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Abstract
We study first-passage statistics for one-dimensional random walks S, with
independent and identically distributed jumps starting from the origin. We
focus on the joint distribution of the first-passage time 7, and first-passage
position S, beyond a threshold » > 0, as well as the distribution of S, for the
walks that do not cross b up to step n. By solving suitable Riemann—Hilbert
problems, we are able to obtain exact and semi-explicit general formulae for
the quantities of interest. Notably, such formulae are written solely in terms
of the characteristic function of the jumps. In contrast with previous results,
our approach is universally valid, applicable to both continuous and discrete,
symmetric and asymmetric jump distributions. We complement our theoretical
findings with explicit examples.
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1. Introduction

Random walks represent a foundational theoretical tool for modeling complex phenomena.
Their importance is demonstrated by their presence in many areas of natural science, as
they emerge in the description of fluctuating quantities in physics [1], especially in stat-
istical mechanics [2], as well as in related fields such as chemistry [1], finance [2, 3] and
biology [4].

In their simplest formulation, random walks are described by a sum of independent and
identically distributed (iid) random variables. Many interesting questions are related to the
amount of fluctuations that such a sum undergoes, which is the object of study of fluctuation
theory [5]. A class of problems much studied in this area is represented by the so-called firsz-
passage problems, which study the occurrence of a given condition, such as the crossing of a
threshold, for the first time. First-passage problems are of significant importance to a consid-
erable number of applications [6—8] and especially relevant in extreme value statistics (EVS),
where they are associated with the analysis of extreme events, such as maxima and records.

To fix the ideas, let us consider a one-dimensional random walk S,, starting from the origin.
Suppose that b > 0 represents a threshold or the position of a barrier. Typical quantities of
interest in fluctuation theory are:

(i) the first-passage time T, which is a random variable corresponding to the number of steps
required to exceed b for the first time. The first-passage time distribution has applications
in several fields, ranging from physics to economics [3, 7, 8];

(ii) the value of the sum S, upon first passage, namely, the first-passage position S;,. Note
that the quantity L, := S,, — b, which is called overshoot or leap-over [9], is relevant for
search processes [10], in renewal theory [11], and has been recently considered in the con-
text of resetting [12]. In the case b = 0, the first-passage position corresponds to the first
positive value of the random walk, which is known in the mathematical literature as first
ladder height. The distribution of the first ladder height is a major object of investigation
in fluctuation theory [6, 13—17], even beyond the case of iid variables [18]. The statistical
physics community has emphasized its importance in the study of order statistics [19, 20]
and records’ increments [21, 22]. For a very recent work, see [23] and references therein.

(i) the survival probability, namely, the probability that b is never exceeded up to time n. The
survival probability g,(n) :=P(S; < b;S, < b;...,S, < b) corresponds to P(M,, < b),
where M, := max(0,Si,...,S,). It is thus a fundamental quantity in EVS [6, 24-26] and
finds an impressive number of applications involving the analysis of extreme events and
records [25, 27-30]. Furthermore, it is crucial to study persistence and critical phenomena
for equilibrium and non-equilibrium systems [31-34].

These quantities have long been of interest to both mathematicians and physicists.

In the mathematical literature, contributions in this direction were given by Hopf [35],
Pollaczek [36], Sparre-Andersen [37], Baxter [38] and Spitzer [39—41], to name but a few.
In particular, Spitzer made use of a method, which is similar to the Wiener—Hopf technique
and had been previously used by Ray [14], to prove a remarkable identity concerning the joint
distribution of the first-passage time and position in the case b =0 (Baxter-Spitzer identity)
[41]. Since then, the Wiener—Hopf method has been widely used to derive various fluctuation
identities [6], proving particularly useful in mathematical finance applications [42, 43].

In the physics literature, some of these results have proved especially influential. The stat-
istical physics community has made extensive use of the so-called Pollaczek—Spitzer [25, 36,
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40] and Hopf-Ivanov [20, 35, 44] identities. The advantage of these formulae over others is
that they express the transforms of the desired distributions only in terms of the common char-
acteristic function of the jumps X;. This allows one to obtain precise asymptotic results, even
when explicit formulae are not available, see e.g. [28, 30]. However, their validity is limited
to the case of symmetric and continuous jump distributions. The purpose of this paper is to
provide a generalization of these formulae valid also for asymmetric jump distributions, as
well as their version for the case of discrete jumps. Although some possible generalizations
have been already considered [25, 45-49], as far as we know there is no universal framework
in the physics literature, as the one we propose here.

The method we will use is closely related to the Wiener—Hopf technique, and is based
on the solution of a Riemann—Hilbert problem. It must be noted that the Wiener—Hopf and
the Riemann—Hilbert methods share many similarities, so much so that one is often associated
with the other. However, it is important to emphasize that the Wiener—Hopf technique requires
the factorization of a function that is analytic on a strip in the complex plane [50], while in
a Riemann—Hilbert problem one only requires a continuity condition (Holder condition) on a
curve [51]. Since in our case the object to be factorized is an expression containing the charac-
teristic function of the jumps, our choice is also suitable for cases in which the analyticity of the
characteristic function is not guaranteed. We refer the reader to [52] for a detailed discussion
on the differences between the methods, and to [53] for a recent review.

The paper is organized as follows: in section 2 we describe the model and present the main
formulae; in section 3 we apply such formulae to a couple of examples that admit closed-form
results; section 4 is dedicated to cases that, while not permitting closed-form expressions,
enable the derivation of exact asymptotic estimates; the mathematical derivation of the for-
mulae, which result from the solution of suitable Riemann—Hilbert problems, is presented in
section 5; finally, in section 6 we draw our conclusions.

2. Definition of the model and main results

Consider a one-dimensional discrete-time random walk starting from the origin
Sn:Snfl—‘V_Xn; Vl> 17 S0:07 (1)

where X; are iid real-valued random variables. Denote with p(k) the common characteristic
function of the jumps X;, viz. p(k) := E(e**1). We set b > 0 and call 7, the first-passage time
in (b, 00), namely

7p :=min{n > 0]S, > b}. 2)
Furthermore, we introduce the distribution functions

Fp(x;n) =P (S, < x;7 =n) (Ba)

Oy (x;n) :=P(S, <x;7 >n), (3b)

so that [, dF} (x;n) is the probability that the first-passage position S, lies in 7, and [,dQj(x;n)
is the probability that S, € I without ever leaving (—o0,b], see figure 1 for a schematic rep-
resentation. These are the central quantities for determining the fundamental objects in fluctu-
ation theory mentioned above. For example, the first-passage time in (b, 00) can be obtained

as 7, = [, dF,(x;n), and the survival probability in (—oo,b] as g, (n) = fboo dQy(x;n).
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Figure 1. Schematic representation of two realizations of the random walk for a finite
number of steps. The upper (blue) walker does not cross the threshold b in its first 4 steps.
This realization contributes to Qp(x;4) for all x > Sa. The lower (red) walker crosses the
threshold b for the first time at n =4, overshooting it by a leap-over L, = S4 — b. This
realization contributes to Fp,(x;4) for all x > S4.

Define the transforms

T (k) =Y " / e dF,, (x;n) (4a)
n=1 b
0o b )

Q) =D ¢" [ gy wim), (4b)
n=0 -0

where 0 < { < 1. Our approach starts from a well-known relation between Fj(k,() and
Qp(k,C), see e.g. [6], which reads

1= Fy (k, Q) = [1 = ¢o (k)] Qb (K, C).- ®)

Notably, in this equation the two transforms are related by means of the characteristic function
p(k), which depends only on the jump distribution. Our problem consists in obtaining F; (k, ()
and Q,(k, () from (5). By properly interpreting this problem as a non-homogeneous Riemann—
Hilbert problem, we obtain exact general expressions for the transforms F;, (k,¢) and Q,(k, (),
which are written in terms of (k) only. In this section we list such formulae, postponing the
detail of their derivation to section 5.

2.1. Main formulae

The results use the notion of Cauchy principal value of a singular integral, see appendix A
for more details. Contrary to the common practice of using a special symbol, we will follow
Gakhov [51] and denote the principal value as a regular integral, with the convention that each
singular integral appearing in the text has to be interpreted as a principal value. For reasons
that we will clarify later, we provide different sets of formulae for continuous and discrete
jumps.
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Continuous jumps. The transforms F(k,¢) and Q,(k,() are given by:

Fo(k.Q) =1— /1= (o (k) Hy (k,¢) e HEO) (6a)
Hp (k,C) e—iQk0)

Qb (kv <) = = ’ (6b)
V1I=¢p(k)
where the phase function 2(k, () is defined as
L [% [l -¢p(0)]
Q(k,()=— ———=dr. 7
(k) Zﬁ/m p—? ™
To give the expression of the factor Hy(k, ¢), let us introduce the auxiliary function
L /% [l - ¢ ()]
+ — . ol - N7 | %
R A= SR ®)

where z is a complex number with positive imaginary part. Then, H,(k,() is given by
1 et du
HokQ)=5= | ——7— 9
b (k) 27r1/3 u Wy (k+iu,C) ©
where B is a vertical line along the imaginary axis, deformed in such a way that ¥ = 0 remains

on the left. For b= 0 one gets H,(k,() = 1, see the proof in section 5, and thus we recover the
same formulae for the case b = 0 that were obtained in [54].

Discrete jumps. The expressions of the transforms F;,(k,¢) and Qy(k, () are:

Fi (k,Q) = 1= /1= CH(K)B(C) Hy (K, () e~ (10a)
_ B Hy (5, Q) _iww0)
Qb (kaC) - I—C@(k) € ) (IOb)

where the phase w(k, () is now defined as
(k,¢) = i/ﬂ [l —cg(@)cot [ =5 ao (11
ARy v 2 '

The factors B({) and Hp(k, () are defined as follows: let ¢ be a complex number on the unit
circle, with |arg(r)| < m, and define

P (1) = p(—ilnt) = E (F). (12)
Furthermore, let us introduce the complex variable w = pel? and the auxiliary function

¢J<w,¢>:eXp{1LW

dr 1 13
- boowi<t, (13)

where C is the unit circle. Then, B(¢) is given by

B(O:m =exp{—;/_7;1nu—<@<e>]de}7 (14)

and Hy(k, ) is

—b—1 Lik(b+1)
i ¢ o] , (15)

og (W, ¢) ek —w™ T

5

Hy (k,¢) = 6 (0,)Res [
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where Res[f(z),z = zo] denotes the residue of f(z) at the point z. Note that Hy(k,() = 1, see
section 5, thus formula (10b) agrees with and generalizes a result of [48], where an exact
expression for Q,(k,() was obtained in the case of symmetric jumps and b =0.

3. Explicit examples: random walks admitting closed-form results

It is apparent from the general expressions of the previous section that extracting closed-
form result requires the ability to perform exact calculations, which is usually very difficult.
However, as we shall see in section 5, the calculations become trivial, or can be avoided alto-
gether, when one can factorize the function 1 — (p(k) as

v k0
o (k,Q)
where ¥* (k, () can be extended to suitable bounded analytic function in the upper and lower
half-planes, respectively. Such a factorization is possible, for instance, when (k) is a poly-
nomial. A well-known case corresponds to the symmetric Erlang distribution, which has been
studied deeply by the statistical physics community [23, 55, 56]. Another solvable case cor-
responds to the sum of symmetric Laplace distributions [23].

In the following examples, we present situations for both continuous and discrete jump
distributions in which, despite the presence of asymmetry in the jumps, the factorization is
easy to find, allowing for a thorough analysis.

1= Cpk) = (16)

3.1 Explicit example: skewed Laplace distribution

Suppose that the distribution of the jumps X; is characterized by the following density, which
we introduced in [57]:

1
P(f):m exp [ 357 (\/N +46%(¢[ - )} a7

Here —oo <y < oo corresponds to the mean jump, viz. ffooo Ep(£)dE = p, while § >01is a
length scale related to the variance o and by 0> = 262 + 2. Note that for ;o = 0 we recover
a symmetric Laplace random variable, with p(&) = exp(—|£|/d)/26. One can show that
1

S — L

o) = TR
which corresponds to the characteristic function of the sum of two exponential random vari-
ables ET, which are concentrated on (0,00) and (—00,0), respectively, and whose means are

pt=p/2+ /2 +p2/dand p= = p/2 —\/6* + p2 /4.

We observe that

(18)

1 — ¢ —ipk+ 6%k

which can be factorized as in (16), with
r_(¢) — ik

P (k,¢) = m (20)
_ 4 (0) +idk

VTR0 = e @D
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where r_(¢) and r ({) are positive numbers defined by

(0 = 55 |40 - @)
(6 = g5 [V AR =0 @3)

We note that 1)*(z,¢) are analytic and bounded for J(z) > 0 and 3(z) < 0, respectively.
Furthermore, ¥ (z,{) — 1 as |z| — oo in the upper-half plane, and similarly, ¢/~ (z,{) — 1
as |z| — oo in the lower-half plane. We will prove in section 5 that this is sufficient to con-
clude that U (z,¢) = ¥ (z,¢). Here instead we demonstrate this equality by direct calculation
using (8). Note that due to the factorization, we can write

R ~ R

R—oc0 _R 1—z R—o0 R 1—z

R _
1 t
gm0, 24)
R—oo |_p t—z
where J(z) > 0. To compute the first integral at the rhs, we consider a contour in the complex
plane consisting of the segment (—R, R) and the semicircle z = Rel, with 0 < # < 7. Recalling

the properties of 1) (z,(), an easy application of the Cauchy theorem yields

R
lim / Mdt:mlnw*(z,c). (25)

R—oo | _p r—z

To evaluate the second integral, we consider a similar contour, consisting of the segment
(—R,R) and the semicircle z = Re'’, this time with —m < # < 0. Again, due to the proper-
ties of ¥~ (z,(), according to the Cauchy theorem the integral yields a vanishing contribution
in the limit R — oo. Putting all together, we have

/°° wm: 2milny™ (z,¢), 20

and the equality ¥ (z,¢) = 1™ (z,¢) follows from formula (8).
As a second step, we determine the phase €2(k, (). This task can be easily performed by
employing formula (A.5), which leads to the equality

e 10k0) — 7\113 (*,¢) . (27)
VI-®m
Finally, we compute H;(k,¢) from (9):

1 b du 1 e/ 1y (0) —idk
_ S . . 2
o (k) Tm/g w O (ki Q) 2m/8 W ur () ik o

The integrand has two simple poles, up =0 and u; = idk — r_ (¢), with non-positive real part.
Thus by the residue theorem we get

_ r—(0) —idk - (0) —r—(¢) —r_(¢)b/S+ikb
Mok = e =0k (O 1ok © : @9
_ 1 1 r—(0)—r—(¢) o—r—(O)b/d+ikb | (30)

Ul (k) r— (0) —idk
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Therefore, (6a) and (6b) finally yield

F(k0) — r;(()()())_r—i(s(]f)er(g)b/éﬁkb 3la)
_ 1 - 0) —r— () —r_(C)b/S+ikb
@0 = 5o |1~ e ] G

We can now take advantage of these results to derive the interesting quantities of fluctuation
theory.

Escape probability. The transform F5(0,() is the generating function of f;,(n) := P(7, = n).
Therefore, the escape probability from (—oo,b] is

&:;Mwﬂgﬂ&g (32)
A straightforward computation yields
1 ifpu>0
&= 4482 —|pl lulb/82 (33)
—|plb/& f
<\/,u2+452+|u ¢ <0

Thus, if the jumps are biased in the direction of b or unbiased, the random walk eventually
escapes with probability one. Otherwise, there is a non-zero fraction of walks that never escape.
Remarkably, if we renormalize F;,(0, () by &, we get

Fp(0.0) _ V12 +482 — /12 + 4082 (1- Q) —[ /i (1=0—Iul]
= e 232 (34)
& V2 +40% — |l

which is independent of the sign of . It follows that the first-passage time distribution of
the walks biased towards b is the same as the walks biased away from b, provided that we
condition on the event that the walks actually escape. This phenomenon is called in some
contexts first-passage duality [58].

First-passage time. In principle, by evaluating the derivatives of F;(0,{) with respect to ¢ at
¢ =0, one can compute f; (n) for each n. In most cases, one is interested in the large-n behaviour
of f,,(n), which is related by Tauberian theorems to the behavior of F,(0, () as ¢ — 1. We have
seen that F,(0,() converges to a constant, which means that f,(n) decays faster than 1/n in
any case. So we consider

ngzngwl (39)
(e | L b - (Q)
-0 [u@+xlu@ﬂ' (30

If 1 =0, we have r_(¢) =+/1—Cand r_ ({) = —1/(24/1 = (). Thus, for ( — 1 and b fixed,

the rhs behaves as

1+b/
—_— 7
whence it follows
1+b/6
Sy (n) ~ 2 (38)

Varnd'
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If p#0 instead, we have r_(¢)=(\/p?*+462(1—-¢)—p)/26 and r_ ({)=
—0/[\/p* +40%(1 — ()], thus the behaviour of the rhs is still not singular. It is useful to
rewrite ¢ = (% + 1)n, so that

afb(ao‘ = <u2 )”“ it
= => nfs(n) (5 +1) 7 (39)
o C:(ﬁ;—zﬁl)n nZ:; ’ 46

_ Gp(n;1,0)

== (40)

where

252 ef[ (u2+452)(1*n)*u] s

Gp (03 14,0) = 7+b(1—\/1— ) . (41)
r544,9) V 2+ 462 " u2+46% —p

In this way, for b fixed the rhs has a singular behavior as 17 — 1 of the form Gy, (1; u1,0)/+/T—n

and consequently a use of Tauberian theorems yields

fb(n)N \/N2+462(\/'u2+452_,u) \/m . (42)

Hence, for both 11 >0 and p < 0, f;,(n) displays an exponential decay modulated by a power-
law. We note that the coefficient of the decay is larger when p > 0. If we divide f;,(n) by &,
we obtain

[p]b 2 1—n
hoo (R TR ()
& AR (VA - |f) VAT

in agreement with (34).

Leap-over. When the walk enters [b, 00) for the first time, it occupies a random position, given
by S;,. The distance of S, from b is called the leap-over L, and its characteristic function is
L, (k) = e~ * F, (k, 1). The Fourier inversion in our example can be performed easily, yielding
the exact leap-over distribution:

< dk .
Ly (0)= / K st 7, k1) (44)
= % (x/,u2+4§27,u) e_(V WAR ) /ﬁ’ree/”+. (45)

In this case, the conditional distribution £,(¢)/&, has no dependence on b. However, this
property is far from being general, as we will see later in sections 3.2 and 4.

Survival probability. From the relation Q,(0,¢) = [1 — F,(0,¢)]/(1 — ¢) and the previous res-
ults, we can obtain the asymptotic behavior of the survival probability g, (n). If £ =0, for { = 1
and b fixed we have the expansion

Fh(0,§)~1(1+§> 1f<+o(\/17<), (46)

9
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thus we conclude immediately that
1+b/6
q (n) ~ / :
VTh

If 11> 0, the transform (0, () is analytic at { =1, so we use the same idea as before and

(47)

set ( = (% + 1)n. Without repeating the calculations, we find that as n — 1 and b fixed, to
leading order

p 00 (),

prsd

ann (n) (/ﬁ2 + l)n_] ! (48)
n=1

whence

" 1—n
482 49 (262 + by +457 ) et (45 +1)
q (n) ~ —5fp (n) = = (49
K uz\/,u2+462<\/u2+452—,u) Véamn
Finally, if 1 < 0 we have F,(0,1) = &, < 1, thus
1-&
1-¢”’
meaning that g;,(n) decays to a fixed value given by 1 — &:

/2 2 R
(,u—l—4(5—|—,u> ehb/5” 51)

w462 —p

Qb (07C)

(50)

lim g, (n)=1-8&=1-
n—o0
Recalling that g, (n) corresponds to the distribution of the maximum, viz. g,(n) = P(M,, < b),
we see that in this case M, reaches a stationary state in the large-n limit: lim,,—, o Pr(M,, <
b) =1—&,. In figure 2 we confirm these results with numerical simulations, finding indeed
good agreement between theory and data.

3.2. Explicit example: sum of an arbitrary number of exponential random variables

The idea used to define the Skewed Laplace random variable can be easily generalized. For
example, each X; may be defined as the sum of m copies of a positive exponential random
variables with mean p™ > 0, and m copies of a negative exponential random variables with
mean p~ < 0. Then,

1 1
o (k)= = 52
o (k) (1 —iptk)" (1 —ip=k)" (1 —ipk+02k2)"’ 2)
where 6> = —p*p~ and = ™ + p. Note that the sum of m copies of an exponential ran-

dom variable with mean pT is an Erlang random variable of order m and mean mu™. Thus,
(52) generalizes the Skewed Laplace case, being the characteristic function of the sum of two
Erlang random variables of order m, one positive and one negative, with mean mu™ and my—,
respectively. The factorization of

(1 —ipk+0%2)" —¢
(1 —ipk + 62k2)"

can be performed explicitly. Indeed, recalling the Skewed Laplace case, the denominator can
be factorized as

(1 —ipk+0%k*)" = [r_ (0) — i0k]" [r (0) +idk]" (54)

1= ¢H(k) = (53)

10
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w<0

4
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t
e
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n n
(a) (b)

Figure 2. Asymptotic decay of the survival probability for the Skewed Laplace distri-
bution, for (a) >0 and (b) u < 0. The data are the results of numerical simulations,
obtained by evolving (a) 10° and (b) 10® random walks of 300 steps. Each jump is the
sum of two exponential random variables, one positive with mean p* and one negative

with mean = = —1/u™*. Thus, § = /—uTpu~ = 1. In panel (a), we chose u* = 1.2,
sothatpy=p" +pu~ = %. In panel (b) we chose instead 1~ = —1.2, so that yu = f%.

The asymptotic behaviours predicted by (49) [solid lines in panel (a)] and (51) [dashed
lines in panel (b)] are in good agreement.

where r_({) and r4 (() are precisely defined by (22) and (23). To factorize the numerator, we
compute its roots. By setting z = 1 — iuk + 0%k?, it is easy to see that the roots can be expressed
as

Z(¢) = ¢Mmemiim i =0,1,... ,m—1. (55)

To go back to the variable k we apply the transformation

k:zl(sz{uqu/u2+452(1—z)}, (56)

which maps a single z to two values of k. Thus, for each Z({) we obtain two corresponding
roots, say #/, (¢) and x'_(C), given by

2O = g { s 4= 0l 57)

Therefore, by introducing 7 (¢) := idx’_(¢) and 7, (¢) := —idx/_(C), the numerator can be
factorized as
m—1
(1—ipk+88)" —¢=]] [/; ©) — iék} [ﬂ; )+ iék] . (58)
j=0
One can show that m’; (¢) always lies in the upper half-plane and o (¢) always in the lower
half-plane. Then, both 7/, (¢) and r_(¢) have positive real part and we can conclude that

[T [ () — o]
[r— (0) —iok]"

whence one can begin the study.

Ui (2,0) = (59)

1
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As a rapid check, we recall that in the Skewed Laplace case, viz. m =1, there is a single
root z°(¢) = ¢, and indeed one obtains r* (¢) = r_(() as defined by (22). Another case that is
not too cumbersome to treat is m = 2. There are two roots, z°(¢) = v/ and z!(¢) = —+/(, and
consequently,

r°_(<):2—15 \/u2+462(1—\/5)—u] (60)
rl_(C)zz% \/u2+452(1+f<)u]- 61

To simplify the following formulae, let r = r_(0), r1(¢) =7 (¢) and r2(¢) = rL (¢). Then,
[r1(¢) —i6K] [r2 (¢) — i6K]
(r—idk)* '

Again, the direct computation of (k, () can be avoided, see (27). Finally, by employing (9),
we get

U (z,€) =

(62)

L ren(QPeenm
k) = 30 " @ —n Ol O =1k
Ll ra(QPetrions
AGEGIGETC

The resulting expression for F,(k, () is

[r—ri (C)]2 [r2(¢) —i0k] oikb=ri(C)b/6

[r2(¢) = r1 () (r — i6k)?

(- 111 (¢) _.idk]zeikb—rz({)b/é’ (64)
[r2(¢) = r1 (Q)] (r—i6k)

and Q,(k, () can then be obtained from (5). We avoid the detailed analysis of the previous case

and focus only on the leap-over. We recall that the leap-over characteristic function is given
by Ly(k) = e ** F,(k, 1), which we can invert explicitly, obtaining:

(63)

]:b(kaC) =

(r2 (1) —r) 14 —r(1)b/5 e /0
2N (1) 2 = 1 5 R
T nm [T le 5 ©3)
where
2 +862 —p | — 124462 —
ra (1) 25 o) =" 25 (66)

We remark that, since E;,(O) = F(0,1) = &, the total integral [~ L, (¢)dl = &, where

2 2
g = (r=ri(1))"r (l)e—rl(l)b/é _ (ra(1)=1)"n (1)e—r2(l)b/6. (67)
(r2(1) =ri (1)) 72 (2 (1) =i (1)) 72
It is straightforward to see that & = 1 for ;1 > 0, while for 1 < 0 the escape probability depends
on p. In figure 3 we present the conditional distribution £, (¢)/E&,. Contrary to the case of the
Skewed Laplace distribution, there is a clear dependence on b, see panel (b).

12
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0.2
WS 0.15
~

0.1-

Ly(€)

0.05

(a)

Figure 3. Conditional leap-over PDF for the case m =2, given by the ratio (65)
over (67). Panel (a) shows distributions with different x and b fixed, while panel (b)
displays different b with p fixed. The plots are in logarithmic scale on the ¢-axis to
show that major differences are visible for small ¢ [see, in particular, panel (b)]. The
data (markers) are the results of numerical simulations, obtained by evolving N ran-
dom walks up to the first-passage time in (b,00) and measuring L, = S-, — b [panel
(a): N=10%; panel (b): N= 10°]. The numerical distributions are compared with the
theoretical results of (65), showing good agreement.

3.3. Explicit example: Bernoulli random walk

To complete the discussion, we treat a case with a discrete jump distribution. Let us consider
a nearest-neighbour random walk with

P(E)=pé(E+1)+4qd(§—1), (68)
where 0 < p < 1 and g = 1 — p. The function {,(7), see (12), is
G ()= o) =pt+q". (69)
ez

We first determine ¢ (w, () from (13). One can verify that 1 — ({.(¢) can be factorized as

165, () =2 [t wi (Q) b ()1, a0)

where

wi(Q) = 5 (1- VT~ 4gnC?) an

2p¢
1
we(Q) =5 = (14 V/1=4apC?), (72)
©) T
and wy({), wg({) are real positive numbers that lie in the interior and exterior of the unit

circle, respectively. Consequently, In[1 — (. (¢)] has three branch points, wo =0, w;({) and
wg(€). In this case it is convenient to perform the integration directly: we consider the
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Figure 4. Integration contour for the computation of qu(T (w, ). The unit circle C (in red)
is connected to the path C’ (in blue). This contour avoids the branch cut [0, w;({)] and
encircles the pole at w.

branch cuts [0,w;(¢)] and [wg(¢),00), which is equivalent to taking the branch of In(z) where
arg(z) € (—m, ). We choose an integration contour consisting of the unit circle and a path C’
passing above and below the cut [0,w;(()], encircling the two end points and the point w, as
in figure 4we recall that, since we are computing gzﬁ('f (w, (), w lies inside the unit circle. In the
limit where the radii of the circles around 0, w;(¢) and w vanish, by the residue theorem the

integral on C equals the integral on C’. By evaluating the integral on C’, we get
1 In[1 — Q. (¢
o [ e - w) <1, 73)

27 I

whence ¢ (w,() = p([wg(¢) — w]. This allows us to obtain the constant B(¢) from (14):

1 \/ 1+ v/4gp¢? \/ V4ap? (74)
NG 4qp¢? 4qp*
We remark that for g =p = % one recovers B(¢) = (v/1+{ —+/1—()/(, as found in [48].
As in the previous case, the direct computation of the phase w(k, () can be avoided: as a

consequence of the Sokhotski—Plemelj formulae [see (138) later in the paper], we have the
relation

B(¢) =

e—iw(k0) — B({) ¢y (¢%,¢) '

75
oW 7
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Finally, to obtain H,,(k,{) we use (15). We note that w =0 is a pole of order b + 1, hence:

. ko) by 1 mor g ql-m
Hy, (k,C) _¢)0 (07<) Pcb' &13})2)(”1) |:WE(C)_W:| |:eik_w:|

m=

ek 2 (b) m! (b—m)!
_%®£)Mw3ﬁggmbwm—M”W@—m“WI
o8 (0,0 1= [e*we(Q)" 1= [ wp ()]

powe(Q) T—eifwe(Q)  T-ebwrQ) O

By plugging these results in (10a) and (10b) and using B(¢) = 1/4/¢¢ (0,¢), we obtain

ik(b+1)
Ak _ e 77
» (k. C) we (O 7
) 1 = (e ()"
%@O‘u—m@w%mwaoll—&mﬂo | "

Again, we avoid a thorough analysis of these results. We just point out that the escape
probability & is written in terms of & as

&= (&), (79)

where

Eo=Fo(0,1)=

(80)

B |— | —

1 2p IR ifp >
we(l)  1+[2p—1] | & ifp<

If we introduce the mean jump (X;) =p — g = p, write p = % +%andg
F5(0,¢)/Ep, we obtain

F»(0,0) _ {WE(I)TH — ¢+ 1+ |yl " (81)
& we (C) L+/T=(—)2)

which is independent of the sign of x. Once again, this is a display of the first-passage duality.

—1_p
= 5 — 5 and compute

4. Asymptotic results: survival probability and leap-over for Lévy flights

In the previous section, we analysed in detail situations in which the peculiar form of the jump
distribution leads to the derivation of closed-form results. Obviously, this is not possible in
general. Nevertheless, the fact that our formulae (6a)—(6b) and (10a)—(10b) are written solely
in term of the characteristic function of the jumps (k) allows one to extract the asymptotic
behavior of the quantities of interest for a broad class of distributions, as we will show in this
section.



J. Phys. A: Math. Theor. 58 (2025) 475002 M Radice and G Cristadoro

Table 1. Asymptotic behaviors of the survival probability go(n) for Lévy flights.

«a B8 I Large-n behaviour of go(n)
(0, 1) (71, 1) any qO(n) o nf%fﬁarctan[ﬁtan(%)]
1 0 any qo(n) n~ 2w aean( )

0 qo(n) o nféfﬁarctan[ﬁtan(%)]
(1,2) (-1,1) positive go(n) xcn™®

negative go(n) — Const.

4.1. Survival probability generating function: breakdown of Sparre-Andersen universality

The Sparre-Andersen theorem is an important result in fluctuation theory [37]. It states that
for any random walk with iid jumps drawn from a continuous and symmetric distribution, the
generating function Qy(0,() is

Q(0,¢) = (82)

independently of the fine details of H(k), as we can easily obtain from (6b). It follows that, for
a broad class of random walks, the survival probability go(n) is exactly

F(n—|—%)

— 2 83
r(Hr(n+1)’ (83)

qo(n) =

where I'(z) is the Gamma function. For large n, go(n) displays an asymptotic power-law decay
characterized by the exponent 1, viz. go(n) ~ 1/\/mn.

This remarkable universal form of the survival probability fails in the presence of asymmet-
ric jump distributions. However, the deviations from the Sparre-Andersen result can be derived
from (6b). Note that, in general, the characteristic function of an asymmetric distribution is a
complex function, {(k) = Pr(k) +ir(k). As a notable example, we analyse the case where
the small-k behaviour of g (k) is of the form Qg (k) ~ 1 — |ak|*, where a >0 and 0 < @ < 2,
and the small-k behaviour of Q;(k) is given by

P (a)sgn (k) [ak|™ + o (|k|*) 0<a<l
91 (k) ~ § pk+o (k) a=1 (84)
pk 4 foo (o) sgn (k) |ak|* +o (|k|*) 1<a<?2

where —1 < <1, —oo <y < 0o and w(a) =tan(ma/2). These expansions describe an
asymmetric PDF () with diverging variance, as well as diverging mean in the range 0 <
a < 1. Such kinds of random walks are called Lévy flights and are widely studied in a broad
range of applications. The effects of asymmetry on the survival probability of Lévy flights
is studied in several works. For example, the role of a constant drift ;z added to a symmetric
jump distribution is investigated in [45-47, 59], while the impact of the distribution’s skew-
ness, measured by the parameter /3, is examined in [60, 61].

In this work, we consider the combined effect of 5 and p, and compute the exact asymp-
totic decay of go(n) for 0 < « < 2. The decay exponents are consistent with those obtained in
previous work [46, 60] and are summarized in table 1. Furthermore, we obtain exact formulae

16
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Figure 5. Asymptotic decay of go(n) for Lévy flights with jumps drawn from skewed
Lévy stable laws. The asymptotic behavior of the data is compared with our analyt-
ical predictions, see below. Panel (a): case 0 < v < 1. The data (markers) are obtained
by evolving 10° random walks and the analytical prediction (solid lines) are given
by (B.19). Panel (b)—(c): case 1 < a < 2, with g > 0. The number of simulations is
10%. The data are compared with the analytical predictions of (B.30). Panel (d): case
1 < p < 2, withy < 0. The number of simulation is 10°. The data converge to a con-
stant, whose theoretical value (dashed line) is given by (B.33).

for the coefficients, which are given only in terms of (k). The technical details of the deriva-
tion are reported in appendix B. We test these results by considering jumps drawn from from
a Lévy stable law, with [62]

S0 — exp{ipk — |ak|*[1 —iBsgn (k)= ()]} a#1
exp (ipk — |ak|) a=1

(85)

which allows us to compute the coefficients explicitly. The results and the comparisons with
numerical data are shown in figure 5. Interestingly, in the case ;=0 we obtain that go(n) is
given exactly by

I'(n+7)

1 1 TQ
qo0 (n) = W, Y= 5 + Earctan |:ﬁtan (7)j| 5 (86)

see figure 6.
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1073 ‘
100 10! 102

n

Figure 6. Exact survival probability go(n) for Lévy flights, with jumps drawn from
skewed Lévy stable laws with p = 0. The exact theoretical result of (86) is compared
with our numerical simulations (markers). Each value of the survival probability is
obtained by evolving 10’ random walks.

We remark that the case o = 2 corresponds to distributions possessing a finite variance o
It was shown in [46] that for such distributions the survival probability displays an exponential
decay modulated by a power-law o n~3/2 for i > 0, while it decays to a constant for y < 0.
This is consistent with the explicit example we treated in section 3, see equations (49) and (51).

4.2. Leap-over of symmetric Lévy flights

The study of the leap-over has attracted particular interest in the literature when associated
with Lévy flights [9, 10, 13-15]. Let us assume that p() is symmetric, so that p(k) is
real. Moreover, for small-k, {(k) ~ 1 — |ak|®, with 0 < o < 2. By using the relation £, (k) =
e *0 I} (k, 1) and evaluating the small-k behavior, we get

R [Z:}, (k)] ~ 1= Hy (0, 1) cos (mau/4) [ak|*/?, 87)

see appendix C for more details. Such a small-k behavior of the real part of the Fourier trans-
form corresponds to the large-¢ decay of the leap-over PDF:

aty (0,1)a*/? y1-a/2

L6~ 2T (1—a/2)

(88)
Remarkably, £, (/) displays a slow power-law decay oc £~!=/2, Hence, for Lévy flights the
distribution of L;, is broader than the parent jump distribution and always possesses a diverging
mean, even in the range 1 < o < 2 where the average jump length (|X;|) is finite.

We emphasize that, while in the continuous-time formalism the leap-over PDF is known
exactly [9, 14], much less is known in the discrete-time scenario we consider here. In particular,
the dependence of the distribution on the distance b between the starting point and the barrier is
not well understood. From (88), we see that the asymptotic expression of the PDF depends on
b by means of the factor H,(0, 1). Although in general one can not obtain H, (0, 1) explicitly,
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Figure 7. Asymptotic power-law decay of the leap-over PDF for symmetric Lévy flights,
with & =0.5 (panel (a)) and ao= 1.5 (panel (b)). In both cases, the scale is a=1. The

distributions are obtained by evolving 108 (panel (a)) and 10’ (panel (b)) Lévy flights.
The tails of the distributions are compared with the theoretical estimates given in (89),
displaying good agreement.

it is possible to derive approximate expressions in the limits where the ratio b/a is small or
large, see appendix C. We consequently get the following asymptotic behaviors:

al (2 )\h/a)
Ch(1—a/2)
sin(mar/2) (Q) a/2

where Iy(z) is the zero-order modified Bessel function of the first kind and A is a constant that
depends on p(k), defined by

aa/2

Ly () ~ Jiran X (89)

QT VT

—0
— 00

A:—a/mmﬂ—@MMk (90)
™ Jo

For symmetric Lévy stable laws, with H(k) =e~1%I" | the integral in (90) can be computed
explicitly [12], yielding

A:1C<
™

where ((z) denotes the Riemann Zeta function. The different asymptotic regimes of (89) are
illustrated in figure 7 for two different values of o and compared with numerical simulations,
showing good agreement with the theoretical predictions.

We point out that the case Z — 00 in (89) displays the same dependence on b obtained in
the continuous-time formalism [9, 14]. The matching of the two results stems from the fact
that the limit g — oo corresponds to a regime in which the distance b becomes macroscopic
with respect to the scale a of the jumps. Thus, such a regime can be interpreted as a continuous
limit of the random walk.

1
1+—

i

1

)

oD
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5. Derivation of the main formulae: interpretation as a Riemann-Hilbert
problem and solution

Here we derive the main formulae presented in section 2. As already mentioned, our approach
starts from relation (5). Let us introduce the complex variable z = k + is and note that, accord-
ing to the definitions (4a) and (4b), the functions e ~'?* F,(z,¢) and e 7'?*Q,(z, () are bounded
and analytic for s >0 and s < 0, respectively. To take advantage of this, we multiply (5) by
e~ and then add 1 on both sides, obtaining

1—e ®F, (k<) =[1— (k)] e Q, (k) + 1 —e k. (92)

The lhs of this equation can now be analytically extended to a bounded function in the upper
half-plane, say ¥, (z,¢). Similarly, e=**Q, (k,() can be analytically extended to a bounded
function in the lower half-plane, say ¥, (z,(). Together, they form the function ¥(z, ()

U (z,¢) ==1—e"*F,(z,()

. 93
U, (2,¢) :==e7 9, (2,() ©3)

&
&

\I’b (Za C) = {

which is bounded and analytic for 3(z) # 0. A function of this kind is called a sectionally
analytic function. In view of (92), the branches W (z,¢) satisfy for (z) = 0 the relation

U (k,Q)=[1=C¢Hk)] Y, (kC)+1—e ™. (94)

Note that, according to the definitions (4a) and (4b), e % F},(z,¢) vanishes when 3(z) — oo,
while e 7% Q,(z,¢) converges to a constant for (z) — —oo:

o0

e iQ, (2,¢) = Cp () := ZCHP (S, =b,7,>n). (95)

n=0

This means that, since ¥, (z,() is defined by (93), it must satisfy for $(z) — +oo

1 for S (z) = +o0

Cy(¢) for I (z) = —o0. (96)

\Ilb(z,C)—>{

Our aim is then to find a sectionally analytic function ¥, (z,() that satisfies (96) and whose
branches \I/,it (z,¢) satisfy on the real line the linear relation (92).

The problem of reconstructing a function in the complex plane from a prescribed jump
condition across a curve is known as Riemann—Hilbert problem [51, 63, 64]. The theory for
this kind of problems is well known, so we will avoid a detailed discussion, which can be
found e.g. in [51], and present only a brief general outline of method of solution. For the
sake of clarity, let us first report more precisely the statement of a generic Riemann—Hilbert
problem:

Suppose that C is a simple smooth closed contour, separating the complex plane into the
interior domain D (the domain within C) and the exterior domain D~ (the domain comple-
mentary to D + C). Two functions, G(k) and g(k), are given on C, such that

(i) G(k) does not vanish on C;
(i) Holder condition: for any pair of points on C, both G(k) and g(k) satisfy

If (k1) —f(ka) | < Alky — k2|, A>0,a>0;

20
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(iii) Decay condition: if C contains z = co, then G(k) tends to a well-defined limit G(o0) as
k — o0, and for large k

M
G =Gloo)| < i M> 0,410,

Find two functions U (z) and U~ (z), which are analytic in D™ and D™, respectively, and
satisfy on C the boundary relation

U (k) =G (k) U™ (k) +g (k).

In the particular case where g(k) =0, the problem is said homogeneous, otherwise non-
homogeneous. The function G(k) is called the coefficient of the problem and g(k) its free
term.

To solve the problem, we follow these steps: first, we determine a particular special solution
of the homogeneous problem, called the canonical solution. Defining precisely what is the
canonical solution is beyond the scope of this paper, one can refer to [51] for more details.
We assume here that In G(k) is a single-valued function, in which case the canonical solution
is a solution 9y(z) that has no zeros, is analytic for z ¢ C, satisfies the condition at infinity
1p(00) = 1 and the homogeneous boundary condition

by (k) =G (k) (k). 97)
This solution is given by
1 [ InG
Yo (z) = exp {m/e I;_(Zt)dt], z¢C. (98)

The canonical solution is then used to construct the solution of the non-homogeneous problem.
Note that 9 (k) /1y (k) = G(k), thus we can rewrite the boundary relation as

Ut(k) O (k k

bo (k) g (k) g (k)

1(z)::2im/ glr) dr z¢C, (100)

c wa'_ (l‘) t—7
and call I*(z) the branches of I(z) when z belongs to Dt and D™, respectively. By the
Sokhotski—Plemelj formulae, see appendix A, we have that for k € C

Now define

) -1 (k)= 2% 101
and we use this to rewrite (99) as
Ut (k) " U= (k) _
—I" (k)= —1I" (k). 102
IR R (1o

The lhs can be analytically extended in the interior domain, and the rhs in the exterior domain.
Thus, together they define an entire bounded function, hence a constant A. It follows that the
general solution of the non-homogeneous Riemann—Hilbert problem is

W (z) =v0(2) [I(z) +A]. (103)

According to the discussion of section 2, it seems natural to identify C with the real line.
With this choice, however, we need the coefficient of the problem G(k) to satisfy the decay
condition (iii). Since G(k) = 1 — (p(k), with 0 < ¢ < 1, the large-k behaviour depends on the
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properties of {(k). If the jumps are continuous, the Riemann-Lebesgue Lemma ensures that
p(k) decays to zero; on the other hand, if the jumps are discrete, {(k) generally does not tend
to a limit, which suggests to make a different choice for C. For this reason, in the following we
will treat the two cases separately.

5.1 Continuous jumps

In this case (k) is a Fourier transform

“+o0
P (k) = / e*p(£)de. (104)
As already mentioned, the Riemann—Lebesgue Lemma allows us to make the natural choice
C = (—00,00), and the canonical solution is thus written as

1 /+°°1n[1—C§(t)}

2mi ) o t—z

Yo (z,¢) = eXp{ dr} . S(z)#0. (105)
We note that 1y(z,() solves our Riemann—Hilbert problem in the case b =0. Indeed, setting
b =0 in (94) yields the homogeneous boundary relation

i (k,C)=[1-C¢p (k)] Ty (k). (106)

Furthermore, for 5 =0 the constant C(¢) is equal to 1, see (95). Indeed, since the jumps are
continuous, the probability P(S, = b, 7, > n) of occupying precisely the point b =0 vanishes
for any n > 1, while itis 1 for n = 0, since the walk starts from the origin. Thus, the solution we
seek converges to 1 as §(z) — oo, see (96), whence we conclude that Wo(z,¢) = ¢ (k, ().
By using the Sokhotski—Plemelj formulae on (105), we find that the limit values \I/(]—L(k, ¢) are
given by

U (k,¢) = [1 - CH (k)52 e 12k, (107)

where Q(k,() is defined by (7). Consequently, we obtain the formulae for the transforms
f()(k, C) and Q()(k,C):

Fok,Q) = 1=9F (k,¢) =1 —/T=(H(k)e 00 (108a)
Q0(2.0) = Wy (ko Q) = 08b
0(2,¢) =¥y (k,C) = ———==- (108b)
’ N0
To find the solution for b > 0, we introduce the function
1 [T 1—e dr
I = — _— 3 0 109
b(Z7C) 271_1/_00 @g(f,C)t—Z7 ‘X(Z)7é ’ ( )

so that the general solution is of the form

Uy (2,¢) = Yo (2,€) [Ir (z,¢) +Ap Q)] - (110)

To determine the constant A,(¢), we use the condition at infinity (96). Note that for b > 0 we
have C,(¢) = 0, because in this case P(S,, = b, 7, > n) = 0 for any n. Thus, we seek ¥}, (z,() —
1 as §(z) — oo and Uy(z,¢) — 0 as I(z) — —oo. Let us introduce the following identity:

+o0 1 _1 QY
1 1 dt:{\I'(T(Z,C) L forS(z) >0 ain

2mi ) o mt—z -1 for 3 (z) <0,
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which is obtained by integrating the lhs over a contour consisting of the segment (—R, R) and
the semicircle z = Re'?, with 0 < § < 7. Indeed, it follows from the properties of ¥ (z, () that,
in the limit R — oo, the integration on the semicircle yields a finite contribution equal to %,
while the contribution on the segment is the integral on (—o0, 00) note that this is interpreted
as the Cauchy principal value, see appendix A. In virtue of the residue theorem, an additional
contribution 1/¥ (z,¢) is provided if z lies inside the contour, i.e. for 3(z) > 0, whence we
obtain (111). We can now use (111) to rewrite I,(z,¢) as

1 11 oo T
I(z,0)={ WO 2 2w o wegie S@>0 (112)
b \Z, = _l_LJHHXJ e~ it dr C\}( )<O
27 IniJ oo Ui () 1= <

and observe that when |z| — oo, the integral at the rhs vanishes. Thus, recalling that U(z, ()

is the canonical solution, we obtain ,,(z,{) — 1 as $(z) — oo and I,(z,{) — —1 as S(z) —
—o00, whence we conclude A,(¢) = % Therefore, plugging A,(¢) = % and (112) into (110),
we find that the branches \Ilzt (z,¢) are

Uy (2,6) —lwzgfi’o/:oqé(fotd_tz (113a)

U, (2:0) = - \Ijo_zgfi’ 9, /:o q/;(izt,bg) td_tz. (113b)
We can now obtain 75(z,¢) and Qy (2, ) as follows:

R

 (2:€) =eiZb‘I’b(z,C)=—\Ij°2§fi’o/;mmtd_tz. (114b)

The last step is to compute the limits when the imaginary part of z = k + is tends to 0 from
above and below. The Sokhotski—Plemelj formulae yield

+oo —i(t—2)b + ; +oo o —i(t—k)b
{/ e+ dt] _ . +7r1 +/ e+ dt (115)
—oo \Ijo (t,C) -z \Ilo (ka C) —o0 \Ijo (t, C) r—k

. +ioco ub d
::I:+ﬂ-71 _/ %iﬂ (116)
Uy (k,Q) “ico ¥y (k+1iu,C) u

where in the second line we first shifted the integration variable, u = ¢ — k, and then performed
a rotation, u = iu. Note that at the rhs we have a singular integral. To compute its principal
value, we consider a path 5 along the imaginary axis that passes on the right of the singularity
u =0 along a semicircle of radius e centred at the origin. The principal value is then obtained
by subtracting the integral on the semicircle to the integral on B and taking the limit ¢ — 0.
Since the integral on the semicircle, in the limit, gives the contribution 7i/ ¥ (k, (), we have

/-Hoo eub % _ / eub % B i (117)
oo U (ktiu,¢) u S U (k+iu ) u V()
whence we obtain

Ty (k,Q) =1 =g (k) Hy (k,C) (118a)
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where Hy(k, () is the integral defined in (9). Equations (6a)-(6b) follow by using (107).
Finally, we prove that Ho(k,{) = 1, so that the solutions are continuous with respect to b.
Indeed, let us rewrite

1 e’ 1 et 1
R e e [ e,
The first integral at the rhs is equal to 1 for any b > 0. In the second integral instead we can
take the limit b — 0 and then perform the integration by closing the contour with a semicircle
z = Rel?, with —% < 0 < 3. The contribution on the semicircle vanishes for R — oo, hence,
by the residue theorem, the integral on B is zero, which proves the claim.

du. (119)

5.2. Discrete jumps

We assume that in this case the characteristic function (k) is of the form

p(k) = / ek [Z P (X, = am)§ (€ —am)| d¢ (120)
mez
= Zeik“mP(Xl =am), (121)
mez

where, without loss of generality, we can set a = 1. Therefore, {(k) is a Fourier series, hence a
periodic function that does not vanish for |k| — oo. To circumvent this issue, we will consider
the problem over an interval of k corresponding to a period.

Let t=¢f be a point on the unit circle, with k € (—m, 7). Furthermore, let us denote a
generic complex number w as w = ', with z = k + is. Note that w lies in the interior of the
unit circle if s > 0 and in the exterior if s < 0. Let us introduce the auxiliary sectionally analytic
function

) (w,¢) :=1—wF, (—ilnw,() |w|<1

z . (122)
Dy (w,0) = w b Qy (—ilnw,¢)  |w| > 1.

(I)b (W, C) = {
Note that <I>bjE (w,() are bounded and analytic in the interior and exterior of the unit circle,
respectively. By using k = —ilnt in (94), we obtain the boundary relation on the unit circle:

Of (1,0) =[1—(P. (1)) @y (,O)+1—17", (123)

where 0. (f) = p(—ilnt). In practice, we have replaced our original problem to an equival-
ent one where C is the unit circle. Since C does not contain the point at infinity, we can
now disregard the decay condition. The conditions at infinity for ®,(w, () can be obtained
from (122). We recall that e ~* F;,(z, ) vanishes when S(z) — 0o, and e 7% Q,(z,¢) — Cp(€)
when (z) — —oo, which can be translated to

We call ¢o(w, () the canonical solution of this problem, which is given by

o (W, C) =exp{1/CW

2mi

dr}7 w| # 1, (125)

and, as usual, we denote as qbgt (w, () its branches. Observe indeed that the integral at the rhs
vanishes when w — oo, thus ¢y (00, () = 1. On the other hand, for w = 0 we obtain the constant
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60(0,¢) = exp{zl. / Wdr} (126)
T Je t
(" .
:exp{zﬂ_/ In[1 —Cp(Q)]dQ} =:1/B(¢)*. (127)
Following the same steps as before, we introduce
1 -t dr
Ib(WaC):%i/cht_wa w| # 1, (128)

and write the general solution as

To determine the constant A, (¢), we use the fact that ®, (00, () = C»((), and that I,(c0,¢) = 0.
This implies A, (¢) = Cp(¢). Furthermore, from the condition ®,(0,¢) = 1 it follows A, (¢) =
1/¢0(0,¢) — 1,(0,¢). This means that we can set

Iy (W7<) +Ap (C) - 1/¢0 (074) +1p (Wa C) =1 (07C)

1 1—wt = ar

T 2riJe 4y (1,Q) —w 0
where we used
1 1 1 1 dt
= =— | ———, 131
$0(0,¢) ¢y (0,0) Zﬂl/csb({(hé)f (30
Therefore,
oW, Q) [ 1—wrt dr
L A o= (1

Before moving on, we first state some preliminary results. When w is a point on the unit
circle, viz. w = e!¥, the boundary values gb(j)t (e, ¢) of the canonical solution are

) N 1 1 In[1 —(p.
o1 (¢%,0) :[1—<p(kﬂi2exp{27Ti /C Wdr} (133)
_ Sy ES L [T In[1-¢H(8)]
=[1-¢p(k)] exp{M/_Tr l—ei(’<9)d9}’ (134)

where in the second line we performed the change of variable t = ¢!’ recall that {, (el?) = 5(6),
see (12). By using the identity

1 1 +icot(p/2)
— = 1
1 —el¥ 2 ’ (135)
we can rewrite
" In[1—¢p(0)] e ~
/_W e ¥=3 /_,,1““ —Cp(O)]dd

_ %/ﬁ In[1 — (G (6)]cot (92") do, (136)
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where the first integral at the rhs is not singular and the second term is —27iw(k, (), see (11).
Therefore, by combining (134) and (136), we find the relation

0% (.0 =1~ @1 exp{ o= [ mi1 - o) —iw(k.0) | (137)
ek
=[1-¢p (k)] B (138)

where we used the definition (127) for B(¢). Now we note that in the case b=0, we
have Ip(w,() =0, see (128), and Ay(¢) = Co(¢). Hence, according to (129), the solution
is ®g(w,¢) = Co(¢)po(w, (). Furthermore, from the condition ®y(0,{) =1 it follows that
Co(¢) = 1/¢0(0,¢) = B(¢)?, see again (127). Hence, we can multiply the lhs of (138) by Cy(¢)
and the rhs by B(()?, obtaining

i ~ 1 —iw
B (€%.0) = [1 = CH (k)72 B(()e k0. (139)
To obtain the transforms F,(k, () and Qy(k, (), observe that
L/ L& Jgrwg o (140)
2mi Je ¢y (1,C) 1=W 0 for |w| > 1
whence
Fy (=ilnw,¢) =w’ [1 = ®F (w,Q)] = ¢ (w,{)Jp (w,C) (141a)
Qp (—ilnw,¢) =w'®, (w,¢) = =gy (w,{)Jp (w, (), (141b)
see (132), where
wht! b1 dr
J, = 1. 142
b(W,C) i /C(bg (l,g)t7W7 |W| 7é ( )
The limits of J,(w, () when w approaches a point el on the unit circle are
) 1 eik(bJrl) b1 dr
Ji 1k’ -+ i + / —, 143
b ) =@ T LR GO (14

where, to compute the integral at the rhs, we use a strategy similar to the previous case. We
consider the integral on a path C, which is the unit circle deformed to avoid e. This point
is avoided by passing along a semicircle of radius € centred on ¥, in such a way that e is
left in the exterior. Again, in the limit ¢ — O the difference between the integral on C and the
integral on the semicircle yields the principal value of the singular integral. Since C is defined
in such a way that the only singular point in the interior is the origin, the former integral may be
evaluated with the residue theorem, while the latter tends to the limit —e = *(+1 /20" (e, ().
By putting all together, we arrive at

_ b1 Gik(b+1)
Ty (k,Q) =1— ¢ (¢*,¢)Res Léo*(zoe"—zz = ] (144a)
o b1 eik(b+1)
Q) (k,¢) = ¢y (e*,¢) Res {Wek_zz = } 7 (144b)
which correspond to (10a) and (10b). Note that for b=0
-1 eik 1
Res | gyt 0] T o (0.0 (5
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thus Hy(k,¢) = 1, see (15).

6. Conclusions and perspective

In this work, we studied first-passage problems for one-dimensional random walks with iid
jumps starting from the origin. By mapping the initial problem to an equivalent Riemann—
Hilbert problem, we were able to determine exact and semi-explicit general formulae for the
quantities of interest, such as the joint distribution of the first-passage time and first-passage
position beyond a threshold b > 0, as well as the distribution of the random walks that do not
cross b up to step n, from which one can determine the survival probability in (—oo,b|. Such
formulae were used to carry out a thorough analysis of examples in which it was possible
to obtain closed-form expressions, and an exact asymptotic analysis of examples for which
closed-form results could not be obtained.

We point out that our approach can be applied to a more general setting, where the random
walk S, is associated with a cost process C,, [18]. For instance, we can consider the case where
each jump incurs a cost (e.g. time or energy), in which case one might be interested in the total
cost incurred up to the first-passage time. Such a generalized random walk model has found
recently many applications in physics [65-72]. Our approach allows for exact results in cases
involving asymmetries in the random walk or cost process, providing a deeper understanding
of the model.
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Appendix A. Cauchy principal value and Sokhotski—Plemelj formulae

The results presented in this paper make use of the notion of Cauchy principal value of a
singular integral and the Sokhostski—Plemelj formulae. Here we provide definitions for both.
Principal value of a singular integral:Consider a definite integral of a real function f(x) and
suppose that f(x) diverges at a point c in the integration range, a < ¢ < b. If

e—0t

c—€ b
lim [ / fodss [ f(x)dx] (A1)

exists, the limit is called the Cauchy principal value of the integral. To avoid ambiguities, in this
appendix we denote it with the symbol PV f . The definition is based on the idea of avoiding the
singularity by cutting out a symmetric neighborhood of c. The same idea can be applied to the
improper integral | _Jr;o f(x)dx, which can be understood in the sense of the Cauchy principal
value as

+o0 +R
PV / fx)dx= lim [ f(x)dx, (A2)

oo R— o0 R

provided that the limit at the rhs exists. When the integration is taken over a curve C, we take

a small circle of radius e centered on ¢, and denote as C — e the part of the curve cut out by the
circle. The Cauchy principal value of the curvilinear integral is

PV /f(t) dr= lim f(n)dr. (A.3)
c =0t Je—e

Sokhotski—Plemelj formulae:Let C be a simple smooth closed curve in the complex plane and

G(t) a function of position on C, which is assumed to satisfy the Holder condition on the curve.

The function

V() = /c G 4. (Ad)

Y i

defined by the Cauchy integral, is analytic for any z ¢ C. Furthermore, v (z) splits into two
independent analytic functions ¢)* (z), depending on whether z belongs to the interior domain
D™ or the exterior domain D~ One can show that the functions 1) (z) and 1/~ (z) have limiting
values 1) (k) and 1)~ (k) as z approaches any point k € C along any arbitrary path, and these
values are given by the Sokhotski—Plemelj formulae:

0=V os Lpy [ G0
" (k)_ZG(k)—i—zﬂiPV/Ctikdt (A.5)
I I G (1)
” (k)_zG(k)Jrz?TiPV/Ct_kdt. (A6)

The same formulae apply when C is the real line, in which case D corresponds to the upper-
half plane and D~ to the lower-half plane.

Appendix B. Asymptotic behaviour of ¢¢(r) for Lévy flights

Starting from the general result

o —i2(0.0)
Qo(OaC)Zgg %(”)Zﬁ, (B.1)
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see (6b), by employing Tauberian theorems one can deduce the large-n behavior of ¢ (n) from
the singular behavior of Qy(0,¢) as ¢ — 1. To do so, we need to compute the singular behavior
of the phase €2(0, (). We first note that

_m(o,ozzim[ Linl1 — o)

1 [d N
=5/ {arg[l—Cp(t)]
_ L [*d Cpr (1)
= W/o p arctan [1 ~ on (t)} . (B.2)

In the second line, we used the fact that In[|1 — {©(k)|] is an even function of k, thus the
integrand is odd and thus the integral, understood in the sense of the principal value, vanishes.
In the third line, we wrote explicitly arg[1 — (p(k)] and noted that the integrand is an even
function. The integral is not singular because the divergence at ¢ = 0 is integrable for 0 < ¢ < 1.
Furthermore, by writing ((k) = p(k)e™”®) and using the identity

3(2) — " .
arctan [1%(2)} = n§:1:78m [narg(z)], [o| <1,z#1, (B.3)
see also [46], we can rewrite
L ¢" [Fp®)"
~i(0 ;z:; / sin [ (1)) dr (B4)

Equation (B.4) will be particularly useful for the following analysis. We begin by considering
Lévy stable laws and then expand to general heavy-tailed jump distributions.

B.1. Lévy stable laws
The exact characteristic function is explicitly given by (85). Thus,

wk+ B (o) sgn (k) |ak]*  a #1

B.5
Lk a=1, (B-5)

pk) = 4" 9 (k) —{

where w(a) = tan(mwa/2). First, we note that for o # 1, if we set u =0 the integral at the rhs
of (B.4)is

o0 g 1" 1 [Ce!
/ sin[fw () 1] dr = —/ —sin[fw (a) 1] dt (B.6)
0 t a Jo t
0 L—[l—-ifw(a)]t _ ~—[1+ifw(a)]t
_ L [e © dr, (B.7)
21a 0 t

where in the first line we employed t* — ¢. The second line can be evaluated as follows: set
¢ :=1+i|fw(a)l, so that arg(c) = arctan[| fww(a)|] € (0,5 ), and consider

/ L (B.8)
C

29



J. Phys. A: Math. Theor. 58 (2025) 475002 M Radice and G Cristadoro

where C is the contour in figure B1(a), consisting of the arcs of two circumferences centred at
the origin, of radius €|s| and R|c| respectively, both of angle ¢ = 2arg(s), connected by two
line segments C; and C,. From the residue theorem, we obtain the relation

R _ —c arg(s) ; i
/ wdt: i/ (e*'g‘e‘e — e_nglele) de, (B.9)
¢ t —arg(s)

where ¢ is the complex conjugate of ¢. By taking the limits e = 0, R — co, and writing expli-
citly ¢ = 1 +i|fw(a)], ¢ =1 —i|Bw(«)|, we arrive at the identity

00 o—l1=ilFm(@)llt _ g [1+ilBw (el
/ di = diarctan[| B (a) . (B.10)
0

t

Note that the absolute value can be dropped. Therefore, going back to (B.7), we finally get

00 L —t% 1
/ ©—sin[f (a)°]dr = — arctan [ (0)]. (B.11)
0
By plugging this in (B.4) and then using (B.1), we obtain
1 1 1
Q() (O,C) = W, ’y: E—’—Earctan[BW(a)], (B12)

whence it follows the exact expression of go(n) given in (86). With the same calculations, we
can show that for a =1 and any g,

Ce T oty i
/0 Tsm (;) dt—arctan<a>, (B.13)
thus
1 1 1 1
90(0,¢) = m, "= 5 + ;arctan (E) , (B.14)

which yields the same result obtained in [45]. We are left to consider the cases with o # 1 and
1w#0. Westudy 0 < o < 1 and 1 < a < 2 separately.

B.11 0<a<1.  We prove that in this case Q(0,¢) can be put in the form

—Ua (G1,8) 1 1
Q0(0,¢) = W7 V=5t actan [Bw ()], (B.15)
where U, (C; 1, ) is the power series
o (G B ZC (n; 1, B), (B.16)

with U, (n; i, B) denoting the integrals

Uy (n;p,8) = /000 %e_ta { sin [Bw (a)1* + ,uit}

anl/a—1
— sin[fw () 1] } (B.17)
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By analyzing the regime ¢ — 1, one extracts the singular behavior

e~ Ua(Lip,B)
QO(O»C)Nma (B.13)
and by an application of Tauberian theorems one deduces the large-n decay
—Ua (1511,8)
qo(n) ~ mn*? (B.19)
To prove these results, we use (B.4) to write explicitly
1i0(0,¢) = _724" /°° " sin (@ o @20)

By summing and subtracting the integral of (B.11), the integral at the rhs can be written as

oo —1% ) 1
/0 e —sin {ﬁw (@)™ + #‘2*1} dt=U, (n;p,B) — - arctan [Bw (a)]. (B.21)
Thus,
—iQ(0,() = —Uqa (G 11, B) + %arctan [Bw (a)]In(1—¢), (B.22)

whence it follows (B.15). We now show that U, ((; ¢, 3) tends to a finite limit for { — 1. By
using the identity (B.3) to sum the series defining U, (¢; i1, 8), we have

. L[t Ce " sin (ut/a + Bw (a) 1)
Un (G 1, 8) = 7T/O p {ar“an {1 — Ce—'"cos (ut/a+ B (a) f“)}

Ce " sin (Bw (a) 1)
— arctan L = e cos (B (a) t")] } (B.23)

One can use this expression to show that, for ( = 1, the integrand has an integrable singularity
ox =% at =0, thus U, (1;u, ) is finite. It follows that the singular behavior of Qy(0,() as
¢ —11is given by (B.18), whence we deduce the large-n decay of (B.19).

B.12. 1 <a<?2.  Letusdefine

(1= —arctan [|5|w1(a)] = —arctan Lm cot (wa)} € (07 g) . (B.24)

Furthermore, let us introduce the parameters

o a_\"2pw(a)O[—sgn(p)
Ao (i, B) :=sgn(p) (|u|cosgo) . > (B.25)
+ @ (a)
(o \"BEPe
Ba ) = o) , (826

14 2w ()’
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iS(2)

G

€ Cl R R(2)

(a) (b)

Figure B1. Integration contours for the evaluation of the integrals in (B.7) (panel (a))
and (B.37) (panel (b)). In (a) the arcs have radius €|s| and R|c], respectively, and angle
¢ =2arg(s), where ¢ = 1 +i|8w(«)|. In (b) the arcs have radius € and R, respectively,
and angle ¢ = —arctan[cot(w/2)/|8]], ensuring that the contribution on Cg vanishes
in the limit R — oo.

where, in the first line, ©(x) denotes the Theta function: ©(x) =1 for x>0 and ©(x) =0
otherwise. We prove that, depending on the sign of i, the generating function Q(0,¢) can be
written as

e~ Va(Sin,B) 1 <0
= I_C
QO (07C) {eva(c;u’ﬁ) [ >0 (B27)
where V(¢ u, B) is
sgn ( >, ¢
Va (G, 8) = 22 Z% (n; 1, 8) (B.28)

with V, (n; u, 8) denoting

Vo (n51,8) = a/oo %e_"a“(g) X {eAun(sﬁl)la sin {t— W} —sin (t)} (B.29)

0 nafl

It follows that we have two distinct asymptotic behaviors for go(n):

(i) For p > 0, we find that go(n) exhibits the power-law decay

—Va (Li,8)
40 (1) ~ [Aa (11, 8) S (8) + B (11,8 Ca (B)) ———. (8.30)
where C,, () and S, (3) are the integrals defined by
oo ,—rtan( £
Co (B) = a/ etl_i)cos(t)dt (B.31)
0
oo 7ttan(£)
Sa(B) = a / %sm(r)da (B.32)
0
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(ii) For 1 < 0, in the long time limit the survival probability converges to a constant, viz.

qo (n) — exp[—Va (1;1,5)]. (B.33)

To prove these results, let us write (B.4) as
n —c1t/n ¢
—iQ(0,¢) = _sen(p) Z ¢ / sm( e 4 22 1)dt7 (B.34)

where, for simplicity, we set

el = (“) | (B.35)
|l

_fwl) (B.36)
sgn ()
To extract the large-n behavior of the integral at the rhs of (B.34), we consider the contour
integral
dz 12 . 102z
/dzf(z) = / —exp (— al—l +ig!/ + a2_1> , (B.37)
c ¢z n n

where C is the contour in figure B1, consisting of the arcs of two circumferences centered at
the origin, of radius € and R respectively, both of angle o, connected by two line segments C;
and C,. Note that the integral at the rhs of (B.34) is

0o efclt/n"‘_I ) ot
S sin(a/e L) -k &
/0 t sm(t + ) dr Rﬁg@rg%\c{ /C Idzf(z)]. (B.38)

One can show that in the limit R — oo the contribution on Cg vanishes, while

lim [ dzf(z) — —ie. (B.39)

e—0 I

Therefore, by the residue theorem we have

lim / dzf(z) = —hm / dzf(z) lim dzf(z), (B.40)
R—00,e—0 R—)oo,e—>0 C
=ip+ / dre'f (te'?) (B.41)
0
00 4 ei<p taeiga
=1 dr B.42
o [aia i () B4

where the change of variable ¢ — 1%/ cos® () in the third line has been made for future con-
venience. The imaginary part of the third line is written explicitly as

e’} A (e cos ey sin ) 1™ . _ «
pt+a ﬁe—ttan(fj) e sin 1 (c18inp —cycosp)t ’ (B.43)
0o f cos® (p)na—!

and furthermore, by combining (B.24), (B.35) and (B.36), we have the relations

c1cos@ +cpsing

oy P .
Cieosp —aasing _ p o 3y, (B.45)
cos® ()
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Now, the integral in (B.43) converges for n — oo to the integral

dr _,,
a/o 7e—’““(%) sin (1) = a (g _ g) , (B.46)
thus (B.43) can be rewritten as %5* + V,,(n; 41, 3), see (B.29). Therefore, (B.38) yields
00 g—eit/n! | et T
SR Ry P L) _ T .
t dr= Vo (n;u,0). B.47
By going back to (B.34), it follows that we can rewrite —i{2(0,¢) as
=020, = E W (1 - ¢) v (), (B.43)

hence we obtain the expression of Qy(0,¢) given in (B.27). We now show that V, (1;u, ) is
convergent. By expanding the term in brackets of (B.29) for large n, we get

Va (n;11,8) ~ =Ko (1, B)n' = + 0 (n' %), (B.49)
with
Ko (11,8) = Aa (11, 8) So (B) + Ba (11, 8) Cor (8) (B.50)

where C,, () and S, () are the integrals defined by (B.31) and (B.32). Thus, the coefficients
of the power series defining V,, (n; i, 8) are o< n~ for large n, thus V,, (1; u, 8) is convergent.
Finally, we prove (B.30) and (B.33). For p > 0, we have

Q0 (0,¢) ~ e Vallinh), (B.51)

therefore Qy(0,¢) converges to a constant. To use Tauberian theorems, we need to consider a
divergent series as ¢ — 1, thus we take the derivative with respect to (:

Q,(0,¢) = ;:1 ngo (n) ("' = e ValGimh) [ MNVa (géw 5)] (B.52)
1 o0
_ _Va(<§ 7/6) _ n—1 .
=e a l - nEIIC Va (n,uﬂ)] - (B.53)

Given the asymptotic behaviour of V,,(n; 11, ) in (B.49), it follows that the large-n behaviour
of the coefficients is
e_va(l;uvﬁ) -
ngo (n) ~ S————Ka (. B ', (B.54)

whence it follows (B.30). For p < 0 instead, the generating function Q(0,¢) when ¢ — 1
behaves as
e Va(lin,B)

1-¢ 7

where the numerator is a constant, thus (B.33) follows immediately.

Q0(0,¢) ~ (B.55)

B.2. General Lévy flights

We now extend the results to general Lévy flights. We recall that we consider characteristic
functions of the form (k) = pr(k) +ips(k), with Pgr(k) ~ 1 — |ak|* and p;(k) given by (84)
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for small k. Let us remark that, by writing {(k) in the form (k) = p(k)e”®), we have for
small &:

B (a) sgn (k) |ak|™ 0<ax<l
p(k) ~1—|ak|*, k)~ < uk a=1 (B.56)
pk+ foo (o) sgn (k) |ak]* 1<a<?2

B.2.1. 0<a<1. Letus consider the integral at the rhs of (B.4). With the change of integ-
ration variable 7 — ¢/(an)'/®, in the large-n limit we have

o dt t " t Cdr e o
/0 ~P (W) sin [m? ((an)l/O‘)] N/o —e " sin[e (a) ] (B.57)

1
~ —arctan [Sw (a)], (B.58)
a
thus, for ( — 1
1
i2(0,¢) ~ ——arctan [Sw ()] In (1 = ¢). (B.59)
Ta
Therefore, we multiply and divide Qo(0,¢) by e7a @etan[f=(@)]n(1-0) ohtaining
e~ Ua(GpsB) 1 1
Q0(0,¢) = o 7=+ __arctan [Bw (a)], (B.60)

where U (C; u, B) is the series:

U (G, B) = %Z % {/OOO @ sin [ (1)] d — éarctan 8w (a)]} . (B.61)

n=1
By employing the identity
1 ¢ [0 dr
—arctan (¢)In(1 —¢) = —Z —/ Te_’”a sin (ndt*), (B.62)
« n-Jo
n=1

and then summing the series by using (B.3), we rewrite U ({; i1, 8) as the integral

U (G, B) = 71T/0 it{ arctan {%}

— arctan { ¢e™" sin (B (@) ) ] } (B.63)

1 —Ce~ " cos (Bw (o) 1)

When ¢ — 1, the integrand has an integrable singularity at =0, thus U/ (1;u,3) is finite.
Hence, we conclude that in the limit { — 1 the generating function behaves as

e~ Ua(1;1,8)
Do (O,C) ~ Wa (B.64)
whence we deduce
( ) e_u;(h#vﬁ) 5 65
qgo(n) ~ ——n 7. (B.65)
’ T(1—7)
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B.2.2. =1 With the change of integration variable t — #/(an) in the integral at the rhs
of (B.4), in the large-n limit we have

[ 8 (Y snw ()] ~ [ Sesin() (B.66)

~ arctan (%) : (B.67)

and thus, following the steps of the previous case, we arrive at

e_W(<§H)

1 1
Y1 = = + —arctan (H) , (B.68)
i

QO (O7C) = 2 a

where W((; 1) is

W () = 1 f: ¢ {/OO &:)" sin [n? (7)] dt — arctan (B) } . (B.69)
T n /o a

n=1
Again, one can rewrite W((; i) as an integral and show that for ¢ — 1 the resulting integral is
convergent. Therefore, we finally obtain
e*W(l;,u,)

qo (n) ~ mnim . (B70)

B.2.3. 1<a<2  Now we employ the change of variable # — ¢'/®/(an) in the integral at
the rhs of (B.4). In the large-n limit,

<qr (/" tl/e < gy o t
/ 2 () sin {m? ()] ~ M/ & e—eat/n* i (t'/a + %) (B.71)
0o !t an an a Jo t n

sgn () [Tor .

where, in the first line, the integral at the rhs corresponds to the integral in (B.34), and ¢; and ¢;
are the constants given in (B.35) and (B.36), respectively. To pass from the first to the second
line, we followed the discussion of appendix B.1.2. By plugging the second line into (B.4) and
recalling that V,, (n; i, ) oc n' =, we can say that the singular behavior of —i€2(0,() as ¢ — 1
is

~i0(0,¢) ~ Sgnz(“ Jn(1-0). (B.73)
Thus, we rewrite
767\;;1(;“’[” w<0
(0,6)= {eVlZ(Ewﬁ) >0 (B.74)
where
VG -3 8 {}T / Yo sinro () - } , (B.75)
i

which is convergent for ( = 1. It follows that:
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(i) for >0, let us take the derivative with respect to (:

Q)(0,¢) = —eValGmA ) "l {i/m %p(l‘)" sin[nd) (£)] — ;} . (B.76)
n=1 0

According to (B.72), for large n the term in brackets has a leading behavior given by
Ve (n; 1, B) /(7). Therefore, go(n) displays the asymptotic power-law decay:

e_V;(lW‘yB)
G0 (n) ~ Ko (1. ) ——2—- (B.77)

na

(i) for p <0, the survival probability converges to the constant, given by:

qo (n) — exp [V, (11, 8)] .- (B.78)

Appendix C. Leap-over distribution for symmetric Lévy flights

C.1. Expansion of the characteristic function
Here we prove (87). We recall that £, (k) = e~ F, (k, 1), where
Fp(k, 1) =1—+/1=p(k)e ®D, (k1) (C.1)

We first determine the small-k expansion of the phase, which for symmetric jumps can be

written as
Q(k,1) = _k /Oo Mdr: _sgn (k) /OO In[1 — ﬁ(lkm]dt. (C2)
0 0

T -1 T 1-7

We first note that

1 [ In(|ak|*t®) T
- — dt = —— C3
Tl'_/o 1—7 4’ (3

because the principal value of the integral of 1/(1 — #*) vanishes, while

° In(z) "n(r) w2
—=dt=2 | —=di=—— C4
/0 —2Y /014” 4° €4
see 4.231(13) in [73]. Therefore,
T L [ [1—p(kln)] drt
Qk,1)= k)— — k) — 1 . CS5
(k1) =sen() 5 —sen(t) - [ 0 0 ©s)

We now show that in the small-k limit, the second term yields a vanishing contribution. Let us
suppose that for small k:

1—p(k)

——2 ~1-=Clk]", O0<v<?2. C.6
k] [ v ()

If 0 < v <1, in the second integral we split the integration domain in (0, 1), (1,1/]|) and
(1/]k|,00). The integral in the last domain is equal to

_k/wln[l_ﬁ(t)} d (C.7)
1

™ a“te | k2 -7’

which yields a contribution of order & in the small-k limit. In the first two domains, we can
use (C.6) to approximate
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/ /1/|k| |k|l dt / /l/k ln C|k| tl/)dt (C 8)
1+ |ak‘(’t‘)‘ 1 —t2 1+ 1 —tz '
1/1k| g
~—Clk C.
I A ©9)

For v < 1, in the second integral at the second line we perform the change of variable t — 1/¢
and take the limit £k — 0, obtaining

1~ 1/1k| g 1 P
—Clkl|¥ dt ~ —Clk|” —dr C.10
||A +1} - ||A = (C.10)

~ gtan (%V) Clk|"”, (C.11)

where the rhs of the first and second line are equal, see integral 3.244(2) in [73]. For v =1 we

have
1/Ik] 1 2
=—In{ —— 12
/ /1 1—;2 2“<1—k2)’ €12)

thus for small k:

/1K
—C|k|/ / dr ~ —C|k|In (|k]). (C.13)

If 1 <v <2, we rewrite the 1ntegra1 at the rhs of (C.5) by changing the integration variable
t — t/|k|, and then note that for k — 0

l/ o |L=P0] _dr —>A:=—1/ | L2920 dr (C.14)
7 Jo a®tr | kK2 —¢ T Jo a®r |
Thus, for small k:
L[ [1-p(klH)] dt
k) — 1 ~ Ak. C.15
sen( )w/o n{ |ak|orx | 1—7 .19

Putting everything together, we have that for small &:
Stan () sgn(k) k] O0<v<1

Q(k,l)wsgn(k)%— — Ckin (Jk]) v=1 (C.16)
Ak I<v<2
Thus,
e IR [cos (WATO[) — isgn (k) sin (7;—0[)] elw®) (C.17)

where w(k) vanishes for k — 0. Expanding (C.1) and noting that 7, (k, 1) contributes, at lowest
order and for fixed b, only with the zero-order term H,; (0, 1), we obtain the expansion (87).

C.2. Approximate expressions for Hy(0,1)

According to (9), the small-b behavior of #,(0, 1) can be obtained from the large-u behaviour
of 1/ \I/(T (i, 1), whose expression, for symmetric jump distributions, can be simplified to

I “mu—@ml}
\I'(J{(iu,l) —exp{ 77/0 R drp. (C.18)
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Rescaling u — u/a, for large u/a we have

1 a [ A
_— - In[l —p(r)]dtp = -, C.19
it ey S LU SE O I
where A is defined by (90). Therefore, for small b we can approximate
1 eub/a+)\/u
H,(0,1) ~ 7/ S du=1, (2 Ab/a), (C.20)
27 Jg u

where the inverse Laplace transformation has been performed according to formula (14), pag.
197 in [74].

Conversely, the large-b behaviour of 1, (0, 1) can be obtained from the small-u behavior of
1/ (iu,1). In this case

. _—exp {—1 /Oo ln[l_Mdt} ~ exp {—a /oo In (aur) dt] (C21)
0 0

U (iu,1) 7r 241 7 2+1
~ exp [—% In (au)] , (C.22)
where at the second line we used
* In(7)
dr=0. C.23
/O £+1 (€23)

Hence for large b

1 e (b/a)*
e _ _ 24
Hyp (0,1) Y riac/? /B u1+a/2du r(l+a/2) 2
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