditions then serve to fix the NSNS flux and the possible form
of Mg through restrictions to the SU(3)-structure torsion classes and physical fields. The
content of (2.10a) merely defines the electric part of the NSNS flux and defines the local
coordinate p in (2.24). We introduce the shorthand notation

dD = d® + U Ay, fg) =gl +UA g#. (4.12)

The content of (2.10b) is simply (2.12), which already only involves the NSNS flux, and a
second equation for the part of the RR flux orthogonal to dp

A7 = (d7 = (HY + U A HHA) (7 cot BReylT) e ese B(HF + U A H®) A Regp!
Fe r0, (eA*(bRewg)). (4.13)

Making this consistent with (4.11) leads to further restrictions on the NSNS sector. Finally,
one can use the previous expressions to eliminate (Hy, f1) from (2.10d) and to extract further
restrictions on the geometry and physical fields.

In the next sections we present all the conditions that the above considerations imply;
to derive these we make copious use of the identities in (4.3)—(4.4). Needless to say, this is
a long and tedious computation, so we omit the details.

131f this were not the case, and one did fix cos 8 = 1, (2.10c) would contain no information about the
anti-self-dual 4-form components of f in Type ITA.
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4.1 Type ITA

In this section we present the results of our torsion classes analysis in Type IIA supergravity.
Considering first only the differential constants (2.10a)—(2.10c) we find the following
conditions on the fields and functions of the spinor Ansatz

dO(eA%a) = wpd(e?%a) = 0, (4.14)

A—d

which imply e a is a function of p in general. The magnetic components of the NSNS

flux get fixed in terms of the torsion classes as

H = 4Im(bVs — ath),
2
H21 = —bImWy + gae_AJrq)LUd(eA_(Db)J + ReLQQQy
2 b k.
H22 = H(l’l) + RGLH1Q + g@zap (CL) eA F S 6‘]7
1 -
Hy" = ReH™®) 4+ XImQ) — S+ uyd(e* " b)ReQ + (e~ 4+ ad® (e ~*b) + 20y ) A
(4.15)

where we introduce the function A, (1,0)-forms U; and primitive (1,1) and (2,1) forms
(H SN (2’1)). We find that the following torsion classes are fixed in general

1 -
Ty = —almW,, ReVy =a {2 (Wo —d® (A - <1>)) - ReW5},
cos 3 )
e2Asin? B )’
cos 3

~ 1
Wy = —be 24O (A~%p) + 2aImVy, ImE, = _§e2A sin? mUd(eQAszﬁ), (4.16)

1 1 7
ImV; = — (UOD — ATm(bly + aV3)) + e sin” Bd(6)<

1 1
ReFE, = §(P0 — 2me 4 cot B) — 56_2A+2¢’_k8p(6314_2¢) sin 3),

ReE; = —g (aIle + be*AH’LUd(eA’q’b)), )

where a superscript D is such that for a complex (p, ¢)-form w, (Rew)? = Imw; it follows
that for a real 1-form «a, a + ia® is a (1,0)-form. We find additional constraints on the
torsion classes, whose solution requires one to make assumptions about the values of (a,b),
and thus likely define a branching of possible classes

a

bW = 3

(2)\ + ie_A+q)LUd(eA_<Db)), bWs3 = aReH V). (4.17)
Moving onto the pairing constraint (2.10d) we find it gives rise to the differential condition

[QBA(2ImE1 +3R+6aReW; +4b\)sin 3 +m(7+cos(25))} ok — 9644 gind 39, ( cos 3 ) '

e24sin? 3
(4.18)
This is all that is contained in (2.10a)—(2.10d), that does not serve to fix the form of the

RR fluxes. These are as follows:
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The components of gl are

ekgézﬁp(eA_q’a), e2Asinﬁg%:eQA_éb(UOD—Wgcosﬂ)—462A_(I’U0D+cotﬁcz(6)(eQA_q’bsinB),

A ginBgy = —2A TR [a(H(l’l) +Reuz;, Q) +bcos B(T1+Rewy; Q) —b(T5+Reuy;, Q)]

-
_% |:eAq>+kb(2mcot B+3e” cos,BR—eAPo) —e**sin? B0, <Zin[§)>:| J,

_ 1 _
e tEsin Bgs = 2ATR 2 (ImSg —cos B(bReH ®Y +aW3 —ReS) )) + §€2A+k *,ud(cos B)ReQ
— %eA7¢ [eAap(eA sin3)4e* (eAPo +e* (2ImE; 4+3aReW1 +2b)) cos B+ 2m cot 5)] Im®

e
sin

@
+€2A+k_q) {2 COS/B(CLRGWS —ImV1)+21mv3 —aU(P Tacos BJ(G) log < ﬁ > } AJ?

*Fsin Bgy = 24 TF [sinBJ(G) (e ®cotf)+e ((—1—|—2b)U0D +2cosS(ReWs —aImV1)+2aImV3)] AReQ2
+e* 4 (cos f(ReWa +aTh ) —bH Y —aTy) AT

1 3A— _
—l—é[cscﬁap(e‘m q’asin26)+2e‘4+k q’(—aeAPo+36A(aR+ReW1)cosﬁ—|—2amcotﬂ)]J2,

sin ,Bgé =

{sinﬁcosﬂfﬁ) <6_q)ﬂb> —e? (bUéj +cosB(bWo+4ReM2))} NT?, (4.19)

S

[ = Dol

e sin Bgg = [ek7¢ (—eAbPo +eA(3bR+4/\) cos B+ 2bm cot 5) —Q—ap(em*q)bsinﬂ)} J3,

w

and for g% we find

24 *sin Bge = e cos 0, (eQA*ébsinﬁ) +eAth? (b(msinﬁ—eA COSBPO+2mcosﬁcotﬁ)+eA(3bR+4)\)) ,

2A-3%

~ b
e sin Bg; = —e*®sin B (d(ﬁ) (6

D
, )) +e2 A Ph(WE —4ImW;s —cos Uy,
sin 3

e2Atk sinﬂg% — ATk (ReWz +aTi —cosﬁ(bH(l’1> +aT3))

+ éem (aek7®(21mE1 —3R+2cosBP) —sinﬁap(eAféacosﬁ)) J

1 _
+e” [7Im%ﬂ+e“ ® (ImLW59+ReL(

2 7av1+cosﬁ(§4fav37bal))Q>j| ’

_ 1 _
€2A+ksinﬁg§=eQA+k q>(bImH(2’1)+an,D—ImSl—l—cos,BReSg)+§e ®+ksin6LUd(eQAsinﬂ)ImQ

A
LAtk [eA(z(aIng, +ReV1)+cosB(alp—2ReVs)) — ﬁ (d~(6) (e® sinﬁ)) D] AT
+ %eA_é [eA cos ﬂap(eA sin 3) +ef (eA cos B P, +eA(21mE1 +3aReW:+2b\)+2mcsc ,6)] Re(,

24 Fsin B3 = A HH® (bT1 +cosﬁ(aH(1’1) —ng)) AT
422 ATh® (bImV1 +-cos B(aly’ bemV;;)) AReQ2

1 —5+-cos(2p))

—
+ﬁ {eAM_@b(eA(—GR—&—QPo cosﬁ)—km(sinﬂ> +e*sin(23) sin 80, (Zmﬁb>] J?,

e?*sin B¢t = % |:62A7¢ (bWOD +cosﬁ(on—4ReZ/l1)) —CSCB(J(6)(eQA*q)bsinﬁ))D} AJ?,

€2A+kg§ _ _é (eQA cosﬁap(eA_cba) _€A+k—®am) J37 (4.20)
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where we have introduced

Uy = J(G)(ez’f‘_q) sin [3)7
sin 8

(4.21)

to ease the presentation a little.
Given all the above one finds that (2.11a)—(2.11c) are indeed implied as claimed earlier.

4.2 Type IIB

In this section we present the results of our torsion classes analysis for Type IIB supergravity.
Considering again first (2.10a)—(2.10c), this time we find a single constraint involving
only the functions of our Ansatz

d© (24 %4 sin §) = 0. (4.22)

The magnetic contribution to the NSNS 3-form must decompose in terms of the torsion
classes, two functions A; 2 and (1,0)-forms U; as

©) _ 24 . 2( 6 _Cosp b
Hl =€ S1n ,8 d m =+ 4Im(bV3 — G/Z/{Q), (423)
HY = H"Y + M7 + Rey 9,

2 gy 1o A cos 3 ko9 (D
H5 = H, +§e sm,@[e Sln,@LUd<62ASian3>+26 a(?p(a J—G—ReLHQQ,

a
e24A=%gin 8

while the following torsion classes get fixed in general

HY = ReH®Y 4 \ReQ + { d©) (e24=®bsin B) + 2Re(alh — bvg)} A,

3 3
F| = —iaIle — LUd(A — (I)) + by + §ZR,
I 1 oakiong (34-20
Ey=—-FPy—me “cotf e Ople sin 3 ),
2 2
1.
ReW; = —aR, ReW, = —aTj, ReWs= —5d<6> (A—®) +almVy,
Wy = a? (Wo +d©® log(eA sin B)) — 2Re(bU; + aVs), ReS; =aWs+ bReH(2’1),
1
ReVy = —§Uo + 2Re(aVs + blds). (4.24)
We find the following conditions that define a branching of possible classes of solutions
AWy =dO (%), bR=0, b} =0, bV =0,
0 = cos B(eA sin ﬁap(em_q)a sin 8) + (met=**q cos f — 1)), (4.25)
where we note in particular that the form of U becomes highly constrained when b # 0,
i.e. when we are not in the Go-structure limit.
We find that the pairing constraint (2.10d) gives rise to the following differential equation
involving the torsion classes.

2¢*4 sin® B0, <COSB>

e24 sin? 3

=¢F [—QeA (6bImW1 - 2a2LUd(b> + 3\ + 4a)\2> + mcsc B(7 + cos(23)) |. (4.26)

a
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This just leaves the RR flux to be presented: the components of gL are the following
24t gi = €249, (e b) —be* T ® Py ese B+ Fuyd (e Pacot B),

24 5in By} = >~ bUy+e** 5in 89 (e~ Pacot B),

1
etk gin ggl = —2ATk—® (bHQ(M) Jrcosﬁ(aHl(l’l) be2)+aT3) - 562A+k7¢ReLE4Q

1 [e2Atktan
N {5

3 = LUd(e_(bbS cosﬁcotﬁ) +e2Ath-® COSB(—?)a(bIle +)\1)+2b2)\2)

+2e4TF® (ae Py+amcot ) — e sin® 0, (e acscﬂ)]

e? Ak gin Byl = 2ATH-® (cosﬂ(bW;; —aReH®V) 7R6S2>
+ [—€2A+k sin 8d® (e~ b cot B) 42T+ (aly+2Re(cos Sl —V3)):| NJ

1
+ §€A7¢ [e20, (e sin B) — e (e Py+e® cos B(3bImW; +2aks) —2mcot ) | ReQ2,

e? Atk sin Byl = 2Ah—® (aHz(l’l) —cosﬁ(le(l’l) +ImWy+aTh) —bT3> ANJ
+e TR L cot Bd®) (e sin B) —2e Re(aldy — bV3) +e” cos B[Wo — 2Re (bl +a(Vo—iV1))] } AImQ

A—D

L oavk-al €
5€ azsinBLUd( *q %sin(2))

+ é { csc 30,(e347 % bsin? B) —

+2b(—e” Py+2e cos B(3bImW; +3X1 +2a)2)) —dm cot 5} }ﬁ
1 .
€A gin fgh — — = 2Tk [ad(ﬁ) (cos ) +bUy — ARelds +2 cos f(aWo —2(ImV; +ReV2))} A2,

62A+k

1
sin fgs = ~ { —e9,(e**~ % asin B) —cot fe A TF T {eA_QLUd(e‘Dbcscﬁ)

6
+2am—eAsinﬁ(3a(bImW1+)\1)+2(1+a2))\2)} }J3, (4.27)
where we have defined

Reldy := 2 cos f(aReldy — bReVa) — 2(bRelda + aReVs) + Up. (4.28)

The components of g2 are

XAtk sin Bga = et cosﬁap(eQA”I)asinﬂ)+eA+k74) { csc,BeAiq)LUd(eq)bsinﬁ)

+% [—6ae™ (BlmWi + A1) —4e™ a(1+a?) +amasc f(3-+cos(28)) | }

et ¥sinBgl=—e 4 sinﬁa(ci@ (€2A sinﬁ)) P —e? (QaW(P +bceos BUY —4(cos fImUs +ImVs —ReVl)) ,

4 Fsin fgs = 2 ATH® (bH{l’l) +ImWa +aTs+cos B(bT5 —Hgl*”)>

46A+k72<1>

A+@ 3 —2Atk—® 4A
W wd(e sinf)+e aLUd(e cos(26))

+ 112 {4c0t,6’8 (e**~®bsin® ) —

+2e T [—dbe” (3(BImWi + A1) +2aXs) +2be” Py cos B+bm esc B(7+cos(2))] }J

+e2A+k7¢(aImL Q+Reuy; 9)7
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e gin Bgs = —e2ATh=® (aImH(Q’l) —bWP —&—cosﬁImSz)

1 4_
_ 5eA * [eA cos Bﬁp(eA sin ) —e” (eA cos BPo+3e* bImW; +2e” ado —2m cscﬁ)] ImQ

1 k| arse), a-o,\P, 1 6a-a . 4 =6y [ cos(28) v
-3¢ {e (d (e b)) —|—26 sin ,Bb<d <)>

et4sin? B

+e*47 (bW —2aUy cosﬁ+41m(cosﬁVs—Ul))} N,

AT gin Byl = —? AR (aHfl’l) —bT% +cosB(bH§1’1)+aT3)) ANJ

+e* R Im (2(—alh +bV2) +cos B(blha+aVs =iy )) AR

+ TIZ sinﬂ{ei’““ sin(28)9, (e~ Tacsc B)+e" cse 3 { b%wd(eM*q’lF)

+2e~Tbeos(28) cse fryd(e** sin B) +6€> T a(bImWy 4+ A1) —4e? A~ Tb% A,

—4**7a Py cos B+e* " Tamcesc B(cos(2) 5)} }JQ’

et ¥gin Byt = % cosﬁ(eAon +e3*asin? Bd® (672(4 cotﬁcscﬂ))D AT?, (4.29)
> sin Bgs = % |:62A sin B cos 80, (6A7¢b) +e" (eALUd(eAq>a)

1=

+ =54 % sin? 5LUd<COS(2ﬁ)> 6Aq)b(COS/36APO+mSinﬁ)>} I,

etdsint B

where we have defined
1 1-
Relds := —bReV; — a(cos fRelds + ReVa) + beos fReVs + §W0 - §d(6) log(e? sin 8). (4.30)

Again, as in Type ITA, the conditions (2.11a)—(2.11c) are implied by the above.

5 New classes of AdS, solutions

In this section we show the utility of our results by deriving two new interesting classes of
AdS; solutions, one in each of Type IIA and IIB supergravity.

In section 5.1 we derive a class of N’ =1 solutions in (massive) Type ITA supergravity
for which Mg decomposes as a foliation of a weak Go-manifold over an interval and which
includes as a special case the N' = 8 class of [31]. In section 5.2 we derive a broad class
of small N = 4 solutions for which Mg decomposes as S? x OY5 X ¥y. This includes the
AdS3 Hopf fiber T-dual of the CY3 class of [47], studied in [23], and the double analytic
continuation of [23] studied in [24].

In this section we fix the inverse AdS,; radius m = 1, as we are free to do without
loss of generality.

5.1 N = 1 conformal weak Ga-holonomy class

In this section we would like to explore the possibility of solutions with internal space
decomposing as a weak Go-manifold foliated over an interval. We will thus take the internal
metric to decompose as

ds® = e2Cds*(Mwa, ) + €2*dp?, (5.1)

,18,



where (e€, €¥), the dilaton and the AdSs warp factor e are functions of p alone, which the
metric of Mwgq,, the weak Go-holonomy manifold, is independent of. A manifold with weak
Go-holonomy is characterised by the Ga-structure 3-form, ®wg, with a single non-vanishing
torsion class, namely

Clq)\)\/(;,2 =4 *WGo (IDWGQ. (5.2)
Well known examples include Gy cones over nearly-Kéahler bases, the known (closed form)
examples of such 6-manifolds are (Sﬁ, S3 x 83, CP3, F3), and one can arrange for compact
Mwg, by fixing

dwa, = sin? ada A Jxk + sin® aRe(e‘io‘QNK),
1 .
*wa, Pwa, = —3 sin? a.J + sin® ada A Tm(e™**Qyik), (5.3)

where

dJNK = 3RGQNK, dImQNK = —2,]1%}{, d82(MWG2) = dOé2 + Sin2 OédSQ(MNK). (5.4)

This makes Mwq, a folation of a nearly-Kéhler manifold over the interval spanned by «,
generically tending to a Go cone singularity'® at o = 0 ~ 27. The exception is when the
base is taken to be S8, in which case Mwq, = S” which is smooth.

Moving forward we shall decompose the bispinors of section 2.1 such that'®

(a,0) = (1,0), B=p(p), V ==¢"dp
_(:) =1 + 640 *WGQ (I)WG27 wg) — _63C(PWG2 o €7CV01(MWG2)- (55)

We shall also assume that the RR and NSNS flux preserve the structure of Mwg,, or in other
words that the components of H3z and fi+ are non-trivial only along

dp, Pwa,, *wa.Pwa,, vol(Mwg,) (5.6)

and wedge products thereof. In particular this forces H3 = 0 if we want it to obey its
Bianchi identity.

Under the above assumptions it is quick to realise that no solutions in Type IIB are
possible because the right-hand side of (2.10b) contains a *wa, Pwq, that is orthogonal to
everything on the left-hand side and cannot be set to zero. In Type IIA things are better.
We decompose the magnetic fluxes as

fe = Fo+ " p®wa, Adp + g *wa, Pwa, + e qvol(Mwa,) Adp, Hz=0,  (5.7)

where (p,q, g) are functions of p. The Bianchi identities of the fluxes in regular regions
of the space then reduce to

dFy =0, 0,9+ 4e"p =0. (5.8)

1Such singularities is believed to be allowed in string theory.

5 The presence of a weak Gz-manifold does not mean that we must align its associated Go-structure forms
along those of section 2.1; this is an assumption. See section 6.2 of [33] for an example that does not conform
to this assumption.
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Plugging the above Ansatz into (2.10a)—(2.10d) we find it fixes the functions in the flux as

eAJrk sin BFp = 8p(eA7<I>)’ eAJrk sin Bg = ap(eA+4cf<I>) _ 4eA+SC+k7<I> cos 3,
ATtk gin Bp = — cos Bap(eA+4C_q>) + 302 (4eA 4 eCsin B),

eATHTCgin Bg = — cos B0, (eA®) + e* P sin B (5.9)
and furnish us with the following ODEs to solve

8,,(63A+70_2<I> sin 3) + 2 cos Be2ATTCH=2® 058 = 0,

7 5
€302 cot 8 o3C+k—2
OB — —

e sm;?

C A : _
(et om 5)% (3™ + 14e”sin B) = 0. (5.10)

To solve these we find it useful to introduce two functions of p, (G, h), defined as

LAK2 L?Gh
BAYTO-20 G g , MO 2 i g = 20 (5.11)
32¢q \/gco

where (cg, L) are constants. We then use a coordinate transformation to fix

eMhsin g = L (5.12)
8v2’
and introduce a function v = v(p) such that
e“(v —1) = 4sin Ge?. (5.13)
This reduces (5.10) to the rather simple conditions
G = 6108ph, cos’ f = COG;L%;GM, (5.14)

which we can use to define (cos 3, G) (we take the positive root for cos ) thereby solving the
necessary conditions for supersymmetry. One can additionally show that all of (2.13) are
implied by (5.8), so finding a solutions boils down to solving these constraints.

In summary, we have found a class of solutions with the following NSNS sector

ds? |k [hh”\/l —Tv
SA

B J 2+ 1—7Ud52(M ))]
shy/i—70 " " (v —1)2 We2) |

7\

ds®(AdSy) + <

L2 (hR(1—To) o VA(L—v) [R\i
e 2 o) nvoliadsy, o= VB0 (0]
8v/2 A (AdS2) coL3(1 —Tv)i \ I
A = 2hh" — (1 — Tv)(W)?, (5.15)

where b/ = 9,h and the RR sector is defined as in (5.7), where the functions that appear
now take the form

4 (1—v)zh" NN
FO_COL46P< A=) ) 9= "0 aﬂ(m)’ (5.16)

b 201 i) ok A (1—7v)hh"\  h(3—Tv)
e 60(1—11(1—711)8”((1 Eoin), q_%(ap((l—v)éh/’) (1—v)3>'
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The Bianchi identities (5.8), away from sources reduce to

(1—v)sh")
B ny ) -0

hy/v 1 3 1.,
9, (ﬁap<m>> - map((l —v)vih') =0, (5.17)

and one has an (at least) N/ = 1 supersymmetric solution whenever these are solved.

The conditions (5.17) appear rather difficult to solve in full generality. One could proceed
semi-analytically, i.e. solve the above with a series expansion and then attempt to numerically
interpolate; we will not attempt this here. Instead we note that when one fixes v = vy,
a constant, (5.17) reduces to

n" = 0, wo(l+5v9) =0, (5.18)

with both vg = 0 and 1 4 5vg = 0 being valid independent solutions. In each case we have
h" < Fy, so h is locally a degree three polynomial, though Fj need not be fixed globally.
This fact can potentially be used to glue local patches with different values of Fy together,
leading to infinite classes of solution with D8-branes at the loci where Fy is discontinuous.
Such behaviour has been observed and exploited before in the context of AdS7 32 solutions of
massive Type ITA [31, 48-50], the last being the most relevant to the case at hand.

When vy = 0 the only non-trivial magnetic RR fluxes are fy and fg, and by comparing
to [31] it becomes clear we have a generalisation of the class of N' = 8 AdSy x S7 x 7
solutions found there, where S” can now be any weak Gs-manifold and generically only
N =1 is preserved. That such solutions exist is not surprising, as S” indeed supports a
weak Go-holonomy.

When 1 + 5v5 = 0 the metric gets deformed with respect to the vg = 0 case, now all
of (fo, f4, f3) are non-trivial, but solutions are still governed by the same ODE, h"" = 0.
It would be interesting to explore what solutions lie within this class, but that is beyond
the scope of our aims here. We note that the N’ =8 AdSs solutions of [31] can be mapped
to the AdS7 solutions of [48] via double analytic continuation. It would also be interesting
to explore the class of deformed (with regard to the fluxes only) AdS7 solutions that the
1 4+ 5vg = 0 case should map to, and what implications they could have in the context of
the AdS7/CFTg correspondence.

5.2 Small N =4 AdS; x S? x CY4 X 25 class

Two examples of classes of solutions with AdSs x S? x CYy x S! foliated over an interval
and preserving small N' = 4 were derived in [23]. The first via AdSs Hopf fiber T-dual of
an AdS;s class derived in [47], the second [24] with a double analytic continuation of the
first. In this section we will construct a much broader class of solutions containing both
these examples as limits.

We seek a solution for which the internal manifold and magnetic NSNS 3-form de-
compose as

ds? = e©ds*(S?) + ds?(My) + V24 U?,  Hs = e*° Hy Avol(S?) + Hs, (5.19)
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where (e2¢, H,, H 3) have support on My, and where the magnetic component of the RR fluxes
decompose in a similar SU(2) invariant fashion. In addition to the SU(2) invariant vol(S?), S
supports the following triplets in terms of unit radius embedding coordinates uq, a = 1,2, 3,

Ma, dita  €abepodfbe, /JJaVOI(SQ)- (5.20)

In terms of these we make the following Ansatz'® for the SU(3)-structure forms and functions
appearing in (2.19)

J = ezovol(Sz) — faja, = eC(duCl A jo + i€apetiodpic A je), a4 ib=e ", (5.21)

where we will assume that (U, V) have no support on the 2-sphere. Here j, are a set of
SU(2)-structure 2-forms on My obeying

JaNJe = 25abV01(M4). (5.22)

This choice of SU(3)-structure forms ensures that we have N' = 4 supersymmetry provided
that the fluxes are SU(2) singlets. This is because we are free to rotate py by a constant
element of SO(3) and change nothing about the physical fields. It is clear from (5.21) that
only the charged parts of (5.21) transform under this action so if we demand that the fluxes
are SU(2) singlets one can generate further three independent SU(3)-structures in this fashion
yielding the claimed N/ = 4. The necessary conditions for supersymmetry (2.10b)—(2.10c¢)
then decompose into singlet and triplet parts under SU(2). We want the RR flux to preserve
this symmetry so only the former may contribute to this. After a long computations one can
show that fixing the triplet parts of (2.10b)—(2.10c) to zero amounts to imposing

e + sin Bsin e =0, (5.23a)

> Hy + ¢ sin BU + d<e2A cos asin ﬁ) =0, (5.23Db)

d(e?sin V) = 0, (5.23¢)

d(e?sin BU) A jo = 0, (5.23d)

d(e*A~? sin asin Bjq) — €247 ®(cos al — cos BsinaV) A jo = 0, (5.23e)
H3Ajo=Hs ANUAV =0.  (5.23f)

The first two of these just define a warp factor and part of the NSNS flux, it is the rest
that we must solve for. First, we note that d(e*“ H;) = 0 is a necessary condition for the
Bianchi identity of the NSNS flux away from the loci of sources, as such in regular regions
of a solution we have that d(e“ sin U) = 0, which implies (5.23d). We solve this condition
and (5.23c) in terms of two local coordinates (z1,z2) as

—A

(ﬂmvz—?ﬂum+mmy (5.24)

Sin

Taking the exterior derivative of (5.23e), it then follows that

dao A d(e™ 4 cot o csc? B) =dzi A d(e_ZA cos B esc? ), (5.25)

16This Ansatz is by no means general for AdSs x S? solutions, it is merely sufficient to construct the class
we seek.
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which ensures that the combinations in parentheses are functions of (x1,x2) alone, and obey
D, (6724 cot avesc? B) + Oy, (724 cos fesc? B) = 0. (5.26)

This is an integrability condition which we are free to solve by introducing a local function
u = u(x1,22) such that

e 24 cotaesc? = — 0y, logu, e 24 cos Besc? B = Oz, log u. (5.27)

It is then possible to recast (5.23d) in the form

2A—d : :
d(e smasmﬁja> 0, (5.29)

u

which informs us that My is conformally a Calabi-Yau 2-fold, specifically we have

) e—2A+<I’u 9
ds*(My) = ——ds*(CY2). 5.29
5" (M) sin o sin 3 s(CYz) ( )
Finally, the condition (5.23f) informs us that Hs must decompose in terms of two primitive
(1,1)-forms on CYy as'”

Hy = day A XY 4 dag A XY, (5.30)

with (Xfl’l), Xél’l)) anti-self-dual on CY32 by definition. Having solved the triplet contri-
butions of (2.10b)—(2.10c) we can now extract the RR flux from (2.10c) as in (4.11), and
substitute the result into (2.10b) and (2.10c). The first of these results in a single additional
condition

d(e”® sin? acsc B) A dxy A dag = 0, (5.31)

2

which informs us that e~® sin? o csc 3 is independent of the coordinates on CY,. We solve

this condition in terms of another local function h7 = hy(x1,z2) and a constant ¢y as

e ®sina

Ak 5.32
sin 3 ol ( )

Due to our judicious redefinitions of the physical fields, (2.10c) then reduces to simply
Viu=0, V3:=02 +03,. (5.33)

As (2.10a) can be taken to define the electric part of the NSNS flux, the necessary conditions
for supersymmetry are now solved. However, we find it useful to introduce one final local
function hy = hg(x1,22,CY2) as

u2

———F— =h .34
etAhy sin B 5 (5:34)

before we summarise our results and present the explicit form of the RR fluxes.

7In this instance a primitive (1,1)-form X1 s defined such that it has legs only in the CY3 directions and
satisfies XV A j, = 0. In a canonical frame on CY2 where (js = e'2 +e**, ji +ija = (e +ie?) A (e + ie?))
this means that X" decomposes in a basis of three independent forms (e'? —e3* ef® £ e e!* —e?), as
such each of XSQ’Q) can depend on three independent functions of (z1,z2,CY2).

— 23 —



In summary, we find a class of solutions with NSNS sector of the form

hs3 Vhshy
u

ds? — \/%(Azds?(AdsQ) + A11d52(82)> - h—7d32(CY2) +
e=® = cov/ArAshr, H = dBy Avol(AdSs) + dBy A vol(S?) + dary A XD 4 dasy A X,
]’L3h7 ’ h3h7 ’

(da? + da3)|,

U0z, U C Bo—y— U0y, U ,
h3h7A2 h3h7A1
(5.35)

Alzl—l- A2:1—

for functions (u, hy) with support on (z1, z2) and h;y with support on (x1, 2, CY3). Solutions

in this class support the following non-trivial magnetic RR fluxes'®

fi=co (*2d2h7+d(awluamu>> ;
hs

f3 = Bo fi Avol(S?) —cq [(w1*2d2h7+h7d:c2—d(a“u(u;xlazlu) )) Avol(S?)
3

O, U0z, u

b (doy AXSYD —dwa n XD ) 4 :
3

(dxl AXY 4day AXQ“’”)} :

~ h xT xT
fs=DBof3 /\VOI(S2) —Co |:u7*4 dghz Avoly+*odohg Avoly +d<617262u) Avoly
7

n Oppu(u—12105,u)
hs

+ (—x1h7 (dxl /\X2(1’1) —dxy /\Xfl’l)) (dan /\Xl(l’l)—l—dmg/\Xz(l’l))) /\vol(Sz)] ,

f?ZBOfSAVOI(SQ)+CO |:_d<aw2u(u;xlaw1u)) /\V014
7

+x1h7*4d4h3/\v012+($1*2d2h3+h3d$2)/\V014] Avol(S?), (5.36)
u
where we have decomposed

d=do+dy, do=dx;N 6%., (5.37)

for d4 the exterior derivative on CY9 and where %24 and voly 4 are the Hodge duals and
volume forms on the unwarped (x1,x2) and CY9 sub-manifolds respectively.
Supersymmetry is solved by simply imposing that globally

Viu =0, (5.38)

i.e. u must be a harmonic function on (x1,z2), and that (Xl(l’l), Xél’l)) are primitive (1,1)-

forms with “legs” on CYs only. Thus, finding solutions becomes a two step process: first one
chooses a harmonic function u and specific CY9 manifold and then one needs to solve (2.13)
for this choice. The Bianchi identities of the magnetic fluxes impose that in regular regions
of the internal space

d4X§171) = d4X§171) =0, aﬂmeLl) = aleéLl)’ Ox, (th{Ll)) = _awz(théLl))a

h
V2h; =0, iVihg + V3hs + he (X{")? + (x5"Y)?) =0, (5.39)

8The electric components are defined in terms of these as in (2.1).
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where V%A are the Laplacians on the unwarped (x1,x2) and CYy directions. When these
conditions hold, all of (2.13) are implied so one has a solution.

To better understand this class it is instructive to fix X fl’l) = Xél’l) =0and u =1 (only
u = constant is required but one can then fix © = 1 without loss of generality by rescaling
coordinates and the other functions). First off, in this limit (5.39) can be solved by fixing
both (hs, h7) to be constant, we then recover the double T-dual of the D1-D5 near-horizon
performed on the Hopf fiber of both its AdS3 and S? factors. If we allow for non-constant
(hs, h7) then (5.39) reduce to the Bianchi identities on would expect for D3-branes localised
within the worldvolume of D7-branes whose relative codimensions are a CYo manifold. The
metric and dilaton also take the expected form for such branes if they are both extended
in AdSyxS?, as such, at least in this limit (hs,h7) play the role of (D3,D7)-brane warp
factors which is the reason for their numerical subscripts. If we now turn on X&’l) the
metric remains unchanged but the D3-brane PDE inherits an additional term from the
fluxes. Allowing u to be a more general harmonic function deforms this system and the
interpretation of (hs, h7) in terms of warp factors of branes is not at all clear, indeed this
likely depends on the specific choice of w. :

the class of solutions in [24] obtained by double analytic continuation of the class in [23]. If
instead we make 0., a U(1) isometry and Xél’l) = 0 one recovers the result of T-dualising the
AdS3xS?x CYq x T class of solutions found in [47] on the Hopf fiber of AdS3, as studied in [23].

One can of course perform this T-duality in the presence of a non-trivial XQ(I’I), in which case

If one imposes that d,, spans a U(1) isometry and additionally fixes X fl’l = 0 we recover

AdS3 becomes fibred over the internal CYy generalising the class in [47]. If we additionally
impose that 0., is an isometry we further generalise the generalised D1-D5 near-horizon
geometries studied in [51] such that both the AdS3 and S? factors are fibered over CYa.

Specific solutions to the classes in [23] and [24] were considered in the limit that the
symmetries of the CYy were respected, i.e. with fluxes only depending on the CYy through
voly and where the warp factors only depend on (x1,22). In this limit, the classes of [23, 24]
can be embedded into a classification of AdSy x S x CYy x 3 in [15, 16], which likewise
restricts dependence on CY,. It would be interesting to see how the X fl’l) = Xél’l) =0 and
hs = hs(x1,z2) limit of the class we present here fits within this existing classification, and
whether it is actually equivalent. We stress that as our class has non-trivial (X {1’1), Xél’l))
and hg = hs(z1,22,CY2) it lies beyond the results of [15, 16].

In the limit © = 1 we note that AdS, and S? share the same warping, so this class could
potentially be fruitful in the study of four-dimensional black hole near-horizon geometries.
We leave this interesting possibility to be studied elsewhere.
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A Type II supergravity and conventions

We work with the “democratic” conventions of [44] for Type II supergravities. The bosonic
fields split into two sectors: the NSNS sector containing the metric, dilaton and NSNS flux,
respectively (g, ®, H), and the RR sector containing the RR polyform F. The RR flux is
subject to the self-duality constraint

F =x\(F), (A1)

where for a k-form Cj — to which we will make frequent reference in this section — A(C}) :=
(—)LgJC’k, and we define Hodge dualisation in all dimensions and signatures as

1
e (d— k)!E—Mk-s-r-'fMd—kil TR ek, (A'2)

for e a vielbein (underlined indices are flat spacetime indices).
A solution to Type II supergravity must obey the following equations of motion and
Bianchi identities away from the loci of sources

dyF =0, dH =0, d(e**xH)==(F, F)gs,

1
2
2

—(F)un =0, (A.3)

1
2R — H? —8¢®V?%e™® =0, Ryn +2VyVN® — in/[N -

where (F,F)g is the 8-form part of F' A A\(F), and
1
(Co)ar = tgeuCr,  (Cr)* =) H(C’k)Ml...Mk(Ck)Ml"'M’“,
— k!

1
Cirn = Xk: m(ck)MMlka,l (C)n MMt (A.4)

Such a solution preserves supersymmetry if it supports two Majorana-Weyl spinors €2
that satisfy the constraints (here and elsewhere the upper/lower signs are taken in Type
ITA/IIB supergravity)

1 e?® 1 e?®
(VM — 4HM>61 + EFPMQ’ (VM + 4HM) €9 £ E)\(F)FMfl =0, (A.5a)
1 1
(V — ZH — d‘b) €1 =0, (V + ZH — d@) eg =0, (A5b>

where here and throughout this work when a form acts on a spinor it does so through
the Clifford map, i.e.

Cre = Gre := (Cp)" =MDy, agee. (A.6)
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More generally the Clifford map states that the following are equivalent
Ck = (Ck)MyuMkeMl"'Mk = (]k = (Ck)MranFMlka’ (A?)

where '™ is a basis of flat spacetime gamma matrices. This implies the following equivalence
for spinor bilinears in d even dimensions

i 1

X =

d d
1 1
E Eegrﬂk...ﬂlelrﬂl'“ﬂk = E —'eEFMklieleMI'“Mk, (A8)
k=1""

in odd dimensions the right-hand side of the above equivalence contains the left-hand side
twice so one needs to add a % to account for this. The action of gamma matrices on forms
can then be viewed through the following map

FMCk = (GM/\ +[’eM)Ck7 (—)kaFM = (eM/\ _LGM)CIm (A9>
where strictly speaking these expressions hold inside a slash as in (A.6), but we shall

suppress this.

The basis of gamma matrices appearing here is such that, for an intertwiner B0,

defining Majorana conjugation as € := B(10¢* we have
(BUO)=1ry, B0 — % - BUO(BUO)* — (A.10)
We define the chirality matrix in ten dimensions to be
D:=1% .12 (A.11)
and the spinors obey the following under it
Te = €1, Tes = Feo. (A.12)
Our conventions thus far imply another useful relationship
I'C), = *x\(C}), (A.13)

where again we leave the slash implicit.

B Killing spinors and Killing spinor bilinears on AdS,

On AdS; of inverse radius m, there are Killing spinors of + chirality (4 that obey the
Killing spinor equation

m
Vit = E’Y;(LZ)@E- (B.1)

We can take 7,32) to be real, so that (1 are also real. One can then show that the spinors

give rise to the following bilinears under the Clifford map

(+8Te=wku), (0l =3 /(1 —vol(AdSy)), (B.2)

— 27 —



where ¢ := (752)( )T, and these objects obey the following differential relations
df = —mu, dv=-2mfvol(AdSz), V(v,)=0, Vu,)=-mfgu.. (B.3)

Thus v*0,u is a Killing vector, while u*0,» is not, rather it is a conformal Killing vector.
The forms also obey the following conditions

‘0‘2:_]&7 |U’2:f2, u-v =0,
1y, vol(AdSs) = v, 1pyvol(AdSy) = wu, f2vol(AdSy) = —v A . (B.4)

For the pairing constraints some additional conditions will be useful; one can show that
e = +fCr,  ule = —fle (B.5)
Thus v* = (v + u) is such that
vECG =0, vTG =4fl, (Tl =20T vt =—f2 vt =0 (B.6)

The identities presented in this section are most easily derived in terms of a specific param-
eterisation of AdSs, for instance one can take

ds*(AdSy) = —e*™dt? + dr?. (B.7)

Taking the flat spacetime gamma matrices to be 7,82) = (i02,01),, and with respect to the

obvious vielbein suggested by the diagonal metric above, we have a t-independent solution

to (B.1) given by:
Q=W<Q,<=W«”- (B.8)

In terms of these we then have
v=2e"dt, u=—e"dr, f=¢e"m. (B.9)

Of course there is a second solution to (B.1), dual to conformal supercharges rather than
space-time ones under the AdS/CFT. One could choose to align (1 along a linear combination
of these and what appears in (B.8). This will lead to a different form of (f,u,v), but they
will still obey the identities presented earlier.

C Refining the pairing constraints for the time-like Killing vector case

Following [44], a supersymmetric solution of Type II supergravity must obey the following
differential conditions

dK = L H, dH(ef(I)\I/) =—(tg + K/\)F, V(MKM) =0, (C.1)

where (H, F') are the NSNS and RR fluxes, ® is the dilaton and the remaining objects can
be defined in terms of the two Majorana-Weyl Killing spinors €12 that Type II solutions
can support as

1 .1 1
K=K+ Ky), Ko=g(Ki - Ky), K= 3—2€iFMeieM, U:=¢ @6, (C2)
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where € := (FQe)T, K 2 are null and obey Kj¢; = 0 and where KM@y, is a Killing vector with
respect to all bosonic supergravity fields and with respect to which €; 2 are singlets.

The above conditions are not however sufficient to imply supersymmetry in general; for
that one must solve the rather more cumbersome pairing constraints, namely

(]
<e1+‘11e2+, My {(—1)deg<‘P>dH (e—%e+2) + % *xd(e™?® x e 0)W — FD =0, (C.3a)

<61+\1162+, 92

P
di (e e ) - € sd(e™® xeyq)T — F] FMN> =0, (C.3b)

where e o4 are non-trivial null vectors/1-forms that must obey

1
e1+'K1 :e2+'K2: 5, (04)

but one is otherwise free to choose the precise form of. The pairing itself as a geometric object
is simply defined as (X,Y)y := X A A(Y)]|4, however it also has equivalent representations
in terms of a spinor bilinear and trace, i.e. in dimension d we have

ST AXY) = (-1 (X, Y,
212

1
32
aXCYe = —(—1)*eMTr(YA(T)XO), (C.5)

(XTY,C) = ——(—1)%eWe, XCY eavoly,

which we make extensive use of in this and the following appendix. The conditions (C.1)
and (C.3a)—(C.3b) are necessary and sufficient for supersymmetry. Let us now simplify these
conditions under the assumption that K9, is a time-like Killing vector.

The first thing we need to do is to make a choice for e 2. Given that

K- Ky =2K? #0, (C.6)

in the timelike case we can simply take

€1+ = KQ, €24+ = Kl. (C?)

1 1
4K?2 4K?
It is then simple to show that three of the objects appearing in the pairing constraints
can be written as

1 1
e1+Verr x KUK, Wey, = @\PK, e+ U = @K\P (C.8)

Moving forward, a useful condition was already derived in [45] namely for time-like,
d(e_m * KLQ) = 0, (Cg)

importantly these conditions are implied by (C.1). From this it follows that

~®
*xd(e™?® xeyy) = %ERK_Z. (C.10)

— xd(e® ey ) = —

\] me‘
M‘me

— 29 —



Next given that one necessarily has 1z ¥ = —K AW and LV = 0 it is possible to show that

) ~
(—1)deW) gy (eq,K) 1 (_1)deg(\ll)dH(e—<I>\Ij)K —I—e“bd(K +K> AT,

2K2 T 2K 2K?
e ?® 1 i o [K—-K
dy <2K2K\I/ = — e Kdn (e \I/) —e | S | AT (C.11)

allowing one to commute K past dy. Inside the pairings these terms simplify further due to

K1 Ko+ KoKy oI, dp(e”®W0)=—(ug+KNF=2(KF—(-1)%"¢YFK,), Fey=¢F=0.

(C.12)

This ensures that inside the pairings the dy (e ®¥)K terms vanish as
(K1 F — (1) Y FK)KKjey o< (K1 F — (—1)98 Y FKy)es = 0 (C.13)

and the Kdy(e ®V¥) term as

@ KoK (K F — (-1)%YFK,) = 0. (C.14)

The pairing conditions for the time-like case can thus be expressed as

K+ K 1 1
MN @ _

K-K 1 1 R

(K\IJK, [d<2K2> /\\II—S,CK(W)\IJ—i—e F}F ) =0, (C.15b)

in full generality.

D Derivation of conditions for N/ =1 AdS, in Type II supergravity

We take the most general Ansatz for a ten-dimensional solution with a warped AdSs fac-
tor, namely

ds? = e1ds*(AdSy) + ds?(Ms), (D.1)
F = fi+ e*vol(AdS2) A sA(fe), H = e vol(AdSy) A Hy + Hs (D.2)

with the dilaton ®, warp factor A and the forms fi, H; and Hs depending on Mg directions
only; here and elsewhere the upper signs are in Type IIA and the lower in Type IIB
supergravity. The d = 10 Majorana-Weyl Killing spinors are

€1 = ®x1+ + (- ®x1-, €2 =t @ xox + (- @ Xox, (D.3)

where every spinor here is Majorana, ({4, (- ) are chiral Killing spinors on AdSs obeying (B.1)
and (x4, xi—) are chiral spinors on Mg. None of these latter spinors can vanish when m # 0;
to see this one can consider the necessary spinorial supersymmetry conditions

1 1
(V — {H — d®)e; = (v +3H - d<1>>62 o, (D.4)
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given the AdS, Killing spinor equations maps between (4 and (_ under V, we conclude that
the only way to fix one of (xi+,xi—) to zero is to also fix the inverse AdSs radius m = 0,
resulting in Minky. We decompose the d = 10 gamma matrices as

I,=e*y?P®4 To=I87v, B =IB5. (D.5)

From this we can immediately compute K, K

1 R R 1
K= (e"‘(lml2 +x2)v + e (xAxa F X£7X2)U> - 551k (D.6)
_ 1 . . 1 -
& = 5 (Aal = hePe+ e odin £ xdinau) - 5 £ (0.7)
where (f,u,v) are objects on AdSy defined in appendix B, we introduce x12 = X124+ +
X1,2—, and
- ; Fo = 2 Ocvexs £ X D.8
o= 5 (171 Fxpvaxz), ko= 5(a7ax1 £ xa7ax2)- (D.8)

The next step is to use these bilinears to reduce (C.1) to conditions on Mg only and, in the
process, we will establish that (2.7) is necessary for solutions for which AdS, does not only
appear as a factor within a higher-dimensional AdS space.
First off V(3;Kyn) = 0 imposes
Viaky) =0,
mo_ A A
LrA+ e A0 F xdAne) =0,
d(e™(hal® + xe*) = 0,
d(e™*(dAxa F xbixe)) + 2me 24k = 0. (D.9)
These together imply that if £ is non-trivial for AdSy (i.e. m # 0), then it’s an isometry of

the internal metric but not of the warp factor. Indeed one can introduce a local coordinate
p such that

A ta . 1
—e A4 T ddxe) = hip), k= %h’e“dp. (D.10)

Clearly p spans this isometry, and h parametrises diffeomorphism invariance in this direction.
We can thus parametrise

1

2 24

kaaza = 8p7 = ’k| = 2mh,€ 5 (Dll)
allowing us to define the vielbein direction

ko ko 0

e.:m: om

etdp,  ds*(Mg) = (%)% + ds?(My). (D.12)

We demand that locally the warp factor is independent of p since Mg respects the isometry,

which leads to
2m
et = \/We‘%, d,A7 = 0. (D.13)
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Substituting this into the Lie derivative conditions then yields, without loss of generality,
h = 2 tanh(p) (D.14)
= —tan .
- p
and so the metric becomes
ds® = €247 |m? cosh? pds®(AdSy) + dp? | + ds*(My), (D.15)

which is AdSs rather than AdSs.
Second, from dK = 1xH we get

dk = v, Hs, (D.16)
(e Hy) = me (al? = [xal?), (D.17)
e OdAx! F xbAne) (4 Hy) + d(e* (Ixal* - Ix2l?) = 0, (D.18)
e (hal® + [xa) (e Hy) + d(e* (0 ax' £ xbAxz)) = 2mk. (D.19)

Proceeding with the local coordinate p again, the fact that away from source d(e?AH;) =0
and given (D.17)—(D.18) we have

etal® = xal®) =g(p), mylogg=h = e* Hy =bmecosh®pdp, db=0, (D.20)

then (D.19) implies

dk = 0, = Lng = 0, = ,Cng = Ldeg, (D.Ql)

so when dH3 = 0, i.e. away from sources, the NSNS flux also respects the isometries of AdSs
if k # 0 (at least locally away from sources for d(e*Hy)).
Third, one can show that ¥ decomposes as

A

1 R R
where we define the d = 8 bispinors
7/1 =1 ® X;a 12} = ’?Xl & X;a (D23)

and the + subscripts refer to the even/odd form degree parts of these. On the other
hand we find

(L +EKN) fr= % (C+®C )2 A (et EA) x5 (€N f1) = ((+@C)o(tk+EN) f

1 o )
+4M<6 A(thlﬂFXE'VXz)*g(eQAAfi)JreA(IM!2—\X2|2)fi)

1/ ) .
+un (e A(‘X1|2‘HX22)*8)\(62Afi)+€A(XJ{’YX1iX;’Y?@)fj:) . (D.24)
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So we find

dpy (e %s) = i%(%"f‘];:/\)f:ty (D.25)

_ 1/ _ . . _
dp, (e? ¢¢¢)=¢?)2<6 AdAX Fxbaxe) ks A€ fa) + et ¢(‘X1|2—|X2’2)fi>7 (D.26)

P _ 1/ _ . .
A, (e PPs) —me (D¢i::|:32<e A(|X1|2+X2|2)*8>‘(62Afi)+€A(XJ{'YX12|ZX£'7X2)fi)7
(D.27)

Ay (47 ) + AV H  Apy —2me~Papy = ¢1—16(Lk+/~€/\)*8)\(62‘4 fs). (D.28)
Returning to the local coordinate p, and given that away from sources the RR flux should obey
A, fo = dp, (¥ 4g Afy) — €2AH A fi =0, (D.29)
taking dp,(D.26) yields
iy (—h(€* *g M) + gfx) = —h'dp A (¥ xg Afx) =0, (D.30)
i.e. fi is orthogonal to k, so what has been derived thus far implies
Lif+r =0, (D.31)

so the RR fluxes also respect the isometries of AdS3; away from possible sources along p.
We conclude that in any regular region of a solution

k#0 = warped AdS;. (D.32)

Note that a similar result was found for AdS3 solutions preserving N' = (1,1) supersymmetry
in [43]. This argument of course breaks down if m = 0, the Minky limit: for this we generically
have £ A = 0 and one can show that, when non-zero, k%0, is actually a Killing vector with
respect to the entire solution under which the spinors are uncharged. There is obviously the
potential for Minks to get enhanced to Minks in this case, but this is no longer guaranteed
as k can appear fibered over the rest of the internal space. One is still free to fix £k = 0
when m = 0, the point is that it is no longer general to do so — for m # 0 there is no such
problem. Thus if we are interested in AdSs solutions, we should fix

E=0, X =txdie,  hal = el = e’
di =0, 2ce® H; =2mk — d(eA(XJ{?Xl + X;%XQ)), (D.33)
for ¢ > 0 some constant, to solve all these conditions.
This reduces the d = 10 1-forms K to
K = i62‘401) = (K)I= Lo, K?= —<c>262Af2 (D.34)
32 ’ 32 7 32 ’ ’
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so the ten-dimensional Killing vector is time-like for all AdSs solutions that are not merely
the embedding of AdS, into AdS3. The bispinor conditions then truncate to

_ 1-
A, (e 1y ) :iﬁlmfi, D.35)

dH3 (eAi(}w:F) =0,

(
(D.36)
P4 _ c 1 R R
dp, (e PPs) —me q)iﬁi:3F*62A*8)\fi¥3*26A(X]{7X1ixbm)fi,
(
(

16
37)

D
~ 1 -~
Ay (24721 ) + 24P Hy Apy —2met P opr = ;Ekmsemx fo. D.38)
Note that the Bianchi identities of Hs and fi imply that of €24 xg A(f+) by (D.35) and
dpr,(D.37). Further a supersymmetric solution must obey (K A +ux)¥ = (K A —z)¥ = 0,
which in terms of eight-dimensional conditions becomes

etevy =k Ay, eteGy =k Ay, eteGiy =k Ay + ey,
ey = —ip s, eteGiy = —1p0a, eAeGihy =~ + ey (D.39)

where we employ the short-hand e4cG = XI’A}')@ = ix;’yxg. The first line of which, along

with (D.33), can be used to prove the redundancy of (D.36) and (D.38).
What remains is to reduce the pairing constraints to d = 8 conditions. Going forward,
and in the main text we define

G =cosfB, k=cetsinpV, (D.40)

for V a unit norm 1-form, as we are free to do without loss of generality. Note that it is
not possible to fix sin § = 0 as that would set some of the chiral d = 8 spinors to zero and
result in Minky as explained around (D.4). Taking (C.15a)—(C.15b) as our starting point,
for the case at hand we have

K= S g2 K2_<c>2 e ff—cfeA(COSﬂe”" W) (D4
BETH ) ~\s2) T T A '

where e! = €™"dt, " = dr, from which it follows that
K+K 171 1
16

= (e" ANHy AW —2(dA + me™4e") A 1 D) (D.42)
(& C

where we have used that K A U = —1xgV. We also have that

KUK o T00T?, lﬁk (1) =— (cos fme™ + sin BLy dA). (D.43)

8
8 K2 celdf

We are now ready to simplify (D.36)—(D.38) component by component, we find it useful to

split the d = 10 index as M = (t,r,a), i.e. the two directions along AdSs and along Msg.
In what follows we make frequent use of (C.5).
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The tr components are both equal and give rise to
(Vx, fr)s = :I:ge_(b (m — %GA sin BLVH1)V01(M8). (D.44)
The ta components yield
(e M fa)r = 0, (b fu)y = :I:éeA_(Dc*g (24 + cos BHY). (D.45)
The ra components yield
(g, f2)r =0, (x5, %A fi)7 = %ef‘*% s (2cos BdA + Hy — 2¢ Amsin V),  (D.46)

by wedging these conditions with V one can form a linear combination that implies sin 5(D.44)
= 0, but one cannot fix sin 8 = 0 hence the 8-form pairing is implied by the d = 7 ones. The
ab components are more complicated, but through a lengthy computation, extracting all the
conditions that the 7-form pairings impose on the flux, it is possible to show that they too
are implied. By manipulating (¥4, (D.35))7 or (U, (D.37))7 one extracts

(¢, %N fx + cos Bfx)7r =0, (D.47)

from which it follows that (¢, *Af+)7 = 0 is implied by (¢, f+)7 = 0.

We have now extracted necessary and sufficient d = 8 geometric conditions for minimally
supersymmetric AdSs solutions of Type II supergravity, our results are summarised in
section 2.

E Comment on [34] and N' = 1 AdS; in d = 11 supergravity

In [34] a class of supersymmetic AdSs solutions in d = 11 supergravity was derived under
the assumption that the internal 9-manifold supports an SU(4)-structure. In this appendix
we show that it is actually general, as solutions supporting any other structure are merely
the embeddings of AdSs into supersymmetic AdS3 solutions.

In [52], geometric conditions that are necessary for supersymmetry in d = 11 supergravity
were derived; they are defined in terms of the following bilinears

KD .= ETF()FMEGM, QU .= éeTFOFME em, yy .~ éeTI‘OFMIMM;eMl“‘Ma
' (E.1)
where € is the Majorana Killing spinor of d = 11 supergravity, 'y are flat spacetime gamma
matrices in d = 11 and e a corresponding vielbein. The conditions these objects must
satisfy are

doM = 100G, ViKY =0,

N)
dx( = tgan *11 G — QN A G,
*HdK(ll) = ;Q(ll) VAN *HG — %2(11) NG. (EQ)
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Clearly this makes (K(M)M @), a Killing vector, and it turns out that when this is taken to
be timelike the above system is also sufficient for supersymmetry.

We would now like to use (E.2) to establish that, for AdSs solutions, it is necessary for
the internal space to support an SU(4)-structure. To this end we decompose the metric
and fluxes as

ds? = e?2ds?(AdSy) + ds?(My), G = e* vol(AdSy) A Gy + Gy, (E.3)

and take our d = 11 gamma matrices to decompose as

I,=ePeL To=0304, a=1,...,9. (E.4)
We will define the d = 9 gamma matrices in terms of the d = 8 ones in (D.5) as 7(59) =Y
fora =1,...,8 and 75()9) = 71..8, in this way the intertwiner defining d = 11 Majorana

conjugation is the same as it was in d = 10 and we can take the d = 11 spinor to be
€ =€ + €, (E.5)

where €; 2 are defined as in (D.3) (for the upper signs specifically). We now compute the
1-form in (E.1) and find

KO = —(A(hal? + alPv + e (dndxa — il xa)u — £¢).

€ = =A% + x AP xe- + 207 %24 + X3P xa-))e (E.6)

where (f,u,v) are the scalar and two 1-forms on AdS, defined in appendix B. We note that

(1) _

this has precisely the same structure as (D.6), so imposing V /K Ny = 0 leads to a repeat of

the argument between (D.8) and (D.15); jumping to the punch line: generic AdSs solutions
experience an enhancement to AdSg, for true AdSs solutions we must impose

de™2(xal + 2 =0, v = xe, €=0, (E.7)

which in turn makes (K (11))M O necessarily timelike, just as the analogue was for Type 11
supergravity. Solving these conditions amounts to imposing that

1
> = |xof® = 5e® (E.8)

X1+ =x2¢+ =0, [x1 5

without loss of generality. Then upon defining a real vector V4 and SU(4)-structure forms
(JB, QW) as

{ 1
Ay — XTvég)Xeg, A ) —§XT7$)X6@, A0 — 4'chc(tbidxeabcd (E.9)

for
X = i(x1 + ix2). (E.10)
We find that the forms in (E.1) become

KD = —e?y, QU = A (—un V@ — f @), (E.11)

»h = A <—€2AfVOI(AdSQ) ATOAVE 4 %eAU/\J(‘l) AJW —eAyuAReQW 4 F7 @) /\ImQ(4)> ,
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which are clearly spanned by forms on AdSs and those defining an SU(4)-structure in d = 9.
These precisely reproduce the equivalent forms of [34], so we have proved that the SU(4)-
structure “assumption” of that paper, is actually no assumption at all but rather a necessary
condition for true supersymmetic AdSs solutions in d = 11 supergravity. Fixing m = 1
as [34] does, for completeness, we quote the necessary and sufficient geometric conditions
for supersymmetry in d = 11

d(eA My =0, (E.12a)
A2V 4 A JW 4 222G,y =0, (E.12b)
d(eAV® AImOQW) — AW A Gy =0, (E.12¢)
d(e?2ReQW) — AV ATmO® 4 €22 (kgGy — VB A Gy) = 0, (E.12d)
9 (2V W A %9Gy + ReQ™ A Gy) + 6dA = 0, (E.12¢)
JH AT NG, =0, (E.12f)
A (2JW A %9Gy — V ATMOW A Gy) = 6Vol(My). (E.12g)
In [34] the condition
VA A (ImOQ® A Gy + JY AGy) =0, (E.13)

is also quoted, but this is implied by (E.12b) and (E.12c).
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