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1 Introduction

In recent years the AdS3/CFTy correspondence has received increased attention. For the
canonical maximally supersymmetric cases of the duality,! the D1-D5 [2] and D1-D5+D1-
D5 [3] near horizons, preserving either small or large N' = (4,4) algebras, a great deal of
progress has been made from both the string and CFT perspectives. Finding the CFT
dual to [3] had been a long standing open question which was finally answered in [4, 5] —
the key contribution being an explicit computation of the (S-dual) Kaluza-Klein spectrum
that had been lacking. It was realised how to quantise strings on the pure NS avatars of
AdS3xS3 x T* and AdS3xS3xS?xS! in [6, 7] and [4] respectively. These advancements
have led to a deeper understanding of the AdS3/CFTs correspondence, even leading to a
proposed world-sheet derivation, for pure NS AdS3xS3 x T4, in [8].

This progress motivates efforts to construct more general AdSs string vacua in d =
10,11 that are dual to two dimensional CFTs. This is a wide and varied problem: as we
will review shortly, a priori such vacua can come equipped with a wide array of possible
superconformal algebras [9, 10], but most of the allowed possibilities have not been realized
so far. In particular, except for the N = (4,4) case, little systematic progress has been
made studying geometries supporting both a left and right superconformal algebra. In this
work we aim to provide some tools to redress this. Specifically we will derive a geometric
framework for the construction of string vacua with "= (1,1) supersymmetry. This case
has been relatively unexplored so far (one known example being in [11]), but it may be a
promising stepping stone towards more general N = (p, ¢) vacua.

As promised, we now give a short review of the general situation so far. Recall first that
for some values of N there are several possible superalgebras, both for the L and R copy. For
N = 8 there are four possibilities, with R-symmetry so(8), spin(7), u(4), sp(2) ®sp(1). For
N = 7 there are two possibilities: so(7) (large) and go (small). For N' = 6, so(6) (large) and
u(3) (small); and finally for V' =4, so(4) (large) and so(3) (small). In V' = (4,4) one can
then have three possibilities, and the (large,small) case is sometimes also called “medium”.

At this point two maximal cases are completely classified. First the local form of
all large N' = (4,4) solutions was found across [12-15]. Second, all N/ = (8,0) solutions
were recently found in [16] (see also [17] for the first such example and [18] for a 3d gauged

supergravity perspective). The only true string vacua?

among these lie within the U-duality
orbit of the D1-D5+D1-D5 near horizon; however these works do find many interesting
Janus-like solutions (putatively) dual to conformal defects within higher dimensional CFTs.
The case of small N' = (4, 4) is more sparsely populated: we are only aware of the U-duality
orbit of the D1-D5 near horizon [2] and [19], with a geometrical characterization given
in [20]. The status of the other cases with sixteen supercharges, N' = (8 —n,n), is unknown.
Of the less supersymmetric examples: there is an example of (small) N' = (7,0) in [17],

while the status of N' = (6,0) and /' = (5,0) is unknown. Partial classifications results

'Recall that the notation N' = (p,q) indicates that the two copies of sl(2,R) in the AdS; isometry
algebra can be supersymmetrized independently. For AdSs solution in 10 or 11 dimensions, p 4+ ¢ < 8 [1].

The “small” and “large” labels will be reviewed soon.
2Ref. [15] find more, but these are ' = (4,0).



Ny
1 2 3 4 5 6 7 8
Nr
0 pcl pcl ex pcl 77 (1) ex(s)
1 ex ex 7 ? T 7 ?
2 ex 7 ex 77
3 ex ? ?
4 cl(l) ?(m) ex(s)

Table 1. Summary of known AdSj3 classification: “cl” means that a complete classification exists;
“pcl” means partial classification; “ex” means that some examples are known; “?” means that no
examples are known. As recalled in the text, some cases have a large (1) and small (s) version;
N =4 also has a medium (m) case. In V' = 8 the classification exists for all four versions, while
for N' =6 and 5 no example is known for either version.

and some particular solutions for large and small N’ = (4,0) are given across [15, 21, 22]
and [23-34] respectively. An example with N = (4,2) is given in [35]. For V' = (2,2), an
incomplete picture is provided by [20, 36, 37]; explicit examples are in [38, 39]. There are
limited examples with /" = (3,0) and N = (3,3) in [40-42]. There is one known example
of N'= (2, 1) solution in [39, section 2]. A systematic study of A" = (2,0) in IIB is provided
by [43-45], and there exist several classifications of N' = (1,0) [17, 46-49]; for the latter
two, many explicit examples exist. We summarize this discussion in table 1.

We will set up our study in terms of the pure spinor formalism (section 2, with a
more detailed derivation in the appendices). As usual in this method, we reformulate
supersymmetry in terms of equations in terms of pure forms and exterior algebra. We
will find in general that the internal space My is a fibration over an interval of a six-
manifold Mg. For a more detailed analysis we restrict to the easiest case, where the internal
supersymmetry parameters are characterized by an SU(3)-structure (J2,3) (section 3).
Here we identify several natural classes into which a solution must fall (sections 4, 5).

Two of these are particularly interesting: in ITA we find that Mg has to be a half-
flat manifold (d.J7 = dRef23 = 0), while in IIB we find an even less restrictive condition
((dRef23)22 = 0). The former case is in particular not too surprising, as it already appears
in a related context: Go-holonomy spaces can be obtained as foliations of half-flat mani-
folds [50, 51], a fact that was exploited for a proposal to extend mirror symmetry beyond
the Calabi-Yau realm [52, 53]. There are further restrictions that relate these geometries
to the other fields, but overall these are rather forgiving, and we are able to find several
explicit examples, albeit mostly numerically (section 6). These include cases where Mg is a
sphere fibration over three- or two-dimensional manifold with constant curvature; they have
fully localized and back-reacted O8- and O5-plane sources, as we summarize in section 6.6.



2 Geometric conditions for type IT N = (1,1) AdS3 vacua

Here we shall define an AdS3 vacua in type II supergravity to be any solution with bosonic
fields that respect the decomposition

ds® = e4ds?(AdS3) + ds?(My), H = ¢34 hgvol(AdSs3) + Hs,

Flo = f+ 4 €34vol(AdSs) A x7A(f+) (2.1)

where we take AdSs to have inverse radius m, the AdSs warp factor €24, dilaton ® and
magnetic components of the NS flux, and RR polyform (Hs, f1) have support on M7 only.
Additionally A\(X,,) = (—1)[%]Xn and + labels forms of even/odd degree, so the upper
signs should be taken in IIA the lower ones in IIB here and elsewhere. For a true AdSs
string vacuum M7 should also be some bounded manifold, but this is not something we
shall impose at this point.

One can realise N' = (1, 1) supersymmetry in an AdS3 solution by assuming that the
associated 10 dimensional Majorana-Weyl Killing spinors decompose as

a=CGe0Lex; 0o x, e@=GezexitColzoxt (22

where (1 are independent real Killing spinors on AdS3 charged under SL(2)1 C SO(2,2),
which obey the Killing spinor equation
m

Vs =% 5

e (2.3)
Xf are 4 independent Majorana spinors on M7 whose norms can be taken to satisfy
AP = XEPHDEP =2¢4, AP = e I P =21 = ¢ (24)

without loss of generality, for ¢ some arbitary constant. Finally 61 are two dimensional
vectors that are always required when one decomposes an even dimensional space in terms
of two odd ones, as such they contain the 10 dimensional chirality labeled here by the
=+ subscript; the subscript on the internal d = 7 spinors is just a label. In appendix C
we derive sufficient geometric conditions for an A/ = (1,1) solution to exist in terms of
bi-linears formed from XiZ, namely

7
11
. 2 2 2 ..Qn
Ut it = ylox, st=+ xlex = 52 gxﬁm...mxieal m(2.5)

n=1""

where v, are flat space 7 dimensional gamma matrices, e* are a corresponding vielbein and
the subscript on ¥ again refers to form degree. We shall now summarise these geometric
conditions. First off, similar necessary and sufficient conditions for N' = 1 AdS3 vacua
are given in [17, 48], and it should be no surprise that when a geometry supports both an
N =(1,0) and an N = (0, 1) set of these one has necessary and sufficient conditions for
N = (1,1): these are

34 hg=—me,

c __ c
dpy (" UL )k fa =0, diy ("~ UL ) F 16 =0, (2:6)



1 1 _ __ 1 1 _ _
(\I/$+,fi)7_:|:2<m+4e Ach0>e ®vol(My), (v ,fi)7_:|:2<m+46 Acho>e ®vol(My)

1 __ S |
dH3(e2A_®\Ifi+):F2meA_®\I/;F"+:gegAﬂ)\(fi), dp, (24727 )+2me? ‘D\I/¢ =§63A*7/\(fi),

where (X,Y)7 is the 7 dimensional Mukai pairing, namely (X,Y)7 = X A X(Y)|,. These
conditions imply the Bianchi identity of the electric component of the RR flux, which when
dH3 =0is

d(e* %7 A(f1)) + €4 hofsr =0 (2.7)

and when ¢ # 0 imply the source free magnetic flux Bianchi identity

dps fr = 0. (2.8)

In addition to (2.6) it is possible to derive several more conditions involving bi-linears that
mix the A/ = (1,0) and N' = (0,1) sub-sectors; these are implied by what we present so
far, but are very useful for constraining the system. First off it is possible to show that an
N = (1,1) AdS;3 solution will experience an enhancement to AdS, at all regular points of
the internal space unless
1 2 1 2

Y+ =0, v T =0 (2.9)
so, if one is interested in genuine AdSs3 solutions, these conditions should be satisfied.?
Under these restrictions one can show that several other conditions should be satisfied:
these additionally involve

1 2 g . 1 2
g=xTxE =32, €= =i et £ X3 )et, (2.10)

neither of which can vanish globally, otherwise N' = (1,1) cannot be realised. The condi-

tions are
d(e?g) +mé =0,
dp, (X7 (VL™ +057)) =0,
dp, (e (UL~ -0 = %5/\ f, (2.11)
iy (e (U 40 e (W 0T =F2etgfs,
dp, (24P (UE =W h)) £ e Pho (WL — WL ) £3me® AP (T + Uit = j:ée“é/\*ﬁ\(fi)

from which it follows that the Bianchi identity of the magnetic flux is in fact implied in
general for N = (1,1) AdSs3 vacua, when that of H is imposed. Much of (2.6), (2.11) can
be shown to be redundant using some identities that the 7d bi-linears must obey, (C.26a)—
(C.26h). Upon tuning the internal spinors such that (2.4) and (2.9) are satisfied, a sufficient

3The argument leading to this claim is local, but may hold in general. The metric is always locally AdS4
when (2.9) is not imposed, but we have not ruled out the possibility of fluxes that contain terms that break
the isometries of AdS4 when their Bianchi identities are violated, either by partially localised or completely
smeared sources.



system for A = (1, 1) supersymmetry is given by*

e3hg=—me, (2.12a)

d(e?tg)+méE=0, (2.12b)

dp, (e P (TET+T27)) =0, (2.12¢)

dp, (A2 (ULT =057 ))F2met* (VET -0 7) =0, (2.12d)

_ _ C

dp, (e (T -T2 )+ f+=0, (2.12¢)
1

dpgy (247 (UL +UL7)) F2me P (VLT 4057 ) = Ee“*ﬂ( fi), (2.12f)
o _ o 1

dy (e (WL +0F)) me (U] _\I’iJr)::Fg@Agfia (2.12g)

1
(\IJ:_EJF VT fi)r=% <m+ 4eAch0> e~ Pvol(M7). (2.12h)

To actually have a solution one must also solve the supergravity equations of motion,
however well known integrability arguments tell us that these are implied for AdSs by
supersymmetry and the Bianchi identities of fi and Hs. For N' = (1,1) specifically this
amounts to just imposing

dH3 =0 (2.13)

in regular regions of the internal space, with possible d-function sources elsewhere. The
remaining equations of motion then follow. Note also that a non trivial Romans mass in
ITA requires ¢ = hg = 0 due to (2.12d) while in IIB one can always assume one is in an
SL(2,R) duality frame where hg = ¢ = 0 holds. Thus in the rest of the paper we will simply
fix ¢ = 0, with the understanding that the only IIB solutions outside this limit are S-dual
to what we do find, and the only IIA solutions belong to classes better studied from an
M-theory perspective.®

In the next section we shall proceed to parametrise the bi-linears appearing in (2.12a)—
(2.12g) in the ¢ = 0 limit.

3 Parametrising the bi-linears

As argued in the previous section, to end up with a solution that is not locally AdS, we
should solve (2.9). We will assume from now on that ¢ = 0, or in other words that the
internal spinors have equal norm; this is often necessary in higher dimensions. Now (2.12a)
is solved by hg = 0; this means that without loss of generality we can decompose our
four Majorana spinors in a basis of two real unit norm vectors (V, V), three real functions

Tt turns out that when ¢ = 0 and the internal manifold supports an SU(3)-structure, the main focus of
this work, (2.12f) and (2.12h) are actually implied. We suspect that this holds true in general but have not
proved this.

®In other words, all such ITA solutions can be lifted to M-theory where they will have a U(1) flavour
isometry. Such solutions may just be special cases of broader classes without this U(1), but one is blind to
that in ITA.



(a,b, &) and a single unit norm spinor x as

1 A 1 A

X1 =ezx, X_ =e2(cosa+isinalV)y, (3.1)
2 4 . 2 A .. g
X5 =e2(a+ibV)x, X2 = —e2(cosaFisinaV)(a+ibV)x,

where a? + b? = 1, which immediately leads to
g =2e cosa, £ =2esinaV (3.2)

where neither sin & nor cos v can be set to zero globally. This means that (2.12b) becomes

A

d(e*4 cos ) + mettsinaV = 0, (3.3)

which implies that locally M; decomposes as a warped product of an interval spanned by
V' and some six-manifold Mg. Locally one can solve (3.3) in terms of a function h of a local
coordinate y as
h/
dy
meAy/1 — e=44]p2

where h essentially parametrises diffeomorphism invariance in y, and A’ = 9,h. The metric

ezAcosoz:h, V=-

(3.4)

then decomposes as

(h')?
m2e?A(1 — e—1Ap2)

ds*(My7) = dy? + ds*(Mg). (3.5)
The specific form Mg can take depends on precisely how the rest of the supersymmetry
conditions are solved, in general its metric will depend on y.

In general we can take the spinor x to be such that

1
xox =0 4 g = (L= i@y —xr®; ivoly), Dy Axr®y =Tvolr,  (36)

where @3 is the 3 form associated to the Ga-structure that a single d = 7 Majorana spinor
supports. The actual G-structure supported by an N’ = (1, 1) solution will depend on how
V is aligned, if it is parallel to V then the solution will support an SU(3)-structure on Mg,
otherwise (assuming b # 0) it will support an SU(2)-structure there. In general we can
decompose the Go-structure in terms of an SU(3)-structure as

1
3 =V A Jy — ImQg, *7Pg = §J2 A Jo — V ARef3 (3.7)

where (Jz,{23) are the associated (1,1) and (3,0) forms that are orthogonal to V. When b
is non trivial we can further decompose

A

V=&V+&.U, U .V =0, Ui Uy =1, Ri+ 73 =1, (3.8)

and then the SU(3)-structure decomposes in terms of an SU(2)-structure orthogonal to V
as

Jo = jo + Ui AUy, Qg = (Ul + iUQ) N Wa, U205 =0, Us U; = 1. (3.9)



where (j2,02) define a 4d SU(2)-structure orthogonal to (Uz, U2) which, when br # 0, one
can take to be two components of the 7 dimensional vielbein without loss of generality.
One can then show that the bi-linears of the previous section decompose in terms of two

bi-linears on Mg \IISEG ) as

\p¢+:eARe<\1/f)+VmIf“”), gt =eAIm<‘I/“")+VA‘I’f))»

Ut =e”Re (ew(w@ +V/\\IJ(6))), U=t = eAm (em(\I/(G) +V/\\If(f))) . (3.10)

U= —c*Re (eimqf(f) +eFiOV A \If(_6)> . U =—¢Im <em\11(_6) +eOV A \sz)) :

U =—e"Re (ezmi v® +e2m¢va‘_ﬁ)) , VI =—¢"Im (62"“*\1/(_6) +62"°‘*VA‘1’(+6)) )
where a; = a and a— = 0, which parameterise the difference between IIA and IIB bi-

linears. The 6d bi-linears themselves may be expressed in general as

s - 1 ’
U = (e riwn) A W = U A (R — ke ), (3.11)

where we have simplified the parametrisation by introducing
(a—i-ibfiH) = ei'BFJH, bfﬂ_ =K, Wy = e‘ﬂwg, Rﬁ—i-ﬁi = 1, U= U1+iU2. (3.12)

which are standard bi-linears for a 6d SU(2)-structure.

In this work we shall focus on the SU(3)-structure limit, (x|,x1) = (1,0) where the
bi-linears reduce to ,
et
8

leaving the general case for future work. To this end it is helpful to review some features

) 1
\113_6) _ e—ZJQ’ \I/(_6) _ §Q3’ (313)

of SU(3)-structures in 7 dimensions. First we should make our conventions clear. We have
taken (J2,Q3) to be defined such that

3% —
Jo N Q3 =0, JQAJQAJQZngAQ37
. 4 (3.14)
*71 = vol; = §V/\J2/\J2/\J2, *7€03 = iV A Q3.
This fixes the torsion classes of the SU(3)-structure to be [54]

dV =RJy +T1 + Re(LVIQ;J,) +V AWy,

3. — 2
dJy = §Im(W193) +Ws+WiNJa+V A (3R6EJ2 +T5 + Re(vaﬁg)), (3.15)

dﬁg:W1J2AJ2+W2AJ2+W5A93+VA<E93—2V2AJ+S>.

The part without V in dJs and df23 reduces to the more familiar definition of torsion
classes for SU(3)-structures in d = 6. (£, R) are complex and real functions respectively,
(Vi2,Ws) are (1,0)-forms, (Wo, Wy) real one-forms, (Wy,T12) are respectively complex



Mg Vanishing torsion classes
Complex Wi=Wy=0
Symplectic Wi=Ws=W,=0
Half-flat ReWi; =ReWy =W, =W5=0
Special Hermitian Wi =Wo=W4,=Ws5=0
Nearly Kéahler Wo=W3=W4=W5=0
Almost Kéhler Wi=Ws=Wy,=W5=0
Kéhler Wi=We=Ws=W;=0
Calabi-Yau Wi=We=W3=W,=W5=0

Table 2. Some notable SU(3)-structure six-manifolds in terms of vanishing torsion classes. Addi-
tionally a manifold may be conformally one of these when (W, W5) are appropriately tuned.

and real primitive® (1,1)-forms, S is a primitive (2,1) form and W3 is the real part of
such a form. These make up irreducible representations of SU(3), the details of which are
immaterial for our purposes; what matters is that they must obey the identities

(S, W3) N Jy = (S, Wa, V1o, W5) ANQz = (Wy,T12) N Jo A Jo =0,
*758 = —iV A S, *7(W4, TLQ) =-VAJA (W4, TLQ), (3.16)

7
*x7(Vio, Ws) = §V NJa N Ja N (Via, W),

where Wy behaves under Hodge duality as ReS does. These facts will enable us to establish
what manifolds can support N' = (1,1) supersymmetry in terms of an SU(3)-structure in
the following sections. Solving the supersymmetry constraints will set some of W; to zero,
and will consequently also lead to constraints on the y-dependent Mg in the decomposi-
tion (3.5). As we recall in table 2, many manifolds where some of the W; vanish have been
studied and have known names.”

Finally we should stress that for all our N' = (1,1) classes we necessarily have
R=Vi =T =0, (3.17)
with Wy fixed universally due to (3.3), which holds in both ITA and IIB — we shall thus

not comment further on these torsion classes.
We begin our analysis in type ITA in the next section.

4 SU(3)-structure in ITA

In this section we shall classify the possible solutions in IIA that support an SU(3)-
structure. As we shall see there are two classes where the 7d internal space decomposes as a
foliation over an interval whose leaves are either an almost Kéhler or half-flat six-manifold.

6See [49] for a very good review of what this means in this context.

"Some of the names are rather common, some less so. We are mostly following notation in [55], which
however was concerned with U(3)- (rather than SU(3)-) structures, where W5 is not defined. Following [56],
we have set W5 = 0 except for the standard symplectic, complex and Kéahler cases. The nearly and almost
Kéhler cases might perhaps have been called nearly and almost Calabi-Yau.



To begin with we find it helpful to redefine the bi-linears of the previous section slightly
by mapping
B B—a, Q5—e'2Q;. (4.1)

It is then possible to show that the necessary conditions (2.12b)—(2.12d) are implied in
general by

d(e_A_‘I’COSﬂ) =d(ePsinfcota) AV =0, (4.2a)
cosa

d(e?’A_(I’ cosasin 3Jo) — e34=% cosacos BHs+ 2me24~® sin asin BV ANJa=0, (4.2b)

d(e*4~ P (ReQ +cosacos BV A Jp) + €A% cosasin BH3 AV =0, (4.2c)

cosasin SJo A Ja AdJs — (cosacos BJa A Jy —3V ANImQs) A Hs =0, (4.2d)

(sinaJa AdReQ23 —cos Bda AV A Jy A\ Jo =sinaHz AReQ23 +sin BdaV A Ja A Jy =0, )

d(e?’A_‘b(cosozCOS Bda A Ja —2V ANImQ3) +2e47® cosasin BH3 A Jo )

+2me*4~®sinacos BV NJoANJy=0.

From (4.2b) we see that solutions with cos 8 = 0 appear to be distinct from those with
generic values of 8: namely this constraint fixes H3 uniquely unless cos 5 = 0, in which case
it is only more weakly constrained by the remaining conditions. This is a strong indication
that cos 8 = 0 is a physically distinct class to generic 8. It thus makes sense to study these
two scenarios separately; we shall continue our analysis for the cos 8 = 0 case in the next
section, and consider the more generic case in section 4.2.

4.1 Class I: restricted almost Kahler foliation Fg = 0

This class is defined by fixing cos 5 = 0, and in fact we can solve this without loss of
generality as

8= g (4.3)

Clearly the conditions (4.2a)—(4.2f) truncate a fair bit under this restriction. First the
conditions that remain non trivial in (4.2a) can be solved in terms of an arbitrary function

k(y) as
e~ 4%

where we use (3.4) to substitute for a here and elsewhere. To proceed it is helpful to

(4.4)

decompose the NS flux as
Hs = dy A\ Hy + Hs, dy Hy = dy Hsz = 0, (4.5)

and to substitute for (d.Js, df23) with their respective torsion classes (3.15) in (4.2b)—(4.2f).
A careful analysis reveals that A = A(y) and that most of the torsion classes must vanish,
specifically one has

‘/QZImE:Tl:T2:W12R6W2:W3:W4:W5:0. (46)

~10 -



Comparing this to table 2 tells us that Mg is a y-dependent almost Kéhler manifold, further
restricted by the requirement that ReWW, = 0. These requirements are rather stringent, and
in practice we will satisfy them in later sections only by taking conformal Calabi-Yau spaces.

The torsion classes that remain non trivial are

dy(e”h)

ReE = 3m , 4.7
hh/\/1 — e—4Ap2 (4.7)

and (S,ImWs), which appear in the NS flux and get fixed as

eAn/ e?4 mo,(eh)
Hs = dy AN ImWsy + —ReS + J Re(s. 4.8
B = MV A1 =i (48
Finally the functions h, k are constrained to obey
k 3

ay ].Og (h) = may log h, (49)

at which point (4.2a)—(4.2f) are implied. To make further progress one needs to extract
the magnetic components of the RR flux from (2.12g), which yields

f 0 f mke2A WJ f m ki\/ 1—674Ah28y(64Ah3)
0—=Y, 2= - 25 [§ o1

h2 3l eZApAR/
63‘4]{7 62‘4]{7

W k
fa="0 (1—e *n*)ImWaA Jo+— \/1—e—4Ah2dy/\ImS+an(e_Ah)dy/\ImQ;;.

JoNJo N o, (4.10)

mh

These definitions of the flux actually imply (2.12f) and (2.12h), so all of the supersymmetry
constraints are implied by (4.6), (4.7) and (4.9). The Bianchi identities of the RR fluxes
and the remaining supergravity equations of motion now follow from the Bianchi identity
of Hj, but this is not implied for this class so one additionally needs to impose it.

4.2 Class II: half-flat foliation Fp # 0

For this class we assume cos f # 0, which means that we can divide by this quantity and
further simplify (4.2a)—(4.2f). Similarly to the previous class one finds that

A=Ay), B=08y), (4.11)

while this time the NS flux gets fixed such that it automatically solves its Bianchi identity

as
Hs = d(tanﬁJg). (4.12)

The rest of (4.2a)—(4.2f) impose the following on the functions of the ansatz:

log(e?h)

er=® cos f = ¢1h, B = sin(28) ?y

_ 6_4Ah2 (4'13)

where ¢ is an integration constant and fix the torsion classes. The following torsion classes
must vanish:

V2 =ImFE = Rer = RGWQ = W4 = W5 = O, (4.14)
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making Mg a y-dependent half-flat manifold. As we remarked in the introduction, the
occurrence of such spaces is not surprising, because of the role they played in foliated
Ge-manifolds [50, 51]. As we will see in later sections, it is quite easy to provide explicit
examples.

The non trivial torsion classes are expressed in terms of (75, S), which remain arbitrary,
and the functions of the ansatz as

A
tmiV = _?62;;/8% o fmiVe = _le“crhosﬁTZ’ (4.15)
W 024 ZOS BReS, ReE — m(2hh,cols(_2i)_)fZ}(;Ah) .
From (2.12g) we extract the magnetic components of the RR fluxes:
Jo=Fo=cim, f2 = cimtan §Jy, f6=C;?tanﬂWJ2/\J2/\J2,
fi= Vei — ;Ah2 Jo AT + mi_z/s 5y A TmS (4.16)
+ = ngg%dy ATm€s + ?wh A Jo:

these again imply (2.12f) and (2.12h). Thus as the Bianchi identities of the RR and
NS fluxes are implied for this class one just needs to find half-flat manifolds consistent
with (4.14) and (4.15) and solve (4.13) to have a solution. We note that 5 = 0, the trival
solution to (4.13), is a potentially interesting limit as the flux reduces to just (fo, f4). This
suggests a link to the AdSg compactification on hyperbolic spaces ¥3 appearing in [57]; we
will make this link more precise in section 6.5.1.

This concludes our analysis of the geometries and fluxes of N' = (1, 1) solution pre-
serving an SU(3)-structure in ITA. In the next section we shall carry out a similar analysis
in IIB, before giving some new solutions within these classes in section 6.

5 SU(3)-structure in IIB

In this section we will classify SU(3)-structure solutions in IIB. As with ITA, the internal
7-manifold will decompose as a foliation of Mg over an interval. Again there are two
cases: one with Mg again an almost Kéhler manifold, the other is a quite broad class with
ReW; = ReWs = 0, but that is not merely conformally half-flat in general.

As with ITA it is helpful to redefine the SU(3)-structure slightly, this time by just
modifying the three-form as

Q3 — —Z‘eiiagg. (5.1)

With some work it is then possible to show that the conditions (2.12b)—(2.12d) are implied

- 12 —



d(e2®sinBJy) —e*4 P cos S H3 =0, (5.2b)

d(e* 7 (cosaReQz+cos fI2AV)) + 4 Psin SHz AV +2me? P sinaV AReQ3 =0, (5.2c)
d(e*A® (cos BJy N Jo—2cosaV AIm€Qz) +2e24~ P sin fJo AHs =0 (5.2d)

sin Bda AV AJa AJo+sinaHs ARef23=0, )

d(e*A~Psin ) AJa Ao Ay —3e24 7 cosaV AImQ3 A H3 =0, )

in the ¢ = 0 limit, and where we have made no assumption about . Like in ITA, (5.2b)
indicates that we have a branching of possible solutions depending on how § is tuned: this
condition fixes Hs such that its Bianchi identity is implied by the first of (5.2a) unless
cos 3 = 0. In this case H3 is more weakly constrained by (5.2d)—(5.2f) and its Bianchi
identity must be additionally imposed. We shall study these two cases in the next sections
starting with cos 8 = 0.

5.1 Class III: restricted almost Kéahler foliation

In this section we consider the case where cos 3 = 0, we will actually fix 3 = § without
loss of generality.

The analysis of this class runs pretty parallel to that of section 4.1. One can make
progress solving (5.2a)—(5.2f) using the torsion classes of the SU(3)-structure (3.15) and
the identities they must obey (3.16). One finds in general that

A=Ay), ©=2(y), (5.3)
and that the following torsion classes must vanish:
V2:ImE:T1:T2:W1:R6W2:W3=W4:W5:0, (54)

which again makes Mg a y-dependent almost Kéhler manifold, of the restricted type we
found in (4.6). The torsions (ReE, S,ImW3) remain non trivial, with the former fixed to

3m eA=?V1 — e=14p20,(e®h?)

ReE = — 5.5
¢ 2 h (44— 2h2) ’ (5:5)

while the latter two appear in the definition of the NS flux:

hh' me3A*<I> 1 — e—44p2
_ 24 2 &
Hy = e RS 4 AT — e W Ve b g an gy v Refs,
(5.6)
In addition to this, (5.2a)—(5.2f) imply one further condition on the functions of the ansatz,
namely
2A-® —4Ahh/
9, log [ — —3 - (5.7)
VI—e A2 1— e 1Ap2
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One can extract the magnetic components of the RR flux from (2.12g) which, given what
has been derived thus far, may be expressed as

672A7<I>h oA
Ji=— : e74Ah2dlog(e h),
(5.8)
2A—9 1— *4Ah2 A—D —2A—d 1/
fgz6 ‘ 5+ 5 ReQs, fs = < dy N Ja N Ja,

V1 — e 44p2

where f; = 0 in general. Like the almost Kéhler class in ITA, these fluxes imply both (2.12f)
and (2.12h), so the supersymmetry equations are implied by just (5.4), (5.5) and (5.7).
What remains to ensure that one actually has a solution is to impose the Bianchi identity
of the NS three-form.

5.2 Class I'V: a broad class

In this section we assume that cos 8 # 0, as we shall see this leads to the least restrictive
of our SU(3)-structure classes.

For this class we find it helpful to decompose the exterior derivative as
d=ds+ dy A 0y. (5.9)
First off (5.2¢) implies that
M Pcosf=ci, d(tanB(1—c M%) + ghQ tan Bd(e*4) = 0, (5.10)
where ¢; is a constant, and from (5.2b) we get that the NS flux is
Hs = d(tan 8.J2), (5.11)

solving its Bianchi identity by definition. Substituting (d.Ja,d€23) for their SU(3)-structure
torsion classes in (5.2¢)—(5.2f) it is possible to show that the only torsion classes that are

necessarily trivial are
ImE = ReW; = ReWW, = 0. (5.12)

Remarkably, this is a broader class than any of those in table 2; the requirements on Mg
are rather lax. We will find some simple explicit examples in later sections, but we expect
that a lot more may emerge in the future with more effort.

The torsion forms (7%, .5) remain completely arbitrary, while the rest are fixed in terms
of these, a, 8 and the functions appearing in the metric ansatz as

_ mh?(2—cos(28))dylog(eh) B cosf3 oA
ReE=— €3Ah/ 1_674Ah2 N Re%——md(;(e h), (513)
iy = — 2 COBh 5 oe(eAR),  TmW W = e 24hcosBReS
1= 3 eAh/ 17674Ah2 y 108 ) 2= hCOSﬂ 2, 3— )
e *Ahsin? 3 24 e *h 1A, -2 24
P P (e L - 23)—2 -
W4 (1—6_4Ah2)d6(e h), ReW5 4(1—6_4Ah2) (6 h —|—COS( ,3) )d6(e h),
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where the imaginary components of (Va, W5) are implied since these are holomorphic one-
forms. From (2.12g) we extract the magnetic fluxes

B 2¢1 A3 .2 B 1 tan Sh 9
fl__3htan6d( 1-e h* tan /6)7 f5__64Amdy/\J2a
1 — e 44p2 2e1h’
fo Vit am oo ¢ i -
hsin 3 cos 3 eAh cos 3 A1 — e—4AR2
_ “a 3
1= s e N

Some care should be taken with the expression for f3 when sin 8 = 0, as while Hy3 = 0
this is not true of (sin 3)~'Hz (which is however finite). Again (2.12f) and (2.12h) are
implied, so solving the supersymmetry constraints amounts to finding a manifold consistent
with (5.12), (5.13) and a solution to the /5 constraint in (5.10); as the NS flux is already
closed by definition there are no further conditions to be solved. We note that 5 = 0 is again
a potentially interesting limit, where this time the flux reduces to that of a D1-D5 system.
We shall in fact recover the standard D1-D5 near horizon from this class in section 6.1,
while we present a class generalising this and some new solutions in section 6.4.2.

This concludes our classification of type II solutions preserving N' = (1,1) supersym-
metry in terms of an SU(3)-structure. In the next section we shall construct some more
refined classes within what we have presented, and find some old and new solutions.

6 Solutions

The aim of this section is to present some new solutions within the SU(3)-structure classes
derived in sections 4 and 5. We provide a summary of the physical solutions we find in
section 6.6.

Before presenting some new examples let us first perform a sanity check and recover
something well known to preserve at least N = (1,1) supersymmetry in the next section.

6.1 Recovering the D1-D5 near horizon

An obvious solution that should lie within the SU(3)-structure classification of the preced-
ing sections is the D1-D5 near horizon geometry, preserving N' = (4,4). We know that this
has a metric of the form

A =12 ds?’(My) = e*ds?(S?) + \2ds?(CYo), (6.1)

with (e, L, \), and the dilaton set to a constant. Its only non trivial flux is the RR three-
form, which has both an electric and magnetic component, so f3, f7 should be the only
non trivial magnetic fluxes. As such this solution should lie within the class of section 5.2,
specialised to

B =0. (6.2)
As dA = 0 for this solution, it is convenient to dispense with the local coordinate y: going
back to (3.4), we can write

h=L*cosa, V= £da. (6.3)
m
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This makes it clear that we should take a to be a coordinate on M7. The SU(3)-structure
equations we need to solve are now

2 L
dJy = cos aReS + — m Res 4+ da A ( cot oy + Tg) ,
sin L 3 m
2m L
dlmQ3 = ————Jo A Jy — Jo NTy + da A (ImS + cot aIng> , (6.4)
3L sin « CoS Qv m

L
dReQl3 = da A <ReS + cot aReQ;;) .
m

Given that V is aligned along da, it is natural to assume that is part of the three-sphere,
so we decompose it as a foliation of S over an interval:

2
QC_L

ds?(S?) = da® + sin? ads*(S?), =3

(6.5)

We parameterise the two-sphere in terms of embedding coordinates (y1,¥2,y3) such that
(ya)? = 1, so that we have the SU(2) singlets®

1
d52(82) = (dya)2v VOl(S2) = ieabcyadyb N dye (6-6)
and the SU(2) triplets

Yoy AYa,  ka = €apetpdye,  dkq = 2yavol(S?). (6.7)

As there is a CYq factor in the metric, we have three closed two-forms, (j1,72,73) at our
disposal obeying

. . 1

Ja N\ Jp = iéabvol(CYg). (6.8)

A natural ansatz for the SU(3)-structure forms, giving rise to (6.1) and obeying (3.14) is
then ) )
Jo = % sin? avol(S?) + ANyeja, Q3= &(dya —ika) A Ja (6.9)
m m
Plugging this into (6.4), we find that it is solved by

2

4L 2mA
S =0, T, = 3m cos asin avol(S?) — m

cot Y Ja- (6.10)
m

It is quick to show that T% is a primitive (1, 1)-form, ToAQ3 = ToAJaAJy = 0, by introducing
a complex vielbein on Mg; so the supersymmetry conditions are solved. Substituting the
ansatz into (5.14) yields the fluxes

261 )\4

5 sin? ada A vol(S?) A vol(CY5) (6.11)
m

2
f3 = =Lsin?ada Avol(S?),  fr =
m

with all else zero, so we have indeed reproduced the D1-D5 near horizon. The fact that
this actually preserves N’ = (4, 4) can be ascertained from the form of (6.9). If we rotate y,

8The D1-D5 near horizon supports small N/ = (4,4), as such it should support two sets of spinors
charged under either a left or right SU(2) subgroup of the SO(4) global isometry of S®. The specific SU(2)
referenced here is the diagonal one formed of both these left and right SU(2)s.
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in these expressions by a constant element of SO(3), (Jz2,€3) change, but this new SU(3)-
structure still solves (6.4) (for a rotated T5) and still gives rise to (6.11). One can extract
a further 3 independent SU(3)-structures in this fashion, for a total of 4 that the D1-D5
near horizon supports, so N' = (1,1) — (4,4).

Having performed a non trivial check of the geometric conditions derived earlier, let
us now construct some new solutions. We shall begin by assuming Mg is conformally CY3.

6.2 Mg conformally Calabi-Yau

The easiest way to find a solution within the new classes presented in sections 4-5 is to
impose that Mg is (conformally) a Calabi-Yau three-fold (CY3). This leads to four new
local solutions, one for each class. In general we take the following ansatz for the metric

1
ds? = *Ads?(AdS3) + V2 + €2Yds*(CY3), V =-— e Adyh/(y) (6.12)

/L= Ah(y)?

where we allow €2¢ to depend on (y, CY3) and decompose the SU(3)-structure forms as

A A

Jo = e Iy, Q3 = 3903, dJy = dQls = 0. (6.13)

We begin by studying the possibilities of class I in section 4.1, then turn our attention to
class III in section 5.1. CYj3 classes are also possible for class IT and class IV, but they are
special cases of more general warp nearly Kéhler manifolds that we consider in section 6.3.

6.2.1 CYj3 in ITA from class I

Applying our conformal CY3 ansatz to class I in section 4.1, we can find that all the
torsion classes must vanish except for ReE which enters the defining ODE for C' = C(y).
Supersymmetry holds when the following ODEs are solved:

k 3 _
8y lOg (h) = may 10g h, (1 — € 4Ah2)6y0 + 8y log(eAh) = 0 (614)

For this class the Bianchi identity of the NS three-form is not implied, so we must impose
it by hand. Away from the loci of possible NS sources this gives rise to the additional ODE

me~ 43¢0, log(eh)

V1 — e 44p2

where c is constant. A simple solution to this system is found by simply setting 9,C = 0,

= cOylogh, (6.15)

allowing us to integrate the ODEs with ease. By redefining

h
e = (6.16)
cos &
where a = a(y), we find the solution
4
1 coS3 «
h=L%cos3a, k=LA . =1, ¢=0, (6.17)

sin «
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where (L, \) are integration constants. These imply that Hs = 0 and at this point every-
thing is a function of a(y), so we promote it to a coordinate. This is all that needs to be
solved, the solutions takes the form

L? 1
ds? = — [d.s,»?(Adsg) + 5.3 Qdoﬂ} +ds2(CY3), e ® = \cosi a,
m

;(3\5 a o - (6.18)
fo= TJQ, fa= Yy cos3 ada A ImS)s, fe = 3 5’

The solution is bounded between 0 < a < § and exhibits the following singular behavior
at the extrema:

2
ds? ~ 12 [;QdSQ(Adsg) + :#d#] +ds2(CY3), (6.19)

where |a 4 7/2| = 2®. This can be understood as the singularity associated to an intersec-
tion of several O-planes extended in AdS3 that wrap and are smeared over various cycles
in CY3.

To see this, recall first that in general O-planes have a metric of the form

ds* = H_1/2dsﬁ + H'Y?ds2 (6.20)

where H is a function of the transverse coordinates, harmonic with respect to dsf_. We now
consider the cycle C in the CYg whose Poincaré dual is Jo, and wrap a smeared O6 along
it. This may consist of multiple components: for example when CY3 = 76, C = Z?:l Cs,
where C1 = T34, Co = Thys, C3 = Tiy56, and in that case we are smearing three O6-planes
wrapped along all three. On top of this set up one can place an O2 hole smeared over the
whole of CY3. For CY3 = T, the resulting metric takes the form

1
ds? = —————ds*(AdS3) + \/ HoH} H3 H3dx*
 HoHYHZH}
(6.21)

HMH, HZHy H{Ho

ds*(C
7777 Rl R 77z HiH?

+ ds*(Ca) + ds*(C3),

the way the smearing has been performed means the radial dependence of each warp factor
is the same:

Hy=Hl=H2=H}=1-". (6.22)
T
Expanding about x = xq to leading order we reproduce the behavior of (6.19).
The metric singularity in (6.19) is reproduced by any arrangement such that every
Mg direction is parallel to two smeared O-planes and transverse to two other O-planes;
one should then look at the fluxes to decide what the correct O-plane system is. For
supersymmetry one should also make sure that the number of directions that are transverse
to one plane and parallel to another is always a multiple of four. Of course determining
this precisely is not that important, since (partially) smeared O-planes such as these are
not sensible in string theory.
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6.2.2 CY3 in IIB from class III

When we apply the conformal CY3 ansatz to section 5.1 we find again that C' = C(y), and
that the supersymmetry and NS flux Bianchi identity require

9y lo N 3ﬂ 2(e* — 21h%)0,C + e~ 9, (e®h?) =0
voB VI—e Hpz)  T1—etAn2 v Y -9

medA+I0—0 /T —TAR2
2K/ (A — 212)

9y (h%e?) = ¢, (6.23)

for ¢ a constant. We again find a closed form solution when 9,C' = 0; it is rather similar to

that of the previous section. Again substituting for e24 in favor of a through e?4 = &
we find that
1 2
h=L%cos3a, e ®=M\cosia, =1 ¢=0, (6.24)
solves all the ODEs, setting H3 = 0 in the process. The solution takes the form
2 L 2 1 2 2 - 2
ds® = —5—|ds"(AdS3) + —5da”| +ds*(CY3), e~ = Acos? q,
cos3 « . (6.25)
2 A A A N
fi= g)\ cos? ada, f3 = —mTRng, f5 = 3 cos? ada A J22.

We again find a solution bounded between 0 < o < % with the same singular behavior at the
boundaries as in (6.19). Clearly the interpretation must be a little different from (6.21), as
this time as O6- and O4-planes are not BPS in IIB. Inspecting the flux components suggests
that the singularity should this time come from four intersecting O5-planes extendend in
AdS3 and wrapping four distinct three-cycles in CY3 (for example, when CY3 = T°, the
four independent components of Imflg). When such objects are smeared over the rest of
CY3 their warp factors are the same and reproduce the singularity.

As in ITA, the same metric singularity can be created by other arrangements of smeared
O-planes, and one should examine the fluxes to determine the appropriate one; in future
examples however we will refrain from doing so, because of the limited physical interest of
smeared O-planes.

6.3 Mg conformally nearly Kahler

In this section we shall consider solutions that are foliations containing a nearly-K&hler 6
manifold NKg:

ds? = e*ds?(AdS3) + V2 + 29ds* (M), V = — e dyh/(y) (6.26)

where the SU(3)-structure forms are taken to be

JQ = BZCJQ, Qg = 630Q3,

. N a ~ A (6.27)
dJo = 3nImQg, dQl3 = —4nJy A Jo,

where n is a constant. This ansatz is appropriate for classes II and IV in sections 4.2
and 5.2. For a NKg manifold we can actually fix n = 1 without loss of generality, however
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when n = 0 we have conditions for CYg solutions not considered in the previous section,
so we shall keep n arbitrary for now.

Only a few NKg manifolds are known so far: S8 S% x S3, CP3, and the so-called
flag manifold F(1,2;3). The latter two are homogeneous, while the first two admit both
homogeneous and cohomogeneity-one nearly-Kéhler structures [58].

6.3.1 IIA solutions

Applying the ansatz of the previous section to the class of section 4.2 we find that solutions
in ITA are governed by the following ODEs:

<62A+60h2 > IneA—C <e2A+6ch2m>
Gy == )

cos? 3 ~ mecosfB Y cos2 3

<62A+66’h2 m) o—2A+6C 3} (eﬁc sin 5) (6.28)
0y g, [ P

cos? 3 T os? BV1 — e—4Ap2’ cos? 3
where C' = C(y). These imply supersymmetry and the Bianchi identities of the fluxes.

CY3 limit. First off, it is a simple matter to establish that when n = 0, the CY3 limit,
the ODEs truncate to
dy(e*h) =0, 9,C=0,8=0, (6.29)

which can be solved as
h = L%coss a, €2“ =1, B =constant (6.30)

where we have again made use of €24 cosa = h. This gives rise to the following analytic
CY3 solution

L? 1 1L cos’ a
ds® = ds*(AdS3) + ——5da?| +ds*(CY3), e *=""—""—
cos o ( 2 9m? (CYs) cos 3
5 cym .
fo=c1m, fa = cymtan 5Js, fo= ——;‘ tan 3.J3, (6.31)

2
cm s~ 2ciLcoss «

=——J~NJy— do A TS,
fa 5 U2/ 2 3cos 3 3
We see that the solution is bounded between singularities of the type discussed below (6.21);
this time it can be explained as the intersection of a D8/08 system and three O4 planes
that each wrap a distinct two-cycle in CY3 and are smeared over the rest of it.

NKg solutions. When n # 0, Mg is a nearly-Ké&hler manifold. We take n = 1, without
loss of generality. In this case we have not been able to find any analytic solutions to (6.28).
One can make progress by studying it in a power series expansion. We have found it easier
to study the system after fixing the y coordinate reparameterization freedom by demanding
h' = /1 — h2e—44,

For the solution to be compact, y needs to belong to an interval [y_, 3], and one or
more of the other directions should shrink at its endpoints y+. If we take e“@+) = 0, Mg
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Figure 1. A numerical solution with Mg nearly-Kéhler, interpolating between an O8-plane on

the left, and a regular (or conical Gy singularity) on the right. The functions are e (orange), ¢

(black), h (purple). The parameters in (6.32) in this case are ag = 2, m = 1.

shrinks; this is a regular point when Mg =S%, and is a conical Go singularity otherwise,
which is believed to be allowed in string theory. By assuming a power series with integer
coefficients for all the relevant functions, we find (for y = 0)

3 5 3

A 2 4 C 3 5 2 2 4

—ag— ——12+0 -y 10 h=a2——_2+0()t.

e’ =ag 49a8y +0(y)*, e macV ngagy +0(y)”, ap 14agy +0(y)
(6.32)

A standard procedure is to evaluate this at a small value of y, and evolve it numerically

(towards negative y). This ends with a singularity, which upon further numerical inspection
is revealed to be

ds® ~ (y —y—)"/2ds®(AdSs) + (y — y—) /2ds* (M) + (y —y—)*dy* [08]. (6.33)

Comparing with (6.20), we see that this can be straightforwardly identified as an O8-plane,
since in that case H is linear.

We have also studied the system (6.28) numerically, by evolving from random initial
conditions at values y = gy towards both smaller and larger y. The evolution continues
on both sides until it stops at two types of singularities, which again can be further in-
vestigated by zooming around them. One type of solutions we obtained this way has an
O8-plane (6.33) at the endpoint y = y_, and

ds® ~ (y — y4) " 2ds*(AdS3) + (y — v+ ) 2ds*(Mg) + (y — y4)/2dy*  [02] (6.34)

at ¥y = y+. Recalling again (6.20), we see that this has the structure of an O2-plane:
y is interpreted as the radial direction on the cone C'(Mg) over Mg, and the harmonic
function H ~ 1 — (ro/r)?, expanded around r = 7, produces a linear H ~ y. This is an
ordinary O2-plane when Mg =S®, and otherwise represents an O2 at the tip of a conical
Go singularity.

- 21 —



A final, less meaningful type of numerical solutions has again an O8-plane at y = y_,
and

ds? ~ (y—10)~/?ds*(AdS3) + (y — yo)/2ds®(Mg) + (y —y0)*/?dy®  [3 smeared O4-planes] .

(6.35)
This can be interpreted along similar lines to (6.21), as the result of three smeared O4-
planes. Again all are parallel to AdS3 and perpendicular to dy; one extended along direc-

1 2 4

tions x!, x?; one along 23, x*; one along z°, 2%, in local coordinates on Mg.

6.3.2 1IIB solutions

Applying the NKg ansatz to the class of section 5.2 we find that solutions in IIB are in one
to one correspondence with the following ODEs:

e8¢ 2ne~A+C efC\/1—e—44p2
0, = 0,
Y\ cos2 5 mcosf Y cos2 3 ’

5 e8C /1 — e—4AR2 _ eSC—4Ap ! p e6C sin 3 0
Y cos? 3 © Tcos?BV1—e2Ap2’ Y\ cos33 ) 7

(6.36)

where again C = C(y).

CY3 limit. As in ITA, when we fix n = 0 we get CYj3 solutions, as before they are
unwarped and an analogous calculations yields

L2 1 c1 cosga
ds? = ds?(AdS3) + ——da?| +ds*(CY T
’ cos3 a a 3)+9m2 of | +ds"(CYs), L%cosf’
2c1t A N
flz—C;)Taznﬁcosg adao, fg,:%tanﬂcos% ada/\J22, f7:—%cosg adoz/\JS’,
cm A 2cy 2 N
fa= 3 cosﬁReQ:H_ 32 °08° ada A Js. (6.37)

This time the singularity can be interpreted as that coming from four O5-planes that wrap
four distinct 3-cycles in CY3 and are smeared over the rest of it.

NKg solutions. In this case we have not found any analytic solutions. While it is possible
to find a local regular (or conical Gg) solution similar to (6.32), its numerical evolution
ends at points without a clear physical interpretation. The same issue presents itself when
evolving from a random point internal to the y interval.

6.4 Foliations over Tw(My)

A natural generalisation of the D1-D5 near horizon SU(3)-structure (6.9) is to gauge the
SU(2) of the two-sphere, such that our ansatz for the internal seven-manifold becomes

1
ds?(My) = V2 + ds?(M), V=-— e~ dyh!(y)

my/1 —e~44h(y)? (6.38)
dSQ(MG) = GQBDyaDya + 62Cd52(M4)7 Dya = dya + E(JLbcybAc
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where we take (e, e?,e) to be functions of y only. We take A; to be the connection on
the bundle of anti-self-dual forms on My; this makes Mg the twistor bundle Tw(My). A

basis of two-forms j; on My then satisfies
dja = *EabcAb A Je. (6.39)

We can introduce an SU(3)-structure as

1 .
Jo = =e*Bepeyia Dyy A Dye + € Yaja,

5 Q3 = eB+20(dya — i€abc b DY) N Ja- (6.40)

We shall also assume that My is Einstein and self-dual.” This implies that the field strength
F,=dA, + %eabcAb A A, is proportional to j,:'°

F, =bj,, db=0, (6.41)

so that we shall also recover conformal CYs solutions if we fix b = 0. More generically b is
proportional to the constant curvature on My, b > 0 is positive curvature, b < 0 negative.
There are two cases where it makes sense to try this ansatz, namely the 8 = B(y), dga =0
limit of cases II and IV.

6.4.1 IIA solutions

Plugging this into the torsion classes of section 4.2 we find

) €2A+B

S =0, T2:§cosﬁ

_ _ 1 .
<e 2B _ obe 20) <26236abcyaDyb A Dy, — e2cya]a) (6.42)
where T, is indeed a primitive (1,1)-form. We additionally get the following ODEs

o2B+2C 9 pA+B+2C oAC o2B+2C
e - _=2 -9 <
8y<C0825> thOSﬂ /71_6_4Ah27 8@; <COS2IB> ay<COS2,B>’
e?AN (€2€ + be?B)y/1 — e—44p2 5 <623+4O sin ﬁ) 0
) v\ =, | — Y

(6.43)
d,(eh) =

meB+2C cos B cos3 3

which imply supersymmetry and the EOM. When 8 = 0, the fluxes are those of a D4-D8
system with Romans mass Fy = cym.

We did not find any analytic solutions to (6.43). As in 6.3, one can find local solutions
with a power series expansion. In this case it is slightly easier to take the radial coordinate
to be y = h itself.

9There are only two smooth such manifolds, S* and CP? [59], but many more with orbifold singulari-
ties [60].

0For more details on this set-up, see for example [61, section 9.2], or [62] in a different language for AdS,
solutions. Mg is half-flat more generally when My is only self-dual and not Einstein, but in this case we
have not been able to solve the remaining conditions on M7. It would be very interesting to find solutions
with general My; we thank E. Witten for related discussions.
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Figure 2. A numerical solution with Mg = Tw(My), interpolating between an O8-plane on the
left, and a regular point on the right. The functions are e? (orange), e? (aqua), e¢ (black). The
parameters in (6.44) are ag =5, ¢co =5, b=1, m = 1.

A regular endpoint y of the y interval can now be obtained by making the S? shrink,
which is achieved by imposing e (y4) = 0. We find y, = a3 and

7m?c —8ba3
10v/2m3a3c?

b
oz (@0~ ) +0(ag —y)*. (6.44)

et=a0+0(a§—y)*,  "=Vam(ag—y)'/?+ (af —y)*/ +0(ag —y))*/?,

eCZCo-i-

A numerical evolution starting from this local solution ends with a singularity at y = y_.
For b > 0 this is again the O8-plane singularity (6.33), so this gives another class of
solutions where an O8 is the only O-plane; we show an example in figure 2. For My =S*
and CP?, the Tw(My) is CP? and a flag manifold respectively; both admit nearly-Kéahler
metrics. However, even these cases are distinct from the solutions in section 6.3, as we see
by comparing the local solution (6.44) with (6.32). In particular, away from the O8 the
present ones are fully regular for any My, while those of section 6.3 are regular only when
Mg =S®, and have a conical Gy singularity otherwise.

For b < 0, a numerical evolution from (6.44) ends with the singularity at y = y_:

ds? ~ (y—y_)"V/? (ds2(Ang) + DyaDya) + (y—y_)?(ds®(My) +dy?)  [(smeared) O4].

(6.45)
Comparing with (6.20), this would appear to have the structure of an O4, with H ~ y. At
this point one might try to interpret y as the radial direction on the cone C(My) over My; a
harmonic function h ~ 1— (ro/r)3, expanded around r = rg, would produce a linear h ~ y.
This cone C(M4) would be smooth for My =S*, but unfortunately this is excluded by the
assumption b < 0. For other choices of four-manifolds, C'(My) is not a physically sensible
singularity. Another possible interpretation is that y is not radial, but one of the transverse
coordinates; (6.34) is then an O4 partially smeared along My. This is unfortunately not
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really sensible in string theory, although one may hope that it points to the existence of a
solution where the O4 is fully localized.'!

Globally, we have been able to obtain numerical solutions where y € [y_,y4], that
behave as O2-planes (6.34) on both sides, and others that behave as an O2 on one side and
an O8 on the other.

6.4.2 IIB solutions

Plugging the twistor ansatz (6.38)—(6.41) into the torsion classes of section 5.2 we find
2 1
S=0, Tp= §h6_2A+B cosﬁ(e_2B 2be_2c) (262BeabcyaDyb/\Dyce2cyaja>, (6.46)

which differs from (6.42) only by a pre-factor. T» is again a primitive (1,1)-form, we also
get the following ODEs

o2B+2C o oB+2C oAC o2B+2C
o [\ __2 o, () =aa, [
Y ( cos? f3 ) m €34 cos V1 — e—4Ap2’ Y <C0825> Y < cos? f3 > ’
e?AN (be?B + e2€)\/1 — e—44n2 9 (623+4C sin B) 0
) y| ————= 5, | =

dy(eh) = (6.47)

meB+2C cos 3 cos3 3
which imply supersymmetry and all the EOM. Note that fixing b = 0 (so that the fibration
becomes topologically trivial) gives a generalisation of the D1-D5 near horizon, additionally
fixing e=constant. § = 0 reduces to it.

We applied to (6.47) the same procedure we saw in ITA. We did manage to find a
regular local solution similar to (6.44), but numerical evolution from it now ends with a
singularity of the type (6.19), with the CYg¢ replaced by Mg. Its possible interpretation in
terms of smeared O-planes was discussed there and below (6.25).

Finally, numerical evolution from a random internal point results in solutions which
have two solutions of the type (6.19) at both endpoints y.

6.5 S3 fibered over X3

In this section we shall consider solutions where Mg is S fibered over a 3-manifold of
constant curvature. We shall take the metric to be

1
ds*(My) = V2 4 ds?(Mg), V=— e~ Adyh’ (y)

my/1 — e~44h(y)?

(6.48)
. 1 .

ds?’(Mg) = 2B (u)? + e%ds*(83), i =wi+ A,  dw; = §€zjkw] AwP,

¢2B 20

where ( depend on y and the connection A; is defined on X3, which we take to

have constant curvature. We will impose that the SU(2) field strength of the connection is

R .
Fi = —Tgéijkej A Ck (649)

"See [63, section 4.1.1] for a more extended discussion of the difference between genuine and smaread
O-plane singularities.
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where Ry is the Ricci scalar on ¥3. We will take the SU(3)-structure forms to be

Jo = eBTC i p 6,
1 . A
ReQs = e3¢l Ae? A ed — feQB'FCeijk/ﬂ Apd A er, (6.50)

1 ) )
Im23 = €3BM1 A o N\ g — §€B+206ijk/ﬁ NN

6.5.1 IIA solutions
Plugging the ansatz into for the SU(3)-structure of the previous section into the classifica-
tion of section 4.2 we find that the non trivial torsion classes are fixed as

~2A-2B-C (R 2C _ 9028 1 -
T, =0, g =" (Foe e”) [ — 33l Ne? Ned — 762B+Ceijk/ﬁ Apd A e
8 cos 5 2

1 S
+ z’(3e3Bu1 A o A g + ieB”Ceijk,ul ANel A ekﬂ (6.51)

where S is indeed a primitive (2,1)-form. In addition to this we get the following ODEs
for the functions of the ansatz:

5 €A+30h B Ro 5 6A+ZB+C'h 5 6A+ZB+Ch 1 672A+B+Ch2h/
Y\ cosp 2 Y cosf3 ’ 4

cos T Mcos? BVl —e AAp2
ay(ewzw) 1 MBEPRy 6 <M>:o,
cos? 3

~ 6m cosfhyv/1—e4Ap2z = 7Y

el (6.52)
These imply that
e3BH3C sin B = by cos® 3, eAT3CH — %eAHBJrCh = by cos 8 (6.53)
where b1 o are arbitrary integration constants.
We find the following solution to these conditions:!?
B =0, Ry = —6, (6.54)
P = Wem(l —eMpY), = %em, hetd = %(C +h3), dC=0.

We can make more sense of the solution by fixing

C= Z%LG, h =+V2L? cos’ Y,

mey = Fo. (6.55)
The metric and dilaton then become
L? 4 16 1 1 ,
ds® = {ﬂ(dﬁ AdS3) + ——ds*(H ) + (Ad 24 Zsin®y(ut 2)}
ooty (AdSs) + o —5ds”(Hs) omiVA 2t y(u')

e V2FL cost Yy
[ = 7

., A=1+cos?y.
mAT Y

(6.56)

12Ppositivity of the metric fixes Ry < 0, but it can then be set to —6 without loss of generality.
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If we ignore the overall warping, the (y, ;) directions are topologically a 4-sphere with
0 <y < 7, however this gets restricted to the hemisphere 0 < y < 7 in the full space. One
can easily see that y = 0 is regular zero while y = 7 is a singular locus; this is in fact what
one expects for D8 branes coincident to an O8 plane extended in all by the y direction.
This suggests that we have derived a solution with a system of D4-D8 branes compactified
on Hj3 (mod some discrete subgroup). In other words, this solution should be the uplift of
the AdS3 x Hjs vacua of Romans F(4) found in [57]; an uplift of this solution to IIB was
also recently performed in [64]. The non trivial fluxes are the Romans mass Fj and the
4-form which is purely magnetic, given by

8LYFy 4 11 3 ..
Fy=dCs, C3= 573 COS3 y(4 (8 — A) pt AP+ Zeijkel Nel A ,uk) (6.57)
The analytic solution (6.56) is not the most general solution to the system (6.52). As
we did in previous sections, we can look for more general solutions by imposing regularity
at one of the endpoints, by demanding that the S? shrink there (just like y = 0 in (6.56)).
This leads to a more general class, which we give in the gauge where h' = v/1 — hZe—44:

3 1 9m2c3 — 8a3R
A 2 4 B 0 010 3 5
c a0 64a8y +0W)", ¢ 2aomy + 1152acém? v +0W)
= O h=ay—— O . 6.58
e =c 192aicm? Y+ ()", %~ g2yt () (6.58)
For co = 220 this is an expansion of (6.54). A numerical evolution of this perturbative

3m
solution often results in an O8-plane singularity (6.33), just as in (6.56). So that solution

has a two-parameter numerical generalization, also for Ry > 0 (X3 = S?). We show one
numerical example in figure 3.

For Ry < 0, occasionally an evolution of (6.58) results instead in the singularity (6.35).
As usual we also tried a numerical evolution from random values of the functions at an
internal y. With this method, we found solutions that have (6.35) at y4+ and an O8 at y_;
or solutions with (smeared) O2s on both sides.

6.5.2 IIB solutions

Applying the S3 x X3 fibration ansatz to the IIB class of section 5.2 we find that the torsion
classes are fixed in a similar (but not the same) fashion as for the ITA class, namely

62A72BfCh71 (R0€2C _ 2623)

1 o
To,=0, S= Scos 3 —3e3Cet ne? ned — 5628+Ceijkuz/\u]/\ek
1 o
+1 <3633u1 A g A s+ §eB+2Ceijk/ﬁ Nel A ek>] : (6.59)
In addition to this we get the following ODZEs for the functions of the ansatz:
a 67A+3Ch71 B &a 67A+QB+Ch71 a 67A+QB+Ch71 _ i eB+Ch/

Y cosf3 T2 cosf3 ’ Y cosf3 " m h2cos2 Bv/1—e AAR2’

e2B+2C _ L o—3A+B (eQBRO +662C)hh’ 5 £3B+3C sin 8 0 (6 6())
Y\ cos2p3 6m cos Bv/1—e—4AR2 ’ Y cos3 B8 : .
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Figure 3. A numerical solution with Mg an S3-fibration over a three-manifold X3, interpolating
between an O8-plane on the left, and a regular point on the right. The functions are e (orange),
eB (aqua), e¢ (black), h (purple). The parameters in (6.58) in this case are ag = 8, co = 4, Ry = 6,
m=1.

These imply that

ABCsin B =brcos® B, €3 - %62]3*0 = byehcos B (6.61)

where b1 o are arbitrary integration constants.
We work in the gauge h = y. As in section 6.5.1, we have been able to find a local
analytic solution where the S? shrinks smoothly at y = a3:

4Rpad —8m3c}

1 1 /2
A_ A2 2_\2  B__ 1+ [2. 9 _n3/2
_ 0 B %)
e a0+8a0(y aj)+0(ag—y)°, e — 3(a0 y)+ T (ag—y)
8agRo —27m?cj
eC = co+ 010 o Co(ag—yH—O(ag—y)Q. (6.62)

72m2aicy

This is almost identical to (6.58) at this level of approximation, but differs more markedly
from it at higher orders. Evolving it numerically, the solution stops at a singularity with
local metric

ds? ~ (y — yo) "2 (ds*(AdSy) + ds*(S)) + (y — y0)/2(ds*(Ds) + dy?)  [(smeared) O5].
(6.63)
When Y3 is hyperbolic, we encounter the same problem we described below (6.45): the
cone C'(X3) is not physically sensible, so we cannot consider (6.63) as an O5 placed at its
tip. Rather, we need to fall back on the alternative interpretation of an O5 smeared along
Y. But when ¥ =S3, (6.63) should represent a genuine O5-plane singularity, without any
smearing. Both cases are possible numerically.
So in particular in this class we are able to find solutions whose only singularity consists
of a fully localized O5-plane. We show an example in figure 4.
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Figure 4. A numerical solution with Mg an S3-fibration over a three-manifold ¥, interpolating
between an O5-plane on the left, and a regular point on the right. The functions are e (orange),
eP (aqua), e¢ (black). The parameters in (6.62) in this case are ag = 2.5, ¢o = 7, Ry = 6, m = —1.

A less interesting type of numerical solution we found has (6.63) at y = y_, and the

singularity with four smeared Op-planes (6.21) at y = y..

6.6

Summary of physical solutions

We found several types of concrete solutions in this section. We list here only those that

have no smeared O-planes.

In ITA, the solution in figure 1 has My = a fibration of a nearly Kéhler manifold Mg
over an interval [y_,y;]; it has an O8-plane at y = y_, and a conical Ga-singularity
at y = y,. When Mg = S5, the latter is a regular point.

In IIA, the solution in figure 2 has now an Mg = S? fibration over an Einstein self-
dual My, again all fibred over an interval. As in the previous case, there is an O8 at
y =1y_, but y = y4 is always fully regular.

In ITA, for the analytic solution (6.56) the internal space is an S® fibration over a
maximally symmetric 33, all fibred over an interval. Again there is an O8 at y = y_,
and a regular point at y = yy. This is interpreted as a compactification on 33
of the AdSg solution in [65]. However, we also found a two-parameter numerical
generalization, shown in figure 3.

In IIB, again with Mg = an S3-fibration over X3, fibred over an interval, the solution
in figure 4 has an Ob5 at y = y_, and is regular at y = y.

We should stress again that our search was far from exhaustive. We picked only some

simple possibilities for Mg; it is very likely that many other solutions exist. Even for the

ansitze we did try, it would have been possible to look for more general solutions, for

example including D8-branes and/or O8-planes with a finite dilaton (as opposed to (6.33),
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where it diverges as e? ~ |y —y_|~%/%). On the other hand, a more complete treatment
would now be required to make sure that the supergravity approximation is under control,
and that flux quantization can be imposed. For the types of solutions under consideration
in this paper, both of these are expected to work easily, in part because of various rescaling
symmetries of the supergravity equations of motion. We do not carry out this explicitly in
this paper, but it would be needed to analyze the correspondence with CFTy’s.
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A AdSj; bi-linears

In this appendix we give details of the bi-linears following from the two Killing spinors on
AdSs (4 charged under the SL(2)1 subgroup of SO(2,2). These solve the Killing spinor
equation as

Ve = £ (A1)

and we choose real gamma matrices, such that (1 can also be taken to be real we also take
them to be unit norm without loss of generality. Using the Killing spinor equation, or via
direct computation with respect to specific gamma matrices and specific solutions to the
Killing spinor equation, one can establish that

(+®Cy = %(Uﬁ:fAU/\UjF), C+ ®Z¢ = %(if—u—i—%fﬁlv+/\v*$fvol(Ad83)) (A.2)
where (vF,u) are one-forms obeying the conditions
dv® = 2mf~ T A, df = —mu,
u_vol(AdSs) = %fﬁlzﬁ AV, vE vol(AdS3) = £ 1E Aw. (A.3)

(The + is just a label.) Further one can show that

V(#vljf) =0, V(utyy = —mfg(AdSs3)uw, (A.4)

so that (v¥)#0, are both Killing vectors while (u)“d, is only a conformal Killing vector.
They obey the following interior product relations

vE wF = vFu =0, vE T = —2uiu = —2f2, (A.5)

* are null and orthogonal to u, such that any linear combination of v+ with positive

SO v
coefficients is strictly time-like. This will eventually lead to a time-like d = 10 Killing

vector in the next section.

— 30 —



A particular parameterisation of AdSs is
ds®(AdSs3) = > (—dt?® + dx?) + dr?. (A.6)

In terms of this, the Killing spinors that are Poincaré invariant in (¢, z) are

m. [ 1 m. [0
(+=e2" (0)7 C—:€2T(1>7 (A7)

when we take v, = (io2,01,03),. One then has
f=em, vt = €2 (dt + dx), u=—e""dr. (A.8)

Using a specific parameterisation such as this is probably the easiest way to derive the
identities in this section.

B General N = (1,0) conditions

In this appendix, for the first time, we present all the N’ = (1,0) conditions for AdSs
without assumption. We make use of an existing classification of generic supersymmetric
solutions in type II supergravities presented in [66].
The d = 10 Majorana-Weyl Killing spinors for A/ = (1,0) supersymmetric AdS3 de-
compose as
a=GR0ex, =002 (B.1)

where + in 01 is labeling 10d chirality while on (; (the AdSs Killing spinor defined in
appendix A) it labels the SL(2); subgroup of SO(2,2) =SL(2);+x SL(2)_. The bosonic
fields decompose as in (2.1) so as to respect the SO(2,2) isometry of AdSs. Following [66]
one can define the following one-form bi-linears

1 - 1
K= @(EJ‘MQ +€2FM62)dXM, K = @(glrMGI _€2FM62)dXM (B.2)

where KM are necessarily the components of a 10 dimensional Killing vector that is either
time-like or null. Decomposing the 10 dimensional gamma matrices as

I, = eAyu ® o3 ® 1, I'e=1® 01 ®,, 171234567 = 1 (B.3)

implies that the 10d intertwiner defining Majorana conjugation as ¢¢ = B(19¢* and chirality
matrix I are respectively

A

B=1®o03® B, I'=1®o0,®I, (B.4)

where By,B~! = —*, BB* = 1. As such we should take
1 1 1 (1
0, = — , 0. =— , B.5
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¢, to be real and (x'2)¢ = B(x}?)* = (x!?) so that €1,2 are Majorana-Weyl as required.
Using this we can now refine (B.2) as

A
X2 = AT, (B.6)

A 12 212y, + -~ _ €
K="
X2+ [XZ[F)vT, 64(

(&
K="
61

making K null. The first conditions for supersymmetry are that K 9,; should be Killing,
and that NS the three-form H and the one-form Kj; obey

dK = K_JH. (B.7)
These impose that
P £ 32 = cre™,  cpedthg = —2me_ (B.8)

where ¢4, c_ are constants, the former strictly positive. Another set of necessary conditions
is given by
d(e”®00) = (K. 4+ KN)Fy, 909 = ¢ 96, (B.9)

It is not hard to show that the bi-linear is given by
4010 = ey A Ve — freunv ATy, vy ® x; =0, +40_, (B.10)

while the term involving the flux becomes

~ 1 e
(Ko + KN Fo = o %v_ Afi— %f‘le?’Av_ AuAxr (i) (B.11)

Given this, the 10d bi-linear constraints reduce to the 7d ones

_ Cc_ _ _ C
A, (27002 + o/t =0, A, (24720, ) F 2me 00, = 1166?*‘ *7 A(fe). (B.12)

The final necessary conditions are given by (3.1c) and (3.1d) of [66]. Dealing with these
is a much more lengthy computation, so from here we shall only sketch the derivations
giving some key intermediate results. Given the AdSs ansatz, (3.1c) for instance simplifies
considerably, reducing to

1 1
(61+\I/(10)62+, FMN dA VAN 62+\I/(10) - = (eAm + 2h()> P62+\I/(10) — 2€(I>f:|:

2

) ~0 (B.13)

where
e —fﬂqﬁ P=1I®o3®1 (B.14)
Pl S '
and the bracket is (o, 8) = (a A A(B8))10- In principle (B.13) could give 3 independent
conditions for (M, N), i.e. those aligned along AdSs, M7 or mixed directions respectively.
However, due to vt.v™ = 0, when (M, N) = (a,b) this condition is trivial. With some

effort one can show that (M, N) = (u,a) is equivalent to

2
(\Ifi, Ya (e‘DdA ANV + |X82| fﬁ:) > =0, (B.15)
7
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where the bracket is now (X,Y)7 = X AX(Y)]..
implied by (B.12) using properties of the pairing. Thus the only new conditions follow from
the AdSs directions — one can show that this holds true for (3.1d) of [66] also. It turns
that (3.1c) and (3.1d) of [66] yield conditions depending on |y2|? and |x1|? respectively,

It is then possible to show that this is

which given (B.8) are not actually independent; they are equivalent to a single condition

cem ~+ te Ace_hyg 3

(U, fa)7 = F 24 e~ *vol(My). (B.16)

In summary, in conventions where iy1234567 = 1, the necessary conditions for N' = (1,0)

supersymmetry in full generality are

-~ c_ _ _
dpp, (e %JF)iﬁfi:o, A, (24720 ) F2me 0, = 1?3 S A (f), (B.17)
le—As p
Ve, fx 7=:F0+TrhL26 - 0 e =®0l M7), IxX'PEE 2ocpetd, e €34 hg=—2mec_,
F +

4
where one can in fact fix ¢4 to any value one chooses without loss of generality. Notice
that for (cy = 2,c_ = 0) we reproduce the conditions presented in [48] which shares our
conventions. The conditions for N' = (0,1) are quite similar, they are given by sending
m — —m everywhere it appears in the above expressions.

C Derivation of supersymmetry conditions for N' = (1,1) AdS;

In this appendix we give a detailed derivation of the supersymmetry conditions for N' =
(1,1) AdSz summarised in section 2. We again make use of [66] and use the same conven-
tions as the preceding appendices.

The d = 10 Majorana-Weyl Killing spinors for A/ = (1,1) supersymmetric AdSs de-
compose as

=GR+ e0ex, e@=(e0zaoxi+eizex:  (C1)

where + in 6y is labeling 10d chirality (so the upper/lower signs should be taken in
IIA/IIB), while on ¢+ and x3}? it is just a label. Specifically (1 are two independent
AdSs Killing spinors defined in appendix A. Plugging these spinors into (B.2) we find the
10d 1-forms

= (GO P2 B+ S+ P AT T g€
= (SR Py + SR - WP A - 7€) (©2
where

b= =0t Fxdhax?), &= =it £x3axd). (C.3)

The fact that K9, should be a 10d Killing vector imposes the following 7d conditions
Viay) =0, (C.4a)

LeA—me™ (X”Xi + 32 1) =0, (C.4b)

d(e” (X”xi + XQT)&)) —me 24 =0, (C.4c)

(e (G + IXAP) = dle (L + X2 %) =0, (C.4d)
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from which it is clear that for a generic solution £%9, is a Killing vector of the internal
space but not the warp factor — unless we have £ = 0. Another necessary condition is
that the NS flux obeys (B.7) which leads to
d=¢.Hs,
ho(XE X +xx3) =0,

d(e* (X =X +mé=0, (C.5)

d(e (I = AP =de (X P =1 P) =

m(xE 2 =21 e ho(IXL P+ P) =2m( P = DA P + e h(X A P+ =

So we must fix either

ho=0, or XMyl +x*x2 =0, (C.6)

or both. When ¢ # 0, (C.4c) implies we should fix hy = 0. In fact it is fairly easy to
show that in this case the AdS3 factor we are assuming gets enhanced to AdS4 in both the
metric and the fluxes (at least locally). To see this one can solve (C.4c) locally as

AT PN = p(r),  mE =P dr. (C.7)

r now plays the role of a local coordinate and p’ parameterises diffeomorphism invariance
in this direction. We can implicitly fix this invariance by taking

R S (©3)

¢ and the vectors orthogonal to it define two distributions, which are integrable by (C.4c);
in other words ¢ is hypersurface orthogonal. There thus exist coordinates such

A2 (My) = (92 + ds2(Mg),  ef = —— = A Zar. (C.9)

Now & being a Killing vector implies

e = ,/%Aa 8, Ay = 0. (C.10)

Plugging this into (C.4b) then leads without loss of generality to

1
p = —tanhr, (C.11)
m
and the 10d metric becomes
ds? = €24 |m? cosh? rds®(AdSs) + dr?| + ds?(Ms) (C.12)

which is warped AdS,4, not warped AdSs. This pattern persists with the fluxes as well, at
least away from the loci of possible sources, so in regular regions of a solution

€40 =  AdSs — AdSs, (C.13)

~ 34—



so at best solutions with £ # 0 can generalise AdSy to cases with sources placed along
the AdS radial direction, and indeed we have not established that even this is necessarily
possible.

Thus for AdS3 vacua we can fix £ = 0 without loss of generality. This truncates the
conditions derived thus far to:

£=0, (C.14a)

I+ 23 =0, (C.14b)

d(e* (X = xx3)) + mé =0, (C.14c)
P £ DG P = e PR ENER =et4er,  (C.14d)

2met + 63Ah00+ =0, 2me_ — e?’Ahch_ =0, (C.14e)

which imply cfc; + c:ci = 0. With these restrictions K becomes necessarily time-like for
N = (1,1). Tt also follows that

Y = x2E #0, (C.15)

or rather more specifically that Xl_fx}F — X%Txi cannot be set to zero everywhere. Indeed

from (C.14a), (C.14b), (C.14c) and the definitions of (¢, &) it follows that

1 2 1 2 1
X =2 =0 = I =T = xTad =l =0, (C.16)

where {y, vax} is a basis for the space of spinors, for any y. Applying this to (C 16) implies

that one of x} would need to be zero, and similarly for x3. So when XlT QTX =0

everywhere only A/ = 1 supersymmetry can be realised.
We now turn our attention to the conditions (B.9): one can show the 10d bi-linear
decompose as

4009 = f(OL — i) Fet (0T ATET ot AU —u A (BT 0T (CT)

— MU (v ATET — 0t AT
1 o -
+ 7T AvT A (WL + UET) £ fePivol(AdSy) A (VT - 95T,

where we defined

U4 = Lot st =+ (C.18)

Likewise one can show that
_ 1 . . 1
(Ko KA)Fio= o Fe3Avol(AdS3) AEARTA(fr) — FEN fu + §(c:u+ +cTvT)Afr (C.19)

1. _
(XHX1+ XQTX?F)U/\f:I:‘i‘if 1€3A(C+U C+’U )/\u/\*7A(f:|:)

— 35 —



Putting this all together we find (B.9) is equivalent to the 7d conditions

+
dpry (A PUET) + % fi=0, (C.20a)
dpgy (AW 7) + %fi =0, (C.20b)
+
— _ C
A, (247 20LIT) 7 2me? <I)\II$Jr = 1—263’4 *7 A(f1), (C.20c¢)
dizy (247U ) + 2met WL = %e“ w7 A(fa), (C.20d)
i, (242U + W H)) =0, (C.20e)
o 1.
dig(e™ (WL = WEh) = €N Lo, (C.20f)
_ _ _ _ _ 1
iy (e (U + ) Fme™ (WL — Wit) = Foe (XX — X2 fz. (C20g)
dp, (347 P (T —Wh)) £ 34 Pho (W1 — 0L H)
1 ~
+3me?A (Wi + i) = j:§63A§ A x7A(fx). (C.20h)

The first four of these are simply the distinct conditions one would get from an N = (1,0)
and N/ = (0,1) 10 dimensional bi-linear respectively (see the preivous appendix). The
Bianchi identities and equations of motion of the RR flux away from the loci of sources
impose that

du, f+ =0, dr, (€3A *7 A(fe)) + €3Ah0f:|: = 0. (C.21)

Notice that when the dHz = 0 is assumed and given (C.14e), dp,(C.20a), dg,(C.20b) and

dp,(C.20f) combined with (C.20e) imply the first of these when respectively ¢, c” and

Xl_Txfr - XQ_Txi are assumed to be non zero; the latter indeed cannot vanish for us, as we

concluded in (C.15). Similarly dg,(C.20c) and dg,(C.20d) reproduce the second in (C.21);
this is true in general, as both ¢ # 0. Notice also that (C.20a)-(C.20b) imply that in ITA

EFy = 0. (C.22)

In other words a non trivial Romans mass Fy # 0 is only possible when ¢f = 0, which
by (C.14e) implies that the electric NS flux hy = 0; conversely, hg # 0 is only possible
when Fjy = 0. Further, in ITA the zero-form part of (C.20g), (C.20h) imply

SAPho(Ug™ — V™) + 3me* AP (Ui + v, 1) =0,
U 1
me™ (U~ = 05 *) = —2et (0 - xR (C.23)

The second of these defines Fy. Since one of (hg, Fy) is zero, we always have
Vot + Ui =0,  ho(¥gT —¥f7) =0, (C.24)

In IIB one can always use the SL(2,R) invariance to move to a duality frame where hg = 0,
so one can safely fix hp = 0 and so ¢ = 0 modulo S-duality. We now note that one
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cannot set £ = 0 and preserve N = (1,1) simultaneously: given the rest of the constraints
this would mean that all the bi-linears (¥**, W) are proportional to each other, it then
quickly becomes apparent that (C.20d)—(C.20e) cannot be made consistent with (C.20g)
when € = 0.

It is a generic feature of this kind of reduction of 10 dimensional bi-linears on a warped
product that some of the conditions (C.20a)—(C.20h) will be implied by the others. To see
this one can generally exploit two identities that follow from the definition of ¥ and from

supersymmetry:
Lxgol0 =0 (Kio4+ EKn)TU0 =0 (C.25)
In the case at hand, since K only has components along v*, it is simple to show that the

first of these holds trivially, and it is the second that yields some constraints on the 7d
bi-linears. One can show that this requires

EN(TE — ULt =te (cy ULt +cfUo), (C.26a)
ENUE T =2 (e (T T —cf o) + (M =) (T —w2™)), (C.26b)
2eM NV = £ (e N (TL + UL+l (W —TLH)), (C.26¢)
20 ENVET = £ (— L (UL + UL )+t (VD —wih)), (C.26d)

28N =F(cge(PE — W) +e del (VL +0LT)
—20 M =) ws), (C.26¢)

28NV =F(cfe (P —Uh) —e el (PE +02T)
+20¢ T =) e, (C.26f)
eMEN(TLT+ L) =F (UL —ctws), (C.26g)

ANV 0T = F (U + W) — e (U -T2 (W™ +95T)). (C.26h)

Using these identities one can establish that £A(C.20g) implies (C.20f)
given (C.20c), (C.20d) and (C.14c). Similarly one can generate (C.20h) by wedging
€ with either of (C.20c) and (C.20d), finally (C.20a) and (C.20b) give rise to (C.20e).
Thus many of these conditions can easily be shown to be implied by others.

To have a sufficient system of conditions that imply N' = (1, 1) supersymmetry, strictly
speaking, we should also solve (3.1¢) and (3.1d) of [66] as we did to derive the N' = (1,0)
pairing constraint in the previous section. These are the hardest to deal with generically,
though in certain cases they are implied such as for Mink;/AdS,; vacua in d > 3. Here we
will work smart rather than hard. In the previous appendix we give necessary conditions
for N = 1 super symmetry, here know we have sufficient conditions if we are solving two
independent copies of these, an A" = (1, 0) set and an V' = (0, 1) set — eqs. (C.20a)—(C.20b)
already give all the conditions from these independent A/ = 1 sub-sectors, except the pairing
constraints that follow from (3.1c) and (3.1d) of [66]. Specifically these conditions take the
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form

+ 1,—A +
cym+ e ¢ h

o _
(Ut fo)r=F . e~ ®vol(My),
_ 1 —A —
1 h
(UX7, fo)r = + =T 246 20 e~ vol(My), . (C.27)

We have necessary conditions for supersymmetry if we also solve these — any additional
conditions that one can extract by plugging the N' = (1,1) ansatz into (3.1c) and (3.1d)
of [66] are necessarily implied by these. However, it is possible to show that the two
conditions in (C.27) are dependent by (C.14) and (C.20) and in particular that the linear
combination

(T LT + W, fi)r =0, (C.28)
is implied in general. To this end one needs some identities: first off

(T UL + eV dy, (PE +U2h))g = —(dpy (LWL +cf0E7), Ui +W2F)7. (C.29)

This follows from (C_T_\I/$+ + Ci\I/:T:_, \II'; + ‘I’:_F+)6 = 0 and the definition of A. The former
can be easily proved with a concrete parametrisation of the 7d bi-linears such as (3.10)—

+ :i:)

(3.11) (these hold for ci =c, =2and ¢t = ¢~ = 0 but generalising to generic (c T, co)is

straightforward). Similarly one can show that
(TUET + W™, U™ — Ui )r =0, (C.30)
(TUET + U™ Xy A (T + 0217 = (X A (0T +cf027), U + W) =0,

for X1 any one-form on M7. Using these identities one finds that (01\11$++ci\11;_, f+)7=0
is indeed implied given (C.20a), (C.20b), (C.20g). Thus (C.27) is implied by just
met

1
mely | fe_A(chcI_ - c_ci)ho) e ®vol(My).  (C.31)

(3 OF" —clvy ™, fa)r = jF( 5 S i

Establishing whether this too is redundant is more challenging as (¢ \Ilrr — ci\l';*, \Ifif +
\I/;JF)G # 0 in general. Thus one needs to exploit the torsion classes of the SU(3)xSU(3)
structure that the internal manifold supports to establish whether it is also implied. In the
main text we focus on the case where M7 supports an SU(3)-structure; for such manifolds
we find that (C.31) is indeed implied, but this remains a open question for SU(3) xSU(3)-
structure more broadly.

This concludes our analysis of N' = (1, 1) supersymmetric AdSs; a summary of these

results is given in the main text in section 2 where we have fixed

ci =c, =2 = F=—cT=¢, =ehy=-mec (C.32)

It is not hard to see that this can be achieved without loss of generality: (C.14d) ensures
that ¥ for s,t = + has an overall c¢S.c!y factor in it definition. Since ¢t must also have
a ¢ factor in their definition and ¢ > 0, they may be factored out of (C.20a)—(C.20d).
Likewise (lexfr - X%Txi) and £ contain a \/E factor, so cf can also be factored out

of (C.20e)-(C.20h), making the precise values of ¢ > 0 immaterial. Choosing ¢} = ¢} = 2
then leads to the other conditions in (C.32) by (C.14e).
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