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CONSTITUENTS OF GRADED LIE ALGEBRAS
OF MAXIMAL CLASS
AND CHAINS OF THIN LIE ALGEBRAS

SANDRO MATTAREI

ABSTRACT. A thin Lie algebra is a Lie algebra L, graded over the positive
integers, with its first homogeneous component L; of dimension two and
generating L, and such that each nonzero ideal of L lies between consecutive
terms of its lower central series. All homogeneous components of a thin Lie
algebra have dimension one or two, and the two-dimensional components are
called diamonds. If Ly is the only diamond, then L is a graded Lie algebra
of maximal class.

We present simpler proofs of some fundamental facts on graded Lie alge-
bras of maximal class, and on thin Lie algebras, based on a uniform method,
with emphasis on a polynomial interpretation. Among else, we determine
the possible values for the most fundamental parameter of such algebras,
which is one less than the dimension of their largest metabelian quotient.

1. INTRODUCTION

A graded Lie algebra of maximal class is a graded Lie algebra L = @;°, L;
with dim L; = 2, dim L; < 1 fori > 1, and [L;, L1] = L;4; for all . Their name
refers to the fact that, in case dim(L) < oo, such Lie algebras are nilpotent
of nilpotency class as large as it can be compared to their dimension, hence
precisely one less than their dimension. Taking the latter as definition (and
without an assumption of being graded), Lie algebras of maximal class are also
referred to as algébres filiformes in the literature. The general wisdom is that
those are possibly too complicated to admit a comprehensive classification,
even in characteristic zero. A reasonable approach in their study is shifting
focus to the graded Lie algebra associated with a suitable filtration, the most
natural being the lower central series. The resulting graded Lie algebras of
maximal class are then those of our definition. Over a field a characteristic
zero, taking the associated graded Lie algebra is too drastic a simplification, as
it is not difficult to see that there are then at most two nonisomorphic graded
Lie algebras of maximal class of each given finite dimension dim(L). However, it
was noted by Shalev in [28] that the landscape might look more complicated in
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positive characteristic p, as he constructed countably many insoluble (infinite-
dimensional) graded Lie algebras of maximal class.

In this paper we make the simplifying assumption that all Lie algebras con-
sidered are infinite-dimensional, whence graded Lie algebras of maximal class
satisfy dim(L;) = 1 for ¢ > 1. It will be clear that each of our results actually
remains valid in the finite-dimensional case under an assumption that dim(L) is
sufficiently large. A systematic investigation of graded Lie algebras of maximal
class started in [14]. In particular, constructions of new such algebras from
a given one were described, which when done repeatedly together with some
limit processes produce, over an arbitrary field F' of positive characteristic,
max{|F|, Ny} pairwise non-isomorphic graded Lie algebras of maximal class. A
classification of graded Lie algebras of maximal class was achieved in [16] for p
odd, and in [22] for p = 2, in the sense of proving that any graded Lie algebras
of maximal class can be obtained through the procedures described in [14].

Important quantities associated with a graded Lie algebra of maximal class
are the constituent lengths. We will recall the definition of constituents and
their lengths from [14], as updated in [16], in Section 3. However, it is shown
in [20, Section 4] that the constituent lengths ¢, can intrinsically be defined
in terms of relative codimensions of the Lie powers of L2 namely, ¢ = ¢, =
dim(L?/(L*)?) + 1 and ¢, = dim((L?)"/(L*)"*!) for > 1. In particular,
the largest metabelian quotient of L, which is L/(L?*)?, has dimension £ + 1.
The starting point of investigating graded Lie algebras of maximal class is
establishing that ¢ must equal either oo or twice a power of the characteristic
p, say £ = 2q with ¢ > 1 a power of p. In Section 3 we will revisit the
original proof of that fact, and of another result from [14] which describes all
possible lengths of constituents past the first. Our original contribution here
is a more systematic approach, which has shown its advantages in related but
more complex settings.

Before discussing our approach we introduce another class of graded Lie
algebras, which relate to graded Lie algebras of maximal class in various ways.
A thin Lie algebra is an infinite-dimensional (as we assume in this paper) graded
Lie algebra L = @;-, L; with dim L; = 2 and satisfying the following covering
property: for each i, each nonzero z € L; satisfies [zL;] = L;;1. This implies
at once that homogeneous components of a thin Lie algebra are at most two-
dimensional. Those components of dimension two are called diamonds, hence
L, is a diamond, and if there are no other diamonds then L is a graded Lie
algebra of maximal class. It is convenient, however, to explicitly exclude graded
Lie algebras of maximal class from the definition of thin Lie algebras. Thus, a
thin Lie algebra must have at least one further diamond past L, and we let Ly
be the earliest (the second diamond).

The term diamond originates from a lattice-theoretic characterization of thin
Lie algebras motivated by [8]. In fact, any graded ideal I of a thin Lie alge-
bra is comprised between two consecutive Lie powers of L, in the sense that
Lt O T DO L**! for some 4, and hence the lattice of graded ideals looks like a
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sequence of diamonds (a name for the lattice of subspaces of a two-dimensional
space) connected by chains. The lengths of the chains or, if we prefer, the
distances between consecutive diamonds, are clearly crucial for understanding
the structure of thin Lie algebras.

In fact, the most fundamental invariant of a thin Lie algebra is the degree k
of the second diamond. It turns out (as was proved in [2], but see Section 4 for
more precise references) that k& can only be one of 3, 5, ¢, or 2¢ — 1, where ¢
is a power of the characteristic when positive. In particular, only 3 and 5 can
occur in characteristic zero, and subject to a further restriction in the former
case such thin Lie algebras (infinite-dimensional as we assume throughout) were
shown in [15] to belong to precisely three isomorphism types, associated to p-
adic Lie groups of types A; and A, (which were explicitly realized as matrix
groups in [25]).

In contrast, the values g and 2g—1 for k occur for two broad classes of thin Lie
algebras built from a range of nonclassical finite-dimensional simple modular
Lie algebras, and also to thin Lie algebras obtained from graded Lie algebras
of maximal class through various constructions. Extensive discussions of those
two classes of thin Lie algebras, with references, can be found in [6] and [13],
respectively. The most well-known representative of the former class is the
graded Lie algebra associated with the lower central series of the Nottingham
group over the field of p elements (with p > 2), see [9], which has a diamond
in each degree congruent to 1 modulo p — 1. According to [4], in a thin Lie
algebra with second diamond in degree g > 5 the difference in degrees of any two
consecutive diamonds equals ¢ — 1 (when properly interpreted in the presence
of fake diamonds).

The occurrence of powers ¢ of the characteristic p in the above results can
ultimately be traced, not unexpectedly, to the fact that (X 4+ 1)" = X" 4+ 1 in
[, [x] precisely when n is a power of p, or generalizations of that basic fact which
we discuss in Section 2. One of the goals of this paper is to provide a revised and
simplified exposition of the determination of the fundamental parameters ¢ and
k of graded Lie algebras of maximal class and thin Lie algebras, emphasizing
the polynomial viewpoint. We deal with the length ¢ of the first constituent in
Section 3, and with the degree k of the second diamond in Section 4. One of
the reasons for this approach is removing much educated guessing in the choice
of particular Lie product calculations rather than others in the original proofs,
which was developed after reliance on the results of computer calculations. Our
proofs are generally shorter than the original proofs, but more importantly, they
are more natural in the sense that after a minimal setup the proofs themselves
produce the correct statement to be proved. Isolating the key reasons for the
admissible values for ¢ and k from accessory calculations makes the arguments
more flexible for use in other settings.

In particular, one such setting which has been partially investigated is the
study of other types of graded Lie algebras of maximal class, which are not
generated by L, but by an element of degree 1 and one of degree n > 1. For
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n = 2 those were classified by Shalev and Zelmanov in [29] in characteristic zero,
and by Caranti and Vaughan-Lee in [17, 18] in positive characteristic (odd and
then two). Partial results for larger n, but smaller than the characteristic p,
where then found by Ugolini [30], and a classification for n = p was obtained
in [27]. An improved exposition of part of the results of [27] is given in [20].
In that paper, the determination of the possibilities for the first constituent
length has greatly benefitted from a polynomial approach inspired by the one
introduced here. A similar approach has led to a simpler exposition in [23] of
results from [30]. Another successful instance of this strategy occurs in [4].
Preliminary drafts of this paper, bearing a similar title, were privately circu-
lated as early as 2006, and were cited as work in progress in [6, 7, 3], Because
they included a sketch of further material which eventually developed into [24],
some of those forward citations refer to the content of [24] rather than this

paper.

2. PRELIMINARIES

As announced in the Introduction, for clarity of exposition we assume all Lie
algebras in this paper to have infinite dimension. Allowing their dimension to be
finite but large enough would suffice, and inspection of our proofs would reveal
how large is precisely enough, but even so we would not be able to improve
on the original dimension upper bounds on finite-dimensional counterexamples
found in [14] and [2], which were sharp in each case. Unless otherwise specified
we allow the characteristic p to be zero in our arguments, but eventually most
interest lies in positive characteristic.

We use the left-normed convention for iterated Lie products, hence [abc]
stands for [[ab]c]. We also use the shorthand [ab’] = [ab- - - b], where b occurs i
times. A fundamental calculation device in most arguments, both in [14, 16, 22]
on graded Lie algebras of maximal class, and in a number of papers on thin
Lie algebras, is the following generalized Jacobi identity, which can be easily
proved by induction:

J .
) ol = 3010 (1) sty

i=0
In a typical application of Equation (1) most of the summands will vanish,
usually because [vz'y] = 0 except for a few values of 7 (at most two in this
paper).

Because of the recurrent use of Equation (1), in all papers in this research
area frequent use is made of Lucas’ theorem, a basic tool for evaluating a
binomial coefficient (‘;) modulo a prime p: if @ and b are non-negative integers
with p-adic expansions a =ag+ap+---+a,p" and b =by+byp+---+b.p",

then (‘;) = [1-, (Z’) (mod p). Lucas’ theorem is easily proved by expanding

both sides of (1 4+ X)* = []/_,(1 + X*")% in the polynomial ring F,[X]. As
an example of application of Lucas’ theorem, the simple fact, mentioned in the
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Introduction, that the condition (X + 1)" = X" + 1 in F,[X] entails that n is
a power of p, follows by reading the p-adic expansion of n from the vanishing
modulo p of the selected binomial coefficients (;‘T) =0 (mod p) for p" < n.

In this paper we deliberately avoid using Lucas’ theorem for the most part,
and phrase our conditions and arguments in terms of polynomials whenever
possible. As an example, deducing that a positive integer n must a power
of p from the equation (X + 1)" = X" + 1 in F,[X] can be done as follows
without direct appeal to Lucas’ theorem (even though, admittedly, in a less
elementary way). Indeed, that condition implies that the power map « +— a” is
an automorphism of any finite field F, of characteristic p. Hence the map must
equal some power of the Frobenius automorphism « +— o, and so it equals the
map « — o, for some r with 1 < p” < ¢q. This implies n = p" (mod ¢ — 1),
and we can conclude n = p" as desired by choosing the field F, to have more
than n elements.

In our proof that the first constituent length ¢ of a graded Lie algebra of
maximal class L must equal to twice a power of p, in Theorem 6, we will use
the following simple variation.

Lemma 1. If (1+ X)* =1 (mod X") in F,[X], then n equals a power of p.

Proof. We give two proofs, one based on Lucas’ theorem and another one based
on a polynomial argument.

We are given that (2]:) is a multiple of p for 0 < k < n. Let 2n = ag + a1p +
-+« + a,p" be the p-adic expansion of 2n, with a, > 0, whence p" < 2n < p"+1.
If p is odd this implies p"~! < n. If p = 2 then we can only infer 2"~! < n, but
in that case our hypothesis extends to (2,:”) being a multiple of 2 for 0 < k£ < n,

2 2m—1\ - . . .
because (T?) = 2(:71) is always even. Thus, in either case according to Lucas’

theorem our hypothesis yields a; = (%) = (i’}) =0 (mod p) for 0 <7 < r, and
hence 2n = a,p” with 0 < a, < 2. But then a, = 2 follows if p is odd, and
a, = 1 if p = 2. Both cases fit the desired conclusion.

The following alternate proof by simple polynomial manipulations is both
shorter and more elegant than invoking Lucas’ theorem. Because of the sym-
metry (232) = (2;1), and changing sign to X for convenience, we are actually
given that (X —1)?" = X?" 4+ aX" + 1 in F,[X], for some a € F,. Substituting
1 for X we get a = —2, whence (X — 1)*" = (X™ — 1)%. Consequently, we find

(X — 1) = X™ — 1, whence n is a power of p as noted earlier. O

In Theorem 8 we will show that the degree k of the second diamond in a thin
Lie algebra, which can easily be seen to be odd, can only be 3, 5, ¢, or 2¢ — 1,
for some power ¢ of p. In that case, after some preparations, an application of
Equation (1) will give us a congruence involving binomial coefficients, which in
turn amounts to the condition

(2) (X+D"M1-nX)=14+n+1)X (mod X")
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in the polynomial ring F,[X], where k = 2n + 1. The following result will then
give us almost the desired conclusion, and in Remark 3 we discuss how the
spurious values will be excluded.

Lemma 2. Let p be a prime or zero, and suppose the odd integer 2n + 1 > 1

satisfies

2n + 1 2n+1

=n mod or0<j<n-—1.
<j+1) ( j ) od 2} Jor0 <

Then 2n + 1 equals 3, 5, 7, q, 2¢ — 1, or 2q + 1, for some power q of p.

Proof. Note that the congruence holding in the stated range is equivalent to
Equation (2). The congruence is trivially satisfied for j = 1. No further values
of j belong to the given range unless 2n + 1 > 7, which we assume now. For
j = 2 and p # 2,3 the congruence is equivalent to n(2n + 1)(—n — 1) = 0
(mod p), whence n = 0,—1/2,—1 (mod p). We consider each case in turn,

thus covering p = 2 and p = 3 as well.

If p#2and n = —1/2 (mod p), then (**/) = (*'J!) = 0 (mod p), and

inductively we obtain (Q"J.H) = 0 (mod p) for 0 < j < n. Because of the

symmetry (227}:{;) = (2”;“1) this also holds for n +1 < j < 2n + 1, and so
(X + 1) = X2 4 X" + aX™ + 1 in Fy[X], for some a € F,. Since
this polynomial is a p-th power (as the exponent 2n + 1 is a multiple of p)
its derivative a(n + 1)X"™! 4+ anX"™ is the zero polynomial, whence a = 0.
Therefore, (X 4 1)***t = X"+ 4+ 1 in F,[X], and as we have discussed earlier
this implies 2n + 1 = ¢, a power of p.

For the other two cases we write our condition in the equivalent form

(X)X + 1) (nX —1)=0, forl<j<n,

where the polynomial is viewed in F,[X]. Here [X7]f(X) stands for the coeffi-
cient of X7 in the polynomial f(X).
Thus, if n = —1 (mod p) our condition means

(X)X +1)"2 =0, forl<j<n,

and clearly also for j = 1. Hence (X +1)?""2? = X224 g X" 24 p X" 4 a X" +1
in IF,[X], for some a, b € F,,. Since this polynomial is a p-th power its derivative
aX"t —aX" ! is the zero polynomial, and hence a = 0. As we have seen earlier
this forces 2n + 2 to be twice a power of p, and so 2n + 1 = 2q — 1.

Finally, if n =0 (mod p) our condition becomes

[(X)(X +1)* =0, forl<j<n.

Again by symmetry this also holds for n +1 < j < 2n, hence (X + 1)?"*! =
X2+l X2 4 g X" 4 X+ X + 1 = (X2 +aX" + 1)(X + 1), for some
a € F,, and so (X +1)*" = X? + aX" + 1. Hence 2n is twice a power of p,
and so 2n + 1 = 2q + 1. O
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Remark 3. A somehow neater version of Lemma 2 would assume that the con-
gruence holds in the slightly extended range 0 < 7 < n. For p # 2 that would
rule out the cases where 2n + 1 equals 7 or 2¢ + 1, thus producing a sharper
conclusion in our application to thin Lie algebras in Section 4, where k = 2n+1
will be the degree of the second diamond. Unfortunately, our Lie algebraic cal-
culations of Section 4 naturally lead to the hypothesis of Lemma 2 as stated,
and those spurious values for £ will have to be excluded by other means. In
fact, Equation (9d) and the discussion which follows it implies that (k — 1)/2
cannot be a multiple of p (or the covering property will be violated). That
will exclude k& = 2¢ + 1, and k& = 7 will be ruled out in an ad-hoc manner (for
p # 2,7) in the proof of Theorem 8.

In the proof of Theorem 7 we will make use of the following congruence.

Lemma 4. If q is a power of the prime p we have

(-1)@(2) - (—1)b(q —i- b) (mod p) for0<b<a<aq.

The special case of Lemma 4 where ¢ = p is an easy application of Wilson’s
theorem (p — 1)! = —1 (mod p). A proof of the general case based on different
manipulations can be found in [26, Section 4]. We give here a different and
perhaps more conceptual proof.

Proof. The signed binomial coefficients (—1)*(}) are uniquely determined, in

the triangular region 0 < b < a < ¢ under consideration, by the identity

i () EX SV (4 R CV (R

which is equivalent to the basic binomial identity (Zﬁ) =)+ (kil), and the

values taken on the left and right side of the region, namely, ( —1)“(8) =(-1)*
and (—1)*(%) = (—1)*. Together with (—1)7"! (‘1;1) = (—1)® (mod p), we see
that the residue modulo p of (—1)(§) takes alternate values 1 and —1 on the
whole boundary of that triangular region. In particular, those boundary values
are invariant under any of the six (affine) symmetries of this triangular region.
Consequently, the residue modulo p of (—1)“(2) must also be invariant in the
interior of the region. The claimed congruence corresponds to one of those

symmetries, a reflection. O

In the context of the above proof we note in passing that the characteristic-
a

zero identity (—1)*(3) = (=1)*(,*,) corresponds to another reflection of the

triangular region 0 < b < a < ¢q. Together with the reflection corresponding
to the congruence of Lemma 4, that generates the group of symmetries of the
region. The residue modulo p of (—1)*(}) can be expressed in six different forms

within that region according to those symmetries.
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3. CONSTITUENTS OF GRADED LIE ALGEBRAS OF MAXIMAL CLASS

Because of our blanket infinite-dimensionality assumption, in this paper a
graded Lie algebras of maximal class is a graded Lie algebra L = @;°, L; with
dimZL; = 2, dimL; = 1 for i > 1, and [L;, L1] = L for all i. The study
of graded Lie algebras of maximal class in [14, 16, 22] relied on associating an
infinite sequence to any such algebra L, the sequence of two-step centralizers
of L, which essentially describes the adjoint action of L; on a graded basis of
L. The elements of the sequence are the centralizers Cp,(L;), which are one-
dimensional subspaces of L;. Therefore, they can be parametrized by points
on a projective line, and by scalars in the underlying field plus a symbol oo
once a choice of a choice of homogeneous generators for L is made. There is
a natural way to split the sequence into a union of adjacent finite sequences
called constituents. For the purposes of this paper we will only need to know
about their lengths, whose definition we recall below. As we mentioned in the
Introduction, constituent lengths have an intrinsic definition in terms of relative
codimensions in the sequence of Lie powers (L?)" of L?. A proof that this is
equivalent to the one we give below is given in [20, Section 5] in a more general
setting.

Suppose L is a non-metabelian (infinite-dimensional) graded Lie algebra of
maximal class. Hence if C,(Ly) = Fy is the first two-step centralizer, then
there is a component L; not centralized by vy, say L, is the earliest. The param-
eter ¢ is the first constituent length. As is customary, we then set Cp, (L) = Fz.
Thus, we have

(3a) [yz'y] =0 for0<i< (-1,
(3b) [ya] = 0.

So far the only information one can obtain on ¢ is that it must be even, otherwise
(4) 0= [yx(e71)/2 [yw(efl)/z]] _ (_1)(@1)/2 [yxéfly]

yields a contradiction.
Proceeding further, the calculation

(5) 0= [yz"" [yz" "] = [yz" "y,

together with our blanket assumption that L is infinite-dimensional, shows that
there must be another homogeneous component past L, which is not central-
ized by vy, say Ly, is the earliest. We call ¢y the second constituent length.
Equation (5) implies that 5 < /.

Analyzing the first and second constituents of L will be sufficient to deduce
that ¢ must equal twice some power of the characteristic (which is therefore
positive), as we state formally in Theorem 6. However, because we will con-
sider arbitrary constituents in Theorem 7, we set up the following notation for
convenience. We set vy = [yz*~!], and for r > 1 we let positive integers ¢, and
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homogeneous elements v, of L be recursively defined by
(6a) [, _ya'y] =0 for0<i<d, —1,
(6b) [v.y] # 0, where v, == [v,_yyz 1.

Note that we are not asserting anything about [v,z| for » > 1, which may
vanish or not (and then be a scalar multiple of [v,y]). The positive integers
¢, (where we may view ¢, = (), are the constituent lengths of L. No further
constituent length can exceed the first, because if it were ¢, > ¢ then we would
get a contradiction by computing

- e o
V4 i i, A—i V4
0= bty = S () syt = e
Hence we have ¢, < ¢ for all r, and actually ¢, < ¢ because of Equation (5).
Note that this shows, recursively, that such positive integers ¢, actually exist.
We also have ¢, > 1, because at least one of each pair of consecutive two-
step centralizers equals y; this follows from the following calculation as in [14,
Lemma 3.3]: if u is a homogeneous element of L such that [uz] = v,, then

(7) 0 = [ulzyy]] = [uzyy] — 2Juyzy] + [uyyx] = [uzyy] = [v.yy].

Incidentally, this conclusion for all r implies [Lyy] = 0, or (ady)? = 0. In
characteristic not two this can be expressed by saying that y is a sandwich
element of L. Extending this fact, under certain conditions, to when L is a thin
Lie algebra, is the subject of [24].

We now show that ¢/2 is a lower bound for the length of any constituent.

Lemma 5. Let L be a non-metabelian graded Lie algebra of maximal class, with
constituent lengths { = 01,05, (3, ... in the order of occurrence. Then €. > (/2
for all r.

Proof. Equation (3a) and an application of the generalized Jacobi identity yield
[yz*Hyz?~']] = 0 for 4,7 > 0 with ¢ + j < £. In particular, we have

(8) [yx[yx’ '] =0 for 0 <j < /2.

We will use this to prove ¢, > ¢/2 by induction on 7.
Thus, assume ¢, > ¢/2 holds for some r > 1, which is trivially true when
r = 1. According to Equations (6a) and (6b), together with the general-

ized Jacobi identity, for 0 < j < ¢, we have [v,_jyz* 7 yz/71]] = 0 and
[v,_1yxt = Hy2?]] = (=1)v,. In particular, because ¢, > £/2 these hold for
0 < j < /2, and in this range together with Equation (8) they imply
0= [vr_aya’ 7 [y [ya’~ 1]
= [vroaya™ 7 [ya? [y ] = fopoaya T [ya? T [ya]

= (=1 [vry [y’ 1]
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However, Equations (6a) and (6b) with r increased by 1, together with the
generalized Jacobi identity, yield

[0y [z 1) = (= 1)+ ugay] # 0.
We conclude ¢, 11 > £/2 as desired. O

Note that the characteristic of the field is not mentioned in the statement of
Lemma 5, and plays no role in its proof. Armed with Lemma 5 we can now give
a very concise proof of the following result, which was originally Theorem 5.5
in [14] (and summarized the contents of Lemmas 5.3 and 5.4 there).

Theorem 6. Let L be a graded Lie algebra of mazximal class, over a field of
characteristic p. Then the first constituent of L has length 2q for some power
q of p. Furthermore, if p is odd then the second constituent has length q.

Proof. Using the generalized Jacobi identity and Equations (3a) and (3b), for

0 < j </ we find
(—1)"7 (f) [z tya’].

By definition of ¢, according to Equations (6a) and (6b) we have [yz*lyzi] =
[vyya?] # 0 for 0 < j < lo, and we infer (f) = 0 (mod p) in that range. Since
ly > £/2 from Lemma 5, we find (f) =0 (mod p) for 0 < j < £/2. Because ¢ is
even, Lemma 1 implies ¢ = 2¢ for some power ¢ of p.

Finally, because (£f2) = (2qq) = 2, if p is odd we find ¢y < ¢/2, and hence
ly = (/2 = q in that case. O

0 = [ya’ ' [yz']]

We now give a revised proof of [14, Proposition 5.6], which is the following
result on the possible lengths of arbitrary constituents. As recalled earlier, be-
ware that constituent lengths as originally defined in [14] were then all increased
by one according to an updated, more natural definition introduced in [16].

Theorem 7. Let L be a graded Lie algebra of maximal class with first con-
stituent of length 2q. Then the lengths of the constituents can only take the
values

2q, and 2q—p°, withp® <gq.

Proof. We know from Lemma 5 and an earlier observation that every con-
stituent length ¢, satisfies ¢ < ¢, < 2¢. Now suppose ¢, < 2q — 1 for some r. If
(. < j<2q—1, then because j — (. +1 < q < {,_ there exists a homogeneous
element u such that v,_; = [uz/=%*1. (In fact, u = [v,_gyx’—1+=277] taking
into account our convention on vy when r = 2.) Noting that [uy] = 0 and using
the generalized Jacobi identity we find

0 = [ulya?y]] = [ulya’]y] = (=1)"~“* (j - éy + 1) [or_1y2’ Y],
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Because [v,_1yzly] = [v,y] # 0 we infer (j—éjr+1) = 0 (mod p) for £, <
J < 2q — 1. However, the value modulo p of that binomial coefficient can be

manipulated as follows:

j_gi“) - (y—jé_il> B (&];qq—1>
(
=t (L2170 mod )

2g—7—1
Here we have used Lemma 4 for the last step, and the following special case of
Lucas’ theorem for the first step: (j JZ.”’) = (‘Z) (mod p) if ¢ is a power of p and
i < q. This follows at once from the congruence (X +1)77 = (X +1)7(X9+1)
(mod p). In conclusion, we have obtained (zq;&) = 0 (mod p) for 0 < i <
2q — {,. As recalled in Section 2 this yields the desired conclusion that 2¢q — £,

is a power of p. O

In characteristic two the proof of Theorem 6 does not provide any information
on {5 beyond ¢ < ¢, and we already knew ¢ < ¢ due to Equation (5). In fact,
according to [22], in characteristic two the second constituent of L can take any
length which is allowed by Theorem 7 except for the highest.

4. THE DEGREE OF THE SECOND DIAMOND IN A THIN LIE ALGEBRA

The possibilities for the degree k of the second diamond L of a thin Lie
algebra were determined in [2], extending more specialized results in [15] and
also building on results of [11] and [10]. It was proved in [2] that the second
diamond of an infinite-dimensional thin Lie algebra L can only occur in an odd
degree k of the form 3, 5, ¢, or 2¢ — 1, where ¢ is a power of p. We reserve
the letter k for the degree of the second diamond throughout this section.
That 3 and 5 are the only possibilities in characteristic zero was already known
from [15].

The conclusions on k of [2], as we have just stated them, turned out to be only
justified for p # 2, because they depended on previous results in [10] for p # 2,
and in [21] for p = 2, and the latter paper was later found to contain errors.
Those results allowed the authors of [2] to assume that the quotient L/LF is
metabelian, and their arguments remain valid under that assumption. (Thin
Lie algebras were allowed to be finite-dimensional in [10, 21, 2|, thus providing
more precise information, which we disregard here.) According to [10] the
quotient L/L* is necessarily metabelian when p # 2. It need not be when
p = 2, and the paper [21] claimed a complete structural description of L/L*
which is incorrect. This was rectified in [3], which turned out to involve a
much more complex argument than the original fallacious one of [21] but, in
particular, confirmed its original consequence that k must have the form 2¢g — 1
when p = 2 and L/L* is not metabelian.

In this section we give a new and substantially shorter proof of the main result
of [2], or rather of its consequence for an infinite-dimensional thin Lie algebra
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L, following the same idea behind our results of the previous section. As in [2]
we assume L/LF to be metabelian, which means (L?)? C L*. Incidentally, one
can then easily show that (L?)? is a maximal ideal of L*  and hence L/(L?)?,
the largest metabelian quotient of L, has dimension k + 1.

Obviously Ly = [L1L4] cannot be a diamond, but L3 can be, as in some of
the algebras in [15], and all algebras in [19, 1]. Thus, from now on we assume
Ls is not a diamond, which amounts to £ > 3.

Assuming L3 = [LyLq] to be one-dimensional allows us to choose a nonzero
y € Ly such that [Ls,y] = 0 (namely, any element in the kernel of the linear
map adz : Ly — L3, where z spans L,). We also choose z € L; not to be a
scalar multiple of y, whence x and y generate L. Thus, we have

(9a) [yz'y] =0 for 0 <i<k—2,
(9b) [vy] # 0, where v := [yz" .

The above conditions are sufficient to determine k& and define v, in a similar
fashion as Equations (6a) and (6b). A calculation already employed in the
previous section, namely, Equation (4) but with £ — 1 in place of ¢, shows that
k must be odd. Next, we conveniently set v := [yz*~2]. Hence [vz] and [vy] are
linearly independent and span the diamond Lj.

The next homogeneous component Ly, is spanned by [vzz], [vzy], [vyx],
and [vyy|, but Equation (7) with v in place of v, shows

(9¢) lvyy] = 0.

Because [vyL;] = Lgi1 according to the covering property, Lg.; is spanned by
[vyz] and, in particular, is one-dimensional. Also, computing

0 = [ya® D2 [yaE=D72)) =

= (092 (T o]+ (1) oy

we find
(9d) [vzy] = ~——[vya].
Now if we had [vxy] = 0 then, because [vzz] is a scalar multiple of [vyx],

some nonzero linear combination z of [vz] and [vy] would satisfy [zz] = 0 and
[zy] = 0, thus violating the covering property. Consequently, (k — 1)/2 cannot
be a multiple of p, meaning k Z 1 (mod p) if p # 2, and kK = —1 (mod 4) if
p=2.

Note that [vzx] may be zero, or not. Setting ' = x + ay and computing

E+1

[va'2'| = [vaz] + alvry] + afvyz] = [vez] + alvyz]
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we see that by replacing x with 2’ for a suitable choice of a (which does not
affect any of our previous conclusions) we may attain

(9e) [vezx] =0 ifk# -1 (mod p),

which is analogous to Equation (3b). The thin algebras with second diamond
Ly,—1 and all diamonds of finite type, constructed in [11], show that k = —1
(mod p) is a genuine exception here. We will make only a marginal use of
Equation (9e) in this paper, in ruling out & = 7 at the end of the proof of
Theorem 8.

Moving further, we will show that not all homogeneous components past L;
can be centralized by vy, hence we may let an integer h > 1 be defined by

(9f) [vyx'y] =0 for 0 <i<h—1,
(%) [vya""1y] # 0.

However, until we prove the existence of h in the proof of Theorem 8, for
uniformity of notation we allow h = oo to represent a hypothetical situation
where [vyx'y] = 0 for all 7 > 0 (with the convention that oo is larger than any
integer). Note the similarity of these equations to Equations (6a) and (6b).
Thus, if h > 1 then Ly, is the next homogeneous component after L; which
is not centralized by y. (It will follow from the remarks at the end of this section
that h = 1 can possibly occur only when k = 3.)

Now we are ready to establish the following result, which determines all
possibilities for k.

Theorem 8. Let L be a thin Lie algebra over a field of arbitrary characteristic
p (possibly zero), with second diamond Ly, and with L/L* metabelian. Then k
equals one of 3, 5, q or 2q — 1 for some power q of p in case p > 0. However,
if p =2 then k equals either 3 or 2q — 1.

Our proof of Theorem 8 is very similar to that of Theorem 6, but includes
preparations analogous to Lemma 5.

Proof. We assume k > 3 as we may, so we can make full use of the equations
found above. First we need a lower bound on A in terms of k, which is analogous
to Lemma 5 and is proved by the same characteristic-free argument. Thus, as in
the proof of Lemma 5 one finds [yz' ! [y2? ] = 0 fori,j > 0 withi+j < k—1.
In particular, we have

[yx[yx’ '] =0 for 0<j< (k—1)/2.
It follows that
72 yad Jya? )
lyx ya?] [ya! ] = [yx
(=1 oy [y2’ 1],

0= [yx

k—j—2 [ k—j—2 [

yr' ] [ya’]
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again for 0 < j < (k —1)/2. Because [vy [yz"1]] = (=1)"Hoyz"ty] # 0 we
conclude h > (k —1)/2.

The rest of the proof is similar in structure to the proof of Theorem 6,
with [yz*] playing a similar role to [yzf] there. Although the vanishing of
[yz*] = [vzz] is generally not available to us (Equation (9e)), we still have

[ya* [y’ =] = [vaa [y’ ] Ji (‘7 . 1) [va* Y2~ = 0

1=

for 0 < 7 < h—1. We deduce
0 = [ya’ ™" [ya"]]

= (0 Yo+ -0 (4 e

S ((5) )

for 0 < j < h — 1. Because [vyzz’] # 0 in that range due to Equation (9g), we
obtain

k k—1/(k ,
(10) (j+1):T<j) (mod p) for0<j<h-—1,

which is to be read as an equality when p = 0. Because (k 1) = k, ( ) =1,

and (k +1) = 0, the congruence in Equation (10) cannot hold for both j =k —1
and j = k, hence h is finite and h < k + 1.

Because h > (k —1)/2 the congruence in Equation (10) holds, in particular,
for 0 < j < (k—3)/2. Now Lemma 2 with 2n+1 = k, together with our restric-
tion that (k — 1)/2 is not a multiple of p (as a consequence of Equation (9d)),
shows that k& can only take one of the claimed values, or possibly 7.

Of course k = 7 is a possibility when p = 2 (having the form 2¢g — 1) and
when p = 7 (having the form ¢). To exclude k = 7 for p # 2,7 we may argue
as follows. If k = 7 then we have found above h > 3, whence [vyzy] = 0, but if
p # 2,7 then Equation (10) fails for j = 2, and so h = 3, whence [vyxzzy] # 0.
Since [vzy| = 3[vyz]| according to Equation (9d), and p # 3 because (k — 1)/2
cannot be a multiple of p, those two conditions may be equivalently written as
[veyy] = 0 and [vzyzy] # 0. We then find 0 = [vz]zyy|] = [vezyy] — 2[veyzy],
and hence [vzzyy] # 0. However, this contradicts the fact that [vzx] = 0 may
be attained after suitably redefining x, according to Equation (9e). U

In a similar fashion as how the proof of Theorem 6 determined the length
of the second constituent for p odd, our proof of Theorem 8 provides partial
information on the quantity h defined by Equations (9f) and (9g). In fact, in
the course of the proof of Theorem 8 we have shown (k —1)/2 < h < k + 1.
The upper bound was used to ensure the finiteness of h, but can be refined by a
direct application of Equation (10) in each case, of which we give a sample here
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in a series of remarks, referring to results from other papers for more precise
conclusions when available.

Remark 9. If kK = 2g — 1 and p # 2 then, because (zqull) = (Qq(;l) =1,
Equation (10) fails for j = ¢—1. Hence h < ¢, and together with the inequality
(k—1)/2 < h we find that h equals either ¢ — 1 or ¢. However, taking h = ¢
contradicts Equation (9g) by computing

0= [vfya?~'y]] = [v]y2?]y] — [vylya?"]
= loya™y] — (¢ — D[vrya™?y] — [vyz*~y] = —[vyaNy),
where we have expanded the Lie products using Equation (9f) and the fact that
[vxzx] a scalar multiple of [vyz]. In conclusion, if £ = 2¢ — 1 and p # 2 we have

shown h = ¢ — 1. One can also prove that dim(Ly;,) = 2 in this case, and
hence L, o is the third diamond of L, see [11].

Remark 10. If k = 2g — 1 and p = 2, then Equation (10) fails the first time
for j = 2¢q — 1, and hence our arguments so far only show ¢ — 1 < h < 2¢. In
fact, the case of characteristic two is genuinely more complicated. A connection
with certain graded Lie algebras of maximal class established in [11, Section 5]
produces examples of thin Lie algebras with k = 2¢ — 1 that, in characteristic
two, attain any value h = 2q — 2° — 1 with 2° <¢.

Remark 11. If k = ¢, then Equation (10) fails for j = ¢—1, and hence (¢—1)/2 <
h < . This is a poor conclusion, as for p > 3 and ¢ > 5 it is shown in [12] that h
can only take the values ¢—1 or q. The former value occurs, in particular, when
Lg,—1 is the third diamond of L. However, it is natural to call fake diamonds
certain one-dimensional components of thin Lie algebras, and here the third
diamond can be fake, see [12]. When Ly,_; is a fake diamond of one particular
type, h takes the other value ¢q. Thin Lie algebras with & = ¢ have been named
Nottingham algebras because a special case is related to the Nottingham group,
see [9, 6, 4, 5] for a variety of examples and structural results. In particular,
it is shown in [4, Section 3] that, when properly interpreted in case of fake
diamonds, the degree difference between any two consecutive diamonds in a
Nottingham algebra equals ¢ — 1.

Remark 12. If kK = 5 # p, then Equation (10) fails for j = 2, and hence
2 < h < 3. However, h = 3 can be ruled out by a similar application of (9a) as
we did above to exclude h = ¢ in case k = 2q — 1, see also [15]. For p # 2,3 as
well, it was proved in [15] that L is then uniquely determined, and has diamonds
in all degrees congruent to 1 modulo 6.

Remark 13. For completeness we briefly discuss the case k = 3, which is not
covered by our arguments above. If p > 3 then arguments in [15] show that h
equals 1 or 2. Both possibilities occur. In fact, the two thin Lie algebras with
second diamond L3 constructed in [15, Section 4] have a diamond in each odd
degree. In particular, the next diamond after L3 is Ls, whence h = 2 in those
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cases. The value h = 1 occurs for all thin Lie algebras studied in [1], where
every homogeneous component except Lo is a diamond.
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